ALGEBRAIC TOPOLOGY, EXERCISE SHEET 5, 23.10.2015

Exercise 1 (Naturality of the connecting homomorphism).

(1) Show that the (algebraic) connecting homomorphism associated to a short exact sequence
of chain complexes is natural. In other words, show that for every commutative diagram of
abelian groups

i P

0 c’ C c" 0
lf’ lf J{f’l
0 D —1sp—1%pr 0

in which the rows are exact, the diagram
H, (C") = H, 1(C")
‘| I"
Ho(C") = o (C)

commutes for every n > 1.

(2) Define a category of short exact sequences of chain complexes of abelian groups and a
category of long exact sequences of abelian groups. Show that homology defines a functor
between these categories.

Exercise 2 (Homology long exact sequence of a triple). A triple of spaces (X, A, B) is a space X
together with subspaces B C A C X.

(1) Show that for each triple of spaces (X, A, B) there is a long exact sequence
.=~ H,(A,B)— H,(X,B) > H,(X,A) > H,_1(A,B) — .... = Hy(X, A).

(2) Give a definition of a morphism of triples with the property that each such morphism
(X,A,B) — (X', A, B") induces a commutative diagram of pairs of spaces:

(A,B) —— (X,B) —— (X, A)
(A,B") —— (X',B") —— (X", A")

(3) Show that associated to each morphism of triples (X, A,B) — (X', A’,B’) we have a
commutative diagram with exact rows as in:

coo—— H,(A,B) —— H,(X,B) —— H,(X,A) —— H,_1(A,B) —— - --
o —— H,(A,B") —— H,(X',B'") —— H,(X",A') —— H, 1(A,B') —— - -+
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We define the suspension of a chain complex (K.,Jk) as the chain complex SK. such that
SK, := K,_; for every n > 0 and SK(y = 0. The n-th differential of SK. is =0k n—1 for n > 0,
the 0-th differential is just the trivial map. It follows that H,,(SK) = H,_1(K).

Exercise 3 (Mapping cone). Suppose that (K, k), (L,dr) are chain complexes and a chain map
f: K — L is given. We define a new chain complex Cy by letting C,, := L, ® K,—1 forn > 0
and Cyo = Lo. The boundary operator of C is defined by the matrix

o f

0 -0k
In other words the boundary of an element (I,k) € Cy,, = L, & K,—1 is 9((l,k)) = (0(1) +
f(k)a _BK(k)) €EL, 1B K, 2= Cf,n—l-

1) Show that C is indeed a chain complex.
f
(2) Show that there is a exact sequence of chain complexes

01 Yo, sk o

and that the n-th connecting homomorphism of the associated long exact sequence 6,,: H,, (SK) ~
Hn—l(K) — Hn—l(L> is just Hn—l(f)
(3) Show that if Cy is contractible then f is a chain homotopy equivalence.

Exercise 4 (Prism operator). Recall from exercise sheet 1 that given a convex space X C R™, each

n + 1-tuple of points (ag,...,a,) € X**! determines an n-simplex [ag,...,a,]: A" — X whose
image is the convex hull of aq, ..., a,. The boundary of this simplex is
n
a0, .. an)) = > (=1)'[ao, ... di, ..., an]
i=0
where [ag, ..., d;, ..., ay,] is the n-simplex associated to the sequence (ag, ..., ay) with a; removed.
Consider the prism A™ x [0,1] € R™*! x [0,1] € R™""2, where we identify the n-simplex A"
with the convex hull of the n + 1-basis vectors ug,...,u, € R*T1. If we define v; = (ui,0) and
w; = (u;,1), then A™ x [0, 1] is the convex hull of {vy, ..., v, wo,...,w,}.

(1) Show that A™ x [0,1] = | S; where S; is the (n + 1)-simplex [vg, ..., v;, Wy, ..., w,], for
i=0
every 0 <17 < n.

(2) Given an homotopy F': I x X — Y let us define P, as
P,: Cp(X) — Cpa(Y)
o — > (=1)F.(0 xid).(S;) °
i=0

Show that the P,’s define a chain homotopy from f = Flioyxx to g = Fl1}xx-



