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This note makes no claim to originality. Its aim is to give a short, conceptual proof of the so-called
group-completion theorem. It was written for these proceedings at the suggestion of J. F. Jardine, and it
owes a lot to discussions he and I had at the Chatean. I am also indebted to A. Joyal for some helpful
suggestions.

Let M be a topological monoid and BM its classifying space. The group-completion theorem asserts
that the homomorphism of Pontryagin rings H.(M) — H.(Q2BM) (integral homology) induced by the
canonical map M — QBM is the universal solution to inverting the multiplicative subset mo(M) C H.(M),
ie. Ho(M)[mo(M)~1] =5 H.(QBM), provided mo(M) lies inside the center of H,.(M). Several proofs of
this result or variants thereof have been given in the literature, see e.g. [1], [7], [12], [8], [5], and it plays an
important réle in K-theory.

The present proof really comes down to some elementary category-theoretic considerations (in particular,
it does not use spectral sequences or quasi-fibrations). It makes use of a certain closed model structure on
bisimplicial sets, that I will discuss first. 1 wish to point out, however, that the only thing needed from §1

is the factorization constructed in the proof of CM5 below.

§1. Bisimplicial sets
Let € be the category of simplicial sets, £ = Sets®””, so that £2” is the category of bisimplicial sets. T

write

N E — EAT
for the functor sending a simplicial set E to the corresponding constant functor A" — & with value E. A
more interesting functor is the diagonal

5 €8T — &
writing E4%7 = Sets(AXA)"7 §* is given by composition with the diagonal A — A x A. It is an elementary
fact from category theory (see [6]) that §* has both a left adjoint é and a right adjoint d.:
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These adjoints are constructed by so-called Kan extension. In particular, é; is completely described by the

fact that it commutes with colimits, together with the formula
8(A[n]) = Aln, n],

where A[n] € £ and A[n,n] € €24 are the obvious representable functors, as usual (i.e., as a functor

(A x A)°P — Sets, A[n,n] = Homeaxa)(—,([n],[n])) ). A basic fact concerning &* is the following (cf.
[3]).

1.1 LEMMA. If E — E’ is a map in £ such that E, — E! is a weak equivalence in & for each n, then

§¥(E) — 6*(E") is also a weak equivalence,

Recall that a weak equivalence of simplicial sets is a map whose geometric realization induces isomor-
phisms in homotopy groups. If one moreover defines fibrations in £ to be Kan fibrations, and cofibrations
in £ to be monomorphisms, then this gives £ the structure of a closed model category, see [9], [10]. Recall
that a trivial (co)fibration is a (co)fibration which is also a weak equivalence.

Now define fibrations, cofibrations, and weak equivalences (w.e.’s) in €2 as follows: E LEisa
fibration (resp. a w.e.) in EA™ if and only if §*(f) : 6*(E) — 6*(E’) is a fibration (resp. a w.e.) in £, and
E L. E' is a cofibration if and only if f has the left lifting property (LLP, see [9], p. 1.5.1) with respect to

all trivial fibrations in £4°°.

1.2 PrRoOPOSITION. This defines a closed model structure on £, and 6* : £4"" — & induces an equivalence

of the associated homotopy categories Ho(£2™) = Ho(€).

As a preparation for the proof, consider the following two bisimplicial sets:

4] = 685 ) = {80~ 1,0~ 11 2 Al ]}
J#k
Ap,m=6(a) = |J {Ak-1,n-1 L) Afn, n}.

1.3 LEMMA. AF[n] < Aln,n]is a trivial cofibration in £2°, and A[n, n] < Aln, n] is a cofibration in £4°".

Proo¥F: Since & is left adjoint to §*, it is clear that both inclusions are cofibrations. So we only have to
show that §*6 sends A¥[n] < A[n] to a weak equivalence. Of course, it is enough to show that [§*A*[n]| is
contractible. Write
@ i . ) . f
APnlem = {10 5 [n],[m] = [n]) | 37 # k : «, B both rmss;k},
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and consider the projection
(1) AH[n] T 5 (A [n]).
For a fixed ¢,y is the map of simplicial sets

1 ( U Fj[n]) — [I Al
7= _ J#k apet

(=] j¢ im(a) 3j¢[k?j¢[rilr]n(a)

where Fi[n] C A[n] is the j-th face. Consider a particular o : [(] — [n]. If im(a) U {k} = [n], the
corresponding summands on both sides of (2) are empty. If im(a) U {k} # [n], the corresponding summand
on the left-hand side is a non-empty union of faces of Aln] which all have the vertex & in common, hence
is contractible. So by 1.1, §* sends (1) to a weak equivalence, and therefore |§* A*[n]| is contractible. This

proves the lemma.

PrOOF oF 1.2: I use the version CM1-CMS5 of the axioms from {10, p. 233], which I will remind you of in
the course of the proof. CM1 asserts the existence of finite limits and colimits, CM2 asserts that if two out
of f,g,f o g are weak equivalences then so is the third, and CM3 is the axiom that a retract of a fibration
(respectively, cofibration or weak equivalence) is again one. These three axioms are obviously satisfied.
CMS5 states that each map can be factored in two ways: as a trivial cofibration followed by a fibration,
and as a cofibration followed by a trivial fibration. But since & is left adjoint to 6%, a map f in EAT is a
fibration (vespectively a trivial fibration) if and only if f has the right lifting property with respect to all
inclusions A*[n] < A[n,n] (respectively, A[n, n] < A[n,n}]). So by 1.3, the usual“small object argument”
([9], [4]) proves CM5. Since this is the only thing really relevant for the sequel, let me give the details for

the case of the first factorization. Let X Ly be any map in €27, Consider all commutative squares of the

form o
Akln] ——— X

l !

f
B
A[”?”}

and index them by indices i (calling the corresponding maps A*[n;] =5 X, Afn;, ny] L, V). Now form the
pushout

{ai}
Hé Akf{ng] > X

| “|
11; Aln, ni] S X,
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and let X; 2% Y be the unique factorization given by X L. v and 11 Alng, ni 8 Y. Repeat this with f
replaced by p1, to get p; = pauq, then with f replaced by po, ete. This gives a sequence

X::ng—lstl 3X3‘—>

and maps X; LY with pius = pioa (where po = f). Let Z =, X», and let X < Z be the corresponding
inclusion. The p; together give a map Z Ly with pu= f. Clearly p is a fibration, because it has the RLP
with respect to all inclusions A*[n] < A[n,n]; and u is not only a trivial cofibration, but has the LLP with

respect to any fibration whatsoever.

Finally, we prove CM4, which says that for a commutative square

A ——— F
.| Ik
B X

in £2°% where u is a cofibration and p a fibration, a diagonal lifting B — F exists if either v or p is a weak
equivalence.

If p is a trivial fibration, a lifting exists by definition of the cofibrations. If u is a trivial cofibration, we
first factor u as g o j where ¢ is a fibration and j has the LLP with respect to all fibrations (by the proof of

CMS5 just given). Then ¢ is a trivial fibration, so if we construct successive liftings

A s F
, ~7
jl /Mé'" lp
‘. B X
and ,
41 c
157
B B

then A o1 is the required lifting.

Let us now prove that £ &, £8% induces an equivalence of model categories. Let K C € be the full
subcategory of Kan complexes, and let 7 C £8° be the full subcategory of fibrant objects (i.e., objects
for which the map into the terminal object is a fibration). Clearly, 6* maps F into K. Moreover, since
6*(A*[n] «— Aln, n]) is a trivial cofibration in £ by 1.2, it follows from the adjunctions between 6, 6* and 6,

that &, maps K into F:



Sx

£ i: earr
u U
K ili F

It is thus enough to show that (i) for X € K, the counit §*6.(X) S Xisa w.e., and that (ii) for F € F,
the unit J —» 6,6*(E) is a w.e. (ii) follows from (i) by definition of the w.e.’s in £2°". For (i), consider the

components of the counit 6*8,(X) = X,
€n 1 6%6,(X) = Hom(A[n] x A[n], X) — Hom(A[n], X) = X,,, ex(f) = fod

where A[n] 4, A[n] x Aln] is the diagonal. Let p : A[n] x Aln] — Aln] be the first projection, and let
71 X — 6*6,(z) have components 7, : Hom(A[n], X) — Hom(A[n] x A[n], X) given by 7,(¢g) = gop. Then
cow = idy, so it is enough to show that 7 is a weak equivalence. Let £ : v*(X) — 6,(X) be defined by
components &, m, : Hom(A[n], X) — Hom(A[n] x A[m], X), &, m = g o p, where p : An] x Alm] — Aln] is
the projection. Then 7 = §*(£). Moreover, for fixed m, £_ », + X < X407 s the canonical inclusion which

is a weak equivalence if X is Kan. So 7 is a w.e. by 1.1, and therefore so is €. This proves 1.2.

§2. Simplicial categories acting on simplicial sets

Let h. be some homology or homotopy theory (defined on £). An h.-equivalence is a map inducing
isomorphisms in h.. We will need that the pushout of an inclusion which is an h.-equivalence is again one,
and that k. commutes with filtered colimits. (Then the analogue of 1.1 holds for h«-equivalences.) The main
examples to keep in mind are h, = H, (integral homology), or h. = 7. (homotopy), but h. can also be a
generalized homology theory (cf. [2], appendix).

do
Let € be a category object in &, given by domain and codomain maps of simplicial sets mor(C) —

ob(C), etc, and let X be a C-diagram in €. So X is given by maps X = ob(C) (the projection) acrllld
mor(C) Xy X — X (the action) satisfying the usual identities. T write X¢ for the category of elements
(also called the translation category): Xc is the simplicial category whose space of objects 1s X, whose space
of morphisms is mor(C) Xquecy X (pullback along do =domain), and whose domain and codomain maps are
the projection mor(C) Xop(c) X 2, X and the action mor(€C) Xopcy X — X respectively; composition in
X¢ comes from composition in €. The projection map X i ob{C) gives an obvious functor X¢ LoCof

Nix
simplicial categories, and therefore by taking the nerve, a map N(Xg) — N(C) in €4 Y If C € ob(C)g
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is a vertex of ob(C), we can form the pullback (1) in £4°7.

7(X(C)) —— N(X¢)

(1) | | v

1 < N©)

9.1 THEOREM. Assume C has a discrete space of objects. If for each vertex o € mor(C)g, the map X (dpar) —
X(dy«) given by the action of C on X is an h.-equivalence in £, then X(C') is h.-equivalent to the homotopy
fiber of &*(N(r)).

(Recall that if £ L, Bisamapin £ and 1 L. B is a vertex of B, the homotopy fiber of p is the pullback
Y xp E, where 1 — Y — B is a factorization of 1 L. B into a trivial cofibration followed by a fibration.)

c J .. .. . . . o
Proor: Factor 1 — N(C)as 1l —Y N N(C) where j is a trivial cofibration and g is a fibration in £4™,

as in the proof of CM5 above. So j is a colimit of a sequence of pushouts of coproducts of maps of the form
AF[n] <% A[n,n]. Since pullbacks along N () commute with colimits (of objects over N(C)), it is enough to

show that for each composite
(2) A¥[n] < An, n] 2 N(C)
§* sends the map obtained by pullback along N (),

w ot (X¢) — o (N(Xc))

to an h.-equivalence. A map o : Aln,n] — N(C) corresponds to an element Co 20— IS Oy in
N(C,), i.e., o; are morphisms in C,, but C; are objects in ob(C)o (since ob(C) is discrete by assumption).

There is a map in £24%
(4) i Alnyn] x ¥ (X(Cp)) — o* (N(Xe))
induced by the action of C on X. Explicitly,
o (N(Xe)), , = (0, B,2) | )] % [n], [0 5[], 2 € X(Cao)e},

while

(Bln, 1] x 7 (X(C0))) = {(a, 8,2) | 6] 2 [n), [ 5 [n], & € X(Co)el,
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and

pla, B,2) = f*(0ayo---001) . & € X(Caqo))e-

For a fixed k,
we o ] Al x X(Co) — [ Al]x X(Cago)
[k]=[n] [k]=[n]
is a coproduct of maps Aln] x X(Cp) — Aln] x X(Cupy) which have h.-equivalences X (Co) — X(Cu(0))
(action by A[0] — Aln] a2 mor(C)) as deformation retracts, so py, is an h.-equivalence. By the

h.-analogue of 1.1, §*(p) is an h,- equivalence. Similarly, the action of C on X induces a map
p' o A¥n] x % (X(Co)) — u"o* N(X¢)
such that §*(p') is an h.-equivalence. But we have a commutative diagram

AF[n] x v* X (Co) i, Aln,n] x v* X (Co)
< g
u*e*N(X¢g) ——— o*N{X¢)
where 6*(p') and 6*(p) are hy-equivalences as we have just seen, and §*(u x id) = §*(u) x id is an h.-
equivalence by 1.3 (the domain and codomain of §*(u) are contractible). So the lower horizontal map must

be an h.-equivalence as well, as was to be shown.

2.2 REMARK: If in 2.1 C is discrete (i.e., C is a category in Sets rather than in £) then the case where

h. = m, is essentially equivalent to Quillen’s theorem B (see [11]), as is well-known.

§3. The group-completion theorem

From 2.1, the group-completion theorem follows easily, by an argument given in [8]. For the convenience

of the reader, I give a somewhat modified version of their argument here.

3.1 CorROLLARY. Let M be a topological monoid. Then the canonical map of M-spaces M — QBM induces
an isomorphism H,(M)[ro( M)~ == H.(QQBM) (as asserted in the beginning of this note), provided wo(M)

is contained in the center of H.(M).

Before proving this corollary, let us note tht if S is a countable multiplicative subset contained in the
center of a ring R, and A is a (right) R-module, then the universal E-module A[S~1] (with the property
that multiplication by any s € S is a bijection) can be constructed as the colimit of the sequence

Poy Pssy

s A s A s



where py, is (right) multiplication by s;, and (s; : ¢ € N) is an enumeration of S in which each element occurs
infinitely often.

PRrOOF OF 3.1: Of course, we may equivalently prove the case of a simplicial monoid (= a simplicial category
with 1 as its space of objects). Now first notice that both H,(M)[xo(M)~!] and H.(QBM) are functors of
M which commute with filtered limits. Moreover, if moM is in the center of H,. M, then M can be written
as a union of a filtered system of countable (but not necessarily finitely generated!) submonoids M; C M
such that mgM; is again in the center of H,M;. Therefore, it is enough to prove 3.1 for the case where M
itself is countable.

For a vertex m of M, write p,, : M — M for the map given by right-multiplication by m. Since mgd
is countable, we can pick a vertex from each component of M and arrange these vertices in a sequence
(m; : i € M) such that each element in the sequence occurs infinitely often. Now consider the homotopy

colimit M of the sequence

Pmy Pmog
M M —— M — ...

M acts on itself from the left and this action is compatible with the p,,,’s, so M acts on M. The category of
elements M ar of this action is the colimit of a sequence of copies of Mys; My has an initial object, so its nerve
N(Mjyy) is contractible, and therefore so is N(Mar). So the homotopy fibre of |6*N (M )| — |[N(M)| = BM
is QBM. On the other hand, H,M is the colimit of H.M — H,M - ... where the maps are induced by

the pm,. So H (M) = H.(M)[re(M)~'] by the remark preceding the proof, and therefore M acts on M
by homology equivalences (at the level of homology, right-multiplication by a vertex of M coincides with
left-multiplication). By 2.1, M has the same homology as the homotopy fiber, which we have just identified
as being QBM. This proves 3.1.
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