DISCRETE SERIES CHARACTERS FOR AFFINE HECKE
ALGEBRAS AND THEIR FORMAL DEGREES
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ABSTRACT. We introduce the generic central character of an irreducible discrete
series representation of an affine Hecke algebra. Using this invariant we give a
new classification of the irreducible discrete series characters for all abstract affine
Hecke algebras (except for the types Eé,l%s) with arbitrary positive parameters and
we prove an explicit product formula for their formal degrees (in all cases).
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1. INTRODUCTION

Considering the role of affine Hecke algebras in representation theory [IM], [Bo],
[BZ], [BM1], [BM2], [Mol], [Mo2], [Lu3], [Rel], [BKH], [BK] or in the theory of in-
tegrable models [Ch], [HO1], [Mac2], [EOS] it is natural to ask for the description of
their (algebraic) representation theory and for the properties of their representations
in relation to harmonic analysis (e.g. unitarity, temperedness, formal degrees). An
analytic approach to such questions (based on the spectral theory of C*-algebras)
was first proposed by Matsumoto [Mat]. This approach to affine Hecke algebras
gives rise to a program in the spirit of Harish-Chandra’s work on the harmonic
analysis on locally compact groups arising from reductive groups (for a concise ac-
count of Harish-Chandra’s work in the p-adic case see [Wa]). The main challenges
to surmount on this classical route designed to describe the tempered spectrum and
the Plancherel isomorphism (the “philosophy of cusp forms”) are related to under-
standing the basic building blocks, the so-called discrete series characters. The most
fundamental problems are:

(i) Classify the irreducible discrete series characters.
(ii) Calculate their formal degrees.

In the present paper we will essentially! solve both these problems for general ab-
stract semisimple affine Hecke algebras with arbitrary positive parameters.

The study of harmonic analysis in this context requires the introduction of classi-
cal notions borrowed from Harish-Chandra’s seminal work (e.g. the Schwartz com-
pletion, temperedness, parabolic induction) for abstract affine Hecke algebras. It
was shown in [DO] that the above program can indeed be carried out. In view of
[DO] (also see [Op2]) our solution of (i) can in fact be amplified to yield the clas-
sification of all irreducible tempered characters of the Hecke algebra. The explicit
Plancherel isomorphism can be reconstructed by (ii) and [Opl, Theorem 4.43].

Let us describe the methods used in this paper. The new tool in this study
of these questions for abstract affine Hecke algebras is derived from the presence
of a space of continuous parameters with respect to which the harmonic analysis
naturally deforms. Observe that this aspect is missing in the traditional context
of the harmonic analysis on reductive groups. The main message of this paper is
that parameter deformation is a powerful tool for solving the questions (i) and (ii),
especially (but not exclusively) for non-simply laced root data. There are in fact
two other pillars on which our method rests, based on results from [Opl] and [OS].
We will now give a more detailed account of these matters.

An affine Hecke algebra H = H(R, q) is defined in terms of a based root datum

R:(X)R[%YV’RB/vFﬂ)

and a parameter function ¢ € @ = Q(R). By this we mean that ¢ is a (positive)
function on the set S of simple affine reflections in the affine Weyl group Z Ry x Wy,
such that ¢(s) = ¢(s’) whenever s and s’ are conjugate in the extended Weyl group
W = X x Wy. The deformation method is based on regarding the affine Hecke
algebras H(R,q) with fixed R as a continuous field of algebras, depending on the

LOur solution of (i) does not cover the cases E, (n = 6,7,8), hence in these cases we rely on
[KL]. Our solution of (ii) is complete only up to the determination of a rational constant factor for
each continuous family (in the sense to be explained below) of discrete series characters.
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parameter g. This enables us to transfer properties that hold for ¢ = 1 or for generic
q to arbitrary positive parameters.

We will prove that every irreducible discrete series character oy of H(R, qp) is the
evaluation at go of a unique maximal continuous family ¢ — ¢, of discrete series
characters of H(R, ¢) defined in a suitable open neighborhood of gy. The continuity
of the family means that the corresponding family of primitive central idempotents
g — es(q) € S (the Schwartz completion of H(R,q), a Fréchet algebra which is
independent of ¢ as a Fréchet space) is continuous in ¢ with respect to the Fréchet
topology of §. The maximal domain of definition of the family ¢ — J, is described
in terms of the zero locus of an explicit rational function on Q. This reduces the
classification of the discrete series of H(R, q) for arbitrary (possibly special) positive
parameters to that for generic positive parameters, a problem that is considerably
easier than the general case.

Let us take the discussion one step further to see how this idea leads to a practical
strategy for the classification of the discrete series characters. For this it is crucial
to understand how the “central characters” behave under the unique continuous
deformation ¢ — d, of an irreducible discrete series character dp. Since it is known
that the set of discrete series can be nonempty only if Ry spans X ®z Q, we assume
this throughout the paper. To enable the use of analytic techniques we need an
involution * and a positive trace 7 on our affine Hecke algebras H(R,q). A natural
choice is available, provided that all parameters are positive (another assumption
we make throughout this paper). Then H(R,q) is in fact a Hilbert algebra with
tracial state 7. The spectral decomposition of 7 defines a positive measure pp;
(called the Plancherel measure) on the set of irreducible representations of H(R, q),
cf. [Opl, DOJ]. More or less by definition an irreducible representation 7 belongs
to the discrete series if up;({7}) > 0. It is known that this condition is equivalent
to the statement that 7 is an irreducible projective representation of S(R,q), the
Schwartz completion of H(R,q). In particular 7 is an irreducible discrete series
representation iff 7 is afforded by a primitive central idempotent e, € S(R,q) of
finite rank. Thus the definition of continuity of a family of irreducible characters in
the preceding paragraph makes sense for discrete series characters only. We denote
the finite set of irreducible discrete series characters of H(R,q) by A(R,q).

A cornerstone in the spectral theory of the affine Hecke algebra is formed by
Bernstein’s classical construction of a large commutative subalgebra A C H(R,q)
isomorphic to the group algebra C[X]. It follows from this construction that the
center of H(R, q) equals A"0 = C[X]W0. Therefore we have a central character map

(1) ceq : Irr(H(R, q)) — Wo\T

(where T is complex torus Hom(X, C*)) which is an invariant in the sense that this
map is constant on equivalence classes of irreducible representations.

It was shown by “residue calculus” [Opl, Lemma 3.31] that a given orbit Wyt €
Wo\T is the the central character of a discrete series representation iff Wyt is a
Wo-orbit of so-called residual points of T'. These residual points are defined in terms
of the poles and zeros of an explicit rational differential form on 7' (see Definition
2.39), and they have been classified completely. They depend on a pair (R,q)
consisting of a (semisimple) root datum R and a parameter ¢ € Q. In fact, given
a semisimple root datum R there exist finitely many Q-valued points r of T', called
generic restdual points, such that on a Zariski-open set of the parameter space Q
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the evaluation r(q) € T is a residual point for (R, ¢). Moreover, for every gop € Q(R)
and every residual point 7 of (R, qp) there exists at least one generic residual point
r such that ro = r(qo).

For fixed ¢y € Q these techniques do in general not shine any further light on the
cardinality of A(R,qp). The problem is a well known difficulty in representation
theory: the central character invariant ccg,(dp) is not strong enough to separate the
equivalence classes of irreducible (discrete series) representations. But this is pre-
cisely the point where the deformation method is helpful. The idea is that at generic
parameters the separation of the irreducible discrete series characters by their cen-
tral character is much better (almost perfect in fact, see below) than for special
parameters. Therefore we can improve the quality of the central character invariant
for 0o € A(R, qo) by considering the family of central characters ¢ — ccq(dq) of the
unique continuous deformation ¢ — d, of dg as described above. It turns out that
this family of central characters is in fact a Wy-orbit Wyr of generic residual points.
We call this the generic central character gec(do) = Wor of .

Our proof of this fact requires various techniques. First of all the existence and
uniqueness of the germ of continuous deformations of a discrete series character
depends in an essential way on the continuous field of pre-C*-algebras S(R, ¢), where
g runs through Q and S(R,q) is the Schwartz completion of H(R,q) (see [DOJ).
Pick 6o € A(R, qo) with central character ccq,(dg) = Worg € Wo\T. With analytic
techniques we prove that there exists an open neighborhood U x V' C @ x Wy\T of
(go, Woro) such that (see Lemma 3.2, Theorem 3.3 and Theorem 3.4):

e there exists a unique continuous family U 5 ¢ — §, € A(R, q) with dg4, = do,
e the cardinality of {d € A(R,¢q) | cc(d) € V'} is independent of g € U.

Next we consider the formal degree pp;({d4}) of 6, € A(R,q). In [OS] we proved
an “index formula” for the formal degree, expressing pp;({d,}) as alternating sum
of formal degrees of characters of certain finite dimensional involutive subalgebras
of H(R,q). It follows that pp;({ds}) is a rational function of ¢ € U, with rational
coefficients. On the other hand using the residue calculus [Op1] we derive an explicit
factorization

(2) up({0q}) = dsmwer(¢) g €U,

with ds € Q* independent of ¢ and myy,(q) depending only on ¢ and on the central
character ccq(dq) = Wor(q) (for the definition of m see (40)). Using the classification
of generic residual points we prove that ¢ — cc4(d4) is not only continuous but in
fact (in a neighborhood of gg) of the form ¢ — Wyr(q) for a unique orbit of generic
residual points which we call the generic central character gee(dg) = Wor of §g. Thus
we can now write (2) in the form (see Theorem 5.12):

(3) npi({0q}) = dsmgecsy(q) g €U,

where my..(s) is an explicit rational function with rational coefficients on Q, which
is regular on Q and whose zero locus is a finite union of hyperplanes in Q (viewed
as a vector space).

The incidence space O(R) consisting of pairs (Wyr, q) with Wyr an orbit of generic
residual points and ¢ € Q such that r(g) is a residual point for (R, q) can alterna-
tively be described as O(R) = {(Wor, q) | mw,r(¢) # 0}. Thus O(R) is a disjoint
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union of copies of certain convex open cones in Q. The above deformation arguments
culminate in Theorem 5.7 stating that the map

(4) cee: [ AR.q) — OR)
q€Q(R)
A(R,q) 20 — (gce(d),q)

gives A(R) := [l cqr) A(R,q) the structure of a locally constant sheaf of finite
sets on O(R). Since every component of O(R) is contractible this result reduces the
classification of the set A(R) to the computation of the multiplicities of the various
components of O(R) (i.e. the cardinalities of the fibers of the map GCC).

One more ingredient is of great technical importance. Lusztig [Lu2] proved funda-
mental reduction theorems which reduce the classification of irreducible representa-
tions of affine Hecke algebras effectively to the the classification of irreducible repre-
sentations of degenerate affine Hecke algebras (extended by a group acting through
diagram automorphisms, in general). In this paper we make frequent use of a ver-
sion of these results adapted to suit the situation of arbitrary positive parameters
(see Theorem 2.6 and Theorem 2.8). These reductions respect the notions of tem-
peredness and discreteness of a representation. Using this type of results it suffices
to compute the multiplicities of the positive components of O(R) or equivalently, to
compute the multiplicities of the corresponding components in the parameter space
of a degenerate affine Hecke algebra (possibly extended by a group acting through
of diagram automorphisms).

The results are as follows. If Ry is simply laced then the generic central character
map itself does not contain new information compared to the ordinary central char-
acter. However with a small enhancement the generic central character map gives
a complete invariant for the discrete series of D,, as well, using that the degenerate
affine Hecke algebra of type D,, twisted by a diagram involution is a specialization
of the degenerate affine Hecke algebra of type B,,. With this enhancement under-
stood we can state that the generic central character is a complete invariant for the
irreducible discrete series characters of a degenerate affine Hecke algebra associated
with a simple root system Ry, except when Ry is of type Eg, E7, Eg or Fy. In the
F)-case with both parameters unequal to zero there exist precisely two irreducible
discrete series characters which have the same generic central character.

Our solution to problem (i) is listed in Sections 7 and 8. This covers essentially all
cases except type E,, (n =6, 7, 8) (in which cases we rely on [KL] for the classifica-
tion). In this classification the irreducible discrete series characters are parametrized
in terms of their generic central character. The solution to problem (ii) is given by
the product formula (3) (see Theorem 5.12) which expresses the formal degree of J,
explicitly as a rational function with rational coefficients on the maximal domain
Us C Q to which §, extends as a continuous family of irreducible discrete series
characters (Uy is the interior of an explicitly known convex polyhedral cone). At
present we do not know how to compute the rational numbers d; for each continuous
family so our solution is incomplete at this point.

Let us compare our results with the existing literature. An important special
case arises when the parameter function ¢ is constant on .S, which happens for
example when the root system Ry is irreducible and simply laced. In this case
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all irreducible representations of H(R,q) (not only the discrete series) have been
classified by Kazhdan and Lusztig [KL]. This classification is essentially independent
of ¢ € C*, except for a few "bad” roots of unity. This work of Kazhdan and
Lusztig is of course much more than just a classification of irreducible characters,
it actually gives a geometric construction of standard modules of the Hecke algebra
for which one can deduce detailed information on the internal structure in geometric
terms (e.g. Green functions). The Kazhdan-Lusztig parametrization also yields the
classification of the tempered and the discrete series characters.

More recently Lusztig [Lud] has given a classification of the irreducibles of the
“geometric” graded affine Hecke algebras (with certain unequal parameters) which
arise from a cuspidal local system on a unipotent orbit of a Levi subgroup of a
given almost simple simply connected complex group “G. In [Lu3] it is shown that
such graded affine Hecke algebras can be seen as completions of “geometric” affine
Hecke algebras (with certain unequal parameters) formally associated to the above
geometric data. On the other hand, let k be a p-adic field and let G be the group
of k-rational points of a split adjoint simple group G over k such that “G is the
connected component of the Langlands dual group of G. In [Lu3] the explicit list of
“level 0 arithmetic” affine Hecke algebras is given, i.e. affine Hecke algebras arising
as the Hecke algebra of a type (in the sense of [BK]) for a G-inertial equivalence class
of a level 0 supercuspidal pair (L,o) (also see [Mol], [Mo2]). Remarkably, a case-
by-case analysis in [Lu3] shows that the geometric affine Hecke algebras associated
with “G precisely match the level 0 arithmetic affine Hecke algebras arising from G.

The geometric data that Lusztig uses in [Lud] to classify the irreducibles of the
geometric graded affine Hecke algebras are rather complicated, and the geometry
depends on the ratio of the parameters. Our present direct approach, based on
deformations in the harmonic analysis of “arithmetic” affine Hecke algebras, gives
different and in some sense complementary information (e.g. formal degrees). We
refer to [Bl] for examples of affine Hecke algebras arising as Hecke algebras of more
general types. We refer to [Lub] for results and conjectures on the theory of Kazhdan-
Lusztig bases of abstract Hecke algebras with unequal parameters.

The techniques in this paper do not give an explicit construction of the discrete
series representations. In this direction it is interesting to mention Syu Kato’s geo-
metric construction [Kat2] of algebraic families of representations of H(Cﬁl), q), for
generic complex parameters q. One would like to understand how Kato’s geometric
model relates to our continuous families of discrete series representations, which are
constructed by analytic methods.

2. PRELIMINARIES AND NOTATIONS
2.1. Affine Hecke algebras.

2.1.1. Root data and affine Weyl groups. Suppose we are given lattices X,Y in
perfect duality (-,-) : X x Y — Z, and finite subsets Ry C X and Ry C Y with a
given a bijection V : Ry — Ry. Define endomorphisms 7,v : X — X by rov(z) =
r—z(aV)aand 1o : Y — Y by 74(y) =y — a(y)a”. Then (Ro, X, RY,Y) is called
a root datum if

(1) for all « € Ry we have a(a¥) = 2.
(2) for all @ € Ry we have rov(Rg) C Ry and ro(Ry) C RY.
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As is well known, it follows that Ry is a root system in the vector space spanned by
the elements of Ry. A based root datum R = (X, Ro,Y, Ry, Fy) consists of a root
datum with a basis Fy C Ry of simple roots.

The (extended) affine Weyl group of R is the group W = Wy x X (where Wy =
W (Ryp) is the Weyl group of Ry); it naturally acts on X. We identify Y x Z with the
set of affine linear, Z-valued functions on X (in this context we usually denote an
affine root a = (a¥,n) additively as a = @ +n). Then the affine Weyl group W acts
linearly on the set Y x Z via the action wf(z) := f(w™'x). The affine root system
R associated to R is the W-invariant set R := Ry x Z C Y X Z. The basis Fy of
simple roots induces a decomposition R = Ry UR_ with Ry := Ry | x {0} URy x N
and R_ = —Ry. It is easy to see that R4 has a basis of affine roots F' consisting
of the set Fy x {0} supplemented by the set of affine roots of the form a = (aV,1)
where a¥ € Ry runs over the set of minimal coroots. The set F is called the set of
affine simple roots. Every W-orbit Wa C R with a € R meets the set F' of affine
simple roots. We denote by F the set of intersections of the W-orbits in R with F.

To an affine root a = (a",n) we associate an affine reflection r, : X — X by
rqo(x) = © — a(z)a. We have r, € W and wrow ' = 74q. Hence the subgroup
We C W generated by the affine reflections r, with ¢ € R is normal. The normal
subgroup W has a Coxeter presentation (W%, S) with respect to the set of Coxeter
generators S = {r, | a € F'}. We call S the set of affine simple reflections and we
write So = SN Wp. We call two elements s,¢ € S equivalent if they are conjugate
to each other inside W. We put S for the set of equivalence classes in S. The set S
is in natural bijection with the set F.

We define a length function [ : W — Z, by l(w) := Jw™}(R_) N Ry|. The set
Q:={w e W |l(w) =0} is a subgroup of W. Since W acts simply transitively on
the set of positive systems of affine roots it is clear that W = W® x ). Notice that
if we put Xt ={z € X |z(a¥)>0Va € Fy} and X~ = —XT then the sublattice
Z =X"NX" C X is the center of W. It is clear that Z acts trivially on R and in
particular, we have Z C 2. We have Q = W/W* = X/Q(Ry) where Q(Ry) denotes
the root lattice of the root system Ry. It follows easily that Q/Z is finite. We call
R semisimple if Z = 0. By the above R is semisimple iff €2 is finite.

2.1.2. The generic affine Hecke algebra and its specializations. We introduce invert-
ible, commuting indeterminates v([s]) where [s] € S. Let A = Clv([s])*' : [s] € S].
If s € S then we define v(s) := v([s]). The following definition is in fact a theorem
(this result goes back to Tits):

Definition 2.1. There ezists a unique associative, unital A-algebra Ha(R) which
has a A-basis { Ny }wew parametrized by w € W, satisfying the relations

(1) NNy = Ny for all w,w’ € W such that l(ww') = l(w) + [(w').

(2) (Ns —v(8))(Ns+v(s)"1) =0 forall s € S.
The algebra Ha = HA(R) is called the generic affine Hecke algebra with root datum
R.

We put Q. = Q(R), for the complex torus of homomorphisms A — C. We equip
the torus Q. with the analytic topology. Given a homomorphism g € Q. we define
a specialization ? H(R, q) of the generic algebra as follows (with C, the A-module

2This is not compatible with the conventions in [Opl], [Op2], [Op3], [OS]! The parameter ¢ € Q
in the present paper would be called ql/2 in these earlier papers.
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defined by q):
(5) H(R,q) :=Ha(R) ®a Cq

Observe that the automorphism ¢s : A — A defined by ¢5(v(t)) = v(t) if t Aw s
and ¢5(v(s)) = —v(s) extends to an automorphism of Hp by putting ¢s(Ny) = Ny if
t Aw s and ¢5(Ns) = —N;. Similarly we have automorphims 5 : Hy — Ha given
by 1/15(”(3)) = U(S)_17 %(U(t)) = U(t) if t Aw s, ws(Ns) = —N; and ws(Nt) = Ny if
t w s. These automorphisms mutually commute and are involutive. Observe that
¢ss respects the distinguished basis N, of Hp, and the automorphisms ¢s and )
individually respect the distinguished basis up to signs.

We write Q for the set of positive points of 9., i.e. points ¢ € O, such that
q(v(s)) >0 for all s € S. Then Q C Q. is a real vector group.

There are alternative ways to specify points of @ which play a role in the spectral
theory of affine Hecke algebras (in particular in relation to the Macdonald c-function
[Macl]). In order to explain this we introduce the possibly nonreduced root system
R, C X associated to R as follows:

(6) Ry = RoU{2a | ¥ €2Y N Ry}
We let Ry = {a € Ry, | 2a € Ry, } be the set of nonmultipliable roots in R,,. Then
R; C X is also a reduced root system, and Wy = W (Ry) = W(Ry).

We define various functions with values in A. First we define a W-invariant
function R 3 a — v, € A by requiring that

(7) Va+1 = V(8a)
for all simple affine roots a € F. Notice that all generators v(s) of A are in the
image of this function. Next we define a Wy-invariant function Ry, > @ — v,v € A

as follows. If o € Ry we view a" as an element of R, so that v,v has already been
defined. If o = 23 with 8 € Ry then we define:

(8) VoV — ’Uﬂ\//Q = Q}Bv+1/vﬁv

Finally there exists a unique length-multiplicative function W 5> w — v(w) € A
such that its restriction to S yields the original assignment S > s — v(s) € A of
generators of A to the W-orbits of simple reflections of W, and v(w) = 1 for allw € Q.
Here the notion length-multiplicative refers to the property v(wiws) = v(wy)v(ws)
if [(wiwa) = l(w1) + l(w2). We remark that with these notations we have

(9) v(w) = 11 Vav
Q€ERyr + MWL Ry —

for all w € W.

A point ¢ € Q determines a unique W-invariant function on R with values in
Ry by defining g, := q(vg). Conversely such a positive W-invariant function on R
determines a point ¢ € Q. Likewise we define positive real numbers

(10) Gov = q(Vav)
for a € Ry, and

(11) q(w) = q(v(w))
for w € W. In this way the points ¢ € Q are in natural bijection with the set

of Wy-invariant positive functions on R/, and also with the set of positive length-
multiplicative functions on W which restrict to 1 on 2.
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Recall that if the finite root system R; is irreducible, it can be extended in a

)

unique way to an affine root system, which is called Rgl .

Definition 2.2. If R is simple and X = P(Ry) (the weight lattice of Ry1) we call

H(R,q) of type Rgl). This includes the simple 3-parameter case 07(11) with Ry = By,
and X = Q(Ry).

2.1.3. The Bernstein presentation and the center. The length function [ : W — Zx>¢
restricts to a homomorphism of monoids on X . Hence the map X+ — H} defined
by * — N, is an homomorphism of monoids too. It has a unique extension to
a group homomorphism 6 : X — H; which we denote by z — 6,. We denote
by Ap C Hp the commutative subalgebra of Hy generated by the elements 6,
with z € X. Similarly we have a commutative subalgebra A C H(R,q). Let
Hao = HaA(Wo,So) be the Hecke subalgebra (of finite rank over the algebra A)
corresponding to the Coxeter group (Wy,Sp). We have the following important
result due to Bernstein-Zelevinski (unpublished) and Lusztig ([Lu2]):

Theorem 2.3. The multiplication map defines an isomorphism of Ax — Hao-
modules Ay @ Hao — Ha and an isomorphism of Ha o — Ax-modules Hp o @ Ay —
Ha. The algebra structure on Hy is determined by the cross relation (with x € X,
a € Fy, s =rqav, and s’ € S is a simple reflection such that s ~yw roviy):

0 — Ou(a)

(12)  OaNs = Niblyay = ((v(8) = 0(5)7) + (0(s) = 0(5) )0-a) 75~ =

(Note that if s #w s then oV € 2Ry, which implies © — s(x) € 2Za for all z € X.
This guarantees that the right hand side of (12) is always an element of Ap ).

Corollary 2.4. The center Z5 of Ha is the algebra Z) = AXVO. For any q € Q.
the center of H(R,q) is equal to the subalgebra Z = AYo C H(R,q).

In particular H, is a finite type algebra over its center Zj, and similarly H(R, q)
is a finite type algebra over its center Z. The simple modules over these algebras
are finite dimensional complex vector spaces. The primitive ideal spectrum H, is a
topological space which comes equipped with a finite continuous and closed map

(13) cen t Ha — Zp = Wo\T x Q.

to the complex affine variety associated with the unital complex commutative algebra
Zp. The map ccp is called the central character map. Similarly, we have central
character maps

o —

(14) ccq : H(R,q) — Z

for all ¢ € Q.

We put T = Hom(X,C*), the complex torus of characters of the lattice X
e/guipped with the Zariski topology. This torus has a natural Wy-action. We have
Z = Wo\T (the categorical quotient).
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2.1.4. Two reduction theorems. The study of the simple modules over H(R,q) is
simplified by two reduction theorems which are much in the spirit of Lusztig’s re-
duction theorems in [Lu2]. The first of these theorems reduces to the case of simple
modules whose central character is a Wy-orbit of characters of X which are positive
on the sublattice of X spanned by R; (see the explanation below). The second theo-
rem reduces the study of simple modules of H(R, g) with a positive central character
in the above sense to the study of simple modules of an associated degenerate affine
Hecke algebra with real central character. These results will be useful for our study
of the discrete series characters.

First of all a word about terminology. The complex torus 71" has a polar decom-
position T = T, T, with T, = Hom(X,Rs¢) and T,, = Hom(X,S'). The polar
decomposition is the exponentiated form of the decomposition of the tangent space
V =Hom(X,C) of T at t = e as a direct sum V =V, @iV, of real subspaces where
V, = Hom(X,R). The vector group T, is called the group of positive characters and
the compact torus T, is called the group of unitary characters. This polar decom-
position is compatible with the action of Wy on T. We call the Wy-orbits of points
in T, “positive” and the Wy-orbits of points in T;, “unitary”. In this sense can we
speak of the subcategory of finite dimensional H(R, ¢)-modules with positive central
character® which is a subcategory that plays an important special role.

Definition 2.5. Let R be a root datum and let ¢ € Q = Q(R). For s € T,, we
define Rsg = {a € Ry | ra(s) = s}. Let Rg1 C Ry be the set of nonmultipliable
roots corresponding to Rso. One checks that

(15) Rs1={B€Ri|pB(s) =1}
Let Ry 1 4+ C Rs1 be the unique system of positive roots such that Rg1 4+ C Ry 4, and

let Fs1 be the corresponding basis of simple roots of Rs1. Then the isotropy group
Ws C Wy of s is of the form

(16) W, = W(Rs1) % T

where I's = {w € Wy | w(Rs1+) = Rs1,4+} 5 a group acting through diagram
automorphisms on the based root system (Rs1,Fs1).

We form a new root datum Rs = (X, Ry, Y, R;O, Fs0) and observe that Ry, s C
R,,. Hence we can define a surjective map Q(R) — Q(Rs) (denoted by ¢ — gqs) by

restriction of the corresponding parameter function on R, to R, ..

Let t = ¢s € T, T, be the polar decomposition of an element ¢t € T. We define
Wy(t) C Wy for the subgroup defined by

(17) Wo(t) :={w e W, | wt € W(Rs1)t}
Observe that Wy(t) is the semidirect product Wy(t) = W(Rs1) x I'(t) where
(18) [(t) =Ts N Wy(t)

Let My, C Z denote maximal ideal of A of elements vanishing at Wyt C T', and
let Z be the Myy,-adic completion of Z. We define

(19) A=Az Z

3In several prior publications [HO1], [HO2], [Op1], [Op2], [Op3] the central characters in Wo\T,,
were referred to as “real central characters”, where “real” should be understood as “infinitesimally
real”. In the present paper however we change the terminology and speak of “positive central
characters” instead.
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By the Chinese remainder theorem we have

(20) A= @ Ay

where Ay denotes the formal completion of A at t' € T. Let 1y denote the unit of the
summand Ay in this direct sum decomposition. We consider the formal completion

(21) H(R.q) =MH(R,q) ®z Z

On the other hand, we consider the affine Hecke algebra H(Rs, ¢s) and its commu-
tative subalgebra A (as defined before when discussing the Bernstein basis) and
center Z; = AZV(RS’I). Let myy (g, ;)¢ be the maximal ideal in Z; of elements vanish-
ing at the orbit W (R 1)t = sW (Rs1)c; let Z5 and H(Rs,qs) be the corresponding
formal completions as before.

The group I'(t) acts on H(Rs,qs) and on its center Z;. We note that there exists
a canonical isomorphism

=z . =z T®

(22) Z— Z
As before we define a localization
(23) ﬂ('f\’,s, QS) = H(Rsa QS) Kz, Z

Let ¢; € A C H(R,q) be the idempotent defined by

(24) = > 1y

t’EW(qul)t

Theorem 2.6. (“First reduction Theorem” (see [Lu2, Theorem 8.6]))

Let g € Q and let t = cs be the polar decomposition of an elementt € T. Let n
be the cardinality of the orbit Wyt divided by the cardinality of the orbit W (R 1)t.
Using the notations introduced above, there exists an isomorphism of Z-algebras

(25) (ﬂ(R& QS) X F(t))an - W(Ra Q)

Via this isomorphism the idempotent e, € H(R,q) corresponds to the n x n-matriz
with 1 in the upper left corner and 0’s elsewhere. Hence the Z-algebras H(R,q) and
H(Rs, qs) ¥ T'(t) are Morita equivalent. In particular the set of simple modules U
of H(R,q) with central character Wyt corresponds bijectively to the set of simple
modules V' of H(Rs,qs) @ I'(t) with central character Wy(s)t = W (Rs1)t, where the
bijection is given by U — e;U.

Proof. The proof is a straightforward translation of Lusztig’s proof of [Lu2, Theorem
8.6]. We replace the equivalence relation that Lusztig defines on the orbit Wyt by the
equivalence relation induced by the action of W (R ) (i.e. the equivalence classes
are the orbits of W (R 1) in Wyt; in other words, the role of the subgroup J(vo) C T'
in Lusztig’s setup is now played by the vector subgroup 7;,). After this change the
rest of the proof is identical to Lusztig’s proof. O

The second reduction theorem gives a bijection between simple modules of affine
Hecke algebra’s with central character Wyt satisfying «(t) > 0 for all « € Ry and
simple modules of an associated degenerate affine Hecke algebra with a real central
character. We first need to define the appropriate notion of the associate degenerate
affine Hecke algebra.
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Let R = (X, Ry, Y, Ry, Fy) be a root datum, let ¢ € Q, and let Wyt € Wy\T be
a central character such that for all o € Ry we have a(t) € Rsg. Then the polar
decomposition of ¢ has the form ¢t = uc with u € T,, a Wy-invariant character of X
and with ¢ € T, a positive character of X. Observe that S(u) = 1 if 5 € RyN R;
and f(u) =x11if f € RoN %Rl. We define a Wy-invariant real parameter function
ky : R1 — R by the following prescription. If o € Ry we put:

log(q2v) if o € RoN Ry
(26) kuo =< log(g2vgy,v) if a =28 with 8 € Ry and B(u) =1
log(q2v) if o =206 with § € Ry and ((u) = —1

Definition 2.7. We define the degenerate affine Hecke algebra H(R1,V, Fy, k) asso-
ciated with the root system Ry C V* where V =R ®z Y and the parameter function
k as follows. We put P(V') for the polynomial algebra on the vector space V. The
Weyl group Wy acts on P(V) and we denote the action by w - f = f“. Then
H(R,,V, F1,k) is simultaneously a left P(V)-module and a right C[Wy]-module,
and as such it has the structure H(Ry,V, F1,k) = P(V) ® C[Wy]. We identify
P(V)®eC H(R1,V, F1,k) with P(V) and 1 @ C[Wy] € H(Ry1,V, F1, k) with C[W]
so that we may write fw instead of f @ w if f € P(V) and w € Wy. The algebra
structure structure of H(R1,V, F1,k) is uniquely determined by the cross relation

(with f € P(V), a € F1 and s = so € S1):

S
(27) fs—sff =kl

@

It is easy to see that the center of H(Ry,V, Fi,k) is equal to the algebra Z =
P(V)Wo < H(Ry,V, Fi,k). The vector space V, = C ® V can be identified with
the Lie algebra of the complex torus 7. Let exp : V. — T be the corresponding
exponential map. It is a Wy-equivariant covering map which restricts to a group
isomorphism V' — T, of the real vector space V to the vector group 7.

Theorem 2.8. (“Second reduction Theorem” (see [Lu2, Theorem 9.3]))

Let R = (X, Ro,Y, Ry, Fy) be a root datum with parameter function ¢ € Q =
Q(R). Let Vo C V be the subspace spanned by Ry. Given t € T such that a(t) > 0
for all a € Ry we let £ =& € V be the unique element such that a(t) = e®©) for all
a € Ry. It is easy to see that the map t — & = & is Wy-equivariant; in particular
the image of Wyt is equal to Wo&. Let t = wuc be the polar decomposition of t.
Then u € T, is Wy-invariant, and we define a Wy-invariant parameter function ky,
on Ry by (26). Let Z be the formal completion of the center Z of H(Ry,V, F1,ky)
at the orbit Wof. Let P = P(V) and put P = P ®z Z and H(R1,V, F1,k,) =
H(Ry,V, F1,k,) ®z Z. There exist natural compatible isomorphism of algebras Z —
Z, A—P and H(R,q) — H(R1,V, F1, k).

Proof. This is a straightforward translation of the proof of [Lu2, Theorem 9.3]. O

Corollary 2.9. The set of simple modules of H(R,q) with central character Wyt
(satisfying the above condition that a(t) > 0 for all « € Ry) and the set of simple
modules of H(Ry,V, F1, k) with central character Woé (as described in Theorem
2.8) are in natural bijection.

Combining the two reduction theorems we finally obtain the following result (see
[Lu2, Section 10]):
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Corollary 2.10. For all s € T, the center of H(Rs1,V, Fs1,ks) X I'(t) is equal to
y/A08 If t € T is arbitrary with polar decomposition t = sc, then the set of simple
modules of H(R,q) with central character Wyt is in natural bijection with the set
of simple modules of H(Rs1,V, Fs1,ks) x I'(t) with the real central character W§.
Here £ € V is the unique vector in the real span of R;fl such that a(t) = e®©) for
all o« € Ry 1, ks is the real parameter function on R, 1 associated to qs described by

(26), and I'(t) is the group defined by (18).
2.2. Harmonic analysis for affine Hecke algebras.

2.2.1. The Hilbert algebra structure of the Hecke algebra. Let R be a based root
datum and ¢ € Q a positive parameter function for R. We turn H = H(R,q)
into a x-algebra using the conjugate lineair anti-involution % : H — H defined by
N} = N,-1. We define a trace 7 : H — C by 7(Ny) = 0ye. This defines a
Hermitian form (z,y) := 7(x*y) with respect to which the basis N,, is orthonormal.
In particular (-,-) is positive definite. In fact it is easy to show [Opl] that this
Hermitian inner product defines the structure of a Hilbert algebra on H.  Let
L?(H) be the Hilbert space completion of H and X\ : H — B(L?*(H)) the left regular
representation of H. Let € := C}(H) be the C*-algebra completion of A\(H) inside
B(L?(H)). Tt is called the (reduced) C*-algebra of H. It is not hard to show that ¢
is unital, separable and liminal, which implies that the spectrum Cof Cisa compact
T space with countable base which contains an open dense Hausdorff subset. The
trace T extends to a finite tracial state 7 on €. In this situation (see [Opl, Theorem

2.25]) there exists a unique positive Borel measure pp; on € such that for all h € H:
(29) r= [ Xedur(m
¢

Since 7 is faithful it follows that the support of pp; is equal to ¢.
Definition 2.11. We call the measure up; the Plancherel measure of 'H.

Definition 2.12. An irreducible x-representation (V,m) of the involutive algebra H
is called a discrete series representation of H if (V,m) extends to a representation
(also denoted (V, 7)) of € which is equivalent to a subrepresentation of the left reqular
representation of € on L2(H). In this case the finite trace x, defined by xr(z) =
Try (m(z)) is called an irreducible discrete series character.

We have seen that an irreducible representation (V,7) of H is finite dimensional.
In particular its character y, is a well defined linear functional on H. We call x, an
irreducible character of H. Clearly the character of a finite dimensional representa-
tion of H only depends on the equivalence class of the underlying representation. The
irreducible characters of a set of mutually inequivalent irreducible representations
of H are linearly independent (see [Opl, Corollary 2.11]). Hence the equivalence
class of a finite dimensional semisimple representation is completely determined by
its character.

Definition 2.13. We denote by A(R,q) the set of irreducible discrete series char-
acters of H(R,q). For each irreducible character x € A(R,q) we choose and fix an
irreducible discrete series representation (V,9) of H such that x = x5 (by abuse of
language we will often identify the set of irreducible discrete series characters and
(the chosen set of representatives of ) the set of equivalence classes of irreducible
discrete series representations).
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The following criterion for an irreducible representation (V,7) of H to belong to
the discrete series follows from a general result of Dixmier (see [Opl]):

Corollary 2.14. (V,7) is a discrete series representation iff ppy({w}) > 0.

Corollary 2.15. (see [Opl, Proposition 6.10]) There is a 1-1 correspondence be-
tween the set of irreducible discrete series characters xs and the set of primitive
central Hermitian idempotents es € € of finite rank. The correspondence is such

that T(esx) = ppi({0})xs(x) for all z € H.
Corollary 2.16. (see [Opl, Proposition 6.10]) (V,7) is a discrete series represen-

tation iff {[r]} C ¢ is a connected component of €. In particular, the number of
wrreducible discrete series characters is finite.

2.2.2. The Schwartz algebra. We define a nuclear Fréchet algebra S = S(R, q) (the
Schwartz algebra) which plays a pivotal role in the spectral theory of the trace 7 on

H.

Definition 2.17. We choose once and for all a Wy-invariant inner product (-,-) on
the vector space V* := R ® X, which takes integral values on X x X.

Let V be the real vector space spanned by Ry. Its orthocomplement is the vector
space V; = R ® Z spanned by the center Z of W. Given ¢ € V* we decompose
¢ = ¢o + ¢z with respect to the orthogonal decomposition V* = Vi @ V7.

Definition 2.18. We define a norm N : W — Ry on W as follows: if w € W we
put

(29) N(w) =l(w) + [[w(0)z]
Next we define seminorms p,, : H — R4 on H by
(30) pn(h) = maxyew (1 + N (w))"| (N, h)]

Definition 2.19. The Schwartz algebra S of H is the completion of H with respect
to the system of seminorms p, with n € N.

Theorem 2.20. ([Opl], [So]) The completion S is a Fréchet algebra which is con-
tinuously and densely embedded in €.

Remark 2.21. The Fréchet algebra S is independent of the choice made in Defini-
tion 2.17. S is also independent of ¢ € Q as a Fréchet space.

Definition 2.22. A finite dimensional representation of H is called tempered if it
has a continuous extension to S.

The Fréchet algebra structure of S depends on ¢ € Q. The basic theorem 2.20 was
first proven in [Opl] using some qualitative analysis on the spectrum of €; the proof
in [So] is more direct and uses an elementary but nontrivial result due to Lusztig
on the multiplication table of H with respect to the basis IV,,. The latter proof also
reveals the following important fact with respect to the dependence of ¢ € O:

Theorem 2.23. (see [So, Proposition 5.9, Corollary 5.10]) The dense subalgebra S C
¢ is closed for holomorphic calculus (also see [DO, Corollary 5.9]). The holomorphic
calculus is continuous on S X Q in the following sense. Let U C C be an open set.
The set Vy € S x Q defined by Viy = {(z,q) | Sp(x,q) C U} is open. For any
holomorphic function f:U — C the map Viy 5 (z,q) — f(x,q) € S is continuous.
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The following result shows the fundamental role of S for the spectral theory of 7:

Theorem 2.24. ([DO, Corollary 4.4]) The support of pup; consists precisely of the
set of equivalence classes of irreducible tempered representations of H.

In particular the discrete series representations are tempered. There are various
characterizations of tempered representations and of discrete series representations.
Casselman’s criterion states that:

Theorem 2.25. (Casselman’s criterion, see [Opl, Lemma 2.22]) Let (V,6) be an
irreducible representation of H. The following are equivalent:

(1) (V,0) is a discrete series representation of H.

(2) All matriz coefficients of (V,d) belong to L*(H).

(3) The character x5 of (V,4) belongs to L*(H).

(4) All generalized A-weights t € T in'V satisfy: |z(t)] <1 for all x € XT\{0}.

(5) For every matriz coefficient m of § there exist constants C,e > 0 such that
Im(Ny)| < Ce=NW) for all w e W.

(6) The character xs of (V,d) belongs to S.

Corollary 2.26. An irreducible representation (V,0) of H is an irreducible discrete
series representation iff (V,0) is afforded by a central primitive idempotent es € S
of § (see Corollary 2.15).

Corollary 2.27. The set A(R,q) is nonempty only if R is semisimple.

Casselman’s criterion for discrete series in terms of the generalized A-weights
can be transposed to define the notion of discrete series modules over a crossed
product H(R;,V, Fy, k) x T of a degenerate affine Hecke algebra H(Ry, V), F, k) with
a real parameter function k£ and a finite group I' acting by diagram automorphisms
of (Ry,F1) (thus a simple module (U,¢) is a discrete series representation iff the
generalized P-weights in U are in the interior of the antidual cone (C V') of the
simplicial cone spanned by F1). It is clear that this definition is compatible with the
bijections afforded by the two reduction theorems (Theorem 2.6 and Theorem 2.8).
Hence we obtain from Corollary 2.10:

Corollary 2.28. Let t € T with polar decomposition t = sc. The set Ay, of
equivalence classes of irreducible discrete series representations of H(R, q) with cen-
tral character Wyt is in natural bijection with the set of equivalence classes of ir-
reducible discrete series representations of H(Rs1,V, Fs1,ks) x I'(t) with the real
central character Ws&. Here £ € V is the unique vector in the real span of R;/J such

that a(t) = e(&) for all o € Ry 1, ks is the real parameter function on Rs 1 described
by (26), and I'(t) is the group of diagram automorphisms of (Rs1,Fs1) of (18).

Corollary 2.29. If Aw,: # (0 then the polar decomposition t = sc of t has the
property that Rs1 C Ry s a root subsystem of maximal rank.

If s = u € Ty, is Wy-invariant (i.e. if a(u) = 1 for all « € Ry) then we obtain from
Corollary 2.28:

Corollary 2.30. Let u € T, be Wy-invariant, and let ¢ € T,,. There is a natu-
ral bijection between the set A(R,q)uwye of irreducible discrete series characters of
H(R,q) with central character of the form uWyc C Wo\T and the set of irreducible
discrete series characters of H(R1,V, Fi, k) with the real infinitesimal central char-
acter Wy log(c).
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It is not hard to show that the central character of an irreducible discrete series
character of H(R;,V, Fi, k) is real (see [Sl1, Lemma 1.3.4]). Hence the previous
corollary in particular says that:

Corollary 2.31. Let u € T,, be Wy-invariant. There is a natural bijection between
the set A“(R,q) of irreducible discrete series characters of H(R,q) with a central
character of the form uWoc with ¢ € T, on the one hand, and the set AH(Ry,V, Fy, k)
of irreducible discrete series characters of H(R1,V, F1, ky,) on the other hand. In this
bijection the correspondence of the central characters is as described above.

We can use Corollary 2.28 to reduce the general classification problem of the
irreducible discrete series characters of H(R, q) for any semisimple root datum R to
the case of discrete series characters of a degenerate affine Hecke algebra as well, but
we have to pay the price of having to deal with crossed products by certain groups
of diagram automorphisms. In order to deal with the crossed products one has to
resort to Clifford theory (cf. [RR]).

Corollary 2.26 gives us yet another characterization of the irreducible discrete
series representations:

Theorem 2.32. Let (V,0) be a simple module over H. Equivalent are:

(1) (V,9) is a discrete series representation of H.
(2) (V,9) extends to a projective S-module.

2.2.3. The Euler-Poincaré pairing and elliptic characters. We recall the main result
of [OS]:

Theorem 2.33. The affine Hecke algebra H = H(R,q) has global homological di-
mension equal to the rank of X. If U,V are finile dimensional tempered H-modules
then for all i we have Exty (U, V) = Exts(U, V).

Define the Euler-Poincaré pairing on the (complexified) Grothendieck group G(H)
of finite dimensional virtual characters by sesquilinear extension from the formula
oo
(31) EPy (U, V) =Y (—1)'dim(Ext},(U,V))
i=0
It can be seen that this defines a Hermitian positive semidefinite pairing on G(H)
([0S, Theorem 3.5]). The above result combined with Theorem 2.32 implies that:

Corollary 2.34. The irreducible discrete series characters of H form an orthonor-
mal set with respect to EPy and are orthogonal to all irreducible tempered characters
that are not in the discrete series.

Another crucial result of [OS] says that EPy factors through the quotient Ell(H)
of G(H) by the subspace spanned by all the properly induced finite dimensional
tempered characters. Then Ell(H) is a finite dimensional Z-module, equipped with
a positive semidefinite Hermitian pairing EP}; with respect to which elements with
a disjoint support on Wy\T are orthogonal. Let Elly,(H) be the Z-submodule
corresponding to Woyt.

There exists a scaling map ¢ : G(H) — G(W) (see [OS, Theorem 1.7]) which
descends to a map

&0 : EIl(H) — ElIl(W) = EI(C[W])
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The finite dimensional Z-module Ell(W) can be described completely explicitly in
terms of the elliptic characters of the isotropy groups W (with t € T) for the action
of Wy on T'. The pairing EPyy on EIl(W) can be described in these terms as well,
and it turns out that EPyy is positive definite on EII(WW) (for all these results, consult
[OS, Chapter 3]). It turns out that EIl(W) is nonzero only if R is semisimple, and
that the support of Ell(WW) as a Z-module is contained in the the set of orbits Wys
such that Rs; C R; is of maximal rank. From [OS] we have:

Theorem 2.35. (1) The map &o : El(H) — EW(W) is isometric with respect
to EPy and EPyy.
(2) For allt € T we have 6o(Ellw,:(H)) C Elly,s(W), where t = sc with s € T,,
and c € Ty, is the polar decomposition of t.

Combined with Corollary 2.34 we obtain the following upper bounds for the num-
ber of discrete series characters.

Corollary 2.36. If s € T,, then W, denoted the isotropy group of s in Wy. We
call w € Wy elliptic if s is an isolated fized point of w. Let ell(Wy) be the number
of conjugacy classes of Wy consisting of elliptic elements of Ws. For s € T, we
denote by A*(R,q) C A(R,q) the subset consisting of the irreducible discrete series
characters of H(R, q) whose central characters are Wy-orbits which are contained in
the set WosT,. Then |A%(R,q)| < ell(Wj).

2.3. The central support of tempered characters. In this section deformations
in the parameters ¢ of the Hecke algebra play a fundamental role. Let us fix some
notations and basic structures. Recall that we attach to a based root datum R =
(X, Ro,Y, Ry, Fp) in a canonical way a parameter space @ = Q(R). This parameter
space is itself a vector group, defined as the space of length multiplicative functions
q : W — R, with the additional requirement that ¢|q = 1.

The following proposition is useful in order to reduce statements about residual
points to the case of simple root data.

Proposition 2.37. Let R = (X, Ro,Y, Ry, Fy) be a semisimple based root datum.

(i) Let Ry = R(()l) X+ X Rém) be the decomposition of Ry in irreducible compo-
nents. We denote by X be the projection of the lattice X onto RR(Z), and
we define RO = (X® RV v® (R FDY and R = RM x .. x R(M).
Then the natural inclusion X — X' defines an isogeny YR — R’ and if
QW denotes be the parameter space of the root datum R® then 1 yields a
natural identification Q(R) = Q(R') = oW x ... x gm),

(i1) We replace X by the lattice X™** = P(Ry), the weight lattice of Ry and
denote the resulting root datum by R™*. Then R™ is a direct product of

irreducible root data and there exists an isogeny ¢ : R — R™* which yields
a natural identification Q(R) = Q(R™*™).

Proof. A length multiplicative function ¢ : W — R, is determined by its restriction
to the set of simple affine roots and this restriction is a function which is constant
on the intersection of the W-orbits of affine roots intersected with the simple affine
roots. Conversely every such function on the simple affine roots can be extended
uniquely to a length multiplicative function on W. The group Q ~ X/Q(Ry) C W
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of elements of length 0 acts on the set of simple affine roots by diagram automor-
phisms which preserve the components of the affine Dynkin diagram of the affine
root system R* = Ry X Z. The action of  on the i-th component factors through the
action of Q) := X(i)/Q(R(()z)). This proves (i). We also see by this that length mul-
tiplicative function ¢ € Q(R) extends uniquely to a length multiplicative function
for W(R™*), since oV ¢ 2Y for all a € R{, with R’ an indecomposable summand

which is not isomorphic to an irreducible root datum of type C’T(ll). This proves
(ii). O
Given a root datum R and positive parameter function ¢ € Q(R) we define the

Macdonald c-function of the pair (R, ). This is the rational function ¢ on the torus
T = Hom(X,C*) defined by

(32) c= H Ca,

a€Ry 4

where ¢, is defined for @ € Ry by

(1+ gaua(®)"/*) (1 — gl gpaval(t)"1/?)
1—at)!
Observe that the function ¢, is rational in ¢ despite the appearance of the square
root a(t)'/2. Indeed, if /2 ¢ X then we have goov = 1, and the numerator simplifies
to (1 — g 7a(t)™h).
The pole order at t = r € T of the rational function

(34) n(t) = (c(t)e(t™) ™

is defined as follows. By definition 7(t) is a product of rational functions of the form
Na = (ca(t)ca(t™1))~! where o runs over the set Ry . Let 8 € Ry be the unique
root such that « is a positive multiple of 3. Then 7, is the pull back via § of a
rational function p, on C*; we define the pole order of 7, at r to be equal to minus
the order of p, at B(r) € C*. The pole order i, of n at r € T is defined as the
sum of these pole orders.

(33) calt,q) ==

Theorem 2.38. [Op3, Theorem 6.1] For any point r € T, the pole order () of n(t)
at t =r is at most equal to the rank rk(Ry) of Rp.

Definition 2.39. We call r € T' a residual point of the pair (R, q) if ify = rk(X).
The set of (R, q)-residual points is denoted by Res(R, q).

In particular the set Res(R, q) is nonempty only if R is a semisimple root datum.

The next result is trivial but it explains in conjunction with Proposition 2.37
how residual points for R can be expressed in terms of residual points of the simple
factors of R™**:

Lemma 2.40. Let R = (X, Ry, Y, Ry) be a semisimple root datum.

(i) Suppose that R — R’ is an isogeny which yields an identification Q = Q'
(e.g. R' = R™*® as in Proposition 2.37). For all ¢ € Q we have: 1’ €
Res(R',q) iff r =7'|x € Res(R,q).

(ii) Suppose that R = RO x .- x R s a direct product of simple factors
(e.g. if R = R™* qs in Proposition 2.37). Let T =T x ... x T be the
corresponding factorization of T and let Q(R) = QW x ... x Q™) be the
corresponding factorization of Q.
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For all g = (¢W,... ¢'™)) € Q we have a natural bijection

(35) Res(R, q) — Res(RW, ¢M) x -+ x Res(R™, ¢(™))
such that v — (rM, .. rM)) 4 r = v 2™ with v e TG for all
1=1,...,m.

The following result is straightforward as well:

Lemma 2.41. Let R be a semisimple root datum with root parameter function
q € Q. Letr € T with polar decomposition of the form r = sc. Let Ry =
(X, Rsp,Y, RXO) be the root datum with the root parameters qs as in Definition 2.5.
Then r is a (R, q)-residual point iff v is a (Rs, qs)-residual point. In particular R
18 semisimple in this case.

Let L C T be a coset of a subtorus 7% C T. We decompose the product (34) as
follows

(36) n=mnn"

where 77, is the product of the factors ¢, where o € Rr ;1 C Rj, the subset of
R, consisting of the roots that are constant on L, and n* is the product over the
remaining roots. We define the order iy, of n at L as the order of n;, at L, viewed as
a point of the quotient torus 7/T*. Hence by Theorem 2.38 we have i, < rank(Rp)
for all cosets L, and we define

Definition 2.42. We call a coset L C T a residual coset if iy, = codim(L) (in
particular, L = T is residual). If we denote L = rTL where r € Ty, the subtorus
such that Lie(Ty) is the orthogonal complement of Lie(T*), then L is residual iff r
is a residual point for the restriction of ny to Tr,. We call r a center of L and we
define the tempered part of L to be L'**™P := rTF (this is well defined).

Recall the following useful results for residual cosets.

Proposition 2.43. [Op3, Lemma 4.1] Let L be a residual coset, L # T. Then there
exists a residual coset M D L such that dim(M) = dim L + 1.

From this result one proves easily by induction to the rank of Ry (alternatively,
it follows from Corollary 2.16 in view of Theorem 2.47):

Theorem 2.44. [Op3, compare Theorem 1.1] The set of residual points is finite.
We will also need the following results:
Theorem 2.45. [Op3, Theorem 7.4] Definet* :=t . Then Wy(L'*™P)* = W,L*™P,

Theorem 2.46. [Op3, Theorem 6.1] If L # M are residual cosets of T then L*™P ¢
M"™P - Equivalently, the restriction of n* to L'*™P is smooth.

1

The relevance of the notion of residual cosets stems from:

Theorem 2.47. [Opl, Theorem 3.29], [Op3, Theorem 6.1] An orbit Wor € Wo\T is
the central character of a discrete series character of H(R, q) iff r is a residual point,
and Wyr is the central character of a tempered character of H(R,q) iff r € S(q),
where

(37) S@= |J Lo

L tempered
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Remark 2.48. As we have seen above, Res(R,q) # 0 only if R is semisimple. By
Lemma 2.40 their classification reduces to the case of simple root data. The residual
points for simple root data have been classified ([HO1, Section 4] and [Opl, Appendix
Al), and various of the above properties of residual points and cosets were first proven
by classification. In [Op3] most of these properties were proved conceptually (with
exception of [Opl, Theorem A.14(iii), Theorem A.18]). In this paper we will only
use properties of residual points for which we know a classification-free proof unless
stated otherwise.

2.4. Generic residual points. We will study the deformation of discrete series
characters with respect to the parameter ¢ € Q. We begin by studying the depen-
dence of the central characters on Q. We denote the set of all positive real parameter
functions for R by @ = Q(R). Recall the following terminology:

Remark 2.49. We choose a base q > 1 and define fs € R such that q(s) = q'* for
all s € S, We equip Q in the obvious way with the structure of the vector group Rf
where N denotes the number of W -conjugacy classes in S™. Given a base q > 1 we
identify Q with the finite dimensional real vector space of real functions s — fs on
Sa which are constant on W -conjugacy classes. In this sense we speak of (linear)
hyperplanes in Q (this notion is independent of q). By a half line in Q we mean a
family of parameter functions q € Q in which the fs € R are kept fized and are not
all equal to 0 and q is varying in Rsq.

As was remarked in [Op2], it follows easily from [Opl, Theorem A.7] that the
residual points arise in generic Q-families. Let us state and prove this result precisely.

Definition 2.50. A real analytic function r : @ — T is called a generic residual
point of R if there exists an open, dense subset U C Q such that the element
r(q) € Res(R, q) for all g € U. The set of generic residual points of R is denoted by
Res(R).

Definition 2.51. Let r € Res(R). We call ¢ € Q an r-reqular (or Wyr-regular)
parameter if r(q) € Res(R,q). We denote by ngr C Q the subset of Wyr-regular
parameters.

It is clear that Q;f,gr C @ is the complement of a closed real analytic subset
(for a more precise statement, see Theorem 2.60). This implies the following basic
finiteness result:

Proposition 2.52. The set Res(R) of generic residual points is finite and Wy-
tnvariant. This set is nonempty iff R is semisimple.

Proof. Suppose that there exist infinitely many distinct generic residual Q-families
q — r(q). Choose countably infinitely many distinct residual families r1,79,....
By Baire’s theorem we can choose ¢ € Q such that the r;(q) are all residual and
mutually distinct. But by Theorem 2.44 there are at most finitely many residual
points for g, a contradiction. Hence the set Res is finite. The Wy-invariance is clear.
By Theorem 2.38 it follows that this set is empty if the rank of Ry is not equal to
the rank of X.

For the converse, assume that R is semisimple and consider the onedimensional
representation Ny, — g(w) of H(R,q). By Theorem 2.25 this is a discrete series
representation whenever |g(s)| < 1 for all s € S, so by Theorem 2.47 its X-character
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r(q) € T lies in Res(R,q) for all such ¢. Since the corresponding subset of Q is
Zariski-dense and r : Q — T is algebraic, it is generic residual point. O

2.4.1. Results on the reduction to simple root systems. The following result is useful
to reduce statements about generic residual points to the case of simple root data.

Lemma 2.53. (i) Let R, R’ be as in Lemma 2.40(i). The restriction map r' —
r =1"|gxx is a surjection Res(R') — Res(R) with fibers of order | X' : X]|.
(ii) Let R be as in Lemma 2.40(ii). Then we have a natural bijection
(38) Res(R) = Res(RW) x -+ - x Res(R™)
such that r — (r .. (M) i r(qM, ... ™) = W (M), rm)(g(m)
with r(i)(q(i)) eT® foralli=1,...,m and all ¢ = (q(l), .. ,q(m)) € Q.
(iii) Let R be arbitrary semisimple and let Q = oW x ... x QM) pe the decom-
position of Q@ = Q(R) as in Proposition 2.37(i). Suppose that Q' C Q is a
connected closed subgroup of Q such that for each i =1,...,m the projection
70 Q@ — QW s surjective. Letr' : Q' — T be real analytic with the property
that '(q") € Res(R,q’) for almost all ¢ € Q'. Then there exists a unique
r € Res(R) such that v’ = r|gr.

Proof. The first two assertions are clear so let us look at (iii). Let

Q' — Hom(X™® C*) =TW x ... x 7
be a lifting of '. Choose homomorphisms ¢; : Q¥ — Q' such that m; o ¢; = idg
for all . Lemma 2.40 implies that the map 7; : QW — TG defined by 7 (¢(?)) :=
(' (¢i(¢")))@ is a generic residual point for R®). Let # € Res(R) correspond to
(7, ...,7#™)) (using the notation of (ii)). Then (i) implies that r = 7|gx x meets
the requirement. If r also meets the requirement let 1 be the unique lifting of rq

to Res(R™%) such that 7|or = r/. Then it is clear that for all i we must have
7@ =70, The uniqueness follows. O

Recall the result of Lemma 2.41. We see that if » = sc is a residual point then
s € T, belongs to the finite set of points with the property that R, is semisimple.
In particular, if r : @ — T is a generic residual point then the unitary part s of r is
independent of ¢ € @ and R is semisimple.

Corollary 2.54. Suppose that R is semisimple and s € Ty, is such that R is
semisimple. Let ¢s: Q(R) — Q(Rs) denote the homomorphism q — gs.

(i) Let Res®(R) denote the set of generic residual points v with unitary part s.
There exists a natural bijection

®; : Res®(R) — Res®(Rs)
r— 10 Qg
(ii) Using the notation of Definition 2.5, we have a natural bijection
P Wo\Res""* (R) — T\ (W (Rs1)\Res®(Ry))
Wor — TsW(Rs1)(r 0 ¢s)

Here Wo\Res"0%(R) denotes the set of Wo-orbits of generic residual points
whose unitary part is Wys.
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Proof. The image Q' = ¢(Q) C Qs satisfies the condition as in Lemma 2.53(iii).
The result (i) then follows from Lemma 2.41 and Lemma 2.53(iii). The assertion
(ii) follows from (i) and Definition 2.5. O

The previous Corollary reduces the classification of the set Res(R) to the clas-
sification of those elements r € Res(R) which are of the form r = sc where s is
Wo-invariant. In this case we further reduce to the level of the degenerate Hecke
algebra:

Definition 2.55. Let Ry C V* be a semisimple, reduced root system and let K be
the space of Wo-invariant real valued functions on Ri. We denote by Reslm(Rl)
the set of linear maps § : K — V' such that for almost all k the point (k) € V is
(R1, k)-residual in the sense of [HO1], i.e.

(39) Ha € Ri [ a(§(k)) = ka}| = {a € Ry [ a(§(k)) = 0} + dim(V)

We refer to this set as the set of generic linear residual points associated to the root
system Rj.

Proposition 2.56. Let R be semisimple and let s € T,, be Wy-invariant. Let IC be
the vector space of real Wy-invariant functions on Ri, and given q € Q let ks € K
be the Wy-invariant function on Ry associated to q by the formulas of equation (26).
Let r = sc be a generic R-residual point.

(i) There exists a unique generic linear residual point & € Res"™(Ry) such that
ale(q)) = e*€E)) for all o« € Ry and all ¢ € Q (where ks is related to q as
above). We express this relation between r and & by r = sexp(§).

(ii) This yields a Wo-equivariant bijection between Res"05(R) and Res'™(Ry).

(iii) For all ¢ € Q we have: r(q) is (R, q)-residual iff £(ks) is (R, ks)-residual
(in the sense of [HO1]).

(iv) The generic linear residual points § are rational in the sense that the o (§(k))
is a rational linear combination of the values kg for all o € Ry.

Proof. The existence of £ is a special case of [Opl, Theorem A.7], and the uniqueness
is clear since R; spans V*. Similarly (ii) follows from [Opl, Theorem A.7]. The
rationality of € follows from the fact that the set of roots contributing to the pole
order of ¢ at r span a sublattice of X of finite index as a consequence of Theorem
2.38. [l

The following reduction to simple root systems follows easily from the definitions:

Proposition 2.57. Let Ry = Ri1,...,Rn1 be the decomposition in simple root
systems. Then K = Ky x -+ x K and Res'™(Ry) = Res!™(Ry 1) x - - - xRes"™(Ry.1).

2.4.2. Rationality results for generic residual points. Nothing that follows in this
paper depends on the results in this paragraph in any essential way, but these
results simplify notations and reveal certain basic facts. The proofs in this paragraph
depend on the classification of positive generic residual points for irreducible root
systems.

Theorem 2.58. Let R be a semisimple root datum, and let r : Q — T be a generic
residual point of the form r = sc. For all x € X the expression z(c) € A is a
monomial in the generators v(s)*! with s € S. Here v(s) is viewed as a function on
Q by (v(s))(q) := q(v(s)). In other words, r is (the restriction to Q of ) a Q.-valued
point of T
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Proof. Using Lemma 2.53 if suffices to show this for R = (X, Ry, Y, Ry, Fy) with Ry
irreducible and X the weight lattice of R;. By Corollary 2.54 it suffices to consider
the case where s € T' is Wy-invariant. Then we are in the situation of Proposition
2.56. In terms of the rational linear function ¢ : K — V of Proposition 2.56 the
assertion amounts to showing that 2¢ is integral, i.e. z(2§) is an integral linear
combination of the functions kg (with 8 € R;y) for all integral weights x. We call £
a generic residual point for Ry (in the sense of [HO1]).

If Ry = A, it is easy to see that 2¢ is integral (even even for even n).

If Ry = B,, it suffices to remark that the integrality of & with respect to the root
lattice follows from the description of the residual points as in [HO1, Section 4] (also
see Section 6).

The generic residual points for R; of type C, are in bijection to those of type
B, as follows. Let ki denote the parameter of the C), roots of the form *e; £ ¢;
and ko the parameter of the C,, roots +2¢;. If & is a generic B,-residual point
then (K1, ko) = &' (K1, ke/2) is a generic C), residual point. This sets up a bijective
correspondence between the generic residual points of B, and of C,. Hence if £ is
residual for C, then 2¢ is integral with respect to the root lattice of B,, which is
equal to the the weight lattice of C),.

If Ry is of type D,, or E,, we use that £ is integral with respect to the root lattice
[Opl, Corollary B2]. In order to check the integrality of 2 with respect to the
weight lattice one needs to check in addition the integrality of x(2¢) with respect to
the minuscule fundamental weights. This is an easy verification using the explicit
descriptions of the Bala-Carter diagrams of the distinguished parabolic subgroups in
[Ca, Section 5.9] (see [Opl, Appendix B] for the explanation of the relation between
residual points and Bala-Carter diagrams for the simply laced types) and the table 1
of [Hu, Chapter III, Section 13.2] expressing the fundamental weights in the simple
roots. For Ry = D,, there are 3 minuscule fundamental weights to check, and for
Ry = Eg there are 2 of these. For E; and FEjg the integrality of & with respect to the
root lattice suffices since the index of the root lattice in the weight lattice is at most
2.

For F, and G» the root lattice is equal to the weight lattice. In these cases the
result follows simply from the tables in [HO1, Section 4]. O

We introduce the following notation

Definition 2.59. Let r = sc € Res(R). Recall that for all « € Ry we have o(r) =
a(s)a(e) with a(s) a root of 1 and a(c) a monomial in the variables U;Lvl (with
BY € Ry:) as described above. Define

Rl ={a € RyNRy | viva(r) —1 =0} U{26 € Ri\Ro | vgv 205 B(r) —1 =0}

RP = {28 € R1\Rq | vgvo3(r) + 1 =0}
1={a€ R |a(r)—1=0}

and we define an element my,, € K(A) in the quotient field K(A) of A by
Mocne, (@)™ = 1)

(40) mwyr ‘= — —
0 Mocrimry (v da(r)"12 +1) Macr\rrs (votvy Zoa(r) 172 — 1)
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As before, if € RyN Ry then voov = 1 and the corresponding terms in the denomi-
nator simplify to (v;&a(r)_l —1). Therefore the expression is rational in the values
a(r) with o € Ry. Observe that the above definition of mw,, is indeed independent

of the choice of r in the Wy-orbit Wyr, justifying the notation myy,,.

Theorem 2.60. Let r be a generic residual point. We view the generators v(s) of

A as functions on Q wia v(s)(q) := q(v(s)) as before. The function myy,, is real
analytic on Q. The set of r-regular points Qu? := {q € Q| r(q) € Res(R,q)} of Q

s the complement of the zero locus Q%ﬁg of mwyr in Q. In particular this set is the

complement of a union of finitely many (rational) hyperplanes in Q.

Proof. Since r(q) is generically residual it is clear that ]Rf”fr URY| — |R:,| =
rank(X). By Theorem 2.38 it is therefore clear that for all ¢ € Q the number of
factors that are zero at ¢ in the numerator of myy,, has to be at least equal to the
number of factors that are zero at ¢ in the denominator. This implies that myy,, is
real analytic on Q, and that the zero locus of myy,, in Q is precisely the set of ¢
such that r(q) is not residual. O

Definition 2.61. Let ¢ € Q. We define Resy(R) = {r € Res(R) | r(q) €
Res(R,q)}. Thus Resy(R) is the set of generic residual points whose specialization
at q is residual.

Let r = sc € Res(R). By Lemma 2.41 the evaluations z(s) with x € X are roots
of unity. Let K D Q be the Galois extension of Q generated by the values z(s) with
r € X. Theorem 2.58 implies that for all 2 € X we have z(7) € K[v(s)*' : s € 5],
the ring of Laurent polynomials in the variables v(s)*! (with s € S) with coefficients
in K. Let 0 € Gal(K/Q). By the above there is a canonical action r — o(r) of
Gal(K/Q) on Res(R) characterized by x(o(r)) = o(x(7)) for all z € X, where o
on the right hand side is acting on the coefficients of x(7) € A (these are indeed
elements of A with algebraic coefficients, by Lemma 2.41 and Theorem 2.58).

Proposition 2.62. Let R be a semistmple root datum.

(i) Let r € Res(R) and 0 € Gal(K/Q). Then o(r)|qr,) € Worlg(r,) where
Q(Rp) C X denotes the root lattice of Ry.
(ii) For all r € Res(R) we have myy,, € K(Az), the quotient field of the subring
Az = Z[v([s])*" : [s] € S] C A of A.
(iii) In the situation of Lemma 2.53(i) we have my,, = my,, and in the situa-
tion of Lemma 2.53(1i) we have myy,,(q) = My ) (¢W).. .mWék)r(k>(q(k)).

Proof. The first assertion follows from the proof of [Opl, Proposition 3.27]. Then
(ii) follows from (i) by the fact that myy,, only depends on the restriction of r to
Q(Ro) and the fact that the assignment r — myy,, is Wpy-invariant. The assertions
of (iii) are trivial. O

2.4.3. Deformation of residual points in the parameter q. The following result is
very important: it says that all residual points are obtained from specialization of
the generic residual points.

Proposition 2.63. Let R be a semisimple based root datum. The evaluation map
evg : Resq(R) — Res(R, q) given by evy(r) = r(q) is surjective for all ¢ € Q.
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Proof. We prove this fact by induction to the rank of Ry. If the rank of Ry is one
the assertion can be verified by an easy inspection. Assume that the result holds for
all maximal proper parabolic subsystems of Ry. Let ro € T be a residual point for
the parameter value qp € Q. By Proposition 2.43 we know that that there exists a
residual line Lo = rp oT L where rro € T, is a residual point for a proper maximal
parabolic subsystem R; C Ry with the property that rg € Lg. By the induction
hypothesis, Ly = L(q) for a generic family of residual lines L(q) = r1(¢)T" (in
other words, the Rp-residual point rr, o is the specialization 7,0 = 71.(go) at go of a
generic Ry, residual point r1,). By Theorem 2.38 and Definition 2.42 it follows easily
that for each fixed ¢ € Q such that r7(g) is residual the rational function n” (see
(36)) on L(q) has poles of order at most one on L(q), and = € L(q) is (R, q)-residual
if and only if = is a pole of n*(-,¢). In particular ry is a simple pole of n”(-, qo).
Considering the form of the factors in the denominator of n this implies easily that
o is the specialization at ¢ = g of least one Q-family of the form ¢ — r(q) € L(q)
such that 7(q) is residual for all ¢ in an open neighborhood of go. Hence r € Resy(R)
and evy, (1) = r(go) = 1o as desired. O

Definition 2.64. Let R be a semisimple root datum and let r € Res(R). We call
qe€ Q;’f/ir an r-generic (or Wyr-generic) parameter if for all v’ € Res(R) the equality
Wor'(q) = Wor(q) implies that v’ € Wyr. The set of r-generic parameters is denoted

by Q%;ST. We define the set Q%" of generic parameters by Q8" = N,.cRres(R) Q%Ie,gr.

Proposition 2.65. Let R be a semisimple root datum. For all r € Res(R) the set
ng/‘e,gT is the complement of a finite collection of rational hyperplanes in Q.

Proof. This follows easily from Corollary 2.54 and Proposition 2.56. U

The proof of the following important Proposition depends on the classification of
residual points.

Proposition 2.66. Recall that the central support of the set of tempered irreducible
characters of H(R,q) is given by the union S(q) = UpL"*™ (union over the set
(R, q)-residual cosets L C T) (see Theorem 2.47). Let Si(q) = UpL*™ C S(q)
denote the subset of S(q) where the union is taken only over the residual cosets of
dimension at least i. The sets Usco(q, Si(q)) C Q x T are closed for all i.

Proof. In view of Definition 2.42 it is clear that it suffices to show that if » € Res(R)
and go € Qs then there exists a residual coset L such that r(qo) € L'**™P. By [Opl,
Theorem A.7] this reduces to the statement that if ¢ is a positive generic residual
point, then c¢(gp) coincides with the center of a positive residual coset. Since the
collection of centers of positive residual cosets does not depend on the choice of the
lattice X we may replace X by X™%* (as in Proposition 2.37). Since R™% is a direct
sum of irreducible summands this shows that it suffices to prove the statement for
a root datum R with Ry irreducible. .

In the case where Ry is simply laced this follows from the remark that stg:)gr =
{qo = 1} for all » € Res(R). By Lemma 2.41 we have r(1) = e, which is the center
of T*mP = T If Ry is of type B, or Cy, then this is [SI2, Proposition 4.15]. For
type G2 and F} it can be read off from the tables [HO1, Table 4.10, Table 4.15]. O



26 ERIC OPDAM AND MAARTEN SOLLEVELD

3. CONTINUOUS FAMILIES OF DISCRETE SERIES

In this section we show that every discrete series character of H = H(R,q) is
the specialization of a unique maximal “continuous parameter family” of discrete
series characters. Using this fact and our results on F Py the discrete series can be
parametrized explicitly for all irreducible root data R which are not simply laced.
An important ingredient is the fact that the central characters of the irreducible
discrete series characters are precisely the Wy-orbits of residual points.

Another main result in this section states that the formal degree of a continuous
family of irreducible discrete series characters is a rational function on Q with ra-
tional coefficients. This function has a product expansion in terms of the central
character of the family, and an alternating sum expansion in terms of the branch-
ing multiplicities of the discrete series representation to finite dimensional Hecke
subalgebras.

3.1. Parameter deformation of the discrete series. In this subsection we show
that each irreducible discrete series character is a specialization in the parameter ¢
of a unique continuous Q-family of irreducible discrete series characters.

It is useful to remark that such deformations are well understood for scaling
deformations of the parameters along half lines. What we are about to discuss in
this subsection is what happens for general deformations. Therefore this yields no
extra information whatsoever for the simply laced cases. On the other hand, for the
non-simply laced root systems the method turns out to be sufficient in most cases to
distinguish the irreducible discrete series characters with the same central character
form each other, and parametrize them by continuous Q-families of discrete series
characters.

Definition 3.1. Let R be a semisimple root datum, qo € Q, and let 1o € T be a
(R, qo)-residual point. We denote by P(rg) = {Wor € Wy\Res(R) | Wor(q) =
Woro} the finite set of Wy-orbits of generic residual points which coalesce at Worg
for the parameter value q = qq.

Fort € T let Awy,(R,q) C A(R,qo) be the collection of irreducible discrete
series characters with central character Wyt.

Lemma 3.2. Let rqg = socp be a (R, qo)-residual point, and let 0 < € < 1/3. There
exists an open neighborhood U C Q of qo and a Hermitian element z € C[T]"° such
that

(i) z is positive on S(q) for all g € Q.
(i) 2z(t) <€ for allq e U and t € S(q)\{Wor(q) | r € P(ro)}.
(iii) There exists an M > 1 such that 1 —e < z(Wyr(q)) < M for all ¢ € U and
r € P(rg).

Proof. According to [Opl, Lemma 3.5] for any § > 0 there exist elements a € C[T]"°
such that a(Wyrg) = 1 and such that the uniform norm of @ on a (R, gp)-residual
coset S¢(qo) is smaller than ¢ for all centers ¢ such that Wyc # Wycg. By Theorem
2.46 we know that rg is disjoint from the union of the tempered residual cosets of
dimension at least 1 (in particular, ¢y # e). Hence we can multiply a by further
factors in order to make sure that a is equal to zero on all tempered residual cosets
contained in S¢,(qo) other than ro. By taking § small enough we can arrange that
the uniform norm of a on all components of S(qy) other than the points of Wyry is
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smaller than e. Define z € C[T]"0 by z(t) := a(t)a( '). Using Theorem 2.45 we
see that z(rp) = 1 and that z is nonnegative on S(q) (for all ¢ € Q). This proves (i).

Define two open subsets Vi :={t € T | |2(t)] > 1 —e} and V_ :={t € T'| |2(t)| <
e} of T. By Proposition 2.66 we see that for all ¢ € Q the support S(g) is the
following union of compact subsets

(41) So=U U WorleT’
P reRes(Rp)

Put Wor(q)TY = S(P,r,q). By the above it is clear that S(P,r,q0) C V. iff Rp = Rg
and Wyr € P(rg). On the other hand, S(P,r,qp) C V_ iff Rp = Ry and Wyr ¢
P(Ry) or if Rp # Ry. By the compactness of the sets T’ and the continuity of
the generic residual cosets r € Res(Rp) (viewed as functions on Q) it is clear that
there exists an open neighborhood U of gg such that for all ¢ € U, and for all pairs
(P,r) we(in which case there exist precisely two irreducible discrete series characters
which have the same generic central character (unless one of the parameters is 0))
have: S(P,r,q) C V_ ifft S(P,r,qo0) and S(P,r,q) € V4 iff S(P,7,q0) € V4. Hence
for all ¢ € U we have

(42) S(q) = (S(g) N Vi) U (S(g) NV-)
and S(q) N Vi = P(r9)(q). From this we easily deduce (ii) and (iii). O

Let L?(W) denote the abstract Hilbert space with Hilbert basis (Ny)wew indexed
by the elements of W. We identify L?(W) with the Hilbert completion L?(H(R,q))
(for any fixed ¢ € Q) by identifying N, € L?(W) with the basis element N,, €
H(R,q). In this way L?(W) comes equipped with the structure of a module over
the C*-algebra completion of the pre-C*-algebra H(R,q). By abuse of notation we
will denote the basis elements N, of the module L?(W) simply by N,,. Similarly we
use the notation S(W) for the abstract Fréchet space of functions on W which are
of rapid decay with respect to the norm function N” on W. For each fixed ¢ € Q we
identify S(W) with the Fréchet algebra completion S(R, q) of H(R,q).

Given ¢ € Q and z € C[T"0 let 2, € H(R,q) denote the element z viewed as an
element of H(R, q) via the isomorphism defined by the Bernstein basis of the center
Z(q) of H(R,q) with C[T]"°. The above Lemma implies that z, € H(R,q) is a
positive central element such that if ¢ € U its spectrum on L?(H(R,q)) is contained
in [0,€) U (1 —¢, M].

Theorem 3.3. Let U, M > 0 and € > 0 be as in the previous Lemma. Let e; :=
P>1-e(29) € S(R, q) denote the element of S(R,q) obtained by holomorphic calculus
applied to zq € H(R, q) with respect to a function psi_. on the spectrum that is equal
to 0 in an open neighborhood of [0, €] and is equal to 1 on an open neighborhood of
[1—€, M].

(i) For allq e U, eq € S(R,q) is a self-adjoint, central idempotent.

(ii) For all ¢ € U we have an orthogonal decomposition

(43) €= 2. e
WoreP(ro) 5(Q)EAW0r(q) (R.q)

where es(q) 4 15 the primitive central idempotent of S(R,q) corresponding to
the irreducible discrete series character 6(q) € Ay, (q)(R,q) (the set of irre-
ducible discrete series characters of H(R, qo) with central character Worg).
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(i) For all ¢ € U the two-sided ideal I, := e,S(R,q) C S(R,q) is a finite
dimensional, semisimple, involutive subalgebra of S(R,q).

(iv) The family ¢ — eq € S(R,q) ~ S(W) is continuous with respect to the
parameter q € U.

(v) The dimension dimc(Z,) is independent of g € U.

(vi) The isomorphism class of I, viewed as a (finite dimensional) C*-algebra is
independent of g € U.

Proof. By the previous Lemma it is clear that p~1_. is holomorphic on the spectrum
of z4, hence we may apply holomorphic functional calculus. Hence (i) follows from
the fact that S is closed for holomorphic functional calculus, see Theorem 2.23,
and the basic properties of the holomorphic functional calculus. The assertion (ii)
follows from the previous Lemma and the definition of the idempotent e,. The finite
dimensionality of Z, follows simply from (ii). Clearly Z, is an involutive algebra
because e, is central and self-adjoint. Thus the trace 7 and the anti-involution x*
give rise to a positive definite Hermitian inner product on 7, with the property
(ab,c) = (b,a*c). Hence 7, is a semisimple subalgebra, proving (iii). It is easy to
see that U 3 ¢ — 2z, € S(W) is a continuous family (by expressing z in the N, basis
of H(R,q)). Hence (iv) follows from the continuity of the holomorphic functional
calculus, see Theorem 2.23. For (v) we first remark that it is clear that for all
q € U the projection A(e;) € B(L*(H(R,q))) (where X denotes the left regular
representation) is of finite rank (since only finitely many central characters support
the image of e, by construction). On the other hand it is clear from Theorem
2.23 and [So, Proposition 5.6] that this family of projections is norm continuous
in B(L2(H(R,q))), implying in particular that the rank is constant in the family.
Finally observe that Z, = A(eq)(L?(H(R,q))). In order to prove (vi) we use the
notion of approximate matrix units in a C*-algebra [BKR, Definition 2.2]. Let

m

m; k(qo) be a basis of matrix units of Z,,. Given an element ¢ € U we define

m§ ll(q) =eq- 5 ,)g(qo) where in the right hand side we view 'm( g i (

of S(R,q) via the canonical isomorphism S(W) ~ S(R,q). Let ¢ > 0. By (iv),
(v) and [So, Proposition 5.6] we obtain that there exists an open neighborhood
qo € Us C U of gy such that for all ¢ € U. the elements rh%(q) form a basis of
¢’-approximate matrix units of Z,. This means that for all i, j, k,[,m,n and for all

q € Us we have

qo) as an element

(44) i (@), (q) = 100k mm ) (@)l < ¢
and
(45) ) — () || < ¢

(where the norm refers to the C*-algebra norm). Now [BKR, Lemma 2.3] implies

that for ¢ > 0 sufficiently small there exists a basis of matrix units my,){(q) of 7,
with the property that for all ¢, j, k:

(46) Iia(a) = m @l < ¢
In particular it follows that Z, for ¢ € U is isomorphic to Z,, as a finite dimensional

C*-algebra. Using a suitable open covering of U this result extends easily to ¢ € U,
proving (vi). O
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Theorem 3.4. Keep the notations as in Theorem 3.3. Let ro € Res(R, qo).

(i) There exists an open neighborhood U of qo such that for each do € Awyr, (R, qo0)
there exists a unique family of primitive central idempotents U > q —
es(q),q € S(R,q) = S(W) with the following properties:

(a) d(qo) = do-
(b) The function U 3 q¢ — X(es(q),q>7) € B(L*(W)) is continuous.
(c) Forallq € U, the value e5(q) 4 € Ly of this function is a primitive central
idempotent.
(d) The degree of the irreducible character §(q) of Z, afforded by es(y) 4 s
independent of q.
(e) For all q € U the set {e5(g)q}5(q0)enwy,, (Roao) @ the complete set of
mutually inequivalent primitive central idempotents of 1.

(ii) The continuous families of primitive central idempotents U > q — €5(q).q
(with 6(q0) € Awyro(R,q0)) define, for all ¢ € U, a canonical bijection
0(qo0) — 0(q) between the set Aw,r,(R,qo) and the union

(47) U AWor(q) (R, Q)
WoTGP(To)

Proof. Using the notations of the previous Theorem, we define for all ¢ € Uy, and
for all 4:

(48) e (q) ==Y _mi(q)
J

This is a primitive central idempotent in Z, which is independent of the choices of
the matrix units my,)g(q) Indeed, another choice of the matrix units would lead to
a central primitive idempotent norm close to e(i)(q). This implies unitary equiva-
lence in the C*-algebra Z, of these idempotents, but since these idempotents are also
central, unitary equivalence means actual equality. It follows from this argument
that the family of central primitive idempotents Uy > ¢ — e(i)(q) is continuous at
qo in the following sense: The family of bounded operators Uy 3 ¢ — A(e®(q), q)
on L?(H(R,q) = L?*(W) is continuous at gg. Using the independence of the central
primitive idempotents for the choice of the matrix units we may repeat this argu-
ments for any ¢ € Uy to prove that the families Uy 3 ¢ — e()(q) are continuous on
Ug. If we put U := Uy it is now straightforward to prove the listed properties of
(a)-(e) for the constructed continuous families e(®) of primitive idempotents. Finally
the uniqueness follows again from the above rigidity argument for central primitive
idempotents, in combination with the continuity, proving (i).

In view of Theorem 3.3(ii) this sets up, for each value of ¢ € U, a bijection between
the set of continuous (in the above sense) families of primitive central idempotents
e(® and set of irreducible discrete series characters 6(q) € Awyr(q) (R, q) where Wor
runs over the set Wor € P(rg). This proves (ii). O

The above notion of continuity of a g-family of irreducible discrete series characters
is special for discrete series characters:

Definition 3.5. Let qo € Q and let 5o € A(R,q0). For g € U (as above) we
denote by 6(q) the equivalence class of irreducible discrete series representations
afforded by es(q)q- For any open set U C Q we refer to such a family § : ¢ —
0(q) of equivalence classes of representations afforded by a continuous family of
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central primitive idempotents in S (in the above sense, thus in the operator norm of
B(L*(W))) as a “continuous family of irreducible discrete series characters on U”.
We denote the set of such continuous families by A(R,U).

There is also a weaker notion of continuity for a g-family of characters which is
applicable to more general characters:

Definition 3.6. Let U 5 q¢ — 7(q) be a family of equivalence classes of irreducible
representations w(q) of Q(R,q). We say that ¢ — w(q) is a weakly continuous family
of irreducible characters of H(R) if U 3 ¢ — Xz (q)(Nw) 48 a continuous function for
allwe W.

We denote by AVF(R,U) be the set of weakly continuous families U > g — §(q) of
irreducible discrete series characters (i.e. weakly continuous families ¢ > U — §(q)
such that for all ¢ € U we have x5(4) € A(R,q)).

Continuity of a family of discrete series characters implies weak continuity:

Proposition 3.7. Let U C Q and let 6 € A(R,U). Then the family g — §(q) is
also weakly continuous.

Proof. Indeed, by the Plancherel formula for H(R,q) we have
(49) T(es(q),q) = deg(d(q))ri(0(q))

and hence this function is positive, and continuous by Theorem 3.4(i)(b). Hence the
basic formula

7(65(q) oNw)
50 X Ny) =deg(6(q)) —————
(50) s (Vo) = dog(5(0) "0
combined with Theorem 3.4(i)(b),(d) implies the desired continuity. O

Proposition 3.8. Let 6 € AY*(R,U). We define the generic central character map
cc(d,-) : U — Wo\T by cc(d,q) = cc(d(q)). Then cc(d) is continuous and for all
q € U we have cc(0,q) € Res(R, q).

Proof. This is a trivial consequence of Theorem 2.47 and Proposition 3.7. U

In fact it is true that cc(d) € Wy\Res(R), but this is not obvious at this point.
This result will be shown in Theorem 5.3.

Actually weak continuity and continuity are equivalent for families of discrete
series characters. We have:

Theorem 3.9. Consider the sheaves A(R) and AVF(R) on Q defined by the presheaves
U— A(R,U) and U — AYF(R,U), respectively.
(i) The natural sheaf map A(R) — AYF(R) is an isomorphism.
(ii) Let An(R) denote the sheaf of nonnegative integral linear combinations of
A(R), and let A¥*(R) denote the sheaf of weakly continuous families of
(not necessarily irreducible) discrete series characters. The natural map
An(R) — A¥E(R) is an isomorphism.

Proof. 1t is clear that all presheaves involved are sheaves of sets.
Let us prove (i). Given § € AY*(R,U) we need to show that § is continuous
in the strong sense. Let qp € U, and let Wyry be the central character of §(qp).
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By Theorem 3.4(ii) there exists a neighborhood V' C Q of g such that for any
0 € Awyro(R,qo) there exists ¢ € A(R,V) such that 0 = G4, = evy () (the
evaluation of the strongly continuous family & at g9 € V). Moreover Theorem
3.4(ii) asserts that for all ¢ € V' the irreducible discrete series characters g, (with
o € A(R,qo)) are mutually distinct and range over the set of all irreducible discrete
series characters of H(R,q) whose central character is of the form Wyr(q) for some
generic Wor € P(rg). Now consider § € A¥(R,U). By Proposition 3.8 it is clear
that for all ¢ € V' the central character cc(d(q)) is of the form Wyr'(q) for some
Wor’ € P(ro). The linear independence of irreducible characters, the finiteness of
Awyre (R, qo) and Proposition 3.7 imply that there exists a finite set A C W and
a neighborhood V' > ¢ such that for all fixed ¢ € V' the finite set of vectors
2(q) = {&5(a) € C* | 0 € Awyre (R, q0)} with £2(q) := (x5, (Nw))wea is linearly
independent. In particular the irreducible characters o, are separated by the vector
¢4(q) of their values on N,, with w € A. Obviously the maps &2 : U — C# are
continuous. By the weak continuity of § it follows similarly that the map 534 U —
C# is continuous and by the above, for all ¢ € V we have ££(q) € (g). This implies
that there exists a unique o € A,y (R, qo) such that |y = &y, proving that § is
strongly continuous at gg. Since gg € U was arbitrary the result follows.

Let us now prove (ii). Let § € A% (R, U). We need to show that § is continuous
in a strong sense. Let go € U, and let Wyr; (where i = 1,..., k) be the set of central
characters of the irreducible constituents of §(qo). We have 0|paer = 3y Swyr|Ugen
(where Woyr runs over the set Wy\ Res(R) of orbits of generic residual points) where
Usen .= Q9" N U and where U™ 5 g — dw,r(q) is a weakly continuous family of
discrete series characters such that for all ¢ € U9°", cc(dw,r(q)) = Wor(q). Recall
that Q9¢" is the complement of finitely many rational hyperplanes in Q.

We claim that for every connected component U’ C U9 which contains qq in its
boundary we have oy, |p» # 0 only if Wor € U;P(r;). Indeed, there exists a z € Z
such that z(Woyr;) = 0 for ¢ = 1,...,k but with z2(Wyr(go)) = 1 for all orbits of
generic residual points Wyr such that Wyr(qo) & {Wor1,..., Worr}. Observe that
for all r € Res(R) the value deg(dw,,|y7) € Z4 is independent of ¢ € U’ since the
family dyy,r|p7 is weakly continuous. By the weak continuity of 6 on U we see that
U 2 q — Xq = Xs(q)(#) must be continuous at go; however, by definition of z it
follows on the one hand that x,, = 0, while on the other hand the limit for ¢ — qo
from U’ yields 3y a0, p(rs) 4€8(0wqr|v7). The claim follows.

We now prove in a similar fashion to the proof in (i) that if Wyr € U;P(r;) and if
U’ C U9 is a connected component which contains gq in its boundary then dyw,, |y
is strongly continuous and in fact extends uniquely to a neighborhood U” of ¢ in a
strongly continuous sense. This finishes the proof. O

Remark 3.10. We identify the sheaves A(R), A¥*(R), An(R) and A¥*(R) on Q

with their étale spaces. These sheaves are Hausdorff spaces. As sets we have
(51) AR) = [T AR, q)
q€eQ

Proof. By Theorem 3.9 it suffices to show this for A(R). In this case the result
follows simply from Theorem 3.4(ii). O
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Proposition 3.11. A continuous family of irreducible discrete series characters
U > q — d(q) is compatible with the scaling maps &, (with € > 0) of [OS, Theorem
1.7] in the sense that 6.(6(q)) = 6(q°).

Proof. We may assume that U C Q is an open ball centered around of ¢ € Q such
that evy, : A(R,U) — A(R,qo) is an isomorphism. Let £ C Q be the half line
generated by go. Let § € A(R,qo) and let 6 € A(R,U) be such that evy,(§) = 6.
Consider the continuous family 6(!) defined by restricting the section 6 to £ N U,
and the continuous family 6 defined by scaling LN U 3 g5 — .(5). It follows
from the analyticity ([OS, Theorem 1.7], property 1)) that 62 € AYF(R, LN U).
The result 6 = 52 follows from Theorem 3.9. O

Corollary 3.12. We can extend any continuous family of irreducible discrete series
characters 6 € A(R,U) in a unique way to 6 € A(R,U) where U = UesoU*€ is the
open cone in Q generated by U.

Proof. Let £ C U be a half line. By the above Proposition and the properties of the
scaling maps (namely, for e > 0 these maps induce bijections of the sets of equivalence
classes of irreducible discrete series characters) we see that the restriction Az (R) of
A(R) to L is a constant sheaf. The result follows easily from this remark. O

4. THE GENERIC FORMAL DEGREE

Let U C Q be a connected open cone, and let § € AY*(R,U). In this subsection
we prove the rationality of the formal degree U > ¢ — pup;(d(q)), i.e. we prove that
this function is the restriction to U of a rational function of the root parameters
gov with rational coefficients, i.e. of an element of K (Az). We refer to this rational
function as the generic formal degree of the family §. We combine the rationality
of the generic formal degree with the product formula [Op3, Theorem 4.10] for the
formal degree of §(¢) valid for ¢ varying in a half line in Q. We then obtain the
factorization of the generic formal degree as element of K(A).

4.1. Rationality of the generic formal degree. Let R be a semisimple root
datum and let 2 C W be the subgroup of length zero elements. If f is a facet of
the fundamental alcove C' we denote by €2y C €2 be the (setwise) stabilizer of f in
Q. Let (f) C E be the affine subspace spanned by f, and let E/(f) be the linear
space formed by cosets e — (f) (with e € E) of the linear subspace associated to
(f). Let e be the determinant character of the linear action of Q¢ on E/(f). The
involutive subalgebras H(R, f,q) = H(Wy,q) x Q5 C H(R, q) are finite dimensional
(since we assume that R is semisimple here) and hence semisimple (compare with
[0S, Lemma 1.4]). We start with a useful lemma:

Lemma 4.1. The algebra H(R, f,q) is semisimple for all ¢ € Q. Let F be an
algebraic closure of K(A) and let HA(R, f) be the generic algebra over A. We
denote by I O A the integral closure of A in F. Extend evq : A/—>\C to I and let
x < X be the corresponding bijection between Wmf and Hrp(R, f) (as in [Ca,
Proposition 10.11.4]). Let d, € F' denote the formal degree of xF with respect to the
trace form T restricted to the algebra Hp(R, f). Then d, € K(A) and dy, is reqular

on Q for all x € Wf/>4\Qf.
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Proof. For all ¢ € Q the trace form 7 of the algebra H(R, f,q) has a nonzero

discriminant, proving that H(R, f,q) (and a fortiori Hrp(R, f)) is a symmetric (and

thus semisimple) algebra. Let (V,of") be a matrix representation of Hp(R, f) whose

character equals xI". We write d, := d,, for its formal degree (with respect to 7).
The orthogonality of characters of a symmetric algebra implies that

(52) dy, =1/5,

where S, is the Schur element of o, given by

(53) dimp(V)Se = > X (Nu) X" (Vw1
waEWf ><IQf

By a well known result (see e.g. the argument in [Ge, Proposition 4.6], which applies
to our situation as well as one easily checks) one also has the following formula for
the Schur element;:

(54) dimp(V)So(q)Idy = Y 0" (NuxwNwxw)-1)
wXWwEW X Qs

But clearly (loc. cit.)

(55) Yo 0 (NuxwNwxwy1) =191 D 0" (NuNy-1)

waGWf XQf wGWf

This last equality implies that if (o4, V3) is any simple submodule of the restriction
of of" to Hp(Wy) then

(56) dimF(V)So' = ‘Qf’ dimF(Vl)Sgl

The right hand side of this equation is known to be in K(A), proving the desired
result. The last assertion follows from the well known fact that the Schur element
of S, is nonzero at q iff o corresponds to a projective irreducible representation of
the specialized algebra H(W;,q). Since H(W/, q) is semisimple for ¢ € Q this holds
true for all o. g

Let 6§ € AYF(R,U). Following [SS], [Rel] we define for ¢ € U the index function
fo.q € H(R,q) by

(57) fsqg=> (1) N deg(o) M dglrm.pq) @ €5 ¢ 0les
! o€H(R[.0)

where f runs over a complete set of representatives of the Q-orbits of faces of the
fundamental alcove C, and where e, € H(R, f,q) denotes the primitive central
idempotent in the finite dimensional complex semisimple algebra H(R, f, ¢) affording
o. The importance of the element f5, € H(R,q) is that it links character theory
with the elliptic pairing. Indeed, following [SS], [Rel] one shows, using the Euler-
Poincaré principle and Frobenius reciprocity, that for all representations 7 of finite
length of H(R,q) one has (see [OS, Proposition 3.6]):

(58) Xx(fsq4) = EPr(6(q), )

Definition 4.2. The multiplicities [0(q)|1(r,f,q) @ €5 : 0] are independent of q € Us
by Proposition 3.7. We denote these multiplicities by [0f @ € : 0] € Z>q
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Theorem 4.3. Let U C Q be a connected open cone and let § € AYF(R,U). We
have the following index formula for the formal degree pup;({6(q))}) (with q € U):

(59 pp({0@}) =7(fsq) =D (D)W 5 @eroldo(q)

—

f GE€H(R,[,q)

Here f runs over a complete set of representatives of the Q-orbits of faces of C,
and d,(q) denotes the formal degree of o in the finite dimensional Hilbert algebra
H(R, f,q) (as in Lemma 4.1).

Proof. We apply the Plancherel formula (28) to fs5,. In view of (58) and Corollary
2.34 we see that pp;({6(q)}) = 7(fs4)- Now use (57) and Definition 4.2, O

Corollary 4.4. Let U C Q be a connected open cone and let § € AVK(R,U). The
formal degree U 5 q — pupi({0(q)}) is the restriction to U of a rational function in
the parameters qqov (with o € Ry, ) with rational coefficients (or in other words, an
element of K(Az) in the notation of Proposition 2.62(ii)). This rational function is
reqular on Q and positive on U.

Proof. Consider the index formula as given in Theorem 4.3. The result now follows
from Lemma 4.1 (the positivity on U is obvious). O

4.2. Factorization of the generic formal degree.

Lemma 4.5. Let 6 € AVF(R,U) be a weakly continuous family of irreducible discrete
series characters on a convex open cone U C Q. The map cc(6(-)) : U — Wo\T is
continuous. There exist finitely many mutually disjoint, nonempty connected open
subcones U; C U such that U;U; C U is dense, and such that for each i there exists an
orbit Wor; of generic residual cosets such that U;N\U C Q%gm and cc(0)|u, = Worilu, -
In particular cc(0) is continuous and piecewise analytic.

Proof. The continuity of cc(d) on U follows from Proposition 3.8. Let U; run over
the finite set of connected components of U N Q9¢". Then the restriction of cc(d) to
U; must coincide with the restriction of a unique orbit of generic residual points, by
the continuity of cc(d) and the definition of Q9¢". By continuity, for all ¢ € U; N U
the orbit Wyr;(q) carries discrete series representations. Hence r;(q) is residual, or
equivalently ¢ € QY . O
Theorem 4.6. Let § € AVF(R,U) be a weakly continuous family of irreducible
discrete series characters on a convex open cone U C Q. Let r be a generic residual
point such that there exists a monempty connected open subcone U; C U such that
cc(6)|U; = Wor|U; (see Lemma 4.5). There exists a constant d € Q* (depending on
0 and Woyr) such that we have the following equality in K(Az):

(60) ppi({0}) = dmwy,
Here mw,, € K(Az) (see Proposition 2.62(1i)) is the function defined in (40).

Proof. We fix fs € R and we denote the corresponding half line in Q by £ C Q (see
Remark 2.49). Notice that either LN U; = 0 or £ C U;; assume that £ is such that
we are in the latter situation. By [Opl, Corollary 3.32, Theorem 5.6] we have

(61) pri({0(q)}) = d(g)mw,r(q)



DISCRETE SERIES AND FORMAL DEGREES 35

for all ¢ € U;, where d(q) € R* has the property that for all e € R

(62) d(q) = d(q)
where ¢¢ is defined by ¢°(s) = (q(s))€ for all affine simple reflections s. By Theorem
2.60, Corollary 4.4 and (61) we see that d is itself a rational function which is regular
on Ul

Recall that we view q > 1 as coordinate on £. The expressions a(r(q)) =
a(s)a(c(q)) and gov (with a € Ry, and ¢ € L) are thus viewed as functions of
q > 1. By the form of the right hand side of (61) as given in (59), and in view of
Corollary 4.4 we see that there exists a unique real number f such that

(63) Jim qf ppi({6})(a) = az € Q*

On the other hand, by (62) the rational function d has a constant value, d, say,
on L. Hence (61) implies, in view of (40) and Proposition 2.62(ii), that dzbs = ar
where

(64) lim g’ myy,,(q) = be € Q*

q—0o0

Since d(q) is continuous as a function of ¢ € U; this implies that ds € Q is indepen-
dent of £ C U; and thus that d(q) = d is independent of ¢ C U;. Since Uj; is an open
set, the equality (60) of rational functions which we have now proved on U; extends
to Q (recall that both sides are regular on Q). O

Corollary 4.7. Let § € AVF(R,U) be weakly continuous on a convex open cone U.
Let Wor;, Wor; be orbits of generic residual points associated with d as in Lemma
4.5. There exists a constant d € Q* such that mw,,, = dmwr,; -

5. THE GENERIC CENTRAL CHARACTER MAP AND THE FORMAL DEGREES
The following result depends on the classification of residual points:

Lemma 5.1. Let R = (X, Ro,Y, RY) be a simple root datum such that Ry is not
simply laced, and let r,r" € Res(R) be generic residual points with equal unitary
part s, which is Wy-invariant. If there exists a constant d € C* such that my,, =
dmyy,, then Wor = Wor'.

Proof. Using Lemma 2.53 and Proposition 2.62(iii) we reduce to the case where R
is irreducible and X = P(R;), and r,7’ are generic residual points with equal Wj-

invariant unitary part s € T,. Let us write r = sc and r’ = sc’. In the Cy(Ll)—case we
haves = (1,...,1)or s = (—1,...,—1). We use Proposition 2.56. In the first case we
find that ¢, ¢’ extend to positive generic residual points for the root datum R’ defined
by Ry = By, and X' = P(Ry), with the parameters ¢ defined by Ge,+e; = Ge;+e; and

- 1/2.1/2 , .. . . . ,
Q2e; = Gap, doe,+1- In the second case ¢, ¢ are positive generic residual points for R

with the parameter ¢ defined by Ge,+e; = Ge;+e; and Gae, = qgeli/ 2q5£ 1. In the first

case we substitute g, = g2¢,+1 and in the second case we substitute go., = q;i I
with this substitution we have in either case

(65) My (@) = mif(@) and mif /(@) = miy,.(q)
Therefore it suffices to prove the assertion for irreducible root data R such that Rg

is non-simply laced and X = P(Ry) where Wyr, Wyr’ are orbits of generic residual
points with the same Wjy-invariant unitary part s. We may now replace s by 1
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without loss of generality. Hence we may and will assume that Wor, Wyr’ are orbits
of positive residual points. We again use Proposition 2.56 to compare such points
to the classification in [HO1, Section 4].

In the cases G4 and F the Wy-orbit Wyr of a generic positive residual points Wyr
is distinguished by the set Q;?,%T as can be seen from Tables 2 and 4. Since this set
is the complement of the zero set of myy,, (by Theorem 2.60) the desired conclusion
follows.

Next consider the cases B, and C,. Let f be a rational function in ¢, g2 of the
form

(66) fl@) =g [T 11« -1

i §>0

(with n; ; € Z). Then the exponents n; ; € Z are determined by f. Let ¢; denote
the parameter of the roots e; £ e; and g2 the parameter of aY for a = ¢; (if Ry
has type B,,) or 2¢; (if Ry has type Cy,). The functions myy,, are of all of the above
form where the exponent of ¢y is 0, 2 or 4. The Wy-orbits of generic positive residual
points are parametrized by partitions of n (see [HO1, Section 4], and [Op3, Theorem
A.7]). Let A+ n and let Wyry be the corresponding Wy-orbit of residual points. Let
us use the notation myy,, = my if Wor = Wory. In the case B, the factors of m) of
the form (¢?'q3 — 1) have multiplicity ns; 2 equal to twice the number of boxes b € A
such that ¢(b) = i (where ¢(b) denotes the content of b). Hence m) determines for
each ¢ the number of boxes in A with content ¢. Clearly this determines \. If Rg is
of type C),, we use the correspondence between B, and C), positive generic residual
points as explained in the proof of Theorem 2.58. It follows that the factors of m)
of type (¢f'q3 — 1) have multiplicity n4; 2 equal to twice the number of boxes b of A
with ¢(b) = 7, and again we conclude that A is determined by m). O

Corollary 5.2. Let R be semisimple and let g9 € Q = Q(R). Suppose that &y €
A(R,qo) and that cc(dy) = Worg for a rg € Res®(R, qo) with s € T, which is Wy-
invariant. Then there exists a unique orbit Wor € Wy\Res(R) of generic residual
points which has the following property: there exists an open neighborhood U C
Q of qo and a continuous family of discrete series characters U > q¢ — 6(q) €
Awor() (R, q) such that cc(d(q)) = Wor(q) for all g € U.

Proof. The uniqueness of such an orbit Wyr of generic residual points is clear from
the fact that a generic residual point is real analytic on Q. Hence Wyr is determined
by its restriction to U.

For existence we first choose a lift 7y € Res(R"™**, qo) of ro and a mp € Aw,i, (R, q0)
with the property that d¢ is a component of the restriction of my to Q(R, qp). Accord-
ing to Theorem 3.4 there exists an open neighborhood U C Q such that my extends
to a continuous family 7 of irreducible discrete series characters of H(R™**). It
is obvious that 7 = 7(Y @ .-+ ® 7™ with 7() a continuous family of irreducible
discrete series characters of H(R®) defined on U® (where R with i = 1,...,m
runs through the simple factor of R™%* as in Proposition 2.37).

For each i there exists a generic residual point 7%} € Res(R®) such that cc(n(?)) =
W(R(()Z))f(i) on U® . Indeed, if R is simply laced then this is trivial by the scaling
isomorphisms [0S, Theorem 1.7(1),(5)]. So let us assume that R(®) is not simply
laced. Then the assertion follows from Lemma 4.5, Theorem 4.6, and Lemma 5.1
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applied to

(67) ™" € By s (R a0”)
Let 7 € Res(R) be the generic residual point that corresponds to (71, ..., #(™)) by
restriction as in Lemma 2.53(i).

If we restrict the continuous family 7 from H(R™%") to H(R) we obtain a contin-
uous family of discrete series characters, i.e. a section 7|y () € An(R,U). Observe
that all irreducible components of 7(q)|y(r,q) have the same central character. Using
the linear independence of irreducible characters and Theorem 3.4(ii) we see that
|y (r) contains the continuous extension § of §p to U with multiplicity at least 1.
In particular we see that the composition of ce(m) : U — Wo\T™** with the natural
projection Wo\T"** — Wy\T is the central character cc(d) of the family 6 on U.
We conclude that cc(6) is given on U by Wyr|y, where r € Res(R) was constructed
above. This finishes the proof. O

Now we come to the main result of this section. It generalizes Corollary 5.2 to
general irreducible discrete series characters.

Theorem 5.3. Let 09 € A(R,qo). Let U C Q be a (connected) open neighborhood
of qo such that there exists a 6 € A(R,U) with §(qo) = do (see Theorem 3.4). There
exists a unique orbit Wor € Wo\Resy(R) such that cc(6(-)) = Wor|y.

Proof. We first show that the notion of weak continuity of a family of characters
(see Definition 3.6) is to some extent compatible with the reduction results Theorem
2.6 and Corollary 2.28.

Let cc(0(q)) = Wyt(q) where U > ¢ — t(q) € T is continuous. Write s for
the unitary part of ¢(¢) (independent of ¢). Let ¢s : @ — Qs = Q(Rs) be the
homomorphism given by ¢ — ¢s.

We denote by g € An(Rs, 1s(qo)) the restriction of the irreducible discrete series
module of H(Rs,¥s(q0)) X I'(t(qo)) to H(Rs,%s(q0)). By Theorem 3.4 and Theorem
3.9 there exists a (connected) open neighborhood Us C Qs of 95(qp) and a family

(68) T € An(Rs, Us)

such that 7(¢(qo0)) = mo. We may and will shrink U in such a way that 15(U) C Us.

Let N € H(Rs,qs) for w € W(R,) denote the standard basis for the affine Hecke
algebra H(Rs,qs). Recall from Lusztig’s construction (in the variation Theorem
2.6) that H(Rs, qs) is embedded as a subalgebra of the formal completion H(R, q)
(as defined by (21)) via the map N — ey Ny where w € W(Rs) and where
ei(q) € H(R, q) denotes the idempotent as in Theorem 2.6.

Let &¢(q) be the irreducible discrete series representation of H(Rs, qs) x I'(t(q))
corresponding to d(q) according to Theorem 2.6. This implies in particular that

(69) Xo:(q) (V) = Xo(g)(€x(q) Nw)
for all w € W(Ry).

We claim that
(70) Xr(as) Naw) = Xs0(g) (Nap)

for all ¢ € U and w € W(Rs). By Theorem 3.4 and Theorem 3.9 it suffices to show
that for all w € W the right hand side of (69) is continuous as a function of ¢ € U.
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By the continuity of U ¢ — cc(d(q)) it is easy to see that one can construct
for each N € N a continuous family U 3 ¢ — a4 € A = C[T] (i.e. a g-family of
Laurent polynomials on 7" whose coefficients depend continuously on ¢) such that for
all ¢ € U and t' € W(R,1)t(q): arg € 1+ mb while for all ' € Wyt(q)\W (Rs1)t(q)
one has a4 € ng . If N is sufficiently large this implies easily that for all ¢ € U and
for any w € W(R;) one has

(71) X&(q)(et(q)Nw) = Xé(q) (at,qu)

which is indeed continuous in ¢ € U as was required, thus proving (70).

According to Corollary 5.2 we find that cc(my) € W (R, 1)\Res®*(R;) for any ir-
reducible component 7y of 7. By relation (70) and application of Corollary 2.54 it
follows that for any component 7y of 7w that

(72) ce(8) = (Pyyo,) " (Fs(ee(m)))
This finishes the proof. (I

In view of Theorem 2.58 this means that the central character of 6 € A(R,U)
actually extends to a Q.-valued point of Wy\T.

Definition 5.4. (Generic central character for discrete series)

Let ¢ € Q. Theorem 5.3 yields a map gccq : A(R,q) — Wo\ Resq(R) which ea-
tends to a continuous map (in the sense of Remark 3.10) gec : A(R) — Wp\ Res(R).
We call gccq and gee the “generic central character” maps.

Definition 5.5. Consider the topological space O(R) given by

(73) O(R) = {(Wor,q) € Wo\Res(R) x Q | g € Qu }
Then mo : O(R) — Q is a local homeomorphism and the projection
(74) 71 : O(R) — Wo\ Res(R)

on the first factor defines for all ¢ € Q a bijection between the fibre O(R), of m2 at
q € Q and the set Wy\ Resy(R). We define the following evaluation map:

ev: O(R) — Wo\T x Q

(Wor, q) — (Wor(q), q)
The generic central character map of Definition 5.4 can be characterized as follows:
Proposition 5.6. We define GCC = gcexm : A(R) — O(R) where 7 : A(R) — Q

s the canonical projection. Then GCC' is the unique continuous map such that the
following diagram commutes:

AR) 5 omR)
(75) ccAl lev
Wo\T x Q@ —— WH\T x Q
Proof. This is a reformulation of Theorem 5.3. O

We are now in the position to formulate the first main result of this paper:

Theorem 5.7. The map GCC = gcec x w : A(R) — O(R) is a surjective local
homeomorphism and gives A(R) the structure of a locally constant sheaf on O(R).
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Proof. As a consequence of the definition of gcc in Definition 5.4 we can reformulate
Theorem 3.4(ii) by stating that for any Wor € Wp\Res(R) and any connected
component U C Ql{f,%r the restriction A¢(R) of A to the connected component
C = {Wor}xU C O(R) is alocally constant sheaf on C. In particular the cardinality
of the fibres of GCC|a,(r) is constant. Hence the surjectivity of GCC follows from

Theorem 2.47 by considering a generic parameter ¢ € U. O

Corollary 5.8. Let Wyr € Wy Res(R) and let U C Ql{,?,%r be a connected component

as in the proof of Theorem 5.7. The restriction Ac(R) of A to the component
C={Wyr} xU C O(R) of O(R) is a constant sheaf.

Proof. Since U is the interior of a convex polyhedral cone by Theorem 2.60 this

follows trivially from Theorem 5.7. O
Corollary 5.9. For all g € Q the map gccq : A(R,q) — Wo\ Resq(R) is surjective.
Proof. This follows immediately from the surjectivity of GCC. 0

In particular, if 09 € A(R, qo) with gecy(do) = Wor € Resg,(R) is an irreducible
discrete series character and U C Q%gr denotes the component of ¢y, then there
exists a unique continuous family § € A(R, U) such that evy, (6) = dp. Observe that
the open cone U C Q is the maximal set to which § can be continued as a discrete
series character (since the central character Wyr(q) will cease to be residual at every

boundary point of U). Hence the open cone U is determined by 4.

Definition 5.10. We denote this open cone by Us, and we call a continuous family
of irreducible discrete series characters 6 which is extended to its maximal domain of
definition Us 5 ¢ — d(q) a generic irreducible discrete series character. We denote
by A9 (R) the finite set of generic irreducible discrete series characters.

Corollary 5.11. For each component C' = {Wyr} x U of O(R) we define a multi-
plicity Mo € Z>o of C by M¢ = |{0 € AY"(R) | GCC(0) = C}|. Then Mg > 0
for all components C = {Wyr} xU. For all g € U one has Mc = |Aw,r (R, q)|, and
for all g € Q one has (where xy denotes the characteristic function of U ):

(76) AR, q)| = > > xw(@Mpwryxu
WoreWo\ Res(R) UECWOT
We reformulate Theorem 4.6 using our results on the generic central character.
This is the second main theorem of this paper:

Theorem 5.12. Let 6 € AY"(R). There exists a rational constant ds € Q* such
that for all g € Us we have

(77) npi({0(q)}) = dsmgees) (q)
Here mycc5y € K(Az) is explicitly given by (40).

Remark 5.13. This result proves in particular Congecture [Opl, 2.27], and it shows
that the constants defined in Conjecture [Opl, 2.27] for special values of the param-
eters can be determined from the rational constants ds defined for the irreducible
generic discrete series characters. Indeed, any irreducible discrete series character
do € A(R,qo) determines a unique § € A" (R) such that 69 = 6(qo). The constant
defined in Conjecture [Opl, 2.27] is equal to ds multiplied by a rational number de-
pending on qo which can be easily expressed in terms of the sets Rf:fr , Rf,ﬁ_ , and RY 4
of roots whose associated factor in myy,, becomes zero at qo).
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6. THE GENERIC LINEAR RESIDUAL POINTS AND THE EVALUATION MAP

In this section we summarize, following [HO1] and [S12], the classification of the
Wo-orbits of the generic linear residual points for all irreducible root systems R
and we describe the evaluation map at a given parameter k € K = K(R;) of the
parameter space associated with R;.

For each generic linear residual point £ of R; we will describe the open dense set
K™ of parameters k such that evi(§) = (k) is still residual. In addition we will

describe the set Wy\Res!™(Ry, V, k) of residual orbits for each k € K. To do this it
is convenient to use the notion of k-weighted distinguished Dynkin diagrams with
respect to a given bases F} = {a1,...,a,} of simple roots of Ry:

Definition 6.1. For k € K we define the set Dyn¥* (R, V, F1, k) of distinguished k-
weighted Dynkin diagrams for (Ry1,V, F1,k) as the set of Fy-dominant linear (Ry, k)-
residual points. There is a canonical bijection

(78) Wo\Res'"™(R1,V, k) — Dyn®Y(Ry,V, F1, k)

by which we will identify these two sets. We will represent D € DyndiSt(Rl, V,F,k)
by the Dynkin diagram of Iy in which the vertex corresponding to o; € F is labelled
by the weight o;(D) > 0 (or simply by the list of values (a1 (D), ..., an(D))).

Given k € K let Wy\Resi™(R;) be the set of orbits of generic linear residual
points Woé such that k € ngeg . We will also describe in this section the fibers of
the evaluation map

(79) evy Wo\ReS%”(Rl) — DyndiSt(Rl, V, F1,k)
(80) Wol — D = &(k)4

where (k)4 € Woé(k) is the unique Fj-dominant element in the orbit Wo£(k).
If D € Dyn®™*(Ry,V,Fi,k) and A\ > 0 then AD € Dyn%*(Ry,V, F;, \k) and
—wo(D) = D (using [Opl, Theorem A.14(i)]). This gives canonical identifications

(81) Dyn®**(Ry, V, F1, Ak) = |A\Dyn®*!(Ry,V, F1, k)

for all A € R*. Since the generic linear residual points depend linearly on k this
remark implies that we only need to describe the set Dyn?*!(Ry,V, F}, k) and the
fibres of év;, on all lines in the parameter space.

If ko = 2 for all @ € Ry then the set Dyn®™(R;,V, Fy, k) is the usual set of
distinguished Dynkin diagrams, corresponding to the set of distinguished unipotent
orbits of gc(Ry) via the Bala-Carter theorem. For classical root systems it is known
how to generalize combinatorially the set of (distinguished) unipotent classes and
the Bala-Carter bijection to the set of k-weighted Dynkin diagrams [S12]. As this is
a very useful description we will give these generalized Bala-Carter maps as well.

Let AB(Ry,V, Fy, k) be the collection of irreducible discrete series characters of
H(Ry,V,Fi,k). Consider the “degenerate” generic central character map gecH,
which is the map

(82) gec® AR (R, V, F1 k) — Wy\Resi™(Ry)
corresponding to the restriction of gec to the set A*(R,q) (with s € T,, a Wpy-
invariant element) via the canonical bijections of Corollary 2.31 and Proposition

2.56). In the next section we will prove that for all irreducible non-simply laced
root systems the map gecH maps the subset A%,{VOD(Rl, V,Fi, k) c AH(Ry,V, Fy, k)
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of elements with central character WyD bijectively onto the fiber evlzl(D), where
evy is the evaluation map of (79) for R;, with one remarkable exception: in the
case F) it turns out that one has to count every occurrence of the unique singular
generic linear residual orbit “fs” with multiplicity 2. In other words, in the notation
of Corollary 5.11, the multiplicities Myy,,xr are always 1 for orbits Wyr of positive
generic residual point, except for the unique singular one (called fg) of Fy, in which
case the multiplicity is always 2 (these results will be shown in the next section).

It is interesting in addition that this bijection also holds for type D,, after we make
a small adaptation in order to see type D,, as a specialization of type B,,. The proofs
of these facts do not depend on the classical Kazhdan-Lusztig classification. The
only point where one needs to resort to nontrivial computations is in the verification
of the fact that the multiplicity of fg is always 2. This follows from results by
Reeder [Rel]. Since our parametrization clearly also holds for type A, it follows
that the deformation method gives the classification of the discrete series in all cases
except for types Eg 7 (in which cases the Kazdan-Lusztig classification is available
of course).

In the “classical situation” k, = 2 for all a € R; one associates a set of Springer
representations X, py of Wy to the distinguished unipotent orbit u = u(D) of
G%d(Rl) associated with D. The Kazhdan-Lusztig parametrization says that the
set A%,{VO p(R1,V, F1,kq = x) (equal parameters with > 0) is in canonical bijection
with the set X, (p).

For classical root systems [SI2] explained how to generalize combinatorially the
set of “k-unipotent” elements u(D) associated to D € Dyn®s(Ry,V, Fy, k) and the
set of corresponding “k-Springer representations” ¥, p)(k) of Wp. This makes it
possible to recast the above parametrizations in the form of a generalized Kazhdan-
Lusztig correspondence between the set A%IVO p(R1,V,Fi,kq = x) and the sets of
k-Springer representations X, py(k) on a combinatorial level for arbitrary k. Our
result thus establishes this aspect of the conjectures by Slooten ([S12]).

We will include the generalized Kazhdan-Lusztig parameters for the classical root
systems, and describe their relation with the alternative parametrization (82).

6.1. The case R = A,, n > 1. In this case £ = R. Choose the bases of simple
roots F1 = {e; —ea,...,en_1 — ey} for Ry, and define £ : K — V by the equations
a(é(k)) = k for all @ € Fi. Then Wy\Res""(R1) = {Wo¢}. The set K¢ is
equal to K\{0}. For all & € ngeg we have Dyn®t(Ry,V, F1, k) = {D(k)} with
D(k) = (|k|,...,|k|). We have ev; '(D(k)) = {Wy&}.

6.2. The case Ry = B,, n > 2. The results in this subsection are due to Slooten
[S12]. Put Ry = {te; +ej |1 <i#j<n}U{xe; |1 <i<n}. Choose as a basis
Fy={e1—ea,....,en—1 —€n,en}. Weput k(e; £e;) =k € R and k(e;) = k2 € R
and in this way make the identification = R2. If k; # 0 then we define m € R by
m = kz//ﬁ.

We first describe the generic linear residual points. Given a partition A € P(n)
(i.e. a partition A - n) we define a K-valued point £y as follows. Given a box b of
A let i(b) be its row number and j(b) its column number. We define the content
¢(b) of the box b by ¢(b) = j(b) — i(b). We call the tableau of shape A in which the
boxes b € X are filled with the expression c¢(b)k1 + ko the generic k-shifted tableau
of A, denoted by T'(A\, k). We order the boxes of T'(\, k) in the standard way by
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reading the tableau from left to right and from top to bottom. Then we define &)
as the K-valued point of V' such that the i-th coordinate e;(£) is equal to the filling
c(bi)k1 + ka2 of the i-th box of T'(\, k).

Theorem 6.2. We have a bijection
A : P(n) — Wo\Res'™(R;)

A — Woén
The set K\ of regular parameters for &, is of the form
(83) K=K\ U Lm
meMsing

A

where L,, = {(k1,k2) | k2 = mk1} C K and where M;mg is a set of half-integral
ratio’s m € 7Z/2 which are called singular with respect to A and which will be
described in Proposition 6.4 below. We first define for m € Z/2 the m-shifted
content tableau T;,,(A\) of A as follows. The tableau T,,,()\) has shape A and the box
b of T,,(A) is filled with the value |c¢(b) + m| (i.e. the absolute value of the filling of
the same box in T'(A, (1,m)). The following notion plays an important role:

Definition 6.3. Let A\ = n and m € Z/2. The list of extremities of Ty (N) is
the weakly increasing list consisting of the following numbers. If m € 7 (resp.
m € Z+1/2) then the extremities are the fillings of the bozes of Ty, () at the end of
a row of T, (X) which are on or above the 0 diagonal (resp. the upper 1/2-diagonal)
and the bozes at the bottom of a column of T,,(\) which are on or below the zero
diagonal (resp. the lower 1/2 diagonal). Here we agree to count 0 twice if 0 is both
at the the end of a row and of a column.

Proposition 6.4. We have m € M:eg (the complement of Mimg, 1.e. the values
m € R such that {x(k1, mky) is residual if k1 # 0) if and only if m € Z/2 orm € Z/2
and the extremities of T,,(\) are all distinct. If m <1—mn or of m >n —1 then m
1s regular with respect to any partition A F n.

Let K™Y be the intersection of sets ngeg = K%ﬁg, where & runs over Res"™ (R, V, k).

Corollary 6.5. We have
(84) K9 = K\ Lm

where m runs over the half-integral values satisfying 1—n < m < n—1. In particular,
if k & Ly, for all half-integral m satisfying 1 —n <m <mn — 1 the evaluation map

(85) evy, : Wo\Res!™(R;) — Dyn® (R, V, Fy, k)
1s bijective.

Let m € Z/2 and A F n. Suppose that m ¢ Mimg (in other words &, (k1, mk;) €
Reslm(Rl, V, F1, (k1,mky)) if k1 # 0). Since Wo contains sign changes and permu-
tations the corresponding element D(k) € Dyn?*t(Ry,V, F1, (k1,mk;)) has coordi-
nates which are all of the form p|k;| with p > 0 and p € m + Z. Conversely, any

point D(k) € Dyn®t(Ry,V, F1, k) is of this form. In order to see this we recall the
following result (see [HO1], [S12]):
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Proposition 6.6. Let m € Z/2 and let k = (ki1, mky) with k1 # 0. Let D € R™ be
dominant with respect Fy. Then D € DyndiSt(Rl, V, F1,k) only if all coordinates of
D are of the form p|ki| with p > 0. So let us suppose that all coordinates of D are
of the above mentioned form. Let p, = py(D) denote the multiplicity of p|ki| as a
coordinate of D. We distinguish the following cases:

(1) If m = 0 then D € Dyn®Y(Ry,V,Fy,k) iff (i) ur = 1 if 7 is mazimal
such that p, # 0, (it) pp € {ppt1, p+1 + 1} for allp > 0, and (iii) po =
[1/2(p1 +1)]. ‘

(2) If m € Z\{0} then D € Dyn®Y(Ry,V, F\, k) iff (i) ur = 1 if r is mazimal
such that p, # 0, (i) pp € {pp+1, ppy1 + 1} for allp > |m|, (i3) p, €
{tpr1 — L ppia} for 1 <p <|m|—1, and finally (iv) po = |p1/2].

(3) If m € Z +1/2 then D € Dyn®"(Ry, V, Fy, k) iff (i) ur = 1 if v is mazimal
such that p, # 0, (1) pp € {pps1, pp+1+1} for all p > |m|, and finally (i)
fp € {ttp+1 — 1, ppga } for 1/2 <p < [mf—1.

Definition 6.7. We keep the notations as in Proposition 6.6. Assume that D €
Dyn?t(Ry,V, Fy, k). We callp € m~+Z a jump of D if p > |m| and tp = fpr1+1 or
if 0 < p < |m| and pp = ppt1. Finally we add 0 (if m € Z) or —1/2 (if m € 1/2+7)
to the list of jumps of D in order to ensure that the number of jumps of D is equal
to [|m|] 4+ 2v for some v € Z>q (this is always possible, see [S12]).

Remark 6.8. It is a simple matter to reconstruct D from its list of jumps by com-
puting the multiplicities my of the entries of the form p|ki|, starting from the top
m, = 1.

This gives rise to a different classification of the set of k-weighted distinguished
Dynkin diagrams Dyn?!(Ry,V, F|, k) by the introduction of a combinatorial ana-
logue Uy, (n) of the corresponding set of “distinguished m-unipotent classes”:

Definition 6.9. If m € Z we define

(86) ULt ) = {ut 2n+m? | I(u) > |m| and u has odd, distinct parts}

and if m € 1/2 4+ 7 we define

(87) UV (n) = {ut 2n+m? —1/4|1(u) > ||m|| and u has even, distinct parts}
Proposition 6.10. Let m € Z/2 and let u € U¥*(n). Let k = (k1,mk;) € Ly, with
ki #0. If m € 1/24+7 we add 0 as a part of u if necessary to assure that the number
of parts of u is equal to [|m|] + 2v for some v € Z>y. The list j = j(u) consisting
of the numbers (u; — 1)/2 where u; runs over the parts of u (ordered in ascending
order) is the list of jumps of a unique distinguished k-weighted Dynkin diagram

D € Dyn®*'(Ry,V, F\, k) (where D is of the form as described in Proposition 6.6).
This sets up a bijection

(88) € Uyt (n) — Dyn™!(Ry, V. Fy, k)
Finally we remark that Dyn?*(Ry,V, Fy, (0,0)) = 0.

This completes the classification of the set DyndiSt(Rl, V, F1, k) for all values of
k € K. It remains to describe for all special values k& € L,,\{0} and all D €
Dyn?*!(Ry,V, Fy, k) the fiber ev, *(D) of the evaluation map

(89) evy, : Wo\Resi™(Ry) — Dyn®*'(Ry, V, Fy, k)
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(where Wy\Res{™(R;) is the set of orbits of generic residual points which remain
residual upon evaluation at k (note that this depends on m = m(k) rather than k)).
Equivalently, we will describe for each D € Dyn®*!(R;,V, F1, k) the set

(90) Pm(D) := A" (evi, ' (D)) C P(n)
of all partitions A of n such that Wy, (k) = WyD.

Definition 6.11. Let m € Z/2. Given u € U5 (n) we define a bipartition ¢, (u) €
P(2,n) as follows. First assume that m is nonnegative. Let j = j(u) be the sequence
of jumps of length [m] + 2v € Z>( associated to u as in proposition 6.10. Then we

define ¢m(u) = ({m(u), nm(u)) € P(2,n) where

5m(u) = (]'17]'3, s Jow—1,J20+1, Jov+2 — L, Jov43 — 2,y Jovdm — (m — 1)),
nm(u):(]2+17]4+1’7]21/+1)
ifméeZ and
. 1 . 1 . 1 . 1 . 3 )
En(w) = (1 + 503+ 5ozt + o dovre = 5 dovks = 5oe e dapame y — (M= 1)),
(W) = (o + 50da+ 51w+ 3)
Uu) = = — ... -
77m .]2 27]4 27 7]211 2

ifm e L+Z. If m <0 then we define ¢m(u) = (n-m (1), m(u)) € P(2,n).

Definition 6.12. Let (£,n) € P(2,n). Recall the equivalence class of m-symbols of
(€,m) denoted by A™(&,7m) (if m = 0 we use the +-symbol) (see [S12, Definition 3.6]
for the definition of these symbols). If (§,m) € P(2,n) we denote by [(§,n)]m the
set of (¢',1') € P(2,n) such that A"™(¢,m) and A™(€',7') have representatives which
contain the same entries the same number of times. For u € U%5(n) we define
Em(u) CP(2,n) by Ty (u) = [dn(u)]m-

Finally the following result of Slooten gives the desired parametrization of the set
Pm(D) (and hence of the fiber ev, ! (D) of the evaluation map):

Theorem 6.13. (see [S12, Theorem 5.27]) The joining map Jm (see [S12, Definition
5.18]) is well defined on ¥, (u) and this yields a bijection

(91) Trm B (1) = P (2 (w))
whose inverse is given by the splitting map Sy, (see [S12, Definition 5.16]).

Corollary 6.14. Letm € Z/2, k = (ky,mk;) with ky # 0 and let D € Dyn®*'(R;,V, Fy, k).
Put u = (fP°)"1(D) € Unn(n). We can arrange that u has [m] + 2v parts (with
Ve ZZO)' Then

(92) Pu(D)] = {(“”L””) i #0,

([m] —22'/_1) otherwise.

6.2.1. The case k1 = 0. If k = (0,0) then there are no linear residual points since k
is singular for all generic linear residual points.

The situation with & = (0,ky) with ky # 0 is an important special case. Its
importance stems in part from the fact that although k is highly nongeneric it is
regular for all generic linear residual points. In fact, all generic linear residual orbits
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coalesce upon specialization for k1 = 0 to the unique orbit of residual points Wy (k)
where ¢ is defined by &;(k) = ko for all i = 1,...,n. In other words, we have

(93) Rest™(Ry) = Res'™(R;)
and (in the coordinates e, ..., e, of V)
(94) DyndZSt(Rla‘/aFlvk) :{(|k2|av|k2|)}

The evaluation map evy, is the unique map from Res"(Ry) to Dyn®*'(Ry,V, Fy, k).

6.3. The case Ry =C,, n>3. Put Ry ={xe;xe; |1 <i#j<njU{£2e|1<
i <n}. Choose as a basis Fi = {e1 —e2,...,en—1 — €y, 2¢e,}. We put k(e; T e;) =
k1 € R and k(2¢;) = ko € R and in this way make the identification K = R2. Clearly
we have the following equality for all k = (k1, k2):

(95) Res'™(C,,, (k1, k2)) = Res!™(By,, (k1, k2/2))
Since Wy (By,) = Wy(C,,) we see that everything reduces to the case Ry = B,,.

6.4. The case Ry = Dy, n>4. We put Ry = {£e; +¢; | 1 <i# j <n}. Choose
as a basis F} = {e; —ea,...,en_1—€n,en_1+e,}. The case Ry = D,, can be reduced
to the discussion of subsection 6.2 as well in the following way, using the Clifford
theory discussion from [RR].

Let F¥ denote the basis for B,, as in subsection 6.2. Let

(96) Y H(B,, V, FY, (ki, k2)) — H(B,,, V, F, (k1, —k2))

be the unique algebra isomorphism such that ¢(z) = z for all z € V* = R® X,
P(Se; 1—e;) = Se;_1—e; (for all i = 2,...,n) and ¥(se,) = —Se, (compare with the
isomorphisms 15 discussed in paragraph 2.1.2). Then 1 restricts to an involutive
automorphism of H(B,,,V, F?, (k1,0)). Let ¥ = {1,¢} = Z/2 be the group of
automorphims of H(B,,V, F?, (k1,0)) generated by . Then it is easy to see that

(97) H(D,,V, Fy, (k1,0)) 2 H(B,,V, F}, (k,0))"

(where the generator s., 4., on the left hand side corresponds to the element
Se, Sen_1—en Se, ON the right hand side).

Let k = k(*e; £ ej) € K(Dy). We use k as a coordinate on the line Ly C
K(B,,) by identifying k with the element (k,0) € Lg. Let us from now assume that
k € K'9(D,) = K(D,)\{0} (and in the context of Ry = B, we identify k with
(k,0) € Ly). We have Wy(B,,) = Wo(D,,) x I where I = {e,v} = Z/2 and 7 is the
diagram automorphism that exchanges e,_; — e, and e,, + e,. Hence the center
equals (see Corollary 2.10):

(98) Z(B,, F?, (k,0)) = Z(Dy, F1, k)"

It is easy to see that for every u € Ug**!(n) (defined as in subsection 6.2) the orbit
Wo(Bn) fEC (u) € Wo(Bn)\Res(By, k) is in fact a single Wo(Dy,)-orbit of residual
points for Ry = D,,. It follows that

(99) £C U™ (n) — Dyn™"(Dp, F1, k)

is a bijection.
Observe that we have (using the notation of Theorem 6.2) the following relation:

(100) Woéx (k1, —k2) = Woéa(k1, k2)
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where A — ) is the conjugation involution of P(n). Thus the set Wo(B,)\Resk"(B,,)
of orbits of generic residual By,-points which remain residual if we restrict (k1, k2)
to a (nonzero) element (k,0) € Lo admits an involution ¢ given (via A) by the
conjugation involution. By Proposition 6.4 this involution acts in a fized point free
manner on Wo\Resi™(B,,). The involution is clearly compatible with the evaluation
map evg. It follows from (100) that for all 6 € AH(B,,,V, F?, (k,0)) we have

(101) gect (8 0 9p) = u(gect(9))

Accordingly we define

(102) Wo(Dy)\Res'™(D,,)% := Wo(B,)\Resi™(By)/{e, 1}
and we have a corresponding evaluation map

(103) Wo(Dy)\Res™(D,,)E — Dyn®t(D,,, Fy, k)

Remark 6.15. The relation with the usual Kazhdan-Lusztig parameters for D, is
as follows. For all u € Ut (n) the involution v acts without fived points on the set
Yo(u) by:
L Yo(u) — Xo(u)
(&mn) — (n,€)

The set XP(u) of Springer representations of Wo(D,,) associated with u is the set
of {1,1}-orbits in Xo(u). In particular, for all D € Dyn®Y(D,, F\, k) we have
a natural bijection between the fiber (evi)*l(D) and the set of classical Kazhdan-
Lusztig parameters X2 (u) associated to u = u(D).

6.5. The case Ry = E,, n = 6,7,8. In the simply laced cases we can classify
the generic linear residual orbits with the weighted Dynkin diagrams for the distin-
guished nilpotent orbits (see [Opl, Proposition B.1(i)]). Since the weighted Dynkin
diagrams characterize the nilpotent orbits completely by the Bala-Carter theorem
(see [Cal]) we obtain for all k& # 0 a bijection

(104) fBC Ut (Ry) — Dyn®t(Ry,V, Fy, k)

where U%*'(R;) denotes the set of distinguished nilpotent orbits of the simple com-
plex Lie algebra with root system R;. It is well known that the values of the roots on
the generic linear residual points are integral linear combinations of the k(«) (cor-
responding to the fact that the roots take even values on the distinguished weighted
Dynkin diagrams). We refer to [Ca, pages 176-177] for the tables of the distinguished
weighted Dynkin diagrams.

6.6. The case R; = Fy. Let (aq, a9, a3,a4) be a basis of simple roots of R; such
that ; and a9 are long, g and oy are short, and as(ay) = —2.

The set Wy\Res""(Fy) was completely classified in [HO1, Table 4.10], but un-
fortunately this table contains an error (the coordinates of f; are incorrect). We
therefore include the corrected table (see Table 1) below. There are eight orbits of
generic linear residual points for Fj, numbered fi,..., fs. The orbits are generi-
cally regular with respect to the Wy-action, except for fg which generically has an
isotropy group of type A; x A;. In the table below we have specified for each generic
linear residual orbit f,, = Wy, a generic linear residual point &, by means of the
vector of values (a1(&p), .-, @4(&n)). Here k = (k1, k2) where k; is the parameter of
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TABLE 1. Fj4: Generic linear residual orbits

Orbits f = Wy ¢
J1 §1 = (k1, k1, ko, ko)
f2 & = (k1, ki, ko — Ky, ka)
/3 &3 = (k1, k1, ko — Ky, ky)
f4 §4 = (K1, k1, ko — 2Ky, ko)
fs & = (k1, ki, ko — 2k, 2k)
o & = (k1, k1, ko — 2k, k1) #0
I §r = (K1, k1, ko — 2ky, —2ko)
/s £ = (0,k1,0, ko — k1)

TABLE 2. Fy: Regular parameters

Orbit Ko
fi | (2k1 + 3k2)(3k1 + 4k2)(3k1 + ko) (5k1 + 6ka) # 0
fo (kf — (6k2)*)ka #0

f3 (3k1 + 2]4:2)(]{31 + 3k2)(2k51 + 3k2)(3]€1 + 4k2) #0

o | (2hy = 3ko)(3ky — 4k) Bk — 5h) (51 —Gha) 70
/5 ((3k1)? — (2k2)?) (k7 — (Bk2)?) # 0

o | (k1 — 2ks)(ks — 3k) ks — k) (361 — 1K) £0
fr ((3k1)? —k)k1 #0

/s kiks # 0

the long roots. We list in Table 3 the non-generic values of k, together with the
set Dynd“f‘/(k) := Dyn?¥t(Ry,V, F|, k) of k-weighted Dynkin diagrams and for each
D € Dyn%#(k) the inverse image ev; '(D) of the map

(105) evy : Wo\Res{™ — Dyn®s(k)

Remark 6.16. In Table 3 we assume that x > 0. Not all special parameters are
listed in table 3 but all other special values can be obtained from the listed ones by ap-
plying the following symmetries. First of all we have f;(k1,ke) = fi(—k1,—ka) (since
—id € Wo) and fi(kl,kg) = fg(i)(kl, —]{72) = fg(i)(—kl,k‘g) with 0 = (14)(36). With
these transformations we can reach all quadrants of IC from the positive quadrant.
In addition we have used the following symmetry (arising from interchanging the
long and short roots) to reduce the length of Table 3: Let ¥(a,b,c,d) = (2d,2¢,b,a).
Then we can define D;(2ka, k1) by D;(2ke, k1) = V(D;(k1,k2)). The map ¥ acts
as follows on the set of generic linear residual orbits: V(fi(k1,k2)) = fo@)(2ka, k1)
where o is the transposition (27). Observe that ¥?(a,b,c,d) = (2a,2b,2c,2d), thus
U2 corresponds to replacing x by 2x.

6.7. The case R; = Ga. See [HO1, Proposition 4.15]. There are three orbits of
generic linear residual points Wy&1, Wp&e and Wyés. which we will refer to as g1,
g2, and g3. Let a1 be the simple long root and ag the simple short root. Let
k = (ki,ky) with k; the parameter of the long root. The following table lists the
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TABLE 3. k-weighted Dynkin diagrams and confluence data for Fj

D¢ = (z,z,2,7) fe
D7 = (0,z,2z,0) I

k = (ky,k2) | D € Dyn®st(k) evi, (D)
(0,$) Dlz(0,0,l‘,IE) flaf2af4
DQ:(O’O’xﬂO) f37f5af6
(x’x) D1:($,$,$,$) fl
D2:($’x707x) f2, f3
D3=(0,$,0,Z’) f57f7
D4:(0,IE,0,0) fa, fo, I8
(x,2x) Dy = (z,x,2z,2x) f1
D2 = (I’,l‘,.’B,Ql') f2
D3 = (z,x,z,x) f3
Dy = (z,,0,2x) fa, f5
D5:(Z‘,$,O,J)) f67f7
Dg = (0,2,0,z) fs
(x,3x) Dy = (z,x,3x,3x) fi
Dy = (z,x,2x,3x) fa
D3 = (z,x,z,3x) fa
Dy = (I’,i[f, 2%’,1’) f3
D5 = (z,x,z,2x) fs5
D¢ = (z,x,z,x) fe
D7:(07x7012x) f8
(2z,3x) Dy = (2z,2x, 3z, 3x) f1
Dy = (2x,2x, z,3x) f2
Ds = (2z, 2z, x, 21) f3
Dy = (22,0, z,2x) fa, f7
D5:(0,2$,0,.’IJ) f8
(3z,2x) Dy = (3z,3x, 2z, 2x) f1
Dy = 3z, x,x,2x) I3
D3 = (3$,$,$,$> f2
Dy = (2z,x,z,2x) f7
D5 = (2z,z,z,x) I
D6:(O,IL‘,Z‘,O) f8
(5z,3x) D, = (5z,5x, 3z, 3x) f1
Dy = (bzx, x, 2z, 31) f3
D3 = (bz,x, 2z, x) fa
D, = (4z,x, 2z, 3x) f7
D5 = (4$,$,2$,Z‘) f5
(
(

gi = W& and the set K where Wy¢; remains residual upon specialization. We
use similar conventions as in the case Fy. We list in Table 5 the non-generic values
of k, together with the set Dyn®*!(k) of k-weighted Dynkin diagrams and for each
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TABLE 4. Generic linear residual orbits for G5

Type 13 ngg
g1 & = (kl, kg) (k1 + ng)(2]€1 + 3k2) #0
g2 §2 = (k1, ko — k1) (k1 — 2ko)(2k1 — 3k2) # 0
93 | & = (k1,1/2(ko — k1)) kiks # 0

TABLE 5. k-weighted Dynkin diagrams and confluence for Go

k= (k1,k2) | D € Dyn®(k) | ev, (D)
(0,) Dy = (0,7) g1, 92
(z,2) Dy = (z,7) g1

Dy = (x,0) 92,93
(2z,x) Dy = (2z,x) g1
Dy = (%l‘a %ZE) g3

D € Dyn%s(k) the inverse image ev; '(D) of the map
(106) evy : Wo\Res{™ — Dyn®s (k)

Remark 6.17. In Table 5 we assume that x > 0. Not all special parameters are
listed in table 5 but all other special values can be obtained from the listed ones
by applying the following symmetries. First of all we have g;(ki,ka) = gi(—ki1, —k2)
(since —id € Wy) and gi(k1, k2) = go(iy(k1, —k2) = gg(i)(—Fk1, ko) with 6 = (12). With
these transformations we can reach all quadrants of IC from the positive quadrant.
In addition we have used the following symmetry (arising from interchanging the
long and short roots) to reduce the length of Table 5: Let ¥(a,b) = (3b,a). Then we
can define D;(3ka, k1) by D;(3ke, k1) = W(D;(k1,k2)). The map ¥ acts as follows
on the set of generic linear residual orbits: V(fi(k1,k2)) = fi(3ka, k1). Observe that
U2(a,b) = (3a, 3b), thus U2 corresponds to replacing = by 3.

7. THE CLASSIFICATION OF THE DISCRETE SERIES OF H
We formulate the main theorem of this paper.

Theorem 7.1. Let Ry C V* be a non-simply laced irreducible root system or Ry =
A,,. Let Fy be a basis of simple roots, and let k € K. We denote by AR (Ry,V, Iy, k)
the set of irreducible discrete series characters of H(Ry,V, F1,k). The generic central
character map induces a bijection

(107) gecll s AB(Ry, V, F1, k) — Wo\Resi™(Ry)

which is compatible with the central character map in the sense that evk(gcci{(é)) =
cc(0) for all k € K and for all § € AV¥(Ry,V, F1, k), except when Ry = Fy and k €
IC;ZQ, in which case there are ezactly two elements o, 05 € AY(Ry,V, Fy, k) with
generic central character fs. This statement is also true for Ry = D,, (withn > 4) if
we replace Wo(Dy,)\Resi™(Dy,) by Wo(Dy,)\Resi™(Dy,)* and geef! by the map gcckH’ti
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which is equal to the map gcc(}]IC’jOB)" for type By, composed with the induction map for

characters of H(D,,,V, 1, k) to H(B,,V, F?, (k,0)).

Proof. We apply the reduction results Corollary 2.30 and Corollary 2.31 with u = 1.
In this situation we will denote the natural map Q@ — K given by ¢ — ky—1 = k by
k = 2log(q).

In view of Proposition 2.56, Corollary 2.31 and Corollary 5.11 the result is equiv-
alent to the statement that for all Wpé € Wy\Rest™(R;) and all connected com-
ponents U C K’I;‘e,gs we have My, exp(e)}xexp(U) = 1 except when Ry = Fy and
W€ = fg, in which case the value should be 2 (independent of the choice of U).

If Ry = A, (with n > 1) then there is one generic residual orbit Wy&, with
two components Ky,e = {Uy,U_}. It is of course well known in this case that
My = M{w,exp(¢)yxexp (Uy) = 1 and there are many possible proofs for this fact,
but we will explain the proof that is central to the approach in this paper in order
to illustrate the method in this basic case.

The multiplicities My are on the one hand at least 1 (by Corollary 5.11) and on
the other hand at most 1 by Corollary 5.11, Corollary 2.31, and Corollary 2.36. This
proves the required equality.

If Ry = B, (with n > 2) we argue in a similar way. By Corollary 5.11 and
Corollary 6.5 we see that for all generic k € K the cardinality |AY(Ry,V, F1, k)| >
[P (n)| with equality iff My, exp(e)yxexpy = 1 for all U such that & € U. On the
other hand it is well known that the set of elliptic conjugacy classes of Wy(B,,)
is naturally in bijection with the set P(n). Hence Corollary 2.31 and Corollary
2.36 show that |AH(Ry,V, F1, k)| < [P(n)|. We conclude that |AR(Ry,V, [y, k)| =
|P(n)| and thus that My exp(e)}xexp) = 1 for all orbits Wo& and all connected
components U C IC;[e,g ¢ such that U > k. Since k was chosen arbitrarily we see that
M{Wo exp(€)} xexp(U) = 1 for all Wof and all CWO exp(&)s as desired.

If Ry = C, then the result follows easily from the case R; = B, using that fact
that H(Bn, (kil, kg)) ~ H(Cn, (kl, ki2/2))

If Ry = G5 the argument is completely analogous to the case Ry = B, using the
results of subsection 6.7.

In the case Ry = F,; we need additional arguments. The Weyl group Wy(Fy)
has 9 elliptic conjugacy classes, but by Subsection 6.6 we see that there are only
8 generic linear residual points fi,..., fs. The points fi,..., f; are (generically)
regular. A generic residual orbit Wy exp({(k)) carries precisely 1 irreducible discrete
series character (see [Sl1, Corollary 1.2.11]), proving that the multiplicities associated
to these orbits are all precisely equal to 1. Now consider fg. By the above numerology
we see that for any component U of K';? the value of My« can be either 1 or 2
and in the rest of the proof we will show that it has to be always 2. From Table
2 we have IC;ZQ = {Uy +} with Ug, ¢, = {(k1,k2) | €ki > 0(i = 1,2)}. This simple
structure of IC;:g is very helpful at this point. There exist standard automorphisms
(for ¢; = +1)

(108) Vereo t H(R1L, V, FY (K1, ko)) — H(R, V, Fy (e1k, e2ks))
such that ¥, ¢, (z) = x for all z € V*, ¢, ¢, (si) = €15; (for i =1, 2) and 1), ¢, (55) =
ezsj (for j = 3,4). Clearly twisting by ¢, ¢, sends discrete series characters to

discrete series characters and thus that the multiplicities My, are independent
of U. It was shown by Mark Reeder [Rel| that there exist 2 irreducible discrete
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series with central character ev(4, ,)(fs) for the (generic) parameters (4z,r) (with
x > 0). In Reeder’s parametrization these characters are called [A;Er(as), —21]
and [A1E7(as5),—3]. Reeder’s result is based on the explicit computation of the
weight diagrams of the discrete series modules (alternatively we could invoke here
the standard Kazhdan-Lusztig classification for the parameters (z,x) (with z > 0)
to arrive at the same conclusion).

Finally let us consider the case Ry = D,. Of course this simply laced case can
be treated directly by the Kazhdan-Lusztig classification (see Remark 6.15) but
we want to show here how to adapt the deformation method to so that the clas-
sification for Ry = D, is also treated by an appropriate version of the generic
central character map. It was shown in Subsection 6.4 that the degenerated affine
Hecke algebra H(D,,,V, F1, k) is the fixed point algebra of H(B,,V, F, (k,0)) for
the action of the automorphism group ¥ 2 Z/2. From our knowledge of the case

Ry = B, we know already that the map generic central character map gccg’OB)"

for type By, yields a bijection between A®(B,,, V, F?, (k,0)) and Wo\Resi"(B,,). In
Subsection 6.4 we have seen that twisting by v acts freely on the set of generic
linear residual orbits Wg\Resg"(Bn). It follows that twisting by % acts freely
on AY(B,,V,F} (k,0)) as well. Using [RR, Theorem A.6, Theorem A.13] we
see that all characters in A®(B,,V, F}, (k,0)) remain irreducible when restricted
to H(D,,,V, Fi,k) = H(B,,V, F}?,(k,0)Y, that all § € AY(D,,,V, Fy, k) arise in
this way and that there always exist precisely two irreducible characters 6,, 0_ €
AY(B,,V,F{, (k,0)) restricting to J, and these two characters are 1)-twists of each
other. This proves the required result. [

Let us look at an interesting special case:

Example 7.2. We have H(B,,V, F1,(0,k2)) ~ H(A},V,F1(A}), k2) x S, with
FIA ={e1,...,en}. Using this it is easy to see that for ko # 0

(109) AR(B,,V, F1,(0,k2)) = {6 | 7 € 5,}

with 6, = 6®" @ ™ and where § is the unique irreducible (one dimensional) discrete
series character of H(A1, V (A1), Fi(A1),k2). If ko > 0 then

(110) 67'(()\)‘WO = X(_’)‘/)
and if ka < 0 then
(111) Sxnylwe = X(A, =)

where {m(A\) }xepn) denotes the usual parametrization of the irreducible characters
of Sn by partitions of n (see e.g. [Cal), and where {X(7,0)}(r.s)ep(2n) s the usual
parametrization of the irreducible characters of Wy = W(By,) by bipartitions of n.

On the other hand we recall from subsection 6.2.1 that k = (0, k) is a regular
parameter for all generic linear residual orbits of H(B,,V, F1, (k1,k2)). Hence the
map

(112) geco ) : AR(Bn, V, F1, (0, k2)) — Wo\Res"™(B,)

is a bijection by Theorem 7.1. By continuity (see Theorem 5.7 and Definition 5.10)
it follows that for all X € P(n) the generic irreducible discrete series character
OWoerxUsoo Whose domain of definition is the unique connected component Uioo =
Uwoey, 400 Of K;;géx which contains (0, ka) for ke > 0 restricts to an irreducible
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character of Sy, and this sets up a bijective correspondence between the set of generic
linear residual orbits and the set of irreducible characters of Sy,.

Remark 7.3. Unfortunately we do not know how to compute the generic central
character map in this case. We conjecture that

(113) 9CCo,kz) (0r(n)) = Wobx
if ke > 0 and

(114) 9CC(0,k0) (Om(n)) = Woi
if ky < 0.

The following corollary of Theorem 7.1 was known for degenerate affine Hecke
algebras with equal parameters by the work of Reeder [Re2].

Corollary 7.4. Let k € K™ be a regular parameter. The elliptic pairing (see page
16) is positive definite on EN(H(R1,V, Fi,k)) and the map

EN(H(R,,V, F1,k)) — EI(W))
(7] = [mlwo)
yields an isometric 1somorphism with respect to the elliptic pairing.

Proof. We may assume that R; is irreducible. If R; is non-simply laced we see from
our results above that (since k& € K"Y) the images in EN(H(R1,V, F1,k)) of the
irreducible characters in AH(Ry, V, Fy, k) form a linear basis of EIl(H(Ry, V, F1, k)).
We also know that these even form an orthonormal basis with respect to the elliptic
pairing, hence the elliptic pairing is positive definite in this case. Using results of
[OS] it follows that the limits of these characters for zk (with z — 0) from an
orthonormal set of elliptic characters of Wy (actually, in order to see this using the
results of [OS] we need to lift the characters to H(R,q) using the equivalence of
Corollary 2.31, then take the limit ¢* with £ — 0 to get a set of orthonormal elliptic
characters for W, and then use the formula for the elliptic paring of [OS, Theorem
3.2]). Finally we already established in the previous theorem that the cardinality
of this set is equal to the dimension ell(Wj) of the space Ell(WWy). This yields the
desired result for non-simply laced cases. For simply laced cases (or more generally
all cases with equal parameters k (i.e. such that k, = x for all @ € R;) the result
is due to Reeder [Re2] (based on the Kazhdan-Lusztig model for the characters of
H(R,q)). O

It is natural to expect that the result of Corollary 7.4 holds for arbitrary k. We
conjecture something stronger (see [ABP] for related conjectures):

Conjecture 7.5. A generic family 6 of irreducible discrete series characters § €
AW9en (R 'V, Fy) with domain of definition U € K%gé say, has weakly continuous
limits to the points k € U (the closure of U). In view of the above results this
would imply that the elliptic pairing is positive definite on EN(H(Ry,V, F1,k)) for
all semisimple root systems Ry and all k € IC, and that this space is isometric to
Ell(Wy) for all k € K.

Remark 7.6. Using the gcc® invariant is not difficult to check that for all ir-
reducible root systems Ry the irreducible discrete series characters are stable for
twisting by diagram automorphisms (a case-by-case verification).
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8. THE CLASSIFICATION OF THE DISCRETE SERIES OF H

Since a semisimple root datum is in general not isomorphic to a direct sums of
irreducible root data the classification of the irreducible discrete series characters
can not be reduced to the same problem for an irreducible root datum. However,
we have seen (Theorem 2.6 and Theorem 2.8) how to reduce the problem to the
analogous problem for cross products of semisimple degenerate affine algebras by
certain groups of diagram automorphisms. In Section 7.1 we have covered the basic
building blocks, the simple degenerate affine Hecke algebras.

Even though the classification problem for semisimple affine Hecke algebras can in
general not be reduced to the simple cases it is instructive to give the classification
in certain basic situations. This is what we seek to do in the present section. In
particular we classify in this section the irreducible discrete series characters for all
the irreducible non-simply laced root data and all possible positive root labels (using
Theorem 2.6 and Theorem 2.8 to reduce the problem to Theorem 7.1).

Let R = (X, Ro,Y, Ry, Fy) be an irreducible root datum, and let ¢ € Q@ = Q(R).
Recall the maximal root datum R™** (with X" = P(R;), the weight lattice of
Ry, and R{"™ = Ry) with the natural isogeny ¢ : R — R™* such that Q(R) =
Q(R™a™). Let us define

(115) I' =Y/Q(RY) = Hom(X™**/X,C*) c T™™

An element v € T" uniquely extends to a linear character (also denoted ) of W™ =
X™ar s Wy which is trivial on Wy. I' acts on the affine Hecke algebra H™** =
H(R™* q) by means of algebra isomorphisms as follows: for w € W™ and v € T
we define y(Ny,) = v(w)N,,. With this action of I' we have

(116) H(R,q) = H(R™, q)"

We are interested in applying Theorem 2.6 to central characters which carry
discrete series characters of H, in other words to orbits Wyr € Res(R, ¢) of residual
points in 7. We know that r € T' is of the form r = sexp(§) with s € T, such that

(117) Rs1 ={a € R |a(s) =1}

is of maximal rank, and & is a linear (Rj 1, ks)-residual point. Let us define WY =
Wo X 2miY, then the action groupoid of the action of Wy on T is equivalent to the
action groupoid of WV acting on V. We have a splitting of the form

(118) WY = WY(R™*) x T

with WY (R™) = W (RW) = Wy x 27iQ(RY) on iV, and where T acts on W(R\")
via diagram automorphisms of Rgl). Hence we may assume that s(e) = exp(e) with
e € E(CV), the set of extremal points of the closure of the fundamental alcove CV
of W(Rgl)). It follows that

(119) Ws(e) = W(Rs(e),l) X Fs(e)
with T'y) = {7 € ' | y(e) = e} (compare with Definition 2.5 and Corollary 2.54).

Let FV be the set of simple affine roots of Rgl). If a¥ € FV then there exists
a unique extremal point e(a") € E(CV) such that a"(e(a")) # 0. This sets up a
canonical bijection FV «— F(C") which we denote by e — a"(e) and a" — e(aV).
Let D(aY) € V* denote the gradient of aV. By the above, if e # e(a") then
D(a)(s(e)) = 1. Hence if D(a") can be written as D(a") = 23 with 3 € Ry then
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FIGURE 2. Spectral diagram of the Iwahori Hecke algebra of Spa, (F)

B(s(e)) = £1 for all extremal points e € CV with e # e(a¥). In this situation the
value 3(s(e)) € {£1} is independent of the choice of e # e(a") (namely, it equals
—1iff {aV} = FY\F1). Thus the following definition makes sense (in view of (26)):

Definition 8.1. We define the spectral diagram ¥ associated with (R,q) as the

affine Dynkin diagram of WV associated with the basis F" of Rgl), where we give all
the vertices a” € FV of ¥ a weight kqv defined as follows. We define kqv = ks D(av)
(as in (26)) where s = s(e) for e € E(CY)\{e(aV)} (an arbitrary choice). Note
that > (labelled with these weights) is invariant for the natural action of T on FY.
We include the action of I' on the diagram and the marking of the special vertex
(extending the diagram of Ry) in the spectral diagram.

Example 8.2. If R = R™* we have I' = 1. These cases are referred to as Rgl).

Example 8.3. [t is possible that the generic affine Hecke algebra of a root datum is a
specialization of the generic affine Hecke algebra of another root datum. For example,
H(Cy, P(Cy), Bn, Q(By,), Fo(Ch)) is isomorphic to the specialization vgv =1 in the
generic algebra of the type H(By, Q(By,), Cpn, P(Cy), Fo(By)) where 5 € Ry = By, is
such that 28 € Ry. This is compatible with the previous remark in the sense that
both these cases are referred to as ngl). A basic example in this class is the Iwahori
Hecke algebra of the Chevalley group of type G = SOay, 1 1(F), with ¢> = |O/P|, the
cardinality of the residue field. See Figure 1 (with k = 2log(q)).

Example 8.4. The Iwahori Hecke algebra of the simply connected group Span(F)
(where we put ¢> = |O/P|) has the spectral diagram displayed in Figure 2 (where
k = 2log(q)). It corresponds to the case Ry = Bp, X = Q(Rp) and therefore

it is obviously also a specialization of CS) (namely this case corresponds to the
specialization vey = 1 for o = 20 with B € Ry). Indeed, the spectral diagram of
Figure 2 is equivalent to the diagram of type 07(11) displayed in Figure 3.

Example 8.5. More generally, let R be of type C’,gl). Let Ry = {*e;, £e; £e;} and
put X = Q(Ro). Choose Fy = {e1 —ea,...,en_1 —€n,en} and put q1 = q(Sz;—a;,,)>
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FiGUure 3. Equivalent C7(L1)—type spectral diagram of the Iwahori
Hecke algebra of Spa, (F')

om_k  k k k k omk

FIGURE 4. Spectral diagram for the general Cfll)—case

@2 = q(s22,) and qo = q(S1-22,). Put k = 2log(q1) and define my by mik =
+log(qo) +log(q2). The corresponding spectral diagram is displayed in Figure 4. We
refer to [Lu3], [Bl] for explicit examples of such affine Hecke algebras as convolution
algebras in the representation theory of p-adic groups.

Definition 8.6. For each element e € E(CV) we associate the semisimple root
system Rgey1 with basis Fye) 1 (as in Definition 2.5). Then D(FY\{a"(e)}) is a
basis for Rye)1- Let ke € K(Rg(e),1) denote the unique parameter function on Ry 1
which corresponds to the set of weights of ¥ restricted to FV\{a"(e)}. Then we
associate to e the algebra

(120) H. := H(Rs(e),h v, Fs(e),la ke) X Fs(e)

We denote by A(H,) the set of irreducible discrete series characters of He (in the
sense as explained in the text following Corollary 2.27).

Let us finally formulate our classification theorem:

Theorem 8.7. Let R = (X, Ro, Y, Ry, Fy) be a root datum with Ry irreducible, and
letq € Q. Let A(R,q) be the set of irreducible discrete series characters of the Hecke
algebra H(R,q) as usual. There exists a natural bijection
(121) AR.q)— [ 2" (R.q)

€T\ E(CV)

where the disjoint union is taken over a set of representatives for the I'-action on
E(CY). For each e € E(CV) there is a natural bijection

(122) A*CN(R, q) ~ A(H,)

(where the right hand side denotes the set of irreducible discrete series characters of
H.). In particular, if Usey = 1 we have

(123) AR, q) = AM(Ry() 1,V Fy(e) 1, ke)

(which is completely described by Theorem 7.1). If 68 € A(H,) then its restriction
to H(Ry(e)1,V; Foe),15ke) is a finite sum of irreducible discrete series characters 5iH
whose generic central characters gccH(ézH) constitute one Wy)-orbit of a generic
linear Ry 1-residual point § (using Theorem 7.1). We express this by writing

(124) gCCH(éH) = Ws(e)§
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FIGURE 5. Spectral diagram for Ry = C,, and X = Q(Rp)

With this notation the bijection above has the property that if § € AS(®) (R,q) corre-
sponds to 61 € A(H,) with gecH(6H) = W(e)€ then

(125) gee(6) = Wo(s(e) exp(£))
Proof. Use Theorem 2.6 and Theorem 2.8. ]

Remark 8.8. If R is of type Rgl) then one has U'yoy = 1 for all € E(CVY). In general
one needs to apply Clifford theory in order to describe the sets A(H.) in terms of
the results of Theorem 7.1.

The only non-simply laced classical case which is not of type Rgl) is the case

Ry = C,, and X = Q(Ryp) (as is clear from the examples above). In this case R™%*
is of Cr(ll)—type with the specialization vgv = vg,, = 1 (as in Example 8.3). Using
the notation of Example 8.5 and (7) we see that ¢o = ¢(v2s,,) = 1. Hence we have
m = m4 = m_, and a group I' = Z/2 acting on the spectral diagram ¥ as shown
in Figure 5. In the application of Theorem 8.7 everything is straightforward except
when n = 2a is even and e = e, corresponds to the the middle node of ¥ (the unique
node of ¥ with nontrivial isotropy in I'). In this case we need to describe the set

(126) A(He,) = A(H(Ca, Va, Fa, ka) @ H(Ca, Va, Fa, ka)) ¥ T)
where the nontrivial element of I' acts by the flip 7 of the two tensor legs.

Theorem 8.9. We have
(127) A(Hea) = F\(AH(CUH Vaa Fav ka) X AH(CCH Vaa Faa k'a)).

where for any set A, (A x A)® denotes the Cartesian product of A with itself with
the diagonal counted twice, and where the unique nontrivial element v € I' acts by

w(7)(01,2) = (d2,01).

Proof. By Clifford theory it is clear that all irreducible discrete series representations
of H,, are obtained by the following recipe. We start from an irreducible discrete
series character 6 = 01 ® 02 of H(Cy, Vy, Fu, ke) @ H(Cy, Vy, Fu, ke). Consider its
inertia group for the action of I' on such characters (by twisting). In this simple
situation we see that we can choose an explicit intertwining isomorphism

(128) ()01 ®62 — (J2®01) 0T

given by 7(y)(v ® w) = w ® v. Hence the inertia subgroup in I' of §; ® dy is
nontrivial iff 4; and Jo are equivalent irreducible representations. If the inertia is
trivial then Clifford theory tells us that the induction of §; ® 2 to He, is irreducible,
and otherwise Clifford theory tells us that the induced representation splits up in
two inequivalent irreducible parts (distinguished from each other by the sign of the
trace of 7). This proves the result. ]
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APPENDIX A. ANALYTIC PROPERTIES OF THE SCHWARTZ ALGEBRA

The aim of this appendix is to provide proofs of Theorems 2.20 and 2.23, which
concern the embedding S(R, q) — C}(H(R,q)) and holomorphic functional calculus
with varying parameters q. Our approach is purely analytic and does not make any
use of the representation theory of H(R,q). The appendix is based on the second
author’s thesis [So, Section 5.2], where some proofs can be found in more detail.

First we recall some generalities. A Fréchet algebra is a Fréchet space endowed
with a jointly continuous multiplication. We include in the definition that the topol-
ogy can be defined by a (countable) family of submultiplicative seminorms. The
submultiplicativity ensures that our Fréchet algebras can be written as projective
limits of Banach algebras.

Theorem A.l. Let A be a unital Fréchet algebra and let a € A. Suppose that
U C C is an open neighborhood of the spectrum Sp(a) of a, and let C**(U) be the
algebra of holomorphic functions on U. There exists a unique continuous algebra
homomorphism, the holomorphic functional calculus

CU) = A: f e f(a),

such that 1 — 1 and idy — a. Moreover, if I' is a positively oriented smooth simple
closed contour, which lies inside U and encircles Sp(a), then

fla) = ;M/Ff(z)(z —a) ldz.

Proof. This is well-known for Banach algebras, see for example [Ta, Proposition 2.7].
As noticed in [Phl, Lemma 1.3], we can generalize the result to A, because A is a
projective limit of Banach algebras. O

Remark A.2. If U is disconnected then we may also use finitely many contours
I, each one lying in a different connected component of U. Notice however that in
general Fréchet algebras the spectrum of an element need not be compact, so it may
not be possible to find suitable contours for the holomorphic functional calculus.

The next Theorem, which relies on an elementary but nontrivial result of Lusztig,
is essential to control the multiplication in H(R,q). Let u,v € W and let u =
WS1 "+ Sg(u) be a reduced expression, where /(w) = 0 and s; € S. The s; need not

all be different. For I C {1,2,...,¢(u)} we write n; = [[,¢; (¢(si) — q(s;)™') and

- ~ - s; if 1¢1
ur = ws1 - Sy where 5 = { eZ ;f ; i 7
Theorem A.3.
Ny-Ny= > nD¥(I)Nyp  where

1C{1,2,....0(u)}
o DY(I) is either 0 or 1,
e DY(0) =1 and DX(I) =0 if [I| > |RZ|,
. S DY(I) < 3(I(u) + 1) R
1C{1,2,..,6(u)}
Proof. Tt follows from the multiplicaton rules in Definition 2.1 that for s € S
0 if I(sv) > £(v)

. s _ -1 s _
Ny - Nu = Now + D3 (g(s) = a(s)™") Ny where D} = { 1 U(sv) < £(0)
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The expression for N, -q N, with D{(I) being 0 or 1 and D;,(0) = 1, follows from
this, with induction to [(u). By [Lul, Theorem 7.2] for fixed w € W the sum
> ruy—w MDY (I) is a polynomial of degree at most |R$| in the variables q(s;) —
q(s;)~t. Therefore D¥(I) = 0 whenever |I| > |Ry| and

(129)
IR | ()
ST DN < #{Ic{L. W <RI} < Y ( . )
Ic{1,2,...l(uv)} j=0 J
(u)! Ry | -
S o im g < A
where we should interpret (I(u) — |R{[)! as 1 if |[R| > I(u). O

For the reader’s convenience we repeat some notations from Section 2.2.2 and
page 27, and we add some new ones. The vector space V* = R®yz X decomposes as

v :%*@Vg =RRy®R®yz ~Z,
so that we can write unambigously V* > ¢ = ¢g + ¢z € V| @ V;. The norm on
W is defined by N (w) = l(w) + ||zz]|| if w = 2wy with x € X, wy € Wy. Since
Xz = {xz : v € X} is a lattice in V}, we can adjust the norm on V* so that it
takes integral values on X z. This is not necessary, but it assures that N (W) C Z>.

Lemma A.4. There exists a real number Cnr such that for all n € Z>q :
#{w e W : N(w) =n} < Ca(n+ 1)1

Proof. Recall that W = Wy x X with Wy finite. It is easily seen that X possesses
the required property, and taking the semidirect product with a finite group does
not disturb this. O

For n € R we have a norm p,, on H(R, q), defined as
Dn hwNy ) = sup |hy|(N(w) +1)™.
(2 hu) = sup fhul (W (w) + 1)

weWw
The Schwartz algebra S(R, ¢) is defined as the completion of H(R, ¢) with respect to
the family of (semi-)norms p,, n € Z>o. It clearly is a Fréchet space (even a Schwartz
space), but it is not so obvious that the multiplication extends continuously from
H(R,q) to S(R,q); we will prove this later in the appendix.

Let L2(W) be the Hilbert space of square-integrable functions W — C and let
S(W) be the Fréchet space of rapidly decaying functions W — C. We regard these
as topological vector spaces without a specified multiplication. By means of the
bases {N, : w € W} we can identify L?(W) with L?(H(R,q)) and S(W) with
S(R,q). We note that *,7 and the p, do not depend on ¢ € Q, so they are well-
defined on L?(W). For ¢ € Q and = € L?(W) we denote the corresponding element
of L2(H(R,q)) by (x,q). To distinguish the products for various parameters we add
a subscript ¢, thus (z,¢) - (y,q9) = (¥ ¢ ¥, q)-

We realize the left regular representation A of C*(H(R,q)) on L*(W) and we
abbreviate ||A(z,9)ll g 2wy = II(2,q)[l,- Furthermore let [|?||, be the norm of

L*(W), so that ||z|2 = 7(z* -, ) for all 2 € L*(W) and ¢ € Q such that z* -, x
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is well-defined. Since the number ¢(s) — q(s)~! appears often in the multiplication
table of H(R, q) we will use the following metric on Q:

p(g,q) = max|(q(s) = a(s)™") = (d'(s) = q'(s) ") |-

Put b :=rk(X) + 1. By Lemma A.4 the following sum converges:

> WNw)+1)7" < ZCN n+ 1)K =1 4 1)~k = oy, i(m 1)7? < 0.

weW n=0 n=0

Hence we may write Cp == >, cpy (N(w) + 1) € R. For all z = > .y 2Ny €
S(W) and n € Z>( we get

(130) Y |zl (N (u)+1)" < ZSHP{!%! )+ )PV (@) +1) 7 = Coprs(2)-

Define the parameter function ¢° € Q by ¢°(s) =1 for all s € S. Fix > 0 and let
Bp(qo, n) be the corresponding closed ball in Q. To estimate some operator norms,

we will use the number C), := 3C}, max {1, n‘Rtﬂ} .

Proposition A.5. For all q,q' € B,(¢°,n), v € S(W) the following estimates hold:

”)\(UCaQ)HB(Lz(W)) = [l(z, 9,
[A(z, q) = M@, &) g2 owy)

CnprRSrl(x),

<
< plg, q/)CnprRm(l‘)-

In particular S(R, q) is continuously embedded in C}(H(R,q)).

Proof. Let y =", yyN, € L*(W). By (130) and Theorem A.3
|z q y” = H quyvNu g Ny H

_HZ:UquZWD WNupo|,
<Z‘xu‘ Z ’UI’HZ‘%’NWUHT

L|I|<|RS|
< Z\xu\ )+ 1) IRg |3max{1 n'R |} Iyl

< Coppyyag @ ol

By the very definition of the operator norm on B(L?(W) this yields the first estimate.
That in turn proves that S(R, ¢) is contained in C(R, ¢) and that the inclusion map
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is continuous.
l2gy =g yll, = | 2o wuyo(Nu g No = Nu-g )],
= | i%yv Z(m — 1) D (1) Nuyo ||,
< HZ%%ZP ¢, )" D (D Nuyo |,
>Z|xu| S S e N
v

LIN<|R v
Z!xu\ w) + 1) 3 max {1, 9Rd 1} |1y,

= P(%q )CﬂprRJ\( ) ||y||7

Between lines 4 and 5 we used a small calculation like (129) :

IRy | IRT| .
S < 3 ()i < S L i
L|I<|R] | i=0 N 7 ( ( |R0 )=

< ((u) + 1)|R0 | 3max {1, n‘R(ﬂ},

and in the last line we may replace I(u) by N (u). O

Now we want to show that S(R,q) really is an algebra. To this end we will
reconstruct it with an alternative but equivalent family of seminorms, which are
closer to being submultiplicative. Let C[W]* be the algebraic dual of C[W] and
identify it with the space of all formal sums »°  _y hwNy. The norm N on W
induces an endomorphism A(N') of C[IW]* by

Y wew PwlNw = > e N(w)hy Ny

This operator is unbounded on L?(W) but it restricts to a continuous endomorphism
of S(W). For T € B(L?*(W)) we define the (in general unbounded) operator D(T) :=
[A(NV), T]. Inspired by the work of Vignéras [Vi, Section 7] we consider the following
family of seminorms on H(R, q):

pp(@) = D" (A@) g2 owy) n € Zxo.

Lemma A.6. The space S(R,q) is the completion of H(R,q) with respect to the
family of seminorms {p, : n € Z>o}.

Proof. We have to show that the families of seminorms {p,, : n € Z>o} and {p}, : n €
Z>o} are equivalent. Let n = p(q,¢°), n € N, w € Wandy =Y, oy yoNo € L2(W).
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From the proof of Proposition A.5 we see that

n

10" ANl = (D90 DD (7)) AN TANIAN YNV
v 1=0

= [ > w X0 () Do m DR DN (i) TN (@) Ny,
v 0 1

i=

= 1> w0 > DD N (wrv) = N (©))" Ny,
v I
SN Iyl Y Il D) Nugo |,
v I
< N ()3 () + DI max {1,951 S [yl Nuyo ||

— N (u)"3(N (u) + 1)1 max {1,7/F 1V |y| .
Hence, for x =), z,Ny € H(R,q)

D" (A @) er2owy) = HZ%Dn(/\(N“))HB(LQ(W))
< Z‘xu‘g("v’(u)+1)n+|Ri|maX{1’n\R3|} < Cnpn+b+|Rar|(1').

On the other hand, since Q' = {w € W : N(w) = 0} is finite,
Pa(@)? < 2w W (w) + 1) |2 [
<D weqr |z, ]* + 47 ZueWN(“)%’qu
< Q|| + 4™ AN |2
= |] [A@)Nel7 + 4™ | D" (A@))Ne7
<A@ B2 wy + 4" 1D @) B2 wy)
< (112 IX@ s z2guy + 2" 10" @) pzagry )

which shows that p,, is dominated by a linear combination of pj and pl,. O

Theorem A.7. (1) S(R,q) is a Fréchet algebra.
(2) S(R,q)* is open in S(R,q) and inverting is a continuous map from this set
to itself.
(3) An element of S(R, q) is invertible if and only if it is invertible in C}'(H(R,q)).
(4) The subalgebra S(R,q) C C}(H(R,q)) is closed under the holomorphic func-
tional calculus of C(H(R,q)).

Proof. (1) We already observed that S(R,q) is a Fréchet space. Because D is a
derivation, S(R,q) is also a topological algebra with jointly continuous multiplica-
tion. A short calculation shows that the norm > %p; on S(R,q) is submulti-
plicative for any m € Z>o. The family {anzo %pg m € ZZQ} is equivalent to
{pl, : n € Z>p}, so defines the same topology.

(2) and (3) See Lemmas 16 and 17 of [Vi].

(4) This is a consequence of part (3) and Theorem A.1. O
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Our next goal is to show that inverting in S(R,q) also depends continuously
on ¢ € Q. For this we need two preparatory lemmas. Put b = 2b + |R{| =
21k(X) + | Ry | + 2.

Lemma A.8. Let n €N, q,¢ € By(¢°,n) and z; = Y, ey iulNu € S(W). Then
m
pn(xl g g xm) < H Canpn+b’(xi)7
i=1
m
pn(xl gt g Tm — X1 g xm) < p(‘]a q/) H Cananrb/(I'i).

i=1
Proof. This can be deduced with a piece of careful bookkeeping:

pn(!E1 g g xm) <
pn(zuiewflm T, NVuy g g Ny,,) <
Zuiew‘xlm"'xmum’(N(ul)+"'+N(um)+1)nnz 1||( ulaQ)H <
S uew 121 @i, | T Cy(N () + 1)+ =
[1721 Cn Suew lwiul (N (u) + 1)mH4+155] <
121 CyCoppry (24)
Pn(Nuy g+ g Nup — Nuy ¢ =+ ¢ Nuy) <
Z;n:_llpn(Nul ] N“J q N“J+1 ¢ Num_

Ny, - q " qNug q Nu]+1 qg g Num) <
S pla a!) Ty Coy(N (ug) + 1yt HIRS <
p(a,¢') Ty Co(N (i) + 1)+ AG
Pr(@1 g g Tm — X1 o g Tm) <
ZuiEW 1Z101 *** T [Pn(Nuy vq g Nupy — Nuy ¢ Nu,,) <
S sew [T1un o 1900 ) TIZ Co(N (i) + 1) 0 H1RS -
0.0 T Co Syl (V) + 1133 <
p(a, ) 121 Copnry (2:)

In these calculations we used (130) and Proposition A.5 several times. O

Knowing how to handle multiple products in S (R q), we can make some rough
estimates for power series. Let f : z +— > " am,z™ be a holomorphic function on

a neighborhood of 0 € C and define another holomorphic function f (with the same
radius of convergence) by f(z) := > 2 |am|z™.

Lemma A.9. Let n € N, z € S(W) and q,q¢' € B,(¢°,n) be such that f(z,q) and
f(z,q) are well-defined. Then

pu(f(2,9)) < F(CyCopnyw (7)),
p(f(@,q) = f(z,d) < pla,d)f(CoCipnty (@)).
Proof. By Proposition A.8 we have
pn(f(2,9) = pn(E=otm (@, 0)™)
< Yom—olam|pn((z,q)"™)
< Yom—olam| (CoCopnsv ()™
= f(CoCopniw ().
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pu(f(z,q) = f(2,d)) = pn (S mpam((z, @)™ = (z,4')™))
< Y om—olamlpn ((z,9)™ — (x,¢")™)
< Yom—olamlp(a: 4') (CyCopniy ()™
= p(a,4)f (CyCopnry (@)
The right hand sides could be infinite, but that is no problem. O

Proposition A.10. The set of invertible elements (J,co S(R,q)* x {q} is open in
S(W) x Q, and inverting is a continuous map from this set to itself.

Proof. First we recall that if ||1 —hl|, < 1, then h is invertible in C}(R,q), with
inverse > o0 ((1 — h)". Take q,¢' € B,(¢",n),y € S(R), z € S(R,q)* and write
a = (v,q)~!. If the sum converges, then

(131) a-gd e (1= (2+y)-ga, ¢ )™ = a-g (2+y)-ga,¢) " —ag1 = (z+y,¢d) ' —a.
By Lemma A.8

(132) pu((z+y)ga—1) < pu(z-ga—z-ga)+pu(y ¢ a)
< p(q, ¢ )CECEPrtry (2) Py (a) + CECE Pty () Prtr (@)

Let U be the open neighborhood of (x,q) consisting of those (z + y,q’) € S(W) x
B,(¢°,n) for which

(0, ¢ ) CICE D3y | Ro| ()P3b+ | (@) < 1/2,
CRCEP3tt | Ro| (W)P3b4 || (a) < 1/2.
By (132) and Proposition A.5 we have
]‘((m+y) 'q/a—l,q’)Ho<1 for all (z +v,q') € U,

so every element of U is invertible. To prove that inverting is continuous we consider
the holomorphic function f(z) =>.>°_, 2™ =z/(1 — z) . By (131) and Lemma A.9

m=1
we have
(@ +y.0)7" = a) < CECIpnsy ()pnsw (F(1 = (x4 1) g a,0))
< C2C2pniy (@) f (CoCoprsan (1 — (x+ 1) ¢ ).

Since f(0) = 0 we deduce from (132) that this expression is small whenever p(q, ¢’)
and y are small. O

With Proposition A.10 we can prove that the holomorphic functional calculus in
the various Schwartz algebras is continuous in the most general sense. For U C C
we write

Vi :i={(z,q) € S(W) x Q:Sp(x,q) CU}.
Theorem A.11. Let U C C be open. Then Vi is open in S(W) x Q and the map
CU) x Vu = SW) : (f,2,9) — f(z,q)

1S continuous.
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Proof. By Theorem A.7.4 the spectrum of (z, q) in S(R, q) equals its spectrum in the
unital C*-algebra C;(H(R,q)). By Proposition A.5 (z,q) — ||(z, q)||, is continuous,
so Sp(z, q) is uniformly bounded on bounded subsets of S(W) x Q. Together with
Proposition A.10 this shows that Sp(z,q) depends continuously on (z,q), in the
following sense. Given e > 0, there exists a neighborhood N of (z,¢q) in S(W) x Q,
such that for all (2/,¢") € N:

Sp(2’,¢") c {#/ € C: 32 € Sp(x,q) : |z — 2’| < €}.

Since Sp(z, q) is compact, it follows that V7 is open in S(W) x Q.

For every connected component U; of U that meets Sp(z, ¢), let I'; be a positively
oriented smooth simple contour closed in U; that encircles Sp(z, q) N Uj, as in The-
orem A.1. Since Sp(z, q) is compact, we need only finitely many components. The
above shows that I'; also encircles Sp(z’, ¢") N Uj for (2, ¢’) in a small neighborhood
of (z,q) in S(W) x Q. Now Theorem A.1 tells us that

1
f@d)=5=>"[ f)(z—2d) "z
27 I /1“]-

for all such (2/,¢’). Hence (f,2,¢') — f(2',¢) is continuous. O



*anti-involution on H, 13

A, commutative subalgebra of H(R,q), 9

A, completion of A at Wot € Wo\T, 10

A, primitive ideal spectrum of an algebra A,
9

Aa, commutative subalgebra of Hy, 9

¢ =Cr(H(R,q)), C*-completion of H, 13
cc(9), generic central character map

Q> U — Wo\T, 30
cca, central character map for Ha, 9
ccq, central character map for H(R,q), 9
X~, trace of a representation 7, 13

0 € A9°"(R), set of generic irreducible
discrete series characters, 39

A(H.), set of irreducible discrete series
characters of He, 55

A®(Ry,V, F1, k), irreducible discrete series
characters of H(R1,V, F1,k), 40

AY(R,,V, Fy, k), irreducible discrete series
characters of H(R1,V, F1,ky), 16

AI‘:IVOD(Rl,V, Fi,k), subset of
A¥(Ry,V,F1, k), 40

An(R,U), continuous families of discrete
series characters on U C Q, 30

Ar(R), A¥*(R), sheaf on Q of (weakly)
continuous discrete series characters, 30

A(R), A" (R), sheaf on Q of (weakly)
continuous irreducible discrete series
characters, 30

A(R,q), set of irreducible discrete series
characters of H, 13

A(R,U), A" (R,U), (weakly) continuous
families of irreducible discrete series
characters on U C Q, 30

A"(R,q), elements of A(R,q) with central
character in WouT,, 16

Aw,yt(R, qo), irreducible discrete series
characters with central character Wyt,
26

Dyn?**(Ry,V, F1, k), set of distinguished
weighted Dynkin diagrams, 40

es(q),q» idempotent in S(R, q), smaller than
eq, 27

EI(W), quotient of G(H), 16

FE Py, Euler-Poincaré pairing, 16

eq, idempotent in S(R, q) associated to zq,
27

et, idempotent in A associated to t € T, 11

7, rational function 7' — C, 18

evy, evalution of functions on K at k, 40

evg, evaluation of functions on Q at ¢, 24
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F, basis of R, 7

Fy,basis of Ry, 7

fs, real number such that g(s) = q’*, 20
F 1, basis of Rs1, 10

I, T'(t), groups of diagram automorphisms
of (Ran, Fs1), 10

gce, geeq , GCC, generic central character
maps, 38

gect | degenerate generic central character
map, 40

geell | specialization of gec™ at k € K, 49

G(H), complexified Grothendieck group of
H, 16

H., extended degenerate affine Hecke
algebra, 55

Ha, generic affine Hecke algebra, 7

Ha,o0, generic Hecke algebra of Ry, 9

H(R.1,V, F1, k), degenerate affine Hecke
algebra, 12

H(R, f,q), Hecke algebra associated to a
facet f, 32

H =H(R,q), affine Hecke algebra, 7

H(R, q), formal completion of H(R,q), 11

KC, space of Wy-invariant real functions on
Ry, 22

k, parameter function R; — R, 12

K(A), quotient field of A, 23

K", regular parameters in IC, 42

K¢, parameters k € K for which §(k) is
residual, 40

k., parameter function corresponding to
u € Ty, 12

[, length function of W, 7

L?(H), Hilbert space completion of H, 13

L?(W), Hilbert space of functions on W, 27

A, C-algebra generated by ’U(S)il, 7

Az, Z-algebra generated by v(s)*?!, 24

A, left regular representation of H, 13

L*™P tempered part of residual coset
LCT,19

upi, Plancherel measure of H, 13
mw,r, function @ — C that indicates
r-regularity, 23

N, norm on W, 14
Ny, basis elements of Hecke algebra, 7

Q, length zero elements in W, 7
Qy, stabilizer in €2 of a facet f, 32
O(R), subspace of Wy\Res(R) x Q, 38

P(2,n), set of bipartitions of n € N, 44
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¢s, automorphism of Ha, 8
P(n), set of partitions of n € N, 41
Pn, Seminorm on H, 14
P(ro), generic residual points r with
r(qo) S Wo?"o, 26
P(Ry), weight lattice of root system Ri, 9
s, automorphism of Ha, 8
P = P(V), algebra of polynomials on V, 12

Q, positive points of Q., 8

¢, parameter function S — C*, 7

q, number such that ¢(s) = q’*, 20

qa, parameter of affine root a, 8

Q. =Hom(A,C), 7

08" parameters that are generic
Vr € Res(R), 25

Q(Ro), root lattice of Ry, 7

¢s, parameter corresponding to s € T, 10

Q%Zf, complement in Q of Q;ﬁgr, 24

q(w), parameter of w € W, 8

War» et of r-generic parameters in Q™%, 25

Q;ﬁgr C Q, subset of Wyr-regular

parameters, 20

R, affine root system, 7

R, based root datum, 6

Ry, reduced integral root system, 6

Ry, dual root system, 6

R1, nonmultipliable roots in R, 8

R(ll)7 affine extension of R;, 9

T, affine reflection, 7

Res!"™(Ry), generic linear residual points for
Ry, 22

Resq(R), generic residual points which are
residual at g € Q, 24

Res(R, q), set of (R, q)-residual points in T,
18

Res(R), generic residual points of R, 20

Res®(R), generic residual points with
unitary part s, 21

R™Y root datum with X™* 17

R, nonreduced root system, 8

Rs0,Rs,1, Rs,nr, root systems associated to
seT, 10

Rs, root datum associated to s € T', 10

S, simple affine reflections in W,, 7

So simple reflections in Wy, 7

S(q), union of tempered residual cosets for
(R,q), 20

S = S(R, q), Schwartz algebra of H, 14

S, equivalence classes in S, 7

S(W), space of rapidly decaying functions
on W, 27

T, character torus of X, 9
T, trace on ‘H, 13

0., basis element of Ax, 9
T, unitary part of 7', 10
T,, positive part of T, 10

V=R®X,12

Vo, subspace of V spanned by Ry, 12
v, indeterminate of affine root a, 8
v(s), indeterminate of s € S, 7

v(w), indeterminate of w € W, 8

W, extended affine Weyl group of R, 7
Wo, Weyl group of Ro, 7

Wo(t), subgroup of Wy, 10

Wa, affine Weyl group of R, 7

W, isotropy group in Wy of s € T, 10

X, lattice, 6
X, positive cone in X, 7
X™maeTextension of X, 17

Y, dual lattice of X, 6

Z, length zero translations in W, 7

Z, center of H(R,q), 9

Z, completion of Z at Wyt € Wo\T, 10

z, positive element in C[T]"°, 26

Zx, center of Ha, 9

zq, z regarded as an element of H(R, q), 27
Z,, center of H(Rs,qs), 11
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