HECKE ALGEBRAS FOR INNER FORMS
OF p-ADIC SPECIAL LINEAR GROUPS
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ABSTRACT. Let F be a non-archimedean local field and let G¥ be the group of F-
rational points of an inner form of SL,,. We study Hecke algebras for all Bernstein
components of G*, via restriction from an inner form G of GL, (F).

For any packet of L-indistinguishable Bernstein components, we exhibit an
explicit algebra whose module category is equivalent to the associated category
of complex smooth G*-representations. This algebra comes from an idempotent
in the full Hecke algebra of G¥, and the idempotent is derived from a type for G.
We show that the Hecke algebras for Bernstein components of G¥ are similar to
affine Hecke algebras of type A, yet in many cases are not Morita equivalent to
any crossed product of an affine Hecke algebra with a finite group.
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INTRODUCTION

Let F be a non-archimedean local field and let D be a division algebra, of dimen-
sion d? over its centre F. Then G = GL,,(D) is the group of F-rational points of
an inner form of GL,, where n = md. We will say simply that G is an inner form
of GL,,(F). Its derived group G¥, the kernel of the reduced norm map G — F*, is
an inner form of SL, (F). Every inner form of SL,,(F') looks like this.

Since the appearance of the important paper [16] there has been a surge of interest
in these groups, cf. [10, 11, B]. In this paper we continue our investigations of the
(complex) representation theory of inner forms of SL,,(F'). Following the Bushnell-
Kutzko approach [7], we study algebras associated to idempotents in the Hecke
algebra of Gf. The main idea of this approach is to understand Bernstein components
for a reductive p-adic group better by constructing types and making the ensuing
Hecke algebras explicit.

It turns out that for the groups under consideration, while it is really hard to
find types, the appropriate Hecke algebras are accessible via different techniques.
Our starting point is the construction of types for all Bernstein components of G
by Sécherre-Stevens [23], 24]. We consider the Hecke algebra of such a type, which
is described in [22]. In several steps we modify this algebra to one whose module
category is equivalent to a union of some Bernstein blocks for G¥. Let us discuss our
strategy and our main result.

We fix a parabolic subgroup P C G with Levi factor L. A supercuspidal L-
representation w gives an inertial equivalence class s = [L,w|g. Let Rep®(G)
denote the corresponding Bernstein block of the category of smooth complex G-
representations, and let Irr®(G) denote the set of irreducible objects in Rep®(G).
Let Irr®(G*) be the set of irreducible G¥-representations that are subquotients of
Resgﬁ (7) for some 7 € Irr*(G). We define Rep®(G*) as the collection of G¥-repre-
sentations all whose irreducible subquotients lie in Irr®(G#). We want to investigate
the category Rep®(G?). It is a product of finitely many Bernstein blocks for G*:

M) Rep®(GF) =] ,_, Rep®(G¥).

We note that the Bernstein components Irrtu(Gﬁ) which are subordinate to one s
form precisely one class of L-indistinguishable components: every L-packet for G
which intersects one of them intersects them all.

The structure of Rep®(G) is largely determined by the torus 7y and the finite
group Ws associated by Bernstein to s. Recall that the Bernstein torus of s is

Ty ={w®x|x€Xu(l)}Clr(L),

where X,;(L) denotes the group of unramified characters of L. The finite group
W, equals Njs(L)/L for a suitable Levi subgroup M C G containing L. For this
particular reductive p-adic group W is always a Weyl group (in fact a direct product
of symmetric groups), but for G* more general finite groups are needed. We also
have to take into account that we are dealing with several Bernstein components
simultaneously.

Let H(G) be the Hecke algebra of G and H(G)?® its two-sided ideal corresponding
to the Bernstein block Rep®(G). Similarly, let H(G*)® be the two-sided ideal of
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H(G¥) corresponding to Rep®(G¥). Then
e =], HGH.

Of course we would like to determine H(G#)¥, but it turns out that H(G*)® is much
easier to study. So our main goal is an explicit description of H(G*)® up to Morita

th<s

equivalence. From that the subalgebras "z'-[(Gﬁ)tﬁ can in principle be extracted, as

maximal indecomposable subalgebras. We note that sometimes H(GF)* = H(GH¥,

see Examples
From [23] we know that there exists a simple type (K, ) for [L,w|y. By [24]

it has a G-cover (Kg, A\g). We denote the associated central idempotent of H(K)
by ey, and similarly for other irreducible representations. There is an affine Hecke
algebra H(Ts, Ws, qs), a tensor product of affine Hecke algebras of type GLe, such
that

(2) excH(G)exn, = exH(M)ey = H(Ts, Ws, gs) @ Ende(Vy),

and these algebras are Morita equivalent with H(G)®.
An important role in the restrictions of representations from H(G)® to H(G¥)? is
played by the group

XC(s) = {y e Ir(G/G* Z(R)) | v ® I§ (w) € Rep®(G)}.

It acts on H(G) by pointwise multiplication of functions G — C. For the restriction
process we need an idempotent that is invariant under X%(s). To that end we
replace Ag by the sum of the representations vy ® A\g with v € X(s), which we call
ua. Then remains valid with p instead of A, but of course V), is reducible as a
representation of K.

Let e, , € H(G*) be the restriction of eue : G — Cto G*. Up to a scalar factor

it is also the restriction of ey, to G*. We normalize the Haar measures in such a
way that €ugy 18 idempotent. For any GP-representation V, eHGuV is the space of
vectors in V on which KgNG* acts as some multiple of the (reducible) representation

Aclkanat-
Thene,,, 7—[(Gﬁ)euGm is a nice subalgebra of H(G*)?, but in general it is not Morita

equivalent with H(G*)®. There is only an equivalence between the module category
of e#Gﬁ’i’-[(Gﬂ)e“Gu and [] Reptﬁ(Gﬁ), where t! runs over some, but not necessarily

all, inertial equivalence classes < 5. To see the entire category Rep®(G*) we need
finitely many isomorphic but mutually orthogonal algebras

aeucﬁa_l?—[(Gﬁ)ae#Gﬁa_l with a € G.
To formulate our main result precisely, we need also the groups
xh(s) = {y € bn(L/L*Z(@)) |y B w € [Low]i},
Wi ={weNg(L) | 3y € er(L/LFZ(G)) s w(y ® w) € [Lw]L},
R =WENNg(PNM)/L,

X(w,V,) = {y € lir(L/L*) | there exists an L-isomorphism w — w @ ™!

which induces the identity on V,}.
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Here L! = LN GY, so
L)L} = G/G = F*.

We observe that % is naturally isomorphic to X (s) /X% (s), and that WE =W, xR!
(see Lemmas and . One can regard I/VE,.ti as the Bernstein group for Rep®(G¥).

Theorem 1. [see Theorem [4.15}]
The algebra H(G*)® is Morita equivalent with a direct sum of
| XE(w, V)| copies of eugﬁH(Gﬁ)eucu. The latter algebra is isomorphic with

w f
))XL(ﬁ)/XL( V) X (L/LAZ(G)) e,

(H(Tﬁv W, QS) ® End(C(V,LL

where TS = T./Xu(L/LY). The actions of the groups X'(s) and RE come from
automorphisms of Ts x Wy and projective transformations of V,,.

The projective actions of X’ (s) and 9%2 on V, are always linear in the split case
G = GL,(F), but not in general, see Examples and

Contrary to what one might expect from Theorem |1} the Bernstein torus T} for
Rep"i (G*) is not always Tsﬁ, see Example In general one has to divide by a finite
subgroup of T¢ coming from X L(s). It is possible that W (with ¢ < s) is strictly
larger than W, and that it acts on 7 without fixed points, see Examples and

Of course the above has already been done for SLy,(F') itself, see [5], [6] [13], 14].
Indeed, for SL, (F') our work has a large intersection with these papers. But the
split case is substantially easier than the non-split case, for example because every
irreducible representation of GL,(F) restricts to a representation of SLy,(F') with-
out multiplicities. Therefore our methods are necessarily different from those of
Bushnell-Kutzko and Goldberg—Roche, even if our proofs are considered only for
SL,(F).

It is interesting to compare Theorem [1| for SL,, (F') with the main results of [I4].
Our description of the Hecke algebras is more explicit, thanks to considering the
entire packet Rep®(G*) of Bernstein blocks simultaneously. In [14, §11] some 2-
cocycle pops up in the Hecke algebras, which Goldberg—Roche expect to be trivial.
From Theorem [I] one can deduce that it is indeed trivial, see Remark

Now we describe the contents of the paper in more detail. We start Section
with recalling a few results about restriction of representations from G to G¥. Then
we discuss what happens when one restricts an entire Bernstein component of repre-
sentations at once. We introduce and study several finite groups which will be used
throughout.

It turns out to be advantageous to restrict from G to G in two steps, via G*Z(G).
This intermediate group is of finite index in G if the characteristic of F' does not
divide n. Otherwise [G : G*Z(G)] = oo but, when studying only Rep®(G), one can
apply the same techniques as for a group extension of finite index. Restriction from
G*Z(G) to G* is straightforward, so everything comes down to understanding the
decomposition of representations and Bernstein components of G upon restriction
to G*Z(@).

For any subgroup H C G we write H* = H N G!. The correct analogue of W,
for Rep®(G) combines Weyl groups and characters of the Levi subgroup L that are
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trivial on L*Z(G):
Stab(s) := {(w,v) € W(G, L) x Irr(L/L*Z(G)) | w(y ® w) € [L,w]L}.
This group acts naturally on L-representations by

(w,)m)(1) = w(y @ m)(1) := y()m(w ™ w).

From another angle Stab(s) can be considered as the generalization, for the iner-
tial class s, of some groups associated to a single G-representation in [10} [11]. Its
relevance is confirmed by the following result.

Theorem 2. [see Theorem [2.7]]
Let x1,x2 € Xnr(L). The following are equivalent:

(1) ResgﬁZ(G) (I§(w®x1)) and ResgﬁZ(G) (I§(w®x2)) have a common irreducible
subquotient;
(ii) ResgﬁZ(G) (I§(w®x1)) and ResgﬁZ(G)(Ig(w@))@)) have the same irreducible
constituents, counted with multiplicity;
(ili) w ® x1 and w ® x2 belong to the same Stab(s)-orbit.

The proof of Theorem [1| uses almost the entire paper. It contains four chains of
arguments, in Sections [3] and {4} which are largely independent:

e The main idea (see Lemmas and [3.11)) consists of Morita equivalences
H(GH)" ~ar (H(G)?) XX (©),

®) f X% (s)
H(GPZ(G))° ~ar (H(G)*)¥).

This enables us to reduce the study of H(G*)* (up to Morita equivalence) to
(H(G)*)X“©) . The analogue of Theorem [1| for G¢Z(G) is Theorem m

e A technically complicated step is the construction of an idempotent e}, €
H(M) (in Lemmas [3.3) and [3.4), which is well-suited for restriction from M
to M*. It relies on the conjugacy of the types (K,w(\) ® v) with (w,v) €
Stab(s), studied in Proposition With this idempotent we get a Morita
equivalence (Proposition

(4) (H(G))XTE@ pp (€5, H(M)e3,) X1 i RE,

This allows us to perform many calculations entirely in M, which is eas-
ier than in G. We exhibit an idempotent e%\G, larger than e),, which in

Proposition is used to improve to an isomorphism
e, (H(G)) O = (e3,H(M)e3,) ) xR

e To reveal the structure of (e5,H(M)e3,)¥2() x RE we first study (in subsec-
tion the Hecke algebras associated to the types for [L,w]r and [L,w]ys
constructed in [22]. They are tensor products of affine Hecke algebras of
type GL, with a matrix algebra. Obviously this part relies very much on
the work of Sécherre. These considerations culminate in Theorem which
describes the Hecke algebras associated to relevant larger idempotents, in
similar terms. We make the action of X“(s) on these algebras explicit in

Lemmas and 111
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e We would like to construct types for G*Z(G) and for G, whose associated
Hecke algebras are as described in Theorems [£.13] and [T} In Theorems [3.16]
and [3:17) we take a step towards this goal, by constructing idempotents
eg\ € H(G*Z(G))* and eﬁ/\Gu € H(G*)* which see the correct module

Gtz(a)
categories and have the desired Hecke algebras. In fact these idempotents

are just the restrictions of e%\G : G — C to G*Z(@G) and G%, respectively.

However, we encounter serious obstructions to types in G!. The main
problem is that sometimes types (K, \ ® 7) for [L,w]|y; are conjugate in
M but not in any compact subgroup of M, see Remark [4.7] and Examples

G.6H5.8

Interestingly, some of the algebras that turn up do not look like affine Hecke
algebras. In the literature there was hitherto (to the best of our knowledge) only
one example of a Hecke algebra of a type which was not Morita equivalent to a
crossed product of an affine Hecke algebra with a finite group, namely [14], §11.8].
But in several cases of Theorem [I| the part Endc(V),) plays an essential role, and
it cannot be removed via some equivalence. Hence these algebras are further away
from affine Hecke algebras than any previously known Hecke algebras related to
types. See especially Example [5.5

Acknowledgements. The authors thank Shaun Stevens for several helpful
emails and discussions.

1. NOTATIONS AND CONVENTIONS

We start with some generalities, to fix the notations. Good sources for the material
in this section are [20, [7].

Let G be a connected reductive group over a local non-archimedean field. All our
representations are tacitly assumed to be smooth and over the complex numbers. We
write Rep(G) for the category of such G-representations and Irr(G) for the collection
of isomorphism classes of irreducible representations therein.

Let P be a parabolic subgroup of G with Levi factor L. The “Weyl” group of L
is W(G, L) = Ng(L)/L. Tt acts on equivalence classes of L-representations 7 by

(w-m)(g) = m(wgw™),
where w € Ng(L) is a chosen representative for w € W(G, L). We write
We={weW(G,L)|w =}

Let w be an irreducible supercuspidal L-representation. The inertial equivalence
class s = [L,w|q gives rise to a category of smooth G-representations Rep®(G) and
a subset Irr®*(G) C Irr(G). Write Xy, (L) for the group of unramified characters
L — C*. Then Irr*(G) consists of all irreducible irreducible constituents of the
parabolically induced representations I§(w ® x) with x € Xy (L). We note that 1§
always means normalized, smooth parabolic induction from L via P to G.

The set Irr®*2 (L) with s;, = [L,w]r can be described explicitly, namely by

(5) Xnr(Lyw) ={x € Xor(L) : w® x 2w},
(6) Irr® (L) = {w ® x : X € Xne(L)/Xne(L, W)}
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Several objects are attached to the Bernstein component Irr®(G) of Irr(G) [4].
Firstly, there is the torus

T := nr(L)/an(Law)a

which is homeomorphic to Irr®Z(L). Secondly, we have the groups

Ng(ﬁL) :{g S Ng(L) ‘ g-weE Irr®L (L)}

={9 € Na(L) | g-[L,w]L = [L,w]L},
Wy :={w e W(G,L) |w-w € Irr** (L)} = Ng(sr)/L.

Of course Ty and W, are only determined up to isomorphism by s, actually they
depend on sy,. To cope with this, we tacitly assume that sy is known when talking
about s.

The choice of w € Irr*~ (L) fixes a bijection Ty — Irr*F (L), and via this bijection
the action of Wy on Irr®Z (L) is transferred to Ts. The finite group W; can be thought
of as the "Weyl group” of s, although in general it is not generated by reflections.

Let C2°(G) be the vector space of compactly supported locally constant functions
G — C. The choice of a Haar measure on G determines a convolution product *
on C°(G). The algebra (C°(G), *) is known as the Hecke algebra H(G). There is
an equivalence between Rep(G) and the category Mod(H(G)) of H(G)-modules V

such that H(G) -V = V. We denote the collection of inertial equivalence classes for
G by B(G). The Bernstein decomposition

Rep(G) = ] [,y ) REP*(G)

induces a factorization in two-sided ideals

H(G) = Hse%(G) H(G).

Let K be a compact open subgroup of K and let (A, V)) be an irreducible K-
representation. Let ey € H(K) be the associated central idempotent and write

Rep*(G) = {(7,V) € Rep(G) | H(G)ex -V =V}
Clearly exH(G)ey is a subalgebra of H(G), and V + ey - V defines a functor from
Rep(G) to Mod(exH(G)ey). By [, Proposition 3.3] this functor restricts to an
equivalence of categories Rep*(G) — Mod(exH(G)ey) if and only if Rep*(G) is
closed under taking G-subquotients. Moreover, in that case there are finitely many
inertial equivalence classes 51, .. .8, such that
Rep*(G) = Rep®' (G) x - -- x Rep™(G).

One calls (K, \) a type for {s1,...,5.}, or an s;-type if K = 1.
To a type (K, \) one associates the algebra
H(G,\) :={f : G — Endc(Vy) | supp(f) is compact,
f(klgkg) = /\v(kl)f(g))\v(kg) Vg S G, ki,ko € K}

Here (A\Y, V') is the contragredient of (A, V)) and the product is convolution of
functions. By [7, (2.12)] there is a canonical isomorphism

(7) exH(G)er = H(G, \) ®c Ende(Vy).

From now on we discuss things that are specific for G = GL,,(D), where D is a
central simple F-algebra. We write dimp(D) = d?. Every Levi subgroup L of G
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is isomorphic to [[; GLa,(D) for some m; € N with > .m; = m. Hence every
irreducible L-representation w can be written as ®;w; with @; € Trr(GLy, (D)).
Then w is supercuspidal if and only if every @w; is so. As above, we assume that this
is the case. Replacing (L,w) by an inertially equivalent pair allows us to make the
following simplifying assumptions:

Conditions 1.1.

o if mi = 77~”Lj and [GLmj (D),d}i]GLmj (D) = [GLmj (D),@j]GLThJ_(D), then L:)i =
(ZJJ';

e w=1]], wZ@ei, such that w; and w; are not inertially equivalent if i # j;

o L =TI, L = [[; GLwm, (D)%, embedded diagonally in GL,,(D) such that
factors L; with the same (m;, ;) are in subsequent positions;

e as representatives for the elements of W (G, L) we take permutation matrices;

e P is the parabolic subgroup of G generated by L and the upper triangular
matrices;

o if m; = mj,e; = ej and w; is isomorphic to w; ® v for some character v of
GLp, (D), then w; = wj ® yx for some x € Xy (GLyy,, (D)).

We remark that these conditions are natural generalizations of [14, §1.2] to our
setting. Most of the time we will not need the conditions for stating the results, but
they are useful in many proofs. Under Conditions we define

8) M =] =1 Za(IT27) =TT GLomies (D),

i i
a Levi subgroup of G containing L. For s = [L,w]q we have
(9) We=W(M,L) = Ny(L)/L =[] Nag(L5) /L =[] 5.,

a direct product of symmetric groups. Writing s; = [L;, w;]r,, the torus associated
to s becomes

(10) T, = Hi(Ts,-)ei,
(11) Ts, = Xne(Li) / X (Li, wi)-

By our choice of representatives for W (G, L), w is stable under Ny, (L") /L5 =2
Se,. The action of W, on T is just permuting coordinates in the standard way and

(12) W, = W,

2. RESTRICTING REPRESENTATIONS

2.1. Restriction to the derived group.
We will study the restriction of representations of G = GL,,(D) to its derived
group G* = GL,,,(D)ger- For subgroups H C G we will write

H*=HNG"
Recall that the reduced norm map Nrd: M,,(D) — F induces a group isomorphism
Nrd : G/G* — F*.

We start with some important relations between representations of G and G*, which
were proven both by Tadi¢ and by Bushnell-Kutzko.
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Proposition 2.1. (a) Every irreducible representation of G* appears in an irre-
ducible representation of G.

(b) For m, ' € Irr(G) the following are equivalent:

(1) Resgﬁ (m) and Resgu (") have a common irreducible subquotient;

(i) Resgﬁ (m) = Resg,j(ﬂ’);
(iii) there is a v € Irr(G/G*) such that ™' = 1 ® 7.

(c) The restriction of (m,V) € Trr(G) to G* is a finite direct sum of irreducible
G!-representations, each one appearing with the same multiplicity.

(d) Let (7', V') be an irreducible G*-subrepresentation of (m, V). Then the stabilizer
in G of V' is a open, normal, finite index subgroup Hy C G which contains G*
and the centre of G.

Proof. All these results can be found in [28| §2], where they are in fact shown for
any reductive group over a local non-archimedean field. For G = GL,,(F'), these
statements were proven in [5, Propositions 1.7 and 1.17] and [6l Proposition 1.5].

The proofs in [5, [6] also apply to G = GL,, (D). O
Let 7 € Irr(G). By Proposition [2.1ld
(13) EndGn(V) = Endgy, (V),

which allows us to use [16, Chapter 2] and [12] Section 2] (which is needed for [16]).
We put

XC () :={yelr(G/G") | r @~ = n}.
As worked out in [16, Chapter 2], this group governs the reducibility of Resgn ().
(We will use this definition of X (7) more generally if 7 € Rep(G) admits a central
character.) By every element of XY (r) is trivial on H,, so X%(r) is finite.
Via the local Langlands correspondence for G, the group X G(7r) corresponds to the
geometric R-group of the L-packet for G obtained from Resgu (m), see [3, §3]. We
note that

X% 1) N X (G) = Xue(G, 7).

For every v € X G(ﬂ') there exists a nonzero intertwining operator
(14) I(v,7) € Homg(r ® v,7) = Homg(m, 7 @ y71),

which is unique up to a scalar. As G* C ker(y), I(v,n) can also be considered as
an element of Endqs (7). As such, these operators determine a 2-cocycle k. by

(15) I(y,m) o I(y',m) =t (7,7 ) (77, 7).
By [16, Lemma 2.4] they span the Gf-intertwining algebra of 7:
(16) Endgs (Res§,m) =2 C[XY (1), fir),

where the right hand side denotes the twisted group algebra of X©(x). By [I6]
Corollary 2.10]

(17) Resgﬁﬂ- o~ GB HomC[XG(W)y,ﬁ] (P, 7T) ® P
pEIrr(C[X G (7),kx])

as representations of G x X (r).
Let P be a parabolic subgroup of G with Levi factor L. The inclusion L — G
induces isomorphisms

(18) L/LF - G/G* = F*.
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Let w € Irr(L) be supercuspidal and unitary. Using we can identify the G-
representations

:
Resgu (I§(w)) and Igu (Resk, (w)),
which yields an inclusion X*(w) — X%(I§(w)). Every intertwining operator I(7y,w)
for v € X' (w) induces an intertwining operator
(19) I(v,I§(w)) := IE(I(v,w)) € Home(y ® I§ (@), I§ (w)),
for v as an element of X%(I§(w)). We warn that, even though X% (w) is finite
abelian and w is supercuspidal, it is still possible that the 2-cocycle k., is nontrivial
and that
Bndz (Resk, (w)) = CXE(w), k]
is noncommutative, see [10, Example 6.3.3].
We introduce the groups

(20) W) ={weW(G,L)|3yehr(L/L}) |w-(y®w) =uw},

(21) Stab(w) = {(w,v) € W(G, L) x Irr(L/L*) | w - (Y ® w) = w}.

Notice that the actions of W (G, L) and Trr(L/L*) on Trr(L) commute because every
element of Irr(L/L*) extends to a character of G which is trivial on the derived
subgroup of G. Clearly W, x X’(w) is a normal subgroup of Stab(w) and there is
a short exact sequence

(22) 1 — XL (w) — Stab(w) —» WF — 1.

By [10 Proposition 6.2.2] the projection of Stab(w) on the second coordinate gives
rise to a short exact sequence

(23) 1 — W, — Stab(w) = X9(I§(w)) = 1

and the group

(20) 9 = Stab(w)/ (W x XE(w)) = XC (I8 (w))/ X (w) = WE/W,

is naturally isomorphic to the “dual R-group” of the L-packet for G* obtained from
Resgu (I§(w)). We remark that, with the method of Lemma c, it is also possible

to realize R, as a subgroup of Stab(w).

When w is unitary, the G-representation Ig (w) is unitary, and hence completely
reducible as G¥-representation. In this case (I7) shows that the intertwining oper-
ators associated to elements of Stab(w) span Endgs (1§ (w)). By [2, Theorem 1.6.a]
that holds more generally for 1§ (w®y) when  is in Langlands position with respect
to P.

The group Stab(w) also acts on the set of irreducible L!-representations appearing
in Resﬁu (w). For an irreducible subrepresentation o* of Resﬁu (w) [10, Proposition
6.2.3] says that

(25) W, Cc W, c Wt
and that the analytic R-group of Ig; (o) is
R,e = Woi /Wy,

the stabilizer of o in %Y. It is possible that Wy # W§ and Ry # R, see [10,
Example 6.3.4].
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In view of [2 Section 1] the above results remain valid if w € Irr(L) is assumed
to be supercuspidal but not necessarily unitary. Just one modification is required:
if I§(w) is reducible, one should consider the L-packet for G* obtained from the
(unique) Langlands constituent of 1§ (w).

2.2. Restriction of Bernstein components.

Next we study the restriction of an entire Bernstein component Irr(G) to G¥.
Let Irr*(G*) be the set of irreducible G¥-representations that are subquotients of
Resgﬁ () for some 7 € Irr*(G).

Lemma 2.2. Irr*(G*) is a union of finitely many Bernstein components for G
Proof. Consider any n# € Trr®(G¥). Tt is a subquotient of
g
Resgis (15 (w @ x1)) = I5; (Resgy (w © x1))
for some x1 € Xy (L). Choose an irreducible summand o of the supercuspidal
Lf-representation Reséﬁ (w® x1), such that 7! is a subquotient of Ig; (o1). Then =t
lies in the Bernstein component TrrlEFolgs (G"). Any unramified character of Xﬁg of
LF lifts to an unramified character of L, say 2. Now
g 4
Igu (Resfu (1) ® Xg) C Igu (ReSfu (w®x1x2)) = Resgu (Ig(w ® X1X2))s

which shows that all irreducible subquotients of I}C;';(Reséﬁ(al) ® Xﬁg) belong to
Irr*(G*). Tt follows that TrplLh oo (G%) C Irr*(GY).

The above also shows that any inertial equivalence class t¢ with Irr" (GY
Irr*(G*) must be of the form

(26) t = [LF, o9 e

for some irreducible constituent oy of Resé,j (w® x2). So up to an unramified twist
o9 is an irreducible constituent of Resﬁu (w). Now Proposition [2.1}c shows that there
are only finitely many possibilities for . O

Motivated by this lemma, we write t < s if Irrtﬁ(Gﬁ) C Irr*(G*). In other words,
t
(27) Irr® (G¥) = Utu<5 e (GF).

The last part of the proof of Lemma shows that every t# < s is of the form
[LF, 0% s for some irreducible constituent of of Res?,(w). Recall from that con-
stituents of as above are parametrized by irreducible representations of the twisted
group algebra C[X*(w), x,]. However, non-isomorphic ¢# may give rise to the same
inertial equivalence class t¢ for Gf. It is quite difficult to determine the Bernstein
tori T precisely.

The finite group associated by Bernstein to t# = [Lf o¥],: is its stabilizer in
W(G, L) = W(Gt, L):

Wy ={we W(G,L) |w-o* € [LF, %] 4}

As the different o* are M-conjugate, they all produce the same group Wy. So it
depends only on [M, o). It is quite possible that Wy is strictly larger than W, we

already saw this in Example First steps to study such cases were sketched (for
SL, (F)) in 6] §9].
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For every w € Wy, Proposition [2.1|b (for L*) guarantees the existence of a v €
Irr(L/L*) such that w(w) ® v € [L,w]z. Up to an unramified character v has to be
trivial on Z(G), so we may take v € Irr(L/L*Z(G)). Hence Wy is contained in the
group

Wi = {we W(G,L) |3y e Irr(L/L*Z(G)) such that w(y @ w) € [L,w]1}
By the subgroup W, fixes every [L*, o%],;, so W,, C W and

(28) Stabyys . ([LF, 0] 16) = W /Wey D Wt /W

Lemma 2.3. (a) W is a normal subgroup of Wﬁ which fizes all the [L¥, 0% with
[Lﬂ, O'ﬁ]Gu < 5.

(b) Wy is the normal subgroup of VVE,ﬁ consisting of all elements that fix every
[LE, 0% ¢ with [LF, 0% gt < s. In particular it contains Wi.

(¢) There exist subgroups R W, Reg C Wy and RE c Wi such that Wi =
We x RE, Wy = Ws x Ry and Wh = W, x RE.

Proof. (a) We may use the conditions Then W,, = W,. For any of as above the
root systems R, s and R, are equal by [10, Lemma 3.4.1]. With we get
W =W, =W(R,) = W(R,:) C Wy,

showing that W; fixes of and [L*, 0% ;.

(b) As we observed above, we can arrange that every o* is a subquotient of Resfﬁ (w).
Since all constituents of this representation are associate under L and W (G, L) acts
trivially on L/L¥, W fixes every possible [L¥,o%]; ;. This gives the description of
Wy. Because all the [L* 0%, together form a Wi-space, Wy is normal in that
group.

(c) In the special case G* = SL,,(F), this was proven for Wy in [I4, Proposition 2.3].
Our proof is a generalization of that in [14].

Recall the description of M = [[, M; and W, from equations and @D We
note that P N M is a parabolic subgroup of M containing L, and that the group
W(M,L) = W, acts simply transitively on the collection of such parabolic sub-
groups. This implies that

(29) R =W!NNg(PNM)/L

is a complement to W; in Wf For Wy shows that we may take

(30) Ry := Wy N Ng(PNM)/L.

Similarly, for W£ leads us to

(31) R = WENNg(PNM)/L. O

As analogues of XX(w), X¢(I§(w)) and Stab(w) for 5 = [L,w]e we introduce
xE(s) = {7 € In(L/L*Z(@)) |y ©w € [LowlL},

(33)  X%(s) = {y € n(G/G*Z(Q)) | y © [F(w) € 5},

(34) Stab(s) = {(w,7) € W(G, L) x Ir(L/L* Z(@)) | w(y @ w) € [L,w]1}.
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Notice that Stab(s) contains Stab(w ® x) for every x € Xy (L/L*). It is easy to see
that W, x X%(s) is a normal subgroup of Stab(s) and that there are short exact
sequences

(35) 1 — XL(s) — Stab(s) - W¢ = 1,
(36) 1 — XE(s) x W, — Stab(s) — WE/W, =Rl — 1.

Furthermore we define

Stab(s, PN M) = {(w,~) € Stab(s) | w € No(PNM)/L}.
The reduced norm map induces isomorphisms
(37) L/L*Z(G) — G)G* Z(G) — F*/Nrd(Z(G)).

The right hand side is an abelian group of exponent md, but it is not necessarily

finite, see .

Lemma 2.4. (a) Stab(s) = Stab(s, PN M) x W.
(b) The projection of Stab(s) on the second coordinate gives a group isomorphism

Stab(s, PN M) 2 Stab(s) /W, — X% (s).

(c) The groups X*(s), X%(s) and Stab(s) are finite.
(d) There are natural isomorphisms

X% (s)/XE(s) = Stab(s, PN M)/ XL (s) = L.

Proof. (a) This can be shown in the same way as Lemma c.
(b) If (w,) € Stab(s), then

YOIEW) 2y @If(w-w) 2 IE(y@w-w) 2 IF(w(y@w)) €5,

so v € X%(s). Conversely, if v € X%(s), then I§(w ® ) € 5. Hence w ® vy €
wl - [Lw]p = [L,w™! - w]y for some w € W(G, L), and (w,v) € Stab(s).

As W(G, L) and Trr(L/L*) commute, the projection map Stab(s) — X%(s) is a
group homomorphism. In view of , we may assume that w is such that W; = W,,,.
Then the kernel of this group homomorphism is W, = W;.

(c) Suppose that w®y = w® x for some x € Xy (L). Then x is trivial on Z(G) and
7~ tx € X (w). We already know from Proposition [2.1| and that X (w) finite.
Hence ('y_lx)|XL(‘”)| =1 and

X|XL(°J) = 'y*‘XL(w) € Irr(L/LFZ(G)).

By L/L*Z(G) is a group of exponent md, so X @) = =mdIX* (@) = 1. Thus
there are only finitely many possibilities for y, and we can conclude that X*(s) is
finite.

If (w,7), (w,7") € Stab(s), then (w,y) " (w,7) =y~ € XE(s). As W(G, L)
and X% (s) are finite, this shows that Stab(s) is also finite. Now X(s) is finite by
part (b).

(d) This follows from and part (b). O
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2.3. The intermediate group.

For some calculations it is beneficial to do the restriction of representations from
G to G* in two steps, via the intermediate group G*Z(G). This is a central extension
of G*, so

(38) EHdGu (7'(') = EndgﬁZ(G) (71')

for all representations 7 of G or G*Z(G) that admit a central character. In particular

Resggz(e) preserves irreducibility of representations. The centre of G is

(39) Z(G)=GNZ(My,(D))=GNF -1, =F*I,.

Recall that dimg(D) = d?. Since Nrd(zI,,) = 2™ for z € F*,
Nrd(Z(G)) = F*™4,

the group of md-th powers in F*. Hence G/G*Z(G) is an abelian group and all its el-
ements have order dividing md. In case char(F) is positive and divides md, G*Z(Q)
is closed but not open in G. Otherwise it is closed, open and of finite index in G.
However, G*Z(G) is never Zariski-closed in G.

The intersection of G and Z(Q) is the finite group {21, | z € F*,2™% =1}, so

(40) G*Z(G) = (G* x Z(G) {(2lp, 27 1) | z € F*, 2™ =1},

As G* x Z(G) is a connected reductive algebraic group over F, this shows that
G*Z(@G) is one as well. But this algebraic structure is not induced from the en-
veloping group G. The inflation functor Rep(G*Z(G)) — Rep(G* x Z(@)) identifies
Rep(G*Z(@)) with

{m € Rep(G* x Z(Q)) | m(2Lp, 2z~ Y) = 1Vz € F* with 2™ =1}

Lemma 2.5. (a) Every irreducible G -representation can be lifted to an irreducible
representation of G*Z(G).
(b) All fibers of

Res, 7@ Ter(GH2(@)) — Tie(GF)
are homeomorphic to Irr(F*™md).

Proof. (a) Any 7f € Trr(G*) determines a character x,,q of the central subgroup
{z € F* | 2™ = 1}. Since there are only finitely many md-th roots of unity in
F, Xma can be lifted to a character y of F*. Then nf ® y is a representation of
G* x Z(@) that descends to G*Z(GQ).

(b) This follows from the proof of part (a) and the short exact sequence

(41) 15 G Giz(G) 2 prmd . 0

More explicitly, x € Irr(F*™?) acts freely on Irr(G#Z(G)) by retraction to ¥ €
Irr(G*Z(@G)) and tensoring representations of G#Z(G) with ¥.

For any totally disconnected group H we define Xy, (H) as the collection of smooth
characters which are trivial on every compact subgroup of H. Then

an(GﬁZ(G)) o~ an(Fde) ~ an(Fde/oF N Fxmd) — an(w%ndZ) ~ (CX,

for any uniformizer wp in the ring of integers op.
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It follows that the preimage of Irr* (G*) in Trr(G* Z(@)) consists of countably many
Bernstein components Irrt(G*Z(G)), each one homeomorphic to

X (F*™4) x T (GF) 2 X (GPZ(G)) x It (GF) = €% x I (GY).

Two such components differ from each other by a ramified character of F*¢

equivalently by a character of Nrd(o - 1,,).
In comparison, every Bernstein component Irr'(G*Z(G)) projects onto a single

Bernstein component for G¥, say Irr"ﬁ(Gﬁ). All the fibers of

or

(42) Resggz(c) - Im'(GFZ(@)) — Irrtﬁ(Gﬁ)
are homeomorphic to X, (Z(G)) = Xy (F*™?) 22 CX. In particular
(43) Ty =T/ X0 (Nrd(Z(Q))).

Lemma 2.6. The finite groups associated to t and t* are equal: Wy = Wiy.

Proof. As we observed above, t! is the only Bernstein component involved in the
restriction of Irr'(G*Z(G)) to G*. Hence W' C W¥. Conversely, if w € W(LF)
stabilizes ¢!, then it stabilizes the set of Bernstein components Irr* (G!Z(G)) which
project onto Trrt (G*). But any such ¢ differs from t only by a ramified character of
Z(@G). Since conjugation by elements of Ng(L) does not affect Z(G), w(t) cannot
be another t', and so w € W;. O
Gt Z(@)
Gt
Although [G : G#Z(G)] is sometimes infinite (e.g. if char(F) divides md), only
finitely many characters of G/G*Z(G) occur in relation to a fixed Bernstein compo-
nent. This follows from Lemma c and makes it possible to treat G*Z(G) C G as
a group extension of finite degree.

Given an inertial equivalence class s = [L,w]q, we define Irr®(G*Z(G)) as the set
of all elements of Irr(G*Z(G)) that can be obtained as a subquotient of Resgu e (m)

for some 7 € Trr®(G). We also define Rep®(G*Z(G)) as the collection of G*Z(G)-
representations all whose irreducible subquotients lie in Irr*(G*Z(G)). Tt follows
from Lemma 2.2/ and the above that Irr®(G*Z(@)) is a union of finitely many Bern-
stein components t for G*Z(G). We denote this relation between s and t by t < s.
Thus

(44) I (G Z(G)) = UHs I (GFZ(G)).

The above provides a complete picture of Res , so we can focus on Resgu 26

All the reducibility of G-representations caused by restricting them to G* can already
be observed by restricting them to G#Z(G). In view of and Lemma all our
results on Resgﬁ remain valid if we replace everywhere G* by G!*Z(G) and L! by
L' Z(@).

In view of , intertwining operators associated to Stab(s) span
Endes 7 (I§(w ® x)) whenever x € Xy, (L) is unitary. With results of Harish-

Chandra we will show that even more is true. For w € W(G, L) let
(45) J(w, I8(w ® X)) € Homg(I§(w @ x), IS (w(w @ X))

be the intertwining operator constructed in [25, §5.5.1] and [29, §V.3]. We recall
that it is rational as a function of x € Xy, (L) and that it is regular and invertible if
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X is unitary. In contrast to the intertwining operators below, can be normalized
in a canonical way.

For (w,v) € Stab(s, P N M) there exists a x’ € Xy, (L), unique up to Xy, (L,w),
such that w(w ® xv) 2 w ® x’. Choose a nonzero

(46) J(v,w® x) € Homp(w @ x,w ™ (wex'v ™).

In view of Lemma [2.4]b v determines w, so this is unambigous and determines
J(v,w ® x) up to a scalar. For unramified v we have x’ = x7, but nevertheless
J(7,w®x) need not be a scalar multiple of identity. The reason lies in the difference

between Ty and X, (L), we refer to [29, §V] for more background.
Parabolic induction produces

(47) J(y, IB(w®x)) = IE(J (v,w®x)) € Homg(IE(w®x), B (w  (w@x'y ™))
For w'(w,~) € Stab(s) with w’ € Wy and (w, ) € Stab(s, P N M) we define

(48) J(w'(w,7), I (w®x)) =
J(w' Igw®x'y™") o J(w, I (w™ (w ® X'v71))) 0 J(7, IE (w ® X))-

By construction this lies both in Homg (1§ (w ® x), IS (w'(w ® X'y~ 1))) and in

HomGuZ(G)(Ig(w ® x), IS (w' (w ® x'))). We remark that the map from Stab(s) to
intertwining operators is not always multiplicative, some 2-cocycle with values
in C* might be involved. However, in view of the canonical normalization of ,

(49) Wesw — {JWw, IS(w®x)) | x € Xu(L)}

is a group homomorphism.
The following result is the main justification for introducing Stab(s) in .

Theorem 2.7. Let w € Irr(L) be supercuspidal and let x1, x2 € Xnr(L) be unramified
characters.
(a) The following are equivalent:
(i) ResgﬁZ(G) (I§(w ® x1)) and Resguz(g) (I§(w ® x2)) have a common irre-
ducible subquotient;
(ii) Resguz(a) (I§(w®x1)) and ResguZ(G) (I§(w®x2)) have the same irreducible
constituents, counted with multiplicity;
(iii) w® x1 and w ® x2 belong to the same Stab(s)-orbit.
(0) If w® x1 and w ® x2 are unitary, then HomGuZ(G)(IICj(w ® x1), 1§ (w @ x2)) is
spanned by intertwining operators J((w,7), 1§ (w ® x1)) with (w,7) € Stab(s)
and w(w ® x17) = w & X2.

Proof. First we assume that w ® x; and w ® x2 are unitary. By Harish-Chandra’s
Plancherel isomorphism [29] and the commuting algebra theorem [25] Theorem
5.5.3.2], the theorem is true for G, with W, instead of Stab(s). More generally,
for any tempered py, p2 € Irr(L), Homg (I (p1), IS (p2)) is spanned by intertwining
operators J(w, I§(p1)) with w € W(G, L) and w - p; = pa.

For 7y, m € Irr(G) Proposition b says that ResguZ(G) (1) and Resguz(g) (72)
are isomorphic if mp = m ® 7 for some v € Irr(G/G*Z(@)), and have no common
irreducible subquotients otherwise. Together with this implies that

Hom s (6 (15 (w @ x1), I (w ® X2))
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is spanned by intertwining operators J((w,7),I§(w ® x1)) with w(w ® x17) =
w ® x2. Such pairs (w,v) automatically belong to Stab(s). Since both factors
of J((w,v),I$(w ® x1)) are bijective, the equivalence of (i), (ii) and (iii) follows.
This proves (b) and (a) in the unitary case.

Now we allow 1 and 2 to be non-unitary. Assume (i). From Proposition b we
obtain a v € Irr(G/G*Z(G)) such that I§(w® x17) and I§(w ® x2) have a common
irreducible quotient. The theory of the Bernstein centre for G [4] implies that w®x17y
and w ® 2 are isomorphic via an element w € W(G, L). Then (w,y) € Stab(s), so
(i) holds.

Suppose now that w(w ® x17) = w ® x2 for some (w,y) € Stab(s) and consider
the map

(50) H(G*Z(G)) x Xue(L) = C: (f,x) = tr(f, I8 (w @ X)) — tr(f, I5 (w(w ® 7X)))-

It is well-defined since Resgu Ig(w ® x) has finite length, by Proposition c. By
what we proved above, the value is 0 whenever y is unitary. But for a fixed f € H(G)
this is a rational function of x € X,;(L), and the unitary characters are Zariski-
dense in X (L). Therefore is identically 0, which shows that (I$(w ® x)) and
I§(w(w ® vx)) have the same trace. By Proposition c these G¥-representations
have finite length, so by [9, 2.3.3] their irreducible constituents (and multiplicities)
are determined by their traces. Thus (iii) implies (ii), which obviously implies (i). O

3. MORITA EQUIVALENCES

Let s = [L,w]q. We want to analyse the two-sided ideal H(G*Z(G))® of H(G*Z(G))
associated to the category of representations Rep®(G*Z(G)) introduced in Subsec-
tion [2:3] In this section we will transform these algebras to more manageable forms
by means of Morita equivalences.

We note that by we can regard H(G*Z(G))*® as a finite direct sum of ideals
associated to one Bernstein component:

(51) H(GEZ(GR))® = @Hﬁ H(GEZ(G))
Recall that the abelian group Irr(G/G*) acts on H(G) by
(- )(9) = x(9)f(9)-

We also introduce an alternative action of v € Irr(G/G*) on H(G) (and on similar
algebras):

(52) ay(f)=7""F
Obviously these two actions have the same invariants. An advantage of the latter
lies in the induced action on representations:

O&Y(ﬂ')zﬂ'oa;lzﬂ'(@’y.

Suppose for the moment that the characteristic of F' does not divide md, so that
G/G*Z(G) is finite. Then there are canonical isomorphisms

il 5~ il
(53) @ﬁe%@/w%(c Z(G)) = H(G*Z(G))
~ Irr(G/G*Z(G)) o
= (&) - @5e%(0)/~

where s ~ s’ if and only if they differ by a character of G/G*Z(G).

(H(G)7)X7®

)
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Unfortunately this is not true if char(F') does divide md. In that case there are
no nonzero Irr(G/G*Z(G))-invariant elements in H(G), because such elements could
not be locally constant as functions on G. In Subsection [3.3] we will return to this
point and show that it remains valid as a Morita equivalence.

Throughout this section we assume that the Conditions are in force.

3.1. Construction of a particular idempotent.

We would like to find a type which behaves well under restriction from G to G¥.
As this is rather complicated, we start with a simpler goal: an idempotent in H (M)
which is suitable for restriction from M to M*.

Recall from [24] that there exists an s-type (Kg,Ag), and that it can be con-
structed as a cover of a type (K, \) for spr = [L,w]ar. We refer to [7, Section 8] for
the notion of a cover of a type. For the moment, it suffices to know that K = KgNM
and that X is the restriction of Ag to K.

From (9) we know that Ng([L,w];) C M and by Condition [L.1] PM is a parabolic
subgroup with Levi factor M. In this situation [7, Theorem 12.1] says that there is
an algebra isomorphism

(54) exc H(G)en, = exH(M)ey
and that the normalized parabolic induction functor
1§, : Rep™ (M) — Rep®(G)

is an equivalence of categories.
By Conditions and we may assume that (K, \) factors as

K= Hi(K N M;) =: H K,
(A VA) = (@), A ). o).

Moreover we may assume that, whenever m; = m; and w; and w; differ only by
a character of L;/ Lg, K; = K; and \; and A; also differ only by a character of
K;/(K;n Lf) We note that these assumptions imply that 9%2 normalizes K. By
respectively , and there are isomorphisms

(55)

(56) GAGH(G)G/\G & 'H(M,)\) Rc End(c(V)\) = ®Z'H(Ml,)\l) Kc End(c(v,\i).

We need more specific information about the type (K, ) in M. To study this
and the related types (K, w(\) ®y) we will make ample use of the theory developed
by Sécherre and Stevens [22] 23], 24].

In [22] (K, ) arises as a cover of a [L,w|r-type (K, Ar). In particular A is trivial
on both KNU and KNU, where U and U are the unipotent radicals of PN M and of
the opposite parabolic subgroup of M, and Ay, is the restriction of A to K, = KN L.

Proposition 3.1. We can choose the syr-type (K, \) such that, for all (w,vy) €
Stab(s), (K,w(\) ® v) is conjugate to (K,\) by an element ¢4 € L. Moreover
cyZ(L) lies in a compact subgroup of L/Z(L) and we can arrange that ¢, depends
only on the isomorphism class of w(\) ® v € Irr(K).

Remark. For GL,(F') very similar results were proven in [I3, §4.2], using [§].
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Proof. By definition (K, \) and (K, w()\) ® 7) are both types for [L,w]ys. By Con-
ditions and they differ only by a character of M/M*Z(G) = G/G*Z(G),
which automatically lies in X*(w(s) ® v) = X*(s). Hence it suffices to prove the
proposition in the case w = 1,7 € X(s). This setup implies that we consider (w, )
only modulo isomorphism of the representations w(A) ® 7.

In view of the factorizations M = [], M; and (55), we can treat the various
i’s separately. Thus we may assume that M; = G. To get in line with [22], we
temporarily change the notation to G = GLy,,(D), L = GL,,,,(D)¢, Jp = K; and
w = wP*. We need a type (Jp,Ap) for [L,w]e with suitable properties. We will
use the one constructed in [22] as a cover of a simple type (J¢,\P¢) for [L,w|r.
Analogously there is a cover (Jp, A\p ® 7y) of the [L,w]|.-type

(J5, A7 @) = (7, (i @ 7)%).

7

In these constructions (J;, A\;) and (J;, A;®) are two maximal simple types for the su-
percuspidal inertial equivalence class [GLy,, (D), wi]ar,, (p)- According to [24, Corol-
lary 7.3] they are conjugate, say by ¢; € GLy,, (D). Then (J£, AP¢) and (J£, AP @)
are conjugate by

Cy,i o= diag(es, ¢, ..., ¢) € L.

Recall that P is the parabolic subgroup of G generated by L and the upper triangular
matrices. Let U be the unipotent radical of P and U the unipotent radical of the
parabolic subgroup opposite to P. The group Jp constructed in [22] §5.2] and [23]
§5.5] admits an Iwahori decomposition

(57) Jp=JpNU)(JpNL)(JpNU)=(H'NU)J¢(JNU).

Let us elaborate a little on the subgroups H! and Jp C J of G. In [23] a certain
stratum [&, ng, 0, 5] is associated to (GLy,, (D), w;), which gives rise to compact open
subgroups H}! and J; of GLy,, (D). From this stratum Sécherre [22, 5.2.2] defines
another stratum [2(, n, 0, 3] associated to (L,w®), which in the same way produces
H' and J. The procedure entails that H' and .J can be obtained by putting together
copies of H 2-1, Ji and their radicals in block matrix form. The proofs of [24] Theorem
7.2 and Corollary 7.3] show that we can take ¢; such that it normalizes J; and Hl1
Then it follows from the explicit relation between the above two strata that c,;
normalizes J and H'. Notice also that Cy,; normalizes U and U, because it lies in
L. Hence c,; normalizes Jp and its decomposition .

By definition [22, 5.2.3] the representation Ap of Jp is trivial on Jp N U and on
Jp NU, whereas its restriction to Jp N L equals )\?e. As ¢; conjugates A; to \; ® 7,
we deduce that ¢, ; conjugates (Jp, Ap) to (Jp,Ap ® 7).

To get back to the general case we recall that M = [[, M; and we put

(58) Cy = l_IZ Cyi = l_IZ diag(c;, ¢iy ..., Ci).

It remains to see that ¢, becomes a compact element in L/Z(L). Since J; is open and
compact, its fixed points in the semisimple Bruhat-Tits building B(GLy,, (D)) form
a nonempty bounded subset. Then c¢; stabilizes this subset, so by the Bruhat—Tits
fixed point theorem ¢; fixes some point x; € B(GL,,(D)). But the stabilizer of z;
is a compact modulo centre subgroup, so in particular ¢; is compact modulo centre.
Therefore the image of ¢, in L/Z(L) is a compact element. O
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In the above proof it is also possible to replace (Jp, Ap) by a sound simple type
in the sense of [24]. Indeed, the group J from [22, §5] is generated by Jp and JNU,
so it is also normalized by ¢, ;. By [22, Proposition 5.4]

(J,Ind7,(Ap)) and (J,Indj,(Ap ®7))

are sound simple types. The above proof also shows that they are conjugate by c- ;.
As noted in the proof of [22, Proposition 5.5], there is a canonical support preserving
algebra isomorphism

(59) H(M;, Ap) = H(M;, Ind7, (Ap)).
In particular the structure theory of the Hecke algebras in [22] also applies to our
types (K, A).

We write

1.
L= mxeXm(L) ker x.

Notice that G' = {g € G | Nrd(g) € o)} is the group generated by all compact

subgroups of G. Hence L' is the group generated by all compact subgroups of L.
We fix a choice of elements ¢, € L as in Proposition such that ¢, € !

whenever possible. This determines subgroups

XE(s)! = {1exks) | e, eLt),

(60) Stab(s, PN M)' = {(w,v) € Stab(s, PN M) | ¢, € L'}.

Their relevance is that the ¢, € L' can be used to construct larger s);-types from
(K, ), whereas the ¢, with v € X(s) \ X£(s) are unsuitable for that purpose. We
remark that in the split case G = GL,,(F) it is known from [6, Proposition 2.2] that
one can find ¢, € L! for all v € X%(s).

Consider the group

Stab(s, A) = {(w, ) € Stab(s, PN M) | w(\) ® v = X as K-representations}.
The elements of this group are precisely the (w,7y) € Stab(s, P N M) for which
Cw(\)@y = EA-

Lemma 3.2. Projection on the first coordinate gives a short exact sequence
1 — XL(s) N Stab(s,\) — Stab(s, \) — R — 1.
The inclusion X (s) — Stab(s, PN M) induces a group isomorphism
XE(s)/(XE(s) N Stab(s, \)) — Stab(s, P N M)/Stab(s, \).

Proof. Let (w,~) € Stab(s, PNM). Then w(\)®7y = A®+/ for some v/ € X*(s) and
(w,~y) € Stab(s, \) if and only if 4/ € Stab(s, A). Hence all the fibers of Stab(s, \) —

! have the same cardinality, namely |X%(s) N Stab(s,A)]. The required short
exact sequence follows. The asserted isomorphism of groups is a direct consequence
thereof. O

Motivated by Lemma [3.2| we abbreviate
XE(s,\) := XE(s) N Stab(s, \),
(61) XE(s/N) = XE(s)/XE(s, ),
XE(s/M) = XE(s)1/XE(s, ).
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The latter two groups are isomorphic to respectively
Stab(s, PN M)/Stab(s, \) and Stab(s, P N M)!/Stab(s, \).
By Lemmathe element 3 vy €xey € H(K) is well-defined and idempotent.

Clearly this element is invariant under X *(s), which makes it more suitable to study
the restriction of Rep®(G) to G*. However, in some cases this idempotent sees only
a too small part of a G-representation. This will become apparant in the proof of
Proposition [3.9]d. We need to replace it by a larger idempotent, for which we use
the following lemma.

Lemma 3.3. Let (w,V,,) € Irr(L) be supercuspidal and write s = [L,w]g. There
exist a subgroup Hy C L and a subset [L/H] C L such that:

(a) [L/H,] is a set of representatives for L/H)y, where Hyx C L is normal, of finite
index and contains L*Z(L).

(b) Every element of [L/H,] commutes with W and has finite order in L/Z(L).
(¢) For every x € Xn:(L) the space

-1
ZQE[L/HA] Z’YEXL(S) aer eyt Vuex

intersects every L¥-isotypical component of Voey nontrivially.
(d) For every (mw,Vy) € Irr®™ (M) the space

—1
Zae[L/HA] ZweXL(s) gy Va

intersects every MF-isotypical component of Vi nontrivially.
Proof. (a) First we identify the group H). Recall the operators I(y,w) € Homp, (w®
v,w) from (I4)), with v € X*(s,A\) N XX (w). Like in and [16, Corollary 2.10],
these provide a decomposition of L¥-representations
W = @ Hom(C[XL(s,)\)mXL(w),nw](pa w) @ p.
pelrr(CIX L (s, )NX L (w),kw])

Let us abbreviate it to

(62) V, = @p Vi p-

It follows from Proposition and that all the summands V, , are L-conjugate
and that Staby,(V,,,) is a finite index normal subgroup which contains L*Z(L). This
leads to a bijection

(63) Irr(C[X P (s, \) N X T (w), ky]) ¢— L/Stabr (V).
We claim that
(64) Z’YEXL(S) e)\L(X)’wa

is an irreducible representation of a subgroup N C L that normalizes K. From [22]
Théoreme 4.6] it is known that

(65) €>\L®’7H(L)6>\L®’Y = O(TS) ® EndC(VAL@W)’

where Endc (V) gy) corresponds to the subalgebra ey, o H (K )ex, gy Since

(Kr,A\L ®7) is a type for [L,w ® v]r, every ey, g, V., is isomorphic, as module over
the right hand side of , to C; ® V), @y for a unique t € T°. The action of K,
goes via ey, gy H(K)ex, @y, 50 ex, @y Ve is already irreducible as Kp-representation.
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Since Z(L)-stabilizes this vector space, it also irreducible as representation of the
group K1 Z(L).

These representations, with v € X%(s/)\) are inequivalent and permuted tran-
sitively by the elements c, from Proposition Hence is irreducible as a
representation of the group N generated by K1 Z(L) and the c,.

Suppose now that intersects both V,, ,, and V,, ,, nontrivially. By the above
claim, N contains an element that maps V,, ,, to V,, ,,. It follows that, under the
bijection , the set of p’s such that V,, , intersects nontrivially corresponds
to a subgroup of L/Stabr (V. ,), say Hy/Stabr(V,,,). Because L/Stabr(V, ,) was
already finite and abelian, H) has the desired properties.

We note that none of the above changes if we twist w by an unramified character
of L.

(b) Recall that L = [[, GLy,, (D)% and that the reduced norm map D* — F* is
surjective. It provides a group isomorphism

L/HA — FX/NI‘d(H)\),

and Nrd(H,) contains Nrd(Z (L)) = F*° where e is the greatest common divisor
of the numbers m;. We can choose explicit representatives for L/H,. It suffices to
use elements a whose components a; € GL,,, (D) are powers of some element of the
form

0 1 0 - 0
0 0 1 - 0
: : GGLmi(D)v
0 O 0 1
d; 0O 0 O

that is, the matrix of the cyclic permutation (1 — m; - m; — 1 — ---3 — 2), with
one entry replaced by an element d; € D*. In this way we assure that a has finite
order in L/Z(L), at most ed.

If two factors L; = GLy,, (D) and Lj = GLy,,; (D) of L = []; Li* are conjugate via
an element of Wsﬂ, then m; = m; and the corresponding supercuspidal representa-
tions w; and w; differ only by a character of GL,,,(D), say n. As in the proof of
Proposition let (J;, A\;) be a simple type for (L;,w;). As in we use the type
(Ji, A@mn) for (Lj,wj).

Given v € X (s,\) N XL (w), we can factor

I(,}/’ w) = Hz I(’V’ wi)@ei7

with I(,w;) € Homp, (w; ®~,w;). Here we can simply take I(,w;) = I(y,w;). Then
the decomposition of V,,; in isotypical subspaces V,,, , for C[X Lis,\) N XE(w), kul,
like is the same as that of V,,,, and

_ De;
)

Suppose now that a component a; of a as above maps V., , to V,,, ,». Then a; also

maps Vi, , to Vi, », so we may take a; = a;. With this construction a = «a?ei

commutes with Wﬁ
We fix such a set of representatives a and denote it by

(66) [L/H)] ={a |l € L/H\}.
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(c) Let x € Xyur(L) and consider any p € Irr(C[X (s, \) N XL (w), k,]). By construc-
tion

-1
(67) ZaE[L /H)] Z’YGXL(E) aerLay@ Vusx

intersects Vg, nontrivially. All the idempotents ae,\L®,ya*1 are invariant under
XE(s,A) N XE(w) because ey, is. Hence aey,g,a Vg, is nonzero for at least
one of these idempotents. The action of X (w)/X*(w) N Stab(s,\) permutes the
idempotents ae) L®7a_1 faithfully, so by Frobenius reciprocity the space

-1
nyeXL ) aex; v Vey

contains all irreducible representations of C[X%(w ® X), kwgy| that contain p. As
p € Ir(C[X%(s,\) N X*(w), ky]) was arbitrary, (67) contains all irreducible repre-
sentations of C[XE(w ® X), kway). With (for L) this says that intersects
every Lf-isotypical component of Vg nontrivially.

(d) Let # € Irr®™ (M) and choose x € Xy, (L) such that 7 is a subquotient of
IM (w0 ® x). Lemma d. in combination with the equality W (M,L) = W,
shows that

XM(m)yc X wex) = XE(Ww).
Since (K, A ®7) is a type,
ae>\®7a*1V7r #0

for all possible a,y. The group X’ (s, \) N XM (7) effects a decomposition of the
MP-representation V, by means of the operators I 1{\)40 u (7, w®x). Analogous to (62)
we write it as

(68) Vi o

Vr = @pelrr(C[XL(5,)\)ﬁXM(7r),/iw])

The construction of H) entails that

—1
Zae[L/H,\] Z'yeXL(s) @ergy@ Vr

intersects every summand V; , of nontrivially. Now the same argument as
for part (c) shows that this space intersects every MP-isotypical component of Vj
nontrivially. Il

With and Lemma we construct some additonal idempotents:
eur, ‘= Z'yeXL(s/)\) exr®y € H(KL),
-1
ZGG[L/HA} ae, o € H(L),
ZWEXI‘(E/)\) EARy € H(K)a
ey = Zae[L/HA] ae at € H(M).

Lemma 3.4. The four elements in are idempotent and Stab(s, PNM)-invariant.
Furthermore ey, ,ej € H(L)*™ and ey, €, € H(M)™M.

ey :

6;,,2
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Proof. We only write down the proof for the last two elements, the argument for the
first two is analogous.

We already observed that the different idempotents e)g, are orthogonal, so that
their sum e, is again idempotent. We claim that e = a;e )@Val_l and e’ = ape >\®7/al_,1
are orthogonal unless [ =’ and v = /.

By construction, the images of e and €’ in EndC(VI%Mw) are orthogonal. This
remains true if we twist w by an unramified character y € X,;(L). But the M-
representations [ ijm 1 (W®x) together generate the entire category Rep™ (M). Hence
ee’ = ¢’e = 0 on every representation in Rep®™ (M).

Since ey € H(M)*™ and that algebra is stable under conjugation with elements
of M and under Stab(s) by (72), all the aexg,a™! lie in H(M)*™. Thus e, e’ €
H(M)*™ | and we can conclude that they are indeed orthogonal. This implies that
ey € H(M)*M is idempotent.

Since e)g- is invariant under X (s, \), so is e,. The action of X% (s) commutes
with conjugation by any element of M, hence the sum over v € X*(s/)\) in the
definition of e, makes it X (s)-invariant.

By and the last part of Proposition ey is invariant under Stab(s, P N
M) (but not necessarily under W;). By Lemma [3.3|b this remains the case after
conjugation by any a € [L/H,]. Hence ae,a™! and €3, are also invariant under
Stab(s, P N M). O

We can interpret the group L/H) from Lemma in a different way. Define
Vi =V, =eu Vo,

(70) Xw, V) = {y € X (w) | I(y,w)|y, € C*idy, }.

Lemma 3.5. There is a group isomorphism L/Hy = TIrr(X T (w, V).

Proof. We use the notation from the proof of Lemma Consider the twisted
group algebra

(71) C[XE(s,)) N XE(w), ky).

We noticed in and that all its irreducible representations have the same
dimension, say 6. Let C be the subgroup of X%*(s,\) N X’ (w) that consists of
all elements v for which I(y,w) acts as a scalar operator on V,, ,. Since all the
Vi,p are L-conjugate, this does not depend on p. As the dimension of equals
| XE(s,\) N X*(w)|, we find that
(XE(s,\) N XT(w) : O] = 6% and |C| = [L : Stab,(Vi,,)]-

Since C acts on every V,, , by a character, we can normalize the operators I(v,w)
such that s,|cxc = 1. The subalgebra of spanned by the I(v,w) with v € C

has dimension |C|, so every character of C' appears in V,, , for precisely one p €
Irr(C[XE(s,A) N XL (w), kw]). Now we see from that

C = Irr(L/Stabr (V. ,)) and Irr(C) = L/Stabr(V,,,,).

Under the this isomorphism the subgroup Hy/Stab(V,, ,) corresponds to the set of
character of C that occur in V,. That set can also be written as Irr(C/ X (w, V},)).
Hence the quotient

L/Hy = (L/Stabr,(V,,,))/(Hx/Stabr,(V,.,p))
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is isomorphic to Irr(X % (w, V). O

3.2. Descent to a Levi subgroup.

Motivated by the isomorphisms we focus on (H(G))X“®). We would like to
replace it by a Morita equivalent subalgebra of H(M)*M, where s); = [L,w]y and
s = [L,w|g. However, the latter algebra is in general not stable under the action of
X%(s5). In fact, for (w, ) € Stab(s) we have

(72) v - H(M)SM = H(M)[L,w@y—l}M — H(M)[L,w-w]M _ H(M)w(ﬁM).

Let us regard SRE from Lemma ¢ as a group of permutation matrices in G. Then
it acts on M by conjugation and we can form the crossed product

H(M x RE) = H(M) x 9R®E.
We define (M x 9R!)® as the two-sided ideal of H(M x R%) such that

Ind¥ o (V) € Rep?(G) for all V € Mod(H(M x RE)®).

Lemma 3.6. The algebra H(M x R equals (D, et H(M)wEa)) s R/

Proof. First we note that Res EM)W}') (V) € X pew.m Mod(H (M)®Em)) for all

eligible V, because these w(sys) are only inertial equivalence classes for M which

lift to 5. Hence
HM >R C Y > H(M
TE%E weWs

The right hand side satisfies the defining property of H (M x s)%ﬁ)s , so both sides are
equal. Because W, C M and H(M)*MH(M)*Em) = 0 for w € RE\ {1}, the right
hand side is actually a crossed product in the asserted way. U

By the algebra from Lemma [3.6]is stable under X“(s). We extend the action
a of X*(s) on H(M) to Stab(s) by

(73) Q) (f) = w(y ™ fluw™

Given w € R}, Lemma d shows that there exists a v € Irr(L/L*Z(G)) such that
(w,~) € Stab(s), and that v is unique up to X”(s). Hence w Q(w,y) determines a

group action of R? on (H(M))X" ). By this action stabilizes (H (M )sm)X" ().
Using this action, we can rewrite the a-invariant subalgebra of H(M x i)%g)ﬁ conve-
niently:

Lemma 3.7. There is a canonical isomorphism
G
(H(M « %g)s)X (s) ~ (H(M)SM)XL(B) ><I gﬁig
Proof. Using Lemma and the fact that X(s) fixes all elements of (C[%g], we can

rewrite
(MM 5 35°) ) = (D), Mo X6 sq oqg) XA,
By Lemma [2.4]d this is 5
(D, o 1 HADP)X Oy % & (Ende(CIRY) ® (H(M)* )X )7,
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In the right hand side the action of 9{5 has become the regular representation on
End@(C[Q{g]) tensored with the action a(, ) as in (73). By a folklore result (see

26l Lemma A.3| for a proof) the right hand side is isomorphic to (H (M )M Xt (s) X
) b g p
e 0

In Proposition [3.9) we will show that the algebras from Lemma [3.7] are Morita
equivalent with (H(G)*)X“©),

We recall from Lemma that e}, in is Stab(s, P N M)-invariant, so from
we obtain an action of Stab(s, PN M) on ej,H(M x RE)ses

Lemma 3.8. The following algebras are Morita equivalent:
H(G)S, H(M)™M  H(M x RE)®, €3, H(M)e, and e5,H(M x RE)ses,.

Proof. We will denote Morita equivalence with ~j,s;. The Morita equivalence of
H(G)* and H(M)*M follows from the fact that Ng(sp) € M. It is given in one
direction by

(74) 1S, : Mod(H(M)*) = Rep*™ (M) — Rep®(G) = Mod(H(G)*)
and in the other direction by
(75) Prs,, © T8ar - Rep®(G) — Rep®(M) — Rep™ (M),

the normalized Jacquet restriction functor rgM followed by projection on the factor
Rep®™ (M) of Rep®(M). Lemma (3.6 shows that

(76) H(M)™ ~pp H(M x RE,
the equivalence being given by

H(M xRq MSR
IdE;M)—Id”

With the bimodules e, H(M)*™ and H(M )*Mej, we see that
(77) epH(M)eqy = eaH(M)™Meqy ~ar H(M)™ eq H(M)™

Since (K, A) is an s/-type, every module of H(M)*M is generated by its A-isotypical
vectors and a fortiori by the image of e}, in such a module. Therefore

H(M)MeS,H(M)™ = H(M)*M.
The same argument, now additionally using , also shows that
H(M x REY® ~py 5, H(M x RE%es,. O

The above lemma serves mainly as preparation for some more involved Morita
equivalences:

Proposition 3.9. The following algebras are Morita equivalent to (H(G))X®):

(a) (H(M x RE)%)XE) o (3 ()= )X ) s 1
(b) H(M)"™ x Stab(s, PN M);

(c) e H(M)e5, »x Stab(s, PN M);

(d) (e5,H(M)es,) " x RE,
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Proof. For the definitions of the finite groups see page [12}
(a) The isomorphism between the two algebras is Lemma Let U be the unipotent
radical of PM. As discussed in [19], there are natural isomorphisms

15y (V) = CX(G/U) @y V V € Rep(M),
ren(W) = C2(U\G) @y W W € Rep(G).

For V' € Rep®™ (M) we may just as well take the bimodule C°(G/U)H(M)*™ | and
to get the bimodule H(M)*M C°(U\G) is suitable. But if we want to obtain

modules over H (M x i)fig)s, it is better to use the bimodules
CE(GIUY =D, e CZ(G/UYH(M) ) = CX(G/UYH(M x R,
CeU\G)y =P ol H(M)PEICE(UN\G) = H(M 3 RE*C(U\G).
Indeed, we can rewrite as
I50(V) = CZ(GUYH(M)™ @yyapyenr V
= COO(G/U)s Qn(mym V

H foﬁﬁ)a H(M X %ﬁf H(M)”W V

Ind {0 ) (1),

= CSO(G/U)B ®”H(M mi)s H(M)M

Similarly translates to
d % o pr, 0 rSyy = H(M 5 R @pyansas HOMCZ(U\G) 00 W
= H(M x R CZ(U\G) @n(aye W
= CX(U\G)® @ q)s W.
These calculations entail that the bimodules C°(G/U)* and C°(U\G)® implement
(78) H(G)® ~pr H(M x RE)®.

These bimodules are naturally endowed with an action of X(s), by pointwise mul-
tiplication of functions G — C. This action is obviously compatible with the group
actions on H(G)* and H(M x %)%, in the sense that

v (fif2) = (v - fu)(v- fo) and - (fafs) = (v fo)(v - f3)

for v € X%(s), f1 € H(G), fo € CX(G/U)S, f3 € H(M x RE)*. Hence we may
restrict to functions supported on ﬂwe XG(s) ker v, and we obtain
00 G 00 G ~ G
(79) (CG/yy e O H(Mrxmtye)xC o) (CE(UN\G)H)¥™) = (1(G)") X",
(o) G (o] G ~J G
(C2UNG) YO @y o) (C2(GIUYX O 2 (MM 0 1)) X7,

(b) Consider the idempotent
— v L(ey -1 L
p= XM YL € CIXEG)L
It is easy to see that the map
(H(M)) X O 5 p(H(M)™ 3 XE(s))p + a v pap
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is an isomorphism of algebras |26, Lemma A.2|. Therefore (H (M )™ )XL(E) is Morita
equivalent with (H(M)*M x XL (s))p(H(M)*M x X L(s5)), via the bimodules p(H (M) x
X1(s)) and (H(M)*™ x X*(s))p. Suppose that

(H(M)™ x XE())p(H(M)*™ x X(s)) C H(M)™ x XE(s).

=

Then the quotient algebra
H(M)™ x XL (s) /(H(M)™ x XE(s))p(H(M)™ x X (s))

is nonzero. This algebra is a direct limit of unital algebras, so it has an irre-
ducible module V' on which it does not act as zero. We can regard V as an ir-
reducible H(M)*™ x X (s)-module with pV = 0. For any 7 € Irr*M (M ) we have
XM(r) ¢ XL (w) since W(M, L) = W, and by Lemma [2.4 *d By and (19)
the decomposition of Vi over M*Z(G) is governed by C[X Now Clifford
theory (see for example [27, Appendix A]) says that, for any p € Irr((C[X M(1), k),

H(M)*M xXL (s
Ind’HEMgﬁM :XM((;) (Ve ®p")

is an irreducible module over H (M) x X *(s). Moreover every irreducible H (M )*M x
X1 (s)-module is of this form, so we may take it as V. But by
(80) p appears in V.

Hence V, ® p¥ has nonzero X (w)-invariant vectors and pV # 0. This contradiction
shows that

(81) (H(M)*™ s XE(s))p(H(M)™™ x XL (s)) = H(M)*™ x XL(s).
Recall from Lemma [3.7] that
(H(M™ 3 R/8)%)X6) 2= (325X ) 5 RE = p(H(M)™ x Stab(s, P N M))p.
The bimodules p(H (M )™ x Stab(s, PNM)) and (H(M)*M x Stab(s, PN M))p make
it Morita equivalent with
(H(M)*™ x Stab(s, PN M))p(H(M)*™ x Stab(s, P N M)),

which by equals H(M)*M x Stab(s, PN M).

(c) This follows from and Lemma upon applying xStab(s, P N M) every-
where.

(d) First we want to show that

(82) (SRR ~ar e HM)eRy x X (s).

To this end we use the same argument as in part (b), only with e$, 7 (M)ef, instead
of H(M)*™. Everything goes fine until . The corresponding statement in the
present setting would be that every irreducible module of C[ X (), ] appears in
e Vr. By |17 this is equivalent to saying that e}V intersects every M f-isotypical
component of V; nontrivially, which is exactly Lemma [3.3]d. Therefore this version
of does hold. The analogue of is now valid, and establishes . The
bimodules for this Morita equivalence are

p(es,H(M)es, x XT(s)) and (e5,H(M)e5, x XE(s))p.

The same argument as after makes clear how this implies the required Morita
equivalence

€S, H(M)eS, x Stab(s, P N M) ~up (€5, H(M)e5,) X ® x e, 0
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From the above proof one can extract bimodules for the Morita equivalence

(83) (S HM)eq,) @ 0 9~y (M) )X s 3RE,
namely
(84) (H(M)™e5,)X @ st and  (e3,H(M))X" ) % niE,

It seems complicated to prove directly that these are Morita bimodules, without the
detour via parts (b) and (c) of Proposition

3.3. Passage to the derived group.

We study how Hecke algebras for G* and for G*Z (G) can be replaced by Morita
equivalent algebras built from H(G). In the last results of this subsection we will
show that a Morita equivalent subalgebra H(G*)® is isomorphic to subalgebras of

H(G)* and of H(M x RE)s.
Lemma 3.10. The algebra H(GZ(G))® is Morita equivalent with (H(G)*)X®).

Proof. Let op be the ring of integers of D. Let C} be the [-th congruence subgroup
of GL,,(0p), and put C; = C; N G*Z(G). The group G*Z(G)C is of finite index in
G, because Nrd(G*Z(G)C)) contains both ™4 and an open neighborhood Nrd(C))
of 1 € F*. By Lemma c we can choose [ so large, that every element of X%(s)
is trivial on C; and that all representations in Rep®(G) have nonzero Cj-invariant
vectors. Let ec, € H(C)) be the central idempotent associated to the trivial repre-
sentation of Cj. It is known from [4, §3] that (Cj,triv) is a type, so the algebra

H(G,C))° =ec,H(G) ec,

of Cj-biinvariant functions in H(G)* is Morita equivalent with H(G)?. The Morita
bimodules are ec,H(G)® and H(G)%ec,. Since X%(s) fixes ec,, these bimodules
carry an X (s)-action, which clearly is compatible with the actions on H(G)® and
H(G,Cy)*. We can restrict the equations which make them Morita bimodules to
the subspaces of functions G — C supported on ﬂ% XG(s) ker~y. We find that the

bimodules (eclH(G)S)XG(ﬁ) and (H(G)ﬁecl)xc(s) provide a Morita equivalence be-
tween

(85) (H(G))X®  and  (H(G,C))*)¥ 6,

We saw in that Irr*(G*Z(G)) is a union of Bernstein components, in fact a
finite union by Lemma Hence we may assume that every representation in
Irr*(G*Z(G)) contains nonzero Cj-invariant vectors. As (C}triv) is a type, that
suffices for a Morita equivalence between

(86) H(G*Z(G))® and H(G*Z(G),C)) .

We may assume that the Haar measures on G and on G*Z(G) are chosen such that
C; and Cf get the same volume. Then the natural injection

CI\G*2(Q)/Cl = G\ G/Cy
provides an injective algebra homomorphism

(87) H(G*Z(G),C)) — H(G,Cy),
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whose image consists of the Irr(G/G*Z(G)C))-invariants in H(G,C;). Let B(G);
be the set of inertial equivalence classes for G corresponding to the category of G-
representations that are generated by their Cj-invariant vectors. The finite group
Irr(G/G*Z(G)Cy) acts on it, and we denote the set of orbits by B(G);/ ~. Now we
can write

# NS _ 4 N~
@se%(c)l/NH(G Z(G), ) =H(G Z(G), () =
Ir(G/GR2(G)Cr) — 5\ XC(s)

By considering the factors corresponding to one s on both sides we obtain an iso-
morphism

H(G'2(0).C])° = (H(G.C*) .
To conclude, we combine this with and . O

The Morita equivalences in parts (a) and (d) of Proposition for algebras
associated to G*Z (@), have analogues for G*. For parts (b) and (c), which involve
crossed products by Stab(s, P N M), this is not clear.

Lemma 3.11. The algebra H(G?)* is Morita equivalent with
(H(G)*) X OXn @) g with  (H(M)7) X" ©Xnr(@) 5 1

Proof. By we have

(83) H(GHY = (H(GEZ(G))e) (2@,

As Xu(G/Z(@)) € XL (s) € X% (s), every x € Xu(Z(G)) extends in a unique way
to a character of H(G)¥ (). In other words, we can identify

(89) Xur(Z(@)) = Xue(G) in Irr(G/GF) / X (5).
All the bimodules involved in and carry a compatible action of . We

can restrict the proofs of these Morita equivalences to smooth functions supported
on G' =N @) ker xy. That leads to a Morita equivalence

(H(GFZ(@))) D) g (H(G)2) X (@),
Let us take another look at the Morita equivalence (78)), between H(G)* and H(M x

mﬁ)s . The argument between and also works with X% (s)X,,,(G) instead
of X%(s), and provides a Morita equivalence

XEan(

(90) (H(G)S)XG(5)an(G) ~ 0 (H(M )4 mg)s)XG(E)XnT(G).
The isomorphism in Lemma is Xy, (G)-equivariant, so it restricts to
(MM 0 93E)°) X OXen(@) e (g gy ) X Xer () o g3, O

We would like to formulate a version Lemma with idempotents in H(G) and
H(M). Consider the types (Kg, A\¢ ® 7) for v € X“(s).

Lemma 3.12. Let 7,7 € X%(s).

(a) The Kg-representations \g @7 and A\g @7 are equivalent if and only if v~/ €
XL(s,N).
or any a,a’ € e idempotents aey.o~ra - and a'ey g~ (a')"" are orthogona
b) F ' € M the idempotents aey g a~ ' and d'ex,gqy(a') ! th !
if vy € XC(s) \ X"(s).
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Proof. (a) Suppose first that 719" € X%(s)\ X©(s). Then (K, \) and (K, A\®+~) are
types for different Bernstein components of M, so A and A ® 7 are not equivalent.
As both Ag and ~ are trivial on Kg NU and on Kg N U, this implies that A\g and
Ag ® v are not equivalent either.

Now suppose that v € X% (s). By the definition of Stab(s, \), the K-representations
A and A ® v are equivalent if and only if v € Stab(s, A). By the same argument as
above, this statement can be lifted to A\g and Ag ® 7.
(b) Consider the idempotents aeygya™! and d’ergy(a’)™' in H(M). They belong
to the subalgebras H (M) and H(M)*»®Y' | respectively. Since X*(s) = XM (s)
and X% (s) # 4/ X%(s), these are two orthogonal ideals of #(L). In particular the
two above idempotents are orthogonal.

Let (Kg NU) denote the idempotent, in the multiplier algebra of H(G), which
corresponds to averaging over the group Kg NU. Then

aerpora = a{Ke NUY(KgNU)ergya
= (a(KgnU)a Na(Kg N U)a_1>ae,\®7a_1
Similarly
a’eAG@W(a')_l = aexgya H{a(KeNU)a ') {a(Ke N U)a™b)
Now we see from the earlier orthogonality result that
ae,\G®7a_1a’e>\G®7/(a')_1 =0. O
Generalizing we define
X%(s/N) = XY(s)/(XE(s) N Stab(s, \)).

By Lemma the elements

g ‘= ZWGXG(ﬁ/)\) CAG®Ry S H(G),
to_ -1
(91) 6)\@ T ZGE[L/H/\] Auga € %(G)’

f._ -1
ey = ZaE[L/HA] Z’yGXG(s/)\) aexgya € H(M)

are idempotent. We will show that the latter two idempotents see precisely the cat-
egories of representations of G and G* (resp. M and M?¥) associated to 5. However,
in general they do not come from a type, for the elements a € [L/H,] and ¢, € L
need not lie in a compact subgroup of G.

Lemma 3.13. Let (m,V;) € Irr*(G). Then eﬂ/\GV7r intersects every G'-isotypical
component of Vi nontrivially.

Proof. The twisted group algebra C[X%(r), k,] acts on V, via intertwining opera-
tors. In view of , we have to show that eﬁ)\G V: intersects the p-isotypical part of
Vi nontrivially, for every p € Irr(C[X % (), kir]).
Choose x € Xy, (L) such that 7 is a subquotient of I$(w ® x). Then
XCmynxte ) c XxEwey).
As observed in the proof of Lemma [3.3]d, every irreducible representation of
C[X%(m) N XE(5,\), kwey] appears in eﬁ)\G V. The idempotents

(92) {aerpowna t a € [L/Hy],y € X%(s)}
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are invariant under X% (s, \) because ey is, and they are mutually orthogonal by
Lemma As these idempotents sum to et it follows that every every irre-

A’
ducible representation of C[X%(7) N XL(s,\), kwg,y| already appears in one sub-
space aey,@~a Vi The quotient group X (m)/X%(7)N XL (s, \) permutes the set
of idempotents faithfully. With Frobenius reciprocity we conclude that every
irreducible representation of C[X% (), k] appears in eu/\G Va. O

Lemma 3.14(.; (a) The algebras e%\G”H(G)XG(ﬁ)eﬂ)\G = (eﬁ/\GH(G)eﬁ)\G)XG(s) and
(H(G)E)X ©) are Morita equivalent.
(b) (H(G)s)XG(s)an(G’) ~ (ech(G)eig)XG(ﬁ)Xw(G).

Proof. (a) Because all the types (Kg, A\g®7) are for the same Bernstein component s,
the idempotent eﬁA sees precisely the category of representations Rep®(G). Therefore
G

the bimodules 6§GH(G) and ’H(G)eﬁ)\c implement a Morita equivalence
(93) H(G)* ~u e H(G)eS.

The same reasoning as in parts (b) and (c) of Proposition establishes Morita
equivalences

(H(G*) ) ~as HG) 2 X(s) ~oar (5 H(G)S) 3 X o).

To get from the right hand side to (eﬁ)\GH(G)eﬁAG)XG(ﬁ) we follow the proof of Propo-

sition [3.9]d. This is justified by Lemma [3.13]
(b) The above argument also shows that the Morita equivalence of part (a) is im-
plemented by the bimodules

(94) A HG) D and H(G)YOE

€>\G.

These bimodules are endowed with actions of X, (G). Taking invariants under these
group actions amounts to considering only functions supported on G'. We note
that e&c is supported on G! and that this is a normal subgroup of G. Therefore
the equations that make (94) Morita bimodules restrict to analogous equations for
functions supported on G*, which provides the desired Morita equivalence. O

Recall the idempotents e, €5, from and eu/\G, e%\, eue from .

Proposition 3.15. There are algebra isomorphisms
(a) €5 H(G)e5, = i&%(M x RE)eh )
L

(b) (€5, H(G)eR )XI® = (A H(M = RE)e§)XT®) = (5, H(M)e3,) ¥ () 4 L,
(c) between the three algebras of Xy (G)-invariants in (b).
Moreover the isomorphisms in (b) and (c) can be chosen such that, for every ay,as €
[L/H)]|, they restrict to linear bijections

(a16uH(G)epna; )X v (are, H(M)epay )X ®) xR,

(aleucH(G>eucaz_l)XG(g)an(G) — (aleMH(M)euCZQ_l)XL(E)an(G) X %g
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I

Proof. For any v € X~(s) and w € R’ there exists a7’ € X%(s) such that w(A®~)
A ®~' as representations of K. Hence

eg\H(M X iﬁﬁ)eg N H(M)PEM) = wes w™  H(M ) wefw™,
(95) EH(M x RE)e, = (@wemg wed H(M)egwt) x RE.
We note that the right hand side of is isomorphic to
(96) Sy H(M)es, ® Ende(CRE)
The equality also shows that

G
(EH(M % 9)eh) X0 = (D) (wes H(M) e w )X @) s ;8) ¥ O/X0),

wefﬁg
We can apply the argument from the proof of Lemma [3.7] to the right hand side,
which gives a canonical isomorphism

(97) (EHM x RO 2= (&5, H(M)e5) X" xR,

Notice that for a € L/H) the idempotents ae,a~! and a’Z’yEXG(s/)\) expya ! are

invariant under Stab(s, P N M) and X%(s), respectively. Hence we can write
(98)

# f \XCG(s) _ —1\X€
(AHGE T =D,y (@1enHGengaz )X,
5 5 \XL(s) f_
(e H(M)edy) X R, = ®a1,a26[L/H>\}

It is clear from the proof of Lemma that the isomorphism respects these
decompositions. Moreover is equivariant with respect to the actions of Xy, (G),
so it restricts to

(A H(M x RE)eh)XTOXu(G) o (8 2 (M)e5) X O Xur(G g RE

(ale“”H(M)ean_l)XL(ﬁ)an(G) x RE.

We have proved the second isomorphism of part (b) and of part (c).
For every v € X%(s/)\) and a € [L/H,] one has

aeAG®7a_1H(G)ae>\G®7a_1 = aa;l(eAG@MH(G)e;\G@V)a_l = exgor H(G)expan -

By Lemma these are mutually orthogonal subalgebras of e%\G’H(G)eﬁAG. The

inclusion

aergera TH(G)aey gya Tt — eﬂ/\GH(G)eiG

is a Morita equivalence and for all V' € Rep(G)*:

eigv = @ @ ae,\G@Wa_lV.

a€[L/Hy\] v€XG (s/))

It follows that the ae AG@ya_l form the idempotent matrix units in some subalgebra
M, (C) C eg\G’H(G)eﬂAG, and that

A H(G)el, = ero H(G)er, ® My (C)
where n = |L/H,||X%(s/)\)].

The same argument shows that

G%H(M)G?\/] = GAH(M)G)\ X Mn/((C),
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where n’ = |L/Hy||X*(s/)\)|. Since (Kg, \g) is a cover of (K, \),
ext(M)ey = ex H(G)ex-
By Lemma [3.12]
n' [RE| = |L/HA|IXF (/M) 1RE] = |L/HA X (s/0)] = n.
With we deduce that

(99) SHM x RE)el =2 ex H(G)er, ® My(C) = e _H(G)el
proving part (a). It entails from that

(100) 5, .CE(G/U)el, and  SC2(U\G)ef

are bimodules for a Morita equivalence

(101) SH(M 3 RE)e§ ~ e H(G)eS .

But by these algebras are isomorphic, so the bimodules are free of rank 1 over
both algebras.
Similarly, it follows from that

(102) (C2(G/UYHXE) and  (C(U\G)?)X7®

are bimodules for a Morita equivalence between (H(G)*)X“©) and (H (M xR%)*) X6,
By Lemma Proposition and (97) there is a chain of Morita equivalences

G G G
(MG YT ~ar (H(GP)¥TO mar (M > RE)?)¥E)
~ar (GH(M x R)5) ).

The respective Morita bimodules are given by , (102) and . In relation to
(97) we can rewrite as

(103)

(104) E(H(M x RHHXTE and  (H(M » RE%HX TGk
It follows that Morita bimodules for the composition of (103|) are
(105) (OGN and (02 (U\G)EE ).

As the modules (102)) are free of rank 1 over both the algebras (101]), and the actions
of X%(s) on (105) and the involved algebras come from the action on functions
G — C, the modules ([105)) are again free of rank 1 over

(106) (A H(G)ER )X® and  (AH(M x 3E)eh) X7,

1

Therefore these two algebras are isomorphic. Since the idempotents ae,,a™" and

@) exG(s/n) exgya 1 are XY(s)-invariant, eﬁ)\ H(G)eiG)XG(E) and the bimodules

can be decomposed in the same way as (98)). It follows that the isomorphism
between the algebras in , as just constructed from , respects the decom-
positions indexed by a1, a2 € [L/H)]. This settles part (b).

It remains to prove the first isomorphism of part (c), but here we encounter
the problem that the isomorphism between the algebras is not explicit. In
particular we do not know for sure that it is equivariant with respect to Xy, (G).
Nevertheless, we claim that the chain of Morita equivalences remains valid
upon taking X, (G)-invariants. For the first equivalence that is Lemma b and
for the second equivalence it was checked in . For the third equivalence we can
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use the same argument as for the first, the equations making (104)) Morita bimodules
can be restricted to functions G — C supported on G'G¥. Composing these three
steps, we obtain

(107) (€§GH(G)6§G)XG(5)X“r(G) ~ (6&7‘((]\4 “ mg)ei)XG(s)Xm(G).

with Morita bimodules

(108) (G, C2(G/E) OO and (ACZUN\G)E, )X (D),
Since the modules (105]) are free of rank one over the algebras (106|), the modules
(108) are free of rank one over both the algebras in (107)). Therefore these two

algebras are isomorphic. The isomorphism respects the decompositions indexed by
ay,az € [L/H)| for the same reasons as in part (b). O

We normalize the Haar measures on G, G* and G*Z(G) such that K¢ and KgNG*
and Kg N G*Z(G) have the same volume. Consider the idempotent eﬁ/\G € H(G)

as a function G — C and let e%\ . (respectively eu)\ b )) be its restriction to G¥
G GvZ(G
(respectively GEZ(@G)). Tt turns out that
f i f i
(109) S W € H(G*Z(G)) and s € H(G).

are idempotents. We describe the associated subalgebras of H(G*Z(G)) (respectively
H(G¥) in two separate but analogous theorems.

Theorem 3.16. The element €'

/\Gﬁz(c

. HEZG)S = MG O = (e HM)eq,) ) x e,

€A
Gtz(e) ctz(a)

: € H(G*Z(Q)) is idempotent and

These algebras are Morita equivalent with H(G*Z(G))* and with (H(G)s)XG(ﬁ).

Proof. Consider the [-th congruence subgroup C; C GL,(0p), as in the proof of
Lemma We choose the level [ so high that all representations in Rep®(G) have
nonzero Cj-fixed vectors and that eﬁ/\G is Cj-biinvariant. Put C}] = C NGtz (G). The
proof of Lemma shows that the algebra isomorphism

(110) H(GEZ(G), C))* = (H(G, C))* )
coming from maps eﬁA 126) to eﬁ)\G. As eﬁ)\G is idempotent, so is eg\ T It
GhZ(G GtZ(G
follows that (110|) restricts to an isomorphism
# # # _ # s f
(111) e)\GuZ(G)’H(G Z(G))eAGuz(G) 6>‘Guz(G>H(G Z(G), ) ekcﬁz«;)

eﬁ)\c (H(G, Cl)s)XG(s)eg\G = eE\GH(G)XG(s)eﬁAG.
The second isomorphism of the lemma is Proposition [3.15]b. By Lemma [3.14] these
algebras are Morita equivalent with (H(G)s)XG(E), and by Lemma @ also with
H(G*Z(Q))*. O

Theorem 3.17. The element e%\ ;
G

eh H(GHEL = el MG OXm(@ef o (e3,H(M)es) ¥ OX(E) s 7t

et el G

These algebras are Morita equivalent with H(G*)* and with (H(G)E)Xc(s)Xm(G).

€ H(G*) is idempotent and
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Proof. Recall that (Kg, Ag) is a type for the single Bernstein component s. The
representations in Rep®(G) contain only one character of Z(G) N G, so we must
have
Z(G)NKg = Z(G) NG = 0} - 1.
Because A¢ is irreducible as a representation of Kg, Z(G) N Kg acts on it by a
character, say (.
Endow Z(G) with the Haar measure for which Z(G)NKg gets volume | Z(G)NG?|.

There is an equality

i _
e =e (&
)\GuZ(G) )\Gﬁ CA

of distributions on G#*Z(G), where e;, denotes the idempotent associated to (Z(G)N
G',¢y). Then

(112) eg\aﬁ’H(Gﬁ)eiGu S H(GPZ(G))é, . fs fec,

Actz(a) Gtz (@)

is an injective algebra homomorphism with image

! H(GH(Z(G) N GY))éd,

ey .
atz(a) GtZ(G)
This is precisely the subalgebra of eg\ H(GHZ (G))eﬁ)\ which is invariant
Gtz(a) Gtz(a)
under X,,;(G*Z(@G)). Under the isomorphism (TT1]) it corresponds to
GKG%(G)XG(E)X‘“(G)GKG.
That algebra is isomorphic to
(8 H(M)es )X () s 98

by Proposition 3.15lc and Morita equivalent to (H(G)S)Xc(g)X“r(G) by Lemma b.
In Lemma [3.11| we already observed that this last algebra is Morita equivalent with
H(GF) . O

4. THE STRUCTURE OF THE HECKE ALGEBRAS

4.1. Hecke algebras for general linear groups.

Consider the inertial equivalence class s = [L,w]|g. Via the map x — w ® x
we identify Ty with the complex torus Xp,(L)/Xyn(L,w). This gives us the lat-
tices X*(T,) and X.(T5) of algebraic characters and cocharacters, respectively. We
emphasize that this depends on the choice of the basepoint w of T,. Under the
Conditions any other basepoint is the form w’' = w ® x’ where X’ € Xy, (L)">.
There is a natural isomorphism = — 2’ from X*(T;) with respect to w to X*(T5)
with respect to w’. As functions on Ty, it works out to

(113) P(wey) =zwex)rwex)

The inertial equivalence class s comes not only with the torus 7T; and the group W,
but also with a root system R, C X*(7;), whose Weyl group is Ws. From
we see that a character x is independent of the choice of a basepoint of T; if it is
invariant under X,,(L)"s, that is, if z lies in the lattice ZR; spanned by Rs.

Let H(X*(Ts) x Ws,qs) denote the affine Hecke algebra associated to the root
datum (X*(Ty), X«(Ts), Rs, RY) and the parameter function g as in [22]. It has a
standard basis {[z] : x € X*(Ts) x W}, with multiplication rules described first by
Iwahori and Matsumoto [I7].
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We remark that here g5 is not a just one real number, but a collection of parameters
¢s; > 0, one for each factor M; of M, or equivalently one for each irreducible
component of the root system Rs;. The parameter g; has a natural extension to a
map

qs : X*(Ts) x Ws — R,
see [18, §1]. On the part of X*(7}) that is positive with respect to P N M it can be
defined as follows. Since Ty is a quotient of X, (L), X*(75) is naturally isomorphic
to a subgroup of L/L!. In this way ¢s corresponds to 6, !, the inverse of the modular
character for the action of L on the unipotent radical of P N M.

Let us recall the Bernstein presentation of an affine Hecke algebra [18, §3]. For
x € X*(T,) positive with respect to P N M we write

(114) 0, := qs(2)"Y2[z] = 61/ (2)[2].

The map x +— 60, can be extended in a unique way to a group homomorphism
X*(Ty) — H(X*(Ts) x We,q5)™ [18, 2.6], for which we use the same notation. By
[18] Proposition 3.7]

{Oz[w] : x € X*(Ts),w € Wy}
is a basis of H(X*(Ts) x Ws,¢qs). Furthermore the span of the 6, is a subalgebra
A isomorphic to C[X*(Ts)] = O(Ts) and the span of the [w] with w € W, is the
Iwahori-Hecke algebra H (W5, ¢;). The multiplication map

(115) AQHWs, q5) = H(X™(Ts) x Ws, ¢s)

is a linear bijection. The commutation relations between these two subalgebras are
known as the Bernstein—Lusztig—Zelevinsky relations. Let a € Rs be a simple root,
with corresponding reflection s € Ws. By [18, Proposition 3.6], for any « € X (T5)

(116) Ouls] = [804(x) = (45(s) = D)0z — b)) (1 = 6-0) 7" € A.

Since the elements [s] generate H(Ws, gs), this determines the commutation relations
for A with all [w] (w € W;). It follows from (116 that

(117) Z(H(X*(Ty) x Wy, q5)) = AV,
In view of (113]), (115) and (116]), we can also regard H(X*(Ts) x Ws,qs) as the

algebra whose underlying vector space is
(118) O(Ts) ®H(WS’Q5)
and whose multiplication satisfies

(119)  fls] = [sl(s- f) = (as(s) = 1)(f = (s- A = 0-0)"" [ e€O(Ty),

with respect to the canonical action of Wy on O(T;). The advantage is that, written
in this way, the multiplication does not depend on the choice of a basepoint w € Ty
used to define X*(T;). We will denote this interpretation of H(X*(T;) x Wy, qs) by
H(Ts, Ws, qs)-

Let wp be a uniformizer of D. Consider the group of diagonal matrices in L
all whose diagonal entries are powers of wp and whose components in each L; are
multiples of the identity. It can be identified with a sublattice of X™* (X, (L)). The
lattice X*(75) can be represented in a unique way by such matrices, say by the group

X*(Ty) C L.
Recall that (K, A) is a type for sjs and that (K7, Ar) is a s -type. The next result
is largely due to Sécherre [22].
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Theorem 4.1. For every (w,~y) € Stab(s, P N M) there are isomorphisms

ewrp) oy H(L)ewr oy = H(L, w(ArL) @) @ Ende(Viy(a,)eny)
= O(Ts) @ Ende (Viy(n)ery)s
ew()\)®'yH<M)ew()\)®’y = ’H(M’ w(/\) ® 7) ® End(C(Vw()\)@'y)

In both cases the first isomorphism is canonical, and the second depends only on the
choice of the parabolic subgroup P. The support of these algebras is, respectively,
K X*(Ts)Kr, and KX*(T,)W,K.

Proof. Since all the types (K, w(\) ®+) have the same properties, it suffices to treat
the case (w,7) = (1,1). The first and third isomorphisms are instances of (7).
The support of the algebras was determined in [22, §4]. Sécherre also proved that
the remaining isomorphisms exist, but some extra work is needed to make them

canonical.
The L-representations w® x with x € X, (L) paste to an algebra homomorphism

(120) Frrex,H(L)ex, - O(Xn(L)) ® Endc(ex, Vi),

which is injective because these are all irreducible representations in Rep®” (L). By
[22, Théoreme 4.6] ey, H(L)ey, is isomorphic to O(T;) ® Endc(V), ). Hence

(121) ex, Vo =V, =Wy
and (120 restricts to a canonical isomorphism
(122) Fr, - 6)\L7'[(L)6)\L — O(Tg) & End@(VAL).

Here O(Ts) is the centre of the right hand side, so it corresponds to H (L, Ar).
Consider the isomorphism

(123) exH(M)ey = H(X*(Ts) x Wy, qs) @ Ende(V)).
from [22], Théoreme 4.6]. It comes from H(X*(Ts) x Ws, qs) = H(M, X). We define
(124) fzx € H(M, \) as the image of [x] under (123).

Because (K, \) is a cover of (K, A1), we may use the results of [7, §7]. By [7,
Corollaries 7.2 and 7.11] there exists a unique injective algebra homomorphism

(125) tp)\ : H(L, )\L) — H(M, )\)
such that the diagram
Mod(H (M, \)) — Rep(M)

* M
tP,Al rPﬁM\L

Mod(H (L, Ar)) — Rep(L)

commutes. We note that in [7] unnormalized Jacquet restriction is used, whereas
we prefer the normalized version. Therefore our tp ) equals ¢ 51/ in the notation of

[T, §7], where d,, denotes the modular character for the action of L on the unipotent
radical of PN M.
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Consider the diagram

H(M,N) — H(X(Ty) x Ws,qs) = H(Ts, Ws, gs)
(126) T tpa Tip
H(L,AL) — O(Ts) = C[X™(T5)],

where the upper map is and the lower map comes from . The horizontal
maps are isomorphisms and tp is injective. We want to define the right vertical
map ipy so that the diagram commutes.

The construction of the upper map in [22 §4] shows that it is canonical on the
subalgebra of H(X*(Ts) x Ws, gs) generated by the elements [s] with s € X*(T) x W,
a simple affine reflection. This subalgebra has a basis {[z] : x € ZRs x W;}, where
ZRs is the sublattice of X*(7Ts) spanned by the root system Rs. In particular the
image fy\» € H(M, ) of [z] with € ZRs x W, is defined canonically.

By [22 Théoreme 4.6] the remaining freedom for boils down to, for each
factor M; of M, the choice of a nonzero element in a one-dimensional vector space.
This is equivalent to the freedom in the choice of the basepoint w of Tj.

Take a © € X*(T;) which is positive with respect to PN M, and let f; 5, be the
corresponding element of H (L, A1). For such elements tp is described explicitly by
[T, Theorem 7.2]. In our notation

tpA(fer,) = tg2(fary) = 8,2 () foon.

Suppose that furthermore = € ZR;, considered as subset of C[X*(77)]. Then its
images three of the maps in (126 are canonically determined. In order that the
diagram commutes, it is necessary that

(127) ipa(7) = bz,

with 6, as in (114). The condition (127) determines ip (x) for all € ZR;. Now
every way to extend ip to the whole of C[X*(T;)] corresponds to precisely one
choice of an isomorphism (123]). Thus we can normalize (123|) by requiring that
(127) holds for all z € X*(Ts) which are positive with respect to P N M.

In effect, we defined ip ) to be the identity of O(T;) with respect to the isomor-
phisms

A= CIX™(T3)] = O(T).
So we turned ([127)) into an algebra homomorphism
ip: O(Ty) — H(Ts, Ws, gs).

A priori it depends on the choice of a basepoint of T, but since we use the same
basepoint on both sides and by , any other basepoint would produce the same
map ipy. Thus becomes canonical if we interpret the right hand side as
H(Ts, Ws, ¢s) @ Endc(Va). O

4.2. Projective normalizers.

We will subject the algebra e, H (M )ej, to a closer study, and describe its struc-
ture explicitly. At the same time we investigate how close e, and e}, from are
to the idempotent of a type. A natural candidate for such a type would involve
the projective normalizer of (K, A), but unfortunately it will turn out that this is in
general not sufficiently sophisticated.
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Recall the groups defined in and and consider the vector spaces

Vi =V 1= Y. cwonsVe= D everVe
(128) (w,y)€Stab(s,PNM)! yeXL(s)!
V#L = VH = Z ew()\L)(XwVw = Z 6)\L®7Vw.
(w,y)EStab(s, PNM) yeXL(s)

They carry in a natural way representations of K, namely

,UlL: @ w(Ap) @y = @ AL ®7,
(129) (w,y)€Stab(s,PNM)1 /Stab(s,\) ~yeXL(s/A\)!
ur, = @ w(Ap) @y = @ AL ®7.
(w,y)€Stab(s,PNM)/Stab(s,\) ~veXL(s/N)

We lift them to representations

1 _
H= @,yeXL(ﬁ//\)l A@ 7,

p= @veXL(ﬁ/A) A®Y

of K by making it trivial on K NU and on K NU. In particular ,ulL is the restriction
of u' to K N L. They relate to the idempotent ey by

§ : E : -1 _ § : -1 _ s
aev®u1a = aeua =€)

a€[L/Hy\]veXL(s/X) a€[L/H,]

(130)

It will turn out that e,1 € H(K) is the idempotent of a type, for a compact open
subgroup of M that contains K.
The normalizer of the pair (K, Ar) is

N(KL,)\L> = {m S NL(KL) ]m-)\L g)\L}.

Lemma 4.2. N(KL, )\L) = X*(Tﬁ)KL = KLX*(Ts).
Proof. By Theorem
(131) N(Kp,\) € K X*(To)Kr.

With conditions and we can be more precise. As discussed in the proof of
Proposition [3.1

P

(132)  KpX*(To) = [ (Kr,(Li 0 X*(T0))" = T]. (K. (D1, 0 X*(T2)) "
As A\ = Q) )\%fi, the group N (K, ) can be factorized similarly. Consider any
element of the form

(133) k;z; with k; € Kp,, z € Dlei N X*(Ts).

The group Kp,, called J(5,20) in [22], is made from a stratum in L; = GL,,, (D),
and therefore it is normalized by z;, see [22) §2.3]. Furthermore z; belongs to the
support of ey, H(L;)ey,, so it normalizes (K, ;). Knowing that, we can follow the
proof of Proposition with k;z; in the role of ¢;. It leads to the conclusion that
kiz; € N(Kr, ). It follows that

—_—~

KLX*(T5) = X*(Ts)KL - N(KL, >\L)-
Combine this with (131)). O
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Inspired by [6] we define two variants of the projective normalizer of (K, Ar):
PN(Kp,\p) :={m € NL(KL) | m- A = A\, ® 5 for some v € XL(s)},
PNY(Kp,\L):= PN(Kp, )N L.

Lemma 4.3. Recall the K -representations ,ulL and py, from and .
(a) (ut, Vui) extends to an irreducible representation of PN*(Kp, ur).
(b) (PNY(Kp,pup),pt) is an [L,w]L-type and

[PNY(Kp,\) : Kr] = [Stab(s, PN M) : Stab(s, \)] = | XL (s/\)Y.
(¢) (pr,Vy,) extends to an irreducible representation of PN (K, A1) and

[PN(Kp,\): N(Kp, )] = [Stab(s, P N M) : Stab(s, \)] = | XE(s/\)|.

Proof. (a) Just as in , there is a canonical injective algebra homomorphism
(134) Fr - eulLH(L)eui — O(Xn (L)) ® Endc(e,1 Vo).

For v € X%(s)! the element ¢, € L! from Proposition [3.1) maps to Endc(V,,) by the
definition of L'. Moreover
expen H(L)ex, @y = cvle,\LH(L)eALc,;;,
so by (122)) the image of (134)) is contained in
O(Tﬁ) & End(c(vulL).

As the different idempotents ey, ¢, are orthogonal,
VﬂlL - @A{EXL(s/A)l e)\L®’YVW7
H(KL)G;HL = 6M1L’H(KL) = @

Furthermore F7(C{cye,1 1y € XL (s/A)'}) is a subspace of Endc(V),1) of dimension
|X%(s/X)!|. So by the injectivity of (T34) the algebra homomorphism
(135) Fr: H(Kp)e,s @ Cleye, v € XH(s/N)'} = Ende (V1)

X (s/A) Endc(ex, @y Ve)-

is bijective. Consider any m € PNY(Kp,Az). It permutes the \; ® v with v €
X1 (s)!, so it commutes with eyt - Also Fr(me,1 ) € Endc(V),1) because m € L.

So by the injectivity of and the surjectivity of , me, = f €l for some
fEH(KL {cy v e XE(s/N)'Y).

Consequently m € Ky, - {c, : v € XL(s/\)!} and

(136) PNYKp, M) = K1 - {c,: v € XE(s/\)'}

Now shows that Vui =eu V., is an irreducible representation of .

(b) All the pairs (K, A ®7) are simple types for the same supercuspidal equivalence
class [L,w|r, so by [24, Corollary 7.3] the idempotents ey, ¢ are L-conjugate. (In
fact ey, and ey, g+ are conjugate by the element ¢, from Proposition ) Hence
the category Rep“lL(L) equals Rep*t (L), and (PN (K, AL), 1) is a type for this
factor of Rep(L). The claims about the indices follow from ([136]).

(c) For every v € X%(s) the element ¢, € L is unique up to N(Kp,Ar), so

(137) PN(Kp, L) = N(Kr, A\p){c, | v € XE(s)}.
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Together with Proposition|3.1|this proves the claims about [PN (K, A1) : N(Kp, Ar)].
Part (a), and the map ([134) show that u} extends to an irreducible representation
of PNY(Kp,\)N(Kp, ). The same holds for v ® u} with v € XL(s). We have

Vi = @VGXL(E//\) Vyeu

as representations of PNY(Kp, A\L)N(K,Az), and these subspaces are permuted
transitively by the ¢, with v € X(s). This and (137) show that V,,, extends to an
irreducible representation of PN (K, Ap). O

Lemma has an analogue in M. To state it we rather start with the sets
PNYK,\) = (KNU)PNY(Kp,\p)(KNU),

(138) PN(K,\) := (KNU)PN(Kp, \)(KNU).

Lemma 4.4. (a) The multiplication map
(KNU) x PNY(Kp,\) x (KNU) = PNY(K,\)

is bijective and PN'(K,\) is a compact open subgroup of M.

(b) p' extends to an irreducible PN (K, \)-representation and (PNY(K,\), u') is
an spr-type.

(¢) PN(K,\) is a group and the multiplication map

(KNU)x PN(Kp, L) x (KNU) = PN(K, \)
is bijective. Furthermore p extends to an irreducible PN (K, \)-representation.

Remark. We will show later that PN'(K,\) and PN (K, \) are really the projec-
tive normalizers of (K, \) in M! and M, respectively.

Proof. (a) By [22, Proposition 5.3] the multiplication map
(139) (KNU)x (KNL)x (KNU) - K

is a homeomorphism. By (136) and because c, € L' normalizes K NU and K N U
(see the proof of PI‘OpOSitiO, the analogue of for PN'(K, \) holds as well.
At the same time this shows that PN'(K,\) is compact, for its three factors are.
As PNY(Kp,\r) normalizes K N U and K N U this factorization also proves that
PNY(K,\) is a group. Since K is open in M, so is the larger group PN'(K,\).
(b) In view of Lemma a and we can extend p! to PNY(K,\) by

i (Fmn) = ik (m),
where mmn is as in the decomposition from part (a). Then p! is irreducible because
p} is. Because (K, w()\) ® ) is an sp-type, for each (w,~) € Stab(s, P N M), the
category Rep“l(M) equals Rep*(M) = Rep™ (M), and (PN(K,\), u') is an sy-

type.
(c¢) The first two claims can be shown in the same way as part (a), using (137)
instead of (136]). For the last assertion we employ Lemma c and set

p(mmn) = pr(m),

with respect to the factorization we just established. U

Now we can determine the structure of e}, #(M e}, and some related algebras.
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Theorem 4.5. (a) There exist canonical algebra isomorphisms

el‘}:H( )e 1= H(L ,uL) X End@(V 1) = O(Tg) (= End(c(vul).

The support of the left hand side is PN (K7, )\L));Ei)PNl(KL, AL)
(b) Part (a) extends to algebra isomorphisms
eu, H(L)ey, = O(T;) ® Endc(V,),
e‘f’L'H(L)eL = ( 5) X End@(VM) X M|L/H,\|((C)
The support of e,,, H(L)e,, is PN(Kp, )\L));ZZ/})PN(KL, AL)-
(¢) There exist algebra isomorphisms
6M1’H( )e 1 =2 H(M, p ) &® End@(Vul) = H(Tg, Ws,qs) @ Endc(VM1),
which are canonical up to the choice of the parabolic subgroup P. The support
of the left hand side is PN (K, \) X*(T;)WsPN' (K, \).
(d) Part (c) extends to algebra isomorphisms
enH(M)e, = H(Ts, Ws, ¢s) @ Endc(V,),
evH(M)ely = H(Ts, Ws, gs) ® Endc(V,) ® M|L/HA|((C)-

The support of e, H(M)e,, is PN (K, \)X*(Ts)W;PN (K, \).
Proof. (a) By the Morita equivalence of e} H(L)ej and ey, H(L)ey,, there are iso-
morphisms of e} H(L)e]-bimodules
(140)
esLH(L)esL = €5LH(L)€/\L ®e>\L’H(L)e,\L 6/\LH(L)€"2

= @ @ ale}\L@’Ylal_lfH(L)e)\L ®e,\L’H(L)e)\L e)\LH(L)CLQeAL@’Yza;l
a1,a2€[L/Hx] v1,72€ X T (s/X)

1, -1 -1, -1
= @ @ arcyexcy, ap H(L)ex, H(L)ascy,ex, ¢, aq

a1,a2€[L/Hx\]y1,72€ XL (s/X)
-1 -1
- @ @ arcyex,H(L)ex ¢ ay
a1,a2€[L/H)\] y1,72€X L (s/X)

Here the subalgebra e,1 7—[( )e, L corresponds to

-1
@71772€XL(5/)\)1 C’Yle)\L’H(L)e)\LC72 .
In combination with ((122]) it follows that the canonical map ([134) is an isomorphism

(141) Fr e 17‘[( )6u1 — O( )®Endc(v 1)

This and Theorem [4.1{ imply that the support of €, 7—[( )e 1 is as indicated. No-

tice that O(T) is the commutant of Endc(V,1) in (’)( 5) ® EndC(V ). Hence it
corresponds to H(L, u}) under the canonical isomorphism

et H(L)e, =MH(L, p1) ® Ende(V,1).

b) By (140)
e#LH(L)euL = @ C’Yle)\LH(L)e)\LC’;Q]-’

Y1,72€X L (s/0)
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and by part (a) and (137)) its support is PN (K, A\p)X*(Ts)PN(Kp,\r). Also by
(140), we can identify e} H(L)e} as a vector space with

@ Cazys @ @ aleui@le(L)euit@MQl—l'
az€[L/Hy],y3€XL(s)/ X E(s)! a1€[L/Hy\]meXL(s)/XE(s)t
From ((141]) we get an isomorphism

(142) @ aleulL@mH(L)e#lL@Mal—l —
a1€[L/Hy)eXL(s)/XL(s)L

a O(Ty) ® Endc(a1V,,1 ., )-
a1€[L/Hy]1€XE(s)/ XL (s)t
Recall that

VML = BML’H(L)Q)\L ®6ALH(L)€>‘L V)\L = eMLH(L)e/LIL ®e“1LH(L)e“i Vﬂi =
Q% cne @V =P eV
meXL(s)/XL(s)! 7

For 73 € XI(s) the choice of ¢, is unique up N(Kp,A), by Lemma [4.3lc. The
particular shape (58) implies that it is in fact unique up to N (K, Ar)"*, so

(143) CysCyy differs from ¢y, by an element of N(Kp, A)"=.
With Lemma we deduce that left multiplication by c,, defines a bijection
Vient = Vit = ¢um Vit = Vigyioul
which depends on w ® x € Irr®2 (L) in an algebraic way. More precisely,
Ws
(144) Crseyeuy € OT)7 @ Home(V, gp1, Vot )
Consequently (142 extends to an algebra isomorphism
(145) eu, H(L)ey, — O(Ts) ® Endc(V,,).

It is more difficult to see what (142]) should look like for elements of [L/H,]. For
those we use a different, inexplicit argument.
For each a € [L/H,] the inclusion

aeu,a” "H(L)ae, a=t — e H(L)es,
1

is a Morita equivalence, because the idempotents ae,, a™ ", e} and ey, all see exactly
the same category of L-representations, namely Rep®t(L). For every V € Rep® (L)

we have
_ ~1
erV = @aG[L/H)\] aeyaV,
where all the summands have the same dimension. It follows that
epH(L)eq, = e H(L)ep, ® My, |(C).
By (145)) the right hand side is isomorphic to
O(Tg) & Endc(V#L) &® M|L/H>\\((C) = O(Tﬁ) &® Endc(esLV).
(c) Just like (140) there is an isomorphism of e, H (M )ej,-bimodules
eyH(M)ey, = @ @ alcweAH(M)eAc;QlaQ_l,

a1,a2€[L/Hx\]y1,72€ XL (s/X)
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and it extends
e H(M)e, = @ c%eA?-[(M)eAc,;;.
Y1,72€X L (s/N)
For x € X*(T;) x Ws let f, \ € exH(M )ey be the element that corresponds to

[$] € ,H(X*(Ts) X W, QS) = H(T57 W, QS)
via Theorem The elements f, x commute with exH(K)ey = Endc(V)). It
follows that the element
(146) Cvfac,/\c»;l = Cye)\fm,)\e)\cf;l = e)\®7cvfz,)\c;le)\®'y
is independent of the choice of ¢, in Proposition As conjugation by ¢, turns the
commutative diagram ([126)) into the corresponding diagram for A ® -, we have
(147) C'yf:r:,)\cf;l = fx,w()\)@)w

the image of [x] in e,(x)gyH (M )erg, under the canonical isomorphisms from The-
orem For every x € X*(T,) x W, we define

(148) Jo = Z cvfx)\c;l = Z feroy € enH(M)e,.
YEXL(s/A)! YEXE(s/N)!

By (146) f, 1 commutes with e,1H(K)e,1 and with the ¢, for v € X*(s/A)!, so it

commutes with e, 1 H(PN'(K, \))e,1. By (140) and Theorem

e H(M)e, = @zEX*(Ts)NWs Chopt ® cur MPN (K N)ey,
and the support of this algebra is PN (K, \) X*(Ty)W; PN (K, \).

The orthogonality of the different idempotents eyg, implies that the f, 1 satisfy
the same multiplication rules as the f x. Hence the span of the f, ,1 is a subalgebra
of e, 1H(M)e,1 isomorphic with H(X*(T;) x W, qs). We constructed an algebra
isomorphism

(149) e H(M)e,n = H(X*(Ts) x Ws, gs) @ Ende (V).
Since H (M, pi') is the commutant of Endg(V,,1) inside
(150) H(M, p') ® Endc (V1) = eaH(M)e,,,

it corresponds to H(X*(Ts) x Ws, gs) under the isomorphisms (149)) and (150)).
Tensored with the identity on Endc(Vy), tpy from (125) becomes a canonical

injection

(151) eAL’H(L)e)\L = H(L, )\L) & End(c(V)\) — H(M, )\) & End(c(V)\) = e{H(M)e,\.

Since tp and the analogous map tp,: for u' are uniquely defined by the same
property, they agree in the sense that

(152) tpy® id = tPMl ® id on CAL’H(L)eAL = O(Ts) & End(c(V)\).
Consequently the isomorphisms (149) and (141)) fit in a commutative diagram

H(M,ul) — H(X*(Ts) X WsaQs) = H(T57 Ws;Qs)
(153) Ttp7u1 Tip7u1
H(LaﬂlL) - O(Ts) = CIX*(Ts)],
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Here ip 1 is defined like ip ), see (127). In this sense (149) is canonical.
(d) Part (c) works equally well with v; ® u! instead of p'. For all y; € X%(s)
together that gives a canonical isomorphism
(154)

@ 671®M1H(M)6'71®U1 — H(E,W5,Q§) ® @ End(c(V%@ul)
TEXE(s)/ X (s)! T1EXE(s)/ X (s)!
The formula ([144) defines an element of H (75, W, ¢s) ® Endc(V,) which commutes
with H(Ts, Ws, ¢s). Therefore we can extend ((154) to isomorphisms

e H(M)e, — H(Ts, Ws, gs) ® Endc(V,),
enH(M)eyy — H(Ts, Ws, ¢s) ® Ende(ej, V)

in the same way as we did in the proof of part (b). The support of e, #H(M)e, can
also be determined as in part (b), using the support of e,1H(M)e,1, as determined
in part (c). O

We note that a vector space basis of H(Ts, Ws, qs) C e, H(M)e,, is formed by the
elements

(155) Jou = Z C’yfx)\c';l = Z fa:,)@'y-

veXE(s/X) veEXE(s/N)
We define the projective normalizer of (K, \) in M as
(156) {g€ Ny(K)|g- A= \® for some v € XT(s)}.

Using the explicit information gathered in the above proof, we can show that it is
none other than PN (K, \) as defined in ((138)).

Lemma 4.6. Recall the K -representations p and p' from .
(a) (PNY(K,N),ut) is a cover of (PNY(KpL,AL),ub).

(b) PN(K,\) equals the projective normalizer of (K, \) in M.
(¢) PNY(K,\) equals the projective normalizer of (K, \) in M*.

Proof. (a) For the definition of a cover we refer to 7, 8.1]. By Lemma PNY(K, )N
L = PNY(Kp,)\1) and by [22, Proposition 5.5] K admits an Iwahori decompo-
sition with respect to any parabolic subgroup of M with Levi factor L. Hence
PNY(K,\) is also decomposed in this sense. The second condition for a cover says
that p| N(Kp ) = ML which is true by definition. The third condition is about the

existence of an invertible “strongly positive” element in H (M, u'). By [22, Proposi-
tion 5.5] H(M, \) contains such an element, in the notation of the proof of Theorem
it corresponds to fi x for a suitable x € X*(7T5). Then f, o and its image in
H(M, ') have the correct properties.
(b) By Lemma [4.4) PN (K, A) is contained in this normalizer.

Consider any g in the group . Its intertwining property entails that e, ge, €
ey H(M)e, has inverse eug_leu. From Theorem we can see what the support of
ey H(M)e, is, namely

PN(K, \) X*(T)We PN (K, \).
Possibly adjusting ¢ from the left and from the right by an element of PN (K, \),
we may assume that

—_—

g€ X*(T)Ws C Nps(L).
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Then ¢ also normalizes (K, pr). With Conditions we see easily that every

element of Wy normalizes (K, pur). Writing g = zw with x € X*(T;),w € W5, we
find that x € L normalizes (K, uz) as well. In other words

x € PN(Kp,AL) C PN(K, ).

It follows that w € W, must also normalize (K, u). By considering supports in
Theorem [£.5¢c, we see that

epwe,n = [w] @ Ende(Vp) C H(Ts, Ws, gs) @ Ende (V).
By (154) there exists a unique h € ., c xz(5)/xL (s Ende(V,gp1) such that

e we, = Z @l Wery gut H (W] @ hy € H(Ts, Ws, qs) @ Ende(V,).
MEXL(s)/ X (s)!

Similarly e, w e, maps to [w™®hy under ([154)), for some hy € Endc(V,,). Because
w lies in (|156]),

e wey, - e#w_le# = ey,
[w] @ hy - [w @ hy = [w]- [w ] @ hihe = [1] @ id.

In particular [w][w™!] € C[1]. The multiplication rules for H(Ws,qs) [22, 2.5.3],
applied with induction to the length of w € W, show that this is only possible if
w = 1. Consequently g =z € PN(K,\) N X*(T5).

(c) This follows immediately from (b). O

Remark 4.7. In Lemma we construct a sy/-type with representation p', but we
do not succeed in finding a s);-type with representation p. The obstruction appears
to be that some of the representations A ® v are conjugate in M, but not via an
element of M. Examples and show that this can really happen when G is
not split.

Mainly for this reason we have been unable to construct types for all Bernstein
components of Gf. In the special case where all the Kg-representations Ag ®
with v € X%(s) are conjugate via elements of G', we can construct types for every
Bernstein component t# < s. We did not include this in the paper because it is quite
some work and it is not clear how often these extra conditions are fulfilled.

4.3. Hecke algebras for the intermediate group.
In we constructed an idempotent €5, using the set [L/H,] from Lemma [3.3]
In Proposition [3.9 and Lemma [3.10] that the algebras
(e, HM)es,) X" ot and (€3, (M)eS,) » Stab(s, P N M).

are Morita equivalent with #(G*Z(G))*. In Theorem we showed that the first
one is even isomorphic to a subalgebra of H(G*Z(G))* determined by an idempotent.

In Lemma we saw that the actions of X (s) and ERE both come from the action
o of Stab(s, PN M) defined in (73).

Lemma 4.8. There is an equality

L _ _ L
(SHMS) Y =D,y (e HOaeua™ )Y,
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and this algebra is Stab(s, P N M)-equivariantly isomorphic to

| XE(w,V)l XI(s,)
@1 (enH(M)ey) ),

Remark. Here and below we use the notation @7 for the direct sum of n copies
of something.

Proof. As vector spaces

] 5 -1
(157) eyH(M)ey, = @al,age[L/HA] are, H(M)eyasy
On the other hand, for any H(M)*™-module V' we have the decompositions
(158) eV = @ aeya 'V = @ euVp
a€[L/H,] pelrr(CIX L (s, )NX L (w),kw])

Here every ae#a*1V equals el eV, for a suitable collection I, of p’s. If f €
S, H(M)es, is invariant under X (s, A\) N XL(w), then it commutes with the idem-
potents e, € C[XT(s,\) N XE(w), ky]), so it stabilizes each of the subspaces €3,V
Therefore it also preserves the rougher decomposition €5,V = @ a€[L/H] aeua_lv.
In view of , this is only possible if

fe @GE[L/HA} ae a ' H(M)ae,a™t,

which proves the desired equality.
By Lemma b conjugation by a € [L/H)| gives a Stab(s, P N M)-equivariant
isomorphism
e H(M)e, — ae, H(M)eya™ = aeya ™ H(M)ae,a ™.
By Lemma |L/H,| = [Irr(XE(w, V,,))| and this equals | X% (w, V)| since we deal-
ing with an abelian group. (]

It turns out that the direct sum decomposition from Lemma [£.8| can already be
observed on the level of subalgebras of H(G):

Lemma 4.9. There are algebra isomorphisms
DM (e, T 9 = (e MM )X 098
= (B HEOE)Y = D,y (@00 O™ )
= @ 0 M@ ) .

1
Proof. The first isomorphism is a direct consequence of Lemma and the second
is Proposition b. As shown in Proposition [3.15] it can be decomposed as
@ (aleucH(G)euGagl)Xc(s) — @ (aleuH(M)euagl)XL(s) X mﬁ
a1,a2€[L/Hy] a1,a2€[L/H,]
But by Lemma [4.8| the summands with a; # as are 0 on the right hand side, so they

are also 0 on the left hand side. This proves the equality in the lemma.
The final isomorphism is given by

(eMGH(G)eMG)XG(ﬁ) — (aeHGH(G)e“Ga_l)XG(E) s fe afa_l. U
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Recall from Theorem [3.16] that the middle algebra in Lemma [4.9] is isomorphic
to e H(GEZ(G))e" ; which is Morita equivalent with H(G*Z(G))*. In

e
)‘GﬁZ(G) Acﬂz(c
the above direct sum decomposition also holds on this level. to formulate it, let

Chgt e € H(G*Z(G)) be the restriction of e, : K¢ — C to G*Z(G) N K. By our
choice of Haar measures, Chgt ) is idempotent. See also ((109)).

Corollary 4.10. There are algebra isomorphisms

g f ¢ - “(GF -
X H(G Z(G))e/\cuz@ N @aE[L/HA] “Chgr 2 H(G Z(G))ae”G”Z@)a

Gtz(e)
o~ X @ V) ﬁ
=P, s MG Z(C) ey,
X (w, V) i
= @1 " (H(Ts, We, g5) @ Ende(V,)N 1) x 9%,

Proof. The equality comes from Lemma and Theorem For all a € [L/H,]
the map

eﬂcﬁzmH(GﬁZ(G))e#cuz@) — ae#GﬁZ(G)a_lH(GﬁZ(G))aeMGﬁZ(G)a_l cfafa!

is an algebra isomorphism. The remaining isomorphism follows again from Lemma

1.0 O

Now we analyse the action of Stab(s, P N M) on H(T;, Ws,qs) ® Endc(V),) in
Corollary For every (w,7) € Stab(s, P N M) there exists a x4 € Xpnr(L) such
that

(159) w(w) ®v = w® xy € Irr(L).

Here w ® x~ is unique, so x is unique up to Xy (L,w). If v itself is unramified, then
w =1 by Lemma [2.4ld. Therefore we may and will assume that

(160) Xy =7 if 7€ Xu(L/LFZ(@)) = Xur(L) N X" (s).

In view of the conditions in particular L = [[, L;’, we may simultaneously
assume that

(161) Xy = HZ X?ﬁf.

Notice that with this choice x, € Xy (L) is invariant under Wy, = W (M, L). Via
the map x — w ® X, X, determines a Ws-invariant element of 7.
Recall the bijection

J(y,w®x; ") € Homp(w e x; ' wH(w) @97)
from . It restricts to a bijection

V‘u = 6“VW®X;1 — V:u = euvw71(w)®771.
Clearly (160 enables us to take
(162) Jwexy') =idy, if v€ Xu(L/LFZ(G)).

Recall from and that
(163) J(v,w@ X3y, € Clidy, if ve XE(w, V).
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Lemma 4.11. The action a of Stab(s, PN M) on
e H(M)e, = H(Ts, Ws, gs) © Endce (V)
preserves both tensor factors. On H(Ts, Ws, qs) it is given by
Q) (0z[V]) = Xgl(:v)ﬁw(x) [wow ™ x e X (Ty),v e Wy,
and on Endc(V),) by
Ay (W) = J(we x5 ") oho J(v,wex, )™
Furthermore X (w, Vy.) is the subgroup of elements that act trivially.

Remark. It is crucial that x, is Ws-invariant and that w normalizes P N M,
for otherwise the above formulae would not define an algebra automorphism of
H(Ts, Ws, qs). This can be seen with the Bernstein presentation, in particular (116]).

Proof. By definition, for all x € Xp.(L), f € ey, H(L)e,,

(W@ X) () () = (W w@xy ()
=J(y,wex;Holwew )Xy () e J(rwex; )

For f with image in Endc(V,) the unramified characters x and w‘l(x)x,; I are of

no consequence. Thus (164) implies the asserted formula for o, ) on Endc(V},).
Since H(Ts, W, gs) is the centralizer of Endc(V),) in e, H (M )e,,, it is also stabilized

by Stab(s, P N M). By considering supports we see that

(165) () ([2]) € Clwzw™"] for all 2 € X*(Ty) x W,

1

(164)

wyy)

For any simple reflection s € Ws, wsw™" is again a simple reflection in W;, because
w E mﬁ normalizes PN M. In H(Ws, gs) we have

([s] + 1)([s] = 4s(5)) = 0 = ([wsw™"] + D([wsw™] = gs(wsw™)),

where ¢5(s), ¢s(wsw™!) € Rs1. Since Q(w,y) 18 an algebra automorphism, we deduce
that

qs(s) = qs(wsw_l)
and that () ([s]) = [wsw™!]. Every v € W is a product of simple reflections s;,
and then [v] is a product of the [s;] in the same way. Hence

wy) ([V]) = [wow™!] for all v € W,
The formula also defines an action « of Stab(s, P N M) on
eu, H(L)ey, = O(T;) ® Endc(V,),

&

which for similar reasons stabilizes Endc(V,). Now we have two actions of

Stab(s, PN M) on Endc(V),), depending on whether we considere it as a subalgebra
of ey, H(L)ey, or of e,H(M)e,. It is obvious from the definition of p that these
two actions agree.

The maps (151]) and (153)) lead to a canonical injection
Z.P“Uf : O(T‘E) — H(Tﬁa Wﬁa QS)v
which is a restriction of the map ®76XL(5)/XL(5)1 ip gy Since it is canonical, ip,

commutes with the respective actions ay, ).
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Now we take z € X*(T;) C O(T;) in (164). With a Morita equivalence we can
replace w ® x by the one-dimensional O(T})-representation [w ® x| with character
w® x € Ts. Then ([164) becomes

(166)  [w ® x](qu (@) = [w e x5 w™ (0](2)
= w@uw ' (V]0G (@)2) = [we (05 (@)w(@).

]
Thus () () = X;I(a:)w(a:). For z € X*(T5) positive w(z) is also positive, as w
normalizes P N M. We obtain

) (02) = A ((P,(2) = Pl () = i (@)w () = X5 (%) 0u(a)-
Since Oé(w,,y)
x € X*(Ty).

It is clear from and that the group X (w, V,.) fixes every element of
e H(M)e,. Conversely, suppose that (w,y) acts trivially. From the formulas for
the action on H(Ts, Ws, ¢s) we see that w = 1 and x, € Xy (L,w), so v € XE(w).
Then we deduce from that v € XL (w,V,,). O

is an algebra homomorphism, this implies the same formula for all

Since we have a type with idempotent e,1 but not with idempotent e,, we would
like to reduce (e,[H(M)eM)XL(s) to ((ZMlH(M)(ZMl)XL(E). The next lemma solves a
part of the problem, namely the elements c, that do not lie in L'

Lemma 4.12. Let v € X(s) be such that
x(cy) =1 for all x € Xoe(L/L*Z(G)) N X (L, w).

P

Then there ezists x, € X*(Ts) such that zc, € L'LE.

Proof. Recall that every x € Xy (L,w) vanishes on Z(L). Hence
XL/ Z(G)) N Xe (L, w) = X (L/LF) N X (L, w),

and c, determines a character of

(167) Xuw(L/LF) /X (L) LF) N Xur (L, w).

This is a subtorus of T; = X, (L)/Xu:(L,w), so we can find z, € X*(T;) such that

T, ! restricts to the same character of (167) as c¢,. Then

_ Lt
Ty € ﬂxexm(m ) kery = LULE. O

In view of Lemma we may replace ¢, by z,cy as in Lemma From now
on we assume that this has been done for all v to which Lemma applies. Recall
that we were already assuming that c, € L' whenever this is possible.

This gives rise to groups

XL(s)2 = {y € XE(s) | e, € LI},
Stab(s, PN M)? = {(w,v) € Stab(s, PN M) | ¢, € L' L*},
and to an idempotent

p2 = E eyl = E Ex -

YEXE(s)?/ X (s)! VEXT ()2 /(X (5)NX Y (5,))
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The tower of groups
XE) c XE(s)? ¢ XE(s)
corresponds to a tower of K-representations
pt C ot cop,
where V2 = EDWGXL(E)Q/XL(SP V1. With these objects we can refine Corollary

Theorem 4.13. The algebra H(G*Z(G))* is Morita equivalent with a direct sum of
| XE(w, V)| copies of

H(GFZ(G))

e“cﬁzm) e“cuz(c) =

(H(Tg, Ws,Qg) ® End(c(vu))XL(ﬁ)/XL(W,Vu) X mﬁ o~
H(Ty, Wy, ) @ Ende (V)X /X @ Vi) o gmt
w 5

Here the actions X“(s) and R: come from the action of Stab(s, P N M) described
in Lemma |4.11. In particular the group Xn.(L/L*Z(G)) acts only via translations
on Ty.

Proof. By Theorem and Corollary it suffices to establish the second iso-
morphism. From Lemma we see that X (L/LFZ(G)) N Xy (L,w) fixes the
subalgebra
e2H(M)e,2 C e, H(M)e,
pointwise. Hence the same holds for
€2y H(M)e 2, = 676H2H(M)6H267_1

for any v € X%(s). On the other hand, by Lemma Xu(L/ILFZ(G)) N Xy (L, w)
does not fix any ¢, € L\ L'Lf. Therefore
L
(eHMe) " = (B e M)V = (oH(M)e,)
YEXE(s)/ X (s)?
The proof of Theorem [4.5/d shows that
eMZH(M)eMZ = H(Ts, W, qs) @ End(c(Vuz).

For (w,v) € Stab(s, PN M)? the intertwiner J(vy,w ® X;l) restricts to a bijection

XL(5)2 ‘

Vuz = €M2Vw®x§1 — Vu2 = €H2Vw71(w)®,yfl.

Hence the action of Stab(s, PNM)? on H(Ts, Ws, ¢s) @Endc(V,,) described in Lemma
preserves the subalgebra H(Ts, Ws, gs) ® Endc(V),2). By equations (162) and
(163) the groups Xy (L/LFZ(G)) and X*(w,V),) act as asserted. O

In combination with Lemma the above proof makes it clear that the use of
the group L/H) = Irr(X'(w,V,)) is unavoidable. Namely, by the operators
I(v,w® x) associated to v € X% (w,V,,) cause some irreducible representations of G
to split upon restriction to G*Z(G). But in the proof of Theorem we saw that
the same operators act trivially on

euH(M)eu = H(T:jv W, QE) & EndC(V#)'

This has to be compensated somehow, and we do so by adding a direct summand
for every irreducible representation of X% (w,V,). See also Example
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4.4. Hecke algebras for the derived group.

Let w € Irr(L) be supercuspidal and let of be an irreducible subquotient of
Resﬁu (w), or equivalently of Resﬁu 2() (w). Consider the Bernstein torus Ty of t# =
[L}, 0% and Ty of t = [LEZ(@), Uﬁ]GﬁZ(G)- Then Ty is the quotient of T; with respect
to the action of X, (L*Z(G)/L*). In turn Ty clearly is a quotient of X, (L) via x —
of @ x. But it is not so obvious that it is also a quotient of T, = Xy, (L) /Xy (L, w),
because the isomorphism w ® x = w for x € Xy, (L,w) might be complicated. The

next result shows that this awkward scenario does not occur and that 7} is a quotient
of Ts.

Lemma 4.14. For w and o% as above, ot @ x = o¥ for all x € Xnr(L,w).

Proof. Let pr, be as in (129). By Lemma and Theorem H(L)*L is Morita
equivalent with

(168) eifH(L)ei = O(Ts) & End(c(vu) & M|L/H>\|(C)

The analogues of Lemma and Proposition for L show that H(LIZ(G))*E is
Morita equivalent with

L
(169) S H(L) @6l = (O(T3) ® Ende(V,) @ My ,(C)~ .

Under the first Morita equivalence, w is mapped to e} V,,, considered as an O(T5)-
module with character w € T;. For every v € X¥(w), w ® 7 is mapped to the same

module of ((168)).
Recall the operator I(v,w) € Homy(w ® v,w) from (14)). It restricts to

Ies (v, w) € Homes 3(1)es (€7 Voo, €7 Vi)

Since we are dealing with Morita equivalences and by , these operators give rise
to algebra isomorphisms

(170) EndeiH(L)XL(ﬁ)esL(eﬁLVw) >~ End; (w)) = C[XE(w, k)]
It follows from that there exists a unique p € Irr(C[X*(w),k,]) such that
of = Homg(xz (4 k] (Psw). Then (170 implies
eSLVval1 = Hom(C[XL(w),nw](pa esLVw)'
But X'(w® x) = XE(w), kuey = ke and
o’ ®x = Hom(C[XL(w),nw](p7w ® X)'
Moreover w and w ® x correspond to the same module of (168)), so
€1 (Votgy) = Homgxr ) w1 (0 €1 Vasx) = Home xr () k1 (05 €1 Vi) = €7V

In view of the second Morita equivalence above, this implies that Vig, = as

o'u
Lf-representations. Il

Now we are finally able to give a concrete description of the Hecke algebras asso-
ciated to G*. Let Tsﬂ be the restriction of Ty to L¥, that is,

(171) T} = T/ Xur(L/LF) = To/Xur(G) = Xon(LF)/ X (L, ).
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With this torus we build an affine Hecke algebra #(T. f , Ws, qs) like in (118]) and
(119). Recall from that there are finitely many Bernstein components t* for G*
such that

(172) H(GH = @MH(GW“.

By Lemma the Bernstein torus associated to any t! < s is a quotient of Tf by a
finite group. However, we warn that in general T} is not equal to 7, f, see Example
0.2)

Define x((w,v), (w',7)) € C* by

(173) J(1w®x) o J(v,w@x) = K((w,7), (w',7)J (v, w @ x).
By the formula for o, ,)(h) in Lemma this determines a 2-cocycle of
(174) Stab(w ® x, PN M) := Stab(w ® x) N Stab(s, PN M).

We note that by , and Lemma b the group ([174) is isomorphic to

XG(I§(w® X)), via projection on the second coordinate.
Recall the idempotent eﬁ/\cu from ((109)). We define gy € H(G?) similarly, as the
restriction of e, : K — C to KN G*. Our final and main result translates Theorem

from G*Z(G) to G.

Theorem 4.15. The algebra H(G*)® is Morita equivalent with

|5 (w, Vi)

-1 -1~ e

eg\cﬁ3'-[(Gﬁ)eicu = EB aey, @ H(Gﬁ)aeucua = @1 euGﬁH(Gﬁ)eMGu.
aG[L/H)\}

There are algebra isomorphisms

XTI (5) /X T (w, V) Xne (L) LA Z(G)) v %g

)XL(5)2/XL(wVVu)an(L/L“Z(G))

e, H(G ey, = (H(TE W, q;) @ Ende (V)

> (H(TE, Wi, gs) ® Endc(V,2) x RE.

The actions of X“(s) and RE come from Stab(s, P N M) via Lemma which
involves a projective action on

Vo = €D, e n e Vi

The restriction of the associated 2-cocycle to Stab(w ® x, PN M) corresponds to the
2-cocycle KIS (wiox) from . Its cohomology class is trivial if G = GL,, (D) is split.

Proof. By Theorem
H(GH ~ar é H(GHE, |, =2 e H(G XX (O

Gt G

while Theorem [B.16] tells us that
G
el H(GPZ(G))é = e H(G)TTEe

fel¥A(e) Gtz (G)

So the second line of the Theorem follows from Corollary upon taking invariants
for X, (G)/ X% (5)N X0 (G) =2 X0 (GFZ(G)). Furthermore this gives an isomorphism

X (w, Vi) X @ V) L
@1 I e#GnH(Gﬁ)e#Gu ~ @1 n (e#H(M)ep)X (5)Xnr(G) o mﬁ
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The proof of Lemma can also be applied to the action of X,,,(G) = Xy, (L/LF)
on
e H(M)e, = H(Ts, Ws, gs) ® Ende(V,),

and it shows that X,.(G) acts only via translations of T;. The remaining action
of X*(s)? is trivial on X, (L/LfZ(G)) X" (w,V,) by Theorem This gives the
third isomorphism, from which the fourth follows (again using Theorem .

The definitions and (48]) show that the 2-cocycle x of Stab(w, P N M) deter-
mined by is related to by

K((w,7), (W', 7)) = K16 way (1:7)-

Let ¢ be the Langlands parameter of the Langlands quotient of Ig(w ® x). Via the
local Langlands correspondence s IS (W) is related to a 2-cocycle of the component

group of ¢, see [16, Lemma 12.5] and [3, Theorem 3.1]. Hence & 15 (wey) 18 trivial if
GL;,(D) is split, and otherwise it reflects the Hasse invariant of D. O

Remark 4.16. In the case G# = SL, (F) Theorem can be compared with [14]
Theorem 11.1]. The algebra that Goldberg and Roche investigate is H(G*, 7), where
7 is an irreducible subrepresentation of Ag as a representation of PN!(Kg, Ag) NGE.
They show that this is a type for a single Bernstein component t < s. Then H(G*, 7)
is a subalgebra of our eHGﬁH(Gﬁ)e#Gn, because the idempotent e, is smaller than
€ - In our terminology, [14] shows that

H(GH7) =2 H(Ty, We, gs) ¥ Ry,
e H(GHer = H(T, Ws, gs) ¥ R ® Ende(V5).

Only about the part X9 that Goldberg and Roche are not so sure. In [14] it is
still conceivable that My (denoted C' there) is only embedded in H(G¥,7) as part
of a twisted group algebra C[Ry,d]. With Theorem m (actually already with
Proposition we see that the 2-cocyle ¢ from [I4) §11] is always trivial.

5. EXAMPLES

This paper is rather technical, so we think it will be helpful for the reader to see
some examples. These will also make clear that in general none of the introduced
objects is trivial. Most of the notations used below are defined in Subsections [2.1

and 2.2

Example 5.1 (Weyl group in G* bigger than in G).
Let ¢ be a ramified character of D* of order 3 and take

G=GLg(D), L=GL(D)’, w=1®1®(®(® %
For M = GLy(D)3, 5 = [L,w]¢ we have
T, = Xur(L) = (C)°, Wy = W(M, L) = (52)°,
Furthermore X*(w) = {1} and
XE(IF (W) = {1,¢,¢%}, ME = ((135)(246)) C S = W(G, L).
The stabilizer of w in Stab(s) is generated by ((135)(246), () and
Stab(s) = Stab(w)Ws Xy (G/Z(G)).
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Let H(GLg, q) denote an affine Hecke algebra of type GLy. By Theorems and
there are Morita equivalences

H(GEZ(G))® ~pr (H(GLa, q)®3) X (G/2(C) 5 3t
H(gﬁ)s ~ar (H(GLo, q)®3)xm(G) 9 %ﬁ

Now we see that s gives rise to a unique inertial class ' for Gf. Hence
Wy = Wi =W, x RE D W..

That is, the finite group associated by Bernstein to ¢ is strictly larger than the finite
group for s.

Example 5.2 (Torus for 5 in G* smaller than expected).

Let o9 € Irr(GL4(F)) be as in [21} §4]. Its interesting property is X L4(F) () =
(xon). Here xo and n are characters of F'*, both of order 4, with y( unramified
and 7 (totally) ramified. There exists a similar supercuspidal representation o3 with
XOLE) (g3) = (xg 'n)- Let

G = GLg(F), L = GL4(F)?, w = 03 ® 03.
Then X*(w) = {1,7?x2} and
X" (s) = () Xur(L/L*Z(Q)),
T = Xur(L) = (C)2.
The natural guess for the torus of an inertial class ! < s is
T! = Xoe(LF) = To/ Xun(L/ LY).

Yet it is not correct in this example. Recall from (159) that there exists a x, €
Xur(L) with w ® 1 = w ® xy,. One can check that y, = Xal ® xo0 # 1 and

x5 (s) # X (w) Xur (L/LZ(G)).

Upon restriction to L¥, w decomposes as a sum of two irreducibles, caused by the
L-intertwining operator

J(n?,w) :w—>w®n*2x% ~ wente (X ®Xd).

Let o be one of them. We may assume that J(n,w)? = J(n?,w), so n stabilizes o
up to an unramified twist. Then, with t# = [Lf, 0%] -

Ty =T/ X"(s,0%) = X (L*Z(G)) /(X0 ' © X0),
Ty = Xu(LH) /(1 @ x3)-

Example 5.3 (W{ acts on torus without fixed points).
This is the example from [21] §4], worked out in our setup.

G = GLg(F), L = GLy(F)? x GL4(F)

Take 7, x0, 02 as in the previous example, and let o1 € Irr(GL2(F')) be supercuspidal,
such that XCGL2(F)(g) = {1,1?}. Write v = nxo and w = 01 ® 701 @ 0. Then

W, =1, R = Wi =w(G,L).
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Let w be the unique nontrivial element of W(G, L), it corresponds to the permu-
tation (12)(34) € Sg. In this case X*(w) = 1 and the action of w on T} involves
translation by ~:
(w,7) (G1X1®701 X2 ®02X3) = (Y7 01X2©701X1 ©702X3) = (X§T1X2@V01X1 D 02X3)
for y; unramified. Using w as basepoint and x1,x2 € Xn(GL2(F)) = C*,x3 €
Xnr(GL4(F)) =2 C* as coordinates, we obtain

Xy = (X(2)7 1, 1) = (_13 1, 1) € (CX)37

(w,7) - (x15 X2, X3) = (X2, X1, X3)-
This is a transformation without fixed points of Ty = X, (L), and also of X, (LF)
and of X,(LfZ(G)). We have

Stab(s) = Stab(w) X (L/L*Z(G)),

Stab(w) = {1, (w,7)},
and these groups act freely on 7. It follows that Ig(w) is irreducible and remains

so upon restriction to Gf. Writing s* = [L*, w]5, Theorems and provide
Morita equivalences

H(GFZ(G))® ~pr O(T,) x Stab(s) ~yr O(X (LFZ(G))) x Stab(w),
H(GH ~pr O(Xpe(LF)) x Stab(w).

Example 5.4 (Decomposition into 4 irreducibles upon restriction to G*).

This and the next example are based on [10} §6.3]. Let ¢ be a Langlands parameter
for GLy(F) with image { (& 9) | a,b € {£1}} and whose kernel contains a Frobenius
element of the Weil group of F'. The representation 7 € Irr(GLo(F)) associated to ¢
via the local Langlands correspondence has X GL2(F) (1) consisting of four ramified
characters of F* of order at most two, say {1,7,7n,77}. The cocycle k. is trivial,

so by
EndSLQ(F) (7T) ~C [XGLQ(F) (7T)] ~ (C4,
and Resgﬁj((lf)) () consists of 4 inequivalent irreducible representations.

Next, let St be the Steinberg representation of GLa(F') and consider
(175) w=m®St®ySt ®nSt ® ynSt € Irr(L),
where L = GLy(F)?, a Levi subgroup of G = GLj(F). In this setting
W, =1, XMw) =1, XC(I§(w)) = X2 (7).
Identifying W (G, L) with S5, we quickly deduce
Stab(w) = {1, ((23)(45),yn), ((24)(35), ), ((25)(34),7)},

and R = WE = (Z/2Z)2. However, the action of Stab(w) on T does not involve
translations, it is the same action as that of 9. The cocycle K16 () can be deter-
mined by looking carefully at the intertwining operators. Only in the first factor of
L something interesting happens, in the other four factors the intertwining operators
can be regarded as permutations. Hence the isomorphism Stab(w) — XSL2(F)(7)
induces an equality s IS (w) = Fr- As we observed above, this cocycle is trivial, so by

(16)
Endg: (1§ (w)) = C[Stab(w)] = ct
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and Resgu (I§(w)) decomposes as a direct sum of 4 inequivalent irreducible repre-
sentations. Theorems [£.13] and tell us that there are Morita equivalences

H(GEZ(G))® ~pr O(Ty) o (2@ s jE — O(X,(LEZ(@))) x RE,
H(GHT ~ar O(To) XI5 5 i = O(X(LF)) x RE,
Example 5.5 (non-trivial 2-cocycles).

Let D be a central division algebra of dimension 4 over F and recall that D!
denotes the group of elements of reduced norm 1 in D* = GL;(D), which is also
the maximal compact subgroup and the derived group of D*.

Take ¢, 7, v,n as in the previous example and let 7 € Irr(D*) be the image of 7 under

the Jacquet—Langlands correspondence. Equivalently, 7 has Langlands parameter
¢. Then

XP7 (r) = X920 () = {1, 7,9, 7}
As already observed in [I], the 2-cocycle k, of XP™(7) is nontrivial. The group

X . . . . . . . .
xPb (7) has one irreducible projective non-linear representation, of dimension two.
Therefore

Endpi (1) 2 C[XP™ (1), k,] = M(C)
and ResglX (1) = 7% @ ¢ with 7% irreducible.
Now we consider G = GL5(D), L = GL;(D)® and
c=TR1y®n®yn € Irr(L).

This representation is the image of (175 under the Jacquet—Langlands correspon-
dence. It is clear that

XE(o) =1, XC(I§(0)) = XP" () and W, = 1,

where s = [L, o). Just as in the previous example, we find

X"(s) = Xu(L/ L 2(G)) = /102,

Wi =n~(2/22) c W(G, L),

Stab(o) = {1, ((23)(45), 7). ((24)(35), m), ((25)(34), 1)},

X%(s) = Stab(0) XX (s).
We refer to Subsection for the definitions of these groups. The same reasoning
as for #r shows that ;) = fr via the isomorphism Stab(c) — XP” (7). Hence

Endg; (I§(0)) = C[Stab(0), #7g(,) | = Ma(C),

and Resgﬂ (Ig(a)) is direct sum of two isomorphic irreducible G¥-representations.
To analyse the Hecke algebras associated to s, we need to exhibit some types. A
type for v as a D*-representation is (D', \, = v o Nrd). The same works for other
characters of D*. We know that 7 admits a type, and we may assume that it is
of the form (D', \;). It is automatically stable under X () and dim(\,) > 1
because 7 is not a character. Then

(DY’ A=X @M @Ay @Ay @ Ayy)
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is a type for [L,o]r. The underlying vector space V) can be identified with V) _.
We note that M = L and Ty = X,,,(L) = (C*)®. Proposition and Theorem 4.1
show that there is a Morita equivalence

Xnr(L/LEZ(@G))

H(GZ(G))* ~m (O(T) @ Ende(Vy)) x RE

The action of R on Endc(Vy) comes from a projective representation of X2 (1)
on V) _. It does not lift a to linear representation because «, is nontrivial. Therefore
H(GZ(G))* is not Morita equivalent with

O(Ty) X (L/IEEZ(G) o RjE = O(Xpp(LEZ(G)) x RE
Similarly the algebras H(G#) and

#
(176)  (O(T3) ® Ende (V)" % % = (O(Xur(LF)) © Ende(12)) » 9%
are Morita equivalent, but
(177) O(Le) X (1) g 38 = O(X e (LF)) 4 RE

has a different module category. One can show that (176)) and (177) are quite far
apart, in the sense that they have different periodic cyclic homology.

Example 5.6 (Type does not see all Gﬁ—subrepresentations).
Take G = GL2(F) and let x_ be the unique unramified character of order 2. There
exists a supercuspidal w € Irr(G) with X, (G,w) = {1, x_}. Then y_ € X%(w) and

I(w,x-) € Homg(w,w ® x-).

This operator can be normalized so that its square is the identity on V,,. Let G' be
the subgroup of G generated by all compact subgroups. The +1-eigenspace and the
—1-eigenspace of I(w,x_) are irreducible G'-subrepresentations of Res% (w), and
these are conjugate via an element a € G'\ G'Z(G). Any type for [G,w]q is based
on a subgroup of G, so it sees only one of the two irreducible G'-subrepresentations
of w.

This phenomenon forces us to introduce the group L/H) in Lemma (here
G/G'Z(G) = {1,a}) and carry it with us through a large part of the paper.

Example 5.7 (Types conjugate in G but not in G'G¥).

Consider a supercuspidal representation w of GL,,(D) which contains a simple
type (K, ). Fix a uniformizer wp of D and denote the unit of GL,,(D) by 1,,.
Assume that there exists v € X%(s) such that wpl,, normalizes K and

@p' lm  AZ ARy ¥ A

Then A and A ® ~ are conjugate in G but not in G'G*.

This can be constructed as follows. For simplicity we consider the case where K =
GL,(0p) and A has level zero. Then A is inflated from a cuspidal representation o
of the finite group GL,,(kp), where kp denotes the residue field of D. On this group
conjugation by wp has the same effect as some field automorphism of kp/kr. We
assume that it is the Frobenius automorphism x +— 29, where ¢ = |kp|. Recall that
kp/kr has degree d, so |kp| = ¢°.

We need a o € Irreusp (GLp (kp)) such that

(178) ooFroby, 2o ®75 %o,
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where 7 € Irr(GLy, (kp)/k[5SLm (kp)) is induced by ~.

To find an example, we recall the classification of the characters of GL,,(kp) by
Green [15]. In his notation, every irreducible cuspidal character of GL,,(kp) is of
the form (—1)™~11¥[1], where k € Z/(¢%™ — 1)Z is such that k, kq?, ..., kg™
are m different elements of Z/(¢™™ — 1)Z.

Let us make the class function I¥[1] a bit more explicit. [I5, Theorems 12 and
13] entail that it is determined by its values on principal elements, that is, elements
of GL,,(kp) which do not belong to any proper parabolic subgroup. Let kg be a
field with ¢™? elements, which contains kp. Suppose that z € kj, is a generator and
let f, € GL,,(kp) be such that det(t — f;) is the minimal polynomial of x over kp.
Then f, € GL,,(kp) is principal, and every principal element is of this form. We
identify Irr(k}) with Z/(¢%™ — 1)Z by fixing a generator, a character 0 : ky, — C*
of order ¢¥™ — 1. From [I5} §3] one can see that I¥ [1](f,) = 6%(x).

In this setting, the above condition on k becomes that #%¢” = §* for any divisor s
of m with 1 < s < m. Let us call such a character of kj; regular. The Galois group
Gal(kg/kp) = (Frobg,) acts on Irr(k}) by 6% o Froby, = %" and the regular
characters are precisely those whose orbit contains m = |Gal(kg/kp)| elements.
Now [I5, Theorem 13] sets up a bijection

Irr(kj)reg/Gal(kp/kp) —  IrTeusp(GLm (kD))
9k

(179) - o

determined by
(180) tr(on(fr)) = (—1)™ 16" (z) for every generator z of k.

Let us describe the effects of tensoring with elements of Irr(G/G*Z(G)) and of con-
jugation with powers of wp in these terms. As noted above, the conjugation action
of wp on GL,,(D) is the same as entrywise application of Froby, € Gal(kp/kr).

With (180) we deduce

-1
wWp O = 0 0 Froby, = op,.

This corresponds to the natural action of Gal(kp/kp) on Irr(kj )reg/Gal(kr/kp).
Consider a v € Irr(G/G*Z(G)) which is trivial on ker(GL,,(0p) — GL,(kp)). It
induces a character of GL,,(kp) of the form

3 =7"0Ny, ke odet  with ~' € Irr(ky).

We assume that ' = 6| K By (180)

Y(f2) = 0(Nip /iy (Nieg i, (%)) = 0(Niy 1oy (2))
_ (ol D/ _ gl =1/t (g

Comparing with (178) we find that we want to arrange that

dm

] mod ¢™ — 1, but kq ¢ {k, kq%, ..., kqd(m_l)} mod ¢%™ — 1.
q [e—

kg=k+ 2

For example, we can take ¢ = 3,d = 3 and m = 2. Then ¢%™ = 729,
(g% —1)/(q — 1) = 364 and suitable k’s are 182 or 182¢¢ = —110.
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Example 5.8 (Types conjugate in G'G* but not in G1).

Take G = GLap(D), L = GL,(D)?, w = w; ® we with wy, K1, as in the
previous example (but there without subscripts). Also assume that the supercuspidal
wy € Irr(GL,, (D)) contains a simple type (K2, A2) such that

m‘)\Qg)Q@’Y%AQ'
Then (K, \) = (K7 x K2, \1 ® \2) is a type for [L,w]r. It is conjugate to (K, A ® )
by (wf)llm,wplm) € G*\ G* N G, but not by an element of G'.
6. INDEX OF NOTATIONS

This index is supplementary to the notations and conventions in Section

A, §41] p. B7] PN(K)\)p.
a (f), 8.2 p. PNY(K,)\),

Cy, 3 o8 PN KL7>\L p
C>®(G/U) KLa)\L 4.2
C(U\G) Rep (G)

eus 3.1 p. Repﬁ(Gﬁ), ‘ p
Cuc> §3-9 Roe, §2.1 p.

€l i)‘ig, E p-

&, 3.3 p me, $2.1] p.

€y 43.30 p. sp = [L,w]r, §1f p |§|
';Gu, §ﬁ, . Stab(s), §2.2] p.

eur, 3.1} p. Stab(s, A), §3.1] p.
eu2, §4.3) p. Stab(s, PN M), §2.2| p.
es, 8.1 p Stab(s, P N M), §3.1] p.
ess P31 p. Stab(s, PN M)?, §4.3] p.
Fr, 1] p. Stab(w), §2.1] p.

S 1) p. t, p.

feor 1, p. t <5, §2.2 p

fx,,ua @ p. @ 0z, 4.1, p.

G* = GLyn(D)der, 2.1} p. tpa, §4.1) p.

HY, 2.1) p. § 7., {1 p. [1

H(G), {1 p. [T 7!, fud p.

H(G, >‘)7 & p ﬁ VM? s‘v p-
H(G*Z(G))*, 3} p. V,,, 3 p.

Hy, §3.1 p V= Vu};’ 94.2] p.
H(M xR, 3.2 p. Ve, 81 p.
H(Ts, Ws, qs), §4.1, p. Vi, §3.14 p.

H(X*(Ts) x Ws,qs), §4.1] p. Vi, B3] p.

H(Ws, gs), §4.1} p. W, 41l p. [1

I(v, )P|§| W, 41 p. [f]

ipu, 4.3 p. Wi, §2.9 p.

1rr*s (L), 1} p. [0 we, 2.1] p.
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(K. ), BT, XH(),

(Kas Ac), $3.1) p X"(s)', §3.1} p.
(KLvAL)v 3‘ p XL(5)27 , P-
L, g1 p. [ X1(s,)), §3.1, p.
LY, §3.1] p. XE(s/N), 3.1} p.
(1/Hy), 1) p. XE(s/\)!, ] p
M, g} p. XHw, V), $3.14 p
~M, p. XHY(L)v " p. @
et §4.2) p. Xur(L,w), §1} p. [6]
,LLL,,LL%/, " Z )7 & p

p.
Ne(se), 41} p
N(Kr, L), §4.2, p.
Nrd, p.
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