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ABSTRACT. Let A be a C-algebra with an action of a finite group G, and consider
a twisted crossed product A x C[G,]. We determine the Hochschild homology of
A x C[G, fi] for two classes of algebras A:

e rings of regular functions on nonsingular affine varieties,

e graded Hecke algebras.
The results are achieved via algebraic families of (virtual) representations and
include a description of the Hochschild homology as a module over the centre
of A x C[G,h]. In noncommutative geometric terms, our results describe the
differential forms on the space of irreducible representations of A x C[G, t].

This paper prepares for a computation of the Hochschild homology of the Hecke
algebra of a reductive p-adic group.
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INTRODUCTION

Consider a finite group G and a 2-cocycle § : G x G — C*. The twisted group
algebra C[G, fj] is the vector space with basis {Tj : ¢ € G} and multiplication

Ty Ty =4(9,9)Tyy g,9 €G.

Such algebras arise for instance from a projective representation 7 : G — PG L, (C).
Even if m cannot be linearized, one can always regard m as a representation of a
suitable twisted group algebra of G. The general aim of this paper is to make
certain results for algebras involving C[G] available for similar algebras that involve
C|G,t]. In other words, we want to treat C[G,f] on the same footing as the group
algebra C[G]. Although C[G,§] is always semisimple, this is not so trivial, already
because the dimensions of irreducible C[G, f]-representations depend on the image
of § in H?(G,C*).

Let A be a unital C-algebra on which G acts by algebra automorphisms. The
twisted crossed product algebra A x C[G,f] is the vector space A ®c C[G, ] with
multiplication rules

e A and C|[G, ] are embedded as subalgebras,
o TyaT, ' = g(a) for g € G and a € A.

Twisted crossed products with rings of regular functions.
Interesting examples of the above algebras arise when V is a complex affine variety
endowed with a G-action and A = O(V), the ring of regular functions on V. Our
motivation to study algebras like O(V') x C[G, ] stems from reductive p-adic groups.
There twisted versions of Hecke algebras appear in several ways, see e.g. [AMS2]
Morl, [Sol7]. If one manually sets the g-parameters of such Hecke algebras equal to
1, one obtains an algebra of the form O(V) x C[G, f].

It is well-known that the irreducible representations of O(V) x G = O(V') x C[G]
are naturally parametrized by

(1) (V//G)2 =A{(v,m) :v € V,m, € Irr(G,)}/G,
where g - (v, m,) = (gv, T, 0 Ad(g)~!). The parametrization map is simple:

. 0(V)xG
(v, 7y) md(’)EV%iGU (Cp ® my).

Many invariants of O(V') x G are related to the space
(2) (V//G)1 ={(v,9) s v e V,g € Gu}/G,

where g - (v,¢') = (gv, 9¢9’¢g™"). Indeed, for nonsingular V' the Hochschild homology
was computed by Brylinski and Nistor [Bryl [Nis]:

(3)  HHL(OV)xG)= (P (V)" =0"({(v,g):veVige G})”.

geG

Now we discuss our analogues with twisting by . The same arguments as for
show that Irr(O(V') x C[G, §]) is naturally parametrized by

(4) (V//G)y ={(v,m) : v € V 7y € Irr(C[G, 1))}/ G,
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where g - (v, 7,) = (gv, 7, 0 Ad(T,)~1). However, there is no direct generalization of
([2). To get around that, we define (for g € G)

W G o ol

h = T T, T

Then b9 ’ Z6(9) is a character, and the 9 measure how far away from a group algebra
C[G,t] is. Indeed, we check in Lemma [1.1] that

Irr(C[G,t]) and {geG:tY = 1}/G-conjugation

‘ZG(Q)

have the same cardinality. This generalizes the well-known equality between the
number of conjugacy classes and the number of inequivalent irreducible representa-
tions of G.

Notice that O(V)% is contained in the centre of O(V) x C[G, 1], so that it acts
naturally on the Hochschild homology of that algebra.

Theorem A. (see Theorem and (1.17))

Let V' be a nonsingular complex affine variety with a G-action. There exists an
isomorphism of O(V)-modules

HH,(O(V) x C[G,1]) = (D

We can interpret as HHy(O(V) x G) = O((V//G)1). In contrast, it is not
clear whether HHy(O(V) x C[G, t]) is naturally isomorphic to the coordinate ring
of a complex affine variety. It is preferable to phrase this in noncommutative geo-
metric terms. Then O(V) x C[G, t] is the ring of “functions on the space (V//G)y”
and Theorem [A] describes the “differential forms on (V//G)y”.

n G
gEGQ (Vg)®hg) ’

Twisted crossed products with graded Hecke algebras.
Another class of algebras that we want to investigate is intrinsically non-commutative.
Let H(t, W, k) be a graded Hecke algebra, where W is a Weyl group acting on a com-
plex vector space t and k is a real-valued parameter function. Let I' be a finite group
acting on H(t, W, k), such that all structure used to define H(t, W, k) is preserved by
the action. Given a 2-cocycle fj of ', we build the twisted graded Hecke algebra

(5) H = H(t, W, k) x C[T', 1].

For k = 0, this algebra is just O(t) x C[W xT', ], where we inflate fj to a 2-cocycle of
W x I'. Algebras of the form , sometimes with a nontrivial , play an important
role in the study of parabolically induced representations of reductive p-adic groups
[Sol7]. That motivated us to determine their Hochschild homology.

It follows quickly from [Soll] and Theorem [A|that as vector spaces

(6) HH, () = (D, _, () 1),

see . The nontrivial content of this statement is that for every element on
the right hand side, a particular representative in a differential complex computing
H H,,(H) is exhibited. However, usually (6)) is not an isomorphism of Z(H)-modules,
or even of modules over the central subalgebra O(t)VT. To work well with H H,,(H),
we need to understand the isomorphism @ better and to realize it with maps
induced by algebra homomorphisms.
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In [Sol4] this is achieved (without twisting by fj) with families of representations.
For every w € WT' a family §,, of H(t, W, k) x I'-representations parametrized by t*
is chosen, such that:

(i) in the Grothendieck group R(H(t, W, k) xT") of finite dimensional H(t, W, k) xT'-

representations, the span of §, is linearly independent from the span of the

union of the §,s with w’ not conjugate to w in WT,
(ii) the union of all the §,, spans Q ®z R(H(t, W, k) x I').

(It has to be mentioned that small problems with the construction of the families
Fu in [Sold] have surfaced, but it still works in the large majority of cases.) Each
§w induces an algebra homomorphism

(7) Fo HEW k) x T’ = O(tY) ® Ende(Vy),

where V,, is the vector space underlying all representations in §,. Recall that by
the Hochschild-Kostant—Rosenberg theorem

HH,(O(t") ® Endc(Vy)) = Q" ().

It is shown in [Sol4] that the maps HH,(F,) together induce an isomorphism of
Z(H(t, W, k) x I')-modules

HH, (H(, W k)« T) = (D Nt

For the twisted graded Hecke algebra H = H(t, W, k) x C[I, i], the situation is less
favorable: it may be impossible to find families of representations with the above
properties. A counterexample is provided by Example which shows that for
O(t) xC[WT, g] property (i) is problematic for representations with central character
WTv € t/WT such that f§ is nontrivial in H?((WT),, C*).

To overcome that, we consider not only (algebraic) families of representations,
but also families of virtual representations, in C ®z R(H). In Lemma we check
that every such family canonically induces a map on Hochschild homology, a linear
combination of maps induced by algebra homomorphisms. For each w € WT' we
construct an algebraic family of virtual H-representations v} = {V}M tv €t

which satisfies (i) and (ii).
Theorem B. (see Theorem [2.8))

(a) The families v}, with w € WT induce an isomorphism of vector spaces

HH,(H) =~ (@wewr () @ 1) """

(b) HHy(H) is naturally isomorphic to the set of f in (C®z R(H))* with the prop-
erty: for any algebraic family § : A — §x of H-representations, A — f(Fa) is a
reqular function.

We note that Theorem [Blb is quite similar to the description of the zeroth
Hochschild homology for a reductive p-adic group obtained in [BDK].

The above does not yet describe the structure of HH,(H) as O(t)"!T-module,
because in general the virtual representations V}M do not admit a central character.
Things can be improved by a canonical decomposition of the category of finite di-
mensional tempered H-representations, or at least the Grothendieck group thereof
(Theorem . The decomposition is indexed by equivalence classes of pairs (Q, ),
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where ¢ is a discrete series representation of a parabolic subalgebra Hg of H. That
induces analogous decompositions for many objects associated to H. In particular

1 _ L,[Q,0]
Yo Z[Qﬁ]eAH o
where each virtual H-representation V%:L;Q’é] admits the O(t)"WT-character
WT (cc(6) + v), see Lemma

Theorem C. (see Corollary [2.13))
There exists a canonical decomposition

_ [Q.9]
HH, (H) = @[QmeAH HH,,(H)

such that the injection
wr
HHn(H)[Q,J] SN (@ Q") ® hw>

from Theorem@ becomes O()V -linear if we let O()WT act at the stalk over w €
WT,v €t via evaluation at WT'(ce(6) + v).

weWT

Applications to p-adic groups.

It has been known for a long time that affine Hecke algebras play a role in the
representation theory of reductive p-adic groups. The author has made that precise
in full generality [Sol7], although it turned out that (twisted) graded Hecke algebras
are involved more naturally. This has opened several new research options, for
instance, it can be used to determine homologies of the Hecke algebra H(G) of an
arbitrary reductive p-adic group G. Locally H(G) is Morita equivalent with (a local
part of ) a twisted graded Hecke algebra [Sol7, §7-8]. That prompted us to compute
the Hochschild homology of such algebras. In Proposition [2.11] we show that there
is a canonical isomorphism of vector spaces

HH, (H(t, W, k) x C[T',]) = HH, (O(t) x C[WT, ).
We expect that similarly H H,(#H(G)) will be isomorphic to a direct sum of terms
HH, (O(Ts) x C[Ws, ts]).

Here the complex torus Ty, the finite group W, and the 2-cocycle fis are canonically
associated to a Berstein component Irr(G)*® of Irr(G). The details will appear in
[Sol§|. One substantial complication is that we will have to deal with discontinuous
families of twisted graded Hecke algebras. To the end we will employ at least two
strategies:

e realize Hochschild homology in terms of algebraic families of representations,
e make such families less discontinuous in the sense that at least the involved
vector space t and the finite group WT are locally constant.

The former already permeates this paper, for the latter we can replace the twisted
graded Hecke algebras by larger Morita equivalent algebras. In Paragraph we
generalize our main results to such algebras, which combine features of twisted
crossed products with commutative algebras and of graded Hecke algebras.

Structure of the paper.
In Paragraph [I.I] we introduce the characters §9 and we prove Theorem [A] Some
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generalities involving families of representations, valid for many algebras, are dis-
cussed in Paragraph[I.2] To prepare for Theorem [B] we establish a simpler analogue
with algebras of the form O(V) x C[G, f], in Paragraph As an intermediate step
we map HH,(O(V) xC[G,t]) to n-forms on some algebraic varieties, via families of
representations.

We start Section [2| with recalling the definition of a (twisted) graded Hecke alge-
bra. Then we generalize some representation theoretic results, which allow to reduce
certain issues for H(t, W, k) x C[T', f] to its version O(t) x C[WT, ] with k¥ = 0. Next
we prove Theorem [B] in many small steps. Again it goes via differential forms com-
ing from auxiliary algebraic families of representations. After that we wrap up the
proof of Theorem [C}

Acknowledgements.
We thank David Kazhdan and Roman Bezrukavnikov for some inspiring email con-
versations on related topics. We thank the referee for the thorough report and the
helpful recommendations.

1. TWISTED CROSSED PRODUCT ALGEBRAS

1.1. Hochschild homology via differential forms.
Let G be a finite group, let § : G x G — C* be a 2-cocycle and form the twisted
group algebra C[G, ]. It has a basis {T, : g € G} and multiplication rules

Tg . Tg’ = h(g’ g/)ng/.
By the theory of Schur multipliers [CuRel, §53] there exists a finite central extension
(1.1) 1-2-G-G—1

such that the corresponding lift of 4 is trivial in H?(G,C*). Then there exists a
minimal central idempotent p; € C[Z] and an algebra isomorphism

nCIG] — C[G. Y]
(1.2) g o ey

Here § € G has image ¢ in G, and cz € Cis a suitable scalar. Notice that ph(C[C:'] isa

direct summand of the semisimple algebra C[G], so itself semisimple. The minimal
idempotent py € C[Z] is associated to some character xy of Z, so

_ -1 -1
r=127Y (o)
Let 9 be the character
ZQ(Q) — CX1 o o
h = xy ([9:h]) = xy([h. g])
Here § € G is a lift of ¢ € G, and the choice does not matter because any other

lift differs from ¢ by a central element. The kernel of ¢ contains Z, so we can also
regard it as a character of Zg(g). As such, one can also express it as

(1.3) 19(h) = T,TW Ty ' Tyt = T T,T, ' T, .

This shows that 47 is insensitive to rescaling T, and T}, which entails that §9 depends
only on g and the cohomology class of f.
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Let (G) be a set of representatives for the conjugacy classes in G and recall that
HHy(A)* is the space of trace functions on an algebra A.

Lemma 1.1. (a) For g € G with §9 =1, there exists a unique trace function vy on
C[G, ] with vy(Ty) =1 and vy(T,) =0 if g and g’ are not conjugate in G.

(b) The set {vy : g € (G),49 = 1} is a basis of HHy(C[G,b])*. The number of
inequivalent irreducible representation of C[G, 1] equals |{g € (G),19 = 1}|.

Proof. (a) Since C[G, ] = p,C[G] is a direct summand of C[G], every trace function
on p,C[G] can be extended to one on C[G]. A basis of HHy(C[G])* is the set of
indicator functions 1 for the conjugacy classes CinG.

Suppose that § € C and p9 # 1 (where ¢ is the image of g in G). Then g is
G-conjugate to §z for some z € Z with xy(2) # 1. Hence 15(p,Ty) is a multiple of

Zord(z) Xy(2") = 0, which implies that 15 vanishes on p,C[G].

n=1

On the other hand, suppose that § € C' and 9 = 1. Then 1é‘p
and has support

=, 1S nonzero
tCIG]

pyspan{Ty : g € C} = pyspan{Ty, : g € C,ze Z}.

Thus 15 defines a trace function on C[G, ] = p,C[G] supported on the conjugacy
class of g in G. A unique scalar multiple v, of 15 satisfies v,(T) = 1.
(b) The above argument also shows that {v, : g € G} spans HHy(C[G,§])*. If we
pick just one g from every conjugacy class, the span does not change and the set
becomes linearly independent, so a basis.

As the algebra C[G,f] is semisimple, it number of irreducible representations
equals the dimension of HHy(C[G, f]). O

Let V be a nonsingular affine variety over C, with an algebraic G-action. Then
G also acts on the algebra of regular functions O(V). We want to compute the
Hochschild homology of O(V) x C[G, ] (as defined in the introduction). We denote
the set of (algebraic) differential n-forms on V' by Q"(V'). Important background for
all our computations is the Hochschild-Kostant-Rosenberg (HKR) theorem, which
provides a natural isomorphism of O(V)-modules

(1.4) HH,(O(V)) = Q" (V).

We recall, e.g. from [Lod, §1.1], that the Hochschild homology of a unital algebra A
can be computed as the homology of the bar complex (Cy(A),bs), where Cy(A) =
A®(+1) and

n—1
bp(ag® - ®@ap) = Zao@@-~®aiaz+1®---®an+(—1)”anao®a1 @ ® ap_1.
i=0
The isomorphism ([1.4)) is realized by the map
Q: Cn(O(V)) - Qo))

(1.5) Jo® L@ ® fu o fodfiedfe/nl

We let G act on V via its quotient G. Then (1.2) induces an algebra isomorphism
O(V) x C[G, 1] = O(V) % piC[G] = p:(O(V) % G),
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where the right hand side is a direct summand of the crossed product algebra O(V')
G. Brylinski [Bry] and Nistor [Nis] computed the Hochschild homology of such
algebras. It can be done in a few steps:
e For each j € G, C.(O(V) x G) contains a subcomplex §C,(O(V)). It can
be identified with the complex that computes the Hochschild homology of
O(V) with coefficients in the bimodule gO(V'), so

(1.6) Hn(gC*(O(V)),b*) = HHn((’)(V),QO(V)).
e Varying on the HKR theorem, one computes that
(1.7) HH,(O(V),gOo(V)) = Q"(V9).

e The complex Cy(O(V) x G) decomposes as a direct sum of subcomplexes
indexed by the conjugacy classes (§) in G. The summand C,,(O(V) x é)@
is spanned by the elementary tensors such that if you multiply the n + 1
involved group elements, you end up in (g). One shows that the inclusion

(@Ee@) BC*(O(V)))G = CL(O(V) x Q)

is a quasi-isomorphism. B
e Let (G) be a set of representatives for the conjugacy classes in G. From the
above one obtains an isomorphism of O(V)%-modules

(1.8) HH,(0O(V) x G) = <@§eé Q”(V§)>G o @ge@ Q" (V)26

On the level of the complexes gC«(O(V)), (1.8) comes from the map (1.5)
followed by restriction of differential forms on V' to V9, and then averaging
over Z(g). The isomorphism is made natural in [Nis, Theorem 2.11].

While ([1.8]) holds for an algebraic action of any finite group on a nonsingular
variety, our setting is more specific, with a central subgroup Z that acts trivially.
Hence Q*(V9)%c(9) depends only the image g of § in G:

Qn(vg)Z@(ﬁ) _ Q”(VQ)ZG@)‘
Notice that Z(g) makes sense because the conjugation action of G on itself factors
through an action of G on G. In general Zg(g) is contained in Zg(g), but they

need not be equal. In these circumestances (|1.8]) specializes to an isomorphism of
O(V)%-modules

(1.9) HH,(O(V) x G) = ( D.,..®.., Q"(Vg)) “

The difference between the various direct summands Q"(V9) is that they come from
distinct subcomplexes §zCy(O(V)).

Theorem 1.2. There exists an isomorphism of O(V)%-modules

HH, (O(V) x ClG,1)) 2D _ ) (2" (V) @ p7) %69,

Proof. Since HH,(A) is always a module over Z(A) and py is a central idempotent:
(1.10)  HH,(O(V) x C[G,1]) = HH, (p(O(V) x G)) = p;HH,(O(V) x G).
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By (1.9), (1.6) and (1.7)) the right hand side of (1.10|) equals
G
(p” @gzw @zez Ha(§C(O(V)), b*))

This expression decomposes naturally as a direct sum over the conjugacy classes of
G, namely

(111) HH(OW) et =D, re( D, He(aC:(O(V).0.))
The action of h € Zg(g) (with a lift 2 € G) sends §z - ¢ € §zC.(O(V)) to
hgh~'z - h(c) = glh, gz - h(c).

Za(9)

We find
- Za(9)
(112) (@D, Ha(3C.(0)),0,)) " =
{ZzGZ w. €D, _, 2OV s wpg. = hlw:) Vh € ZG(Q)}-
The shape of p; entails that the image of this idempotent in (1.12)) is
(1.13) {ZzEZ w, € @Zez QM (OVI)) :
h(w[é,mz) =w, Vhe ZG(g)vwz’z = Xh_l(Zl)wz "= Z}
The two conditions in ((1.13]) are equivalent with

(1.14) Wy, = Xgl(z')wz and w, = 19 (h)h(w,) Vz,2' € Z,h € Zs(g).
From (1.11))—(1.14)) we obtain the required description of HH,, (O(V) x C[G, h]) as
O(V)%-module. O

Unfortunately this isomorphism does not seem to be natural, unlike (1.8). In
the way we constructed it, it depends on a choice of representatives in G for the
conjugacy classes of G and the choice of the algebra isomorphism . This can
be improved a little by a more explicit construction, we can compose with
averaging over Zg(g). But the 2-cocycle § makes conjugation by h € Zg(g) a bit
more subtle, namely

Th(Tyfo® fr @@ fu) T = TWT, T h- (fo® L@ © f)
=M Tgh- (fo@ i@ @ fn).
Hence we can realize Theorem for the summand indexed by g as

L,G(oWV) = (Q”ﬂ?g; ® u(g)zc@) |
1.15 W9(h)h- (fodfr---df,) .
(1.15) Tyfo® 1@ @ fn ZhEZG(g) |ZG(Og)’1n!

This entails that on the summand indexed by g, the isomorphism from Theorem
is canonical up to a scalar (from the choice of T). To analyse the dependence on
the choice of representatives of the conjugacy classes, we define

59(h) = TthT,;lT};gﬁrl eC* foralgheg.

Lemma 1.3. Let g,h,h € G.
(a) 59(hh) = ghah™ (R)ho(h).
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(b) 49(h) : (49,C) — (b= - """ C) is an isomorphism of Zg(g)-representations.

Proof. (a) Using §9(h) =T, 'T;}

hoh— 1T T, we compute

P (R ()T, = " ()T T

— -1 ,7 —
_ T lhhgh ( )Thg%L*lTh
1 1 1
=T, T T T
= (h(hv h’) hh ) 1Thh1h 1h—1(h(7:1/? h’)Thﬁ)

=T T Ti = 19 (hh)T, .
(b) Assume that h € Zg(hgh™"). Applying part (a) twice, we find
191 ()1 (h) = 49 (hh) = 49 ()3 (h™"hh).
Hence 59(h) intertwines the Zg(hgh™')-representations h - §9 and §"oh ™" O
Lemma [T.3] provides a canonical bijection
(1.16) QB @ (h) : (V) @ - N (VT @

which intertwines the Zg(g)-actions (where Zg(g) acts on the right hand side via
precomposing with conjugation by h). Regarding (1.16)) as an action of h € G on
the sum of these spaces, we can reformulate Theorem [1.2] as

(1L17) HH,(O(V)» CG,1]) = @D (@"(V?) o) 7 =~ (@Qn (V9) @ )

ge(G) geG
Consider any
G
— n(y/9g g
w = deGTgwg € (@geGQ (VI9) @4 )
By construction
(118) Thgh 1whgh 1 = Tthng = ThT T h wg = h ( )Thgh_lh . wg.

We deduce that wy,g,-1 = 19(h)h - wy.

Next we relate Theorem |12 to Irr(O(V) x C[G, ]). For g € G and v € V9 with
1la,nzag) = 1, we define vy, € HHo(O(V) x C[G, ])* as evaluation at (g,v) in
the expression

(1.19) HH(O(V) x C[G,1]) = (@geco(vg) ® bg)G
from Theorem . By , for any h € G:
(1'20) thhfl,/w(w) = thhfl,hv(hg(h) h - w) = hg(h)yg,v(w)'

Hence vjgp-1p, = §9(h)vge. From (1.15) we also see how v, becomes a map
O(V) x C[G, i] — C supported on T,O(V).

Lemma 1.4. The following numbers are equal:

(i) the number of inequivalent irreducible representations of O(V') x C[G, ] with
O(V)Y-character Gu,

(i) [{g € (Gv) : tG,nza(g) = L1}, where (Gy) is a set of representatives for the
conjugacy classes in Gy,

(iii) the dimension of the specialization of HHy(O(V') x C[G,1]) at Gv,
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(IV) |{Vg,v’ : g € <G>7'U, S (Vg ﬂ GU)/ZG(Q), hg|vaZG(g) = 1}|
In (iv) v' € (VINGv)/Zg(g) means that from every Zg(g)-orbit we pick one element
mn VINGo.

Proof. By Mackey theory there is a bijection from Irr(C[G,,1]) to the set in (i),
namely

. 10(V)xC[Gy,
(1.21) p— lnd(’)gvgxc{c,mﬂ](c“ ® p).

By Lemma [L.1] [Irr(C[G,, f])| equals (ii).
From Theorem [1.2| we see that specializing HHy(O(V') x C[G,t]) at Gv yields

(@,.,c07 G0 08)" = (@, i o)™

The dimension of the right hand side is (ii) and the dimension of the left hand side
equals (iv). O

As a consequence of Lemma we record that there is a bijection
(1.22) Irr(O(V) % C[G, 1)) «— {vgo:g € (G)veVI/Za(9),Wlc,nza() = 1}
which preserves the underlying G-orbits in V.

Example 1.5. We illustrate the constructions in this section with an example that
exhibits some non-standard behaviour. Let (Jg be the quaternion group, with centre
Z(Qs) = {1,—1}. Let G be the quotient

Qs/Z(Qs) = {1, £, +j, £k}

For a nontrivial 2-cocycle on G, let xy be the nontrivial character of Z(Qg) and
define C[G, ] = p;C[Qg]. From calculations like T%;T;T’ j;jl = —T4; we obtain

i 1 € (£i)
=0 -1 1 150

Similarly 1™ and §** are nontrivial characters of G, while =1 = trivg.
The group G acts on V = C? by

+i-(21,22) = (—21,22), £j-(21,22) = (21, —22), =k (21,22) = (—21,—22).

From Lemma we can compute the number of irreducible representations of
O(V) x C[G, 4] with a fixed O(V)%character:

(Zl,ZQ)ECZ/G ‘ 217507&22 ‘ 21:075,22 ‘ 21750:22 ‘ 21 =0= 29
# irreps ‘ 1 ‘ 2 ‘ 2 ‘ 1
We work out the description of HH,(O(V) x C[G, f]) from Theorem

o g==£1: VI=V,(Q"(V9) @197 = Q"(V)Y,

o g=+i: VI ={0} xC,(Q°(VY) ®19)%c@) = {f € O(V9) : f(—z) = —f(x)},
(V) @ 19)%60) = {fdzg € QL(VY) : f(—x) = f(x)},

o g=7%j: VI =Cx {0}, (V) @197 = {f € O(VI): f(—x) = —f()},
(QN(V9) @ 19)%6(@) = {fdz € Q1 (V) : f(—x) = f(2)},

e g=+k: VI =1{(0,0)}, (Q°(V9) ® 19)%c(9) = 0.
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1.2. Algebraic families of representations.

Let A be a C-algebra and let Mod¢(A) be the category of finite length A-modules.
Let R(A) be the Grothendieck group of Mods(A). Assume that, for every a € A
and every m € Mody(A), trm(a) is well-defined. This holds for instance if all finite
length A-representations have finite dimension. That is the case for all algebras that
we study in this paper, because they have finite rank as modules over their centre.
Under this condition, there is a natural pairing

02 HE) > Mods(4) =+ €

which induces a C-bilinear map
HHy(A) x C®z R(A) — C.

These can also be interpreted as natural linear maps
(1.24) R(A) - C®yz R(A) — HHy(A)",
(1.25) HHy(A) —» (C®z R(A))*.
By the linear independence of irreducible characters ([1.24)) is injective, so this iden-
tifies R(A) and C ®z R(A) with subgroups of HHy(A)*.

By an algebraic family § of A-representations over a complex affine variety Y we

mean a family of A-representations §, (y € Y'), all on the same finite dimensional
vector space W, which together give an algebra homomorphism

Fy: A = O)®Endc(W)
a = ey

Here (and later) O(Y)®Endc (W) is identified with the algebra of regular End¢(W)-
valued functions on Y. For any a € A, the map

Y - C:ym—trfy(a)

is a regular function. We call a linear function f on C ®7 R(A) regular if for every
algebraic family of A-representations gy,

the function Y — C : y — f(3Fy) is regular.
Then the image of HHy(A) under ((1.25) is contained in
(1.26) (C®z R(A))jeg = {f € (C®z R(A))" : f is regular}.

Assume that Y is nonsingular. By the Hochschild—Kostant—Rosenberg theorem and
Morita invariance, the Hochschild homology of O(Y)®Endc (W) is Q*(Y). We recall
from [Lod, §1.2] that the isomorphism

HH, (O(Y) ® End(c(W)) — HH,(O(Y))
can be implemented by the generalized trace map
gtr : Cn(O(Y) ® Endc(W)) — Cn(O(Y))
fomo® fim1 @ -+ & fumy, — tr(momy---mp)fo @ 1R fr

where f; € O(Y) and m; € Endc(W).
Recall that for any finite length A-module M there exists a unique semisimple
A-module My, with the same image in R(A), called the semisimplication of M.

Lemma 1.6. (a) For y € Y, the map ev, o gtr o C(Fy) depends only on the
semisimplification of the A-representation §y.
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(b) The maps gtr o Cy(Fy) and
HH,(Fy): HH,(A) — Q"(Y)
depend only on the image of the family § in R(A).

Proof. (a) Let 0 = Wy C Wi C --- C Wi = W be a composition series of the A-
representation (§,, W). If m € §,(A) maps every W; to W;_q, then tr(mmy - - - my,) =
0 for all m; € §,(A). Hence ev, o gtr o C\(Fy) factors through

C*(@j Endc(Wj/Wj—l)))7

and can be computed from the semisimplification W5 = € ; W;/W;i_q of (8, W).

(b) We recall that the HKR isomorphism is realized by the map € from (L.5)). Hence
HH, (Fy) with target Q"(Y) can be realized as o gtr o C,(Fy). Combine that
with the first claim. O

We will often use a generalization of Lemma to virtual representations:

Lemma 1.7. Let §; be a finite collection of algebraic families of A-representations
over Y. For any A\; € C there is a well-deﬁned map

Z NHH,(F;) : HH,(A) — Q™(Y).
If S;-, Aj are data of the same kind and
D Ay = Z NFh,  inC®z R(A), forally e,
then >, \iH Hy, (F;) = Z N HH, (.7-"')

Proof. All the \; and the )\;- live in one finitely generated subgroup of C, which we
can express as ;.5 Zb. Accordingly we write

Py ZbeB Aipb, N = Zb N pb with Ajp, Xy € Z.

Now we have to show that

(1.27) Z NipH H, (F, Z NjpH H,(
for every b € B. We note that, by the Z-linear 1ndependence of B:
(1.28) D NSy = Z X, 3”/ € R(A).

Bringing some summands to the other side in , we can arrange that all the A;
and all the A’ lie in Z>o. Then (1.27) can be rewritten as

HH”(@@ %,?)\i,b) _ HHn(@] ]_-/EBAj,b).

This equality is an instance of Lemma [I.6]b. O

One can interpret Lemma as: every algebraic family over Y in C ®z R(A)
gives rise to a well-defined map on Hochschild homology.

We would like to realize the isomorphism from Theorem with families of
representations. To define the desired families of representations, we specialize to a
setup similar to root data. From now on V will be finite dimensional complex vector
space on which G acts linearly. We assume that we are given a family of “parabolic”
subgroups Gp of GG, indexed by the subsets of some finite set A, such that
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Gy ={1} and Ga = G,

for every P C A there are G p-stable linear subspaces Vp and VF ¢ V&P,
such that V =Vp @ V7,

for P> Q: Gp D Gg,Vp D Vg and VP Cc VO,

for any P C A,

.. 10(Vp)xC[Gp,
(1.29) Q®z ZQgP meEVi;:C%GZ,E%R(O(VP) x C[Gg, 1))

has finite codimension in Q ®z R(O(Vp) x C|Gp,t]).

The second bullet entails that O(V) = O(V) ® O(Vp). For a representation § of
O(Vp) x C[Gp,h] and v € VP, we define a representation C, ® & of

O(V")® O(Vp) x C[Gp,4] = O(V) x C[Gp,f] by
@Rl — (@)  f1eOWVT), f€0(Vp),g€Gp.

Definition 1.8. We call a finite dimensional representation d of O(Vp) x C[Gp, i]
elliptic if it admits a O(Vp)“P-character and does not belong to (1.29). For such
(P,9), the family of representations

(P, d,v) := indgg“;;:ggﬂm(cv ®9) ve VP

is called the algebraic family (P, d). The dimension of Fp s is the dimension of VP,

The ellipticity condition implies that an algebraic family of this kind can not be
extended to a larger parameter space V' ". The construction of irreducible O(Vp) x
C[Gp, f]-representations in (T.21)) shows that the O(Vp)“P-character of an elliptic
d is just 0 € Vp/Gp. By the assumption on our parabolic subalgebras, there exist
only finitely many such algebraic families with ¢ irreducible. We record the central
characters

(1.30) cc(Cy, ®9) =Gpv =, ce(m(P,0,v)) = Gu.
In the remainder of this paragraph we abbreviate
A=0(V)xC[G,4].
Lemma 1.9. Let {S(Pi,éi)}?jl be a set of algebraic families of A-representations,
such that
{(7(P;, 85,05) v, € Vi =1,... ng}

spans C @z R(A). Let RY(A) C R(A) be the Z-span of the members of the families
$(P;,0;) of dimension > d. Then

C ©z RY(A) C HHo(A)*
has a C-basis
{vgw 19 €(G),dim VY > d,v € VI/Zc(9),8a,nza9) = 1}
Proof. By every vy, belongs to C ®z R°(A). Consider a family §(P;, ;) and

an element
w e (O(V9) @ 19)%69) ¢ HHy(A),
such that dim V¥ > dim V9. Then

(1.31) v; > tr(w, m( P, 0;,v;))
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is a regular function on Vi like for any element of H Hy(A). But w is not defined
outside V9, so (T.31)) can only be zero there. Since V% \ V9 is dense in V7, (T.31))
is zero everywhere. _
Consequently every v, , lies in C ®z RIMV?(A), and the trace functions from
R?(A) are determined by their restrictions to
g 9)Za(9)
®96(G):dimV92d(O(V )er) ’
From this we see that C ®z R%(A) is exactly the C-span of the v,,, with dim V9 > d.
By Lemma[1.4] these v, are linearly independent. O

Next we describe an algorithm to choose, from data as in Lemma [1.9] a minimal
set of algebraic families of A-representations. We start with the family F(0, triv)
and proceed recursively. Suppose that for every dimension D > d we have chosen a
set of D-dimensional algebraic families §(F;, d;), where i runs through some index
set Ip, with the following property: for generic v; € V¥ the set

{m(P},8;,v;) : j € Ip, D > d, cc(w(P;, 85, v5)) = ce(n (P, i, vi)) }

is linearly independent in Q ®z R(G)*. Here cc denotes the O(V)%-character of
an A-representation (if it exists). Moreover we regard §(P;,d;) here as a family in
R(A), which means that 7(P,d;,v;) and 7(P,d;,v}) are considered as the same
element if they have the same trace. This point of view is necessary for the linear
independence criterion.

Next we consider the set of d-dimensional algebraic families §(P/,d;). Suppose
that for generic v, € V¥, the representation m(P/, 8!, v}) is Q-linearly independent
from

{7T(Pj,(5j,vj) :j€lIp,D >d, ce(n(P},65,v5)) = ce(n(P,, 6, v’))},

1771 Y
were we still regard §(P;,d;) as a family in R(A). Then we add §(F/,d;) to our
collection of algebraic families.

Consider the remaining d-dimensional algebraic families. For §(F},d7) we look at
the same condition as for S(Pi/, 6§), but now with respect to the index set Up~.qIp U
{i'} instead of Up~qlp. If that condition is fulfilled, we add S(Pj’, 5;) to our set of al-
gebraic families. We continue this process until none of the remaining d-dimensional
algebraic families is (over generic points of that family) Q-linearly independent from
the algebraic families that we chose already. At that point our set of d-dimensional
algebraic families is complete, and we move on to families of dimension d — 1.

In the end, this algorithm yields a collection
(1.32) {§(P;,0;) :i€1;,0<d<dimV}

such that:
e the representations {7 (P, 6;,v;),1 € Ugly,v; € VF} span Q ®z R(A),
e if we remove any index from Ugly, the previous bullet becomes false,
e for generic v; € Vi, (P, 6;,v;) does not belong to the span in Q ®z R(A)
of the other families §(P}, ;).
Notice that each V9 is a vector space, and in particular an irreducible variety.
That entails that the g € G underlie a dichotomy, based the behaviour of the group

Zg(g,VI)={heZg(g) :hv=vYVv e VI}:



16 HOCHSCHILD HOMOLOGY OF TWISTED CROSSED PRODUCT ALGEBRAS
e Suppose that §9(h) # 1 for some h € Zg(g,V9). Then
(Q(V9) @ 19)%69) ¢ QM(V9) @ (§9)%e0V) = ¢

and the summand of HH,,(A) indexed by ¢ is zero.

e Suppose that Zg(g,V9) C ker(§9). Notice that dim(V9)* < dim(V9) for
every k € Za(g) \ Za(g, V9). Hence the set V9 of v € V9 that are not fixed
by any such k is Zariski open and dense in V9. The action of Zg(g) on
V9 factors through a free action of Zg(g)/Zg(g,V?), so it is easy to attain
Zq(g)-invariance on V9. Therefore the summand of H H,(A) indexed by g
is nonzero.

To distinguish these cases, we say g is H H(A)-irrelevant or H H(A)-relevant. Recall
from Lemma [[.9] that the set of trace functions

{vgo:9€(G),dmVI=d,veVI/Za(g),Go N Za(g) C ker(§?)}

forms a C-basis of C @z (R%(A)/RYT1(A)). For a fixed HH (A)-relevant g, this gives
an algebraic family of trace functions on A, supported on the sum of the linear
subspaces T,O(V) with ¢’ conjugate to g. Every member of this family factors
through A/ If for the appropriate maximal ideal If of O(V)%, so corresponds to a
unique virtual A-representation with O(V)%-character Gv.

Lemma 1.10. For i = 1,...,n5 and g € (G) there exist \g; € C and a map
Ggi: VI — VP given by some element of G, such that

Zi:dim(vpi )>dim V9 )\gvitr W(P% 5i7 ¢g7i (U))

Voo =
for all v € V9 with G, N Zg(g) C ker(f9).

Proof. Fix g € (G). To make the construction easier, we may omit some of the fam-
ilies §(F;, d;), so that the remaining families minimally span the part of C ®z R(A)
with O(V)%characters in GV9/G. Only families with dim(V") > dim V9 can re-
main. This can be compared with the construction of the families of representations
in .

Let us restrict to the generic part V9 of V9. There exist Ay ;(v) € C and ¢y ;(v)
such that the equality in the lemma holds for v € V9. Since v, admits the O(V)C-
character Gv and the remaining families are minimal in the above sense, every ¢g.;(v)
is unique up to applying some element of G that stabilizes §(F;, 9;). We fix a generic
7 € V9 and we pick maps ¢g4,; such that the required property holds for v, ;. By
the uniqueness up to G' and the genericity, ¢4; extends uniquely to continuous map
VI Vh

Every ¢4 preserves the O(V)C-characters, so is given by some element of G. In
particular it is an injective regular map V9 — Vi As a representation of C[G, 1],
7(P;, i, ¢g.5(v)) does not depend on v. The numbers Ay ;(v) are determined by the
earlier choices, so they do not depend on v € V9 either.

Now the definition of the ¢,; and the \,; applies to all v € V9. For all 7 €
{1,...,ng} that do not appear in this construction, we set A\;; = 0. All items in
the statement of the lemma depend algebraically on v, so the validity of the lemma
extends from V9 to all v € V9 for which Vg.v is defined. O
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1.3. Hochschild homology via families of representations.

Let §(P,9) be any algebraic family of representations in the sense of Definition
and let Wp; be the vector space underlying 7(P,d,v) for any v € VP, Notice
that O(VF) @ Endc(Wpg) is an algebra over O(VF) @ O(Vp)¥P, for the action

(12 )([30T) = fifs® 00T fi,f3€ OVE), fo € O(Vp)9?, T € Endc(Wpg).

As O(V)Y c O(VP) @ O(Vp)¥r, O(VT) @ Endc(Wpy) is also an O(V)%-algebra.
In view of (T.30), §(P,d) gives rise to a homomorphism of O(V)%-algebras

Fps: A — OWVP)®Endc(Wpy)
fo= e m(P b))

Consider a finite set of algebraic families §(P;, ;) (¢ = 1,...,nz) whose members
span Q®z R(A), like in Lemma All the Fp, 5, together induce a homomorphism
of (’)(V)G—modules

— HH,( EB ' Fps): HHu(A) = @”; QL vh.

We want to show that this map is injective and to describe its image. To that end,
we set things up so that we can write down an inverse map. For each (g,7) as in
Lemma ¢g,i yields an algebra homomorphism

(1.33) 5i 0 O(VP) @Ende(Wrs,) — O(V9) @ Ende(Wp,s,)
| feA S foduwA

and an induced map on Hochschild homology
HHy(¢},;) - @YV = Q" (V9).
Summing over all g, we obtain a homomorphism of O(V)%modules
(1.34) =P Z)\QZHH (654 : @Q“ (V) = € ar(v9),
g9€(G) i=1 9€(G)

where A\, ; = 0 if g is HH(A)-irrelevant or dim(V9) > dim(VF%).
Proposition 1.11. Fiz a HH(A)-relevant g € (G). The map

27“ N HHy (0% ;) 0 HHo(Fa) © HHy(A) — Q(V9)
(a) annihilates the summands (Q"(V9) ® hg %69) of HH,(A) with ¢ € (G)\ {g},

(b) equals the zdentzﬁcatzon QU (VI) @c C = Q(VI) on the summand
(Q(V9) @19)769) of HH,(A).

Proof. We can express the map as
Zz AgzI{I—I (¢gzofP5)

where ¢} ; o Fp, s, is an algebraic family of representations. By Lemma the
members of these families satisfy

ng .
(135) Vg,’u = Zi:l )\g,itrﬂ-(Pia 5i7 ¢(g7 Z)(U))
whenever v, is defined. For ¢’ € (G) we consider the commutative algebra

Ay =Cl{Tp :n€Z} @ OV/(g — V)
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As each w(P;, d;,v;) is obtained by induction from an O(Vp,) xC[G p,, f]-representation
on which O(Vp,) acts via evaluation at 0, it is a semisimple A-representation and
O(V) acts on T, Vs, via evaluation at wlv;. It follows that ¢y 0 Fps; consists
of semisimple representations and can be decomposed as a direct sum of families of
O(V/(g' — 1)V )-representations of the form f +— fow™! for some w € G. Not all
w € G appear here and some w’ may give the same family. We record this as an
“isotypic” decomposition of O(V/(¢g" — 1)V)-representations:

(136) (bz,z o FPZ',(SZ' = @w/N((b;,’L o ‘FPz:(Sz)w

As T, commutes with O(V/(g' — 1)V), it stabilizes this decomposition.
1

(a) For ¢’ # g and f € O(V/(¢' —1)V) we have vy ,(Ty f) = 0. In terms of (1.306]
that becomes

(1.37) Z?jl Agii Zw/~ tr (f(wilu)Tg/, (m(Py, 04, ¢g.i (U))w) =0.

The subalgebra C[{Ty» : n € Z}| has finite dimension and is semisimple, so the
restrictions of the above representations to this subalgebra do not depend on v € %
For v € VY in generic position, we can separate the various w/~ in (1.37), which
leads to

(138) > Agate(Ty, (7(Piy 61, 6g.(0))) = 0

for all w/~. By continuity that extends from generic v to all v € V9. From (1.38)
we see that

anl Ag,igtr o Ci(dy ;0 Fp,5,) annihilates Ty Ci (O(V/(d - 1))).

Combine that with ((1.15)).
(b) For ¢’ = g, (1.37) becomes

ng _
(1.39) Zi:l Ag.i Zw/N tr(f(w 1”)Tga (7 (P, b, ¢g,i(v))w) = vgo(Tyf).
From and the H H(A)-relevance of g we see that
_ . gy]—1
(140)  woo(Tyf) = [Zal9) « Zalg. V' 30, 0 v

Comparing ([1.39)) and (|1.40|), we deduce that every w/~ can be rewritten as a unique
h € Za(g)/Zc(g, V). Then (1.39)) becomes

2 (h) f(h™"w).

S S (0 )Ty, (1P b, bei(0))n) = v (T, ).

i=1 h€Za(9)/Zc(g,V9)

Like in part (a) we can separate the various h, leading to

S i (T (0(Ps 5 00,4(0)n) = [Za(0) + Zalg, V)9 (h).

Initially this holds only for generic v, but by continuity it extends to all v € V9. We
deduce
ng
> Agagtro Cu(8y ;0 Fr5)(Tyw) = [Zalg) : Zalg, VO™ Y. B(h)h-w
i=1 heZa(9)/Za(9,V9)
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for all w € C,(O(V/(g —1)V)). In view of (1.15]), this says exactly that the map
of the lemma is induced by the identity on T,C.(O(V/(g — 1)V)). In terms of

differential forms, that becomes the identification Q"(V9) @ 9 = Q™ (V9). O

From (|1.32)) and Lemmas and we see that
(1.41) HH,(¢*) o HH,(F4) : HH,(A) — @gE(G)

can be considered as evaluation at the families of virtual A-representations v,
(extended naturally to all v € V9).

From now on we assume that our collection of algebraic families §F(P;, d;) has been
chosen in a minimal way, as in (|1.32)).

Lemma 1.12. Under the above assumption, the map
*\ . g ~n P

HH,(¢*) : S vty = @ge
18 injective.
Proof. Consider a nonzero Z?jl w; € @::1 Q" (V). We select an index j and a
small open set U (for the analytic topology) in Vi such that w;(u) # 0 for all
u € U. Since the set of generic points in Vi (i.e. the points whose G-stabilizer is
minimal on V7) is open and dense, we may assume that {7(P;,d;,u) : u € U} does
not share any O(V)%-characters with any family §(P;,d;) of lower dimension, and
that wU N U is empty unless w € Zg(g, V).

The construction of a minimal set of algebraic families of A-representations entails
that none of the representations {m(P;,d;,u) : u € U} belongs to the span in Q ®z,
R(A) of the other families §(F;,d;). The same holds for any linear combination of
these representations, because U does not contain two points from any Zg(g)-orbit.

Now Lemma shows there must exist a g € (G) with Ay ; # 0. The component
of HH,(¢*) indexed by g is Y%, A\ HH, (¢5.4), s0

(HHn(¢ ‘d)g] _Z )‘gZHH (¢gz)w|¢ 16g.5U

This is nonzero by the above linear independence property of the set {7 (P}, d;, u) :
ueU}. O

With Proposition and Lemma we can provide a description of HH,(A)
in the style of [BDK]. Recall that V' is a finite dimensional complex G-representation,
that A = O(V) x C[G,t]) and that F(P;,0;) (¢ =1,...,nz) are algebraic families of
A-representations whose members span C ®7 R(A) in a minimal way.

Theorem 1.13. (a) The homomorphism of O(V)G-modules
:@’i HH,(Fp.s) : HH(A) - P Q"(VP)

is injective. The homomorphism of O(V)-modules
k) . n g g Za(9)
HH(¢%) + HHy(Fa)(HHo(A) = @D (2" (V) 1)

1s bijective.
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(b) In degree n = 0, the condition on w = > .3, w; € @5, O(VF) that describes
the image of HHo(F4) is: whenever \; € C,i; € {1,...,ng},v;; € vPi and
2 AT (B, 605, vi5) = 0 in C®z R(A), also 3 Ajwi; (vi;) = 0. This determines
an isomorphism of Z(A)-modules

HH, (A) ((C ®z R(A))reg
Proof. (a) Proposition entails that HH,(¢*) o HH,(F4) is the identity on

B, ., @ (V) @17,

a vector space which by Theorem [1.2|is isomorphic with HH,,(A). Hence HH,,(Fa4)
is injective, and from Lemma we obtain the desired bijectivity of H H,,(¢*).
(b) The image of HHy(¢*) o HHy(Fa4) is

1.42 O(V9) @ §9)%c(9),

(1.42) D, OV 0 1)

The map associated to w € @5, O(VF) in the statement sends
(1.43) Voo to " wildg(v)) = (HHy(¢")w)(g,v).

The vy, satisfy the relations , so w must respect these in order to descend to a
function on C®zR(A). In view of (L.43), that means that H Hy(¢*)w must be Zg(g)-
invariant. By construction the image of HHy(¢*) consists of regular functions, so w
must belong to (1.42).

On the other hand, from Lemma[I.1]we know that the maximal ideal spectrum of
is in bijection with the set of all v, ,, modulo the relations (1.20]). By (1.22)
the resulting quotient set forms a basis of C®z R(A). Hence (|1.42) can be considered
as a subset of the linear dual space (C ®z R(A))* and HHy(¢*)™! of is the
set of all elements that satisfy the conditions stated in the theorem.

For a € A and w = HHy(Fa)(a), the definition of the generalized trace map gtr
shows that

(1.44) w(ﬂ(PZ‘,(sz’,’UZ‘)) = tr (F(PZ‘,(SZ',’UZ‘)CL).

Hence the map

HHy(A) - HHo(Fa)(HHo(A)) — (C®z R(A))*

constructed above is just the Z(A)-linear map ((1.25]). It is injective because H Ho(F4)
is injective and the values (1.44) can be recovered from the image of w in (C ®g
R(A))*. We know from (1.26]) that the image of (L.25) is contained in ((C(X>ZR(A))reg

Conversely every element f € (C ®gz R(A));., yields a regular function on VP via
pairing with §p, 5,, S0 f comes from an element of @5, Q"(V ). O

With the equality vjgp-1p, = §9(h)vg from (1.20) we can extend Lemma m
from g € (G) to all g € G. Namely, for g € (G) and h € G we define

(1.45) Agh—1i = 19(h)Agi and  @pgp—1; = ggi0h™ .
That yields a variation on ((1.34)):

(1.46) HH, @ZAQ JHH,( @Qn (V) = @ ar(v),

geG i=1 geG
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We note that this map hardly differs from H H,,(¢*), because it is entirely determined
by the components indexed by g € (G) via the actions from (1.16)). From Theorem

and (|1.17)) we conclude:

Corollary 1.14. Let V' be a finite dimensional complex G-representation. There
exists an O(V)C-linear bijection

HH,(3*) 0 HH,(Fa) : HHy(A) — (@QGG Qn(vg)®ug)G.

This realizes the isomorphism Theorem in terms of algebra homomorphisms.

Example 1.15. We continue Example so G = Q3/Z(Qg) acts on V = C? by
reflections. We note that V< = {(0,0)}, Zg(xk, VX)) = G and §* is nontrivial.
Hence +k is HH(A)-irrelevant, where A = O(V') x C[G, f].

As parabolic subgroups we take

Gy = {£1}, G; = {£1, i}, Gj = {£1,4£j}, Gi;=G.

In each case VP = V&P and Vp is the orthogonal complement to V. To span
Q ®z R(A) we need three algebraic families of representations, for instance:

o F(0,triv) = {indé(v)(@v ve Vi
e Define §; € Irr(O(V;) x C[Gy,t]) by 8i(Txi) = i and §;(f) = f(0) for f €
O(V;). Take

(1, 65) = {indQ vy cie, 4 (Co ® &) : v € VI = {0} x C}

o Define 0; € Irr(O(Vj) x C[Gj,b]) by 0;(T4w;) = —i and 6;(f) = f(0) for
f € 0(V;). Take

3G, 0;) = {indé(v)xc[gj’m (Cp®65) :v e Vi ={0} x C}
Composing C, ® d; with conjugation by T%; gives
Co®0_i: fRTL— —z'f(—v).

Hence (i, 0;) is not stable under elements of G \ Gj, and similarly for §(j,d;). The
only relations in Q ®z R(A) between the members of these families are:

(0, triv, v;) = w(i, 6, vi) + 7(i,0_4,v;) = (i, b, vi) + (i, 6, —vy) v € V1
(0, triv, vy) = 7(j, 05, v5) + ©(§, 0—;, vj) = 7(j, 95, v5) + 7(J, &5, —vj) vj € V3,
(0, triv, 0) = 27 (i, 6;, 0) = 27(j, J;, 0).
Comparing traces of representations we find
4viq, = (0, triv, v) vEV,
Ay, = —2in(i, 03, v1) + im (D, triv, v;) vy €V,
vy, = —2im(j, 65, v5) + im(D, triv, vj) vy € VA
Notice that vi50 = v450 = 0 # v410. In case V9 C Vi, ¢g,; equals

ResVy : O(V) @ Ende(C[G,] ® C)— O(VY) ®@Endc(C[G,f] ® C).
(C[Gj’u] (C[Gj’u]
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The maps ¢, and ¢,; admit similar descriptions (for the latter provided that
V9 c V1), Thus HH,(¢*) equals

1 1 1 1 1
dec: EHHn(%,@) + ZHHn(QS:I:I,i) - iHHn((ZS:ti,i) - EHHn(¢:I:1,j) + §HHn(¢:tj,j)-
Theorem [1.13| provides an injection

HH,(O(V) x C[G,1]) — Q" (V) & Q" (V) & Q" (V)
whose image is precisely
HH,(¢7)7 (2" (V)¢ & ("(vV) @ £9)° & (2" (V) 9 £9)€).

We note that in degree n = 1 the specialization of HH;(A) at Gv = (0,0) is
0@ Cdzy @ Cdz;. Remarkably, the dimension of this space is larger than the number
of irreducible A-representations with O(V)%-character (0, 0).

Most results in Section [1] are also valid in a smooth setting. Let V' be a smooth
manifold on which G acts by diffeomorphisms, so that G also acts on C*(V). We
compute the Hochschild homology of C*°(V') x C[G, ], with respect to the complete
bornological tensor product or equivalently the complete projective tensor product.
Recall that the smooth version of the HKR theorem was proven by Connes:

HH,(C™(V)) = Q5,(V),

where 17, stands for smooth differential forms of degree n. The results of Paragraph
hold in that setting, for Paragraphs our results remain valid in a smooth

setting with V' a real vector space.

2. TWISTED GRADED HECKE ALGEBRAS

We will adapt the computations from Paragraph to graded Hecke algebras
extended with a twisted group algebra. Let (X, ®,Y,®" A) be a based root datum
with Weyl group W = W(®). We write

tr =R®zY, t=C®zY, t" =Cw®yz X.
Let T" be a finite group acting on the root datum and let § : ' x I' — C* be
a 2-cocycle. We regard it also as a 2-cocycle of the group WI' = W x I'. Let
k: A — C be a WT-invariant parameter function, with values denoted k,. The

twisted graded Hecke algebra H(t, WT' k, ) associated to these data is the vector
space O(t) ® C[WT, ] with multiplication defined by

e O(t) and C[WT,f] are embedded as unital subalgebras,
o fora € A and f € O(t):

fTs, = Tsosalf) = kalf — sa(f))a_l,
e foryeT and f € O(t):

T T =) == f(y7'N)]  Aet

When f is trivial, we omit it from the notation and we speak of a graded Hecke
algebra (or an extended grade Hecke algebra if ' is nontrivial). This relates to the
notation in the introduction by

H(t, WT, k, ) = H(t, W, k) x C[T, t].
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Notice that for & = 0 we recover the twisted crossed product O(t) x C[WT,¢].
Multiplication with e € C* defines a bijection m, : t* — t*, which extends to an
algebra automorphism of O(t). From the above multiplication rules we see that it
extends even further, to an algebra isomorphism

(2.1) me : H(t, WT, ek, b)) — H(t, WT, k, k)

which is the identity on C[WT,f]. For € = 0 the homomorphism my is well-defined,
but not bijective. Like in (|1.1)), let

1-Z T =T —1

be a finite central extension such that fj becomes trivial in H Q(f‘, C*), and let p, €
C[Z] be the associated minimal central idempotent. Then

H(t, WT, k, ) = p,H(t, WT, k),
a direct summand of the extended graded Hecke algebra
(2.2) H(t, WT, k) = H(t, W, k) x T.

The Hochschild homology of (2.2) was computed in [Solll, Theorem 3.4]. It is iso-
morphic to HH,(O(t) x WT'), which we already know from ([1.8). The arguments
in [Soll] make use of the subcomplexes

(2.3) wC, (O(t/(w— 1)) of C.(H(t, WT,k)).

For each w € (WT), this subcomplex contributes precisely Q" (£)%wt(®) to

HH, (H(t, WT, k)), and HH,(H(t, WT, k)) is the direct sum of these contributions.
This works for every parameter function k, and in particular yields a canonical
C-linear bijection

(2.4) HH, (H(t, WT, k) = HH,(O(t) x WT).

The constructions involved in ([2.4]) affect neither C[Z] nor the central idempotent
py. Hence

(2.5) HH,(H(t, WT, k1)) = HH,(p,H(t, WT, k)) = py HH,(H(t, WT, k)) =
pHH,(O(t) x WT') = HH,(p;O(t) x WT') =2 HH,(O(t) x C[WT, ]).

The second line of (2.5) is an instance of Theorem We conclude that there is
an isomorphism of vector spaces

(2.6) HH, (H(t, WT', kb)) = P (@ (%) @ ) ),

we(WT)
where the summand indexed by w arises from the differential complex
TwCi(t/(w — 1)t), which does not depend on k.

Although the isomorphism is in general not canonical, we see from the
proofs of [Solll Theorem 3.4] and Theorem that it depends only on some choices
in C[WT,f]. These choices can be made independently of k, so provides an
identification with H H,, (H(t, WT',k’, 1)) for any parameter function ¥ : A — C.
Unfortunately the isomorphism is (to all appearances) not induced by an alge-
bra homomorphism from H(t, WT', k, ) to O(t) x C[WT,f], which makes it difficult
to handle.
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We warn that usually (2.6]) is not an isomorphism of O(t)""T-modules, for the
Ot -module structure on HH, (H(t, WT,k,4)) is a bit more complicated than

suggested by (12.6]).

2.1. Representation theory.

Like in Theorem we want to obtain an expression for H H, (H(t, WT', k,f)) in
terms of algebraic families of representations. For H(t, W, 1) x I that was achieved in
[Sol4, Theorem 3.1]. However, the families of (virtual) representations used in [Sol4]
do not seem to be available in our more general setting with a nontrivial 2-cocycle.
To overcome that we will modify some arguments from [Sol4], so that they become
available in larger generality.

Firstly, we need to specify our parabolic subalgebras. For every P C A there is
a standard parabolic subalgebra H(t, Wp, k) of H(t, W, k). But that does not yet
mimic the situation for reductive groups well enough. To that end we need to allow
several parabolic subalgebras with underlying root datum (X, ®p,Y, @Y, P), namely
of the form H(t, Wp x T') where I'" C T stabilizes P. More precisely, we assume that
we are given a finite set A’ with a surjection to A (written as @ — Ag) and for each
Q C A" a subgroup I'g C T stabilizing Ag. We abbreviate the group Wa, x T'q to
(WT)q. Furthermore, we assume that the collection of parabolic subalgebras

HY = H(t,(WT)g, k,5) of H=H(t WT,k,b)
satisfies the conditions listed just before Definition [I.8] Here the role of V' is played
by the vector space t and
@ ct"he  cagcty, Catg=t

Let us abbreviate Hg = H(tg, (WT)q, k, ), so that

HY = O(t9) @c Hg as algebras.
With the following result we will reduce several issues for H to the simpler algebra

H(t, WT',0,8) = O(t) x C[WT,#t].

Theorem 2.1. Assume that ko € R for every a € A, and let € € R>g. There exists
a natural bijection

Ce: R(H(t, WT', kb)) — R(H(t, WI', ek, 1)),

and similarly for all its parabolic subalgebras, with the following properties:

(i) Cc(m) is a tempered virtual H(t, WT, ek, )-representation if and only if w is a
tempered virtual H-representation;
(ii) (. commutes with parabolic induction and character twists, in the sense that

, . H(GWT ek,
(e(indjie (Cr ® 0)) = lndHEt,(WF)Q,zk,u) (Cr@¢e(0))

for a tempered o € R(Hg) and A € 9

(iii) if X\ € /—1tg and 7 is a virtual representation with O(t)"'-character in
WTA+ tg, then so is ((m);

(iv) if T is tempered and admits a O(t)"T-character in tg, then ((7) = 7o m,,

with me as in (2.1));

(v) (. preserves the underlying C[WT, t]-representations.
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Proof. Almost all claims were proven, for H(t, WT', k) with e = 0, in [Sol3} §2.3] and
[Sol4l Theorem 2.4]. The bijectivity follows from [Sol5, Theorem 1.9]. Item (v) is
not mentioned explicitly in these references, but it is a direct consequence of the
properties (ii) and (iv). With that at hand, we can restrict

Co: R(H(t, WT, k)) — R(H(t, WT,0))

to the image of p, on both sides. That yields the desired map (p.

Now we consider € € Ry, which is actually easier, because the two involved
algebras are isomorphic via m.. This case is not mentioned in [Sol3] or [Sol4], but
it can be derived from related results for affine Hecke algebras [Sol3), §4] similarly to
the case € = 0. Alternatively one can obtain (. as (¢})) !¢y, where ¢}, means (p for
the algebra H(t, WT, ek, ). O

To make full use of Theorem we assume from now on that k, € R for all
a € A. We note that the maps (. in Theorem are well-defined and bijective
for any € € C. Only for ¢ ¢ R>o they have fewer nice properties with respect to
temperedness, see [Sold, §2.2].

Let Rep;,(H) be the category of finite dimensional tempered H-modules. For
a discrete series representation ¢ (see [Solll §5]) of a parabolic subalgebra Hp, let

RechQt’é] (H) be the full subcategory of Rep;(IH) generated by the subquotients of the
representations

m(Q,8,)) = ind, (Cy ® 6) with X € V=15,

Choose a set Ay of representatives 0 = [@Q, d] for such pairs up to WT'-equivalence.
Define (WT'), as the stabilizer of (@, J).

Theorem 2.2. The Grothendieck group R:(H) of Repy,(H) decomposes as a direct
sum @y p,, Rie(H)°.

Proof. By the main result of [DeOp], an analogue of the Plancherel isomorphism
[Wal] for affine Hecke algebras, our theorem holds for affine Hecke algebras with
positive parameters. That extends to twisted affine Hecke algebras H with positive
parameters [Sol3, Theorem 3.2.2]. Choose such an algebra H, whose associated
graded Hecke algebra, via the localization process from [Sol3l §2.1], is H. This
is possible because H has real parameters. Then [Sol3, Theorem 2.1.3] provides an
equivalence between the subcategory of Repy (H) formed by the representations with
all their O(t)-weights in a certain analytically open neighborhood U of tg in t, and
an analogous category of H-modules. This equivalence preserves temperedness [Slol
(2.11)], so the subcategory Repy ;(H) of Rep;(H) determined by U C t decomposes
in the required way. In particular the Grothendieck group of Repf’U(H) has the
desired property.

Let n € Rugand A\i, Ay € tg so that \{+v/—1\y € U. Repgfi’&] (H) only has nonzero
objects with O(t)-weights of this form if the central character of 6 is (WT')gA;.

By [Sol2l Proposition 10.1] and the complete decomposability of 7(Q,d, A) for
A€ \/jtg [Sol2, Proposition 7.2], there is a natural bijection between the set

of irreducible objects of Rep[th’d} (H) with central character A\; + v/—1A2 and the

analogous set for A\; + v/—1nAy. Hence the proven property of the part of R;(H)
coming from Repy ;;(H) extends to the whole of R;(H). O
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The decomposition from Theorem is available for H(t, WT', ek, f) for any € €
R. It is compatible with (. for € > 0, but not for ¢ < 0 (because (_; does not
preserve temperedness). Theorem is hardly helpful in the case ¢ = 0, because
the parabolic subalgebras H(t, (WT)q,0,) with @ # (0 do not have any discrete
series representations. (The map (y does not preserve the discrete series property.)

Let us consider a finite set of algebraic families of H-representations §(Q;, 0;) as in
Definition We assume that o; is irreducible elliptic and that the representations

(2.7) m(Qiyoi, \i) = indfio (Cy, @ 0y) N €9, i=1,...,ng

span Q ®z R(H). It follows from the Langlands classification for graded Hecke
algebras [Eve] (which can be generalized to H with the method from [Sol3, §2.2])
that every irreducible elliptic H-representation is tempered and admits an (’)(t)WF—

character in

R®zZd & Cep (RO
In particular every o; € Irr(Hg,) is tempered and admits an O(tQi)(Wr)Qi—character
in RAg. Then 7(Q;, 0, A;) is tempered if and only if \; € letQi, see [Sol2, Lemma
2.2]. Every tempered family §(Q;, o;) belongs to R;(H)? for a unique d = [Q,d] €
Apg. We denote that as ¢ < 0. In this situation we may and will assume that Q; D @
and that o; is a subquotient of indggi&

By Theorem Ce(0i) = 0 0m, is a finite dimensional elliptic representation of
H(tg,, (WT)q,, €k, ). Further,

CE(W(QZ') 04, )\z)) = W(Qiy Ce(ai)7 )\z) for Az € tQLa

so (e sends F(Q;, 0;) to the algebraic family §(Q;, (c(0;)). The bijectivity of (. implies
that the members of the algebraic families {F(Q;,0c(0:))}.5, span
Q ®z R(H(t,WT,€k,f)). Thus Lemma and Theorem apply to the families
$(Qi, Co(04))-

Recall from ({2.6)) that we can identify the H H, (H(t, WT', ek, 1)) for all € € C with
one fixed vector space. For each ¢ € C we have the algebra homomorphisms
(2.8)  Fgicon HLWT, ek,h) — O(t¥) @ Endc (CWT,f]  ® V).

Cl(WD)q.hl

Lemma 2.3. The map Fq,¢.(s;) i @ homomorphism of O algebras, for a
module structure that depends on €. In particular the induced map on Hochschild
homology is O(t)"! -linear.

Proof. As O()WT' ¢ Z(H(t, WT,ek,h)), it acts naturally on HH,, (H(t, WT, ek, f)).
By the irreducibility of ;, every (.(o;) admits a O(tQi)(WF)Qi)—character. It depends
linearly on e. By [BaMo, Theorem 6.4], every m(Q;,(c(0;),\;) admits a O(t)"'-
character, which implies that the image of O(t)"" under Fy), ., (o;) 1 central. That
turns

O(t9) @ Endc(CWT, 1] © Vi)
C[(WT)q,h]

into a O(t)"T-algebra and makes o, ¢ (,,) O(t)""'-linear. The final claim is one of
the functorial properties of Hochschild homology [Lod, §1.1]. U

The algebra homomorphisms (2.8)) and (2.6]) give rise to a family of maps
. ZWF(’U)) ng Qz
HH,(F.) : @wawm Q") 1Y) €. "¥)  eeC
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The discussion after (2.6)) and the construction of (. entail that these maps depend
algebraically on e.

Lemma 2.4. The map HH,(F.) is injective, for every e € C.

Proof. Consider a nonzero element z of the domain of HH,(F.). From Theorem
[1.13| we know that HH,(F) is injective, so HH,(Fo)z # 0. As HH,(F.)z depends
algebraically on € € C, it is nonzero when |e| is sufficiently small.

For any n € C* we have the algebra isomorphism

my  H(t, WT, ek, ) — H(t, WL, ek, ),
which sends a family §(Qi,((0:)) to F(Qs,(,-1(0i)), with an additional scaling

by 1 on t9. The latter respects the entire structure, so we can conclude that
HH,(F,—.)x #0 for all n € C*. O

We want to analyse the maps HH,(F;) like in Proposition m For g € (WT)
we choose \;; € C and ¢y, : t9 — t9 as in Lemma so that
n
(2.9) Vg = Z; Ag.i tr7(Qi, Co(03), dgi(v))  in C @z R(H(t, WT,0,1)).

Although v, has only been defined when (WT'), N Zg(g) C ker(49), the right hand
side of (2.9) makes sense for any v € t9. For ¢ € C, and 0 € Ay we define the
algebraic families of virtual H(t, WT, ek, fj)-representations

v =3 Agtrm(Qi Ce(00), dga(v)) v e,

i=1,i<0
V;U = ZDEAH 1/;:2.
For all v € \/jfﬂgg, v; € \/—71’(1% we have
V00 7(Qiy Co(04), v:) € Co(Re(H)?).

Hence the proof of Lemma can played entirely in Q®z (o(R¢(H)?), which means
that we do not need all elements of WT for the ¢g4;, only those of (WT)s.
Like in (|1.45)), for g € (WT'),h € WT we define

Angh-1; =89 (h)Agi  and  ¢pgp-1, = dgioh "

This is consistent with the equality vy, -1 ., = §9(h)vy,» from (1.20). Then we define

Vhgh—1 4 s in (2.9) and l/igh_l , asin (2.10). The bijectivity in Theorem implies
that the l/fbgh,l , satisfy the same consistency relations.

(2.10)

Lemma 2.5. Let g,h € WT and v € 9.
(a) There is an equality

V;Lgh_l,hv = ug(h)l/;v m C K7z R(H(t7 WF, Ek, h))

(b) Ford € Ay we have

;0 s
V;Lghfl,lw = hg(h)l/;g

Proof. (a) By (1.20) and the above conventions, this holds when g € (WT') and
(WT), N Zwr(g) C ker(p9). That extends to all v € V9 by continuity.
For an arbitrary element ¢’ = wgw™! of WT, we get

erzg’h—l,hv’ = V;ngw—lh—l,hv/ = hg(hw)yg,w—lv/ = hg(hw)bg(w)_lyagw_l,v”
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By Lemma b the right hand side equals 19 (k)¢ Vi ot

(b) Since every ¢, ; stabilizes v/—1tg, it makes sense to restrict our attention to the
vy with v € v/—1t,. These are precisely the v for which the associated representa-
tions 7(Q4, 04, Pg.i(v)) are tempered.

Theorem says that for various d the components ng of v, , live in linearly
independent parts of Q®z R(H). Then the property of v , from Lemma .a must
also hold for all of its D—components SO

vy

hgh Lhe = = (h ) UE’L%.
Both sides of this equality extend algebralcally to v € t9, so the equality as well. [

By Lemma and Theorem the vy , with g € (WT') and (WT'), N Zwr(g) C
ker(p?) span C @z R(H(t, WT', ek, f)), and a basis is obtained by dividing out the
WT-equivariance relations from Lemma [2.5] .a

In general the Vlrtual representations v, do not admit a central character, but

their summands v5 do:

Lemma 2.6. Let cc(d) € trg be an O(tg)-weight of §, in other words, a rep-
resentative of the central character of §. Let g € WI',v € 9. Then the virtual
H(t, WT, ek, i) -representation 1/5’7?} admits the central character

WT (ecc(d) +v) = WI'((WT)g ecc(8) + v).

Proof. For ¢ = 0, by construction 1/8 = V4, has central character WI'v. Hence all

the m(Qi, Co(0i), ¢g,i(v)) with Ay ; # 0 have central character WT'v.

Consider 7 < d. Since 0; is a subquotient of 1ndHQ (0), (WT')q,cc(d) is the central
character of g;. By the invertibility of intertwining operators for tempered parabol-
ically induced representations and the theory of R-groups for graded Hecke algebras
[Sol6l §3.5 and 4.1], indggi(é) is a direct sum of irreducible representations with
exactly the same O(t)-weights. Thus every O(t)-weight of §, and in particular cc(9),
is also a O(t)-weight of o;.

By Theorem [2.1}iv, ecc(0) + ¢g,i(v) is an O(t)-weight of ((0;) ® ¢g,i(v). Then the
central character of 7(Q;, (c(03), ¢q,i(v)) is

(2.11) WT (ecc(0) + ¢g,i(v)) = WF(egb;}cc(&) + ).

Here ¢g4; € (WT)y, so qﬁ;jee(é) is still a O(t)-weight of §. Thus all
7(Qi, Ce(04), dg,i(v)) With Ag; # 0 and i < 0 have the same central character (2.11)),
and so does their linear combination v/§5. O

2.2. Hochschild homology.

As ¢4, is given by an element of WT, it extends naturally to a linear bijection
¢gi:t—t. Thus ¢g; : t9 — t9 admits a one-sided inverse

(d0) o, by

(2.12) @ thl@tQi —t25tt/(g—- Dt
The algebra homomorphism ¢p ; : O(t9) — O(¥9) also has a one-sided inverse,
namely composing functions with (2.12)). Like in (|1.33)), for each pair (g, %) the map
¢y, induces an algebra homomorphism
(2.13)

¢t O(t*)@Endc (CWT, Y] ® V) = O(VY)®Endc(CWT,4  ® V).
Cl(WT)q.b C[(WT)q:b
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The map ¢, is O(t)-linear if we let O(tY) act on its domain via composition
with (2.12). On the other hand, ¢} ; is O(t)" ' linear if we endow both sides with

the O(t)""T-module structure coming from the central characters of the involved
H(t, WT, ek, f)-representations. That works for any € € C, but the resulting module
structures depend on e.

The maps on Hochschild homology induced by the ¢ ; can be summed with
coefficients A4 ;, and that yields a map

(2.14) HH.(¢3) = B Z NgiHH,(0F,) EB Q9 - G ).

gg(WI‘) 1=1,1<0 1=1,1<0 ge Wl"

By Lemma it is O(t)"W-linear if we let O(t)"! act on Q"(¢9) via the central
character of the underlying virtual representation 1/53?,. On the other hand, the map

ng
= P HH.(¢}) : P~ P @)
€A i=1 ge(WT)
is in general not O(t)"WT-linear for these module structures.

Lemma 2.7. The map HH,(¢*) is injective. For each ¢ € C, the image of
HHy(¢;) o HHy(Fe) is contained in P ¢ gy (2" (1) @ g9)Zwrig),

Proof. The injectivity can be shown in the same way as in Lemma [I.12] Note that

HH ((?ba)OHH @ge WF Zz 1,i<0 97 HH (¢glon17<e(02))

The specialization of this expression at (g,v) comes from the virtual representation
vgS of H(t, WT, ek, ). By Lemma 1.7/ the map

€Vy O gtl" o Z?jl )\gvic* (¢Zﬂ © FQI’CF(Ul))

cannot distinguish equivalent virtual representations. In combination with Lemma
.b we find that the image of >°i%, A, ; H H,, (05.:9FQice(oy)) consists of differential
forms that transform as (59)~! under the action of Zyr(g). O

With the procedure described before ((1.32]) we can achieve that our set of algebraic
families of H-representations §(Q;, 0;) minimally spans Q ®z R(H). Thus our new,
reduced collection of algebraic families satisfies the three properties listed directly

after (1.32]).

We are ready to prove the description of the Hochschild homology of H in the
style of the trace Paley—Wiener theorem for reductive p-adic groups [BDK]. Recall
that still all parameters k. are real.

Theorem 2.8. In the above setting we fix € € C.
(a) The map

HHy(F.) « HHy(HI(E W ek, ) - @7 " (1%)

is a O()WT -linear injection, for the module structure from Lemma .
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(b) HH,(¢*) is a bijection
n(49 9)Zwr(9)
HHy(F)H Ha(H(L W k) = €D _ ) (07(8) @59) (o),
and it is O()WT -linear with respect to the natural module structures.

(¢) In degree n = 0 the condition on an element w of @S, O(t9) to belong to the
image of HHo(Fe) is:

if i € C,1 < iy <z, Ay €% and > pym(Qiy, Cel0,), Aiy) = 0
J
in C @z R(H(t, WT, ¢k, 1)), then > pjw(X;) =0.
J

Equivalently, w must determine a linear function on C @z R(H(t, WT,ek,b)),
via the natural pairing (1.23). This yields an isomorphism of (’)(t)WF-modules

HHy(H(t, WT', ek, 1)) = (C @z R(H(t, WT, ek, 1)))"

reg’

Proof. (a) is just a restatement of Lemmas and
(b) By Lemma and the third property (as listed after (1.32)) of our set of
algebraic families §(Q;,0;), HH,(¢*) is injective.

Consider a finite subset S of | |;¥, t9 and let Is C @}, O(t%) be the ideal of
functions that vanish on S. For m € N let J* (resp. jﬁ”) be the image of

(2.15) HH,(¢*)™? ( @ngr) (Q"(¥) ® hg)Zwr(g))
(resp. HH,,(F.)) in
(2.16) @jjl QM (1Q) T (190),

By Theorem j,’;w = J'. As HH,(F.) depends algebraically on ¢ € C and J},
has finite dimension, jﬂ%e = J when |¢| is sufficiently small. The argument with
my, in the proof of Lemma then shows that jﬁ%ﬁ = JJ! for all e € C.

Fix an O(t)"!-character WTA. Choose S so that it contains all \; € t9i for
which WT'\ is the central character of w(Q;, ((0;), A;). With Lemma [2.3] it follows
from the above that the map HH,(F.) induces a surjection between the formal
completions at WT'A of the O(t)""!-modules HH,, (H(t, WT, €k, )) and (2.15)). Thus
the quotient of by the image of HH,(F;) is an O(t)""T-module M all whose
formal completions are 0. It is finitely generated because Q" (%) is finitely generated
as O()"WI-module. A general argument, which we formulate as Lemma below,
says that M = 0. Hence the image of HH,,(F,) is as claimed.

(¢c) The description of the image of HHy(F,) was proven in the case e = 0 in
Theorem In combination with Theorem the same argument applies when
e Cx. O

Let O(V) be the ring of regular functions on a complex affine variety V. For each
v eV, let I, C O(V) be the maximal ideal of functions vanishing at v. For any
O(V)-module M, we can form the completion

M, =lim M/I}M.

Lemma 2.9. Let M be a finitely generated O(V')-module, such that M, =0 for all
veV. Then M = 0.
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Proof. For any m € M, the image of m in M, is zero, so m € I'M for all n € N.
Hence M = I')M for all v € V and all n € N.
As M is finitely generated, we can write M = O(V)" /N for some O(V')-submodule
N of O(V)". In combination with the above we find
OV)'/N = I;(O(V)"/N) = (I;O(V)" + N)/N
Therefore O(V)" = IJO(V)" + N for all v € V and all n € N. This is only possible
when N = O(V)", so M = 0. O

Like in (T.46)), we can vary on (2.14) and define the O(t)"!-linear map

(2.17) HH,(¢*) = 6P ZAWHH @Q” (%) - P ")

geWT i=1 gewr
The same arguments as for Corollary [1.14] show that:

Corollary 2.10. There is a C-linear bijection

HH,(6") 0 HH,(Fo) © HH,(H(LWD,ek.0) = (B, . 2" (¢) @ ug)wr

We note that in Corollary the target does not depend on e. In fact, in
Theorem the map HH,(¢*) does not depend on € either, and the same goes for
the subspace

HH, (F)HH,(H(t, WT, ek,5)) ¢ €D Qn(t@),

=1

Hence we can define a C-linear bijection
HH, () := HHn(]:l)flfIHn(fo) . HH,(H(t, WT',0,1)) — HH,(H(t, WT',k,5)).
Proposition 2.11. HH,({y) is the unique C-linear bijection
HH,(H(t, WI",0,1)) — HH,(H(t, WT, k,t))
such that
HH,(FQ,,) o HH, () = HHn(}—Q,(o(a))
for all algebraic families of H-representations §(Q, o).

Proof. By construction
(218) HHn(fQi,ai) o} HHn(CO) = HHn(fQi7C0(Ui)) 1= 1, AR L%

As Fy is built from the Fq, », and Fy from the Fg, ¢ (s,), the property already
determines H H,,({p) uniquely.

It remains to check the condition for an arbitrary algebraic family §(Q, o). Recall
that in Lemmal[1.9| we exhibited a basis of C®zR(O(t) x C[WF 1)), consisting of some
virtual representatlons Vg The virtual representations v, ,, = (o’ (I/g’v) form a basis
of C ®z R(H). In we expressed vy, as linear comblnatlon of members of the
families §(Q, Co(ai)), and by definition I/gl’v is almost the same linear combination,
only with §(Qi, o;) instead. Write

QoA =3 elg v, )Yy,
then Theorem implies
tI‘?T(Q, CO(U)a >‘) = Zg " C(.ga v, A)Vg,v-

)
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Hence there exist (i, A\, v;) € C such that

m(Q,0,7) = D v A 0) T(Qi, 04, vi),

T(Q (@) N) = i, (i, 0) T(Qiy Col07), vi),

in C®z R(H) and C ®z R(O(t) x C[WT,t]), respectively. With we find that
HH,(7(Q,0,))) e HHy () = HH, (7(Q, Co(0), A)).

The same reasoning for all A € {9 simultaneously yields the required property of

HH, (). (]

It turns out that the description of H H,, (H) in Theorem decomposes further,
such that the decomposition reveals the structure as a module over the centre. For
0 € Ay we define 7y = @, FQi.0:-

Lemma 2.12. (a) HHn(F1)(HHn(H)) = @y (g s1cn, HHn(Fo) (HHy(H)).
(b) The subspace

(2.19)

HH,(H)® := HH,(F,)" ' (HH,(F)HH,(H))

of HH,(H) can be defined canonically, without choosing any algebraic families
of representations.

Proof. (a) By definition the left hand side is contained in the right hand side. From
Theorem [2.8] we know the conditions that describe the left hand side: upon lying

HHp(¢*) one lands in €D ¢y (2"(VY) ® 19)4wr(9), Recall from Lemma [2.7] that

those conditions arose from the virtual H-representations 1/91 A\

With Lemma [Z.5]b we see, in the same way as in the proof of Lemma [27] that
HH,(¢3;) sends the image of HH,(F1), or equivalently the image of HH, (%), to
Dy (0 (¥) ® 19)4wl(9)  Hence, for any = € HH, (H):

HH\(Fi)z = @DGAH HH,(F)x,
HH, (Fy)x € HH,(F1)HH,(H).

(b) This subspace is well-defined by the injectivity of HH,(F1) (Theorem [2.8la).
Consider an algebraic family §(Q, o) whose tempered part

§(Q,0) = {r(Q,0.)) : A € V-1t2}

lies in R;(H)?', for some o' € Ay \ {0}. If we express 7(Q, o, \) with A € v—ltﬁ as
in (2.19), all the coefficients (i, A, v;) with ¢ £ 9’ are zero. By construction

HH,(Fq, 0, HH,(H)° =0 if j <.
Hence HH,(Fg.,)HH,(H)? consists of algebraic differential forms on t¢, which
vanish on \/jtg. Since \/—71‘(]% is Zariski-dense in <,
HH, (Fq,)HH,(H)° = 0.

On the other hand, by Theorem HH,(F) = @,y HH,(FQ,,0;) is injective on
HH, (H)°. Thus HH, (H)® can be characterized as

{r € HH,(H) : HH,,(Fq,s)z = 0 for all algebraic families §(Q, o) with
3(Q,0) in R,(H)® for some o' #0}. O
From Lemma [2.12 and Theorem 2.8 we conclude:
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Corollary 2.13. There is a canonical decomposition of O(t)"V'!-modules

HH, (H) = @DGA HH, (H)?.

The injection

HHy(¢3) 0 HHy(Fo) : HH,(H)? — @ge(ww (Q"(t7)  y9)Zwr (@)

is OO -linear if we let OV act at the stalk over g € (WT),v € t9 via evalua-
tion at the central character WT'(ce(0) 4+ v) of l/gljg.

Example 2.14. Consider the graded Hecke algebra H with t = C?, ® of type As
with basis A = {a = (1,0), 8 = (=1/2,v/3/2)} and parameters k, = kg = k € R.
The group I' and the 2-cocycle f are trivial. We have W = S3, t, = C x {0},
t* = {0} x C, = tand t* = {0}. For each € € C we need three algebraic families
of Hi(t, W, ek)-representations, namely

o (0, triv) = {m (D, triv, }) = indgyy) P (C) 1 A € 8},
e F({a},Sty), where the Steinberg representation of H, is defined by
Sta‘C[Wa] = sghyy, and Sta‘@(ta) =C_yg,
e F(A,St), where the Steinberg representation of H is defined by
Stlepw) = sgnyy and Stlo) = C(—k,fﬁk)‘
Let us identify the virtual representations Vg A All maps ¢,; are the identity, and
the scalars Ay ; can be determined from direct calculations in the algebra O(t) x W =
H(t, W,0). The latter reduces further to a calculation in C[W] because O(t) acts as
evaluation at 0 on all the relevant representations.
o vy, = trm(0, triv, A),
o v = —trm({a},Sta,0) + tr (0, triv, 0) /2, because

tr ind%cx (sgnyy, ) +tr ind?i/d} (triv)/2

is the trace function on W associated to the conjugacy class of s,
= tr St — tr 7({a}, Sta, 0) + tr (0, triv, 0)/3, because

€
b Vsa33,0

trsgny, — trindyy, (sgny, ) + tr ind?{d} (triv)/3
is the trace function on W associated to the conjugacy class of s,s3.
When € = 0 or g = id, v , has central character W A. In all other cases vy, does
not admit a central character.

In this example Zy (so) = {id, so} acts trivially on t*, and Zw (sas3) acts triv-
ially on t& = {0}. Hence the components of HH,(¢*) indexed by s, and s,s3 do
not impose any further restriction on the image of HH,(F.). The component of
HH,(¢*) indexed by id must have image invariant under W, and by the expression

for vf; \ that only puts a condition on the image of H H,(Fp triv). Thus Theorem
provides a bijection

(2.20) HH,(F.) : HH,(H(t, W, k)) — Q" ()" @ Q"(t*) @ Q"({0}).

The O(t)"-module structure on the right hand is standard on Q"(t)"V, via evalua-

tions at (—ek,0) + t* on Q"(t*) and as evaluation at (—ek, —ev/3k) on Q7({0}).
The decomposition of R;(H) from Theorem has three direct summands, in-

dexed precisely by the above three families. Here R;(H)® is spanned by

{m(P,6,\): X e vV—1th}.
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For € € R+, the right hand side of ([2.20]) is also the decomposition of
HH,(H(t,W,ek)) from Lemma a.

2.3. A Morita equivalent algebra.

With applications to p-adic groups in mind we also consider some algebras that are
Morita equivalent to twisted graded Hecke algebras. Suppose that WT is a subgroup
of some finite group G and that f extends to a 2-cocycle of G (still denoted f). Then
C[WT, ] is a subalgebra of C[G, ] and G acts on the space

VIZGXWFf

by left multiplication. We fix a set of representatives [G/WT] C G for G/WT, with
1 € [G/WT]. Consider a g € [G/WT]. In gt we have the root system g(®) with
Weyl group gWg~! C G. We define twisted graded Hecke algebra

Hy = H(gt, gWTg™ ", k9, 1),
where kjo = kq. By construction there is an algebra isomorphism
Ad(T,): H — H,
fTw — (fog HT,T,T,*
Next we the define H(V, G, k, ) as the vector space O(V) ®c C[G, ] with the mul-
tiplication rules:
e O(V) and C[G,t] are embedded as unital subalgebras,
e for each g € [G/WT], H, is embedded as a subalgebra with underlying vector
space O(gt) ® ClgWTg ™", f, ) )
e if g,g € [G/WT] and g # g, then hh = 0 for all h € Hy, h € Hy,
o T;T, ' hT,T; " = Ad(T5)Ad(Ty) ' h for g, € [G/WT], h € Hy.
It is easily checked that this determines an associative algebra, which in the case
kE = 0 reduces to O(V) x C[G,t]. The algebras H(V,G,k,ij) and H are Morita
equivalent via the bimodules 1(H(V, G, k, ) and H(V, G, k,)1¢. In particular

(2.21) the inclusion H — H(V, G, k, ) is a Morita equivalence

feoi),weWr.

and induces an isomorphism on Hochschild homology. We want to express
HH,(H(V,G, kb)) so that all the subalgebras H, participate on equal terms.

The family of H-representations §(Q;,0;) gives rise to a family of H(V, G, k, 5)-
representations (still denoted §F(Q;,0;)) by applying , or equivalently by in-
ducing from H to H(V, G, k, ). The natural isomorphism
(222)  indg (@i, 00 M) 2 indg MV (g(Q0), A(T) - 04, g (M)
shows that §(Qs,0;) can also be obtained from the family of H,-representations
F(9(Qi), Ad(Ty) - ;). The O(t)"T-algebra homomorphism F, ,, extends naturally
to H(G, V, k,f) with the same formulas, only now for the representations .
Similarly H H,(F1) extends naturally to

HH,(Fy) : HH,(H(V, G, k,5) — @7 Q"(t%).
From the canonical isomorphism
g1y - (S Q@ " ((g0)9(@)
(2.23) Qg7 P, M) = P (g7 9Y)

and (12.22)) we see that HH,(F) arises by performing the analogous constructions
to the family of Hj-representations §(g(Q;), Ad(Ty) - 0;).
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For g € [G/WT],w e WI',1 <i<ng,v € g(t") we define

Ggwi = bwiog " g(t?) — 9,
Agaw,i = 17(9) Aw,is
Vgww = ZZI Mg iindgg "I (Qi, 01, g i (1)
We let G act on [G/WT] x WT by
glg,w) = (h,vww™') if Gg= hw with h € [G/T],w € WT.

That can be identified with left multiplication action of G of G x w1 WT', where WT
acts from the right on G by multiplication and from the left on itself by conjugation.

Lemma 2.15. For h € G,g € [G/WT],w € WI' and v € g(t"’):

—1
Vh(g,w),hv = 199 (h)vgw,w-
Proof. By definition vy, = §*(g)11 4,g-1,- Since

.. JH(V,G,k,b 1
Viwey = lnd]HI( )(Vw,v)

. . JH(V,GEb) - . . . .
and since 1ndH( GED s a Morita equivalence, the v, , satisfy the same relations

as the Vllw. In particular, by Lemma a
V1 = o = 0 (Y)V1we for vy e W

From these properties we deduce, for h = gw € G:

1

= 47 (D w1 o

N ~
=57 (@ (@)v1we = 17 (R)V1w0,
where the last step relies on Lemma [I.3] It follows that

Vh(1,w),hv = Vg oww—1,guv

Vh(g,w),hv = Vhg(1,w),hv = h (hg)yl aw,g~ v = hw(hg)hw( ) Vgwow = hgwg 1(h)1/g,w,va

where we used Lemma again. O

The version of (1.46) and (2.17) for H(V, G, k,t) is the map HH,(¢*) defined as

&P @ZAQWHH (0 ) {BQMQZH B D oo

ge G/Wl"} weWT i=1 ge[G/WTweWT

By ( and -, all the subalgebras H, are involved in the same way in
HHn(gb*) The map HH,(¢*) is injective for the same reasons as H H,(¢*), see
Lemmas [[.12] and 2.7

Proposition 2.16. (a) The map
Hy(F1) - HH, (H(V, Gk, 1) = @7 0" (1)

is an O(V)C-linear injection.
(b) The C-linear map

x _\G
Hy(¢") : HH, (F)HH, (H(V, G, k.4 ( B P o) 1)
g€[G/WT] weWT
1s bijective.
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(¢) HHo(F\)HHo(H(V, G, k,b)) equals the set of > o5, w; € @15, O(t9) for which
the map

indg(v’G7k’h)ﬂ<Qi, Oi, %Mi(v)) — w,()\z) t=1,...,n3, A € {Qi
descends to a linear function on C @z R(H(V, G, k,t)). This provides an iso-
morphism of O(V)%-modules

*
reg’

Proof. (a) Lemma says that HH,(F;) is a homomorphism of modules over

oWV)¢ =0T, By Lemma and (2.21)), it is injective.
(b) From Corollary we know that the projection of the image of

HH,(¢*)HH,(F1) on the summands indexed by g = 1 is precisely
(2.24) (EBWGWF Q") @)

By Lemma this image consists of G-invariant elements. Hence every element
in the image of HH,(¢*)HH,(F) is determined by its summands with g = 1.
From the natural isomorphism of with the asserted image (via removing the
summands with g # 1) we see that HH,(¢*)HH,,(F;) indeed has that image.

(c¢) This follows from Theorem and the Morita equivalence . (]

We define a H(V, G, k, f)-representation 7w to be tempered if the H-representation
1¢m is tempered. The decomposition from Theorem [2.2]also holds for the category of
finite dimensional tempered H(V, G, k, fj)-representations, by the Morita equivalence

(2:21)). Hence Lemmas [2.5|b and pertain to H(V, G, k,f) as well. Consequently
there is a canonical decomposition like in Corollary

HH,(H(V,G, k1) = HH,(F)) "HH,(F)HH,(H(V,G, k1)),
HHn(H(V7 G7k7h)) = @DGAH HHn(H(V7 Gk, ﬂ))a

Furthermore HH,,(¢*) o HH,,(Fy) is O(V)C-linear on HH,(H(V, G, k, 1)) if we en-
dow the target with the module structure coming from the central characters of the
virtual H(V, G, k, ij)-representations

n . JH(V,G,E,
(2.26) Buww =2 Agwatrindg O In(Q, 01, 6y (v).

(2.25)
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