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Preface

This thesis contains the results of my master research in Mathematics at the Radboud
University Nijmegen, which I did under the supervision of Prof. Gert Heckman. I
looked at several mathematical structures that underly the Kepler problem, which
models the motion of a particle in a % potential. Eventually, I focussed on the theory
that has to do with the regularization and quantization of the Kepler problem, and
in particular on the relation with spherical and hyperbolic geometry, which I chose as
the main topic of this text.

The aim is to describe and unify two regularizations of the classical Kepler problem
by looking at the structure of the energy surfaces and the phase space, and to discuss
the quantum analogue of one of them. Heuristically speaking, in this text the method
of exhibiting the mathematical structure of the Kepler problem comes down to inter-
changing the position and momentum coordinates and to map the resulting system to
a Riemannian manifold with constant curvature.

The text aims to point out the analogies between the bounded motions and the
unbounded ones. I try to give a conceptual overview, and do not present all lengthy
calculations. In the literature, often only bounded motions are considered. It is well-
known that in this case many results have to do with spherical geometry. It is less
known that analogous results are often true for the second case, but now in the setting
of hyperbolic geometry. In this text, I aim to emphasize the similarity between the two
cases. I will not prove every result twice, but I will briefly explain the similarities and
the differences between them. Where possible, we consider the d-dimensional Kepler
problem, rather than specifying the dimension. The physical motivation, however,
comes from the three-dimensional Kepler problem, although other dimensions have
turned out to be important in theoretical physics as well.

The first chapter contains a physical, i.e. mathematically non-rigorous, introduction
to the Kepler problem, and is written as a motivation for the rest of this text. The
following two chapters contain some mathematical preliminaries, namely symplectic
geometry, which is necessary to understand the geometry of the classical Kepler prob-
lem; and the geometry of spheres and hyperboloids, which is needed for both the
classical and the quantum Kepler problem. If the reader is acquainted with one or
more of these subjects, he can skip the corresponding section(s).

After the mathematical preliminaries, the geometry of the classical Kepler problem
is discussed. First, Kepler’s laws are derived for the d-dimensional problem. Then we
discuss and generalize the result by Moser, which relates Kepler orbits to geodesics.
In particular, this method regularizes the energy surfaces. Subsequently, we discuss
the Ligon-Schaaf regularization map, which regularizes the phase space of the Kepler
problem at once, without distinguishing between the energy surfaces. At the end, we
discuss the relation between the two regularizations.

Then the quantization of the Kepler Hamiltonian is discussed. The Hamilton op-



erator that arises naturally is not essentially self-adjoint, so there is no unique time-
evolution of the quantum system. In fact, choosing a particular self-adjoint extension,
is equivalent to fixing some unitary time-evolution. After giving some basic results
about self-adjoint extensions, we discuss the possible self-adjoint extensions of the
quantum Kepler Hamiltonian, distinguishing the dimensionality of the problem, and
describe the choice usually made in the literature.

In the last part of this text, we discuss the quantum Kepler problem. First we treat
the oldest derivation of the spectrum of the hydrogen atom by Pauli. He did this by
looking at the hidden symmetries of the Kepler problem. We describe these in the
language of Lie algebras and their representations. Then we discuss Fock’s method,
which is the quantum analogue of Moser’s work. We also discuss at which point the
choice of the self-adjoint extension of the quantum Kepler Hamiltonian is made. We
end with pointing out the relation between Pauli’s and Fock’s approaches.

This text is not intended to prove new mathematical results. However, there are
some additions to the literature, in particular connections between different approaches.
For example, the explicit proof of the Moser regularization for positive energies has
not been discussed in the literature so far. However, this result was suggested before
and merely consists of transforming the spherical arguments to the hyperbolic setting.
The relation between the Moser map and the Ligon-Schaaf map that is given in this
text is new. However, I think that still more can be said about it. Finally, the discus-
sion in which way Fock’s method contains a choice of the self-adjoint extension of the
Hamiltonian is an expected result, but I did not find this anywhere else.

I assume that the reader has at least the level of a master student in mathemat-
ics or mathematical physics. Therefore, I only give the more specific preliminaries as
described above. Strictly speaking, no physics knowledge is needed. However, it is
convenient to know something about classical and quantum mechanics.

I will consider d-dimensional spaces rather than spaces of a specific dimension. The
set of natural numbers N is the set {1,2,3,4,...}. T will write Ny for the set NU {0}.

Manifolds are considered to be real and smooth. All Hilbert spaces are assumed to
be complex, and all operators are linear and defined on a dense domain that is not
necessarily the whole Hilbert space.

Vectors in and three-dimensional spaces are denoted in boldface. In this case, its
length is denoted by ¢. In (arbitrary) d-dimensional spaces, the notation of vectors
does not differ from the notation of scalars. The context should clarify if a quantity
is a vector or a scalar. If it is convenient, we may denote a vector by its components.
The length of a vector a is denoted by ||a]|.

Tim de Laat, Nijmegen, 11th August 2010
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Chapter 1

The Kepler problem

The classical Kepler problem is to determine the trajectories of two particles in-
teracting by a central force proportional to the inverse square of the distance between
them. The quantum Kepler problem is to determine the wave functions of two
particles interacting by such a force The explicit form of the force is given by:

k

q
where k is some real constant, called the coupling constant. If £ > 0, then the force
is attractive. If k < 0, it is repulsive. In our treatment we assume that all quantities

are dimensionless.

The Kepler problem has a very long history. The earliest and most motivating example
of two bodies interacting with a force of the form of equation (I.T]), is a planet moving
around the sun, neglecting the interactions with other planets. There have been many
attempts to describe the trajectories of planets, which we do not discuss. For our
purposes, the modern treatment of the problem started at the end of the 16" century.
At his observatory, the astronomer Tycho Brahe (1546-1601) collected a large set of
very accurate data of the positions of the planets in our solar system at different times.
Johannes Kepler (1571-1630) used these data for his description of planetary motion,

which culminated in his three laws:
1. the orbit of every planet is an ellipse with the sun at one of its foci (1605);

2. the line connecting the sun and a planet sweeps out equal areas in equal intervals
of time (1602);

3. the square of the period of a planet is proportional to the cube of the semi-major
axis of its orbit (1619).

!The difference between the definitions of both problems is remarkable. In the classical case, we look
for time-dependent trajectories, but in the quantum case, we will eventually look for eigenfunctions of
the time-independent Schrédinger equation.
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It is an interesting fact that Kepler derived these laws using only Brahe’s data, rather
than any theoretical framework about mechanics, which had not yet been invented at
that time.

In 1687, the brilliant Isaac Newton published his Philosophiae Naturalis Principia
Mathematica, in which he lays the groundwork of classical mechanics. In this book, he
states his three laws of motion and his law of universal gravitation.

The laws of motion are as follows:

1. in the absence of a force, a body is either at rest or moves along a straight line
with constant velocity;

2. a body subdued to a force F experiences an acceleration a determined by the
formula F = ma, where m is the mass of the body;

3. if a first body exerts a force F on a second one, then the second body exerts a
force —F on the first one.

The law of universal gravitation says that all bodies attract each other. A mass m4
exerts a force F o on another mass mp given by:
mamp

Fap = —-G—5—aas,
94B

where qap is the distance vector qg — qa between m 4 and mp pointing towards mp.
G is a proportionality constant, called the universal constant of gravitation. Note that
this force is of the form of equation (LTI).

One of the many important results in Newton’s book is the derivation of Kepler’s laws
from Newton’s laws, which was an extraordinary achievement at that time. Although
he invented differential and integral calculus partly with the purpose of describing
mechanical systems, in his book Newton obtained most results by means of geometric
reasoning.

Another realization of the Kepler problem is given by two charged particles inter-
acting by the Coulomb force, which is given by the following formula:

1 Qa@lB

Fag =
4dmeg qi’l B

dAB, (1.2)

where Q4 and QQp are the charges of the particles, qap is defined as above for the
gravitational force and eg is the electric constant. This force is either attractive (if the
charges have different signs) or repulsive (if the charges have equal signs). In the first
case, the force is essentially the same as the gravitational force.

The general form of the force in the Kepler problem is given by equation (I). By
Newton’s second law, a force implies an acceleration, because F equals ma = mq.
Therefore, solving the Kepler problem means solving the following two differential



equations with specified initial conditions:

.. k
MAGA = ——30BA,
9BA
.. k
mpdB = — 3 JAB-
7AB

If we define the center of mass z and the reduced mass p as follows:

maqa + mMpqB

ma+mp
mamp

b A+ mg’

then the system decouples to the following system of differential equations:

=0,

.k (1.3)
uq = —¥q,

where q = g — qa. Together, equations (L3]) are called the reduced Kepler prob-
lem. From the first equation we conclude that center of mass moves along a straight
line with constant velocity. For solving the second equation it is convenient to use the
Hamiltonian formalism. For a thorough introduction to this formalism, cf. [1} 2]. We
only give a brief introduction to its underlying mathematical framework, symplectic
geometry, in Chapter 2l An important advantage of Hamiltonian dynamics is that it
depends largely on scalar-valued quantities, such as the Hamiltonian H, rather than
on vector-valued ones. The value of H corresponds to the value of the energy. The
Hamiltonian of the reduced Kepler problem is as follows:

2k
gD _k
2 q
where p denotes the momentum of the particle. Physically, this Hamiltonian is the

energy of a particle in a % potential. It turns out that there are three essentially
different types of trajectories that solve the second equation, corresponding to the
situations H < 0, H > 0 and H = 0. We will briefly describe these situations now and

will come back to these in Chapter [l

e H < 0: In this case, k > 0. The particle follows an ellipse with the origin, which
is the center of mass of the two particles, at one of the foci of the ellipse.

e H > 0: In this case, k can be positive as well as negative and hence the force
can either be attractive or repulsive. The particle moves along a component of
an hyperbola. If £ > 0, then the trajectory is along the component closest to the
center of mass. If k < 0, then the trajectory is along the other component.
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e H = 0: In this case, £k > 0. If kK = 0, then the particle is free and hence moves
along a straight line with constant velocity. If k& > 0, the particle moves along a
parabola with the origin at its focus.

It should be pointed out that for a given system we have a given value of k, which
can be either positive, negative, or zero. The possible signs of the Hamiltonian follow
from this, and we should distinguish these cases. However, we presented the possible
forms of the trajectories by distuinguishing in the sign of H, because this determines
the nature of the orbits. The case of planets orbiting the sun, as originally studied by
Newton, corresponds to the case H < 0.

Another advantage of the Hamiltonian formalism is that the reduced Kepler problem
can be generalized to d dimensions in a straightforward way. Two masses m4 and mp
interact by a central force F(q) = F (HqH)ﬁ, which is explicitly given by

k
@) = —pe

with & € R. Recall that our notation of a vector in d dimensions is different from the
three-dimensional case.

After defining the center of mass z and the reduced mass p in the same way as
above, we obtain a decoupled system of equations given by:

ko (1.4)

where ¢ = qp — q4. This is the same system as given by equations (L3)), but with
the three-dimensional vectors replaced by their d-dimensional analogues. Again, we
conclude that the center of mass moves along a straight line with constant velocity.
In the rest of this text, we are only concerned with the second equation of the set
of equations (L4]). We will simply call this the Kepler problem rather than the
d-dimensional reduced Kepler problem.

There are several methods, which even go back to Kepler and Newton, that give
explicit methods of determining the trajectory of the particle. Obviously, to obtain
a unique solution one needs to specify certain conditions, such as the initial values of
position and momentum.

The force F is conservative, so it can be written as —VV, where V is a (scalar)

potential. Obviously, V = —ﬁ. Hence, the Hamiltonian H of the n-dimensional
Kepler problem is given by:
2 k
g ol” (1.5)
2u il

So far, we only introduced the classical Kepler problem. It has a quantum analogue,
in the sense that there are quantum systems that are described by the Schrodinger
equation with a Kepler Hamiltonian. Physically, an example of such a quantum system
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is the hydrogen atom. In this system, the particles interact by an attractive Coulomb
force, as given in equation ([.2]). This example even generalizes to scattering states,
since this force may also be repulsive, namely in the case of charges with the same
sign.

A more detailed approach to the quantum Kepler problem is given in this text
at the time we need it. However, a more specific definition of the quantum Kepler
problem is needed than was given at the beginning of this chapter. We say that
the quantum Kepler problem consists of solving the Schrédinger equation for the
quantum Kepler Hamiltonian. In this text, we will not give a complete solution to the
quantum Kepler problem, since this is extensively done in the literature, and requires a
lot of technicalities and lengthy calculations. We will, however, describe the quantum
analogue of our classical treatment and say something about its geometry.
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Chapter 2
Symplectic geometry

Symplectic geometry is the branch of differential geometry that deals with symplectic
manifolds, i.e. manifolds equipped with a closed, non-degenerate, smooth two-form.
Mathematicians were inspired to study such manifolds by the theory of Hamiltonian
dynamics. Indeed, one of the motivating examples of a symplectic manifold is the
cotangent bundle, which has a local chart given by the canonical coordinates ¢; and p;
from mechanics.

We only state some basic facts and results about symplectic geometry. For a good
introduction to the subject, cf. [6]. There one can also find the proofs we omit.

2.1 Symplectic manifolds

Definition 2.1.1. A symplectic manifold is a pair (M,w) such that M is a C*
manifold with a closed, nondegenerate smooth two-form w, called the symplectic
form, defined on it, i.e. w is a C° map that assigns to every p € M a nondegenerate

anti-symmetric bilinear form w, on 7T,,M and dw = 0.

The following proposition is a consequence of the nondegeneracy of a symplectic

form.
Proposition 2.1.2. Symplectic manifolds are even-dimensional.

Remark 2.1.3. A symplectic manifold is called a symplectic vector space if the un-
derlying manifold has the structure of a vector space. In this case, the symplectic form
is just a nondegenerate, anti-symmetric bilinear form.

Example 2.1.4. A straightforward but very important example of a symplectic vector
space, and hence also of a symplectic manifold, is (R?",wg) with canonical base e; =

(1,0,...,0), ... en, f1r- s fo=(0,...,0,1), ie.

w(eiaej) (fz,f]) =0,

= w
w(ei,fj) = (5”

13
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We can explicitly write the symplectic form as:

n

n
wo = Zef A fi=: Zd:ﬂi A dy;,
i=1

i=1
where e} and f* denote the dual vectors of e; and f; respectively.

Definition 2.1.5. A symplectomorphism is a diffeomorphism ¢ from a symplectic
manifold (M,w) to another symplectic manifold (M’ w’) such that ¢*w’ = w, i.e. for
all p € M we have (¢*w'), = wp, where (¢*w')p(u,v) = (W)g(p) (dPp(u), dpp(v)) for
u,v € T,M.

Remark 2.1.6. Later in this text, we sometimes construct maps between symplectic
manifolds that are not symplectomorphisms, but respect the symplectic structure in a
weaker way. We describe this when we use it.

There is no global classification of symplectic manifolds. There is, however, a clas-
sification theorem for symplectic vector spaces and a local classification theorem for
symplectic manifolds.

Theorem 2.1.7. Let (V,w) be a symplectic vector space. Then (V,w) is symplecto-
morphic to (R?",wp) for some n € N.

Theorem 2.1.8 (Darboux-Weinstein). Two symplectic manifolds are locally symplec-
tomorphic if and only if they have the same dimension.

We will discuss an example of a symplectic manifold other than a symplectic vector
space at the end of this chapter. It will turn out to be very important for the rest of
this text.

2.2 Hamiltonian formalism

Let (M,w) be a symplectic manifold of dimension 2n. Recall Cartan’s formula for the
Lie derivative £ of a smooth p-form « on a manifold M:

Lxa = 1xda+d(ixa), (2.1)

where X is a vector field on M, ¢ is the interior product of X and «, and d is the
exterior derivative.

Definition 2.2.1. A vector field X on M is called a symplectic vector field if
L XW = 0.

Proposition 2.2.2. Let X be a vector field on a symplectic manifold (M,w). Then
the following are equivalent:

1. X is symplectic;
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2. 1xw is closed, i.e. d(txw) = 0;

3. txw = df locally for some f € C°°(M), i.e. for all z € M there is an open set U
with x € U and a smooth f: M — R such that txw =df in U.

Proof. Suppose X is symplectic. Then 0 = Lxw = txdw + d(txw). Since w is closed,
we have d(txw) = 0.

Suppose txw is closed. By Poincaré’s Lemma@, closed forms on smooth manifolds
are locally exact, so there is an f € C°°(M) such that (xw = df locally.

It is sufficient to check the last implication in local charts. Let U be some chart.
We have txw = df in U. Then Lxw = txdw + d(txw) = 0 in U, because w is closed,
txw = df and d>f = 0. U

We have just considered vector fields X with some special property, namely that
txw is closed. We now consider what happens if they are exact. This is a stronger
condition, since the third equivalence of the property then holds globally.

Proposition 2.2.3. If H € C°°(M), then there is a unique vector field Xz such that
txyw =dH.

Proof. Existence follows from the fact that at each point x € M there is a map from
T, M to TxM given by & — w(§,.) This is an isomorphism by nondegeneracy of w.
To each one-form dH we can assign the image Xy under the inverse isomorphism.
Uniqueness also follows, because w is nondegenerate. O

Definition 2.2.4. A vector field X such that txw = dH for some H € C*°(M),
i.e. txw is exact, is called a Hamiltonian vector field and H the associated Hamilto-

nian. We denote by Xy the Hamiltonian vector field corresponding to the Hamiltonian
H.

Remark 2.2.5. There is a linear map C*°(M) — Ham(M ), where Ham (M) denotes
the set of Hamiltonian vector fields on M, given by H — Xp. This map is surjective
by definition of Ham(M).

Proposition 2.2.6. If X and Y are symplectic vector fields on M, then [X,Y] is a
Hamiltonian vector field with Hamiltonian function w(Y, X).

Proof. Using /x y] = [Lx,ty] and Cartan’s formula, which is given in equation (2.,
we obtain:

LUxyY] = txdiyw 4+ dixtyw — tytxdw — tydixw = d(w(Y, X)).

This proves the claim. O

'Poincaré’s Lemma says that on a contractible manifold, all closed forms are exact. Differentiable
manifolds are locally contractible, so we can use this Lemma locally. For a proof of Poincaré’s Lemma
in the local case, cf. [I, Theorem 2.4.17].
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Remark 2.2.7. The symplectic vector fields and the Hamiltonian vector fields form
Lie-subalgebras of the Lie-algebra of vector fields.

Definition 2.2.8. For f,g € C*°(M), we define their Poisson bracket by {f, g} :=
w(Xf,Xg).

Remark 2.2.9. It follows that
{9} =w(Xy, Xg) = ix,ex,w = 1x,df = Xy(f) = Lx,f = —Lx,9.

Proposition 2.2.10. A function f € C*°(M) is constant along the integral curves of
Xp for some H € C*°(M) if and only if

Proof. If p; denotes the flow of X, then (f o p;) denotes the value of f along integral

curves. We have:

d * 3 *
%(f opt) = piLxyf = piw(Xy, Xu) = pi{f, H},

where p; denotes the pullback of the flow. From this, the result follows. O

Remark 2.2.11. A function f that is constant along integral curves of Xy is called
an integral of motion with respect to H.

Proposition 2.2.12. Let X5 be a complete Hamiltonian vector field and let p; : M —
M for t € R be its flow. Each diffeomorphism p; is a symplectomorphism.

Proof.

d * * *
Eptw = piLxyw = p; (dixyw + tx,dw) = 0.

O

Remark 2.2.13. In this way, every smooth function on M produces a family of
symplectomorphisms by the flow of its Hamiltonian vector field.

The next result follows from Proposition 2.2.6]

Proposition 2.2.14. {.,.} is a Lie bracket. Moreover, it satisfies the Leibniz rule:

{f.gh} ={f,9th +9{f, h},
for all f,g,h € C>®(M).

Proof. Bilinearity of {.,.} follows from the bilinearity of w and the linearity of the map
H +— Xp described earlier. The other properties follow from elementary calculations.

O
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Definition 2.2.15. An abstract Poisson bracket on a commutative algebra A is a
Lie bracket on A satisfying the Leibniz rule. A commutative algebra with a Poisson
bracket defined on it is called a Poisson algebra.

If (M,w) is a symplectic manifold, then (C*°(M),{.,.}) is a Poisson algebra. The
following example gives an explicit formula for the Poisson bracket in canonical co-
ordinates.

Example 2.2.16. On (R*",wy), where wyg = >, dz; A dy;, we have:

Lo w= —dx;,
Oy;
Lo w=dy;

The following equations hold for the Poisson bracket:

{zi,z;} ={i,y;} =0,
{zi,y;} = dij,
for 1 <i,j <n. For H € C*°(M) we have:

n

OH OH

i=1

This implies:

“"9H & OH 9
Xy = — —).
& Z.Zl( Oy; Ox;  Ox; 5%‘)

The Poisson bracket of f and g then becomes:

" 0f O af o0
{f,g}=W(Xf7Xg):Z(a£a_i_agiai)'

i=1

A curve p(t) = (x1(t), ..., xn(t),y1(t),...,yn(t)) is an integral curve of the Hamiltonian
vector field Xy with Hamiltonian H if and only if:

o
yi ’

. 0H
¥i = Xu(yi) = 5.

-%:i = XH(mZ) =

for 1 < i < n. These equations are known as the Hamilton equations. The Hamilton
equations are always satisfied locally for an integral curve of Xj.

Remark 2.2.17. The Hamilton equations are used extensively in physics for solving
problems in classical mechanics. They provide a way of calculating the trajectories of
a particle in local coordinates.
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Definition 2.2.18. A Hamiltonian system is a manifold M with a symplectic form
w and a Hamiltonian H € C°°(M). The system is denoted by (M,w, H).

Definition 2.2.19. The 2n-dimensional Hamiltonian systrem (M, w, H) is called com-
pletely integrable or integrable if there are integrals of motion f1 = H, fa,..., fn €
C°(M) such that:

1. fi,..., fn are in involution, i.e. {f;, f;} =0 for 1 <i,j < n.

2. f1,..., fn are independent in the sense that (df1)p,..., (dfn), are linearly inde-
pendent at all points p € D C M for some dense set D in M.

Remark 2.2.20. Every two-dimensional Hamiltonian system is trivially integrable
with fi = H. Without proof we mention that every Hamiltonian system is locally
integrable on some neighbourhood around a point p if H(p) # 0. The physical import-
ance of integrability is the existence of globally conserved quantities.

2.3 Moment maps

Let G be a Lie group and g its Lie algebra. In order to define moment maps, we first
recall the definition of a Lie group action in order to fix some notation, and we treat

some important examples.

Definition 2.3.1. A (left) Lie group action of G on a manifold M is a group
homomorphism ¢ : G — Diff (M), such that the map G x M — M, (g,m) — ¢(g)(m)
is smooth. A manifold M with an action of G, is called a G-manifold.

We will sometimes write ¢4 for ¢(g).

Remark 2.3.2. Analogously, we define a right action as an anti-homomorphism. If

we just say action, we mean a left action.
Definition 2.3.3. An action is called transitive if it has only one orbit.
Example 2.3.4. A Lie group G acts on itself in the following ways:

L,:G—G, Ly(h) = gh,
Ry:G— G,  Ry(h)=hg™",
Ad(g): G =G, Ad(g)(h) = ghg ™.

It follows that Ad(g) = LyR,. We call L and R the left and right action of G on itself
respectively. Ad is called the adjoint action.

Remark 2.3.5. Ad induces an action on g, by abuse of notation also denoted by
Ad (cf. [18]). Ad(g)(X) is the infinitesimal generator of the one-parameter group

g(exp tX)g_l.
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Definition 2.3.6. The adjoint representation ad of a Lie algebra g on itself is
defined by ad(X)(Y) = [X,Y].

Remark 2.3.7. This representation is the Lie algebra representation induced by Ad.

This representation makes sense in a merely algebraic setting as well [17].

Definition 2.3.8. The coadjoint action Ad* of G on g* is defined by:

(Ad*(g)n,Y) = (n,Ad(g"")Y),

where (.,.) denotes the usual pairing of g with its dual. Its infinitesimal analogue ad”,
the coadjoint action of g on g* is given by:

<ad*(X)77=Y> = <777ad(_X)Y> = _<777 [X7 Y]>

Remark 2.3.9. Note that w?(X,Y) := —(n, [X,Y]) with n € g* defines an antisym-

metric bilinear form on g.

Let now (M,w) be a symplectic manifold, G be a Lie group and g its Lie algebra.
g* denotes the dual vector space of g.

Definition 2.3.10. A (Lie group) action ¢ : G — Diff(M), g — ¢4 is called a
symplectic action if each ¢4 is a symplectomorphism, i.e. if ¢ : G — Sympl(M,w) C
Diff (M).

Definition 2.3.11. A symplectic action ¢ : G — Sympl(M) is called a Hamiltonian
action if there exists a map pu : M — g* such that for all functions puX € C®(M)
given by pX(z) = (u(z), X) with X € g:

1. for each X € g we have duX = 1ysw, i.e. ux is a Hamiltonian function for the vec-
tor field X*, where X* is the infinitesimal generator of the action corresponding
to the one-parameter subgroup corresponding to X;

2. the map p is equivariant with respect to ¢ and the coadjoint action: po ¢, =

Ady o for all g € G.
(M,w,G,p) is called a Hamiltonian G-space and p is called a moment map.

Remark 2.3.12. The name moment map was used by French mathematicians and is

chosen because it is a generalization of linear and angular momentum.

Remark 2.3.13. A moment map is unique up to addition of an element of g* that
does not transform under Ad*.

Example 2.3.14. The moment map on (R%V, wy), which is the phase space of N
particles, with respect to the usual action of G = R? x O(3), the Euclidean motion

group, on R3, is given by
N

p(q,p) => (P’ x p),

i=1

where g and p’ denote the position and the momentum of the i*" particle respectively.



20 CHAPTER 2. SYMPLECTIC GEOMETRY

Definition 2.3.15. An integral of motion of a Hamiltonian G-space (M, w, G, u) is
a G-invariant function f € C°°(M). If p is constant along the integral curves of Hy,
the flow {exptHy |t € R} is called a symmetry of (M,w, G, p).

Theorem 2.3.16 (Noether). If (M,w, G, p) is a Hamiltonian G-space with G connec-
ted and f is an integral of motion, then the flow of the corresponding Hamiltonian
vector field Xy is a symmetry. Conversely, if the flow of some Hamiltonian vector
field X is a symmetry, then its corresponding Hamiltonian function f is an integral
of motion with respect to the G-action.

2.4 Contangent bundles

The cotangent bundle of a manifold was historically one of the motivating examples
for the study of symplectic manifolds. Let M be an n-dimensional manifold and let
(U,z1,...,x,) be alocal chart. Then the differentials (dz;), form a basis of T) M. For
yeTiM, write y = Y., yi(dz;),. In this way, (T*U, z1,...,%n,Y1,--.,Yn) is a local
chart of T*M, so T*M becomes a 2n-dimensional manifold.

Let 7w : T*M — M be the natural projection. In coordinates, it is given by m(x,y) =
x, where z € M and y € T;M. This induces a one-form a on T"M by «a(,) =
(dT(24))"y = yodm(y ), called the canonical one-form on 7% M. In local coordinates
(T*U,x1, ..., Tn,Y1,---,Yn), We have:

n
a = Z yidx;.
i=1

We now define the canonical symplectic form on T*M by w = —da. In local

coordinates we have: . .
w= —d(z yidx;) = Zdwi A dy;.
i=1 i=1

2

This two-form is nondegenerate. It is closed, because dw = —d“a = 0.

We now consider diffeomorphisms of manifolds and describe how they induce sym-
plectomorphisms of their cotangent bundles in a natural way.

Definition 2.4.1. Let ¢ : M — N be a diffeomorphism of manifolds. Let aj; and apn
be the canonical one-forms on their cotangent bundles. The lift ¢y : T*M — T*N of
¢ is a diffeomorphism defined as follows:

é3((z1,91)) = (22,92),

where
x2 = ¢(x1),
Y1 = (d¢$1)*y2

Here, (df;,)* is the inverse of f; Tz M-
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Proposition 2.4.2. ¢4 pulls back the canonical one-form ay to aas, ie. (¢3)*an =

QM-
This result is proved by calculations.

Corollary 2.4.3. The lift ¢4 : T*M — T*N of a diffeomorphism ¢ : M — N is a
symplectomorphism, i.e. (¢3)*ws = wy.

Corollary 2.4.4. The group Diff (M) of diffeomorphisms of M can be mapped to the
group Sympl(T™*M,w) of symplectomorphisms of the cotangent bundle T*M of M by
¢+ ¢4. This map is an injective homomorphism of groups. It is not surjective.

From the following theorem, it follows that we can determine whether or not a
symplectomorphism of a cotangent bundle is the lift of a diffeomorphism.

Proposition 2.4.5. A symplectomorphism ® : T*M — T*M is the lift of a diffeo-
morphism ¢ : M — M if and only if ®*a = «a, where « is the canonical one-form.
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Chapter 3

Spheres and hyperboloids

In this text, two spaces are of special importance: the sphere and the hyperboloid.
Before introducing these spaces, we first introduce the reader to a family of groups
that is of importance for the study of the symmetries of the Kepler problem, and that
is closely related to the geometry of the just mentioned spaces.

3.1 Pseudo-orthogonal groups

The orthogonal group O(n + 1) and the Lorentz group O(n,1), acting naturally on
R™*! turn out to be very important in the study of the Kepler problem. We assume
that the reader is familiar with the orthogonal group and give some basic results about
the pseudo-orthogonal (Lie) groups O(p,q) and their Lie algebras o(p,q) below.
The family of Lorentz groups forms a special class of pseudo-orthogonal groups, namely
the class for which g = 1.

Consider the vector space RPT? = RP @ R?. Denote w = (z,y) € RPT? for x € RP
and y € R?. Without loss of generality, we assume that p > ¢. Define an indefinite
inner product on RPT4 by:

<w1aw2>p7q = (z1,72) — (y1,92)

where wy = (x1,y2) and wy = (22,y2) and (.,.) (by abuse of notation) denotes the
standard inner product. The “norm” ||.||, 4 of a vector w = (x,y) in RP*? induced by
(s )p,q is defined by [lw]?, = |lz]|* — [ly[|>, where ||.|| denotes the standard norm on
Euclidean space. The space (RPT9,(.,.), ) is denoted by RP4.

The isometry group of R with respect to (.,.), consists of all g € GL(p + ¢,R)
such that for all wq,ws € RP4:

(gwr, 9w2>p,q = (w1, w2>p,q-

Since O(n) is the group of linear isometries of R™ with respect to (.,.), the group
O(p) x O(q) becomes a subgroup of O(p, ¢). This subgroup stabilizes the decomposition
RPTY = RP & RY. Since O(n) is a compact Lie group for all n € N, also O(p) x O(q)

23
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is a compact subgroup of O(p,q). It is actually a maximal compact subgroup, which
plays an important role in the representation theory of Lie groups. However, we will
focus on the Lie algebras.

The Lie algebra o(p, q) of O(p,q) consists of the matrices X € M,14(R) such that
X = p/(0) for some C* curve p: (—¢,e) = O(p, q) such that p(0) = I. We obtain

0(p,q) = {X € Mpy((R)[{(Xwr1,w2)pq + (w1, Xwa)p 4 Ywr, we € Rerq}-

It turns out that the elements of this Lie algebra are the (p + ¢) x (p 4+ ¢)-matrices X

A B

such that A = —A” € M,(R), C = —CT € M,(R) and B € M, ,(R).

of the form

3.2 Riemannnian manifolds of constant curvature

We first recall the definition of a Riemannian manifold and some properties of such

manifolds.

Definition 3.2.1. Let M be a manifold of dimension n. A Riemannian metric on
M is a family of inner products g, on the tangent spaces T, M for p € M, which depends
smoothly on p, i.e. on a chart (U,z) we can write it as the form ZZj:l gijdz'da? for
every p € U, where (g;j(p)) is a positive-definite symmetric matrix for all p € M and
gij : U — R is smooth. A manifold with a Riemannian metric defined on it is called a
Riemannian manifold.

Definition 3.2.2. A Levi-Civita connection V on a Riemannian manifold (M, g)
is an affine connection that is metric-preserving, ie. X(g(Y,Z2)) = ¢g(VxY,Z) +
9(Y,VxZ), and torsion-free, i.e. VxY — Vy X = [X,Y] for all vector fields X,Y, Z.

Proposition 3.2.3. A Riemannian manifold has a unique Levi-Civita connection.

Recall that the best known way of describing the curvature of a Riemannian manifold

is by the Riemann curvature tensor.

Definition 3.2.4. The Riemann curvature tensor is the smooth tensor field R :
XM X XM X XM — XM given by

R(X,Y)Z =VxVyZ -VyVxZ -V xyZ,

for all smooth vector fields X, Y, Z € X}, the set of smooth vector fields on M, where

V is the Levi-Civita connection.

The Riemann curvature tensor describes the curvature of the manifold at all points.
There is another notion of curvature, which only depends on the choice of a two-
dimensional plane in the tangent space of a point. It is defined as a contraction of the

Riemann curvature tensor.
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Definition 3.2.5. Let o be a two-dimensional subspace of T),M with basis u,v. The
sectional curvature of M along ¢ is given by

9(R(u,v)u, v)
g(u7 U)g(’l), U) - g(ua U)Q

Definition 3.2.6. A Riemannian manifold is called geodesically complete or com-

K(o)=—

plete if every geodesic can be extended to a geodesic line, i.e. a geodesic with domain
R.

The sphere and the hyperboloid have an intrinsic geometric definition. For each
n € N and k € R it is possible to define a simply connected n-dimensional complete
Riemannian manifold M of constant sectional curvature k. For a proof of this fact,
cf. [20, Theorem V.3.1]. Let n be given. We distinguish three cases:

1. For k > 0, the manifold M is called elliptic.
2. For k < 0, the manifold M is called hyperbolic.

3. For k = 0, the manifold M is called flat.

For our purposes, it is useful and sufficient to have an explicit geometric realization of
these three possibilities. A realization of the n-dimensional flat Riemannian manifold
is given by the n-dimensional Euclidean space. The n-dimensional elliptic Riemannian
manifold of sectional curvature k can be described by the n-sphere of radius k3. For
each hyperbolic space there is an n-hyperboloid isometric to it. Because we consider
spaces up to diffeomorphism, we may restrict ourselves to a realization of Rieman-
nian manifolds of constant sectional curvature of each of the following three sectional
curvatures: k = 0 (Euclidean space), k = 1 (unit sphere), & = —1 (unit hyperbol-
oid). We assume that the n-Euclidean space is well-known to the reader. In the next
sections, we introduce the unit sphere and the unit hyperboloid and describe some of
their important properties. For more information about these manifolds, cf. [20, Sec-
tion V.3] and [30]. In the rest of this text, we use the geometric realizations described
below rather than the abstract definition.

3.3 Sphere

The unit n-sphere S™, or sphere for short, consists of the points in R"*! of modulus
1 with respect to the Euclidean norm. We thus have

S = {x e R"™ ||z = 1}.

The Euclidean distance between points on the sphere is not intrinsic to the sphere. An
intrinsic notion of distance on the sphere is given by arclength. After embedding in
Euclidean space, this spherical metric is given by

= 0(x,y) = arccos {zy)
ds(e,y) = B(z.9) = (nxunyu) ’
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which corresponds to the Euclidean angle between the points x and y defined via the
standard inner product on R"*!. The spherical metric and the Euclidean metric define
the same topology on the sphere. The following theorem classifies the geodesic curves
S™.

Proposition 3.3.1. Let £ : [a,b] — S™ be a curve such that b — a < 7. Then the

following statements are equivalent:

1. £ is a geodesic curve parametrized by arc length s with respect to the spherical

metric.
2. There are orthogonal vectors z,y € S™ such that £(s) = cos(s —a)z+sin(s —a)y.
3. The curve £(s) satisfies £’ + ¢ = 0 in R"*T1,

For a proof, cf. [30], Theorem 2.1.4.

We say that the intersection of S with a two-dimensional linear subspace of R"+!
is a great circle of S™. A consequence of Proposition B3] is that the geodesic
line on S” correspond to its great circles, in the sense that every geodesic curve can
be extended to a great circle. This also explains why dg corresponds to the notion of
geodesic distance between two points on the sphere, because three points are spherically
collinear, i.e. collinear with respect to dg if they all lie on the same great circle.

Another important result we need, has to do with the symmetry of the sphere.
Recall that an isometry from a metric space (X,dyx) to a metric space (Y,dy) is a
continuous bijection that preserves the distance, i.e. ¢ is an isometry if and only if
dy (¢(z),¢(y)) = dx(x,y) for all z,y € X. The set of isometries of a metric space to
itself form a group with respect to composition. This group is called the isometry

group.

Proposition 3.3.2. The isometry group of the sphere S™ is isomorphic to the ortho-
gonal group O(n + 1).

For a proof, cf. [30, Theorem 2.1.3]. In this way, O(n + 1) defines a very important
symmetry group of S™.

3.4 Hyperboloid

The hyperboloid is, like the sphere, defined as the level set of a “norm” on R"*! but
not of the Euclidean norm. The hyperboloid is embedded in the space R™!, which
was described at the start of this chapter. Its underlying space is R**! and it has the
following indefinite inner product:

(T, Y)r, = x1Y1 + - . + TnYn — Tnt1Ynt1-

1A geodesic line is a geodesic curve with domain R.
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R™! is called the Lorentzian (n+1)-space and (.,.)y, is called the Lorentzian inner
product.

The Lorentzian inner product defines a “norm”, the Lorentzian norm, in the
following way:

|2[|7 = (z.2) .

In Lorentzian spaces there is a certain asymmetry between the different coordinates.
Therefore, it makes sense to define some properties that vectors may or may not have.
First we define another space.

Definition 3.4.1. The light cone C™ consists of the points in R™!\ {0} of modulus
0 with respect to the Lorentzian norm. We thus have:

C" = {z e R®'\ {0} |[|lz] L = 0}.

Remark 3.4.2. The name light cone is chosen, because in Einstein’s special theory of
relativity, which is defined in R*!, the light cone corresponds to that part of spacetime
minus the origin that would be passed by a flash of light emanating from the origin in
all directions.

Definition 3.4.3. Let € R""!. We say that z is light-like if ||z||, = 0. We say that
z is space-like (time-like) if ||z||2 > 0 (||z||2 < 0). A time-like vector x is positive
(negative) if 2,11 > 0 (241 <0).

For two positive or two negative time-like vectors z,y in R™!, there is a unique
non-negative n(z,y) > 0 such that (z,y)r = ||z||z||y|lr coshn(z,y). This number is
called the Lorentzian time-like angle between = and y. We see that n(x,y) = 0 if
and only if x = Ay with A > 0.

Definition 3.4.4. The unit n-hyperboloid H", or hyperboloid for short, consists
of the points in R™! of Lorentzian norm —1 and ZTpy1 > 0. We thus have:

H" = {z e R""|||lz]|2 = =1, 2py1 > 0}.

This space is, in some sense, analogous to the sphere, since it corresponds to the
level set of the Lorentzian norm of imaginary unit length. However, this analogy does
not hold for its topology, since S™ is compact and H" is not. We could equally well
have defined the hyperboloid as the set of points z € R"*! such that ||z||? = —1 and
Tnt1 < 0, because the two spaces are homeomorphic. They both form a model of the
hyperbolic space form of constant sectional curvature ¥ = —1. However, we call this
space H" and adopt the following notation:

Fr = {z e R"||z|2 = -1} = H" U H".

We say that H" (H") is the positive (negative) sheet of F". An intrinsic metric
on H™ written after embedding in the coordinates of R"*! is given by the hyperbolic
metric

d (z,y) = n(z,y).

Geodesics on H™ are classified by the following theorem.
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Proposition 3.4.5. Let £ : [a,b] — H™ be a curve. Then the following statements
are equivalent:

1. £ is a geodesic curve parametrized by arc length s with respect to the hyperbolic
metric.

2. There are vectors z,y € R™! that are orthogonal with respect to (.,.), such that
&(s) = cosh(s — a)x + sinh(s — a)y.

3. The curve £(s) satisfies £ — & = 0.

For a proof, cf. [30, Theorem 3.2.4].

We say that the intersection of H™ with a two-dimensional linear subspace of R™!
which contains a time-like vector is a hyperbolic line of H". A consequence of
Proposition is that the geodesics on H" correspond to its hyperbolic lines in the
sense that every geodesic curve can be extended to a hyperbolic line. Similarly, we can
define hyperbolic lines on H™.

We also know the symmetry group of F™.

Proposition 3.4.6. The group of isometries ¢ : F™* — F™ is isomorphic to the Lorentz
group O(n, 1), explicitly given by the set of matrices T' € Mat,1(R) such that T*JT =
J, where J = diag(1,...,1,—1).

3.5 Stereographic projection

It is well-known that the n-sphere punctured at one point is topologically equivalent
to R™. An analogue of this is true for the hyperboloid. Below we will make these
statements precise.

Consider the punctured sphere, i.e. the sphere with one point removed from it.
Without loss of generality we assume that this point is the north pole N = (0,...,0,1).
We write S” = §™\ {N}. Define the spherical stereographic projection from the
north pole o : $" — R™ as the map given by

e
I—&nn
for k = 1,...,n. This map is smooth, because £,+1 # 1 in S™. Furthermore, it is
bijective. Its inverse is given by

2z, 1 — fz|f?
G = b and gy = -
1 [|? " 14 [|l|?

for kK =1,...,n. This map is also smooth. So the spherical stereographic projection

is a diffeomorphism. Geometrically, the spherical stereographic projection assigns to
a point P on S™ the point of intersection of the straight line generated by the points
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P and N and the plane R™ through the origin perpendicular to the vector from 0 to V.

The hyperbolic analogue of the stereographic projection of the sphere is defined as
follows. Consider the space F™ := H™ U H". In order to map this space to R”, we
again remove the point N = (0,...,0,1) and write £ for F\ {N}. The hyperbolic
stereographic projection from the north pole is the map o : Fr 5 R® \ §"~! given
by

&k

1=

for k = 1,...n. This map is smooth, because &,+1 # —1 in . Furthermore, it is

Tk

bijective. Its inverse is given by

22, lz||? + 1
Ce=1T—3 and &1 =5 ——
1 — [|zf? " ]2 =1

for k =1,...,n. This map is also smooth. So the hyperbolic stereographic projection
is a diffeomorphism. Geometrically, the hyperbolic stereographic projection assigns to
a point P on F™ the point of intersection of the straight line generated by the points
P and N and the plane R™ through the origin perpendicular to the vector from 0 to
N. We can restrict the hyperbolic stereographic projection to the space H" \ {N} or
H"™.

Remark 3.5.1. If it is clear which stereographic projection is meant, we will omit the
adjectives spherical and hyperbolic.

3.6 Representation theory of o(d, 1)

For the discussion of the symmetries of a manifold, it is useful to consider the rep-
resentations of its symmetry groups. Recall that a representation of a Lie group G
on a Hilbert space H is an action ¢ : G — B(H) such that the corresponding map
G x H — H is continuous and such that the image of ¢ is the set of the bounded linear
operators with bounded inverse, which is a subset of B(#), the set of bounded linear
operators on H. If H is finite-dimensional, then ¢ is automatically smooth. Lie group
representations induce representations of the corresponding Lie algebras. We will in
particular look at the latter ones, since for our purposes they give enough information
about the groups, and they are technically simpler.

The infinitesimal symmetries that are important for the study of the d-dimensional
Kepler problem are given by the Lie algebras so(d + 1) and o(d, 1), called the special
orthogonal (Lie) algebra and the Lorentz (Lie) algebra respectively. We assume
that the reader is acquainted with the representation theory of the special orthogonal
algebras, which is described in [I4], [17]. We will explain the important aspects of the
representation theory of the Lorentz algebra [14] [16].
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We already introduced the light cone C?¢. Denote by C%* the so-called positive
light cone, which consists of all points of the light cone for which x4,1 > 0. The
proper Lorentz group O°(d, 1) acts transitively on Ccdt.

Definition 3.6.1. Let s € C. The space S, of homogeneous functions on C% of
degree —s is defined as follows:

Sy = S,(C4F) := {f € C°(CPY)|f(tw) = t~* f(w),w € C4F ¢t > 0}.

It is straightforward to prove that S is invariant under the natural action of O(p, q).

We consider the spaces S as representation spaces of o(d, 1) with spectral parameter
s. From the theory of spherical harmonics we recall the following result, which is
explicitly proved in [14].

Lemma 3.6.2.

S, =@, H™ (Rd)w;ﬁ-i-m)’

where H™(R%) denotes the space of harmonic polynomials of degree m.
We will need the unitary irreducible representations of the Lorentz algebra in order

to determine the positive spectrum of the hydrogen atom. They are classified by the
following result.

Theorem 3.6.3. The space S; is a unitary irreducible representation of the Lorentz
algebra o(d, 1) if and only if either R(s) = &L or 0 < s < d — 1.

A proof of this theorem is obtained by using the decomposition of S as given in the
previous lemma and the action of the elements of o(d, 1) on S;.



Chapter 4

The Classical Kepler Problem

In this chapter, we use the mathematical concepts introduced earlier to describe the
classical d-dimensional Kepler problem (for d > 2) in a rigorous way in terms of its
geometry. As described in Chapter [, the classical Kepler problem is determined by

the Kepler Hamiltonian:
R

2n gl
We do not specify any initial values or boundary conditions.

First, Kepler’s laws are derived in d dimensions by means of integrals of motions and
geometry. Then the Kepler orbits are related to geodesics on Riemannian manifolds of
constant sectional curvature. In particular, this treatment gives rise to a regularization
of the Kepler orbits, in the sense that the energy surfaces, which contain incomplete
motions, are embedded into larger manifolds with a complete Hamiltonian vector field.
After that, another way of regularizing the Kepler problem is described. At the end, we
exhibit the relation between the two regularizations. Along the way, we also determine

the symmetry group of the problem.

4.1 Kepler’s laws

In a text about the Kepler problem, one should derive Kepler’s laws of planetary
motion, as given in Chapter [II at least once. They were originally formulated for
H < 0. This automatically implies that £ > 0. We give a formulation of Kepler’s
laws in d dimensions, due to Onder and Vergin [27], which does not only apply to the
bounded motions, but works for arbitrary H (except for the third law of course, in
which the condition that the orbits are bounded is explicitly stated). However, our
derivation of the laws is due to Van Haandel and Heckman [34, [35]. Their derivation,
originally given in three dimensions, is intuitive and elegant.

Consider a particle with Hamiltonian H equal to the Kepler Hamiltonian. The
d-dimensional Kepler laws are as follows:

1. the orbit of the object is a two-dimensional conic section with 0 as one of its foci;

31
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2. the line connecting the object to 0 sweeps out equal areas in the plane of motion
in equal intervals of time;

3. in the case of bounded orbits, in which the orbit is an ellipse, the period of the
object is proportional to the cube of the semi-major axis of its orbit.

We will now derive these laws. To this end, we first look at some physical quantities
and prove that they are integrals of motion.

The phase space of the d-dimensional Kepler problem is 7%(R? \ {0}), which is
identified with the subspace of (R?? w) given by {(¢,p) € R? @ R?|q # 0}. The
symplectic form w is given by w = wg = Zgzl dg; N dp;.

Definition 4.1.1. The (generalized) angular momentum L is an anti-symmetric
d x d-matrix given by its components

Lij = qipj — q;pi,
with 1 <4,j < d. The (generalized) Runge-Lenz vector K is given by its

d

¢ q
K;=> Lijp; — Mk?m = |lpl*%: — (¢, p)pi — ukm,
=1

with 1 <7 <d.

Remark 4.1.2. The generalized angular momentum is not an d-vector any more: it
is an anti-symmetric matrix. Note that in the case d = 3, the usual components of
L, i.e. L1,Ly and L3 correspond to the matrix entries Log, L31 and Lo respectively.
The generalized Runge-Lenz vector indeed generalizes the usual Runge-Lenz vector,
because of the three-dimensional relation p X (q x p) = (p,p)q — (q, p)p-

First, we prove that the energy of an object with Hamiltonian H is conserved. This
is however not only true for the Kepler Hamiltonian, but for more general ones.

Proposition 4.1.3. For a spherically symmetric central force field F( )= f(HQH)ﬁ’

the Hamiltonian H = % + V(Jlql|), where V(]lql|) — [ f(s)ds, is a conserved
quantity.

Proof. The proof follows by explicit calculation. First note that:

d Lo 4
— g, 9))? = (4, Hq||>-

lall = =
Hence:
—H = Vv
dt 7 *
= (F,q) — f(llalDllall

B N .4
= (F,q) f(HCJII)<q,HqH> 0,

because F(q) = f(lal) - O
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Corollary 4.1.4. The Kepler Hamiltonian is conserved.

Proposition 4.1.5. The angular momentum L = (L;;) and the Runge-Lenz vector
K = (K;) are integrals of motion.

Proof. For all 4,5 € {1,...,d} we have:

OH Ly  OH 0Ly
U, Lij} = Z <<9(J1 opr  Op O >

=1
d Db
= q(051q; — 6uq;) — — (0up; — dups)
lq H3 7

=1

k k Di Dy
T34 — —pi+ —pi = 0.
~ al lg*™ ™

Using this result, for all i € {1,...,d} we obtain:

3 QJQZ

d
{H,K;} = Z ({H, Lijp; + Lij{H, p;}) — nk{H, }

<.
—_

d

D1 q:q1

= (s~ am) g+ Z (”H H HZH3>

st qll g

d

k > i ( 1 qiq )

=> | wapims — v +) = — o

2 ( it s ~ P )+ 2 S g

k k k k
= ——(q,p)¢ — —=pi + —pi — —={q,p)q; = 0.

gl (P = [Pt P~ g @ P

O

Remark 4.1.6. This proposition also follow from Noether’s Theorem, which is stated
in this text as Theorem [2.3.16]

Corollary 4.1.7. The orbit in R? of a particle described by the Kepler Hamiltonian
is contained in a two-dimensional plane.

Proof. K (t) is perpendicular to the plane of motion for fixed time ¢, since this plane
is spanned by ¢(t) and p(t). Since K is an integral of motion, this plane stays the
same. .

With this in mind, we can prove Kepler’s second law. We assume that the plane of
motion is spanned by two orthogonal unit vectors e; and eo. We will write the relevant
quantities with respect to this basis. In fact, all vectors are d-dimensional, but we will
treat them as if they are two-dimensional.

Theorem 4.1.8. If an object subdued to a spherically symmetric central force field
moves through a curve ¢(t) in R?, then the area swept out by the line piece [0, q(t)]
per unit of time is constant.
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Proof. The area Ay, 4, swept out by [0, ¢(s)] for t; < s <ty for some ¢; and ¢y can be
calculated by:

A= [ 3la(®) % (0l = 502 = 1), (41)

1

|
1 Iz
where || denotes the norm of the ordinary angular momentum of the motion in the
plane, which is conserved by Proposition L.I1.5l This expression only depends on the
duration ts — t1, which proves the claim. ]

Remark 4.1.9. For both claims of this proof the conservation of angular momentum
has been used. The above theorem proves Kepler’s second law.

Now the first law will be proved. We consider the different signs of the Hamiltonian
separately. Again, note that in fact we should first distinguish between the signs of
k, because a sign of k£ comes with the definition of the Hamiltonian itself already.
Later, we summarize the results in what we call Kepler’s first law. This way is chosen,
because it both gives the explicit nature of the Kepler orbits for negative, positive and
zero energy, and it unifies these observations into one clear statement. We consider
the orbits restricted to the plane of motion.

Suppose that H < 0. This implies that & > 0.

Proposition 4.1.10. The motion of the particle is bounded inside the circle (in the

plane of motion) with center 0 and radius —%.
Proof. We have
gl
20 gl — llall

which implies that ||g]| < —£. So the motion takes place in the circle (in the plane of
motion) with center 0 and radius —%. O

Consider the circle C centered at 0 with radius —%,
kq

proposition. Let s = —TalE be the point of intersection of the line through 0 and ¢

i.e. the circle from the previous

and C. The line £ through ¢ parallel to p is the tangent line to the orbit at the point
q. Let t be the reflection of s in £. The situation is sketched below. Note that ¢ is on
the line piece [0, s].



4.1. KEPLER’S LAWS 35

We want to define a vector n perpendicular to p. Let us define n by

n= (q1p§ — q2p1p2, QQP% - fhplpz) .
Indeed:
(p,n) = q1p1p3 — @2PiP2 + q2pipe — qip1p3 = 0.
Proposition 4.1.11. The point ¢ is equal to ik

Proof. The point t is given by:

t=s— 27«8 _ q),n>n‘
]|
First observe that:
Inl* = lIpI2L35 = [Ipl* (@102 — q2p1).
We thus have:

kq
((g—s),n) = <q+HQHH n)

i) o

(1
2 2 2
<1 + W) (hpz — Q1G2P1DP2 + @3p1 — q1q2p1p2)

_l’_

1+ —— ) (@p2 — g2m)*.

||QHH
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Hence:

q 2 k 2 2
pwHt = —pk+— + pH—— <1 + —> q1P3 — @2P1D2, G2P] — q1P1P2
ta e U E ) ¢ )

= —,uki +n
lqll
=K,
using the fact that ||p||? = 2u(H + IITkH) and the form of n. O

Because the vector K is conserved, we know that ¢ is a fixed point in space.

Theorem 4.1.12. The orbit of the particle is an ellipse with foci 0 and ¢ and major

; — _k
axis 2a = -

Proof. For a point g on the orbit we have:
llg =0l + llg — tll = llall + [lg — [l = 2a.
This exactly characterizes an ellipse. O

Until now, we only considered the case for which H < 0 (and hence k& > 0), which
physically corresponds to bounded orbits. In the case that H > 0, it is still true
that the point ¢ is a fixed point in R?, since the Runge-Lenz vector is still conserved.
However, the motion is not necessarily bounded to some region, as was the case for
H < 0. In this case, the coupling constant can assign both positive and negative
values. For k > 0, we get the situation as indicated in the figure below. Note that 0 is
on the line piece [q, .

Theorem 4.1.13. Suppose that H > 0 and k > 0. The orbit of the particle is the

branch of the hyperbola with foci 0 and ¢ closest to 0 and major axis equal to 2a = %
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Proof. We have:
k
—t — —O = — — = —.
llg = ¢l = llg = Ol = llg = sll = llall = &

This exactly characterizes the particular hyperbola branch. U

For the case in which H > 0 and k < 0, we know that s is on the line piece [0, q]. We

now prove a result analogous to ELT.I0l

Proposition 4.1.14. The motion of the particle in the plane of motion is outside the

circle with center 0 and radius —%.

_lel? ks ko ich imoli _k
Proof. We have H = 5~ Tal = Tl which implies that ||| > — 4. O

‘We have the situation as sketched below.

Theorem 4.1.15. Suppose that H > 0 and k < 0. The orbit of the particle is the

branch of the hyperbola with foci 0 and ¢ closest to ¢ and major axis equal to 2a = —%.
Proof. We have:
k
-0 —|l¢g —tl]| = —l|lg—s||=—=.
llg =0l = llg = ¢ = llall = llg = sll = =+
This exactly characterizes the particular hyperbola branch. U

The last case, in which H = 0 and hence ||p||? = ﬁ, is sketched below. It may be the

case that k = 0. Then the particle is free and moves along a straight line in the plane
of motion. Consider now the other possible case, namely & > 0. Note that we now
also may divide by ||p||. We again define the line £ to be the line through ¢ tangent
to the orbit. So it is parallel to p. The point s is the reflection of 0 in L.
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d L S
p
K
L
D

Proposition 4.1.16. For the point s we have s = @n, where n is as defined above.
We conclude that s — ¢ = %K.
Proof. s is equal to 2<|q727‘12>n, which equals

2 _ ld

> kp

using the calculations done earlier. From this, it follows that s — ¢ = %K . U

Theorem 4.1.17. If H = 0, then the orbit is the parabola with focus 0 and directrix
D.

]2

Proof. Indeed, [lg — s|[2 = [lgl> + I}s|> — 2(q, n) = llgl* + Tllnl? — o I2LZ — g2,
which proves the claim, because a parabola is the locus consisting of points such that

the distance to a given point (its focus) and a given line (its directrix) is equal. O

We have now considered all possible cases of Kepler orbits and summarize them in the
first law.

Theorem 4.1.18. The orbit of the object is a conic section with a fixed two-dimensional
linear subspace with 0 as one of its foci.

Proof. The ellipse, hyperbola and parabola are the (only) two-dimensional conic sec-
tions in RY. O

We did not explicitly treat the degenerate conics, such as the double line, because
they all are special cases of one of the above. They correspond to incomplete Kepler
orbits, which will be explained in the next section.

Kepler’s third law follows from the values of the parameters of the ellipse. Wﬁ k”r210W

K

that a = —%. The distance 2¢ between the two foci is given by 4¢? = (¢,t) = T =
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2uH ||U|> +p2k?
22
Hence, the square of the area of this ellipse is:

2P

. Therefore the semiminor axis b of the ellipse is given by 4b* = il

S o 1 e
SuH? 4p2 7’
where T is the period of the orbit. The last expression follows from Kepler’s second
law. Using the relation a = —%, we obtain:
T2 B 472 B 472

? ok G(m1 —|—m2)’

which is exactly Kepler’s third law. In the unified point of view, Kepler’s third law is
merely a special case of the second law. It relates the period of the orbit, which exists
if the orbit is closed, to the semi-major axis.

4.2 Incomplete Kepler orbits

The orbits corresponding to the nondegenerate conic sections in R? are regular in the
sense that they correspond to a globally defined integral curve of the Hamiltonian
vector field. The following result gives the intrinsic incompleteness of the Kepler
problem. The degenerate conic sections in R? correspond to integral curves of the
Hamiltonian vector field that are not globally defined.

Proposition 4.2.1. The Kepler Hamiltonian vector field is incomplete.

Proof. Consider the motion of a particle with energy H < 0 and L = 0, i.e. this particle
is on some fall circle C as defined in the last section. Suppose that (g(0),¢(0)) =

(—EHH, 0). The time for the particle to reach the origin with infinite speed is given by:

_kp d
H T
TZ/ T o T <%0

so the particle gets to the origin in a finite time, which proves the proposition. U

Definition 4.2.2. The motions “through” the origin are the incomplete motions.

By an embedding of the incomplete phase space in another manifold with a complete
Hamiltonian vector field, it can be realized that the phase space is regularized in the
sense that the integral curves of the (incomplete) phase space become complete under
the embedding. This process is called regularization. In the rest of this chapter, we
will discuss two ways of regularization of the Kepler problem and describe how they
are related.
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4.3 Kepler orbits and geodesics on manifolds

We show that the space of Kepler orbits in R? of a fixed energy E can be embedded
in the set of geodesics on some complete Riemannian manifold of constant sectional
curvature in such a way that the Hamiltonian vector field of the Kepler problem is
regularized, in the sense that it is extended in such a way that the incomplete Kepler
orbits are also mapped to particular geodesics. This map turns out to preserve some
of the symplectic structure, but it is weaker than a symplectomorphism. Whether
the manifold is of positive or negative curvature is determined by the sign of E. The
method used here fits in our general method of interchanging the coordinates of position
and momentum and afterwards applying a stereographic projection.

Because of the symmetry of the set of geodesics on a manifold, we will find a sym-
metry group along the way that is richer than the intuitively obvious symmetry group
O(d) of the Kepler Hamiltonian.

The results in this section are due to Moser [24], but also [22, 28] B3] discuss the
geometry of the phase space of the Kepler problem. [22] 28] even consider the case
E > 0. Moser only considers the case E < 0, but we extend his way of reasoning to
positive energies. In [22], the phase space of the Kepler problem is regularized at once,
without the restriction to the energy surfaces. We will come back to this later.

The configuration space () of the Kepler problem is the set of possible positions,
so in the case of the d-dimensional problem, it is R? \ {0}. The phase space P is
given by the cotangent bundle 7*Q C R% ® R? of Q. For any E € R, we define the
energy surface X of energy E to be defined by:

Sp = {z e T*Q| H(z) = E}.

Since the energy is conserved, these submanifolds are well-defined and closed. We
introduce two open submanifolds of P as follows:

Py = Ug>0XE,
P :=Ug<02E.

P, corresponds to hyperbolic Kepler orbits, whereas P_ contains the elliptic Kepler
orbits. Thus P = P, UXqU P_.

In the next subsections, we map each X g to the cotangent bundle of some Rieman-
nian manifold. Hereto, we consider the cases of negative and positive energies separ-
ately. We will see that the regularization map is geometrically very simple.

4.3.1 Negative energies

Suppose EF < 0. As described earlier, the trajectory of a particle with this Hamiltonian

is an ellipse with the origin as one of its foci. Its semi-major axis a equals —%.

It turns out that the elliptic Kepler orbits in d dimensions are equivalent to the
geodesics on a d-sphere in a certain way. Without loss of generality, we assume that

p=1and k= 1. In R™! we write N = (0,...,0,1).
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Theorem 4.3.1. The space X of Kepler orbits with energy F < 0 is mapped to the
unit cotangent bundle T%#(59) of S = $%\ {N} by an extension of the stereographic
projection in a diffeomorphic way such that the canonical one-forms match.

Proof. The sphere S? consists of the points & = (&1,...,6441) € R4 for which
€I> = 1. By the stereographic projection, the sphere punctured at its north pole
N =(0,...,0,1), can be mapped diffeomorphically onto R%, as is described in Section

We start with the geodesic flow on the sphere and map it to the space of Kepler
1

orbits with energy F = —3

A curve £(s) on the sphere is a geodesic if and only if it satisﬁes
&'+ €7 = 0.
If [|¢'|| = 1, then this equation corresponds to the parametrization by arc length, which

we assume from now on. If we introduce the tangent vector n = £, then we have the
following equations:

¢ =n, i = —nl*¢,
with [|£]] = 1 and (£, n) = 0, since a tangent vector to the sphere are always perpen-
dicular to the position vector of the point at which it is defined. These two equations
represent the tangent bundle T'(S%) of S¢, which we linearly identify with the cotangent
bundle 7*(59).

We now map the punctured sphere 54 onto RY by the spherical stereographic pro-
jection and extend it to a map from T7(S%) to T*(R%) as follows. First we consider
Ty (S™) as a submanifold of T*(R*™!), which we in turn identify with R @R+, In
this embedding, T7(5?) corresponds to the pairs (€,7) such that ||¢]| = 1, (£,1) = 0

and ||| = 1. The canonical one-form fg, is the restriction of the canonical one-form
on T*(R4*1). We define the extended mapping by the following two equations:
o= —
1 =&’
Ye = (1 — &ar1)me + ExMa+1,
for k=1,...,d. Its inverse is given by:
2z
TP
DN
T el
2
z||“+1
k= %yk — (@, y)zy,
Nd+1 = <x7y>7

fork=1,...,d.
These equations define a diffeomorphism. Let us check that the canonical one-forms
05a and Ora are mapped to each otherE The canonical one-forms on 7*5% and T*R%

LCf. Chapter Bl
2Note that T75? is not a symplectic manifold, since it is not even-dimensional.
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are given by 0ga = (1, d§) and Oga = (y, dx) respectively.

de de
ey T a2k We get

If we substitute dxy =

k=1
- dg das1
= 1; (T = &a+1)me + Ma+1€k) (1 e T as £d+1)2£k>
d
>

<kd$k+ Ndt1 gdg +77k§k d€qi g€ d€a1 >

—&ar —&d+1 (1 —&q41)?

Using 0 = %dH§H2 = (&,d§) = ZZZI Erd&r + €g11d€qy1 in the second term and using
the definition of the stereographic projection and the description of 7*(S¢) as subspace
of R @ R4*! gives us:

d

d Nat1 o 77k§k d€a1 d€qi1 )

kzl (77/6 gk + 5 5 5 + §d+ +n Nd+1 gk( — §d+1)2

= Z ( déi — 75 degyy + —Maribanidan g )
Nk £ Saridian - d+1d€d+1

= (n, dg).

Note that ||n|| = w The Hamiltonian of the geodesic flow is given by the
Hamiltonian ®(¢,n) = 3|[n[|?. In this way we get the following Hamiltonian in the

(x,y)-space:
1 (l]? + 1]y
F(a,9) = a6 n) = 3 = PEE DT

which gives the following transformed Hamilton differential equations:

i’ = F,, y = —F,. (4.2)

This set of equations follows from straightforward calculations. The geodesics such

1
§.
Now comes the elegant part of the argument. The differential equations (4.2]) form a

that ||n| = 1, and hence ® = 3, correspond to solutions for which F' =

system, in which only the first partial derivatives of F' occur. We can therefore replace
F by G = u(F) := v2F — 1, because this defines a differentiable function at the point
F =3 and u( ) = 1. So at this point, the gradients of both functions agree, such
that.

¥ =G, Y = —G,. (4.3)

Note that the system given by equation ([.2]) with F = % is mapped to the system
given by equation ([A3]) with G = 0. If we change the variable s to:

r= / lylds,
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then (denoting differentiation with respect to t by a dot) we obtainf & = lyl|~ta’ =
lyll1Gy and § = |ly|| "'y’ = —||y|| "' Gx. If we define the following Hamiltonian:

1 1 1 1
H=_|z|* - +— = |yl " (V2F = 1) — = = |y|7'G - =,
il ol llyll~( ) =5 =yl 5

then we obtain the Hamilton equations y = H, and # = —H,. So the Hamiltonian
system ([£3) for G = 0 is mapped to this system with H = —%. It is obvious that after
applying the canonical transformation p = x and ¢ = —y, the system goes over into
the Kepler problem. The trajectories of the geodesic flow on the sphere away from the
north pole parametrized by s are mapped to the trajectories of the Hamiltonian flow
of H = %wa — ”71”

By rescaling, the energy surface corresponding to £ = —# can be mapped to
Ty (S™) as follows:

away from y # 0 parametrized by t.

¢=pq P=p'p, t=pt
This mapping maps the Kepler problem to itself and replaces E by E' = p~2E. O

So far we have proven that any energy surface (after an appropriate rescaling) can
be mapped to 77 (Sd) in a canonical way. We also saw that the mapping that achieves
this is a diffeomorphism. By restoring the north pole, we obtain the compactification
T#(S%) of Ty (Sd) If we apply the inverse stereographic projection and the canonical
interchange of the position and the momentum coordinates, the geodesics through the
north pole correspond to the incomplete Kepler orbits. In this way, we also obtain
a compatification S of the energy surface . Hence we obtain a regularization
of the Kepler problem, since the Hamilton vector field on the unit cotangent bundle
of the sphere is complete. The reparametrization of the time is essential for this
regularization.

Remark 4.3.2. The formulas for the extended stereographic projection do not only
make sense for energy H = —% and covectors of length one. Indeed, they define a
canonical map from T*(5%) to T*(R%). We will call the inverse of this map composed
with the canonical interchange of the position and the momentum coordinates the
Moser map ;.

Remark 4.3.3. Geometrically, the north pole corresponds to the points at infinity in
p-space, as can be seen from the geometry of the usual (non-extended) stereographic
projection. In order to maintain a finite energy, it also corresponds to ¢ = 0. The
corresponding orbits are degenerated ellipses, the collision orbits of the Kepler problem.
A particle moves to the origin in a straight line in a finite interval of s. After that, its
motion is reflected in both position and momentum.

Corollary 4.3.4. For cach E < 0, the regularized energy surface ¥ 5 possesses O(d+1)
symmetry, since this group acts on it. The energy surfaces possesses the infinitesimal
symmetry so(d + 1).

3Note that ||y|| # 0, because we chose ||n|| = 1.



44 CHAPTER 4. THE CLASSICAL KEPLER PROBLEM

Proof. The group O(d+1) acts on the space T;(S¢) by matrix multiplication and takes
geodesics (parametrized by arc length) into geodesics (parametrized by arc length). O

We will now derive the explicit map relating s and t. By an orthogonal trans-
formation that leaves the £411-axis invariant, we can always map a geodesic into the
two-dimensional space given by &3 = £, = &5 = 0. We may therefore, in what follows,
assume that d = 2. After a suitable rotation of the geodesic [24], we have:

& =sins,

&9 = — cos acos s,
€4+1 = sinacos s,

M = &k

for k =1,2,d 4+ 1. Here, o denotes the angle between the subspace given by {311 =0
and the circle. The image of this circle in the (z,y)-space is:

z1 = (1 —sinacoss) lsins,
x93 = —(1—sinacoss) ! cosacoss,
Y1 = cos § — sin
g = COS (¢ Sin §.
Hence we obtain:
q1 = —cos s + e,

g2 = —V/1—e?sins,

where e := sin . This denotes an ellipse in terms of its eccentric anomaly s [7, [13].
t is called the mean anomaly. We have ||y|| = 1 —sinasins = 1 — ecoss. We now
obtain the following expression for the rescaled time ¢:

S
t= / |ly|lds = s — esins. (4.4)
0

This equation is called the Kepler equation.

4.3.2 Positive energies

Suppose £ > 0. Then k can either be positive or negative. The trajectory of the
particle is now an arc of an hyperbola. As we saw before, which specific arc it is
depends on the sign of k. Without loss of generality, we assume that 4 = 1 and
k=+l1.

It turns out that the hyperbolic Kepler orbits are equivalent to the geodesics on a
hyperboloid in a canonical way, as can be concluded by applying the same method
that Moser used.
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Theorem 4.3.5. The space Y of Kepler orbits with energy E is mapped to the
unit cotangent bundle T3 (F?) of F? = F¢\ {N} by an extension of the stereographic
projection in a diffeomorphic way such that the canonical one-forms match.

The proof of this theorem is a translation of the proof of the negative energy case to
the hyperbolic setting. It was suggested in the literature to do this. To my knowledge,
it was first done explicitly by Adriaan Kleinhout [19].

Proof. The hyperboloid F? consists of the points & = (&1,...,&441) € R for which
[€]2 = —1. By the stereographic projection, the hyperboloid with its north pole
N = (0,...,0,1) removed can be mapped diffeomorphically onto R*\ S9!, as described
in Section

We start with the geodesic flow on the hyperboloid and map it to the space of Kepler
orbits with energy H = %

A curve £(s) on the hyperboloid is a geodesic if and only if it satisfies:

¢ —|I¢')13¢ = 0.

If |¢’||lL = 1, then this equation corresponds to the parametrization by arc length. If
we introduce the tangent vector n = ¢’, then we have the following equations:

¢ =n, n' = —|nli¢,

with [[£]|, = —1 and (£,n) = 0, since tangent vectors to the hyperboloid are always
perpendicular to the position vector of the point at which it is defined with respect
to the Lorentzian inner product. These two equations represent the tangent bundle
T(F?%) of F?, which we linearly idenfity with the cotangent bundle 7*(F%).

We now map the T7 (F 1) to T*(R?) by an extended hyperbolic stereographic pro-
jection. First we consider Ty (F%) as a submanifold of T*(R%t1), which we in turn
identify with R%! @ R%1. In this embedding, T3 (F®) corresponds to the pairs (£,7)
such that [|£][z = —1, (§,m)z = 0 and ||n||z = 1. The canonical one-form 64, is the
restriction of the canonical one-form on 7*(R%*1). We define the extended mapping
by the following two equations:

o=
1—&ar’
Ye = (1 — &ar1)me + EkMa+1,
for k=1,...,d. Its inverse is given by:
ka
§e=T—7 73
1 — [f?
¢ l]” + 1
A+l = e 1
l)* =1
_ 1=
M= —— Yk + (@ y)a,

Nd+1 = _<m7y>7
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fork=1,...,d.
These equations define a diffeomorphism. Let us check that the canonical one-forms

05

are given by 0z, = (1,d§)r and Oga = (y, dx) respectively.

dé d€qi1
1—&a+y1 + (17£d+1)2£k‘5 we get

. and fra are mapped to each other. The canonical one-forms on T’ *Fd and T*R?

If we substitute dxy =

M~

(y,dr) = > yrdxy

T
I

I
M=~

dgy, d€qi1
1 =&t * (1- §d+1)2£k>

d€a+1 )
+ Na 1527 .

X ok (1 —&ay1)?

Using 0 = %dH&H% = (£, d&), = ZZZI Epd€ — £gr1d€q+1 in the second term and using

the definition of the stereographic projection and the description of T*(F?) as subspace

of R @ RI*1 gives us:

(1 = &)k + nar1r) <

k=1

Ne&rd€at1
1- §d+1

M=~

(nkdsk L e deg +
1 - §d+1

1

d
Nd+1 Me&rd€ar1 o d&ay1 >
dég + —L g g 4 TORBAEL B
; (nk ST §d+1§k W €dt1 a1 (1 —&at1)?
d

d d+18d+1d€q
= (nkdsk Py gy, 4 Tt nd+1d§d+1>
P —&d+1 — &+

= <77a d£>L

1= [|=[1*)||y]]
2

We can calculate that ||n|| = ( . In this way we get the following Hamiltonian:

1 1 — 1121122012
F(r.y) = ®(6n) = 5l = T

which gives the following transformed Hamilton differential equations:

= Fy, y = —F,.

This set of equations follows from straightforward calculations. The geodesics such
that |9z = 1 and ® = 1 correspond to F' = 3. Now again comes the elegant trick.
The differential equations form a system and the first partial derivatives of F' are the
only things which occur in the description. We can now replace F' by u(F') = V2F -1,
because this defines a differentiable function at the point F' = % and v/(1) = 1. Now
the gradients of both functions agree and thus we get for G = u(F):

= Gy, y = —Gy.

Note that the system on F = % is now mapped to the system for which G = 0. If we

- / lylds,

change the variable s to:
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then & = |ly||'2’ = |ly| "'G, and § = —||y||Gz. If we define the following Hamiltonian:

1

H = |lal|* £ 7 = FlylI~ 1GJr——ﬂFHyH Y(V2F - 1) + 5

then we obtain the Hamilton equations y = H, and # = —H,. So the Hamiltonian

system (L3) for G = 0 is mapped to this system with H = 3. It is obvious that

by the canonical transformation p = x and ¢ = —y, the system goes over into the
Kepler problem. The trajectories of the geodesic flow on the hyperboloid away from
the north pole parametrized by s are mapped to the trajectories of the Hamiltonian
flow of H = L||z|? £

Tyl
in H is determined by the sign of k. The trajectories for which £ = 1 are mapped

away from y # 0 parametrized by ¢. The sign of the potential

to geodesics on the positive sheet of the hyperboloid and the trajectories for which
k = —1 to geodesics on the negative sheet. Note that this would interchange if we had
chosen to perform a stereographic projection from the south pole.

A rescaling argument analogous to the one for negative energies. O

Again, by restoring the north pole, we obtain the regularization of the Kepler prob-
lem.

Remark 4.3.6. Geometrically, the north pole corresponds to the points at infinity in
p-space, as can be seen from the geometry of the usual (non-extended) stereographic
projection. In order to maintain a finite energy, it also corresponds to ¢ = 0. The
corresponding orbits are degenerated hyperbolas for which k£ > 0.

Corollary 4.3.7. For each E > 0, the energy regularized energy surface Y5 pos-
sesses O(d, 1) symmetry. The infinitesimal symmetry is given by the Lorentz group
0(n,1). The group O(d, 1) acts on the space T} (S¢) by matrix multiplication and takes
geodesics (parametrized by arc length) into geodesics (parametrized by arc length).

If we would consider the group O(d,1)°, the connected component of the identity
of O(d, 1), then the Kepler orbits with £ = 1 would be mapped to Kepler orbits with
k = 1. Allowing all transformations of O(d, 1) also interchanges geodesics with different
k-signs.

In the next sections, we will describe another way of regularizing the Kepler problem.
This method generalizes the whole negative (or the whole positive) phase space at
once. We will prove that the corresponding regularization map is in fact a canonical
deformation of the Moser map.

From now on, we restrict ourselves to the negative energy case, but remark that it
can be formulated in the positive energy case as well. We also assume that y =1 and

k=1.



48 CHAPTER 4. THE CLASSICAL KEPLER PROBLEM

4.4 The Delaunay Hamiltonian

Definition 4.4.1. Let T be the complement of the zero section of the cotangent bundle
of the sphere, i.e.

T:={(&n) € T*(S)nll > 0}.

The space T can be identified with a subspace of R¥t! @ Rt as follows:
T {(z,y) e R @ R |z = 1, (z,9) = 0, y # 0}

As we have seen in the description of the relation between the Kepler orbits and the
geodesic flow on the sphere, a reparametrization of the “time variable” occurs. In this
section, we define a new Hamiltonian on 7', whose Hamiltonian vector field is a time

rescaling of the geodesic flow.
Remark 4.4.2. A moment map i : 7T — so(d+ 1)* is given by j(z,y) =z A y.

Definition 4.4.3. The Delaunay Hamiltonian H on T is given by

11 1 1

T P S
& ==3TF = "2TAP

Remark 4.4.4. It is obvious that H = go F, where F is the geodesic Hamiltonian on
the sphere and g : Ryg =+ R, 2z — —i.

Remark 4.4.5. The Hamiltonian vector field X is a time rescaling of the geodesic
vector field on T'. In particular, its integral curves are geodesic curves on 7.

The Delaunay Hamiltonian will turn out to be important for the following regular-
ization procedure.

4.5 The Ligon-Schaaf map

We discuss another regularization of the Kepler problem. It leans heavily on integrals of
motion and was described by Ligon and Schaaf [22]. Later Cushman and Duistermaat
wrote down a more conceptual treatment of this regularization procedure [8], but they
still rely on more calculations than necessary. The advantage of the method is that
it regularizes the whole negative (or the whole positive) phase space of the Kepler
problem at once, and it is a symplectomorphism.

We first give the Ligon-Schaaf map and briefly describe some properties formulated
by Ligon and Schaaf. In addition, we will in detail describe how the Ligon-Schaaf
regularization map arises naturally from the Moser method. This gives a geometrically
well-formulated regularization procedure of the whole negative energy phase space of
the Kepler problem.

We treat the regularization of the phase space P_ for negative energies here. Ana-
logues for P, are true as well. The explicit Ligon-Schaaf map for the positive energy
phase space can be found in [22].

For the Moser map @/, as defined in section 4.3, the following holds.
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Proposition 4.5.1. On the energy surface 31, the Moser map II : T*(R%) — T7(5%)
2
is explicitly given by

&= (llallp lalllpl® = 1), 0= (lal ™ a+ {@p)p, (g, ) -
®,s is a canonical diffeomorphism.

Remark 4.5.2. The new claim of this proposition is the explicit form of the Moser
map. It follows directly from the formulas of Section 3]

Definition 4.5.3. The Ligon-Schaaf map ®;g: P- — T is defined by

®rs(q,p) == <(COS 61.5)E + (sin dr.s)n, (~2H) ™ ((sin ¢rg)é — (cos ¢LS)77)) :

where £ and 7 are given by

£= ((—QH)%Hqu, lallllpl* - 1) S (H(JH_lq + {0, p)p; —(—ZH)_%<q7p>> :

and
dus = —(~2H)?(¢.p) (4.5)
The following results are proved by Ligon and Schaaf.
Theorem 4.5.4. @ g satisfies the following three properties:
1. ®1g is a diffeomorphism of P_ onto T_ = {(x,y) € T'|x # (0,...,0,1)};
2. ®;g is canonical;

3. if v is an integral curve of the Kepler Hamiltonian vector field Xy in P_, then
®p5 07 is a integral curve of the Delaunay Hamiltonian vector field X 5 in T}

Remark 4.5.5. The reason that the Ligon-Schaaf map regularizes the Kepler problem
is that it defines a symplectic embedding of P_ onto 7 (in the slightly larger space
T') whose Hamiltonian vector field is complete.

By comparison of the Moser map and the Ligon-Schaaf map, it might be the case
that somehow the Moser map fits into the treatment by Ligon and Schaaf, because
the components of the image of the Moser map are explicitly contained in the Ligon-
Schaaf map, since v = 1 for H = —%. This motivates the definition of the Moser
regularization fibration.

Definition 4.5.6. If we take £ and n as defined in the Ligon-Schaaf map, then we
define the Moser regularization fibration to be the map Iy : P~ — 17 (S’d) given

Remark 4.5.7. Obviously, the restrictions of this map and the Moser map to the

energy level ¥_1 are the same.

1
2
Remark 4.5.8. If we change ¢rg in the Ligon-Schaaf map into the zero function,
then we get the Moser regularization fibration fibration.
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4.6 From Moser to Ligon-Schaaf

If we start with the Moser map, the Ligon-Schaaf map geometrically arises as the
extension of it to P_. The results of this section are also in [I5]. In this article, also
the details of the calculations regarding the symmetry group are given.

The relation between the geodesic flow given by F' and the Delaunay flow is as

follows.

Proposition 4.6.1. The geodesic flow of Hamiltonian ' = 3||n||? and the Delaunay
flow of the Delaunay Hamiltonian H = —W are the same for F' = % and H = —%.

Proof. On F = % we have:
- ) 1
2

Hence, the Hamiltonian vector fields match. ]

The most important part of the argument, however, is the explicit relation between
the arclength s and the real time t. A reparametrization of the time explicitly occurs
in the Moser treatment. In the Ligon-Schaaf treatment it turns out to be implicitly
done.

As was written before, the Kepler problem given by

dqg dp

ap i3
yriad 2 7 lall~q

parametrized by ¢ goes over by the Moser map in the (circular) geodesic motion given
by
dg dn
Is UE ds —£.
parametrized by s. The vectors £ and n are orthonormal. If we define a complex
s

structure on this plane by introducing the rotation by the angle 7 in the counter-

clockwise direction and call this ¢, then we get:

g=n, in=-E

If we define
. 1 .
u=exp(—i(g,p)§,  v=(-2H) 2exp(—i{q,p))n,
then on ¥ 1 we obtain
du _ v _ _
a7 a7
since d dlg, p) ds de 5
_u . q,P o _S_ — (_n2 = —
i u + exp ( %(q,p>)dtd8 (—p +q)v v,
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and a similar calculation for the second equation. This means that the circular motion
parametrized by t is equivalent to the circular motion parametrized by s, which is
in turn equivalent to the Kepler orbits parametrized by ¢. The multiplication by
exp (—i(q, p)) makes this relation explicit. Recall that n441 = —(g,p), so we can also
write this factor in terms of the coordinates & and 7.

We can use the actions defined on P_ and 7_ to extend the Moser picture. Let p
denote a parameter in R+y. Consider the rescaling function on P_ as defined earlier
by

Ry(q,p,t, H) = (p°q,p~'p, p°t, p*H).

We now also define a rescaling on 7_ according to Ligon and Schaaf by

Ry(&n.t, H) = (& pn, p°t, pH)
Remark 4.6.2. Both scalings are well-defined.
Remark 4.6.3. II); is invariant under the scaling R, i.e. IIy/(R,(q,p)) = (g, p)-
From direct calculations we obtain the following:

Proposition 4.6.4. The Ligon-Schaaf map intertwines both actions of R, i.e.
(I)LS o Rp = Rp o] (I)LS-
Theorem 4.6.5. The restriction of the Moser map ®,s to the energy surface ¥_ 1
2

extends to the symplectomorphism ®;g : P — T_ by the scaling actions R and R.

Proof. If we perform the multiplication of exp (in4.1) on the energy surface corres-
ponding to H = —%, ie.

(57 77) = exp (ind+1)(§7 77) - (u7 U)

the Moser map corresponds to the Ligon-Schaaf map on this energy surface, where
now the curves of H and H are now related by the same time ¢.

By the two actions of R, which are intertwined by ®rg, this map extends to the
whole P_ in a well-defined way. This gives the Ligon-Schaaf map as defined earlier.

This map is canonical. This follows from the canonicity of the Moser map and from
the fact that (I)ES}NI = H, since ®;¢ is obtained from the Moser map by a canonical
modification along the ruled surfaces with base the Kepler orbits in ¥_1 and rulings
the scale action. Indeed, on a surface S corresponding to a Kepler orbit, 2We have that
w|s = dt NdH|s is mapped to Olg, 4(s) = dt NdH. The scaling of dt AdH and dt A dH
is consistent with the scaling of w and @. U

This theorem gives the geometric relation between the regularization by Moser and
the regularization by Ligon and Schaaf.
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4.7 The symmetry group

Recall that the components of angular momentum and the Runge-Lenz vector are
given by

Lij = qipj — q;pi,
K= (Il? = 7o)as = (@
respectively.
Proposition 4.7.1. The following commutation relations hold for L;;.
{Lij, Lt} = 6jiLig 4 0ir Ly — 85 Lig — 0 Lj,
where 1 <4, 7, k,1 <d.

This proposition is proved by straightforward calculations. From this proposition, it
follows that the components L;; for 1 <i,j < d generate the Lie algebra so(d), which
corresponds to the infinitesimal symmetry of the Kepler problem.

It t
we se K

\/ﬁ - Li(d+1) = _L(d+1)i
on P_, then it turns out that the components L;; for 1 < 4,j < d + 1 generate the

Lie algebra so(d + 1), which accounts for the hidden symmetry. In the literature,
it is not well-motivated that the components of the Runge-Lenz vector come up as
generators for the richer symmetry. The following theorem exhibits this symmetry of
the Kepler problem by using the well-known symmetry of the complement T' of the
zero section of the cotangent bundle of the sphere and take the pull-back under the
canonical Ligon-Schaaf map.

Theorem 4.7.2. If M;; := u;v; — v;u; are the components of angular momentum on
T Cc R @ R then

O75Mij = Lij
for 1 <i,5 <d+1.

A proof of this theorem consists of straightforward calculations by writing out the
expression ®7 ¢M;; at (¢,p). This theorem proves that the Ligon-Schaaf map inter-
twines the infinitesimal actions of so(d + 1). We can integrate the Hamiltonian vector
fields of L;; to obtain an incomplete Hamiltonian action of SO(d + 1). This action is
regularized by the Ligon-Schaaf regularization. By definition, the Ligon-Schaaf map
intertwines both actions of SO(d +1). From this, it follows that it also intertwines the

moment maps.

Corollary 4.7.3. The Ligon-Schaaf map intertwines the two moment maps u and [,
Le. p(q,p) = i(®rs(q,p)).



4.7. THE SYMMETRY GROUP 53

Remark 4.7.4. This property of the Ligon-Schaaf regularization map was proved by
Ligon and Schaaf and was one of the key properties of this map in the article by
Cushman and Duistermaat. They prove that this property and the three properties of
Theorem [1.5.4] completely characterize the Ligon-Schaaf map.

Corollary 4.7.5. The commutation relations

{Lij, Ki} = 6 K — 055, K,
(K. K;} = —2HL;;

follow from the fact that ®7 ¢M;; = L;;.

Note that the Runge-Lenz vector is indeed obtained as the integral of motion that
accounts for the hidden symmetry.
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Chapter 5

Quantization of the Kepler
Hamiltonian

In this chapter, we look at possible quantizations of the Kepler Hamiltonian, which are
operators that arise as the result of a quantization procedure applied to the classical
Kepler Hamiltonian. Quantum mechanics has deterministic aspects if the Hamilton
operator of a system is self-adjoint. The system is then said to be complete. We
discuss in which way the classically incomplete Kepler problem gives rise to complete
quantum Kepler problems by extending the naturally quantized Hamilton operator in a
self-adjoint way. First we explain the idea of Schrodinger quantization, the framework
in which the quantization of a Hamiltonian function fits. After some general theory
about self-adjoint extensions, we then discuss the possible self-adjoint extensions of

the quantum Kepler Hamiltonian.

5.1 Quantization procedures

In physics, the term quantization refers to any way of obtaining a quantum mech-
anical description of a physical system from its classical mechanical description. Even
if we make this notion mathematically precise, there are several essentially different

versions of it.

Definition 5.1.1. A classical mechanical system is a triple (M, {.,.}, H) consisting
of manifold M, the phase space, with a Poisson bracket {.,.} on C*°(M) and a smooth
Hamiltonian function H : M — R.

Definition 5.1.2. A quantum mechanical system is a pair (’H,fl ) consisting of
a Hilbert space H, playing the role of a “quantum phase space”, with a self-adjoint
operator H , the Hamilton operator, defined on it.

Remark 5.1.3. On a Hilbert space, the commutator bracket [A.B] of two operators
A and B is formally defined as the operator AB — BA. The commutator bracket is a
Lie bracket.

55
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Remark 5.1.4. We distinguish in notation between the Hamiltonian function H and
the Hamilton operator H. We will, however, for simplicity call both objects the

Hamiltonian.

Quantization relates classical and quantum mechanical systems. A quantization
procedure assigns a quantum mechanical system (H, H ) to each classical mechanical
system (M, {.,.},H), i.e. Q((M,{.,.},H)) = (#,H), in such a way that self-adjoint
operators acting on H are assigned to functions in C*°(M). There are many different
versions of quantization, based on very different concepts. We will not go into this,
since this goes beyond the scope of this thesis.

Remark 5.1.5. It turns out that it is not possible to find a quantization procedure
that assigns a non-zero scalar operator to each non-zero constant function and such

that the {.,.} goes over into ;[.,.] in a consistent way. This result is known as the

Groenewold-Van Hove Theorem [13].

In the next section, we will describe Schrédinger quantization, since we defined the
quantum Kepler problem as solving the Schrodinger equation of the Kepler problem.

5.2 Schrodinger quantization

The best well-known quantization procedure is Schrédinger quantization. Since we
consider the Kepler problem, we restrict ourselves to classical systems with a config-
uration space Q C R?. The procedure of Schrodinger quantization maps the classical
phase space, i.e. the cotangent bundle of the configuration space, to the Hilbert space
L?(Q). Furthermore, the canonical coordinates are mapped to operators on this Hil-

bert space by

0
i > —ih—.
D — 1 aqz

The image of the position coordinate g; is the multiplication operator, given by multi-
plication by this coordinate. However, we do not distinguish in notation between the
classical and the quantum case.

The Poisson brackets for ¢; and p; goes over in %[qi, p;] and the Hamiltonian function
is mapped to the Hamilton operator. In this way, a particle with classical Hamiltonian
H = T 4V, where T is the kinetic energy and V the potential of the particle, is
described quantum mechanically by its wave function W (x,t), which satisfies the time-
dependent Schrodinger equation:

ih%\ﬂ(ag, t) = Hip(x,t), (5.1)
where the Hamilton operator is obtained as the direct quantization of the classical

Hamilton function, i.e.

. h2
H=—5 ApetV,
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where Apa is considered as the restriction to the functions on @) that form a suitable
domain, and V is a multiplication operator.

If the potential is time-independent, which is a physically quite weak assumption,
and in particular it is the case for the Kepler problem, we can apply the method of
separation of variables ¢ and ¢. It is well-known that solving the time-dependent way
then breaks down to solving the time-independent Schréodinger equation.

Hi = By, (5.2)

where ¥(z,t) = ¢ (z)T'(t). Solutions v of equation (5.2)) are called stationary states.

5.3 Self-adjointness and quantum mechanics
In the time-independent Schrodinger equation, the Hamilton operator plays an essen-
tial role. If it is time-independent, we can define a time-evolution operator by:

_iHt

Ut)=e n. (5.3)

This gives us a solution of the time-dependent Schrédinger equation by
U(z,t) =U(t)¥(x,0) =: U(t).
The operators U(s) and U(t) with s,t € R satisfy
US)U((t)=U(s+t)=U(t+s)=Ul)U(s).

Moreover, U(0) = 1, the identity operator on H.

We will now make the above precise. The formal properties of U are a motivation

for the following definition.

Definition 5.3.1. A unitary time-evolution on a Hilbert space H is a unitary
one-parameter group R — U(H) C B(H), t — U(t) that is strongly continuous,
ie. [U(t)yY — || — 0 for t — 0 for all ¢ € H.

Remark 5.3.2. Strong continuity is imposed as a consequence of the time-evolution
of equation (B.I). The fact that the one-parameter group is unitary is motivated by

equation (B.3)).

We describe what conditions on the Hamiltonian give rise to unitary time-evolutions
in the sense of Definition B.3.11 It is obvious that if H is bounded and self-adjoint, then
U(t) = e~ defines a unitary time-evolution. However, Hamilton operators are often
unbounded and often not self-adjoint. The first turns out to be not very problematic,
as explained by the following theorem. The latter often has to do with the domain
of definition of the operator. If this is well-chosen, the operator may have a unique
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self-adjoint extension. However, if the Hamiltonian is only symmetric, i.e. densely
defined and (f[ z,y) = (z, H y) for all z,y € H, then the operator may have infinitely
many self-adjoint extensions. Different self-adjoint extensions can give rise to different
time evolutions. The key result relating self-adjointness to unitary time-evolutions is
Stone’s Theorem [31, Section VIII.4].

Theorem 5.3.3. Let A be a self-adjoint operator on a Hilbert space H and let U(t) :=
¢4 for t € R be defined by the functional calculus. Then:

1. {U(t)|t € R} is a strongly continuous unitary one-parameter group on H;
2. if 1 € D(A), then limy_,o +(U(t)1) — ¢) exists and equals Ay;
3. if 1 € H and limy_,0 1 (U(t)y — 1) exists, then ¢ € D(A).

Conversely, if {U(t) |t € R} is a strongly continuous unitary one-parameter group on
H, then there is a self-adjoint operator (A, D(A)) on H such that U(t) = ¢4 for all
teR.

5.4 Self-adjoint extensions

The goal of this section is to give the basic results of the theory of self-adjoint extensions
of a closable symmetricEI operator. Recall that for a closable symmetric operator A,
we have A C A*, i.e. A* is an extension of A.

Definition 5.4.1. Let A be a closable symmetric operator with domain Dom A. A
self-adjoint extension A’ of A is a self-adjoint operator such that A ¢ A’ C A*. In
particular, A’ has the same action as A* on a domain Dom A’ C Dom A*.

Remark 5.4.2. From this definition, it follows that in order to determine all self-
adjoint extensions of an operator, one needs to find all possible domains of them, since
the action is already known as the restriction of the action of its adjoint.

The results in this section are to be found in [9, 32, [37].

5.4.1 Spherical symmetry

A Schrodinger operator on (a,b) is the sum of minus the one-dimensional Lapla-
cian and a potential function acting on a Hilbert space of the form L?(a,b) with
—o0 < a < b < oco. Such Schrédinger operators play an essential role in quantum
mechanics, in particular if the quantum system studied is spherically symmetric. In-
deed, after separation of variables, the radial part of the quantum Kepler Hamiltonian
is of the desired form, as will be explained soon. In this case, whether or not the

'Recall that in the definition of a symmetric operator, it is implicitly assumed that it is densely
defined.
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resulting Schrodinger operator is self-adjoint is important for the study of possible
time-evolutions of the quantum Kepler problem, since its self-adjointness is closely
related to the self-adjointness of the Hamiltonian before separation of variables.

Separation of variables for spherical coordinates is used in the case of the Kepler
problem. We assume that the reader is at least intuitively acquainted with this method
and do not discuss it here. For more information and the application to the Schrodinger
equation with a spherically symmetric potential, cf. [37, Chapter 18].

Recall that

LA(RY) = L2((0,00) x S0 L drdQ) = L2((0,00); r¢Ldr)QL? (8971 dQ).  (5.4)

The Laplacian on the sphere has the set of spherical harmonics Y7 ;, where [ € Ny and

j=1,...,N(l,d) = W as a complete set of solutions. Define

Xy = {0y | ] € L20.00t0 L)}

and
XD = A{f(r)Yi;| f € C5°(0,00)}.

0 ; . .
Then X;; is dense in X; ;. Because of equation (5.4) we have

L*(RY) = @, Xy

5.4.2 Deficiency indices

Definition 5.4.3. Let A be a symmetric operator on a Hilbert space H. The defi-
ciency subspaces K (A) and K_(A) of A are defined by

Ky (A) :=ker(A* —i) = Ran(A + 1)+,
K_(A) := ker(A* +1i) = Ran(A — 1),

Their dimensions n4 (A) := dim(K4) and n_(A) := dim(K_) are called the deficiency
indices of A.

From the deficiency indices, it is possible to conclude the family of self-adjoint ex-
tensions of A in two essentially different ways. First, we say what deficiency subspaces
have to do with self-adjoint extensions.

Definition 5.4.4. A symmetric operator is called essentially self-adjoint if its clos-
ure is self-adjoint.

An essentially self-adjoint operator has a unique self-adjoint extension, namely its
closure, which coincides with its adjoint.

Proposition 5.4.5. Let A be a symmetric operator. Then

1. A is essentially self-adjoint if and only if n4 (A) =n_(A) =0;
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2. if n4(A) = n_(A) then there is a one-to-one correspondence between self-adjoint
extensions of A and unitary operators between K (A) and K_(A), so if n4(A4) =
n_(A) > 1, then A has infinitely many self-adjoint extensions.

This proposition follows from [32 Theorem X.2]. We do not consider the case
n4(A) #n_(A), in which A has no self-adjoint extension at all.

5.4.3 Limit point-limit circle

We now investigate under which conditions on a potential V' the corresponding Schrédinger
operator is essentially self-adjoint. Conceptually, this is the case if the classical motion
“stays away” from the points at infinity of the configuration space.

In what follows, let V' : (a,b) — R a locally square-integrable function with —oo <
a<b<oo, ie VelL2 (a,b).

loc

Definition 5.4.6. The minimal Schrodinger operator H with potential V' on the
interval (a,b) is the operator H with domain Dom H := C§°(a, b) and action

d2

H=_2
dx?

+V(x).

Recall that a function f : (a,b) — C is called absolutely continuous if for every ¢ > 0
there exists a § > 0 such that if (a1,b1),..., (an,b,) is a collection of finitely many
pairwise disjoint intervals in (a,b) with

n

Z(b’ — ai) <9

i=1
then

D 1F(b) = flai)| <.
i=1

Proposition 5.4.7. The domain Dom H* of the adjoint of the minimal Schrodinger
operator H of the previous definition is given by

Dom H* = {¢ € L*(a,b) [ 4,9 € AC(a,b), H*¢ € L*(a,b)},

where AC(a,b) denotes the set of absolutely continuous functions on (a,b). The oper-
ator H* acts by the same action of H extended to the absolutely continuous functions.
This domain is dense in L?(a,b).

Remark 5.4.8. Recall that an operator A is closable if and only if A* is densely
defined. It follows that minimal Schrédinger operators are closable.

Definition 5.4.9. A function f : (a,b) — C is called square-integrable at a if there
exists a ¢ € (a,b) such that f € L%(a,c). A function f : (a,b) — C is called square-
integrable at b if there exists a ¢ € (a,b) such that f € L?(c,b).
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Definition 5.4.10. The potential V' is said to be in the limit circle case at a (at
b) if for some —and therefore all [37, Theorem 13.17]— A € C all solutions ¢ of the
Schrodinger equation Hiy = Ay, where H is the minimal Schrédinger operator from
Definition (£.4.6] are square-integrable at a (at b). If V is not at the limit circle case
at a (at b), then it is said to be in the limit point case at a (at b).

Theorem 5.4.11. The operator H is essentially self-adjoint if and only if the corres-
ponding V' is in the limit point case at both a and b.

A proof of this theorem is found at [9, Theorem 7.2.13]. If a symmetric operator
is not essentially self-adjoint, it is possible that is has infinitely many self-adjoint
extensions. Below, we describe two ways to determine them.

5.4.4 Von Neumann theory

The following theorem by von Neumann characterizes all self-adjoint extensions in
terms of the closure. It follows from [9] Section 2.5].

Theorem 5.4.12. Let A be a closable symmetric operator on a Hilbert space H. Then
A’ is a self-adjoint extension if A’ has the same action as A* and domain

Dom A’ = Dom Ay := {3 +1_ —Uv_ |9 € Dom A, ¢ € K_(A)},

where U : K_(A) — K4 (A) is a unitary map between the deficiency spaces.

5.4.5 Boundary forms

Boundary forms are sesquilinear maps from the domain of an adjoint to C, which
classify the self-adjoint extensions of a symmetric operator explicitly by means of the
unitary operators between the deficiency subspaces.

Definition 5.4.13. Let A be a symmetric operator. Define the boundary form
corresponding to A as the sesquilinear map I' := I"4« : Dom A* x Dom A* — C given
by

L(f.9) == (A"f,g) = (f,A%9)

for f,g € Dom A*.

The following result, a proof of which is found at [9, Proposition 7.1.8], classifies the
self-adjoint extensions explicitly.

Proposition 5.4.14. Let A be a symmetric operator with equal deficiency indices.
Then each unitary operator U : K_(A) — K4 (A) gives rise to a self-adjoint extension
with domain

Dom Ay = {f € Dom A* |T'(f,g —Ug) =0Vg € K_(A)}

and action Ay f = A*f.
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There are convenient ways of finding the unitaries U.

Definition 5.4.15. Let A be a symmetric operator such that n_(A) = ny(A4). We
define a boundary triple (£, p1, p2) for A as a Hilbert space £ and two linear maps
p1, p2 : Dom A* — £ with dense ranges such that

al’s(f,9) = (p1(f), p1(9)) — (p2(f), p2(9))
for all f,g € Dom A* and some constant 0 # a € C.

Proposition 5.4.16. Let A be a symmetric operator such that n_(A4) = ny(A). If
(L, p1,p2) is a boundary triple for A, then the self-adjoint extension Ay of A corres-
ponding to the unitary map unitary map U : £ — L is the operator with domain

Dom Ay = {f € Dom A* | p2(f) = Up1(f)}
and action Ay f = A*f.

A proof of this proposition is found at [9, Theorem 7.1.13].

5.5 The quantum Kepler Hamiltonian

We now return to the problem of quantizing the quantum Kepler Hamiltonian. For
our purposes in this chapter, this part of the Schréodinger quantization procedure is
the most important.

The results in this chapter are taken from [9, 32] [36] [37]. There, one can also find
details and proofs. It is possible to say much more.

Remark 5.5.1. In this chapter, we leave our notation in coordinates ¢ and p and use

r and €) instead to emphasize that we are working in spherical coordinates.

The d-dimensional quantum Kepler Hamiltonian is initially defined as the operator
H:D — L*RY)

given by
- k

H=—Aga——

Rd r )

where r = ||(z1,...,24)| and

D = C§°(R?\ {0}).
Note that this operator is not self-adjoint on this domain. Using separation of variables,
the Laplacian on R? is given by

02 d—-10 1
_+ﬁAsd,

Art =3t g
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where Aga is the Laplacian on the d-sphere.
The quantum Kepler Problem is to determine the eigenvalues and eigenfunctions of
the Schrodinger equation
Hi = Ev.

Physically, this problem corresponds to determining the energy levels and correspond-
ing electron disctributions of the hydrogen atom.

Remark 5.5.2. The physical version of the quantum Kepler Hamiltonian contains
some constants, such as i and . For our purposes, the values of these constants do
not matter, as long as they are positive. Therefore, it is harmless to set A = 1 and
0= %, as we did.

5.6 Self-adjoint extensions of the Kepler Hamiltonian

In this section, we discuss the self-adjoint extensions of the quantum Kepler Hamilto-
nian. To this end, we distuinguish between different dimensions. It is expected that
in higher dimensions, there is “less to choose” than in the lower dimensions, because
of the topological nature of the singularity at 0.

The results in this section are explicitly given for the Kepler Hamiltonian. Many
can be generalized to other potentials, but we do not make the proofs lengthier to that
purpose, as this text is about the Kepler problem. For the general results, cf. [32, [37].

First, we consider the cases d > 4 and d = 3, then the case d = 2, and finally d = 1.
For both the case d > 4 and the case d = 3, which we need to treat separately later,
we consider the operator H on domain D := C§°(R%\ {0}) with d > 3. Recall our
definition of X; ; and Xl?j:

Xyy = {F(r)Yiy | £ € L2(0,00:7" ' dr)} XD, = {F(r)Yiy] £ € C5°(0, ).

Proposition 5.6.1. The operator H maps Xloj to Xj ;
Proof.

A0 = (- 55 - T T - M) vy - Lm0

[ Bf d-1df  kf(r) l(l+d—2)
_<_W_ r dar r 72 f(r)>Yl’j’

which is an element of Xj ;. O

&qug_wm», /()
l

From this, it follows that the restriction of H to X lo ; 18 unitary equivalent to

5, 2 d-14d k:+l(l+d—2)

L ar2 r dr r r2

with domain C§°(0,00) C L?(0, 00; 7%~ 1dr), since H only depends on [ and not on j
on the domain X lo i It follows that H | is symmetric on this domain.



64 CHAPTER 5. QUANTIZATION OF THE KEPLER HAMILTONIAN

Proposition 5.6.2. If we define H; by
H :=UH/U,
where U : L?(0,00;7% 1dr) — L?(0,00) is the unitary operator given by (Uf)(r) =
r%f(r), then H; acts on C§°(0,00) C L2(0,00) by
H = & +(ll+d-2)+ 1(d 1)(d —3)
T 1 '
In particular, H, and H | are unitary equivalent.

Proof. 1t is obvious, U being a unitary operator, that H,and H | are unitary equivalent.
The action of H is obtained by writing out UfIl’U_l.

<Enm=@m{*ﬁu

= (UH)r~ "= f(r)

_p =+ L(d ) —%f(r)ﬂd—w—%#d—(p—r—%dzg)
s (d;) 5 ) - d;lrwd];(:) Ll +Tci—2)rd21f(r)
)

_ (d- 14);5 + 1)f(r) N (d; 1) d];(:) B deJ;(Qr)

s (d2—7“21)2f(r) B d;le(:) Ll +7i_ 2 éf(r),

O

Write W (r) := (I(l +d —2) + 2(d — 1)(d — 3)) rig — % and consider it as an effective
potential.

5.6.1 Dimension d > 4
For the treatment of this case, we follow [37, Section 18.3].

Lemma 5.6.3. For d > 4, the potential W is in the limit point case at 0.

Proof. For d > 5 and | € Ny, as well as for d =4 and [ > 1, we have W (r) > 2r=2 for
small . Hence [32] Theorem X.10] applies.

For the case d = 4 and [ = 0, the effective potential takes the form W (r) = %’I“_Q +
V(r). We use the fact that V has —A-bound 0 [37, Theorem 17.2]. From this, it
follows that V has also —A + %T_Q—bound 0. Because %’I“_Q is in the limit point case
at 0, also W is in the limit point case at 0, which follows from [36, Theorem 10.4]. O

Lemma 5.6.4. For d > 3, the potential W is in the limit point case at co.
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Proof. This result follows from [32, Theorem X.8] by choosing a large enough constant
function for M (r). This works, because W has a minimum on (0, o). O

From these two lemmas, it follows that H; is essentially self-adjoint for all I € Ny.
Let T; denote the (unique) self-adjoint extension of H; for | € Ny. Recall the following

proposition about the sum of self-adjoint operators [37, Theorem 18.2].

Proposition 5.6.5. If A; with domain Dom(A;) denotes a self-adjoint operator on the
Hilbert space H; for each i € I, then the orthogonal sum A = ®;c14; is a self-adjoint
operator on @ieﬂﬁi-

From Lemma (5.6.3] and Lemma £.6.4] the following result is immediate.
Theorem 5.6.6. The operator @, j—1,.. n(,4)11 is a self-adjoint operator.

Remark 5.6.7. This self-adjoint extension is unitary equivalent to the (unique) self-
adjoint extension of H with domain C§°(R%).

Corollary 5.6.8. The Hamilton operator H admits a unique unitary time-evolution.
So the quantum Kepler problem for d > 4 is complete.

Remark 5.6.9. Note that the Kepler problem for d > 4 is an example of a prob-
lem which is complete in the quantum description, but incomplete in the classical

description.

5.6.2 Dimension d =3

For the treatment of the three-dimensional case, we use the same methods as for the
higher-dimensional case, but the result is different. We expose the material in the same
way as before. The technical details are due to [10].

Define H | and H; in the same way as above. Their form is the same. Moreover, we
can substitute d = 3, which yields

N d? (l+1 k
H; .= (t+1)

dr? r2 r

The potential W (r) = l(lr%l) — é is in the limit point case at co, which was proved in
Lemma [5.6.4l By an analogous argument as in Lemma [5.6.3] to prove that W (r) is in
the limit point case at 0 for d > 4 and [ > 1, we conclude that for d =3 and [ > 1 is

in the limit point case, since then also W (r) > %7"*2 for small 7.

Lemma 5.6.10. For d = 3 and | = 0, the potential W (r) is in the limit circle case.

Proof. Because for [ = 0 we have W(r) = é < % for all C' > 0 and small enough 7, it
follows that W (r) is in the limit circle case at 0 [32, Theorem X.10] . O
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Denote by ﬁl* the (unique) self-adjoint extension of H;, by for I > 1. Recall ([9,
Proposition 2.3.20]) that the domain of A / (and its adjoint) is given by

D(H}) = {f € L*(0,00) | f, f" € AC(0,00), H} f € L?(0,0)}, (5.5)

where H] has the same action as H;.

By [0, Theorem 2.1.24], the adjoint T of an Hermitean operator T is an extension

of all self-adjoint extensions of T'. So in the case [ = 0, we look for extensions Hy of Hy
with domain D such that Dom Hy € D C Dom ﬁ[g and the same —but restricted—
action as ﬁg.

In order to determine these self-adjoint extensions explicitly, we use the following
lemma [10, Lemma 1].

Lemma 5.6.11. For g € Dom H, the lateral limits

g(0%) = lim g(r),

r—0t

§(0%) == lim (¢'(r) + g(r)log(r))

r—0t

exist and are finite.

The boundary form corresponding to Hy is defined as

for f,g € Dom I:Iak Using Lemma [5.6.TT] and integration by parts, it follows [10] that

L(f.9) = — (F(01)5(07) = F(0*)9(07)).
The results of Subsection give us a way to explicitly determine the self-adjoint
extensions of fIO. For f € Dom flg, define

pe(f) = f(0T) £if(07)

The ranges images of p+ are dense in C. It follows that

(p+(f),p+(9))x, — (- (f), p—(9))x_ = 2iT'(f,9), (5.6)

where (.,.) x, denotes the standard inner product on X4 and f,g € Dom fI(’]‘

By [37, Theorem 13.19], Hj has deficiency indices equal to 1. By Proposition 5.4.16],
finding the domains D for which equation (5.6 holds, comes down to determining, for
each unitary operator U : £L — L, the elements f of Dom flg such that Upy(f) =
p—(f). Explicitly, the unitary mappings between one-dimensional Hilbert spaces are
given by {Up := ¢ |6 € [0,27)}. These all give rise to an extension with domain

Dom Hyg = {f € Dom H | (1 —?)f(0F) = i(1+€?)f(01)}.

For 6 # 0, this is equivalent to

z 1+ e
FON) =A00),  A=i

For 8 = 0, we set A = co. The following result follows.
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Proposition 5.6.12. The self-adjoint extensions Hj with A\ € RU {oc} have domain
Dom Hy = {f € Dom Hy | f(07) = Af(07)}

and action

Hyf = H f.
The following theorem now holds.

Theorem 5.6.13. The self-adjoint extensions of (H,C$°(R?\ {0})) are

Hy= U 'HUo L) s PUHUL), IeRU{x},
=1

where each summand acts on its specified domain and I; (I > 0) denotes the identity
operator on Xj ;.

5.6.3 Dimension d =2

For the treatment of the 2-dimensional quantum Kepler problem, we follow [10].
Hereto, consider the operator H on domain C§°(R?\ {0}). We only sketch the ar-
guments here and do not treat the explicit properties of the special functions involved.

In two dimensions, the Laplacian has the following form:

92 190 1 92

A= —+—— 4+ ——.
or2 +r6r+r2 002

By the theory of spherical harmonics, the eigenfunctions of the Laplacian are given by

d2

WYI(G) = _12}7(‘9)-

It follows that an orthogonal base of eigenfunctions is given by
{1 ez

Remark 5.6.14. The eigenspace corresponding to the eigenvalue —I? for [ # 0 is two-
dimensional and the eigenspace corresponding to the eigenvalue 0 is one-dimensional,
which is in agreement with the numbers N(I,2), which give the multiplicity of the
eigenspaces.

Let now X; denote the space X; := {f(r)Y;| f € L?(0,00;rdr)} and likewise X} :=
{f(r)Y1| f € C§°(0,00)}. Obviously H maps X to X; and just as in the higher-
dimensional case, the restriction H; of H to X is unitary equivalent to the operator

~ 2 1d k I?

P dr2 rdr o2
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with domain C§°(0,00) C L?(0,00;7dr). The unitary transformation (Uf)(r) =
ra f(r) shows that Hj is unitary equivalent to

with domain C§°(0,00) C L*(0,00).

2_1
Remark 5.6.15. Let [ # 0. The fact that W (r) = l -t - k is in the limit point case

T

at oo again follows from [32, Theorem X.8].

We now prove that W(r) is in the limit point case at 0 for [ # 0 and in the limit
circle case at 0 for [ = 0. To this end, we look at the eigenfunctions of H Y = M\ for
A = i. We obtain the following equation:

1.1 k
—7/)"+<(l2—1)ﬁ—;—i>7/)=0-

Changing variables to y = v/ —44r, this equation takes the form

1 1 k 1
Y+ <(Z - ZQ)? + N Z) Y =0, (5.7)
and we prove that this equation has solutions that are not square-integrable at 0, which
implies that W is limit point at 0.

Equation (5.7)) is solved by the Whittaker functions [38]. For I = 0, these func-
tions are square-integrable at 0; for [ # 0, some Whittaker functions are not square-
integrable at 0. So W is in the limit circle case at 0 for [ = 0 and is in the limit point
case for [ # 0.

From these facts, the following result follows.

Proposition 5.6.16. The operator H; is essentially self-adjoint for [ % 0. The oper-
ator Hy has deficiency indices equal to 1.

For [ # 0, let T; denote the (unique) self-adjoint extension of H;. The Whittaker

function M_(y) = M( 430
—4i)" 3,
square-integrable solution at 0. The deficiency subspace K is spanned by the function

(y) spans the deficiency subspace K_, since this is a

M, (y) :== M(y). In this case, from the von Neumann theory of self-adjoint extensions
(cf. Subsection [5.4.4)), the following result follows.

Proposition 5.6.17. The self-adjoint extensions flg of Hy are the operators with
domain

Dom Hyg = { + c(¢+ — ¢’¢_) |4 € Dom Hy, ¢ € C},
where ¢ defined as above, and action JEIQ,@T/J = H'gz/}.

Proof. The unitary operators from K_ (flo) to Ky (flo) are again multiplications by e*
and the complex conjugation. U
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Theorem 5.6.18. The self-adjoint extensions Hy of H on C§°(R?\ {0}) are given by

Hy= (U HopU)® € U '),
lezZ\{0}

where each summand acts on its specified domain.

5.6.4 Dimension d =1

The one-dimensional case is the most subtle, since the natural domain of definition of
the Hamiltonian is not even connected. There is a lot to say about this [9] 10]. We
only give a more sketchy overview than for the cases of other dimensions. In [10], some
physical considerations are discussed as well.

Consider the one-dimensional quantum Kepler Hamiltonian with natural domain
Ce°(R \ {0}). This domain is not connected. Therefore, the one-dimensional case
needs to be considered carefully, since we need to deal with the behaviour of the
solutions near zero from two sides that do not have to do anything with another at
first.

LetA us Write Ce(R\ {0}) = Cgog—oo, 9) ® C5°(0,00) and define H; := ﬁA‘Cgo(—oo,O)
and Hjy := Heeo(0,00)- Thus, H = Hy & Hp. The domain of the adjoint of Hj is given
by

Dom H} = {f € L*(0,00) | f, f' € AC(0,00), H: f € L*(0,00)},

and a similar expression holds for Hs. It follows that
Dom " = {f € L(R)| £, /' € AC(R\ {0}), A" f € LX(R)}.

The method of finding self-adjoint extension that we applied in higher dimensions can
also be used for the one-dimensional problem, but we need to distinguish more cases.
First, we state an analogue of Lemma [5.6.111

Lemma 5.6.19. 5611 For g € Dom H*, the lateral limits

g(0%) == lim_g(a),

h—0%t

§(0%) 1= lim (¢/(z) & g(x) In(a])

exist and are finite.

A proof of this lemma can be found in [9, Lemma 7.4.3]. In [25], the following result
is proved.

Proposition 5.6.20. For the deficiency indices, the following holds:
’I’L+(ﬁi) = n*(ﬁﬂ:) = 15

ny(H)=n_(H)=2.
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It follows that the boundary form takes the form

L(f,9) = f(05)4(0") — £(07)g(0") + f(07)g(07) = f(07)3(07).
For f € Dom H*, define p1, ps : Dom H*C2 by

_( FO7)+if(0%)
= ( F(07) ~ i$07) )

_ [ Fo) —if(0")
Pl ( F(07) +if07) )

It follows that
(p1(f), p1(9))c2 — (p2(f), p2(9))c2 = —2iL(f, 9),

where f,g € Dom ﬁ()‘. We proceed in the same way as in for the previous cases. Each
unitary matrix U € Maty(C) gives rise to a self-adjoint extension Hy with domain

Dom Hyr = {f € Dom H* | po(f) = Upi(f)}

and the same action as H*.

5.7 Completeness of the quantum Kepler problem

Definition 5.7.1. A quantum system on a Hilbert space # for which the time evolu-
tion is described by a unitary time-evolution is said to be complete.

Remark 5.7.2. In this way, a self-adjoint Hamiltonian gives rise to a unitary time-
evolution by Theorem [5.3.3l If the Hamiltonian is not self-adjoint, it may have infin-
itely many self-adjoint extensions. If it has a unique self-adjoint extension, then for
convenience we will also say that the quantum system described by it is complete.

From the calculations above, it follows that the quantum Kepler problem is complete
for dimensions d > 4. In one, two and three dimensions there are infinitely many
choices. Our expectation that the lower the dimension, the more there is to choose,
turns out to be true.

In the physics literature, the hydrogen atom in three dimensions is often solved
in the way given in [I2 21]. Nothing is mentioned about the self-adjoint extension
that is chosen. However, implicitly an extension is chosen by the method of solution.
Indeed, they assume that the wave functions can be smoothly extended to the origin,
so in fact the initial domain that is chosen for the Hamiltonian is Co(R3) rather that
Co(R3\ {0}). We have

2

|2

27 iy o0
= b(r, 0, ) |>dr sin 0d0d (5.8)
/0 /0/0 [0, 60, 6) 2dr sin 6d0d
< 0
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which justifies the extension of the domain. By the Kato-Rellich theorem [9, Theorem
6.1.8], the operator (H,Cy(R3)) is essentially self-adjoint. This choice corresponds to
the Dirichlet boundary conditions, and hence to A = 0.

Remark 5.7.3. This method of extending the operator to the smooth functions on
the whole R? only works for d > 3. However, for d > 4, we already proved the stronger
result that H is essentially self-adjoint on C§°(R%\ {0}).

In the next chapter, we will discuss the quantum analogue of Moser’s treatment and
come back to the question of choosing self-adjoint extension. In particular, we will
address the question which explicit extension is chosen in the Fock approach.
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Chapter 6

Quantum Kepler problem

In this chapter, solving the quantum Kepler problem refers to any way to obtain the
spectrum of the Hamiltonian of the hydrogen atom together with the corresponding
electron distributions. The most important aim of this chapter is to discuss Fock’s
treatment of the hydrogen atom. Although this was done thirty-four years earlier, it
can be considered as the quantum analogue of Moser’s work. In this case, we look
at what we call the Schrédinger quantization of the Kepler problem, as described
in Chapter Bl and we will apply our general method of interchanging the position
and momentum coordinates and then apply a stereographic projection. However, we
start with Pauli’s abstract method to obtain the spectrum of the hydrogen atom,
because it was the first theoretical derivation of the spectrum, without calculating
the corresponding electron wave functions. We will also explain the relations to the
rest of the chapter later. The quantization procedure here is often called canonical

quantization.

6.1 Spectrum obtained by Lie algebra representations

In 1926, Pauli gave the first quantum mechanical treatment of the hydrogen atom [29].
He derived its negative energy spectrum by means of calculations with operators and
commutators. Later, his method was understood in terms of Lie algebras, as described
by Bander and Itzykson [3]. They also described the method for positive energies in
[4]. We treat this method here in terms of Lie algebra theory, but we leave out most
of the proofs and calculations leading to the technical results.

Pauli’s article treats the three-dimensional Kepler problem. We think that the
method can be generalized to d dimensions in a straightforward way, but the rep-
resentation theory will be more difficult in other cases, so we only decribe the three-
dimensional case here.

Suppose that the position operator ¢ and the momentum operator p are self-adjoint
operator on some Hilbert space H representing the three-dimensional space, corres-

!The classical counterparts of these operators in three dimensions are denoted in boldface.

73
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ponding to the physical situation of a particle of mass 1 in a Kepler potential. They
are subjected to the following (Heisenberg) commutation relations:

(9 4] = [pi, ] = 0, (6.1)
[qi,pj] = ’L}:L(SZ]

Remark 6.1.1. We treat these observables as mere algebraic objects and apply (Lie)

algebraic methods to them. We do not refer to the explicit Hilbert space, on which these

operators are initially unbounded, closable and densely defined, and where functional

analytic comments are needed.

According to the recipe of canonical quantization we quantize the Hamiltonian H
and the angular momentum vector L by just replacing the position and momentum
vectors occurring in their expression by the corresponding operators. For the Hamilto-
nian we obtain:

k

gk

2l
where p? = ‘?:1 p?. These expressions are algebraically well-defined. The other
important quantity needed for the description of the hydrogen atom is the quantization
of the Runge-Lenz vector, classically given by K = p x L — ”%1'. This expression,
however, cannot be quantized just by replacing classical position and momentum by
their quantum analogues, since there would be an ambiguity in the cross product.
Indeed, should we take ps L3 — p3Lo or Lgps — Lops for the first component of p x L7
These operators are not the same, which follows from the commutation relations of p
and L.

Pauli solved this by quantizing the expression:

1
Kzi(pr—pr)——

Classically, this expression is the same as the original definition, but the ambiguity in

kq
lall”

quantum mechanics now vanishes

It turns out to be useful to use the Levi-civita symbol in the description of a cross
product. The Levi-Civita symbol ;;;, is the totally anti-symmetric tensor. If a = bxc,
we write:

a; = Zeijkbjck-
g,k

Remark 6.1.2. This is a convention rather than merely an agreement on notation,
since we also decide in which order the cross product should be taken. In this definition
of the cross product, there is no ambiguity.

2The ambiguity can also be removed by writing p x L = p x (q X p) = ||p||?a — (p,q)p in the
classical case and quantizing this expression, which yields an unambiguous quantization.
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Proposition 6.1.3. Next to the Heisenberg commutation relations given in equation
(6.1), the angular momentum and the Runge-Lenz vector are conserved, i.e.

[ﬁaLl] :Oa [ﬁ,KZ]:Oa
and the following commutation relations hold:
[gi, Lj] = Zﬁzﬁuk%, [pi, Lj] = iﬁzﬁijkpk,

[Li,Lj:z'thl-jkLk, [Li, K] thakak,
k
[Ki, Kj] = ih ) eiju(—2H) Ly,
k

for all i,7 € {1,2,3}.

Proof. The first two relations follow from the conservation of L and K in the classical
case. The other relations are the result of explicit calculations. We use the fact
that ﬁ is rotationally invariant and hence commutes with the angular momentum
operator. O

Proposition 6.1.4.

A proof is obtained by calculation. These relations also hold in the classical case.
However, note that in the quantum case, we need to check both relations, whereas in
the classical case checking one of them suffices because of the commutativity of the
scalar product. In the quantum case, the expression given above does not define an
inner product.

In the case of the length of the Runge-Lenz vector we have a “quantum correction”
in the following way, as follows from explicit calculation.

Proposition 6.1.5.
|K || = 2H(|L||?> + h?) + k2. (6.2)

In what follows, we will determine the energy spectrum of the hydrogen atoms by
identifying the eigenspaces with Lie algebra representations using the relations derived
above. To this end, we distinguish the different signs of E, leaving out the case
E = 0. First, however, we need to discuss the concept of natural degeneracy, because
this gives a correct interpretation of the spectrum and its degeneracy in terms of
unitary irreducible representations of the Lie algebra corresponding to the infinitesimal
symmetries of the system.
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6.1.1 Natural degeneracy

It turns out that the spectrum of many Hamiltonian operators can be determined and
examined by means of Lie algebra theory. The eigenspaces corresponding to elements
of the spectrum, both in the discrete and in the continuous one, can be identified with
unitary irreducible representations. This method also contains some aspects of the
problem of degeneracy, since the multiplicity of the representation equals the spectral
degeneracy in the case of a discrete spectrum. It is well-known that this is more subtle
for the continuous spectrum, but the method still accounts for the elements of the
spectrum.

If a degeneracy comes up “coincidentally”, i.e. without any obvious reason, it is
often referred to as accidental degeneracy. This notion is not very well defined.

In many cases, there is reason to believe that degeneracy is not accidental, but due to
a certain hidden symmetry of the system. Thus, the system is naturally degenerate.
To this end, the higher-dimensional eigenspaces corresponding to some element of the
discrete spectrum are identified with the unitary irreducible representations of some
infinitesimal symmetry group of the system. More about this is written in [23]. We
apply this idea to the hidden symmetries of the Kepler problem. We determine the
dimension of Hg for any nonzero value of E. Indeed, the well-known results will follow.

6.1.2 Negative Energies

Let E < 0. The operators L and K together with their commutation relations can be
identified with a Lie algebra in the following way.

Proposition 6.1.6. The operators L and K span a six-dimensional Lie algebra iso-
morphic to isu(2) & isu(2).

Proof. Define the following operators:

I:= %(LJr (—2E) 2 K),
J = %(L— (—2E) 2 K).

For I and J, the following commutation relations hold:
I, L] =ik eipdy
k
i, i) = iR i,
k
[£;, J;] =0,

for all 4,5 € {1,2,3}. This is checked by writing out the commutation relations. Using
the obervations I* = I and J* = J, we conclude that I and J span a Lie algebra
isomorphic to isu(2) @ isu(2). Note that the scalar multiplication of both summands
with ¢ is because of the self-adjointness of I and J. U
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Following to the idea of natural degeneration, we assume that Hpg is isomorphic to
a unitary irreducible representation of isu(2) @ isu(2).

The unitary irreducible representations of isu(2) @ isu(2) are given by the tensor
products L(m) ® L(n) for some natural numbers m,n [I7]. Here, L(n) denotes the
irreducible representation of s[(2) of highest weight n. We conclude that

{¢v € H|HY = By} = L(m) ® L(n)

for some m,n € Ny. The first factor corresponds to the Lie algebra spanned by the
I;’s and the second to the Lie algebra spanned by the J;’s.
The elements I? and J? are the Casimir operators of their corresponding summands
of isu(2) @ isu(2). Hence, the following holds:
h2
Plrmyerm) = m(m+2)—,

4
2

J2|L(m)®L(n) = n(n + 2)2’

There is also a relation between the two Casimir operators, as follows from the following
calculations:

1
12—J2:§(<I+J,I—J>+<I—J,I+J>

—_

= —(=2mE)":((K,L) + (L, K)) = 0.

\V)

We conclude that m = n. Hence
{¢ € H|HY = By} = L(n) ® L(n)

for some n € Ny.
Note that on L(n) ® L(n) we have L% + (—2E)_%K2 + R =2?+J% =n(n+
2)h% + h? = (n + 1)2h2. Luckily, we can rewrite equation (6.2)) as
L%+ (—2B) 2 K2+ 12 K
— 2 _
2F’
from which we obtain the possible energy levels:

kQ
E,=———-.
2(n +1)2R2

Since the dimension of L(n) is n+ 1, it follows that dimH g, = (n+ 1), so the energy
levels are degenerate with multiplicity (n + 1)2.
6.1.3 Positive Energies

Let E > 0. The operators L and K together with their commutation relations can be
identified with a Lie algebra in the following way.
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Proposition 6.1.7. The operators L and K = (%)%K span a six-dimensional Lie
algebra isomorphic to i0(3,1).

Proof. The commutation relations of L and K show that these operators generate the
Lorentz algebra i0(3,1) [4] 26]. O

According to the idea of natural degeneration, we assume that Hg can be identified
with a unitary irreducible representation of 70(3,1).

The unitary irreducible representations of iso(3,1) are given by the spherical rep-
resentations Ss, labelled by a complex number s, as described in Section So we
have

(Y € H|Hy = Eyp} = S,

for some s € C such that either R(s) = % or0<s<d—1=2.

Using the fact that K2 — L? acts as a Casimir operator corresponding to the scalar
—h?s(s — 2) for the representation labelled by s, it follows from equation (6.2]) that
k2 k2

AK2—L2—12)  2h(s—1)2

From this, it follows that we are in the case 0 < s < 2, since the Hamiltonian is an
observable.

Remark 6.1.8. The degeneration is according to the representation theory of the
Lorentz algebra. However, in the positive case we cannot say anything about the
“multicplicity” of a representation, since the positive spectrum is continuous. However,
notice that two s-values, namely an arbitrary s-value and its mirror image in 1, yield

a representation with the same energy.

Remark 6.1.9. The reason that the derivation of the spectrum for positive energies
seems shorter than the one for negative energies is that we do not need to introduce
new operators that come up as the actual generators of the Lie algebra for positive
energies. However, we did not perform the calculations to check if L and K really
generate the Lorentz algebra, but we want to make the idea of the method clear rather
than its technical details.

6.2 Spaces of constant curvature

In this section, we describe the method by Fock [11I] to solve the quantum Kepler
problem. It can be considered the quantum analogue of Moser’s method, which we
described in Section[4.3l It is remarkable that the article by Fock was published thirty-
five years earlier than its classical analogue. In this section, we describe its general idea
in d dimensions. After this section, we also give Bargmann’s comments on the relation
between this method and the method by Pauli, of which we gave a modern descrption
in Section Fock only considered the negative energy case in detail and mentions
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very little about postitive energies. Bander and Itzykson gave a modern treatment of
Fock’s work in 1966 [3] and also accounted for positive energies [4]. We also describe
this.

We consider the d-dimensional quantum Kepler problem, which is given by the (time-
independent) Schrodinger equation H 1 = E, where H denotes the Hamilton operator
of the Kepler problem, which is some self-adjoint extension of H= —%ARd — ”lfT”, which
is initially defined on Co(R%\ {0}). For now, we do not need to specify this extension.
The Schrédinger equation is given by:

h? k

(-5 Ape = T
o]

on )¥(q) = Ev(q). (6.3)

Fock solves this equation by transforming it to momentum space (by a Fourier trans-
form), and then applying a stereographic projection to the sphere for £ < 0. Bander
and Itzykson showed that for £ > 0 it is possible to do the same by performing a
stereographic mapping to the hyperboloid. We will point out that the problem is
solved by spherical functions. The method fits in the general idea of interchanging the
position and momentum coordinates, which is in the quantum case done by a Fourier
transform, and then apply a stereographic projection, just as we did in the Moser case.

Definition 6.2.1. The Fourier transform from position space to momentum space in
quantum mechanics is given by:

) ip-q

90) = Aa | w@exp (L )y (64)
R4

Remark 6.2.2. Here Ay is a normalisation constant, which does not bother us, be-

cause we transform both sides of an equation, so that these constants cancel. We

choose to not specify it, because there are different conventions for it.

To calculate the Fourier transformﬁ of equation (6.3]), we recall that the Laplacian
with respect to ¢ of a function corresponds to multiplication with |[p||* and that the
Fourier transform of m is given by 2d’1ﬂ%r(%)HpH’(d’l). Using the formula
F(fg) = (Q#f(f) * F(g) with respect to ﬁw(q), we obtain the following result.

Proposition 6.2.3. The Kepler Schrodinger equation in momentum space is given by

'l[)(p/) dd /

1 2 ~
=Ulpll* = 2uE)p(p) = Cq v,
2(|| | pE)w(p) o T — /70

(6.5)

where Cy =

Remark 6.2.4. We will look for L? solutions 1/3 of this Fourier transformed Schrodinger
equation. From these, by applying the inverse Fourier transform, we recover the wave
functions as function of q.

3Note that it is not yet necessary to distinguish between E < 0 and E > 0.
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Definition 6.2.5. We define the m'" Sobolev space W™ (R?) to be the space of func-
tions f € L?(R?) such that the function p ~ (ip)"(Ff)(p) € L2 (RY)Vn € {1,...,m},
ie.

W™RY) = {f € L2(RY) |p — (ip)"(Ff)(p) € LA RY)Vn € {1,...,m}}. (6.6)

Remark 6.2.6. This definition generalizes to the concept of differentiation on R?
since the Fourier transform intertwines differentiation and multiplication by the in-
dependent variable. There are more general definitions of Sobolev spaces. E.g., one
does not need to restrict to R? and it turns out to be possible and useful to define

non-integer Sobolev spaces.

The following result relates the previous chapter on self-adjoint extensions of the
quantum Kepler Hamiltonian to the quantization presented in this section. Indeed, if
we look for solutions of the Schrodinger equation, we need a self-adjoint Hamiltonian in
order to have a complete theory. In the text by Fock, this choice is not explicitly made.
However, it is made implicitly, as follows from the next theorem. We use the fact that
the quantum Fourier transform is a unitary transformation from the L? functions of ¢
to the L? functions of p.

Theorem 6.2.7. The self-adjoint extension of the Hamiltonian automatically chosen
in the generalized Fock method is

e the unique one for d > 4;
e the unique one for initial domain C§°(R3).

Proof. For d = 4, the claim is obvious. For d = 3, we know that the inverse Fourier
transformed wave functions are L?. Therefore, in particular all functions of C§°(R?)
are in the domain of the self-adjoint extension. For every domain of the symmetric
Schrodinger equation that contains these functions, the named self-adjoint extension
is the unique one. ]

Remark 6.2.8. From this we conclude that indeed the generalized Fock method de-
scribes the same physics as the usual way of solving the hydrogen Schrédinger equation.
The steps in the next sections, which give an explicit way of finding the solutions of

the Fourier transformed Schrédinger equations are analytically harmless.

Remark 6.2.9. The one-dimensional case is not included in the generalized Fock
method. There are still choices to be made in the two-dimensional case. We did not
manage to obtain an explicit result about the latter case. In particular, the three-
dimensional choice is interesting physically. The choice made also corresponds to
the usual choice in which the wave functions are continuously extended, which was
described in the previous chapter.

We will now distinguish between both energy signs and apply a stereographic pro-

jection.
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6.2.1 Negative Energies

Suppose E < 0. We search for the negative spectrum and the corresponding eigenvalues
of the Schrédinger equation (6.5). We map the equation to an equation on S¢. We
follow both [3] and [7], but use the notation of the latter, since this is more elegant.

Proposition 6.2.10. Let py = +/—2uk and set p; = pox;j for j =1,...,d. We embed
the space R? with coordinates x; into R with coordinates X by a stereographic
projection of the sphere, i.e.

2$j

Xj= i
T l=l2+ 1
Jz]* — 1

X =
d+1 H:C||2 +17

d+1

for 7 = 1,...,d. Then, setting ¥(X) = \/% <%) ’ 7[’(17)7 equation (6.5]) is

equivalent to the following integral equation:

U(X")
C —————dQ, = po¥(X). 6.7
d/Sd HX_X,Hd,l d = Po ( ) ( )

A proof is obtained by straightforward, but tedious calculations, as is performed in
[7]. Note that from the stereographic projection, the explicit form of the volume form
follows, which is needed for the calculation. We may interpret this integral equation
as an eigenvalue equation with spectral parameter pg > 0 instead of F < 0.

Proposition 6.2.11. The group O(d+1) is a symmetry group of the quantum Kepler
problem.

Proof. If A € O(d+ 1), then we see that if U(X) satisfies equation , then also ¥(OX)
satisfies this equation, since the domain of integration, W and dSY), are invariant
under O. U

Remark 6.2.12. This result is really important. Inherent to the quantization method
and the implicit choice of the self-adjoint extension, the problem is regularized in some
sense. Therefore, in the quantum case, the global symmetry is obtained automatically.
In the classical case, we needed to explicitly regularize the problem before we were
able to determine the richer global symmetry.

In the case of the negative spectrum, which is discrete, we can use the virial theorem
[9, Theorem 6.2.8] to conclude the following.

Lemma 6.2.13 (Virial theorem). The expectation values (E) and (T) of the energy
FE and the kinetic energy T in the case of negative energy are related according to:
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Remark 6.2.14. The Virial theorem is true for Hamiltonians with some special prop-
erties. It must be relatively bounded with respect to the Laplacian. We cannot use
this result for the continuous spectrum.

Proposition 6.2.15. The map given by &(p) — W(X) corresponding to some fixed
FE preserves scalar products.

Proof. If we invoke the Virial theorem of quantum mechanics, stated as Lemma [6.2.13],

we conclude that: )
~ p A
B[ lwkay=- [ el
R4 Rd <M

We use this to obtain:

ol +23, -
1w, = [ )
0

2B o 2y 4 L 2 N2
e gl o L .
A;Q(_mdﬂH¢@H! p+—2A;H¢@Hy D

= [ Iowa.
R4

So the map @(p) — W(X) is a linear isometry, which proves the claim. O

Corollary 6.2.16. The map 12)(]9) composed with the quantum Fourier transform
with A,, (cf. equation (6.4])) chosen such that the Fourier transform is an isometry,
extends to a unitary map T : H — L?(S?%), where H denotes the completion of the
pre-Hilbert space of (infinite) linear combinations of eigenfunctions corresponding to
negative eigenvalues of the Kepler Hamiltonian to L2(S%).

Remark 6.2.17. It is well-known [21] that the eigenfunctions corresponding to differ-
ent eigenvalues of the Kepler Hamiltonian are orthogonal. The same holds for solutions

of equation (G2T]).

In what follows, we refer to [3| [7] for the details. It is known that equation (6.2.1])

is solved by spherical harmonics, since:

INED Yi(X') 2
dQ, = — = v(X).
2W%1A¥wx—xmdl d d—1+%l()

Because the set of spherical harmonics is complete, we have also found all eigenvalues
of the Kepler Hamiltonian because of the one-to-one unitary correspondence 7. We
can calculate the energy spectrum by comparing equations (6.3]) and (6.2.1)):

h 2
— /20 = ——
A A B P TR
from which it follows that:
P 211k?
1= —

R2(d— 1+ 20)2’
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with [ =0,1,2,.... Note that the energy levels also depend on the dimension d. Each
(d+20—1)(d+1—2)!

eigenvalue has multiplicity @ In three dimensions, this corresponds to
the well-known formula:
L
TR+

Remark 6.2.18. We have proved that the set of solutions of the d-dimensional Kepler
Schrodinger equation is unitary equivalent to the set of d + 1-dimensional spherical
harmonics. The latter must not be confused with the spherical harmonics one obtains
by solving the Kepler Schrodinger equation by separation of variables. They arise in
a totally different way.

6.2.2 Positive Energies

Suppose E > 0. We search for positive elements of the spectrum.

Remark 6.2.19. We cannot do this in exactly the same way as for the negative
energies, because the positive spectrum is continuous, and hence technically more
difficult. E.g., it is not possible to look for eigenvalues in the same way as for a
discrete part of the spectrum. We follow [4].

In the positive spectrum case, the map to the hyperboloid integral equation is done
in a similar way as in the negative one, but we divide it in two steps.

Proposition 6.2.20. Let pg = /2uF and set p; = pox; for j = 1,...,d. Define
¢(x) = 1h(p). Then equation (BH) is equivalent to:

1
ez -1 = / aa!
2 M =y A 'u2

This result can be verified in a straightforward way.

Proposition 6.2.21. Let us embed the space R¢ with coordinates xj into R%! with
coordinates X; by a stereographic projection of the two-sheeted hyperboloid, i.e.

2x;
X, =——7
T ]2
1+ =]
X, =

for j =1,...,d. Then, setting ¥(X) = |[1 — Xn+1H_%¢(x), equation (6.5)) is equi-

valent to: Cue(Xosr) (X
d€ n+1
\II(X) == j_l / N dQ;l,
2uE)"2 JEf|(IX = XD

where £(X,,41) denotes the function that is equals 1 for X,, 11 > 1 and —1 for X, 11 < 1.

This function assigns a sign to every sheet of the hyperboloid.
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The proof consists of straightforward, but tedious calculations.

Proposition 6.2.22. The group O(d, 1) is a symmetry group of the quantum Kepler
problem for positive energies.

The proof is analogous to the proof of Proposition [6.2.T1]

Remark 6.2.23. The equation we turned the problem into is of the same type as for
negative energies. However, we cannot proceed in the same way now. E.g., the Virial
Theorem does not hold for the continuous spectrum. The problem can analytically be
solved by a lot of calculations. Cf. [4] for the details. They indeed find the well-known
positive spectrum in the three-dimensional case.

6.3 From Pauli to Fock

The approaches of Pauli and Fock both calculate the spectrum. Fock’s approach
yields more results. Indeed, the wave functions are also calculated and he accounts
for the global symmetry of the quantum Kepler problem, where Pauli only accounts
for infinitesimal symmetries of the system. Bargmann showed that both treatments
are closely related to each other by explaining how Pauli’s method fits into Fock’s
one [5]. We will briefly describe this. To this end, we restrict ourselves to the three-
dimensional case of Fock’s treatment, since we treated only the three-dimensional
case of the Pauli method because of its simplicity. We also only treated the negative
energy case. We think, however, that a generalization of Pauli’s method, as well as
of Bargmann’s comments, can be obtained in a straighforward way, but it would need
some calculations.

Recall that an infinitesimal rotation acting on a function f is a linear combination

of of

Diif = it — s ]
z]f yzayj yj@yi

of terms of the form

In particular, Pauli’s angular momentum operators L; are of this form, since p; =
—iha%i. He shows that these operators, and the Runge-Lenz vector operators Kj,
commute with the Hamiltonian, and can hence be considered as quantum integrals of
motion. We treated this too, and we also gave the other commutation relations in
Section We now come to the idea of Bargmann. To this end, we change notation
from the usual L;’s to

Lij = qipj — qjpi-

Definition 6.3.1. Define anti-symmetric U;; and V;; with 1 <4, j < 3 operators by:

. af af

Uisf = Vigf = —ihLij = pig= —pj5—,

]f Jf J apj Japi
ik

Vi f =Usf + 2&f =——K;f
Po h
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U;; and V;; satisfy the commutation relations of infinitesimal rotations. If V;;g = 0
for some test function g, then

Vij = gUij(%),

where we use the relation V;;(fg) = g(Us; f) + f(Vijg), which is verified by calculation.
From this it follows that g o (p2 + p?)~2. Define ® = C(p3 + p*)?. Then
Vijo = C~(p§ + p*) *U,;@,

which has the form of an infinitesimal transformation. The idea is to look for functions
&1,---,& as functions of pq,...,p3 which perform an infinitesimal rotation if U;; acts

on them. Bargmann observed that these functions are given by

_ 2popi
gi_ 5 bR
py+Dp
&:%—ﬁ
P+ p?’

which are exactly the coordinates of the stereographic projection. This means that the
infinitesimal rotations of the three-dimensional sphere obtained by the stereographic
projection are given by the integrals of motion obtained in Pauli’s treatment. This
exhibits a close relation between the two approaches.

Remark 6.3.2. Bargmann also remarks that the positive energy case can be con-

sidered in an analogous way.
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Chapter 7

Outlook

As said earlier, much work has been done on the Kepler problem. A small part of it,
namely the results that have to do with the Moser and Fock treatments of regularization
and quantization, is described in this text, and we hope to have explained some new
connections and relations as well as some analogues between the classical and the
quantum case.

One question is how the relation between Moser and Ligon-Schaaf is described in
quantum theory. In particular, what the time-relation between arclength s and real
time ¢ translates to in the quantum case.

Another problem is to understand the regularization and quantization in terms of the
Plancherel Theorem. This was the author’s original thesis project, but eventually this
project went in another direction The original idea was to relate the spectral prob-
lem corresponding to the Kepler problem, i.e. the Schrédinger equation, to a spectral
problem on the sphere and the hyperboloid and relate and explain their similarities.
This is still an open question.

n particular the work concerning the self-adjoint extensions of the quantum Kepler Hamiltonian
and their relations to Fock’s method were not planned at the start.

87
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