ON THE BAUM-CONNES CONJECTURE WITH COEFFICIENTS
FOR LINEAR ALGEBRAIC GROUPS

MAARTEN SOLLEVELD

ABSTRACT. We prove the Baum—Connes conjecture with arbitrary coefficients for
some classes of groups:

(1) Linear algebraic groups over a non-archimedean local field.

(2) Linear algebraic groups over the adeles of a global field k, provided that at
every archimedean place of k the associated Lie group is amenable.

(3) All closed subgroups of the above groups. This includes linear algebraic
groups over global fields - with the same condition as in (2).

Proof incomplete, problems in Lemma 2.2.a!
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INTRODUCTION

Let G a locally compact group, always assumed to be Hausdorff and second count-
able. The Baum—Connes conjecture (BC) asserts that two K-groups associated to
G are naturally isomorphic. The right hand side, or analytic side, of the conjecture
is the K-theory of the reduced C*-algebra C(G). The left hand side (or topolog-
ical side) KﬁOP(G) is the equivariant K-homology of a universal space for proper

G-actions. Baum and Connes [BaCo| conjectured that the assembly map
pr KP(G) = Ko (Cr(@))

is an isomorphism.
More general versions of the conjecture include coefficient algebras. For a given G-
C*-algebra B one can replace C(G) by the reduced crossed product C; (G, B). The
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topological side is given in [BCH, Definition 9.1] in terms of Kasparov KK-theory
[Kas|. Namely, if X is a universal space for proper G-actions, then

1 K!°°(@,B) = K¢(X,B) = li KK&(Cy(X"), B).

(1) <P(G,B) = K(X, B) XX AT compact B (Co(X7), B)

The assembly map p admits a natural generalization to this context [BCH) (9.2)].
The following is known as the Baum-Connes conjecture with coefficients (BCC).

Conjecture 1. Let G a second countable locally compact group and let B be any
G-C*-algebra. Then the assembly map

WP K9(X, B) > K.(C/(G, B))
is an isomorphism (of abelian groups).

In case Conjecture [I] holds whenever B is algebra the compact operators on some
separable Hilbert space, we say that G satisfies the twisted Baum—Connes conjecture.

For an introduction to BC(C) for discrete groups we refer to the very readable
booklet [Val]. Major advantages of Conjecture || over the ordinary BC (with coeffi-
cients C) are that BCC is inherited by closed subgroups [ChEc2] and by extensions
with amenable groups [CEQ]. In view of these properties (which make ample use of
Kasparov’s KK-theory) we sometimes assume in our proofs that our coefficient alge-
bras are separable. But this is actually no restriction, because for exact groups BC
with separable coefficients implies BC with arbitrary coefficients (Corollary .

The main goal of this paper is to verify Conjecture 1| for groups of the form G(R),
where G is a linear algebraic group and R is some topological ring over which G is
defined. Some (but not too many) of these groups are compact or have the Haagerup
property, see [Jul2l, §1.4].

Conjecture [1] is already known in the following cases:

e compact groups [Jull],
e amenable groups and more generally groups with the Haagerup property
[HiKal.
On the other hand, several counterexamples to BCC have been worked out, see
[HLS] All these counterexamples involve non-exact groups [BGW], so it might be
more prudent to state Conjecture [[jonly for exact groups. Fortunately all the groups
we encounter in this paper are exact (that follows from [KiWal), so this issue need
not bother us.

The ordinary Baum—Connes conjecture is known for larger classes of groups than
BCC. In particular it has been shown for almost connected locally compact groups
[CEN], for linear algebraic groups over p-adic fields [CEN] and for reductive groups
over local fields [Laf]. We point out that for some linear algebraic groups over local
fields of positive characteristic BC was open (but see below). We refer to [ELN] for
detailed investigation of such groups.

Now we come to our main results.

Theorem 2. Let F' be a non-archimedean local field and let G be a linear algebraic
group defined over F. Endow G(F') with the topology coming from the metric of F.
Then G(F) and all its closed subgroups satisfy BCC.

For all groups in Theorem [2| the injectivity of the assembly map p? is due to
Kasparov and Skandalis [Kas, [KaSk1l]. The surjectivity of the analogous map in
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the context of Banach KK-theory was shown by Lafforgue [Laf]. In particular there
exists a certain unconditional completion S;(G(F'), B) of C.(G(F'), B) such that

(2) 18 gy KX, B) > K.(Si(G(F), B))

is a bijection. See Section [1] for a discussion of these methods.

Our new idea is to consider algebras of rapidly decreasing functions from G(F’) to
a coefficient algebra B. We require that these functions decrease (in the L2-sense)
more rapidly than ¢" for all n € Z, where ¢ : G(F) — R is a length function com-
ing from the action of G(F') on its Bruhat-Tits building X. The crucial point is
that, with a generalization of results of Vignéras [Vig], one can find such a Fréchet
algebra which is dense and holomorphically closed in C;(G(F), B) (Theorem [2.1)),
and contains many elements of S;(G(F'), B). Together with this enables us to
establish the surjectivity of u?.

We also consider linear algebraic groups G defined over a global field & (with the
discrete topology). Recall that the adelic group G(Ay) contains G(k) as a discrete
subgroup.

Theorem 3. (see Theorem [4.3)

Suppose that for every infinite place v of k the Lie group G(k,) is amenable. Then
the groups G(Ay) and G(k), as well as all their closed subgroups, satisfy the Baum—
Connes conjecture with arbitrary coefficients.

Of course there are a lot of interesting closed subgroups of G(Ay) or G(k), far too
many to list here. Suffice it to refer to [PIRa] and the references therein.

It would be very nice if our method to prove Theorem [2| could be adjusted to a
real reductive algebraic group G. We tried this, but so far it did not work out. One
problem is that rapid decay in an L?-sense does in general not imply rapid decay in
an L*-sense. This makes it difficult to fit an algebra of rapidly decreasing functions
on G in a unconditional completion (in the sense of [Laf]).

As far as arbitrary algebraic groups over R are involved, our current methods do
suffice to show that G(Ay) satisfies the twisted Baum—Connes conjecture (Theorem
4.5). For this no condition at the archimedean places of k (as in Theorem [3)) is
needed.

Finally, we mention one well-known consequence of the surjectivity of the assembly
map. Kadison and Kaplansky conjectured that, for a torsion—free discrete group I,
the reduced C*-algebra C}(I") contains no non-trivial idempotents. As explained in
IBCH,, §7] and [Val, §6.3], this can be deduced from the surjectivity of

s KEP(T) = Ko(CE D).
From Theorems [2] and [3] we get:

Theorem 4. Let G be a group as in Theorem[3 or Theorem[3. Let T’ be a torsion-
free subgroup of G which is discrete in the subspace topology. Then C*(T') contains
no idempotents other than 0 and 1.

Acknowledgments. We thank Kang Li, Siegfried Echterhoff and Vincent Laf-
forgue for their helpful comments and discussions.
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1. THE METHODS OF KASPAROV AND LAFFORGUE

In this section we recall important previous results about the Baum—Connes con-
jecture for groups acting on suitable metric spaces.

Let G be a locally compact group, always tacitly assumed to be Hausdorff and
second countable. We first suppose that GG acts properly and isometrically on an
affine building X in the sense of [BrTi, [Tit]. These assumptions include that the
action is continuous (as usual for topological group actions).

Bruhat and Tits showed that X is a CAT(0)-space [BrTi, 3.2.1], that it has unique
geodesics [BrTi, 2.5.13] and that every compact subgroup of G fixes a point of this
affine building [BrTi, Proposition 3.2.4]. By [BCHJ Proposition 1.8] these properties
guarantee that X is a universal space for proper G-actions. In particular the domain
of the Baum-Connes assembly map becomes K;®(G) = K&(X).

In this section (but not after that) we also consider complete simply connected
Riemannian manifolds with nonpositive sectional curvature which is bounded from
below and has bounded covariant derivative. When a locally compact group G acts
properly and isometrically on such a space X, the same arguments as for affine
buildings ensure that X is a universal space for proper G-actions. Then is again
valid. Typical examples are symmetric spaces associated to reductive Lie groups.

Another kind of metric spaces to which the results of this section apply are called
"bolic” [KaSk2]. More precisely, we fix 6 € R>o and we let (X, d) be a metric space
such that:

e It is uniformly locally finite.

e (X,d) is weakly d-geodesic [KaSk2, Definition 2.1].

e (X, d) satisfies [KaSk2| (B2’)] for the given ¢ and satisfies condition [KaSk2|
(B1)] for all &' > 0.

By the local finiteness, X is discrete as a topological space. If a locally compact
group G acts properly and isometrically on X, then X cannot be a universal example
for proper G-actions (unless G is compact), because it is discrete.

From now on we assume that GG acts properly and isometrically on a space X of
one of the above three kinds. With the dual Dirac method Kasparov and Skandalis
[KaSk1] constructed an extremely useful element v € K K§(C,C). Via the descent
map

KKG(C,C) = KKo(C}(G), CH(G))
and the product in KK-theory, 7 gives rise to an endomorphism of K,(C}(G)).

More generally, for every o-unital G-C*-algebra B, v determines an element of
End (K. (C;(G, B))) [Kas, §3.12].

Theorem 1.1. [Kas, KaSk1], [KaSk2]
Let G and X be as above.

(a) v is idempotent in KK§(C,C).
(b) For every o-unital G-C*-algebra B, the assembly map

WP KG(X, B) - K.(C}(G, B))
is injective and has image v - K. (C*(G, B)).
Thus BC for G with coefficients B becomes equivalent to:
(3) the image of v in End(K.(C}(G, B))) is the identity.
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Obviously would be implied by v = 1 € KK§(C,C). Although that statement
has indeed been proven for some groups acting on CAT(0)-spaces, it is known to be
false for many others.

This is where Lafforgue’s work [Laf] comes in. He developed a KK-theory for Ba-
nach algebras, which admits a natural transformation from Kasparov’s KK-theory.
The advantage is that the image of v in KKgan((C,(C) can be 1 even if v #£ 1 in
K KOG (C,C). On the other hand, it is not known whether there exists a natural
descent map from KK§_ (C,C) to KKpan(C(G),C(G)). For such a descent, one
rather has to replace C)(G) by suitable Banach algebra completions of C.(G).

Definition 1.2. A norm on C.(G) (or an a completion thereof) is unconditional if
every f € C.(G) has the same norm as its absolute value |f|.

A Banach algebra A(G) containing C.(G) as dense subalgebra is said to be an
unconditional completion (for G) if its norm is unconditional.

For every unconditional completion A(G) and every G-C*-algebra B, there exists
a version A(G, B) of the crossed product of B with G. Furthermore Lafforgue
exhibited a Banach algebra version

1B KP(G, B) — K.(A(G, B))
of the assembly map.
Theorem 1.3. [Laf]
Suppose that a locally compact second countable group G acts properly and isometri-

cally on a space X of one of the above three kinds. For every G-C*-algebra B, and
every unconditional completion A(G):

(a) The image of v in End(K.(A(G, B))) is 1.
(b) uﬁ(c) : Ki°(G, B) — K.(A(G, B)) is a bijection.

The archetypical example of an unconditional completion is L'(G). In that case
Theorem [I.3] says that

(4) Hr Gy - KiP(G, B) — K. (L'(G, B))
is an isomorphism for all G, B as above. In general the bijectivity of is known
as the Bost conjecture for G (with coefficients B).

The difference between K, (C} (G, B)) and K. (A(G, B)) is an analytic issue, which
is our main concern in this paper.

Proposition 1.4. [Lafl Proposition 1.6.4]
In the setting of Theorem suppose that

||f”A(G) = Hf*HA(G) 2 Hch;(G) Vf € C(G).

Then C.(G, B) — C*(G, B) extends to a Banach algebra homomorphism A(G, B) —
C} (G, B) and (when B is o-unital) the induced map

commutes with multiplication by .

Proposition and Theorem u show that in K,(C(G,B)) the images of u?,
of v and of K. (A(G, B)) coincide. That leads to a criterion for BC with coefficients
for G-
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Corollary 1.5. In the setting of Theorem suppose that B is o-unital and that
for every class p € K,(C}(G,B)) there exists an unconditional completion A(G)
such that:

o [[fllac = 1" a = Ifllexe Vf e Ce(G),
e p lies in the image of K.(A(G, B)) — K.(C} (G, B)).

Then 1P : Ki°®(G, B) — K.(C*(G, B)) is a bijection.
Corollary applies in particular when
(5) K.(A(G, B)) — K.(C;(G, B))

can be proven to be surjective. In that case the comparison with K¢ (X, B) shows
that is bijective.

It is not so easy to establish directly that is surjective. When A(G, B) would
be closed under the holomorphic functional calculus of C}(G, B), that would follow
from the density theorem in K-theory [Bos, Théoreme A.2.1]. Unfortunately, that
seems to be rare for general B.

Let G be a reductive algebraic group over a local field F' and endow G = G(F') with
the topology coming from the metric of F. Lafforgue [Laf] constructed completions
of C.(G, B) with several relevant properties. Let Z : G — R be Harish-Chandra’s
spherical function and let £ : G — R>( be a length function associated to the action
of G on either its symmetric space (F' archimedean) or its Bruhat-Tits building (F
non-archimedean).

For ¢ € R we define an unconditional norm on C.(G, B) by

1flls,(cm) = sup Lf (@)1l 5 E(9) (1 + £(9))".
geG

Let Si(G, B) be the completion of C.(G, B) with respect to the above norm and
abbreviate S;(G) = S¢(G, C).

Proposition 1.6. There exists r¢ € N such that for all t > rg:
(a) Si(G) is an unconditional completion of C.(G);
(b) Si(G, B) is a Banach algebra;

(¢) Si(G, B) is contained in C} (G, B) and the inclusion map is continuous.

Proof. (a) According to [Wal, Lemme II.1.5] (for F' non-archimedean), [HC, p. 279]
(for F archimedean, G semisimple) and [Vigl Lemma 27] (F archimedean) there
exists r¢ € N such that

/GE(g)2(1 +£(g)) "du(g) < 0o for all t > rg.

Now [Lafl Proposition 4.4.4] says that S¢(G) is a Banach algebra for t > rg.
(b) This follows from part (a) and [Lafl, Proposition 1.5.1].
(c) See [Lafl, Propositions 4.5.2 and 4.8.2]. O

For large t, Corollary applies to the algebra S;(G).

Theorem 1.7. [Laf]

Let G be a reductive algebraic group defined over a local field F' and write G = G(F).
For t > rq, S(G) is an unconditional completion of C.(G) which is holomorphi-

cally closed in C}(G). As a consequence, the Baum—Connes conjecture (with trivial

coefficients) holds for G.
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The properties of reductive groups which Lafforgue uses [Laf, §4.1] are quite spe-
cific, they are not available for most other groups. Furthermore Theorem [I.7] is not
known with nontrivial coefficient algebras. In fact, in [Laf, p. 93] some obstructions
are mentioned.

2. SPACES OF RAPIDLY DECREASING FUNCTIONS

The goal of this paragraph is to make full use of results of Vignéras, which produce
holomorphically closed subalgebras of C*-algebras.

Let G be locally compact Hausdorff group with a Haar measure y. Let B be any
G-C*-algebra. Recall that C.(G, B) acts on the Hilbert C*-module L?(G, B), by a
combination of the convolution product of G and the product of B. The reduced
crossed product C}(G, B) is the closure of C.(G, B) with respect to the operator
norm from B(L%(G, B)). For a € C(G, B), we denote the corresponding bounded
operator on L?(G, B) by A(a).

Let £ : G — R>q be a Borel-measurable length function with

(6) Ug) =L(g™") forallged.

We note that pointwise multiplication by ¢ := 1 4 ¢ is an unbounded operator on
L?*(G,B). For A € B(L*(G, B)) we define a (possibly unbounded) operator

D(A) :v— cA(v) — A(ov).
Notice that D(A) = [0, A], so that D is a derivation. Consider the vector space
VP(G,B) = {a € C(G, B) : D"(\(a)) € B(IX(G, B)) ¥n € Zo},
with the topology given by the seminorms
a— [D"(Xa)llgz2(a,p) ™€ Zzo-

We will now formulate a version of the results of [Vig, §7] for V,*°(G, B). We note
that, although Vignéras works exclusively with coefficients C, her arguments are
equally valid with other coefficient G-C*-algebras.

Theorem 2.1. Let G be a locally compact group and let B be a G-C*-algebra.

(a) V (G, B) is a Fréchet algebra containing C.(G, B).

(b) The inclusion V/°(G, B) = Cx(G, B) is continuous, with dense image.

(¢) The set of invertible elements in the unitization V,°(G, B)T is open, and inver-
siomn is a continuous map from this set to itself.

(d) An element of V°(G, B)" is invertible if and only if its image in C} (G, B)" is
invertible.

Proof. (a) By [Vig, Lemma 15] V,>°(G, B) is a Fréchet space. Since D is a derivation,

V(G B) is closed under the multiplication of C;: (G, B) and multiplication is jointly

continuous for the topology of V;*(G, B).
Suppose that a € C.(G, B). For v € L*(G, B) and ¢’ € G we compute

(D(A(a))v)(g’)zo(g’)/ a(g)g(v(glg’))dﬂ(g)—/ a(g)g(v(g~'g"))o(g™ g")duly)

G G

(7) :/G(U(g’)—a(g19’))@(9)9(@(919’))du(9)
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As { is a length function and by @:

lo(g') = a9~ g) = e(g) — g™ g) < tg™") = L(g)
By [Schl Theorem 1.2.11] ¢ is bounded on the support of a, say by C,. Then
entails

ID(A@) (W)l 2c,p) < Callaxvll 2 ) < CallMa)lpr2cpy 102265 -

With induction we see that D"(\(a)) € B(L*(G, B)) for all n € Z>q, so C.(G, B) is
contained in V;*(G, B).
(b) As HDO()‘(‘L))HB(B(G,B)) = [lallcs(g,p)- the inclusion is continuous. Its image
contains C.(G, B), so is dense in C} (G, B).
(c) Any invertible element of V/°(G, B)* is of the form z + a with z € C* and
a € V(G, B). As multiplication by 271 € C* is certainly continuous, it suffices to
consider the subset 1+ V°(G, B) of V°(G,B)™.

For a € V*(G, B) with [la]|cx (g p) < 1, [Vig Lemma 16] shows that

(8) 1 — a is invertible in V°(G, B)™.

(See [Solll Theorem 5.12] for an analogous argument in a different context.) The
same calculation entails that a — (1 — a)~! is continuous around 0 in V°(G, B).
(d) This follows from parts (a),(b),(c), and [Vig, Lemma 17].

Suppose that K C G is a compact open subgroup such that ¢ is K-biinvariant.
Let e € L*(G) be u(K)~! times the indicator function of K. This is a projection
in C}(G) and in the multiplier algebra of C}(G, B). Right multiplication by eg
just means averaging a measurable function f: G — B over K, making it right- K-
invariant. Left multiplication of f by ex can described explicitly as

(9) (exc * F)(g) = p(K) ! /K K(F (k) dpu(k).

If f =eg = f, then we say that f is twisted left- K-invariant. Equivalently, f(kg) =
k(f(g)) for all g € G,k € K.
For r € R we define a norm on C.(G, B) by

(5) = ([ 15@) o0 dnto))

Note: wg(f) is not the norm of f in the Hilbert C*-module L*(G, B),
that would be

1/2

1/2

iz = | [ 10601 auto) )

Let S7°(G, B) be the completion of C.(G, B) with respect to the family of norms
vy (r € Z). Following [Vig], we call it the space of ¢-rapidly decreasing functions in
L*(G, B). See [Sch] for many similar dense Fréchet subspaces of L?(G, B).

Let ex Sp°(G, B)ex be the subspace of S7°(G, B) consisting of right- K-invariant,
twisted left K-invariant maps. Equivalently, exS;°(G, B)ek is the closure of
exC.(G, B)ex with respect to the norms v, (r € Z). Write exC} (G, B)ex and
ex’ V7 (G, B)ex for the subalgebras of right-K-invariant, twisted left- K-invariants
element in, respectively, C;(G, B) and V;°(G, B). Notice that ex is the identity
element of the multiplier algebra of exC; (G, B)ek.
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Lemma 2.2. (a) exV*(G,B)ex C exS;°(G, B)ek.
Probably not true!
(b) exVy°(G, B)ek is closed under the holomorphic functional calculus of
exC} (G, Bek.

Proof. (a) The unitization BT of B is also a G-C*-algebra, in a natural way. Theo-
rem [2.1] also applies with B instead of B. The identity element of exC*(G, B )ex
is ex. For a € exV,°(G, B)eg C exV°(G,B")ek:

D(Xa))(ex) =0c(a*xeg) —ax*(cex) = oa —a = La.
With induction we obtain D™(A(a))(ex) = £"a. By assumption
D"(AMa)) € B(L*(G, BY)), so

("a € L*(G,B") Vn € Zx.
The norm of L?(G,BT) differs from 1y, it is not clear whether the above
implies that v,(a) is finite!
This says that v,(a) < oo for all r € Z, so
a € S(G,BT) Nex VP (G, Blex C exSi°(G, B)ek.

(b) Recall from [Bos §A.1.5] that the holomorphic functional calculi of
(exV/°(G,B)ek) ' and (exC; (G, B)ek)™ can both be expressed as

f(a) = (2mi) ! / F(2)(z - a)tdz,

r

where I' is a suitable contour around the spectrum of a, and F' is a primitive of
a holomorphic function f. From this expression we see that it suffices to prove
that every element of (exV;/°(G, B)ex)t which is invertible in (exC; (G, B)ek)™,
is already invertible in (exV/°(G, B)ek)™.

Let a € (ex V> (G, B)er) ™ N((exCi(G, B)ex)t) ™. Notice that (exC; (G, B)ex)™
is naturally embedded in exC#(G, Bt )ex. We can identify its unit element with
ex. This has to be distinguished from the unit element of C(G, BT)™, which we
denote simply by 1. Then a + (1 — ex) is invertible in C*(G, BT)", with inverse
a~!+ (1 — ek). By Theorem [2.1ld

a '+ (1—eg)eV(G,BH .
Then also
a ' =ex(at +1—ex) € V(G,BY)T.
At the same time a~! € (exC; (G, B)ek)™, so
a”t e VX(G, BT N (exCHG, Blex)t C (ex V> (G, B)eg) ™. O

From the density theorem for K-theory [Bos, Théoréme A.2.1], Theorem and
Lemma [2.2|b we immediately conclude:

Corollary 2.3. The Fréchet algebra homomorphisms
V>°(G,B) — C:(G,B) and exV/°(G, B)ex — exCy (G, B)ek

induce isomorphisms on K-theory.
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3. LINEAR ALGEBRAIC GROUPS OVER NON-ARCHIMEDEAN LOCAL FIELDS

In this paragraph F' is a non-archimedean local field and G is a connected reductive
group defined over F'. We endow G = G(F') with the topology coming from the met-
ric of F, making it into a locally compact totally disconnected Hausdorff group. We
denote the Bruhat—Tits building of G(F') by X. More generally our below arguments
work for (possibly disconnected) quasi-reductive groups over non-archimedean local
fields, by [Sol2]. But since every quasi-reductive group is embedded in a reductive
group, nothing would be gained by working in that generality. For background on
the upcoming notions, we refer to [Tit].

We fix a special vertex zp of X and we let G, be its stabilizer in G. By the
properness of the action, G, is compact. Because G preserves the polysimplicial
structure of X, the G-orbit of x( consists of vertices. Those lie discretely in X, so
G, is open in G. We normalize the Haar measure of G so that p(Gg,) = 1.

We define

0:G — R>o, ¥{(g) = d(gxo, o).

Since G acts continuously and isometrically on X, this is a continuous length function
and £(g) = (g~ '). Notice that ¢ is biinvariant under G, .

Let S be a maximal F-split torus of GG, such that z( lies in the apartment Ag of
X associated to S. Then M := Zg(S) is a minimal Levi subgroup of G. It has a
unique maximal compact subgroup, namely M,y = M NGy,. Then M /My can be
identified with a lattice in the apartment Ag.

Let P = MU be a minimal parabolic subgroup of GG, with unipotent radical U and
Levi factor M. (To be precise, one should say something like P is a minimal parabolic
F-subgroup of G, and G = G(F'), P = P(F).) Recall the Iwasawa decomposition:

(10) G = PGy,.

The torus Z(M)° acts algebraically on the Lie algebra of U, and that representation
decomposes as a direct sum of algebraic characters x : Z(M)® — F*. Let |||z
denote the norm of F. As Z(M)° is cocompact in M, ||x| p extends uniquely to a
character M — R<g. We write

Mt ={me M :|x(m)||p <1 for all x which appear in Lie(U)}.
The Cartan decomposition says that the natural map
(11) M* [/Mept — G \G/Gq, is bijective.

Notice that dp(m) < 1 for all m € M™*, where dp : P — R.q is the modular
function. Using we extend dp to a right-G -invariant function on G. From
[Wal, §I1.1] we recall that Harish-Chandra’s Z-function

=)= | 5p(kg)'*du(k)

is Gy, -biinvariant. Recall from Proposition @ that for ¢ € R, there exist uncon-
ditional completions S'(G) and Banach algebras S;(G, B)

Let K C Gg, be an open subgroup. Then K is also closed in the compact
Hausdorft group G,, and hence compact. Since ¢ and = are G, -biinvariant, they
descend to functions K\G/K — R. For a right- K-invariant, twisted left- K-invariant
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measurable function f : G — B, @D and the G-invariance of the norm of B imply
that || f(g)|| 5 is K-biinvariant. Writing o = 1 + ¢, we find that for such f:

-1 t

1flls, = sup [f(9)llpE(9) alg)"
K\G/K

geR\G/
Imposing (twisted) K-biinvariance enables us to fit functions in S;(G, B):

Lemma 3.1. For all f € exS;°(G, Blex and allt > rg: ||f|s,q,p) < o©-
In particular S¢(G, B) contains all elements of V,°(G, B) that are right-invariant
and twisted left-invariant under some compact open subgroup of Gy, .

Proof. Since K is open and compact, the space K\G/K is discrete and its elements
have finite volume (from the measure on G). Choose a set of representatives k; (i =
1,...,[Gg ¢ K]) for G;,/K and a set of representatives m;(j € J) for M T /Mp.
By the Cartan decomposition , the natural map

(12) {kitmyk; 01 <i,i <[Gy : K,j € J} — K\G/K
is surjective. The map
(13) M /My, — X @ mMepe — mag

sends M /My bijectively to a lattice in the apartment Ag. Combining and
with the definition of ¢, we deduce that K\G/K has polynomial growth with
respect to £. Knowing that, [Vig, Lemma 9] says that the rapid decay of f (in the
L2-sense) is equivalent to

(14) sup || f(9)l g m(KgK)Po(g)' < oo forallt € R,
geK\G/K

Notice that u(KgK) and o(g) are Gy, -biinvariant. From [Wal, p. 241] we see that
there exist Cx, Cf € Ry such that

(15) Crdp(m)™' < p(KmK) < Cldp(m)™ forallme M.

By and , the condition is equivalent to

(16) sup Hf(ki_,lmjki)HB (5p(mj)71/20(mj)t < oo forallteRR.
i j

We recall from [Wall, Lemma I1.1.1] that there exist Cq,C2 € Ry and d € N such
that

C16p(m)/? < 2(m) < Co6p(m)2a(m)? for all m e M+.
With that, becomes equivalent to

sup Hf(k;lm]kl)HB E(mj)to(m;)t < 0o forall t € R.

i
In view of the K-biinvariance of || f(g)|| 5 and G,-biinvariance of the other involved
terms, this says that

1.2 = 502 111(6)15 =(6) "o lo)'

is finite. For the second claim we use Lemma 2.2]a. O

In view of Corollary 2.3] Lemma [3.1] and Proposition [I.6] every class from
K.(exC} (G, B)ek) can be represented by elements of matrix algebras over
Si(G, B)T (for t > r¢). This enables us to apply Corollary and to prove:
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Theorem 3.2. Let F' be a non-archimedean local field and let G be a connected
reductive algebraic group defined over F. Endow G = G(F') with the topology coming
from the metric of F'. Let B be a o-unital G-C*-algebra. The assembly map

pP  KIP(G, B) = K.(C(G, B))
s a bijection.

Proof. As G is totally disconnected and locally compact, its identity element admits
a neighborhood basis consisting of compact open subgroups K [Bou, §3.4.6]. In par-
ticular |J exCe(G, B)ek is dense in C.(G, B). We partially order these subgroups
K by reverse inclusion. Then

{ex : K C G compact open subgroup}

is an approximate identity consisting of projections in the multiplier algebra of
C}(G, B). Consequently

(17) C:(G,B) IHEGKC;(G, B)eK,
K

where the limits are taken in the category of C*-algebras. By the continuity of
topological K-theory

(18) K.(C}(G, B)) = lim K. (exC} (G, B)e).
K

Pick any class p € K.(C}(G,B)). By and Corollary it lies in the image
of K,(exV;*(G,B)ek), for a suitable compact open subgroup K C Gy,. Then
Lemma and Proposition [I.6]b imply that p can be represented by an element in
a matrix algebra over the Banach algebra S;(G, B)™, for any ¢ > rg. In particular
p lies in the image of K, (S:(G, B)) — K.(C}(G, B)). This holds for arbitrary p, so
K.(S:(G,B)) — K.(C}(G, B)) is surjective.

In Proposition [I.6la we saw that S;(G) is an unconditional completion of C.(G).
As Z(g71) = Z(g) [Wal, Lemme 11.1.4],

£ sy = 1flls, ) forall f € Ce(G).
Proposition [I.6]c enables us to rescale this norm so that

[fllex@ < Ifllsy @ for all f e Ce(G).

Now we checked all the assumptions of Corollary so we can finally apply that
result. O

Using the permanence properties of the Baum—Connes conjecture with coefficients
(discussed in the appendix), we can generalize Theorem to larger classes of
groups.

Theorem 3.3. Let G be as in Theorem[3.3 and let H be a closed subgroup of G.
Let G’ be a second countable, exact, locally compact group with an amenable closed

normal subgroup N such that G' /N is isomorphic (as topological group) to H.
Then H and G’ satisfy BC with arbitrary coefficients.

Proof. Every separable C*-algebra is o-unital, so Theorem says in particular
that G satisfies BC with arbitrary separable coefficients. Apply Theorem [AZ3] and
to G and H to get the desired result for H.

Then apply Theorem to H,G' and N to obtain the claim for G'. O
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We note that Theorem [3.3] applies to every linear algebraic group over F, because
such a group can be embedded as a closed subgroup in GL,,(F) for some n € N.

4. LINEAR ALGEBRAIC GROUPS OVER GLOBAL FIELDS

In this section we consider linear algebraic groups G defined over a global field k.
The points of G over the ring of adeles of k form a locally compact group, usually
called an adelic group.

BC (with trivial coefficients) for reductive adelic groups has been obtained by
Baum, Millington and Plymen in [BMPI]. Later Chabert, Echterhoff and Oyono-
Oyono [CEO, Theorem 0.7] were able to show that all linear algebraic adelic groups
over number fields satisfy BC. We will generalize these results to all linear algebraic
groups and all global fields. Like the aforementioned work, our proofs rely on the
following.

Theorem 4.1. [BMP2, Theorem 1.1]
Let G be a second countable locally compact group. Let (G,)02, be an increasing
sequence of open subgroups, with \J;2 Gy = G. Let B be a G-C*-algebra and
suppose that each G, satisfies BC with coefficients B. Then G satisfies the Baum—
Connes conjecture with coefficients B.

Let Ay s, be the ring of finite adeles of k, that is, the restricted product of the
non-archimedean completions k,. Let (v;)?"_; be an ordering of the finite places of
k and let o,, denote the ring of integers of k,,. Then Aj s, can be expressed as the
increasing union of the open subrings

(19) Ap oy i=ky X X ky, X H'> 0y, -

The ring of adeles Ay, is the direct product Ay gy, ¥ HU| o kv, where the latter product
runs over all infinite places of k. When £ is a global function field, there are no infinite
places and Ay = Ay fn. On the other hand, every number field does possess infinite
places (but only finitely many). Like in we can write Ay, as the increasing union
of the open subrings

(20) Akmxnkv:kvlx---xkvanovikav.

v]oo i>n k|oco
Via the diagonal embedding, k£ can be realized as a discrete cocompact subring of
A}, [Wei, Theorem 1V.2.2].

Theorem 4.2. Let G be a linear algebraic group defined over a global field k.

(a) G(Aksn) satisfies BC with arbitrary coefficients.

(b) Suppose that, for every infinite place v of k, G(k,) satisfies BC with arbitrary
separable coefficients (e.g. G(ky) is compact or solvable or, more generally,
amenable). Then the adelic group G(Ay) satisfies BC with coefficients.

Proof. The proof of part (a) is analogous to that of part (b) and slightly simpler, so
we omit it.
(b) By G(Apgn) is the increasing union of its open subgroups G(Aj,) x
[1sj00 9(kv). By Theorem it suffices to establish the theorem for each of the
subgroups

G = G(Akn) x [ Gko) = Gkuy) x -+ x G(ku,) x [[ Glow) x [ G(k0).

v]oo i>n v]oo
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By Theorem each G(k,,) satisfies BCC. By Tychonoft’s Theorem the product
of compact groups [],., G(0,,) is again compact. By [ChEc2, Theorem 3.17.i] BC
with separable coeflicients is inherited by finite direct products of groups, so G,
satisfies BC with arbitrary separable coefficients. With Corollary we can lift the
separability requirement. O

With the permanence properties of BCC from the appendix, we can generalize
Theorem For G(k) the below was already stated in [BMP2, Theorem 1.3].

Corollary 4.3. Let G be a linear algebraic group defined over a global field k and
suppose that, for every infinite place v of k, G(ky) is amenable. Let H be a closed
subgroup of G(Ay), for instance G(k) with the discrete topology.
Let G’ be a second countable, exact, locally compact group with an amenable closed
normal subgroup N such that G'/N is isomorphic (as topological group) to H.
Then H and G’ satisfy BC with arbitrary coefficients.

Proof. Apply Theorems and and to G and H to get the desired result for
H. Since k embeds discretely in A, G(k) embeds in G(Ay) as a discrete subgroup,
and it is an example of such an H.

Then apply Theorem to H,G' and N to obtain the claim for G'. O

Unfortunately part (b) of Theorem does not apply to all linear algebraic
groups over number fields, because the Baum—Connes conjecture with coefficients
is still open for many reductive Lie groups. A strong result in that direction was
proven by Chabert, Echterhoff and Nest. We present a slightly simplified version:

Theorem 4.4. [CEN|, Theorem 1.2]

Let G be a second countable locally compact group, such that the identity component
G° is a Lie group and G/G® is compact. (For instance, G can be a finite dimensional
Lie group with only finitely many components.) Then G satisfies the twisted Baum—
Connes conjecture.

We generalize this to adelic groups.

Theorem 4.5. Let G be a linear algebraic group defined over a global field k. Then
the adelic group G(Ay) satisfies the twisted Baum—Connes conjecture.

Proof. Let K(H) be the algebra of compact operators on a separable Hilbert space
H, and suppose that it carries the structure of a G(Aj)-C*-algebra. We have to
show that G(Ay) satisfies BC with coefficients C(H).

Write N =[], G(kv). As the R-points of an algebraic group, this is a (finite
dimensional) Lie group with only finitely many connected components. Suppose
that L C G(Ay) is a closed subgroup containing N as cocompact subgroup. Then

L/N C G(Ag)/N = G(Ay fin)

is totally disconnected, and hence L° = N°. Consequentely L/L° = L/N° is com-
pact, and by Theorem L satisfies BC with coefficients K(H).

The above checks that the conditions of [CEO, Theorem 2.1] are fulfilled. The
statement of [CEQO, Theorem 2.1] is: BC for G(Ay) with coefficients K(H) is equiv-
alent to BC for (G(Ag),N) with coefficients C}(N,K(H)). Here the action of
(G(Ag),N) on C}(N,K(H)) is twisted. By [Ech, Theorem 1] this twisted action
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is G(Ag)-equivariantly Morita equivalent to an ordinary action of G(A)/N on an-
other C*-algebra, say B. Actually, since

G(AL) =N x G(Aggn)

we may take B = C(N,/IC(H)). Then BC for (G(Ag), N) with coefficients
Cr(N,K(H)) is equivalent to BC for G(Ay)/N = G(Aygn) with coefficients B
[ChEcIl Proposition 5.6]. The latter holds by Theorem a. O

APPENDIX A. PERMANENCE PROPERTIES OF BAUM—CONNES WITH
COEFFICIENTS

For technical reasons, we prove some of the results in the body of our paper
initially only for separable coefficient algebras. In this appendix we discuss how the
Baum—Connes conjecture with separable coefficients for an exact group G implies
BC for GG with coefficients in an arbitrary G-C*-algebra. This is made possible by
the work of Chabert—Echterhoff [ChEc2] on the continuity of the topological side of
BCC.

Let G be a second countable, locally compact group and let B be any G-C*-
algebra. Let {B; : i € I} be the set of separable G-stable sub-C*-algebras of
B, partially ordered by inclusion. The second countablity of G entails that every
element of B is contained in such a separable subalgebra B;. It follows that
(21) 12161111 B, =B as G — C*-algebras.

Proposition A.1. Let G, B and the B; be as above. There is a natural isomorphism

lim KI°P(G, B) = K\°P(G, B).
1€

Proof. In [ChEc2l Proposition 7.1] this was proven when B is separable and {B; :
i € I} is an arbitrary inductive system of separable G-C*-algebras with direct limit
B. We check that the arguments in [ChEc2| also work when B is not separable.

In [ChEc2] Ki°°(G, B) is exhibited as a direct limit of groups KK (Co(X), B;),
where ¢ € I and X runs through some collection of proper G-spaces. The maps
relating these KK-groups to the limit group are given by Kasparov products
(22)

KK (Co(X'), Co(X)) @z KK (Co(X), B;) @z KK (B, B) = KK (Co(X"), B).

The only involved element of KK (B;, B) is associated to the inclusion B; — B,
while the only relevant elements of KK&(Co(X'),Co(X)) are those induced by
a continuous map X — X’ and Bott elements in KK&(Cy(X ® R),Cy(X)) or
KKS&(Co(X"),Co(X" ® R)). As Chabert and Echterhoff observe, the associativ-
ity of the Kasparov product is needed to exchange the order of certain direct limits.
After that, their arguments do not use any properties of the separable coefficient
algebras Bj;, they only involve various constructions with commutative C*-algebras.

We point out that, by [Kas, Theorems 2.11 and 2.14.5], the associativity of the
Kasparov product in holds even if B is not separable. With this in mind, the
entire proof of [ChEc2, Proposition 7.1] also applies to our possibly non-separable
G-C*-algebra B. O

As the continuity of the analytic side of Baum—Connes follows from exactness of
the group, Proposition [A-T] has the following consequence:
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Corollary A.2. Let G be a second countable, exact, locally compact group. Suppose
that G satisfies the Baum—Connes conjecture with coefficients in any separable G-C*-
algebra. Then G satisfies BCC, that is, BC with arbitrary (possibly non-separable)
coefficients.

Proof. The inclusion B; — B and the naturality of the assembly map [BCH, §9]
yield a commutative diagram

K@, B) ‘L K.(Co(G, By))
{ . {
K(G,B) *— K.(C/(G,B))

From the exactness of G and we get a natural isomorphism

Combine these with Proposition Using the assumption that every p®i is an
isomorphism, we find that x? is an isomorphism as well. O

From [ChEc2, Theorem 2.5] and Corollary we get:

Theorem A.3. Let G be a second countable, exact, locally compact group and let H
be a closed subgroup of G. Suppose that G satisfies the Baum—Connes conjecture with
arbitrary separable coefficients. Then H satisfies BCC, that is, BC with arbitrary
coefficients.

Chabert, Echterhoff and Oyono-Oyono [CEQ] proved a permanence property of
BCC with respect to extensions, which we now generalize to arbitrary coefficient
algebras.

Theorem A.4. Let G be a second countable, exact, locally compact group and let
N be a closed normal amenable subgroup of G. Suppose that G/N satisfies BC with
arbitrary separable coefficients. Then G satisfies BCC (with arbitrary coefficients).

Proof. By Corollary [A.2]it suffices to prove BC for G with coefficients in an arbitrary
separable G-C*-algebra B.

Suppose that L is an extension of N by a compact group. Then L inherits the
amenability of N, so by [HiKa] it satisfies BC with arbitrary separable coefficients.
This shows that the assumptions of [CEOL Theorem 2.1] are satisfied by (G, N). As
moreover B is separable, we may apply that result. It says that the bijectivity of
the assembly map p” is equivalent to:

the pair (G, N) satisfies Baum—Connes with coefficients C: (N, B).

The statement involves a twisted action of (G,N) on C}(N,B). Fortunately, by
[Echl, Theorem 1] this twisted action is G-equivariantly Morita equivalent to an
ordinary action of G/N on another separable C*-algebra, say B’. Then Baum-
Connes for (G, N) with coefficients C*(N, B) is equivalent to Baum—Connes for
G/N with coefficients B’ [ChEc1l, Proposition 5.6]. That holds by assumption. O
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