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Hochschild homology of reductive p-adic groups
Maarten Solleveld

Abstract. Consider a reductive p-adic group G, its (complex-valued) Hecke algebra H(G) and the
Harish-Chandra—Schwartz algebra S(G). We compute the Hochschild homology groups of H(G)
and of S(G), and we describe the outcomes in several ways.

Our main tools are algebraic families of smooth G-representations. With those we construct
maps from HH,(H(G)) and HH,(S(G)) to modules of differential n-forms on affine varieties. For
n = 0 this provides a description of the cocentres of these algebras in terms of nice linear functions
on the Grothendieck group of finite length (tempered) G-representations.

It is known from [34] that every Bernstein ideal H(G)*® of H(G) is closely related to a crossed
product algebra of the form O(T) < W. Here O(T') denotes the regular functions on the variety T of
unramified characters of a Levi subgroup L of G, and W is a finite group acting on 7. We make this
relation even stronger by establishing an isomorphism between HH..(H(G)®) and HH..(O(T) = W),
although we have to say that in some cases it is necessary to twist C[W] by a 2-cocycle.

Similarly we prove that the Hochschild homology of the two-sided ideal S(G)* of S(G) is iso-
morphic to HH.(C*(T,) = W), where T,, denotes the Lie group of unitary unramified characters
of L. In these pictures of HH..(H(G)) and HH.(S(G)) we also show how the Bernstein centre of
H(G) acts.

Finally, we derive similar expressions for the (periodic) cyclic homology groups of H(G) and
of S(G) and we relate that to topological K-theory.
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Introduction

The Hochschild homology of an algebra A (by default over C) is a fairly subtle invariant.
For finitely generated commutative algebras it gives more or less the differential forms
on the underlying affine variety — exactly that when the algebra is smooth, and otherwise
HH,(A) detects some singularities of the variety. For general algebras Hochschild homo-
logy is related to noncommutative versions of differential forms [18, Chapter 1].

The vector space HHy(A) is particularly interesting, because it equals the cocentre
A/[A, A] and via the trace pairing contains information about the set of irreducible rep-
resentations of A. The higher Hochschild homology groups HH,,(A) also have their uses:
they say something about higher extensions of A-modules (via Hochschild cohomology)
and they interact with further invariants of algebras like (periodic) cyclic homology. When
A is the group algebra of a discrete group I', HH,.(A) computes the group cohomology of
the groups Zr(y) with y € T [12].

Categories of representations of reductive p-adic groups
Let G be a reductive group over a non-archimedean local field, connected as algebraic
group. We aim to determine the Hochschild homology of G, by which we mean the Hoch-
schild homology of a suitable group algebra of G. The most natural choice is the Hecke
algebra H(G), because the category Mod(H(G)) of nondegenerate left H(G)-modules
is naturally equivalent to the category Rep(G) of complex smooth G-representations. By
definition
HH,(H(G)) = Tor, V*" D™ (H(G), H(G)),

so HH, (H(G)) depends only on the category of H(G)-bimodules, which is equivalent to
the category of smooth G X G°?-representations.

Alternatively we have the Harish-Chandra—Schwartz algebra S(G), whose category of
nondegenerate left modules equals the category Rep’(G) of tempered G-representations,
according to the conventions from the appendix of [26]. We consider S(G) as a bornolo-
gical algebra and use the complete bornological tensor product ® [19]. In that setting

HH,(S(G)) = Tory @*5 (5(G), 8(G)),

which depends only on the category of bornological S(G)-bimodules.
On the other hand, the full group C*-algebra C*(G) or its reduced version C;:(G) would
not be suitable here, because

HH,(C*(G)) = HH,(C:(G)) =0  forn > 0.

We approach our main goal with representation theory. We start with the Bernstein decom-
position
— S
Rep(G) = [ [, gy REPGY,

which induces decompositions in two-sided ideals

H(G) = @SE%(G)H(G)S and S(G) = @5€%<G)S(G)S. (1
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Hochschild homology decomposes accordingly, so we may focus on the algebras H(G)*
and S(G)°. We will make ample use of the Morita equivalence between H(G)* and the
opposite algebra of Endg(Il;), where Il is a progenerator of Rep(G)® [25, Theorem
1.8.2.1]. In [34] we made a detailed analysis of Endg(I1;)??, which links it to algebras
whose Hochschild homology groups have already been determined.

Let o be a supercuspidal representation of a Levi subgroup L of G, representing s =
[L,o]. Let L' c L the group generated by all compact subgroups of L. Then the compactly
induced representation indil (o) is a progenerator of Rep(L)[L-“). Let P; be a parabolic
subgroup of G with Levi factor L. As shown first in [7, §II1.4.1], it follows from Bernstein’s
second adjointness theorem that the parabolically induced representation

I, = Ig ind, (o) )

is a progenerator of Rep(G)®. This progenerator was especially convenient for the compu-
tations in [34], and therefore we use it throughout this paper.

To s one can associate a finite group W(L, s) of transformations of the complex torus
of unramified characters X,,(L), satisfying

Z(Rep(G)*) = Z(Endg (115)°P) = O(Xp(L))W 2.

There exists a 2-cocycle s of W(L, s) such that the twisted group algebra
C[W(L, s), bs] acts “almost” on the objects of Rep(G)® by intertwining operators. Here
“almost" means that these intertwining operators depend rationally on y € X;,(L), and they
can have poles. In this setting [34, Theorem A] provides an isomorphism of O(Xp (L))" (&-9)-
algebras

Cu(LYE @ Endg(l)” = C(Xw(L) = C[W(Ls) kel G)

O(Xne(L))W 12)

This isomorphism is canonical on C(Xp(L)) and on a Weyl group contained in W(L, s).
However, for the remaining elements of W(L, s) the images on the left hand side of (3) are
in general only canonical up to scalars.

Although H(G)* and O(Xp (L)) < C[W(L, s), b] are usually not Morita equivalent,
it has turned out that these algebras nevertheless share many properties. By (1) and the
definition of temperedness for G-representations, the category Rep’(G)® of tempered rep-
resentations in Rep(G)* = Mod(H(G)*) is Mod(S(G)*). This subcategory is stable under
tensoring with elements of Xy,(G), the group of unitary unramified characters of G. Like
above, from [33] one can expect strong similarities between S(G)* and C*(Xyp(L)) >
CIW(L, s), bs].

Let R(A) denote the Grothendieck group of the category of finite length A-representa-
tions. We abbreviate R(G)* = R(H(G)®) and R'(G)* = R(S(G)®).

Theorem A. (see Theorem 2.5)
There exists a group isomorphism

é’v :R(G)y — R(O(an(L)) = C[W(L, s), hb])
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which restricts to a bijection
gzv :R'(Gy — R(Cm(Xunr(L)) = C[W(L, ), hs])

These bijections are compatible with parabolic induction and with twists by unramified
characters. When an isomorphism (3) has been fixed, ¥ and ¢, are canonical.

Hochschild homology and twisted extended quotients
In a sense that we will make precise later, Theorem A induces isomorphisms on Hoch-
schild homology.

Theorem B. (see Theorems 2.14 and 3.13)
There exist C-linear bijections (canonical when (3) has been fixed)

HH,({"):  HH,(O(Xn(L)) = C[W(L,s).b]) — HH,(H(G)),
HH,({)'): HH,(C®(Xunr(L)) % C[W(L,s),b:]) — HH,(S(G)).

The Hochschild homology of twisted crossed product algebras like
O(Xuni(L)) < C[W(L,s). 5] and  C™(Xunr(L)) > C[W(L, 5), bs]
was determined in [35, §1]. It can be interpreted in terms of the twisted extended quotient
Xar(L)/W(L.9)), = {(x-7) : x € Xar(L). 7y € Trr(CIW(L,5). B:])}/W(L. 5)-

Loosely speaking, HH,, (O(Xn:(L)) = C[W(L,s), bs]) is the O(Xy(L))W &*)-module of dif-
ferential n-forms on (Xy,:(L)//W(L, 5))y,, and similarly for

HH, (Coo(Xunr(L)) = C[W(L,s), hs]) and  (Xyn:(L)//W(L, 5))[45 .

Let Irreygp(L) be the set of supercuspidal irreducible L-representations (up to isomorph-
ism), so that Irr(L)* is one X (L)-orbit in Irregp(L). The group W(G, L) = Ng(L)/L acts
naturally on Irr(L). Let W(G, L)s be the stabilizer of Irr(L)* in W(G, L). The covering map

Xe(L) > Trr(LY : y > o ® x
induces a bijection
(Xue(L)/W(L.5)), —> (Irr(L)*//W(G. L)), .
Combining such maps we obtain a bijection

et tyoanicny K LUIWL9),, — (e L)/ W(G. L),

where b, is a shorthand for the data from the various 2-cocycles fis. This twisted extended
quotient (in the more general sense from [2, §2.1]) is related to the ideal

s
@5EIrrcuer(L)/an(L)xW(G’L) (]‘{(G) of 7‘((G)
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Let Len(G) be a set of representatives for the conjugacy classes of Levi subgroups of
G. Theorem B and the above entail that HH,,(#(G)) can be regarded as the Z(Rep(G))-
module of algebraic differential n-forms on

|—|LEQGD(G) (IrrCUSP(L)//W(G, L))ﬁL .

Similarly we may interpret HH,,(S(G)) as the Z(Rep’(G))-module of smooth differential
n-forms on

|_|LEQL‘D(G) (Irréusp(L)//W(G, L)) e

Notice that these descriptions mainly involve data that are much easier than Rep(G)°,
only the 2-cocycles h; contain information about non-supercuspidal representations. For-
tunately s is known to be trivial in many cases, and we expect that it is trivial whenever
G is quasi-split. We find it remarkable that such a simple description of a strong invariant
of very complicated algebras is possible.

Hochschild homology via families of representations
For more precise statements we employ algebraic families of G-representations. The fam-
ilies relevant for us come from a parabolic subgroup P = MU of G and a tempered
representation i of a Levi factor M of P. All the representations Ig(n ® y) with y €
Xur(M) can be realized on the same vector space Vp ;, and their matrix coefficients depend
algebraically on y. The family of representations

FM.) ={Ig(1® x) : x € Xuor(M)}
induces a O(Xy (L))" &9)-algebra homomorphism

7:M,n : (]_{(G)g - O(Xm‘(M)) ® EndC,fr(VP,n)
fo= e Iflee )Nl

where the subscript fr stands for finite rank. Via Morita equivalences and the Hochschild—
Kostant—Rosenberg theorem, that yields a map

HH,(Fp.yy) - HH,(H(G)) — Q" (Xor(M)).

For y € Xyn:(M) the members of (M, n) are tempered. Then Harish-Chandra’s Plancherel
isomorphism (Theorem 1.2) shows that for f € S(G)* the matrix coefficients of Ig(n ®
x)(f) are smooth functions on X,(M). We obtain a map

HHn(?Ath) : HHn(S(G)S) - Q?m(xunr(M))a

where the subscript sm means smooth differential forms on a real manifold. With [35,
§1.2] this setup can be generalized to algebraic families of virtual representations, then we
may speak of algebraic families in C ®z R(G)® or in C ®z R'(G)*.
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For each w € W(L, s) and each connected component Xy (L)Y of Xy (L)*, we will
construct a particular algebraic family

Fw.c)={vy, : x € Xu(L)¥} in Ce&z R(G).
From b : W(L,s) X W(L,s) — C* we get a character i’ of Zy <) (w).
Theorem C. (see Theorems 2.13.b and 3.10)
(1)  The algebraic families §(w, ¢) induce a C-linear bijection

)W(L,S)

HH,(H(GY) - (D Q" (X (L)") & 5

weW(L,s)
(ii)  Their tempered versions §'(w, c) = {V,L YiXE Xum(L)f.’} induce an isomorphism
of Fréchet spaces

)W(L,S)

HH,(S(G)) - (D Q" (Xune(L)") @ B

weW(L,s)

The canonicity of Theorem B can be formulated in similar terms. Namely, for each
algebraic family (M, n7) in Rep(G)® there are equalities

HHn(TM,n) © HHn(gv) HHn(TM,_CV(n)),

HH;1(7:1\I/[,77)OHHn(§zV) = HHn(TAt,I’gv(n))-

Hochschild homology groups in degree 0
Theorem C admits a nice alternative description in degree n = 0. Let us say that a linear
function on C ®z R(G)® is regular if it transforms every algebraic family (M, n) into a
regular function on X,,;(M). Similarly we call a linear function on C ®z R’(G)* smooth if
it transforms &' (M, n7) into a smooth function on Xy,:(M).

Theorem D. (see Propositions 2.9 and 3.11)

(1)  The trace pairing H(G)* X R(G)® — C induce a natural isomorphism of
Z(Rep(G)*)-modules

HHy(H(G)") = (C ®z R(G) )req-

(ii)  The trace pairing S(G)* x R'(G)* — C induces a natural isomorphism of
Z(Rep' (G)*)-modules

HHy(S(G)") = (C &z Ri(G) ).

We note that Theorem D.(i) was already shown in [6], with much more elementary
methods. Theorem D.(ii) implies that the traces of irreducible tempered representations in
Rep(G)® span a dense subspace of the space of trace functions on S(G)*.
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The action of the Bernstein centre
Theorems B and C do not yet reveal how the Bernstein centre

Z(Rep(G)S) = O(an(L))W(L, s)

acts on HH,,(H(G)*). That action is more tricky than it could seem, because the bijections
in Theorem A do not always match the canonical actions of O(Xy(L))" &%) on the two
sides. We are aided by the finer decomposition of R’(G) and S(G) in “Harish-Chandra
blocks". Namely, to each square-integrable (modulo centre) representation ¢ of a Levi
subgroup M of G one canonically associates a direct factor R'(G)® of R!(G), and a two-
sided ideal S(G)® of S(G). If the supercuspidal support of & is (L, o), then R'(G)® C
R'(G)* where d = [M, 6] and s = [L, o ]. The Plancherel isomorphism (see [37] or Theorem

1.2) entails:
SGr=6p,.,. SO @)

for a suitable finite set Ay; of square-integrable (modulo centre) representations of Levi
subgroups of G. This gives rise to a decomposition
S\ D
HHA(SG)) = D, ., HHa(SE)).
For H(G)® no decomposition like (4) exists. Nevertheless something similar can be achieved

with Hochschild homology groups, see below.
Again by Harish-Chandra’s Plancherel isomorphism (Theorem 1.2)

Z(Rep' (G)") = C®(Xyne(M))"V M2),

for a certain finite group W(M, d) of transformations of X;,;(M). Represent the
O(Xne(L))W)character of 6 by ystf, where ;s € Xunr(L) and £} € Hom(L, R0). The
natural map Z(Rep(G)*) — Z(Rep'(G)?) makes C®(Xunr(M))Y M-?) into a set of functions
on X&thunr(M) C Xne(L).

Theorem E. (see Theorem 3.14.b, Lemma 3.8 and Lemma 2.10)

(i) There exists a canonical decomposition

S\ 5\D
HHA(H(G)) = (D)., HHA(H(G)
where HH,(H(G)*)® is the inverse image of HH,(S(G)®) under the natural map
HH,(H(G)*) — HH,(S(G)*).
(i)  Suppose that Z(Rep' (G)®) does not annihilate the contribution (via Theorem C) of
QY (Xune(L)Y) to HH,(S(G)®) . Then we can arrange that Xun (L)Y is contained in
X6 Xune(M). For x € Xun(L)”, Z(Rep'(G)*) acts on the fibre of HH,(S(G)*) over
W(L, s)(w, x) via the character W(M, D))(gl)(.
(iii)  In the setting of part (ii), for x € Xu(L)¥, Z(Rep(G)®) acts on the fibre of
HH,(H(G)*) over W(L,s)(w, x) via the character W(L, )t} x.
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Other homology theories
There are standard techniques to derive the cyclic homology HC.(A) and the periodic
cyclic homology HP.(A) from the Hochschild homology of a C-algebra A [18]. In our
cases A = H(G)* and A = S(G)®, we can get them as the homology of HH,(A) with
respect to the usual exterior differential on forms.

Theorem F. (see (4.7), (4.8) and Corollary 4.3)
Theorem C induces isomorphisms

HEAH(GY) = HPUSON) = D (D Hi Ot 082)

weW(L,s)

The periodic cyclic homology of a Fréchet algebra relates to its topological K-theory
via a Chern character. We can pass from S(G)® to its C*-completion via suitable Morita
equivalent Fréchet subalgebras. In this way we compute the topological K-theory of any
Bernstein block in the reduced C*-algebra of G:

Theorem G. (see Theorem 4.2)
There is an isomorphism of vector spaces

K. (Cj(G)s) ®z C = K;V(L,s),l:]s (Xunr(L)) ®z C.

Here Ky, denotes W-equivariant K-theory, twisted by a 2-cocycle . Theorem G con-
firms [2, Conjecture 5], modulo torsion elements in the K-groups.

Relation with previous work and outlook
The Hochschild homology of H(G) has been determined earlier in [21]. The methods
of Nistor are completely different from ours, he obtains a description of HH,,(H(G)) in
terms of several algebraic subgroups of G and of the continuous group cohomology of
certain modules. This arises from a generalization of the standard techniques for discrete
groups, a filtration of H(G) as bimodule, and spectral sequences. In [21, §6] a “parabolic
induction map" HH,,(H(G)) — HH,(H(M)) is constructed, for a Levi subgroup M of G.
It would be interesting to relate this to our methods and results, maybe that could provide
some information about supercuspidal representations.

A technique prominent in Nistor’s work is localization of HH.(H(G)) at conjugacy
classes in G. That can be regarded as a higher order version of taking the trace of a rep-
resentation at a conjugacy class. Of particular interest is the localization of HH.(H(G)) at
the set of compact elements of G, for that yields the periodic cyclic homology HP.(H(G))
[16]. While localization at one conjugacy class in G appears to be intractable in our setup,
localization at all compact elements is within reach. Since every compact element lies in
the kernel of every unramified character, such localization removes all differential forms
that are not locally constant on (subvarieties of) X,:(L). Moreover, in the description from
Theorem C the locally constant differential forms constitute a set of representatives for
HP,.(H(G)), that follows from Lemma 4.4 (and with Theorem F it also works for S(G)).
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Hence the localization of HH.(H(G)) at the compact elements of G is given precisely by
the subspace of locally constant differential forms.

At the same time HP.(H(G)) is naturally isomorphic to the equivariant homology
of the Bruhat-Tits building of G, which yields yet another, more geometric, picture of
HH,.(H(G)) and HH,(S(G)). It would be nice if the Bernstein decomposition of H(G)
and of S(G) could be expressed in such geometric terms, as suggested in [4].

Structure of the paper
This paper is part of a larger project that includes [35] and [17]. Initially those two and
the current text were conceived as one paper. When that grew too big, two parts were
split off and transformed into independent papers. Although neither [35] nor [17] deals
with p-adic groups, both prepare for this paper. Many results in Section 2 rely on the
study of the Hochschild homology of slightly simpler algebras in [35]. In Section 3 we
need several nontrivial results about topological algebras and modules involving smooth
functions. These are formulated and proven in larger generality in [17].

Section | is preparatory, its main purpose is to describe precisely what kind of fam-
ilies of representations we will use. Already there we see that it is convenient to replace
H(G)® by its subalgebra of functions that are biinvariant under a well-chosen compact
open subgroup K.

We start our investigations of the Hecke algebra in earnest by transforming it into
simpler algebras via Morita equivalences, in Paragraph 2.1. This relies largely on [34],
but we go a little further and establish Theorem A. In Paragraph 2.2 we set up a good
array of algebraic families of G-representations, and we approach HH,,(H(G)*) via formal
completions at central characters. That yields a rough description in terms of differential
forms on varieties like X,,;(M), not yet indexed by W(L, s) as desired, but already sufficient
for Theorem D.i. The local results thus obtained are glued together in Paragraph 2.3. When
that is done, Theorems B, C and E for H(G)® follow quickly.

For the Schwartz algebra S(G) no such simplifying Morita equivalences are available,
but Harish-Chandra’s Plancherel isomorphism from Theorem 1.2 works better than for
H(G). Our main technique to determine HH,,(S(G)*) is to derive it from HH,(H(G)*)
via a comparison of formal completions with respect to central characters. To carry out
that strategy completely, we need to check that the relevant modules are Fréchet spaces,
which is done in Paragraph 3.1. In Paragraph 3.2 we first show Theorem E.ii, so that we
can work with C®(Xun (M)W M-2)_modules. That plays a role in the proof of Theorem
C.ii, from which Theorem D.ii follows readily. Then we establish Theorem B.ii and we
compare HH,,(S(G)®) with HH,,(H(G)*)".

Section 4 contains the derivation of the (periodic) cyclic homology of H(G)* and of
S(G)®. We also draw conclusions for the topological K-theory of G. In the final section
we work out the examples G = SL,(F) and G = GL,,(F).
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1. Algebraic families of G-representations

Let G be a connected reductive group defined over a non-archimedean local field F, and
consider the group of rational points G = G(F). Let Rep(G) be the category of smooth
G-representations and let Rep(G) be the subcategory of finite length representations. Let
R(G) be the Grothendieck group of Rep(G). By imposing temperedness we obtain the
category Rep}(G) and the Grothendieck group R'(G).

We fix a Haar measure on G we let H(G) be the algebra of locally constant compactly
supported complex-valued functions on G, endowed with the convolution product. Recall
that the Schwartz algebra S(G) [37, $IIL.6] satisfies Irr(S(G)) = Irr’(G), where the lat-
ter denotes the space of irreducible tempered G-representations. We fix a compact open
subgroup K of G and we consider the algebras H(G, K) and S(G, K) of K-biinvariant
functions in, respectively, H(G) and S(G). By definition

H(G) = h_r}nK H(G,K) and S(G)= h_r}nK S(G, K),

where the inductive limit runs over the set of all compact subgroups K of G, partially
ordered by reverse inclusion.

Let Xi,:(G) be the group of unramified characters of G and let Xy, (G) be the subgroup
of unitary unramified characters. The first is a complex algebraic torus and the second is a
compact real torus of the same dimension.

Let P be a parabolic subgroup of G with a Levi factor M, and let IfG, : Rep(M) —
Rep(G) be the normalized parabolic induction functor. Let o € Rep}(M ) and suppose that
the space IE(VU)K , which has finite dimension by the admissibility of IS(O'), is nonzero.
Since IfG, (V) can be realized as a space of functions on a good maximal compact subgroup
of G, we may identify the vector spaces

IS(V)X and ISV, ® x)® for x € Xp(M).

Every f € 8(G, K) gives a family of operators I§ (o ® x)(f) on I (V)X , parametrized by
X € Xune(M). It turns out [37, Proposition VII.1.3] that IFG,(O' ® x)(f) depends smoothly
on y. When f € H(G, K), this even works for all y € X;,;(M), and the outcome depends
algebraically on y. More precisely, this enables us to define algebra homomorphisms

Fuo: H(GK) —  OXnu(M))®Endc(I§ (V,)K)

Frro: SGK) — C°(Xun(M))® Endc(I§ (Ve)X) . (1.1
f = x =I5 (0 ® x)(f)]
Recall the natural pairing
HHy(H(G,K)) X Repp(G) — C o (12)
(h,m) —  tr(w(h), Vo) = tr(m(h), V)
This and its analogue for S(G, K) induce bilinear maps
HHy(H(G,K))xC®z R(G) — C, (13)

HHy(S(G,K))xC®z R'(G) — C.
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We say that a linear function f on C ®z R(G) is regular if
Xp(M) > C: y > f(I}G,(a' ® x)) isaregular function,
for all (M, o) as above. Similarly we call f € (C ®z R'(G))* smooth if
Xunr(M) - C: y f(]IG,(O' ® x)) is a smooth function,

for all (M, o) as above. We write

(C ®z R(G)):eg
(C®z R'(G))%

{f € (C®z R(G))" : f is regular},
{f € (C®z R'(G))* : f is smooth}.

With these notations, (1.1) and (1.3) induces maps

HHy(H(G,K)) — (C®z R(G))ee

HHy(S(G,K)) — (C®zR(G))L,. 14

It is easy to see that the former is a homomorphism of Z(H (G, K))-modules and that the
latter is is a homomorphism of Z(S(G, K))-modules.
The normalized parabolic induction functor Ig induces a Z-linear map

IS : R(M) — R(G).

It may be denoted this way, because given a Levi subgroup M of G it does not depend on
the choice of the parabolic subgroup P with Levi factor M. We define

R(G)=R(G) N Qe ). IS5 (R(M)),

McG

where the sum runs over all proper Levi subgroups M of G. We say that a finite dimen-
sional G-representation is elliptic if it admits a central character and does not belong to
R;(G). By [6, Proposition 3.1] every Bernstein component of Irr(G) contains only a finite
number of X,(G)-orbits of irreducible elliptic representations. It follows from the Lang-
lands classification that every such X;,.(G)-orbit contains a tempered G-representation.

Definition 1.1. Let n € Irr(M) be elliptic and tempered. Then
FM.m) ={Ip(1® x) : x € Xur(M)}

is an algebraic family of G-representations. Its dimension is dimg(X,:(M)), that is, the
dimension of the maximal split torus in Z(M). The subset

FMn)={ISn® x): x € Xene(M)}

is a tempered algebraic family of G-representations, also of dimension
dimg (Xynr(M)) = dime(Xnr(M)).



12 M. Solleveld

We fix a minimal parabolic subgroup Py of G and a maximal split torus Sy of Py. A
parabolic (resp. Levi) subgroup of G is standard if it contains Py (resp. Sp). In the above
definition it suffices to consider standard parabolic and standard Levi subgroups of G,
because every pair (P, M) is G-conjugate to a standard such pair.

Consider a Bernstein block Rep(G)® of Rep(G), determined by a tempered super-
cuspidal representation of a standard Levi subgroup L of G. Let R(G)® be the Grothendieck
group of Rep(G)°®. Similarly we define R'(G)* as the Grothendieck group of the category
Rep}(G)s of tempered modules in Rep+(G)®. If we restrict to standard parabolic/Levi sub-
groups of G (as we will often do tacitly), Rep(G)* contains only finitely algebraic families
of G-representations as in Definition 1.1. Moreover, by [6, Corollary 3.1] these families
span Q ®z R(G)".

We want to minimize the redundancy, by choosing a smaller collection of algebraic
families of G-representations. One step in that direction is to determine which members of
an algebraic family are equivalent in R(G). To that end we briefly recall Harish-Chandra’s
Plancherel isomorphism for G [37].

Consider a Levi subgroup M of G and an irreducible square-integrable modulo centre
representation (6, V) of M. Harish-Chandra’s disjointness theorem [37, Proposition I11.4.1]
asserts that every irreducible tempered G-representation is a direct summand of Ig(é) for
such a pair (M, §), which moreover is unique up to G-conjugation. Irreducible square-
integrable modulo centre representations of M become discrete series upon restriction to
the derived subgroup of M, so the only way to deform them continuously is twisting with
unitary unramified characters of M. Therefore the connected components of the space
Irt’ (G) are parametrized by pairs (M, §) modulo the equivalence relation

(M,8)~(gMg™g-(6®x)  g€G,x € Xune(M). (1.5)

We denote such an equivalence class by d = [M, §]. (When ¢ is supercuspidal, we also have
the equivalence class s = [M, §], which includes the tensoring by non-unitary unramified
characters and determines an entire Bernstein component of Irr(G).)

Let P be a parabolic subgroup of G with Levi factor M and let y € Xy (M). To
(M, 6, x) we associate the tempered G-representation / g(é ® x), whose isomorphism class
does not depend on the choice of P. Then the connected component of Irt’ (G) associated
to (M, &) consists of the irreducible summands (or equivalently subquotients) of the rep-
resentations Ig(& ® x) with y € Xy (M).

The Plancherel isomorphism describes the image of 7:1(/1, s> as the invariants for an
action of a certain finite group. The group

Xar(M, 0) = {x € Xpx(M) : 6 ® x = 0}

is finite and contained in Xy, (M), because it consists of characters that are trivial on
Z(M). Consider the subset

Ir(MP = {6 ® x : x € Xor(M)} of Irr(M).
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The map y — d ® y provides a diffeomorphism
Xor(M)/ Xune(M, 8) — Tre(M)". (1.6)

It is not canonical, because it depends on the choice of & in Irr(M)?. For each y’ €
Xur(M, 6) we fix a unitary M-isomorphism § = § ® x’, and we induce it to a family of
G-isomorphisms
I, P,6,x): I5(6® x) > IS (6 ® X' ). (1.7)
We write
Wy = {w € Ng(M)/M : w stabilizes Irr(M)"}.

By [33, Lemma 3.3] the action of an element w € W; on Irr(M)® can be lifted (non-
canonically) along (1.6), to an automorphism of the complex algebraic variety Xy.(M)
such that

w-(0®yx)=dw(y) for all y € Xyn(M).

By [37, Lemme V.3.1] there exists a unitary G-isomorphism
I(w, P8, x) : 15 (5 ® x) = 15 (6 ® w(x)), (1.8)

depending smoothly and rationally on y € Xy (M). Let W(M, d) be the group of trans-
formations of X,.(M) generated by X,,.(M, &) and the actions of elements of W;. Now we
apply [33, Lemma 3.3] to the covering of tori

Xor(M) = Xnr(M) ]/ Xie(M, 0),
and we obtain a short exact sequence
1 - X (M, 86) > W(M,d) > W, — 1. (1.9)

The intertwining operators (1.7) and (1.8) give rise to analogous families of G-isomor-
phisms for any element of W(M, d). These are far from unique, but for any fixed y €
Xunr(M) they are unique up to scalars. The group W(M, d) acts on

C®(Xunr(M)) ® Endc (15 (Vs)¥) by

w-(f@®A)x) = fw'x) & I(w,P,6,w ' Y)Al(w,P,6,w™" y) .

Let Ag, k be a set of representatives for the (M, ) with IICJ(V(;)K # 0, modulo the equival-
ence relation (1.5). We assume that every M occurring here is a Levi factor of a standard
parabolic subgroup P.

Theorem 1.2. [37, §VIIIL.1]
There is an isomorphism of Fréchet algebras

W(M,b)
SG.K) = Busrenc (C™Kun(M) @ Endc(1S(V5)))

f = Dsyenc x Farsl)
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An important ingredient of the proof of this theorem is Harish-Chandra’s commut-
ing algebra theorem [27, Theorem 5.5.3.2], a description of the involved spaces of G-
homomorphisms. Namely, for y1, x2 € Xun:(M):

Homg (I§ (6 ® x), IS (6 ® x”)) = span{I(w, P, 6, x) : w € W(M,d), w(x) = x'}. (1.10)

Consider an algebraic family §(M’, n”) contained in Rep(G)*. We may assume that M’ >
M and n’ C IAAjI’;mPOM(6 ® xo) for some (M, ) € Ag.x. Let W(M’, M, ") be the subgroup
of W(M, s) that stabilizes

FM.0") =I5 (' ® X)) 1 X € XM},
with respect to the action via the intertwining operators I(w, P, 6, ?).

Lemma 1.3. Two members of F(M’,n’) in the same W(M’, M, n’)-orbit have the same
trace. Two generic members of F(M’,n’) have the same trace if and only if they belong
to the same W(M', M, n’)-orbit. Here a generic point if F(M’,n’) means: if an element
w € W(M,s) fixes the point or the intertwining operator associated to w has a singularity
at the cuspidal support of the point, then then w has that property for all members of

M’ n").

Proof. The action of w € W(M, d) on the collection of direct summands of the Ig(é ® Xx)
comes from an algebraic action on X,:(M) and conjugation by some operator. Hence, for
a generic T = IgOM,(n’ ® x’) € F(M’,n’), the representation wr lies in F(M’,n’) if and
only if w € W(M’, M,n’). In combination with (1.10), that implies the second claim for
generic tempered members of F(M’,n’).

In fact Harish-Chandra’s commuting algebra theorem (1.10) also holds for generic
X1> X2 € Xnr(M), one only needs to avoid the poles of the intertwining operators I(w, P, 6, x).
This follows for instance from [1, Theorem 1.6]. Then the above argument can be applied
to all generic members, and yields the first claim.

For any f € H(G) and w € W(M’, M, '),

tr(f, Ig)M'(’ll ®x") and tr(f, Ig)M,(n' ®wy’))

are algebraic functions of y’ € X,(M’). These two functions agree for generic tempered
X' € Xunr(M'), so they agree on the whole of X,.(M’). [ ]

Now we can finally describe how to choose a minimal set of algebraic families of
G-representations in Rep(G)®.

We start with the family (L, o) and proceed recursively. Suppose that for every
dimension D > d we have chosen a set of D-dimensional algebraic families &(M;, w;),
where i runs through some index set Ip, with the following property: for generic y; €
Xur(M;) the set

{Ig(wj ® xj):j€lp,D>d, SC(Ig_I_(wj ® xj)) = Sc([l(,;,_ (wi ® xi)}
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is linearly independent in Q ®z R(G)®. Here we regard all y; in one W(M;, M, w;)-orbit
as the same, because by Lemma 1.3 they yield the same element Igj (w; ® x;j)in R(G)*.

Next we consider the set of d-dimensional algebraic families §(M/, w!) with (P}, M/)
standard. Suppose that for generic y; € Xy (M/), the representation I}(i (W] ® x]) is Q-
linearly independent from t

{15, (@; ® x;) 1 j € Ip, D > d,Se(I§ () ® x;)) = Se(l (] ® X))},

were we still regard y; as an element of X,(M;)/W(M;, M, w;). Then we add §(M/, w])
to our collection of algebraic families.

Consider the remaining d-dimensional algebraic families. For (M Jf, w}) we look at
the same condition as for F(M/, w;), but now with respect to the index set Upsqlp U {i’}
instead of Ups 4Ip. If that condition is fulfilled, we add (M Jf, wJ’.) to our set of algebraic
families. We continue this process until none of the remaining d-dimensional algebraic
families is (over generic points of that family) Q-linearly independent from the algebraic
families that we chose already. At that point our set of d-dimensional algebraic families is
complete, and we move on to families of dimension d — 1.

In the end, this algorithm yields a collection

{&Mj, wi) 1 i€ 14,0 < d < dim Xy, (L)}

such that:

* the representations
{15 (Wi ® xi).i € Uala, xi € Xor(M;)} (1.11)

span Q &z R(G)’,
* if we remove any index from U414, the previous bullet does not hold any more,
e for generic y € Xu(M;), I}(,;l_ (w; ® y;) does not belong to the span in Q ®z R(G)® of

the other families §(M;, w;).
We note that these conditions do not imply that (1.11) is a basis of Q ®z R(G)*. Some linear
dependence is still possible for representations with a specific cuspidal support (L, o ® y),
namely when the algebraic R-group of o ® y acts on II?O (0 ® x) via a projective, non-
linear representation. That does not happen often though.

The formula (1.1) for the partial Fourier transform %, s also applies with any elliptic
M -representation instead of & (which is square-integrable modulo centre). For each i €

US;LHOX"'(L) 1,4, this provides algebra homomorphisms

Fmem: : HGK) —  OXu(M;))® Endc(lg (Vi )
Fatrm © SGK) — C®(Xun(M;)) ® Ende(I5 (V)5) . (1.12)
! = L = 15 (1 ® x)(f)]
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These induce maps on Hochschild homology

HHn(¢Mi,n;): HH,(H(G,K)) —  Q"(Xu(M;)),

HH”(¢AZi,ni) . HH,(S(G,K)) — Q?m(Xunr(Mi))- (1.13)

We added a subscript sm to emphasize that we consider smooth differential forms on a
real manifold. We will describe HH,,(H(G, K)) and HH,,(S(G, K)) in terms of the maps
(1.13).

2. The Hecke algebra of G

Let B(G) be the set of inertial equivalence classes s = [L, 0]i. Let H(G)® be the two-sided
ideal of H(G) corresponding to Rep(G)*, so that

H(G) = @SE%(G) H(GY. @.1)

At this point we need the following continuity property of the functors HH,, from [18,
E.1.13]. Namely, let A = ll_r)n A; be an inductive limit of algebras. Then

HH,(A) = lim HH,(A)  n € Zso, (2.2)

In particular

HH,(H(G)) = D)y, HHn(H(G)"). 2.3)

We fix a Bernstein block Rep(G)* in Rep(G), where s = [L, 0|g. According to [5] there
exist arbitrarily small compact open subgroups K of G such that

H(G,K) = H(G) NH(G,K)

is Morita equivalent with H(G)®. Notice that H(G, K)® is unital but H(G)® is not. In fact
H(G) is the direct limit of the algebras H(G, K;)*, where each K; has the same property
as K and N2 K; = {1}. All the inclusions H(G, K;)* — H(G, K;)* induce isomorphisms
on Hochschild homology, by Morita invariance. Applying (2.2) another time, we find

HH,(H(G)) = lim HH,(H(G, K;)*) = HH,(H(G, K").

The centre of H(G, K)® is isomorphic to the centre of the category Rep(G)°. The latter can
be made more explicit with the notations from Section 1. Namely, (1.6) induces an algebra
isomorphism

O(Irr(L)*) = O(Xu(L)/ XL, 07)) = O(an(L))Xm(L’O—).
An instance of the short exact sequence (1.9) gives

- an(Ls 0-) e W(L, 5) - W, — 1,
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By [5, Proposition 3.14] and (1.9) there are isomorphisms
Z(H(G,K)*) = Z(Rep(G)*) = O(Irr(LY*)™ = O(Xp (L)W 5, (2.4)
It is also known from [5, §3.13] that

H(G, K)* has finite rank as Z(H(G, K)*)-module. (2.5)

2.1. Structure of the module category

We aim to describe H (G, K)* and its modules locally on X,.(L). We write
X:r(L) = HOI’I](L, R>())

and we fix u € Xy (L). Let W(L, ), be the stabilizer of u in W(L,s). We let U,, C Xy,(L)
be a connected neighborhood of u in X;,;(L) (for the analytic topology) satisfying [34,
Condition 6.3]:

* U, is stable under W(L, s),, and under X;.(L),
e W(L,s), NU, = {u},
e atechnical condition to ensure that u is the “most singular" point of U,,.

The tangent space at 1 of the complex torus X,(L) is
t:=C®z X*(L),

and the exponential map exp : t — X, (L) is equivariant for W(L, s);. We modify it to a
W(L, s),-equivariant map

exp,: t —  Xun(L)
A > uexp(d)

This means that we regard t also as the tangent space of X,(L) at u. Let log,, be the branch
of exp;! with log, (1) = 0. By [34, Condition 6.3] exp, restricts to a diffeomorphism,
log,(U,) — U,. From [34, §7] we get a root system @, in t, whose Weyl group is a
subgroup of W(L, s),,, a basis A, of ®,, a parameter function k" : A, — R and a 2-
cocyle i, of W(L,s)/W(®,,). In [34] some of these objects have a subscript o ® u instead
of u, but since W(L, s),, is naturally isomorphic with (W;), g, we may omit o®. To these
data one can associate a twisted graded Hecke algebra H(t, W(L, s),,, k*, §,). For any Levi
subgroup M of G containing L, there is a parabolic subalgebra H(t, W(M, L, s),,, k", b,.),
constructed in the same way.

Theorem 2.1. [34, Corollary 8.1 and its proof, Proposition 9.5.a]
There is an equivalence between the following categories:

e finite length G-representations, all whose irreducible subquotients have cuspidal sup-
portin (Lo ® W(L,s)U,) = {(L,oc® x): x € W(L,s)Uy,},
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o finite length right H(t, W(L, s),,, k", i, )-modules, all whose
OV LS _yeights belong to log,, (Uy).

This equivalence of categories commutes with parabolic induction and preserves tempered-
ness.
The opposite algebra of H(t, W(L, s),,, k“, ,,) is naturally isomorphic to
HE := H(t, W(L,s),, K, b;1).
via the simple map
Tyf > Ty f w e W(L,$)y,, f € O(). (2.6)

Hence we may replace right H(t, W(L, s),,, k“, b,,)-modules by left H -modules in The-
orem 2.1. We note that Z(H(G, K)*) = O(Xn:(L))Y &9 corresponds to

Z(HS) = O(t)" &)« via the maps exp,, and log,,. For later use we sketch the steps taken
in [34] to obtain the algebra ]HIMG in Theorem 2.1.

Construction 2.2. (i) Let I1; be the progenerator of Rep(G)® from (2). Then there are
equivalences of categories

Mod(H(G, K)*) = Rep(G)® = Mod(Endg(I15)??). 2.7)

In particular the centres of the algebras H(G, K)* and Endg(I1;)°” are canonically
isomorphic.

(ii) Localize Endg(I1,)°P at W(L, s)U, by extending its centre O(Xy (L))" L) to the
algebra of W(L, s)-invariant analytic functions C**(W(L, s)U,)" &%) on W(L, s)U,.

We call the resulting algebra Endg (Hs);f( LU,

(iii) The maximal commutative subalgebra of End¢(T1;)

CMW(L,5)U) = EP

The algebra 1y, Endg (HS)OW”( L
Endg(ILs)

op is
W(L,5)U,,

an
wEW(L,s)/W(L,s)MC (WUu).

o, LU, 1s @ Morita equivalent subalgebra of

op
W(Ls)U,"
(iv) Localize HY at log, (U,,) by extending its centre O(t)W (&%)«

Cc(log,,(U,))" &=« and call the result HY .

(v) Check that the above localizations do not change the categories of finite dimensional
modules with O(X;, L))-weights (respectively O(t)-weights) in the set on which one
localizes.

to the algebra

(vi) Show that the isomorphism
C" (log, (U )™ = CW(L, )y UV = CM (WL, 5)U,) ™ )
induced by exp,, induces an isomorphism

1y, Endg(I1,) = HS . (2.8)

op lU
W(L,s)U, ~Uu u
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To make full use of Theorem 2.1, we also need a variation on step (iii) above. We
will construct an algebra H‘(;,(L o) which is Morita equivalent with HS and closer to

Endg(IL;)°P than HY . We start with @, ey (1., Hoy- In this algebra the unit element

wu *

of HS, is denoted e,,,. For every element wu € W(L, s)u we fix a w which has minimal

length in wW(L, s), (see [34, end of §3] for the definition of the length function). From
[34, Lemma 8.3] we get an isomorphism

Ad(Ty) : H(t, W(L, $)u, £, ) — H(t, WL, 9)wur £, o),
and hence also an isomorphism between their opposite algebras:
Ad(T,) : HY — HE,.
The advantage of this particular isomorphism comes from [34, Lemma 8.3.b]:

Ad(7,)" : Rep(HS,) — Rep(HY)

wu

intertwines Theorem 2.1 for wu with Theorem 2.1 for u. Ad(7y) really is conjugation by
an element 7, in a larger algebra, and satisfies:

Ad(T,)f = fow™ for f € O(t) = O(Tu(Xu(L)),
AdTo)|cwir.e),.q) = conjugation by 7, in C[W(L, s), bs].

Here we use the 2-cocycle b = h‘l of W(L,s) from [34, Lemma 5.7], which by [34, Lemma
7.1] extends ! As vector spaces we define

G _ G o
HW(Lﬁ)M - @wueW(L,s)u (ku ® @i}uEW(L,S)u CewuTw w ewu)a
The multiplication of HVGV( Loy 1S given by

(hl ® ew]u(];)l 7;);1610214)(}12 ® eluzu(];)z(];;leww) =
hlAd(%l )Ad(Twz)7] (h2) ® ewlu(i;n Tw:l ew3m

& . and all the w; are as chosen above. The elements ey, 7075 ' eau Of

multiply like matrices with just one nonzero entry. It follows readily that

where h; € H

G
IHIW(L,s)u

G ~ G
Hy (Lo = Miww,oul (H)- (2.9)

We note that this algebra is of the form H(V, G, k, lj), as in [35, §2.3]. The centre of this
algebra is

z (Hg/(L,s)u )

IR

( @WMEW(L,S)M O(Twu(Xm_(L))))W(L,S)
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Let H‘?V( LU, be the algebra obtained from H‘?V (Ls)u by extending its centre to

an W(L,s)
( @wMGW(L,s)u ¢ (1ngu(U)Uu))) .

This algebra contains ng as a Morita equivalent subalgebra, analogous to (2.9).

Proposition 2.3. (a) The diffeomorphism

UwueW(L,s)u €XPyy - HwueW(L,s)u log,,, (wU,) — W(L, s Uy,

induces an algebra isomorphism Endg(Hs);‘f( Lou, = HVGV( LoUs* That fits in a com-
mutative diagram
op ~ G G
EndG () 1 o0, = Hyoou, ¢ Hy ropu
7 7 T
(9 ~
1y, Endg (Hs)“f( Lou, U = ng — HS

(b)  In this diagram the vertical arrows are inclusions of Morita equivalent subalgebras
and each of the two horizontal arrows induces an equivalence between the categories
of finite length modules all whose weights for (2.10) belong to Uy ew (1,5)u 108, (wU,).

Proof. (a) The elements 7, involved in ]HI‘?V( L) stem from [34, §5]. It was shown in the
proof of [34, Lemma 8.3] that

Twly, € End(;(Hs);f(L,s)Uu

and that

Ad(Ty) : 1y, EndG () o 1u, = lwu, Ende (), o Tuu,

is an algebra isomorphism. It follows that the isomorphism (2.8) extends canonically to
the required isomorphism.

(b) The vertical arrows were already discussed before. The claim about the lower hori-
zontal arrow was shown in [34, Lemma 7.2.a], based on [22, Proposition 4.3]. The same
argument applies to the upper horizontal arrow. ]

We define the parabolic subalgebras of HY to be the analogous algebras
Hy' = H(t WM, L), K, 5,1,

constructed from Levi subgroups M of G containing L, as in [34, Lemma 7.2.b]. The trans-
lation from right to left modules via (2.6) commutes with parabolic induction. Namely, for
aright H(t, W(M, L, s),,, k", 11, )-module V there is a natural isomorphism of ]H[uG-modules

v ® H(t, W(L,9)u, k", b,) — HS @ V
E(LW(M. L) k) HC veViw e W(Ls). (21D
v®T, = T,.1Qv
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The subalgebras HY | with
tM = Coy X*(M) and ty =C &z X (L N Myer),

fulfill the conditions from [35, pages 13—14]. Indeed, that follows from (2.11), Theorem
2.1 and the properties of elliptic G-representations discussed at the start of Section 1.

Let &(M, ) be an algebraic family in Rep(G)*, with 5 irreducible and elliptic. We may
and will assume that M is standard and we let P be the unique standard parabolic subgroup
of G with Levi factor M. All the representations I}(,;(n ® x) with y € X, (M) admit a
central character, so Z(H(G, K)*) acts by a character on Ig(n ® x)K. With [35, Lemma
2.3] we see that

Tt : H(G,K)* — O(Xar(M)) ® Endc(I5 (Vs)¥)

is a homomorphism of Z(H (G, K)*)-algebras and that HH,,(¥ps,s) is a homomorphism of
Z(H(G, K)*)-modules.

Assume that some members of F(M, n7) have cuspidal support in (L, o @ W(L, s)U,,).
Then the image of (M, 1) under Theorem 2.1 is an algebraic family §(M, 7j) of HS-
modules, where 77 € Irr(HM) is elliptic and tempered. More precisely Theorem 2.1 only
applies to an open part of (M, ), and the image of that is the part of F(M, i7) with
O ()W &=l _weights in log, (U, ). By the Langlands classification (for graded Hecke algeb-
ras in [14], generalized to our setting with the method from [30, §2.2]) every such family
of HS -modules arises from an elliptic representation of

Hum = Htar, WM, L, ), k. 5,1). (2.12)

Hence there exists a A € iR ®z X*(M) such that O(t™) c HM acts on C; ® 7j by evaluation
at 0. We may replace 77 by C,; ® 77 without changing &(M, 7). Then 7 has O(ty)-weights
in

RAp.u € R®z X*(L N Maer). (2.13)

In general the full structure of the algebra Endg(Ils) (or its opposite) seems to be rather
complicated. Fortunately, it can be approximated with simpler algebras. The normalized
parabolic induction functor IIC,;0 ;. gives an embedding

O(Xu(L)) — Endg(I15).
From (2.7) and (2.4) we know that
Z(Endg(I1,)) = O(Xm(L))W(L’S).

Let C(Xy (L)) be the quotient field of O(X,(L)), i.e. the field of rational functions on the
complex affine variety X;,:(L). It is easy to see that the multiplication map

C(Xnr(L))W ) ® O(Xne(L)) — C(Xne(L)) (2.14)
O(an(L))W(L'i')
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is a field isomorphism. According to [34, Corollary 5.8], (2.14) extends to an algebra
isomorphism

C(Xne(L))W £ ®  Endg(Ils) — C(Xnr(L)) = C[W(L,5),b]. (2.15)
O(an(L))W(L’E)

With (2.6) we also obtain the opposite version

C(Xnr(L))Y ) ®  Endg(IL)°P — C(Xn(L)) % C[W(L,5), b].  (2.16)
0<an(L))W(L'S)

Unfortunately the isomorphisms (2.15) and (2.16) are not canonical, they depend on the
choice of a suitable o € Irr(L)* and on the normalization of certain intertwining operators.
In the remainder of this paragraph we fix those choices.

We emphasize that (except in very special cases)

Endg(T1;)°? is not isomorphic with O(X,, (L)) = C[W(L, s), bs]. 2.17)
Remarkably, it turns out that nevertheless there is a canonical bijection

" R(G)® = R(H(G,K)") — R(O(Xur(L)) x C[W(L,s), bs]). (2.18)
We describe step-by-step how it is obtained.
Construction 2.4. (i) With the equivalences of categories (2.7) we go from R(G)* to

R(Endg(I15)°P).

(ii) By decomposing finite length Endg(Il,)°”-modules along their O(Xy (L))" *)-
weights, it suffices to consider G-representations 7 as in Theorem 2.1.

(iii) Via Theorem 2.1 and (2.6) we obtain the HS -module 1y, Homg (11, 7).

(iv) There is a canonical Z-linear bijection
&Y R(HS) — R(O() = C[W(L, 5)u, ')
The construction is given in [31, Theorem 2.4], while the bijectivity follows from

[32, Theorem 1.9].

(v) The map exp, provides a diffeomorphism R ®z X*(L) — uX;.(L). Translate the
action of O(t) on ¢ (1y, Homg (Il 7)) to an action of O(Xy(L)), by first replacing
O(t) and O(Xy(L)) by analytic functions and then pullback along exp,,. This is similar
to steps (ii)—(vi) from Construction 2.2, and results in a O(Xp (L)) = C[W (L, 5),., 7' -
module with all O(X,(L))-weights in uX.(L).

(vi) From [34, Lemma 7.1] we get a canonical algebra isomorphism
CIW(L, 9)u- ;' 1 — CIW(L, 5)u» bs].

With that we define

Vi _ a0 0K (L)=CIW(L,s) k] v
{(m) = me(an(L))”C[W(L,s)u,h;l ] Sy (lUu Homg (T1;, 7).
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Theorem 2.5. The map ¢ from (2.18) has the following properties.

(a) ¢V is Z-linear and bijective.

e 1 € R(G) is tempered if and only if {¥(r) is tempered (i.e. all its O(Xy(L))-weights
lie in Xynr(L)).

(b)  If all the irreducible subquotients of m € R(G)® have cuspidal support in
o ® W(L,s)uX(L), then all O(Xn(L))-weights of ¥ (r) lie in W(L, s)uX;-(L).

(c) In the setting of (c), suppose that «t is tempered. Then

O(Xni(L))=C[W (L,5),s]

v .
() = 10d g )W (L)) (Gt ® ),

where n, denotes the restriction of 1y, Homg(Ils, ) to C[W(L, s)yu, bs].
(d) Y commutes with parabolic induction and unramified twists, in the sense that

V1G o O(an(L))NC[W(L,S),hS] Y
¢ (@) = ind i) ctwon. Lang ) (X © S (D)

Jor tempered T € RIM)* and yx € Xy (M).

Proof. (a) Since each step in Construction 2.4 is Z-linear and bijective, so is Y. The
bijectivity of (vi) comes from the Morita equivalence between

C(Uu) < CIW(L,5)u, Bs] and  C"(W(L,9)Uy) = C[W(L, 5), s ].

(b) By Theorem 2.1, steps (i)—(iii) respect temperedness. It is known from [31, The-
orem 2.4] that £ in (iv) respects temperedness, and for (v) that is obvious because the
O(Xy(L))-weights are not changed in that step. Modules of O(Xy:(L)) = C[T, 5], for
any subgroup I" of W(L, s), are tempered if and only if all their O(Xy(L))-weights lie in
Xunr(L). The functor 1ndgg::8;:g%£z;fﬂ] respects this, so step (vi) does that as well.
(c) Step (i) translates “cuspidal support (L, ® W(L, s) )" into “all O(Xy(L))-weights
in W(L,s) x". After that the only step that changes the O(X,:(L))-weights is (iv), and by
[31, Theorem 2.4.(3)] it only adjusts O(Xy:(L))-weights by elements of X}.(L).

(d) The only tricky point is to see that step (iv) of Construction 2.4 sends

ly,Homg(I, 1) to Co ® (ly, Homa (s, 7)) |y 1), o1

where Cy means that O(t) acts via evaluation at 0 € t. That is the content of [31, Theorem
24.4)].

(e) First we check that £V respects parabolic induction, at least when the input is a tempered
(virtual) representation tensored with an unramified character. Steps (i) and (ii) commute
with parabolic induction by [33, Condition 4.1 and Lemma 6.1]. For step (iii) that follows
from [34, Lemma 6.6 and Proposition 7.3]. In step (iv), property (e) is an important part of
the construction of ) in [31, Theorem 2.4], that is where we need the shape of the input.
That step (v) respects parabolic induction follows from the properties of the isomorphism
between the analytically localized versions of the involved algebras, as in [34, Proposition
7.3]. For step (vi) we obtain the desired behaviour from [34, Lemma 6.6].
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The compatibility with unramified twists requires an explicit computation. By the
above it suffices to check that

'xem=xe' (1)  neR(G),x € Xu(G), (2.19)
where  (x ® {'(M)(fTw) = fO)S (M(fTw) [ € OXn(G)),w € W(L,5).

In steps (i) and (ii), (2.19) holds by construction, see [34, §6]. In step (iii) the appro-
priate version of (2.19) is known from [31, Theorem 2.4.(2)]. Consider the tempered
Endg(I1;)°P-module 7 := Homg(I1;, 7). By step (ii) we may assume that all O(X,(L))-
weights of 7 lie in W(L, s)uX;.(L). Step (iii), with x | x|'u in the role of u, sends y ® 7
to

o, a,en=1y  (xlexixlMen=lglxlely . (xlxlI™e1) 220

with log | x| € tﬂ‘g] (L) 4 character of O(1). Step (iv) transforms (2.20) to

log x| ® (1y

x Lyl

-1 _
_1u()( |X| ® T))|C[W(L,5)X ‘X‘ilu,hs] - log |X| ® (IUM T)|C[W(L,5)u,l:|;']’

where the equality holds because y is W(L, s)-invariant. Now step (v), again with respect
to x | x| 'u, yields

el @ x el™ @ (o, Dlogw e, .51 = e ® QDo o,
Finally, using the W(L, s)-invariance of y again, step (vi) returns

O(an(L))XC[W(L,S),hS] _

OXur(L))<C[W (L,5) ., b2 (CX” ® (lUu T)NC[W(L,S)U,h;‘]) -
OXae(LY)HCIW (L,5),bs]

OXae( L)HCIW (L), ] (Cu® (I,

ind

x ®ind T)|<C[W(L,s)u,h:,‘])‘

Similar computations show that the last expression equals y ® £V (). [ ]

The properties listed in Theorem 2.5 imply for instance that /¥ maps algebraic fam-
ilies in R(G)* (or equivalently in R(H(G, K)°) to algebraic families in R(O(Xnr(L)) >
C[W(L’ 5)7 hs])

2.2. Local descriptions of Hochschild homology

In this section we will determine The Hochschild homology of H(G) with a method based
on the families of G-representations from Section 1. With the procedure from page 15 we
pick a finite number (say ns) of algebraic families of G-representations &(M;, i;), such that
the 7; are irreducible and the members of these families span Q ®z R(G)® in a minimal
way. We may assume that each M; is the standard Levi factor of a standard parabolic
subgroup P; of G. Writing
s
7. =P, Furim 2.21)
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we obtain a homomorphism of Z(H (G, K)*)-modules

3

HH(F) : HH((H(G,K)) = €D " (Xar(M))),

where Z(H (G, K)*) acts on the right hand side via the central characters of the involved
representations (M, n;, x;).

We aim to establish an analogue of [35, Theorems 1.13 and 2.8] for HH,(F;). The
families that have no cuspidal supports in oo ® W(L, s)U,, can be ignored for the current
purposes (we may call them U, -irrelevant). For the remaining families, as explained above
we may assume without loss of generality that (2.13) holds. Select x,,, € uXun(M;) such
that

Sc(ni) € o @ W(M, L, s) xyy, Xo(L). (2.22)

By Theorem 2.1 the algebraic families of HY -representations §(M;, 7j;) span the part of

Q ®z R(HY) with O(t)" L-*)« _weights in log, (Uy,). Aslog, (U,) contains tg = R ®z X*(L)

and is open in t, the geometric structure of Irr(Hf) [29, §11] entails that the §(M;,7j;) span

the whole of Q ® R(Hf). Thus we are in the setting of [35, Lemma 4.2-Theorem 4.8].
For g € W(L,s), and v € t8,in [35, (1.19)] an element

Ve € C®z R(O(Xur(L)) = C[W(L,5), bs])

was defined, as evaluation at (g, v) in one picture of HHo(O(Xnr(L)) = C[W(L,s),b:]). As
in [35, (2.8)], applying (£Y)~! produces a virtual HY -representation

n »
v;’u = (§uv)7lvg’v = Zi:l U el Ag itt 1(M;, 7, $g.i(v)) g€ W(L,s),,v € ts (2.23)

which also occurs in [35, (2.10)]. Here the U, -irrelevant indices i are left out of the sum,
but we may still include by setting Ag ; = O for those i. From [35, Lemma 1.10] we know
that each ¢g; : t8 — tMi is given by an element of W(L,s),. Hence ¢g,; induces regular
maps

Bg.i + uXnr(L)*° = exp, (1) — exp, (t"") = uXor(M;),

2 . (2.24)
Xni ¢g,i : anr(L)g’ - an(Mi)-
The ¢, ; are not defined when i is U,,-relevant. Using (2.24) we put

ns _
V;,’u/ = Z l/lgsitrﬂ'(Mi’ i, Xni1¢g,i(u,)) g S W(L, 5)14, I/l/ (S Uu.

i=1,U,-re

Since the right hand side is well-defined for any u’ € uX,(L)%°, we may extend the defin-
ition of v; , to such u’. The map (2.24) induces a homomorphism of O (X (L)W L)
algebras

X B0+ OXure(M7)) ® Ende (I (Vi )©) — O(uXoe(L)*°) ® Ende(I5, (V). (2.25)

Here O(X, (L))" &%) acts on the domain via the central characters of the members of
&F(M;, n;), whereas the O(Xy(L))V*)-module structure on the range is given at y €
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uXy(L)®°) by W(L,s)xt, , where the central character of 7; is represented by x, t;;l,
with t,}’i € X} (L). In other words, the natural module structure on the right hand side of
(2.25) is adjusted by the positive part of the central character of ;. When we consider the
map on Hochschild homology induced by (2.25), the range does not depend on i, but the
O(Xne (L)W &%) -module structure still does. Like in [35, (1.33) and (2.14)], we can com-
bine the maps on Hochschild homology induced by the homomorphisms (2.25) a C-linear

map

=\ _ s . =1 g .
HHy(9,) = @ge(W(L,s)u) Zi:LUu-rel AgiHHn (e d)

ns n . n 8,0
Dt @ Ca M) = D) QXL (2.26)

The maps HH,,(¢},), for various u € Xynr(L), are our main tools to describe HH,(H (G, K)*).

Recall that the formal completion of a commutative algebra A with respect to a finite
set of characters X is denoted A. x. With that notation, for u’ € U, there are algebra iso-
morphisms

——— W(Ls) = W)  —=W(Ls)y  —=W(Ls)
OXar(L))w (L sy = OXne(L)),y = O(iog, ) = OOw(Ls),t0g, @) (2:27)

Proposition 2.6. For u’ € U, the following modules over the formal completion (2.27) are
isomorphic:

WSy
(a) O(an(L))u’ ® HHn((]_((G9 K)*),
Z(H(G,KY)

NN W(L’S)u' G
(b) O(t)logu(u’) G® HH”(HW(L,S)u)’
W (L,s)u)
- W(L,s)ul

G
(C) O(t)logu(u/) Z(gg) HHn(Hu ),

— W(L,5),r 3 g |
) O(t)log(u(riz) ® HHn(¢*)—1( b Q¥ ® hé)ZW(L, » (8)),
O(t)W(L,S)u g€<W(L,5)u>

—— W(L,s),/
© Ol " @ HH @) PO k(L)) @ )01 ),
O(Xm‘(L))W(L’S) ge(W(L,s)u )

The isomorphism between (a) and (d) is induced by HH,,(Fs).
The character S : Zw(L,s), (§) — C* figuring in parts (d) and (e) is defined as
W (h) = T, T, ' T, he Zwws), ()

It extends naturally to a map W(L,s) — C[W(L, s)), ] with good properties, see [35,
Lemma 1.3].

Proof. Recall the explanation of Theorem 2.1 between (2.6) and (2.25). By the Morita
invariance of Hochschild homology [18, §1.2]:

HH,(H(G,K)") = HH,(Endg(IL)°?) as Z(H(G, K)*)-modules. (2.28)
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Let I, c O(Xy(L)) be the maximal ideal of functions vanishing at u’. As

O(Xue(L))/ 1y = CH(W (L, 8)Uy) [ 1 C" (W (L, 5)Uy)

u =

for any m € N, the algebras O(Xp (L)W %) and C¥*(W(L, s)U, )"V -*) have the same
formal completion at u”. It follows that in the process described between (2.6) and (2.8) the
analytic localization steps do not change the formal completions of the involved algebras
(at 4’ and log,, (u") respectively). Then Proposition 2.3 yields the isomorphism between
(a),(b) and (c).

The isomorphism between (c) and (d) is a consequence of [35, Theorem 2.8]. As
&(M;, 7j;) is constructed from F(M;, ;) via Theorem 2.1, (2.27) induces isomorphisms of

— W(L.s),s
O(t)log(u(z),) -modules

— W(L,5),r 1t _
OWog () ® P o=
oW E-u i=1,U,-rel
ns
—— W(L,s),s
O(Xu(L), ® P Q" wXu(M)).

W(L,
O(an(L)) (L.9) i=1,Uu'Iel

By Theorem 2.1 this restricts to an isomorphism between (d) and (e).

The isomorphism between (c) and (d) is obtained by evaluating elements of HS at
the families & (M;, 77;). Hence the isomorphism between H H,,(End(I1;)°?) and (d) comes
from evaluating elements of Endg(I1;)?? at the same algebraic families. When we pass
from (d) to (e), the families §(M;, 7j;) are translated to the families §(M;, ;). The iso-
morphism between (a) and (e) can be constructed from that between HH,,(Endg (I1;)°?)
and (e) by composing with (2.28), which is induced by a Morita equivalence. Thus the iso-
morphism between (a) and (e) is given by evaluating H(G, K)* at the families F(M;, 1;).
In other words, it is given by HH,,(¥,), while ignoring the U, -irrelevant families. ]

We will lift Proposition 2.6 to a statement about HH,(H(G, K)*) on the whole of
XHI‘(L)'

Lemma 2.7. The map HH,(¥;) is an injection from HH,(H(G, K)°) to the set of w €
Pz, @ (Xur(M,)) such that

HH, (600 € D) _ i,y ( QWX L)) @ ) 0 © Vi e Xum(L).

The injection is O(Xy (L)) &) -linear if we endow each Q™ (uXn(M;)) with the
O(Xne(L)Y &S module structure coming from the central characters of H(G, K)*-
representations in §(M;, 1;).

Proof. First we consider an arbitrary complex affine variety V and a finitely generated
O(V)-module M. It is known from [35, Lemma 2.9] that

if the formal completion M, isOforallv €V, then M = 0. (2.29)
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Since H(G, K)* has finite rank as a module over the Noetherian algebra Z(H (G, K)*),
so does HH,(H (G, K)*). Consider a nonzero x € HH,(H(G, K)*). In view of (2.29), the
Z(H(G, K)*)-submodule generated by x has at least one nonzero formal completion, say
at W(L, s)u’. Then x is nonzero in that completion, and by Proposition 2.6 the image of
HH,,(F:)x (in a formal completion) is nonzero. Hence HH,(F;) is injective.

Proposition 2.6 shows that the specialization of HH, (¥;)x at any central character
W(L,s)u’ ¢ W(L,s)U, has the property involving HH,(¢},). Hence HH,(%:)x satisfies
the stated condition, at least on U,,. For each g, the required property extends from U, N
Q" (uXn (L)3°) to Q" (uXn(L)®°) because U, is Zariski-dense and the g-component of
HH,(F;)x is an algebraic differential form. Thus the image of HH, (%) is contained in
the set specified in the statement. ]

To attain surjectivity in Lemma 2.7, we have to take the relations between specializa-
tion at u and at wu into account. This is where the algebras from Proposition 2.3 show their
usefulness. Let HH,, (¢ ) be the map HH,,(¢*) from [35, (2.17)], for Hg(L,S)u. According
to [35, Proposition 2.16] there is a C-linear bijection

HH,(§;) o HH,(F1) : HH,(Hyy | ) —

wo-1 \W(L3)
D euxawneE ) . @30

g€[W(L,s)/W(L,s), | weW(L,s),

Here HH,(#7) is a version of HH,,(¥;) for H‘?V(L o S€€ [35, around (2.23)].

Theorem 2.8. (a) The O(Xy (L)W' L) -linear map HH,(Fs) is a bijection from
HH,(H(G, K)) to the set of w € =, Q"(Xnr(M;)) such that

- -1\ W(L,s)
HH.Gwe( D D @ Guxun ) o)
g€[W(L,s)/W(L,s), | weW(L,s),

Jorall u € Xyn(L).
(b)  The restriction of HH,(Fs)HH,,(H (G, K)*) to W(L, s)U,, is isomorphic to

1\ W(L,s)
n w,o SWg !
(@ge[W(L,s)/W(L,s)u] @weW(L,s)u O (g (uXne(L)™7)) ® b )
via HH,($?).

Proof. (a) From Proposition 2.6.b, (2.30) and (2.27) we obtain an alternative description
of the formal completion of HH,,(H (G, K)*) at W(L, s)u’, namely the formal completion
at W(L, s)u’ of

e R -1\ W(L.s)
LAt D DB euxaryper ) @3

gEe[W(L,s)/W(L,s) ] weW(L,s),
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Like in Lemma 2.7, it follows that the image of HH, (%) is contained in (2.31) for all
u € Xunr(L). The advantage is that now the behaviour at the entire W(L, s)-orbit of u’ is
captured by (2.31). Consider the intersection of the spaces (2.31), over all u € Xyn(L).
Divide that by the image of HH,,(¥;). Proposition 2.6 and (2.30) tell us that the quotient is
a O(Xpr(L))W &%) -module all whose formal completions are zero. As each O(X,(M;)) is a
finitely generated O(Xnr (L))" &*)-module, so are @:’i] Q" (X (M;)) and its submodules.
Hence we may apply (2.29), which says that the quotient under consideration is the zero
module. In other words, the image of HH, (%) is precisely the intersection of the spaces
(2.31).

(b) Here restriction means that we only consider the

Q" (Xue(M:)) with  Xur(M;) 0 W(L,$)U, # 0.

Suppose that x € HH,(F;)HH,,(H(G, K)*) is nonzero on W(L, s)U,,. Pick a u’ € U, at
which x is nonzero. Then Proposition 2.6 shows that HH,(¢)x cannot be zero. This
proves the injectivity.

The map HH,,(¢%) is O(Xn(L))W E-9)-linear if we let that algebra act on
Pz, Q(Xur(M;)) via the maps

Xor(M;) = Xoe(L) 2 x = X X- (2.32)

Fix a character 1 € W(L,s)U,, of O(Xy (L))" %), There are only finitely many H(G, K)*-
representations 7(Q;, i, A;) with x;,, 4; € W(L, s)A, so together these support only finitely
many central characters. By (2.22) all those central characters lie in W(L, s)U,,. Then Pro-
position 2.6 and (2.30) imply that HH,(¥;)HH,,(H(G, K)*) and (2.31) have isomorphic
formal completions at W(L, )1, with the respect to the O(Xy (L))" &*)-module structure
coming from (2.32).

Hence the cokernel of HH,(¢}) is a finitely generated O(Xne(L))W &9 -module all
whose formal completions at points of W(L, s)U,, are zero. Thus

I3'cokerHH,($;,) = cokerHH,(&;,) YA e W(L,s)Uy, m € Zso. (2.33)

Furthermore cokerH H,($?) is of form O(Xy(L)/W(L,s))" /N for some submodule N of
O(X,:(L)/W(L,s)) . Then (2.33) entails

O(Xue(L)/W(L,9))" = I7O(Xar(L)/W(L,5))" + N

for all A € W(L,s)U, and all m € Z.. With the Zariski-density of W(L, s)U,,, it follows
that N = O(Xy(L)/W(L,s))". Hence cokerHH, (¢}) = 0 and HH,($},) is surjective. — m

Recall that HHy(H(G)) and HHy(H (G, K)*) were already computed in [6]. We will
now recover those results via families of representations. For a variation using only tempered
representations we refer to [20].
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Proposition 2.9. (a) HHy(F;) provides an isomorphism between HHy(H (G, K)*) and
the set of elements of @:’:1 O(Xn(M;)) that descend to linear functions on C ®z
R(H(G,K)").

(b)  Part (a) yields an isomorphism of Z(H (G, K)*)-modules

HHy(H(G,K)*) = (C 8z R(G)")reg.

Proof. (a) With Theorem 2.1 and Proposition 2.3 we reduce this to an issue for Hg,( Lo’

In that setting [35, Proposition 2.16.a] is equivalent to Theorem 2.8.a, and the desired
description is (2.30).
(b) The definition of HHy(¥,) involves the generalized trace map and the Hochschild—
Kostant—Rosenberg theorem, like in [35, Paragraph 1.2]. Unwinding this, we find that the
map

HHy(H(G,K)°) - (C ®z R(H(G,K)"))"

from part (a) is just (1.4). In particular every element of HHy(H (G, K)*) determines a
regular linear function on C ®z R(H(G, K)*). The map is injective because HH, (¥) is
injective and because for f € EB:';I O(Xp(M;)) the values f(P;, 6;, v;) can be recovered
from the image of f in (C ®z R(H(G, K)*))". By Morita equivalence, we may replace

R(H(G, K)*) with R(G)".
Conversely, for every 1 € (C ®z R(H(G, K)E’)):eg
produces a regular function on X, (M;), so A comes from an element of EB?;] O(Xpr(M;)).
[

the canonical pairing with Jaz, 5,

Let Ay, be a set of representatives for the inertial equivalence classes of square-integrable
modulo centre representations ¢ of standard Levi subgroups M of G, such that Ig(é) €
Rep(G)®. From Theorem 1.2 we see that the category of tempered representations in
Rep(G)® decomposes as

t s _ t D
Rep' (G)* = @D:[M,&]EASG Rep (G)’, (2.34)

where Rep’(G)® is the full subcategory generated by the subquotients of IICj((S ® y) with
X € Xunr(M). With Theorem 2.1 and the same arguments as in the proof of [35, Theorem
2.2], (2.34) induces a decomposition

trGy — t (17G\D
RED) = D, KD 2.35)

By Proposition 2.3 Rt(HVGV( L’S)u) decomposes in the same way.

It is known from [34, Proposition 9.5] that the equivalence of categories in Theorem
2.1 sends square-integrable modulo centre representations to tempered essentially discrete
series representations. With that and the same process that made 77 out of 7, described
around (2.12), we can associate tod =[M, 6] € ASG a discrete series representation 5 of Hyy.

Thus (2.35) is a decomposition of the kind considered in [35, Theorem 2.2 and (2.25)].

We define
ng
Fo = @i:u«s P
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Lemma 2.10. (a) There is a canonical decomposition

HH,(H(G.K)") = D), . HH.(H(G,K)")",

dEAY,
where the part indexed by d = [M, §] is obtained by applying HH,, (7)™ to
HHA(F)HHA(H(G,K)) = €D, Q") 0 HHA(T)HH,(H(G,K))

(b)  Select x5 € Xunr(L),t; € Xy.(L) such that xst represents the Z(H(G, K)*-character
of 6. The map

HH,($},) o HH,(F3) : HH,(H(G,K)*)® —

_1\ W(L,s)
n w,o SwWg !
( @ge[W(L,s)/W(L,s)u] @weW(L,s)u O (g(uXnr(L)™7)) ® B )

is O(Xor (L)W 5 linear if we let O(Xne(L)Y &%) act on the target such that:

- if guXn(L)°) C x5 Xne(M), then it acts at guy with y € Xn(L)""° via the char-
acter W(L, s)uxt!,

— in the same situation O(Xu(L)V'2%) acts at huy, where h € W(L,s) and y €
Xur(L)"™°, also via the character W(L, s)uxt;,

= ifhuXn(L)™°) ¢ x5 Xor(M) for any h € W(L,s), then O(Xne(L))Y &9 annihilates
Q" (g(uXunr(L)™°)).

Proof. (a) This follows from [35, Lemma 2.12, (2.25), Corollary 2.13] and Theorem 2.8.
(b) The condition in the third bullet means that for i < d no map ¢y, ; : uXn(L)*° —
X6 Xur(M) can exist. In that case 1,,; = 0 and the image of HH,,(H(G, K)°)® in
Q" (g(uXy(L)*-°) is 0. From that and (2.25) we see that, for each i separately, there exists
such a O(Xpr (L)Y &%) -module structure as indicated, only with ty. € Xy (L) instead of 73

By [35, Corollary 2.13], HH,(¢}) o HH, (%) is O(Xy (L))" L-*)-linear if we let it act
according to the central characters of the virtual representations VZ’,w,v from [35, (2.26)].
That means that the natural module structure is adjusted by a representative cc(d) € tg
of the central character of & (as representation of HS). So in that setting log(t;,) and
log(cc(6)) represent the same central character, for all i < d. We have translate these to
‘H(G, K)*-representations with Theorem 2.1 and Proposition 2.3. Then cc(6) becomes ;.
Hence W(L,s)t;;. = W(L,s)t foralli <d.

Thus the O(Xy, (L))" L-*)-module structures for the i < b agree, and combine to make
HH,($}) o HH, (%) a module homomorphism with the indicated character shift. ]

2.3. Hochschild homology for one entire Bernstein component

We would like to combine the local conditions involving HH,(¢},) to a smaller set of
conditions that describe HH,,(H(G, K)*) globally on X,(L). This is difficult because the

algebras HS and H‘?V( Lo do not vary continuously with u € Xy, (L). To compensate
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for that, we relate the local conditions coming from u, u’ € Xy, (L) that are close. When
W(L,s),, € W(L,s),, we define

ns

HH (e = D D) AwiHHl () 65,0,

weW(L,s),, i=1,U,,-rel

Lemma 2.11. (a) Letu’ € U, N Xy (L). Then

£ \—1 ne, .’ D, 0 Z ,5 , (w) _
HH G5 (D, iy, (@0 Xl L)) @ 1) P00 =
*\—1 n w,o w\Z ,s,,,(w)
HEG0 (D, yrs,, (@WKl L)) @ ) P00 ),
(b)  Part (a) also holds for u € u’ Xune (L)W &2,

Proof. (a) Notice that W(L, s),, € W(L,s), by the conditions on U,,. We may choose U,
so small that it is contained in U, . From the proof of [35, Proposition 2.16.a] we know
that

ne s w,o w ZW(L,S)M/(w) ~
@weW(L,s)m (Q (' Xne(L)™) @ B ) -

n ’ w,o gwg'l)W(L’s)
(@ge[w(L,s)/W(L,s)u,] @weW(L,s)u/ Q" (g Xnr(L)™7)) ® b5 :

By construction HH,(¢%,);! of the left hand side equals HH,(¢",)"" of the right hand
side. By Theorem 2.8.b, this describes precisely the restriction of
HH,(¥)HH,(H(G,K)*) to W(L, s)U,,. Similarly

HH G0 (D e, (@ WD) @)

describes precisely the restriction of HH, (¥s)HH,(H(G, K)*) to W(L, s)U,,. Restricting
that further W(L, s)U,,, means that we remove the summands for w € W(L, s),, that do not
fix u’, because for those U,y N X (L)* = 0 and w(U, ) N U, = 0, by the properties of U,,-.
That leaves us with

= w,o Zw (L,5)u
HE G0 (D, yirs,, (@Kl L)) @ ) ).

(b) Pick a path p from u’ to u in u'Xyn (L)W E*°. We even assume that W(L, s), =
W(L,s), forall y on p, because that condition holds on an open dense subset of Xy (L).
By the compactness of Xy, (L), we can choose a finite subset Y of p, such that the U, with
y €Y cover p. Choose a finite sequence y1, y2,..., ym in Y, such that u’ € Uy, u € Uy,,
and

Uy, NUy,, Np#0Qforalll <i<m.

For 1 <i < m we pick z; € Uy, N Uy,,, N p. We follow the new sequence

’
u ,yl, Zl’ )’2, ZZ» .. -,Zm—l’ )’m, u.
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At each step part (a) guarantees that the relevant preimages under HH,(¢3), do not
change. ]

For ¢ € mp(Xpr(L)™), we denote the corresponding connected component of w-fixed
points by X,(L)¥. Then W(L, s) acts naturally on the set of such components, and on
the set of pairs (w, c). We denote the stabilizer of (w, ¢) by W(L, s),,¢, this is a subgroup
of Zw(r.s)(w). We register these connected components with the list of pairs (w, ¢), where
w € W(L,s) and ¢ € mo(Xnr(L)?). We write (w’,¢”) > (w, ¢) if Xnr(L)Y D Xnr(L)2, (w’,¢") ~
(w, ¢) if Xnr(L)% D Xpe(L)? and (w’, ¢’) > (w, ) if Xne(L)Y 2 Xnr(L)¥.

We ready to reorganize the conditions that describe H, (%:)HH,(H(G, K)*) in The-
orem 2.8. This is done with decreasing induction on the dimension of the connected
components Xy(L)¥, or equivalently on the pairs (w, c).

Construction 2.12. (i) We start with w = 1 and Xy (L)¥ = Xpr(L). Pick u; € Xyne(L)
with W(L,s),, = {1}. Then HH,(¢] .) := HH,(¢;,) is just a map

B, Q" (Xar(M) = Q" (1 Xor(L)) = Q" (Xi(L)),

and it sends HH,,(F:)HH,(H (G, K)*) to Q" (Xpr(L))V ). By Lemma 2.11, this com-
pletely describes the restriction of HH,,(%s)HH,(H(G, K)*) to the subset of X, (L)
not fixed by any nontrivial element of W(L, s). Remove (1, ¢) from the list of pairs.

(ii)  Assume that for some connected components X,,.(L) we have already chosen a map
* Ns n n w,o n w
HH,(63,0) - €D, Q" Xar(Mi) = Q" (1t Xor (L)) = Q" (X (L)?), (2.36)

of the form Z:‘;L U, -rel Aw, i HHp( )(,;l_l by, ;) coming from HH,(¢;,) for some u = uy,
with uy, - € Xnr(L)¥ but not in any connected component of smaller dimension. Assume
that the set of pairs (w, ¢) for which this has been done is closed under passing to larger
pairs. Assume that all those pairs have been removed from the list. Finally and most
importantly, we assume that for all those pairs (w, ¢) the restriction of

HH,(F)HH,(H(G, K)*) to Xn(L)¥ without the connected components of smaller

dimension equals
s -1(n w’ w \W(L.%) !, o
ﬂ(w,,cf)z(w’c) HHy (¢, ) Q" (Xn(L)2) @ 1Y) . (2.37)

(iii) From the list of remaining pairs, pick a (g, ¢) with X,.(L)? of maximal dimension.
Select u = ug . in Xune(L)$ but not in any connected component of smaller dimension.
Define

s

HH,(¢50) = A i HH () 07 ), (2.38)

i=1,U,-re
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a part of HH,,(¢?). If there are other 1 € W(L,s) with X,(L)? = X, (L)%, then we take
Up,c = ug . and we define HH,(¢; .) in the same way. We need to check that

% -1 n w’ w \WI(L,8)y,
(Voo HHn @)™ Q" K1) @) n
o\— W(L.5)n,c
(Noreraey HHn(07,)™ (@ Kar( L)) @ )5 (2.39)
equals
N n w,0 w\ Zw (L,s), (W)
HHA0)™ D, i,y (@ 0Xar L)) @ ) : (2.40)

This follows from Lemma 2.11, which says that all the parts HH,,(¢;,),» withu’ € U,
and u’ ¢ X,(L)? are accounted for by the (w’, ¢’) > (g, ¢). Lemma 2.11 also tells us
that (2.39) and (2.40) describe exactly the restriction of

HH,(F)HH,(H (G, K)*) to X,(L)? without the components of smaller dimension.

(iv) For components (g’,¢’) in the W(L,s)-orbit of (g, ¢) or any of the (%, ¢), we define the
maps HH, (¢Z,,’C,) by imposing W(L, s)-equivariance (where the group acting involves
the characters 1% ). This construction ensures that

HH,(¢}, )" (Q" (Xu(L)E) ® )W e

Sooumw) (D @ewher

(g":¢")eW(L,s)(g,c) (g":¢")eW(L,9)(g.c)

W(L,s)
) (241

(v) Remove (g, ¢) and the pairs (&, ¢) ~ (g, ¢) from the list of pairs. Stop if there are no
pairs left, otherwise return to step (iii).

With (2.38) we associate to (w, x) the virtual H(G, K)*-representation
Ny —
Ve = D st 11 g AT FMis i Xop! B 0))- (2.42)

In other words, the specialization of HH,(¢y, ) at x € Xy (L) corresponds to the map
on Hochschild homology induced by vl{), - This means that

HHy(¢),.) © HHy(F5) : HHy(H(G,K)") — Q" (X (L)) (2.43)

is induced by the algebraic family of virtual representations {vll,’ v X € Xur(L)¢'}. From
[35, Lemma 2.5.a] (translated to the current setting with Theorem 2.1) and step (iv) above
we see that

1 _ 1
Y etgy = BV - (2.44)

gwg™!
Considering v;)’  as virtual G-representation via the equivalence of categories (2.7), we
deduce from (2.38) and (2.23) that
£ Vo) = Vury- (2.45)

The above procedure gives rise to a description of HH,,(H (G, K)*) that is more concrete
than Theorem 2.8.
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Theorem 2.13. For each w € W(L,s) and each ¢ € no(Xn:(L)"), let HH,(¢,, ) be as
above. We define

HH, (¢5) = @weW(L,s),cem)(Xm(L)w) HHy (¢w»6)

(@) The map

ns
HHW(67) + @D Q" (Xur(M;)) — & Q" (Xur(L)?)
i=1 weW(L,s),c enp(Xn(L)¥)
is injective.
(b) HH, (%) gives a C-linear bijection

)W(L,S)

HH,(F)HH,(H(G.KY) = (D), Ly, @ Kl L)") 01

weW(L,s)

(c) Ford € Ay, the restriction of HH,(¢}) o HH, (%) to the direct summand
HH,,(H(G,K)*)® of HH,,(H (G, K)*) becomes O(Xp(L))W %) -linear if we endow the
target with the same module structure as in Lemma 2.10.

Proof. (a) Recall that the specialization of HH,(¢y, .) at x € Xy (L){ came from a virtual
representation of H)((;Ix\“’ translated to a virtual representation vy, , of H(G, K)* via
Theorem 2.1 and Proposition 2.3.

Consider one u € Xy, (L). From (2.37) and Theorem 2.8 we see that the vy, , with
central characters in W(L, s)U,, span the same set of virtual representations with cent-
ral characters in W(L, s)U, as all the virtual representations v, defined via HMG The
latter collection spans the entire part of C ®z R(H (G, K)*) with central characters in
W(L,s)Uy, so the v, , span that as well. It follows that the specialization of HH,(¢)x at
x € W(L,s)U, is zero if and only if the specialization of HH,,(¢)x at y is zero.

From [35, Lemmas 1.12 and 2.7] we know that HH, (¢},) and HH,,(¢") are injective,
for twisted graded Hecke algebras and for H(V, G, k, 1) as in [35, Paragraph 2.3], and hence
also for the algebras HY and HVGV( L) By the above considerations with virtual represent-
ations, HH,,(¢) contains at least as much information as HH,,(¢},). Hence HH,,($%)x is
Nnonzero as soon as x € EB:ZI Q" (X (M;)) does not vanish on U,,. That holds for for every
u € Xynr(L), so HH,(¢7)x is injective.

(b) We already know from Lemma 2.7 and part (a) that HH,,(¢) o HH, () is injective.
From Theorem 2.8, (2.37) and (2.41) we know that the assertion holds locally. Hence

HH,(¢7) o HH,(F)HH,(H(G,K)") C

XL o) . (246
(@weW(L,s),cem,(an(L)“)) (X )C)®h5) - (246)

Both sides are finitely generated O(X, (L))" ©-*)-modules (for natural module structure,
not the module structure determined by the characters of the underlying virtual represent-
ations). We consider the quotient module M. Since the two sides of (2.46) are isomorphic
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locally, all formal completions of M with respect to characters of O(Xnr(L)V &9 are zero.
By (2.29) M = 0, so the inclusion (2.46) is an equality. Finally, we note that

n wy _ n w
D ey ¥ Earl L)) = Q" (Xar( 1)),

(c) This follows from Lemma 2.10, since every component of HH,(¢:) occurs as com-
ponent of a HH,,(¢5,). n

Recall that H(G, K)® is Morita equivalent with Endg (I1s)°? and that in (2.16) we fixed
an isomorphism of O(X, (L))" &%) algebras

C(Xne(L))W £ ®  Endg(I)°" — C(Xur(L)) = C[W(L,5), bs].
O(Xm‘(L))W(L’S)

Recall the bijection ¥ from (2.18) and Theorem 2.5.

Theorem 2.14. There exists a unique C-linear bijection
HH,({") 1 HHy (O(Xar(L)) = C[W(L, 5), bs]) — HHu(H(G, K))

such that
HH,(Fm.y) 0 HH,({') = HH(Fpr.2v(p))

for all algebraic families F(M, n) in Rep(G)*.

Proof. By [35, Theorem 1.2] there is a O(X, (L))" &9)-linear bijection

HH, O WL ) = (D @awer) . @
weW(L,s)

It is not canonical, but from [35, (1.15) and (1.17)] we know that the non-canonicity is
limited to one scalar factor for each direct summand indexed by a conjugacy class in
W(L,s). We can fix these scalar factors by requiring that (2.47) on the summand indexed
by w is induced by the algebraic family of virtual representations

{Vwy t X € Xue(L)"}. (2.48)

Indeed, the bijection (2.47) is recovered in that way in [35, Theorem 1.13.a]. The only issue
is that [35, §1.2] applies not to tori like X,(L), but to complex vector spaces. Fortunately
[35, Theorem 1.13] can easily be extended to our setting by localization of O(Xy (L)W (&)
to sets of the form W(L, s)U, /W(L,s). Thus we make (2.47) canonical.
By Lemma 2.7 and Theorem 2.13.b,
- W(L.s)
HH,(§) 0 HH,(F) : HH(HG. K1) = ( ) @' (Xu(l)”) & 1)
weW(L,s)
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is a C-linear bijection. We define HH,(£") as the composition of (2.47) with (HH,(¢?) o
HH,,(?—;))fl. From (2.43), (2.45) and (2.48) we see that

HH,(F) 0o HH,({") = HHu({" o F) (2.49)

whenever ¥ is one of the families {V,L v X € Xar(L)¢'} with ¢ € mo(Xnr(L)"™). Since every
such ¥ is a linear combination of algebraic families of H (G, K)*)-representations, (2.49)
is implied the condition in the theorem. Hence HH,,(") is unique.

It remains to check that

HHn(?MJ]) o HHn(Z:v) = HHn(?'M,gv(ry)) (2.50)

for an arbitrary algebraic family in Rep(G)*. By [35, Lemma 1.9] the virtual repres-
entations v,, , with w € [W(L,s)] and v € X,(L)"/Zw ¢ (w) such that 4 (W(L, s), N
Zw(r,5)(w)) = 1 form a basis of

C ®z R(O(Xar(L)) = C[W(L, 5), bs]). (2.51)
Hence there exist coefficients c(w, v, ) € C such that
B ) = e, o )V
Then (2.45) and the bijectivity of Theorem 2.5 imply
FMx) =Y cw.o )y,

Recall from (2.42) that VIL’ » is a linear combination of the &(M;, n;, v;). With Theorem 2.5
that can be transferred to (2.51). Hence there exist ¢’(i, x, v;) € C such that

E}(M’ n, X) = Zi,ui C,(i’ X Ui)g;(Mh Mi» Ui)a
E}(M’ g\/(rl)’ X) = Zi,ui C,(i’ X U[)%(M[, fv(ﬁi), Ui)-

From (2.49) we deduce that
HH,(§(M., 0, x)) o HH,(¢") = HH,(§(M, £ (1), x))-
The same argument for all y € X;,:(M) simultaneously yields (2.50). |

Theorem 2.14 is a homological counterpart to [34, Theorem 9.9], which matches the
irreducible representations of H (G, K)* with those of O(X,,(L)) < C[W(L, s), bs].

3. The Schwartz algebra of G

The Harish-Chandra—Schwartz algebra of a reductive p-adic group is an inductive limit
of Fréchet spaces, but itself not a Fréchet algebra. To do homological algebra with such
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topological algebras, we have to agree on a suitable topological tensor product. The best

choice is to work in the category of complete bornological vector spaces, with the com-

plete bornological tensor product [19, Chapter I]. We denote it by ®, which is reasonable

since for Fréchet algebras it agrees with the projective tensor product [19, Theorem 1.87].
The Hochschild homology of a complete bornological algebra A is defined as

HH,(A) = Tor2®4” (A, A), (3.1)

working in the category of complete bornological A-modules. When A is unital, HH,.(A)

can be computed with the completed bar-complex C,,(A) = A®+1 and the usual differential

n—1
bn(a0®-~®an)=Zao®'~®aiai+1 ® - Q®a,+(-D'aap®a; ® - ® a,_1.

=
Under additional conditions, these functors HH,, are continuous:

Lemma 3.1. Suppose that A = lim_A; is a strict inductive limit of nuclear Fréchet algeb-
L

ras (where strict means that the transition maps A; — A; are injective and have closed

range). Then there is a natural isomorphism

HH,(A) = lim HH, (A)).

Proof. In [8, Theorem 2] this was shown with respect to the inductive tensor product.
Under the assumptions of the lemma, inductive tensor products agree with completed
bornological tensor products, for the A; and for A [19, Theorem 1.93]. [

Recall that S(G) is the inductive limit of the algebras S(G, K), where K runs over
the compact open subgroups of G. As S(G, K) is a closed subspace of S(G, K’) when
K’ c K, §(G) is even a strict inductive limit. The Plancherel isomorphism from Theorem
1.2 shows that each S(G, K) is nuclear Fréchet algebra. Thus Lemma 3.1 applies and says
that

HH,(S(G)) = ]i—r>n1< HH,(S(G, K)). (3.2)

The decomposition (2.1) induces a decomposition of the Schwartz algebra of G as a direct

sum of two-sided ideals:
— S
S(G) = @se%(G) S(G),

indexed by the inertial equivalence classes s = [L, 0] of cuspidal pairs for G. This persists
to the subalgebras of K-biinvariant functions:

S(G,K) = @SE%(G) S(G,K),

but for each K only finitely many of the S(G, K)* are nonzero. The analogue of (3.2) for
S(G)® reads

HH,(S(G)) = HH,(lim _ S(G,K)") = lim  HH,(S(G,K)"). (3.3)
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Whenever H(G)* and H(G, K)* are Morita equivalent (which by [5] happens for arbitrar-
ily small K), also S(G)* and S(G, K)* are Morita equivalent. Let us denote that situation
by s € B(G, K). Then (3.2) and (3.3) imply

HH,(S(G)) = lim EB HH,(S(G,K)) = @ HH,(S(G)*) (3.4)

K 5eB(G,K) s€B(G)

and each HH,,(S(G)?) is isomorphic with HH,(S(G, K)*) when s € B(G, K).

3.1. Topological algebraic aspects

We want to determine the Hochschild homology of the nuclear Fréchet algebra S(G, K)®,
which is also the closure of H(G, K)* in S(G). We have to take the topology of S(G, K)*
into account, which creates challenges that were absent in the purely algebraic setting of
Section 2. Before we start the actual computation, we first settle most issues of topological-
algebraic nature.

Recall from Theorem 1.2 that there is an isomorphism of Fréchet algebras

W (M,b)
S A~ 00 G K
SGKF =D,y p0en, (€ KanM) @ Ende(IF(V))) . (39)
By [15, Théoréme 0.1], (3.5) restricts to an algebra isomorphism

H(G.K)* = (O(Xur(L)) ® Ende (I, (Vo)) N

W(M.b)
Divrores, (€ CXan (M) @ Endc (1€ (VsY<)) . 3.6)

Let e, € S(G, K) be the central idempotent corresponding to the direct summand of (3.5)
indexed by d. We define S(G, K)® = ¢,S(G, K), so that by (3.5)

S(G,K) = (C‘X’(Xunr(M)) ® Endc (1S (Vs)K ))W(M’D) 3.7)
Then S(G, K)* = Dyens, S(G, K) and
ZSG.KN) =P, ZSGEKM) =P, CKanM)VMD (33

For d € ASG we have Wy C W;. The relation between W(M, d) and W(L, s) is less clear,
because the groups Xy,(M, 6) and Xy, (L, o) from (1.9) may differ.

To analyse (Fréchet) modules over (3.8), we will make ample use of the following
result. It is the specialization of [17, Lemma 3.4] to the affine variety X,.(M) with the
submanifold Xy, (M) and the action of W(M, d).

Proposition 3.2. Let Y be an affine variety with an embedding 1 in Xo(M). Suppose that:
oY) is closed in Xp(M) and isomorphic to Y,
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o Y :=1""(Xyn(M)) is a real analytic Zariski-dense submanifold of Y and diffeomorphic
to 1(Y).

Let p be an idempotent in the ring of continuous C*(M)Y M-2)_linear endomorphisms of
Qn (Y), such that p stabilizes Q"(Y). Then the natural map

C* (Xune(M)W M ® P (Y) — pQy,(Y)
O(an(M))W(M‘D)

is an isomorphism of Fréchet C*®(Xuns(M))Y M-*)_modules.

The dense subspace e, H(G, K)°* of S(G, K)® is a subalgebra because e; is central, but
it is not contained in H(G, K). Its irreducible representations are the constituents of the
Ig (6 ® y) with y € X;,,(M). Its centre is the restriction of Z(H(G, K)*) to F(M, 5), so

Z(eyH(G, K)*) = ey Z(H(G, K)*) = O(Xne(M )V M2, (3.9)
Lemma 3.3. (a) The multiplication map

wy : Z(S(G, K)®) ® e H(G, K — S(G,K)°
e Z(H(G.K))

is an isomorphism of Fréchet Z(S(G, K)®)-modules.
(b)  The Z(S(G, K)®)-module S(G, K)® is generated by a finite subset of eyH(G, K)*.

Proof. (a) From (3.7) and (3.8) we see that that Z(S(G, K)*)-module S(G, K) is a direct
summand of

C™(Xune(M)) ® Ende (IS (Vi)X) = C=(Xyne(M))ImIF Vo)),

namely, it is the image of the idempotent the averages over W(M, ). It follows from (3.6)
that

esH(G, K)* = (O(Xuoe(M)) ® Endc (I8 (V5)X)) n
W(M,d)
(C”(Xum(M)) ®Endc(lg(v5)K)) . (3.10)

From this and (3.7),(3.8) and (3.9) we see that we are in the right position to apply Pro-
position 3.2, which yields exactly the statement.
(b) This follows from part (a) and (2.5). [

We note that there are natural homomorphisms of Z(H (G, K)*)-modules
HH,(H(G,K)*)® = HH,(H(G,K)*) — HH,(exH(G, K)*),

and the outer sides should be closely related. However, the composed map is in general
not bijective, HH,(eyH (G, K)*) can be more intricate.

As discussed around (3.1), we compute the Hochschild homology of Fréchet algebras
with respect to the complete projective tensor product. We establish some topological
properties of the Hochschild homology groups of S(G, K)*, making use of [17].
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Proposition 3.4. HH,(S(G, K)*) is a quotient of two closed submodules of a finitely gen-
erated Fréchet Z(S(G, K)*)-module. In particular HH,,(S(G, K)*) is a Fréchet Z(S(G, K)*)-
module.

Proof. To compute HH,(S(G, K)*) according to the definition (3.1), we can use any
(bornological or Fréchet) projective bimodule resolution of S(G, K)*. One such resolution
was constructed in [23, Theorem 4.2], for S(G, K) but that is enough because S(G, K)° is
a direct summand of S(G, K). The set of n-chains of that resolution is a finitely generated
projective S(G, K)*®S(G, K)>°P-module. By construction this projective resolution con-
tains a projective bimodule resolution of H(G, K)*, namely the set of elements that live in
powers of H(G, K)*®H (G, K)>°P.

By tensoring with S(G, K)* over S(G, K)*®S(G, K)*°P, we obtain a differential com-
plex (C., d.) that computes HH,,(S(G, K)*). Each term C,, is a direct summand of

(S(G,K)’®&S(G, K)>°Py ® S(G,K) = (S(G,K)*),
S(G,Ky&S(G,K)=oP
for some r € N. By Theorem 1.2 and [17, Theorem 3.1.b], (S(G, K)*)" and its direct
summand C,, are finitely generated Fréchet Z(S(G, K)*)-modules. The set of n-cycles Z,
is closed in C,, (by the continuity of the boundary map) and hence closed in (S(G, K)*)".

The intersection C;, of C,, with (H(G, K)*)" is a finitely generated
Z(H(G, K)*)-module, by (2.5). That yields a differential complex (C,, d,,) which computes
HH,(H(G, K)).

Choose a finite set ¥, € (H(G, K)*)" that generates C,, as Z(H (G, K)*-module. With
Lemma 3.3 we see that ¥, also generates C,, as Z(S(G, K)*)-module. As the boundary
map d, is Z(S(G, K)*)-linear, the set of n-boundaries B, = d,(C,-1) is generated as
Z(S(G, K)*)-module by d,,(¥;,—1). There are inclusions

)W(M,D))r

B,CZ,CC,cC ((C“’(Xum(M)) ® BEndc (1S (Vs)X) 3.11)

We want to show that B,, = Z(S(G, K)*)d(Y,,—1) is a closed subspace of the right hand side,
just like Z,, and C,,. The right hand side of (3.11) embeds as C*(Xyn(M))Y M->)-module
in

C®(Xune(M))', where r’ = rdim (15 (Vs)X)*.

Via this embedding the elements of d(Y,-1) become analytic (in fact algebraic) functions
on Xy (M) x {1,...,r"}. By [36, Corollaire V.1.6], generalized to an W(M, d)-invariant
setting in [17, Theorem 1.2], the finite set d(Y,,—1) generates a closed C*(Xyn(M Y)W (M.2)_
submodule C*(Xunr(M))”". Hence By, is closed in any of the modules from (3.11). Now
(3.11) and HH,(S(G, K)*) = Z,,/ By, provide the required properties. =

We use the same algebraic families §(M;, ;) in Rep(G)® as in Paragraph 2.2. Recall
from Definition 1.1 that §(M;, n;) naturally contains a tempered algebraic family

B (Mini) = {5, (i ® xi) = xi € Xane(M:)}.
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By Theorem 1.2 it gives rise to a homomorphism of Fréchet Z(S(G, K)*)-algebras
vt S(GK)* = C(Xune(M;)) ® Ende (15 (V,)¥). (3.12)

Here Z(S(G, K)*) acts on the right hand side via evaluations at the central characters of
the underlying G-representations w(M;, n;, x;). In terms of (3.8), the direct summands

Z(S(G, K)®) = C®(Xynr(M))W M)

of Z(S(G, K)*) annihilate the range of (3.12) when i # d. When i < b, pick x;;, s so that
n; is a subquotient of Ig(é ® Xn:,5)- Then C®(Xunr(M))W M) acts on the range of (3.12)
via the map

Xunr(M;) = Xyne(M) : x Xni, 6 X - (3.13)

t._ fis t
7= @izl,mn TMWH
annihilates all the S(G, K)> withd’ € A\ {d}. We write
r _ r _ Ns ot
7o = @beNG o = @i:l Pt

These Fréchet algebra homomorphisms induce homomorphisms of Fréchet
Z(S(G, K)*)-modules

‘We note that

HH,(F) : HH,(S(G.K)) = (P

i=1,i<d

HHEAT) = @B, HHAT) : HHL(S(G.KY) = €D | Qi (Xun M),

Q?m (Xunr(Mi)),

The algebra inclusion Z(H(G, K)*) — Z(S(G, K)*) induces a surjection
PUc || g spens, KD/ WMD) = Xor(L)/W(L,5).
=M G

Proposition 3.5. For ¢ € Xyn(M)/W(M,D) the following spaces are naturally isomorphic:
(i) the formal completion of HH,(S(G,K)®) at £,

(ii)  the formal completion of HH, (eyH(G, K)*) at pr(£),

(iii)  the formal completion of HH,(H(G, K)*)® (as in Lemma 2.10) at pr(£).

We remark that (ii) and (iii) need not be isomorphic for more general central characters

(e.g. the central character of 7(M, 6, x) with y € Xp(M) not unitary).

Proof. Let F P;V(M’D) = F P);V(M’D)” be the algebra of W(M, d)-invariant formal power
series on (M, 8, Xunr(M)) centred at &. It is naturally isomorphic to the formal comple-
tion of

OXnr(M)V M) = Z(ey H(G, K)) (3.14)
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at W(M,v)A. By [24, Theorem 2.5] the functor

W (M,b) _ W(M,p)

FP‘f ® =FP, . ® (3.15)
Z(S(G.K)P) Co (bM)W (M.2)

is exact on a large class of Z(S(G, K)®)-modules. This class contains all modules which

as topological vector spaces are quotients of S(Z), and all modules that we need here are

of that form. This exactness implies that

FPY™MY @ HH(SG.K)) = Hy(FPY™MY @ C(S(G.K))b.).
Z(S(G,K)) ’ Z(S(G.K))
(3.16)

Let I3y 1 © €% KXune(M NWALD) be the ideal of W(M, d)-invariant smooth functions
that are flat at W(M, d)A. By a theorem of Borel, see [36, Théoréme IV.3.1 and Remarque
IV.3.5], the Taylor series map C*(M) — FP, is surjective. Taking W(M, d)-invariants

leads to an isomorphism

WMD) _ ;oo )/ yoo
FPY™MY = € (Xune (M) MV 1501

In particular the ideal
is isomorphic with

I‘j"‘}(l\/l’b)/1 annihilates (3.16). With Lemma 3.3.a we find that (3.16)

H,(C.(FPY™Y  ©  S(GK))b.) =
£ ZSGKY

Hy(C.(FPY™  ©  Z(S(G.KP) ®  eH(G.K)).b.) =
i Z(S(G,K)P) e Z(H(G,K)®

H,(C.(FPY M ® H(G,K)), b,
n(C(FP P AL L F).b:)

HH,,(FP?/(M’D) ®  aH(GKYy). (3.17)
e Z(H(G.KY)

IR

By (3.14) at the exactness of F PZV(M’D) ® , the last expression can be identified
: O(Xp(M))W (M.2)

with the formal completion of HH,,(eyH(G, K)*) at pr(¢). Hence (i) and (ii) are naturally
isomorphic.
Next we apply HH,, (') to the last line of (3.17), with image in

ns

W(M.,b), ;
FP ® O X
a Co (M)W (M.D) i:g?q o (Xune(M;))

As Fl(ey) = 1, we may just as well set Fy(ey) = 1 and apply HH, (7). Then the image
becomes

WMD)
HH THH(OX M ® e‘HG,KS)z
n( D) n ( nr( ))W(M,D)/I A Z(H(G.K)) » ( )
OXoe (M) ) ®  HH(F)HH,(H(G,K)) =
nr W(M,d)A s Z(H(G.KY) n\Jd n > =

0K D)t S ) HHFHIE,(H(G.KY). (318
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To the last expression we apply id ® HH, (%:)~' (which exists by Lemma 2.7), and we
obtain the desired description of (3.17) and of (3.16). [

The injectivity of HH,,(F.") is more subtle for these topological algebras than it was in
the earlier purely algebraic settings (e.g. Lemma 2.7).

Lemma 3.6. (a) The continuous Z(S(G, K)*)-linear map

s

HHy(F!) : HH\(S(G,K)) = ()| Q@ (Xune (M)

is injective.
(b) The natural map HH,(H(G, K)*) — HH,(S(G, K)®*) is injective.

Proof. (a) The kernel of HH,,(‘F) is a closed Z(S(G, K)*)-submodule of

HH,(S(G, K)*), so by Proposition 3.4 it is a quotient of two closed submodules of a
finitely generated Fréchet Z(S(G, K)*)-module. Using the central idempotents e,, we can
decompose

ker HH,(F!) = @ ker HH,(F)).

beAy

Here each HH,, () is a quotient of two closed submodules of a finitely generated Fréchet
C® (Xunr(M))WY M-)_module. Suppose that ker HH,(F]) is nonzero for one specific 6. By
[17, Lemma 1.1] at least one of its formal completions is nonzero, say at & =

W(M,d)(M, 6, x). By Proposition 3.5 that formal completion of ker HH,, (/) can be con-
sidered as a submodule of the formal completion of HH,,(H (G, K)°)® at pr(£).

From Theorem 2.8 and Lemma 2.10 we know that HH, (%) is injective on
HH,(H(G, K)*)® pr(s)- That holds for HH,, (%) as well, because 7/ = #; on these formal
completions. Hence

HH, (7)(ker HH, (7))

has a nonzero formal completion at &, which is clearly a contradiction.
(b) The algebra homomorphism ¥ extends

Fo : HG.KY = ()| 9" (Xar(My) ©c Ende(I§ (1)),
By Lemma 2.7 the map HH, (%), is injective, just as HH,(¥,"). Hence the natural map
HH,(H(G,K)*) - HH,(S(G, K)*)
equals the injection HH, (7)™ o HH,(F5). n

3.2. Computation of Hochschild homology

For u € Xun(L) and g € W(L, s),, the maps ¢, ; from [35, (2.12)] and X;?il ¢;i from (2.25)
are well-defined in this setting, only now as

Xt @i+ C(Xune(M;)) @ Ende (I (Vi)%) = C®(Xune(L)*°) ® Endc (I (V;y,)5).
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This enables to define the smooth version of (2.36):

ng ns
HH(¢},0) = > HHy(xp 05,) = 6D @ (Xune(M2) = Q0 (Xune (L)),
i=1 i=1,U,-rel

Like in Theorem 2.13, we define

HH,(9:) = @weW(L,s),cno(Xm(L)g’) HHn($u.c)-

Lemma 3.7. The continuous map
ns
HH(67) : @D Q0 (Xune(M:)) — P Q" (Xune(L)?)
i=1 weW (L,s),c emg(Xnr (L))
is injective.
Proof. This can be shown in the same way as Theorem 2.13.a. Ultimately the argument

relies on [35, Lemma 1.12] which holds just as well in a smooth settting, as explained on
[35, p. 21]. (]

We fix d = [M, 6] and we represent the central character of § by y;st with x5 € Xyn(L)
and 1 € X (L). We let

Z(S(G.K)) = CKue(MNY MY acton (P O (Xune(L)")

in the following way:

o if g(Xn(L)Y) C xoXnr(M) for some g, w € W(L, s), then it acts at (w, y) with y €
Xune(L)? via the character W(M, ) x5'g x,

o At W(L,3)Xn(L)Y ¢ W(L,5) x5 Xor(M), then Z(S(G, K)*) acts as zero on Q7 (Xynr(L)Y).
Lemma 3.8. The following map is Z(S(G, K)®)-linear:

HH,(82) o HH,(F)) : HH,(S(G,K)") > O (Xane (L)),

weW(L,s)

Proof. From Lemma 2.10.b and Theorem 2.13.c we know how Z(H(G, K)*) acts on

HH,(§3)HH,(Fs)HH,(H(G,K)") < (] Q" (Xur(L)").

weW(L,s)

That action is pointwise, in the sense that upon specialization at any point of X,.(L)" the
Z(H(G, K)*)-action goes via evaluation at a character (or is just zero). Via the natural map

Z(H(G,K)) = Z(S(G,K)) : f — evf, (3.19)

such an action naturally gives rise to an action of C®(Xyn (M)W M) on

n w
@wEW(L,s) Qsm(Xunl‘(L) )’
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which is pointwise in the same sense. The map
Xune(M)[W(M, ) — Xur(L)/W(L, 5)

induced by (3.19) sends W(M, ) x to W(L,s) x xst5. When we compare this with Lemma
2.10.b, we see that Z(S(G, K)*) acts in the way described just before the lemma. [

Next we prove the most technical step towards our description of HH,(S(G, K)*).

Lemma 3.9. The Z(S(G, K)*)-module HH, (¥ )HH,(S(G, K)*) contains

P a1 N (D Gt ar)

i=1,i<d weW(L,s)

Proof. From Lemma 3.8 we know that HH,,(¢}) becomes Z(S(G, K)")-linear if we restrict
its domain to the summands Q" (X, (M;)) with i < d. We consider

ns

1, @) D)) D @wwmer) 60

i=1,i<d weW(L,s)

If we take the direct sum over d € A¢;, then by Theorem 2.13 we obtain precisely the term
on the right hand side. By continuous extension we find that the direct sum over d € A,
of the spaces

HH, () | éiﬁf;m(xumwi») N (wgv?L L)) 2" o

equals (3.26). Lemma 3.8 tells us that (3.26) is a Z(S(G, K)®)-submodule of
n w
Dewire Ko Kane( L)), (3.22)

In fact it is direct summand, namely the image of the idempotent

IW(L, S)rl ZweW(L 5) w-

Hence there exists a continuous idempotent C*(Xun (M)W M-?)_linear endomorphism p
of (3.22) with image (3.21). Although the Z(S(G, K)®)-action on (3.22) annihilates some
of the direct summands, that is not a problem because the action of Z(S(G, K)®) on the
subspace (3.21) is induced by embeddings Xyn(L)” — Xynr(M) as usual. We note that

p( @wEW(L,g) Qn(an(L)w)) = (320)

Now we can apply Proposition 3.2, which yields an isomorphism of Fréchet
c* (Xunr(M))W(M’D)-mOduleS

C* (Xynr(M))V M2 ® (3.20) = (3.21). (3.23)
O(Xm‘(M)W(M’h)
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With the injectivity and the C*(Xun (M)W M-2.linearity of HH,($) we find that the
C®(Xunr(M))Y M-2)_module in the statement is generated by

Do am@ ! @ emwmer)” ™. G2

i=1,i<d weW(L,s)

By Theorem 2.13.b HH,(F)HH,(H (G, K)*) contains (3.24), so
HH,(F!)HH,(S(G, K)*) contains (3.24) as well. Hence the C*(Xynr(M))" M-*)-module
HH,(7]!)HH,(S(G, K)*) contains the module in the statement. ]

Everything is in place to establish a smooth version of Theorem 2.13.

Theorem 3.10. HH, (¢:) o HH,(F:) gives an isomorphism of Fréchet spaces

W(L,s)
L, KL @)

HH,(S(G.K)) - (D

weW(L,s)

Proof. Evaluation of
HHo($:)HHo(F)HHo(H(G, K)°) (3.25)

at (w, y) corresponds to the map on HHy induced by the virtual representation vj), v of
H(G, K)® from (2.42). If we evaluate at a family of y’s simultaneously, that interpretation
becomes valid and nontrivial in degrees n > 0 as well. The W(L, s)-invariance of (3.25)

(and its versions in degrees n > 0) in Theorem 2.13.b is a consequence of:
* the relations (2.44) between these virtual representations,

» the fact the Hochschild homology does not distinguish equivalent virtual representa-
tions [35, Lemma 1.7].

Our maps in the smooth setting are basically the same as the earlier maps in an algebraic
setting, only restricted to tempered representations and allowing for smooth functions.
Therefore

HH, () HH, (7, )HH.(S(G, K)*)

also consists of W(L, s)-invariant elements. More explicitly, it is contained in

n w w
( @WEW(L,S) Qsm(Xunr(L) )® hs

Comparing this with Lemma 3.9, we deduce that the inclusion in Lemma 3.9 is in fact an
equality. Now (3.21) entails that

W(L,s)
) . (3.26)

HH,($)HH,(F))HH,(S(G, K)°) = @ HH,($)HH,(F))HH,(S(G, K)°)

deAY

equals the right hand side of (3.26). Thus HH,($X)HH,(F) is a continuous bijection
between the Fréchet spaces HH,(S(G, K)*) and (3.26). By the open mapping theorem, it
is an isomorphism of Fréchet spaces. ]
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Like in Proposition 2.9, there is an alternative description of HHy(S(G)). We note
that HHy(H(G)) can also be described with tempered representations only [20], like in
the following proposition.

Proposition 3.11. (a) For d = [M, 6] € Ay, the map HHo(F) is an isomorphism of
C® (Xune(M))Y M2 _modules from HHy(S(G, K)) to the set of elements of
P Li<o €7 (Xune(M;)) that descend to linear functions on C &z R(S(G, K)P).

(b)  Part (a) yields an isomorphism of Z(S(G, K)*)-modules
HHy(S(G,K)°) = (C®z R'(G)*)s,.

Proof. (a) From Proposition 2.9.a and Theorem 2.13.b we see that the stated condition on
fePr i=1.i<o C~ (Xune(M;)), only with R(H(G, K)°), is equivalent to the condition

) W(L,s)
HH,8)f € (D), Ly, O 05) (3.27)

The condition in the statement is local, so can be checked locally in terms of (3.27). If one
restrict to R(S(G, K)?), only the parts of the condition of the subvarieties Xy (L)® remain.
Then we get exactly the description of HHy(S(G, K)*) already established in part (a).

(b) This is analogous to Proposition 2.9.b. ]

To establish an analogue of Theorem 2.14 for S(G, K)°, we first study a smooth version
of [35, Theorem 1.2].

Proposition 3.12. Let W be a finite group acting by diffeomorphisms on a smooth real
manifold X. Let lj : W* — C* be a 2-cocycle and let {T,, : w € W} be the standard basis
of C[W, . Define 4 (w’) = T, T T, ' T} € C*T,

ww' w w1+
There is an isomorphism of Fréchet C*(X)Y -modules

w
HH, (C*(X) = CIW. 1)) = (D), _,, (X" 018")
Proof. Our argument is a modification of [35, proof of Theorem 1.2]. Let
1>Z->W-oW->1

be a finite central extension of W, such that the inflation of j to W becomes trivial in
H?*(W,CX). Then there exist a central idempotent Py € C[Z] and an algebra isomorphism
pyCIW] — C[W, b]. It sends pyd to cgw, where w € W denotes the image of & € W and
¢z € C*is a suitable scalar. Then

HH, (C®(X) = C[W,}]) = HH, (py(C*(X) = C[W])) = pyHH,(C®(X) = W).

By [10, 11] there is an isomorphism

HH, (C®(X) = W)

IR

( @weW Q?m(X’i’))W
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With this at hand, the same analysis as in the analogous algebraic setting [35, (1.5)—(1.14)]
proves the required isomorphism of C* (X)W -modules.

An easier version of Proposition 3.4 shows that HH,, (C*(X) = C[W, §]) is a Fréchet
space. Clearly P, oy Q5,,(X™) ® i is a Fréchet space, so its closed subspace

w

( PBpew U (XY) ® hw) is Fréchet as well. As described in [35, (1.15)], the isomorph-
ism with HH,,(C*(X) = C[W, §]) has two ingredients:
* the Connes—Hochschild—Kostant—Rosenberg theorem, which is a topological isomorph-

ism HH,(C™(X")) = QF,(X"),
+ some simple constructions in C[W].
This entails that our isomorphism of C*(X)W -modules is a continuous bijection between

Fréchet spaces. Then the open mapping theorem guarantees that it is a homeomorphism.
|

For an algebraic family of O(X,(L)) = C[W(L, ), iis]-representations (M, n), para-
metrized by X,(M) and on a vector space Vi, ,,, we define

‘7:1(4 C®(Xunr(L)) © C[W(L,9), 5] — C%(Xune(M)) ® Endc(Vir,y)

f — [x = FM,n, x)()]

/a

Recall from Theorem 2.5 that £V restricts to a bijection
&' RY(G) = R(S(G,K)*) — R(C™(Xune(L)) < C[W(L,5), bs])-
Theorem 3.13. There exists a unique isomorphism of Fréchet spaces
HHy(8)') : HHy (C¥(Xune(L)) = C[W(L, 5), bs]) — HHAW(S(G, K)")

such that
HHn(?dAt/I’n) o HHn({zv) = HHn(7rAt/1’{V(,7))

for all algebraic families F(M, n) in Mod(H (G, K)*).

Proof. This is analogous to the proof of Theorem 2.14. For the construction of HH, ()
we use Proposition 3.12 (with X (L), W(L, s), k) and Theorem 3.10 instead of [35, The-
orem 1.2], Theorem 2.13.b and Lemma 2.7. In all the involved algebraic families of
representations &(M, ), temperedness of F(M, n, x) is equivalent to y € Xyp(L). The
uniqueness and further properties of the thus defined map HH,(Z,") can be shown in
exactly the same way as for HH,,(¢V). ]

Theorems 2.14 and 3.13 relate the Hochschild homology of H(G)* and S(G)® to that
of the twisted crossed products

O(Xn(L)) xC[W(L,5),bs] and C™(Xynr(L)) = C[W(L, s), bs].
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These theorems can be considered as confirmations of the ABPS conjectures [2] on the
level of Hochschild homology.
Finally, we take a closer look at HH,,(S(G, K)®). From the Plancherel isomorphism
(3.5) we get
S\ D
HH,(S(G,K)*) = @DEA“C HH,(S(G,K)"). (3.28)

By Lemma 3.6.b we can regard HH,,(H (G, K)*) as a subspace of HH,(S(G, K)*).

Theorem 3.14. (a) The maps HH,(F) and HH,($?) provide isomorphisms between
the Fréchet Z(S(G, K)®)-modules HH,,(S(G, K)®),

B (V1@ €D Bt 05)"ana

i=1,i<d weW(L,s)
| T W(Ls)
#H,G)( D ) () B uKun(D) @ 87
i=1,i<d weW(L,s)

(b) HH,(S(G,K)®) is the closure of HH,(H(G, K)*)* in HH,(S(G, K)?).
(c) There is a natural isomorphism of Fréchet Z(S(G, K)®)-modules

Z(S(G.K)") &y MG, K))' — HH,(S(G,K)").

Proof. (a) The Z(S(G, K)°)-linearity comes from Lemma 3.8 and the isomorphisms fol-
low immediately from Theorem 3.10. The range of

HH, () is a Fréchet space because by the continuity of HH,(¢?) it is closed in

@?il, i <o Q% (Xunr(M;)). The range of HH,(¢:)HH, () is Fréchet because as checked
directly after (3.22) it is a direct summand of (B, ew(L.s) 2imXune(L)™).

(b) Recall from Lemma 2.10 that

HH,(H(G,K)*)® = HH, (%) ' HH,(%)HH,(H(G, K)*). (3.29)

From part (a) and Theorem 2.13.b we see that the closure of

ns

HH (F)HH,(H(G.KP) in D Ol (Xune(M)

i=1,i<d

equals HH, (¥ )HH,(S(G, K )®). To this we apply HH,,(F)~", which exists and is con-
tinuous by part (a). We find that the closure of (3.29) equals

HH,(F!) ' HH, (7 )HH,(S(G,K)") =
HH,(F!) ' HH,(F)HH,(S(G,K)") = HH,(S(G,K)").

(c) The map is induced by the algebra homomorphism

H(G,K) — S(G,K)® : h+— eyh
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and the Z(S(G, K)®)-module structure of HH,,(S(G, K)®), so it is natural. Part (b) implies
that the Z(H (G, K)*)-action on HH,,(H(G, K)*)® factors through

Z(H(G,K)*) = Z(S(G,K)®) : z — epz.
Hence we may just as well consider it as an action of
enZ(H(G. K)*) = O(Xuu( M)WMD,

After (3.22) we constructed a continuous C®(Xyn(M))" M) _linear idempotent endo-
morphism p of @weW(L’s) Q" (Xunr(L)™), with image (2.39). By part (a) HH,(S(G, K)?)
is isomorphic as C®(Xunr(M))W M-?)_module to the image of p, via the map
HH,(¢:)HH, (7). Similarly Theorem 2.13 tells us that HH,(H (G, K)*)® is isomorphic
as O(Xyr(M))Y M-2)_module to

P(D, cre) @ Kur( 1)),

via HH,(¢?)HH, (7). Thus we have translated the statement to: the natural map

C™ K MYYMY @ (D), Ly X Karl D))

O(an(M))W(M’h)
n w
p( @wEW(L,B) Qsm(Xunr(L) ))

is an isomorphism of Fréchet C®(Xyn:(M))W M-?)_modules. As the action comes from an
embedding X,(L)* — Xunr(M) for each relevant w, that claim is an instance of Proposi-
tion 3.2. u

Let us record a consequence of Theorem 3.14:

EB CZ(S(G,KP) ®  HH(HG,K)F) = HH.(S(G,K)) (3.30)
belA Z(H(G,K))

as Fréchet Z(S(G, K)*)-modules. However, usually

Z(S(G.K)") 2 HH,(H(G.K)")

is not isomorphic to HH,(S(G, K)*) as Z(S(G, K)*)-module. The reason is that the terms

Z(S(G,K))  ®  HHy(H(GK))
Z(H(G,K))

with b’ # d can be nonzero, but do not occur in (3.30).
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4. Cyclic homology

Recall from [18, §2.1.7] that the cyclic homology of a unital algebra A can be computed
as the total homology of a bicomplex (8(A), b, B). Here

B(A)py = AP0 if p>g >0,

and B(A),, 4 is zero otherwise. The vertical differential b is the same as in the bar-resolution,
so each column of B(A) computes the Hochschild homology of A. The horizontal differ-
ential B induces a map B : HH,(A) — HH,1(A). When A = O(V) for a nonsingular
complex affine variety or A = C*(V) for a smooth manifold V, B is the usual exterior
differential d : Q"(V) — Q"*1(V) [18, §2.3.6].
For A = H(G, K)*, we know from Theorem 2.13 that there is an isomorphism
HH(HGKP) (@D, o @) @

induced by the algebraic families of virtual representations

weW(L,s)

{ve, X € XD} w € W(L,s), ¢ € mo(Xnr(L)®).

By (2.42) each of these families is a linear combination of algebraic families &' (M;, ;)
obtained from §(M;, ;) by composition with an algebraic map from Xp(L)¥ to Xn:(M;).
In particular (4.1) is a linear combination of maps

HH,(Fyy, ) : HHy(H(G, K)°) = HH, (O(Xar(L)Y) ® Endc (15 (7)%)).  (4.2)

By Morita invariance and the Hochschild—Kostant—Rosenberg theorem, the right hand side
of (4.2) can be identified with

HH, (O(Xn(L)Y)) = Q" (Xnr(L)Y). (4.3)

Via these maps, the natural differential B on HH.(H (G, K)®) is transformed into the exter-
ior differential d on Q" (X, (L)¥). All the maps in (4.2) and (4.3) (and between them) can
be realized on the level of chain complexes. For HH,,(TA’L_JH) that is clear, the Morita
equivalence between

O(Xar(L)?) ® Endc (15, (7)) and  O(Xur(L)¥)

is implemented by the generalized trace map [18, §1.2] and (4.3) comes from the map 7,
in [18, Lemma 1.3.14]. Altogether these furnish a morphism of bicomplexes

(B(H(G, K)), b, B) —> o (BQ* (Xur(L)?), 0, d),
weW(L,s),c emp(Xnr (L))
where B8Q*(V) is the bicomplex with QP~4(V) in degree (p, ¢), provided that p > ¢ > 0.
From Theorem 2.13 we know that its image is actually smaller, we can restrict it to a
morphism of bicomplexes

(BH(G.KY).bB) — ((ED B (X)) @ 1), 0,d), (44

weW(L,s)
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Analogous considerations for S(G, K)*, now using Theorem 3.10, lead to a morphism of
bicomplexes

(B(SG.K)).b.8) — (D B8O, (X)) @ 8)4,0,d).  45)

weW(L,s)

By Theorems 2.13 and 3.10, the maps (4.4) and (4.5) induce isomorphisms on the Hoch-
schild homology of the involved bicomplexes. It follows from Connes’ periodicity exact
sequence that (4.4) and (4.5) also induce isomorphisms on cyclic homology, see [18, §2.5].

Theorem 4.1. There are isomorphisms of vector spaces

Q" (Xnr(L)")/dQ" ™ (Xnr(L)") ® B

W(L,s)
) e

HCo(H(G,KY) = ( )
n/2)

D( B o)

m=1  weW(L,s)

HC,(S(G,KY) = ( )
n/2]

weW(L,s)

QU (Kone( L))/ (Km0 )
weW(L,s) Sm( unr( ) )/ ( unr( ) )®h5 (4]

Hn72m X (L)Y w Wi(Ls)
dR (unr())®hs .

m=1  weW(L,s)

Proof. As explained above, it remains to identify the cyclic homology of the right hand
sides of (4.4) and (4.5). By design

ln/2]

m=1

HC, (BQ'(V),0,d) = Q"(vV)/dQ" (V)& €D "~ HIZ2™(V), (4.6)

see [18, §2.3]. In our case V = | |,,ew(r,¢) Xar(L)" and the group W(L, s) acts on Q*(V),
namely by the natural action on the underlying space tensored with the characters b2
Taking invariants for an action of a finite group commutes with homology, so we may
just take the W(L, s)-invariants in (4.6). That yields HC,,(H (G, K)*), and the argument for
HC,(S(G, K)*) is completely analogous. |

From Theorem 4.1 we see that HC,(H (G, K)*) and HC,,(S(G, K)*) stabilize: for n >
dim¢(Xp (L)) they depend only on the parity of n. By [18, Proposition 5.1.9], the periodic
cyclic homology is the limit term:

HPy(H(G,K)") = @mEZ ( @weW(L,S) Hi™" (Xun(L)") ® hlsu)W(L’S)’ “.7
HP"(S(G’ K)s) = @mez ( @weW(L,s) HﬁEzm(Xum(L)w) ® h‘;’)W(L’S)' “4.8)

We point out that the right hand sides of, respectively, (4.7) and (4.8) are naturally iso-
morphic with the periodic cyclic homology groups of, respectively,

O(Xur(L)) = C[W(L,5).bs] and  C™(Xunr(L)) > C[W(L, 5), s]. (4.9)
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That can be derived with similar arguments. Hence (4.7) and (4.8) are the versions of
Theorems 2.14 and 3.13 for periodic cyclic homology.

‘We note also that (4.8) relates to the conjectural description of the topological K-theory
of 8(G, K)* in [2, Conjecture 5]. In [2, §4] things are formulated for the C*-completion
of S(G)*, which has the same topological K-theory as S(G, K)* by [28, (3.2)]. Since the
Chern character

K.(S(G,K)*) ®, C — HP.(S(G,K)*)

is an isomorphism [28, Theorem 3.2], (4.8) provides a description of K, (S(G, K)*) modulo
torsion. With the comments around (4.9) we can formulate that as an isomorphism

K.(S(G,K)*) ® C = HP.(C*(Xunr(L)) = C[W(L, ), b<]). (4.10)

Via the equivariant Chern character [3] for an action of a central extension of W(L, s) on
Xunr(L), the right hand side of (4.10) is isomorphic with

Ko(C™ (Xunn(L)) = CIW(L.5). be]) ®2 € = Ky p oy (Xunr(L)) @2 C.

where the latter is the notation from [2, §4.1]. We have proved [2, Conjecture 5] modulo
torsion:

Theorem 4.2. There is an isomorphism of vector spaces
K*(S(G, K)S) ®z C = K‘TV(L,s),hg (Xunr(L)) ®z C.
Since Xynr(L) is a W(L, s)-equivariant deformation retract of X, (L),
HZJLR(an(L)w) = HZ;R(Xunr(L)w)-
Combining that with (4.7) and (4.8), we recover [28, Theorem 3.3]:

Corollary 4.3. The inclusion H(G,K)* — S(G, K)® induces an isomorphism on periodic
cyclic homology.

With elementary Lie theory one sees that X,(L)" is a finite union of cosets X (L)¥ of
the complex torus X, (L)">°. Since X;,:(L)" is a commutative Lie group. its tangent spaces
at any two points are canonically isomorphic.

Lemma 4.4. HP,(H(G, K)*) can be represented by the elements of
P, ., HHuoom(H(G,KY)
mez
that are locally constant (as differential forms). The same holds for S(G, K)*.

Proof. First we consider a simpler setting, namely the graded algebra of differential forms
Q*(T) on a complex algebraic torus 7. Write T as a direct product of onedimensional
algebraic subtori 7;, then

QNT) = (X)i QN(Ty). @11
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For T; everything is explicit:
HSR(T;) = C,  Hj(T;) = Cdz,
and this equals the subspace of constant elements in
QY(T;) =Clz z '@ Clz, 27 ' |dz.
By the Kiinneth formula
Hip(T) = (X). Hi(Ti), (4.12)
and in combination with (4.11) we find that this is precisely the space of constant differ-
ential forms in Q*(T).
The above argument uses the structure of 7 as algebraic variety, not as group, so it

applies to all the varieties X, (L)y. Further, the action of Zy ;1 (w, c) on Q* (X, (L)¥)
preserve the subspace of constant differential forms. Hence

n w w W(L,s)
( EBwEW(L,s) HdR(an(L) ) ® b )

can be represented by the elements of

(B e @ L)) 087

that are locally constant (keeping the canonical identifications of different tangent spaces
in mind). Combining that with Theorem 2.13 and (4.7), we get the lemma for H (G, K)°.
The above arguments involving 7" also work for smooth differential forms on compact real
tori. With that, Theorem 3.10 and (4.8), we establish the lemma for S(G, K)°. [

)W(L,S)

Assume now that the 2-cocycle b is trivial, like in most examples. Then (4.7)—(4.8)
and Corollary 4.3 simplify to

. W(L,s)
HP,(H(G, K)) = HP,(S(G,K)) = D) ( Pz umyn) . @13)
meZ weW(L,s)

For any nonsingular complex affine variety V, there is a natural isomorphism
Hyp(V) = Hg,o (V).

Here H:ing denotes singular cohomology with complex coefficients, and it is applied to
V with the analytic topology. If a finite group I' acts algebraically on V and V' is a I'-
equivariant deformation retract of V, then naturally
r .
Hsng(V) = H"

sing(V/r) = Hgng(V’/l").
Hence (4.13) can be expressed as

HP,(H(G,K)") = HP,(S(G,K)")

(4.14)
~ n+2m w
= @mez Hsmg ( uwGW(L,s) Xunr(L) /W(L, 5))
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5. Examples

The smallest nontrivial example is G = SLy(F), where F is any non-archimedean local
field. The Hochschild homology for this group is known entirely from [31], here we work
it out in our notations.

For every supercuspidal G-representation V with VK # 0, the corresponding direct
summand of H(G, K) is Morita equivalent with C. This contributes a factor C to
HH,(H(G, K)), in degree 0. The same applies to HH..(S(G, K)).

Let T = F* be the diagonal subgroup of G and write W = W(G,T) = {w, e}. Consider a
K N T-invariant character yo of the maximal compact subgroup oy of . Let x; : T — C*
be an extension of y( and let Rep(G)* be the Bernstein block associated to (7, y1). There
are three different cases:

e ord(xp) > 2. Here W(T,s) is trivial and H (G, K)* is Morita equivalent with O(Xy,(T)).
Hence
HH,(H(G,K)) = Q"(Xy(T)) = O(Xpe(T)) = Clz,z7'] n=0,1,

and HH,(H(G, K)*) = 0 for other n. Similarly S(G, K)® is Morita equivalent with
C®(Xune(T)). Hence

HH,(S(G.K)) = Oy (Xune(T)) = C¥(Xune(T)) = C¥(S")  n=0,1,
and O in other degrees n.

e ord(yp)=2. Now W(T,s) equals W.If we pick a y; of order 2 and regard it as basepoint
of
Irr(T)° = 1 Xur(T) = C%,

then W acts on C* by inversion. The algebra H(G, K)* is Morita equivalent with
O(Xp(T)) = W. The representation Ig (x1x) is irreducible unless y;y has order 2,
then it is a direct sum of two inequivalent irreducible representations. In this case we
need 3 algebraic families of G-representations in Rep(G)*, namely

(T x1) = {15 (x1x) : x € Xar(T)},

one irreducible summand 7 of Ig( x1) and one irreducible summand m, of IBc( X2),
where y» is the other order 2 extension of yq. The families of virtual representations
differ slightly, namely

V;,X = Ig(/\,/lx\/) X € Xu(T),
VIL,/\/I = nl_IB(;(Xl)/za
V,L,Xz = m- Ig()(z)/z.

(This works, but for the best normalization we should make sure that | and 7, are
chosen so that W acts trivially on their K-invariant vectors.) We find

HHy(H(G,K)?) OXn(THW @ C o C,
HH(H(G, K)*) Q' XMV = O(Xnr(T))Y,
HH,(H(G,K)*) 0 forn > 1.

IR
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The centre O(X,(T))V acts on one factor C via y; and on the other via y,. Further
S(G, K)* is Morita equivalent with C*(Xy(T)) = W, and one obtains

HHy(S(G,K)*)
HH,(S(G,K)*)
HH,(S(G,K)")

C®Xun(T))Y ®@CoC,
QL XMW = C®(Xune(T))V,
0 forn > 1.

1R

e ord(xp)=1.Now y; =1 and H(G, K)* is Morita equivalent to an affine Hecke algebra
of type A} with equal parameters gr. The representation Ig (x) with y € X, (T) is
reducible if and only if the value of y at a uniformizer wg of G lies in {1, g, q;l }.
Like in the previous case we need three algebraic families of representations:

ST x1) =I5 (x) : x € XD},

the Steinberg representation St and one irreducible summand n_ of IBG (x-), where
X- is the unique unramified character of order 2. The algebraic families of virtual
representations are:

ey = IgW) X € Xu(T),
v;)’l = Ig(trivT)/Z - St,
iy, = 7= 1502

(For the correct normalization, we should pick m_ such that via Theorem 2.5 W acts
trivially on £V (r_).) The maps (1.13) provide isomorphisms of Z(H (G, K)*)-modules

HHy(H(G,K)*)
HH\(H(G,K))
HH,(H(G,K)*)

OXu(MW ®CoC,
Q' (X)) = OXur(T)Y,
0 forn > 1.

1R

Here O(X,(T))" acts on one factor C via y_, and on the other via unramified charac-
ters with values {gr, g;.'} at @p.
As before, these findings extend naturally to S(G, K)*:

HHy(S(G,K)*)
HH(S(G,K))
HH,(S(G,K)*)

C*(Xu(T))V ®CaC,
Qb Xune(T))Y = C=(Xune(T)Y,
0 forn > 1.

R

Another well-studied example is the general linear group G = GL,,(F). For this G most
aspects are simpler than for other reductive p-adic groups. Consider an arbitrary inertial
equivalence class s = [L, o] for G. By picking suitable representatives, we can achieve that

4
2 _ ol Re;
L= | |i=1 GL, (F), o =g&;_ 0,

1

where o; and o with i # i’ are not equivalent up to unramified twists. There are natural
isomorphisms

¢ ] ¢
XulL)= [ [_ @, WLs)y=]]_, Se
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Let M be a Levi subgroup of G containing L and let § € Irr(M) be square-integrable
modulo centre, such that 6 € Rep(M)°. Then d = [M, §] can be represented by data

¢ 2
= ! i Y S — _\®er
M= l_lizl 1_[,':1 GLya,(F)*, 6 =8 ®L, SUd),07)",

where Zfi: | djeij = e; and St(d;, 0;) is the generalized Steinberg representation associ-

d; )
ated to o-iD3 ’. Moreover we may assume that St(d;, 0;) and St(d:, o;) do not differ by an
unramified twist if j # j’. In this case there are natural isomorphisms

Xor(M) = l_[zil nj;(cx)q’j’ W(M.D) = H; l_[j=1 Sei-

It is known from [13, Théoreme B.2.d] that Il(,; preserves irreducibility for tempered rep-
resentations. Hence the intertwining operators by which W(M, b) acts on
C®(Xynr(M)) ® Endc(lg (6)) must be scalar at every point of Xy (M). In particular W(L,s)
acts on C®(Xyne (L)) ® EndC(Ig) L(o-)K ) as a group, not via a projective representation, so
the 2-cocycle b is trivial.

Choose K so that S(G)® is Morita equivalent to S(G, K)*. The Plancherel isomorphism
(Theorem 1.2) provides an isomorphism of Fréchet algebras

S(G,K)® = C®(Xune(M))VM-®) @ Endc (15 (6)X). (5.1

In particular S(G, K)® is Morita equivalent to C*(Xunr(M))Y M-?)an algebra whose irre-
ducible representations are naturally parametrized by Xyn:(M)/W (M, ). (An isomorphism
like (5.1) is rather specific for GL,(F), most other reductive p-adic groups have Bernstein
components in which that fails.) From the above Morita equivalences and the decomposi-
tion (4) of S(G)® we deduce that

I (G = Ire(S(G,K)) = | | _ . Xune(M)/W(M, D). (5.2)

DEAY

This space is naturally homeomorphic with
( I_IwEW(L’S) XUHF(L)w)/W(L7 5)7 (53)

via [9, Theorem 1] or Theorem 2.5. That makes it clear how to choose our smooth families
of representations §(M;, 17;), we just take the F(M, 6) with [M, 6] € A;. Theorem 3.10
provides a natural isomorphism of Fréchet spaces

HH,SGKP) — (D, ey onKon0) . 54)

weW(L,s)

By the homeomorphism between (5.2) and (5.3), this implies that the map

D, HHnTirs) : HEA(SG.KY) = (D, . DonXun M) (5.5)
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is bijective. In fact (5.5) is an isomorphism of Fréchet Z(S(G, K)*)-modules, with respect
to the module structure from Lemma 3.8. Then Theorem 3.14 shows that (5.5) restricts to
an isomorphism of Z(S(G, K)°)-modules

HH,(Fj; 5) - HHy(S(G, K)°) = QF,,(Xunr(M))V M2, (5.6)

which was established before in [8, p. 676].

The space Irr(G)® cannot decompose like in (5.2) because it is connected, but still it
comes close. Namely, by [9, Theorem 1] the homeomorphism (5.2) extends naturally to a
continuous bijection

| J,op XaeM)/W(M, D) — Ire(GY". (5.7)

Comparing Theorem 2.5 and [9, Theorem 1], we see that (5.7) can be obtained as (¢ V)‘1
followed by taking Langlands quotients of standard G-representations. From Theorem
2.13 and (5.4) we deduce that the algebraic families §(M, ) induce C-linear bijections

HH,(H(G,K)) — EB Q"(an(M))W(M,D)

deA
n w W(L,s)
= <@wGW(L S)Q (Xnr(L) )) . (5.8)
By (5.6), (5.8) restricts to an isomorphism of Z(H (G, K)*)-modules
HHn(TM,&) : HHn(ﬁ-((G, K)S)D N Qn(Xm_(M))W(M,D)

Like in (4.13) and (4.14), the corresponding direct summand of HP,(H (G, K)*) is canon-
ically isomorphic with

HP,(SG.K)) = (D), Hi" X (M) 1Y

= @mez Hsrilr-:—gzm(Xunr(M)/W(M, D))
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