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ABSTRACT. We prove that a strengthened form of the local Langlands
conjecture is valid throughout the principal series of any connected split
reductive p-adic group. The method of proof is to establish the pres-
ence of a very simple geometric structure, in both the smooth dual and
the Langlands parameters. We prove that this geometric structure is
present, in the same way, for the general linear group, including all
of its inner forms. With these results as evidence, we give a detailed
formulation of a general geometric structure conjecture.
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1. INTRODUCTION

Let G be a connected reductive p-adic group. The smooth dual of G —
denoted Irr(G) — is the set of equivalence classes of smooth irreducible
representations of G. In this paper we state a conjecture based on [3], 6} [7, 8]
which asserts that a very simple geometric structure is present in Irr(G).
A first feature of our conjecture is that it provides a guide to determining
Irr(G). A second feature of the conjecture is that it connects very closely
to the local Langlands conjecture.

For any connected reductive p-adic group G, validity of the conjecture
gives an explicit description of Bernstein’s infinitesimal character [15] and
of the intersections of L-packets with Bernstein components in Irr(G).

The conjecture can be stated at four levels:

K-theory of C*-algebras

Periodic cyclic homology of finite type algebras
Geometric equivalence of finite type algebras
Representation theory

At the level of K-theory, the conjecture interacts with the Baum—Connes
conjecture [I3]. BC has been proved for reductive p-adic groups by V.
Lafforgue [44]. The conjecture of this paper ABPS can be viewed as a
“lifting” of BC from K-theory to representation theory. In this paper ABPS
will be stated at the level of representation theory.

The overall point of view of the paper is as follows. Denote the L-group
of the p-adic group G by ©G. If G is split, then “G is a connected reductive
complex algebraic group. A Langlands parameter is a homomorphism of
topological groups

Wp x SLy(C) —E G
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which is required to satisfy some conditions. Here Wy is the Weil group
of the p-adic field F' over which G is defined. Let G denote the complex
dual group of G, and let {Langlands parameters}/G be the set of all the
Langlands parameters for G modulo the action of G. The local Langlands
correspondence asserts that there is a surjective finite-to-one map

Irr(G) — {Langlands parameters}/G,

which is natural in various ways. A more subtle version [46] [42] [3] [66]
conjectures that one can naturally enhance the Langlands parameters with
irreducible representations of certain finite groups, such that the map be-
comes bijective.

The aim of the paper is to introduce into this context a countable disjoint
union of complex affine varieties, denoted {Extended quotients}, such that
there is a commutative triangle of maps

{Extended quotients}

/ \

Irr(G) {Langlands parameters}/G

in which the left slanted arrow is bijective and the other two arrows are
surjective and finite to one.

The key point is that in practice {Extended quotients} is much more eas-
ily calculated than either Irr(G) or the G-conjugacy classes of Langlands
parameters. In examples, bijectivity of the left slanted map is proved by us-
ing results on the representation theory of affine Hecke algebras. The right
slanted map is defined and studied by using an appropriate generalization
of the Springer correspondence.

The paper is divided into three parts:

e Part 1: Statement of the conjecture
e Part 2: Examples
e Part 3: Principal series of connected split reductive p-adic groups

We should emphasize that the conjecture in Part 1 of this article is a
strengthening of the geometric conjecture formulated in [5l 6l [7, [§]. In [5]
0, [7, 8] the local Langlands correspondence was not part of the conjecture.
Now, by contrast, the local Langlands correspondence is locked into our
conjecture.

Let s be a point in the Bernstein spectrum of G, let Irr®(G) be the part
of Irr(G) belonging to s and let {Langlands parameters}® be the set of
Langlands parameters whose L-packets contain elements of Irr®(G). Let H®
be the stabilizer in G of this set of Langlands parameters.

Furthermore, let T7° and W* be the complex torus and finite group as-
signed by Bernstein to s, and let (7°//W?)y is the extended quotient (of
the second kind) for the action of W* on T*. According to our conjecture,
the local Langlands correspondence, restricted to the objects attached to
s, factors through the extended quotient (7°%//W*)s. In this precise sense,
our conjecture reveals a geometric structure latent in the local Langlands
conjecture.
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The essence of our conjecture is:

Conjecture 1.1. Let G be a quasi-split connected reductive p-adic group or
an inner form of GL,(F), and let Irr(G)® be any Bernstein component in
Irr(G). Then there is a commutative triangle

(T /fW?)2

T

Irr(G)° {Langlands parameters}®/H®

in which the horizontal arrow is the map of the local Langlands conjecture,
and the two slanted arrows are canonically defined maps with the left slanted
arrow bijective and the right slanted arrow surjective and finite-to-one.

In Part 2, we give an account of the general linear group GL,,(F) and its
inner forms GL,,(D). Here, D is an F-division algebra of dimension d? over
its centre F' and n = md. Except for GL,(F'), these groups are non-split.
The main result of Part 2 is:

Theorem 1.2. Conjecture is valid for G = GL, (D). In this case, for
each Bernstein component Irr(G)® C Irr(G), all three maps in the commu-
tative triangle are bijective.

Calculations involving two other examples — G = Sp,,(F) and § =
Go(F') — are also given in Part 2.

In Part 3 we assume that the local field F' satisfies a mild restriction on
its residual characteristic, depending on G. For the principal series we then
prove that the conjectured geometric structure (i.e. extended quotients) is
present in the enhanced [46, 42} [3], [66] Langlands parameters. In this case
the enhanced Langlands parameters reduce to simpler data, which we call
Kazhdan-Lusztig—-Reeder parameters.

More precisely, the main result in Part 3, namely Theorem [24.1} is:

Theorem 1.3. Let G be a connected split reductive p-adic group. Assume
that the residual characteristic of the local field F' is not a torsion prime for
G. Let Irr(G)® be a Bernstein component in the principal series of G. Then
Conjecture is valid for Irr(G)® i.e. there is a commutative triangle of
natural bijections

(T2/fW?)2

T

Irr(G)® {KLR parameters}®/H*®

In this triangle {KLR parameters}®/H® is the set of Kazhdan—Lusztig—
Reeder parameters for the Bernstein component Irr(G)®, modulo conjugation
by H*.

The construction of the bottom horizontal map in the triangle generalizes
results of Reeder [55]. Reeder requires, when the inducing character is ram-
ified, that G shall have connected centre; we have removed this restriction.
Therefore, our result applies to the principal series of SLy,(F).
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Additional points in Part 3 are — labelling by unipotent classes, correct-
ing cocharacters, and proof of the L-packet conjecture stated in [§].

Finally, the appendix defines geometric equivalence. This is an equivalence
relation on finite type algebras which is a weakening of Morita equivalence.
Geometric equivalence underlies and is the foundation of Conjecture

Acknowledgements. Thanks to Mark Reeder for drawing our attention
to the article of Kato [41]. We thank Joseph Bernstein, David Kazhdan,
George Lusztig, and David Vogan for enlightening comments and discus-
sions.

Part 1. Statement of the conjecture
2. EXTENDED QUOTIENT

Let T' be a finite group acting on a complex affine variety X as automor-
phisms of the affine variety

'xX — X.

The quotient variety X /T is obtained by collapsing each orbit to a point.
For x € X, I';, denotes the stabilizer group of «:

I'y={yel: vz ==z}
¢(T';) denotes the set of conjugacy classes of I';. The extended quotient is

obtained by replacing the orbit of = by ¢(I';). This is done as follows:

Set X = {(7,2) eTxX : yx = z}. X is an affine variety and is a subvariety
of I' x X. The group I' acts on X:
I'x X —» X
a(v,2) =(ayaax),  a€el, (yz)eX.
The extended quotient, denoted X//T, is X /T'. Thus the extended quotient
X//T is the usual quotient for the action of I' on X. The projection X —

X, (v,x) = x is I-equivariant and so passes to quotient spaces to give a
morphism of affine varieties

p: X//T = X/T.

This map will be referred to as the projection of the extended quotient onto
the ordinary quotient.

The inclusion

XX
x— (e,x) e = identity element of T’

is I'-equivariant and so passes to quotient spaces to give an inclusion of
affine varieties X/I" < X //T". This will be referred to as the inclusion of the
ordinary quotient in the extended quotient. We will denote X //T" with X/T"
removed by X//T' — X/T.
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3. BERNSTEIN SPECTRUM

We recall some well-known parts of Bernstein’s work on p-adic groups,
which can be found for example in [15, [56].

With G fixed, a cuspidal pair is a pair (M, o) where M is a Levi fac-
tor of a parabolic subgroup P of G and ¢ is an irreducible supercuspidal
representation of M. Here supercuspidal means that the support of any
matrix coefficient of such a representation is compact modulo the centre of
the group. Pairs (M, o) and (M, ¢’) with o isomorphic to ¢’ are considered
equal. The group G acts on the space of cuspidal pairs by conjugation:

g+ (M,0) = (gMg™" 00 Ad;").

We denote the space of G-conjugacy classes by Q2(G). We can inflate o to
an irreducible smooth P-representation. Normalized smooth induction then
produces a G-representation Ig(a).

For any irreducible smooth G-representation 7 there is a cuspidal pair
(M, o), unique up to conjugation, such that 7 is a subquotient of Ig(a).
(The collection of irreducible subquotients of the latter representation does
not depend on the choice of P.) The G-conjugacy class of (M, o) is called
the cuspidal support of m. We write the cuspidal support map as

Sc: Irr(G) — Q(G).
For any unramified character v of M, (M, o ® v) is again a cuspidal pair.
Two cuspidal pairs (M, o) and (M’,o’) are said to be inertially equivalent,

written (M, o) ~ (M’,0’), if there exists an unramified character v : M —
C* and an element g € G such that

9-Mp&o)=M,0d).

The Bernstein spectrum of G, denoted B(G), is the set of inertial equivalence
classes of cuspidal pairs. It is a countable set, infinite unless G = 1. Let
s = [M,o]g € B(G) be the inertial equivalence class of (M, o) and let
Irr(G)® be the subset of Irr(G) of representations that have cuspidal support
in s. Then Irr(G) is the disjoint union of the Bernstein components Irr(G)*:

Irr(G) = |_| Irr(G)®.
s€B(Q)

The space Xy (M) of unramified characters of M is a natural way a com-
plex algebraic torus. Put

(1) Stab(o) = {v € Xyu(M) | c @ v = o}

This is known to be a finite group, so Xyn:(M)/Stab(co) is again a complex
algebraic torus. The map

(2) Xune(M) /Stab(o) — Irr(M)MM s 5 @ v

is bijective and thus provides Irr(M)Molm with the structure of an alge-
braic torus. This structure is canonical, in the sense that it does not depend
on the choice of ¢ in Irr(M)Malm,

The Weyl group of (G, M) is defined as

W (G, M) := Ng(M)/M.
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It is a finite group which generalizes the notion of the Weyl group associated
to a maximal torus. The Weyl group of (G, M) acts naturally on Irr(M),
via the conjugation action on M. The subgroup

(3) W?* = {w e W(G, M) | w stabilizes [M, o] r}.
acts on Irr(M)Malm We define
(4) T® := Irr(M)Molm

with the structure as algebraic torus and the W?*-action . We note
that the W*-action is literally by automorphisms of the algebraic variety 7%,
via they need not become group automorphisms. Two elements of T*
are G-conjugate if and only if they are in the same W?*-orbit.

An inertially equivalent cuspidal pair (M’,¢’) would yield a torus 7"
which is isomorphic to 7* via conjugation in G. Such an isomorphism 7% £
T is unique up to the action of W?*.

The element of T°/W?* associated to any = € Irr(G)® is called its infini-
tesimal central character, denoted 7%(7). Another result of Bernstein is the
existence of a unital finite type O(T*°/W?*)-algebra H?®, whose irreducible
modules are in natural bijection with Irr(G)®. The construction is such that
H® has centre O(T*/W?) and that 7°(rm) is precisely the central character
of the corresponding H*-module.

Since Irr(#?) is in bijection with the collection of primitive ideals of H?,
we can endow it with the Jacobson topology. By transferring this topology to
Irr(G)*®, we make the latter into a (nonseparated) algebraic variety. (In fact
this topology agrees with the topology on Irr(G)*® considered as a subspace
of Irr(G), endowed with the Jacobson topology from the Hecke algebra of
g.)

Summary: For each Bernstein component s € 6(G) there are:

(1) A finite group W* acting on a complex torus 7°;
(2) A subset Irr(G)* of Irr(G);
(3) A morphism of algebraic varieties

7w Irr(G)® — T°/W*,
(4) A unital finite-type O(T°/W?)-algebra H® with
Irr(H°) = Irr(G)°.

4. APPROXIMATE STATEMENT OF THE CONJECTURE

As above, G is a quasi-split connected reductive p-adic group or an inner
form of GL,(F), and s is a point in the Bernstein spectrum of G.
Consider the two maps indicated by vertical arrows:

T )/ W* Irr(G)®
p° w*

TS JW* T /W
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Here 7° is the infinitesimal character and p° is the projection of the extended
quotient on the ordinary quotient. In practice 7% //W* and p° are much easier
to calculate than Irr(G)® and 7°.

An approximate statement of the conjecture is:

7 Irr(G)° — T°/W?* and p°: T°//W*® — T°/W? are almost the same.

The precise statement of the conjecture — in particular, precise meaning of
“are almost the same” — is given in section [7] below.

m° and p°® are both surjective finite-to-one maps and morphisms of alge-
braic varieties. For x € T°/W?, denote by #(z, p°), #(z,7°) the number
of points in the pre-image of = using p®, m°. The numbers #(x, %) are of
interest in describing exactly what happens when Irr(G)® is constructed by
parabolic induction.

Within 7 /W?* there are algebraic sub-varieties R(p®), R(7°) defined by

R(p®) == {z € T°/W* | #(x,p°) > 1}

R(n*) :={z e T°/W?* | #(z,7°) > 1}
It is immediate that

R(p®) = p*(T°//W* = T°/W?)
R(7%) will be referred to as the sub-variety of reducibility.
In many examples R(p°) # R(7®). Hence in these examples it is impossi-
ble to have a bijection
T°//W* — Irr(G)®

with commutativity in the diagram

T°)/W* Irr(G)®

s /W

A more precise statement of the conjecture is that after a simple algebraic
correction (“correcting cocharacters”) p® becomes isomorphic to 7°. Thus
p° is an easily calculable map which can be algebraically corrected to give
7m°. An implication of this is that within the algebraic variety 7°°/W* there
is a flat family of sub-varieties connecting R(p°) and R(7°).

5. EXTENDED QUOTIENT OF THE SECOND KIND

With T, X, T'; as in Section[2]above, let Irr(I';) be the set of (equivalence
classes of) irreducible representations of I',. The extended quotient of the
second kind, denoted (X //T')s, is constructed by replacing the orbit of x (for
the given action of I" on X) by Irr(I';). This is done as follows :

Set Xy = {(z,7) | z € X and 7 € Irr(T,)}. Then T acts on X.
I' x )?2 — )?2,
V@, 7) = (v, %7),

where v,: Irr(I';) = Irr(I'y;). Now we define

(X//T)2 == Xy,
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i.e. (X//T)y is the usual quotient for the action of I' on Xy. The projection

X9 =+ X (x,7)— x is I'-equivariant and so passes to quotient spaces to
give the projection of (X//T")2 onto X/T.

p2: (X//T)g — X/T

Denote by triv, the trivial one-dimensional representation of I';,. The inclu-
sion

X — 5(:2
x> (x,trivy)
is I'-equivariant and so passes to quotient spaces to give an inclusion
X/T < (X//T)

This will be referred to as the inclusion of the ordinary quotient in the
extended quotient of the second kind.

6. COMPARISON OF THE TWO EXTENDED QUOTIENTS

With X, I" as above, there is a non-canonical bijection e¢: X//T' — (X//T")2
with commutativity in the diagrams

(5) X//T - (X//T)2 X//r - (X//T)2

N A N

X/T X/T

To construct the bijection €, some choices must be made. We use a family
1) of bijections

Uy c(Ty) = Irr(Ty)
such that for all z € X:

(1) ¢a([1]) = trive;

(2) Yre([v97™ 1) = ¢2([g]) 0 Ad; ! for all g € Ty, y €T

(3) ¥y =y ifI'y =Ty and z, y belong to the same connected component
of the variety X'z,

We shall refer to such a family of bijections as a ¢-Irr system. Clearly v
induces a map X — Xy which preserves the X-coordinates. By property
(2) this map is I'-equivariant, so it descends to a map

e=¢y: X//T = (X//T')a.

Observe that €, makes the diagrams from commute, the first by con-
struction and the second by property (1). The restriction of €, to the fiber
over 'z € X/T" is 1), and in particular is bijective. Therefore ¢, is bijective.
Property (3) is not really needed, it serves to exclude ugly examples.

One way to topologize (X //T")2 is via the X-coordinate, in other words, by
simply pulling back the topology from X/T" via the natural projection. With
respect to this naive topology €, is continuous. This continuous bijection,
however, is not usually a homeomorphism. In most cases X//T" is more
separated than (X//T')s.
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But there are other useful topologies. Let O(X) be the coordinate algebra
of the affine variety X and let O(X) x I" be the crossed-product algebra for
the action of I" on O(X). There are canonical bijections

Irr(O(X) % T) <— Prim(O(X) x T) «— (X//T)a,

where Prim(O(X) x I') is the set of primitive ideals in this algebra. The
irreducible module associated to (x,7) € (X//T)3 is

(6) Indg ) ar., (Ca @ 7).
The space Prim(O(X) x I') is endowed with the Jacobson topology, which
makes it a nonseparated algebraic variety. This can be transferred to a
topology on (X//T")2, which we also call the Jacobson topology. It is slightly
coarser than the naive topology described above.

The bijection €, is not always continuous with respect to the Jacobson
topology. In fact, it follows readily from (6] that €, is continuous in this
sense if and only the following additional condition is satisfied:

(4) Suppose that z,y lie in the same connected component of the variety
XT= that I'y D I'y and that v € I';. Then the I')-representation

ty(17]) appears in Indp 4, ([7]):
While the first three conditions are easy to fulfill, the fourth can be rather
difficult.

The two finite-type O(X/I')-algebras O(X//T') and O(X) x I" are usually
(i.e. if the action of I on X is neither trivial nor free) not Morita equivalent.
In examples relevant to the representation theory of reductive p-adic groups
these two finite-type O(X/T')-algebras are equivalent via a weakening of
Morita equivalence referred to as “geometric equivalence”, see the appendix.

7. STATEMENT OF THE CONJECTURE

As above, G is a quasi-split connected reductive p-adic group or an inner
form of GL,,(F'), and s € ®B(G). Let {Langlands parameters}® be the set of
Langlands parameters for s € B(G) and H* the stabilizer of this set in the
dual group G.

The conjecture consists of the following five statements.

(1) The infinitesimal character
7w Irr(G)® — T° /W*

is one-to-one if and only if the action of W* on T* is free.

(2) The extended quotient of the second kind (7%//W?*)s surjects by a
canonical finite-to-one map onto {Langlands parameters}®/H?®.

(3) The extended quotient of the second kind (7°°//W*)s is canonically
in bijection with the Bernstein component Irr(G)*.

(4) The canonical bijection

(T°)/W*)g +— Irr(G)*

comes from a canonical geometric equivalence of the two unital finite-
type O(T*/W?)-algebras O(T*) x W* and H®. See the appendix for
details on “geometric equivalence”.
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(5) The above maps and the local Langlands correspondence fit in a
commutative triangle

(T2 //W=)2

T T

Irr(G)® {Langlands parameters}®/H?*

(6) A c-Irr system can be chosen for the action of W* on T such that
the resulting bijection

e:T°[JW?* — (T° [/W?),

when composed with the canonical bijection (17°//W?®)y — Irr(G)*
gives a bijection

W T W — Irr(G)®
which has the following six properties:

Notation for Property 1:

Within the smooth dual Irr(G), we have the tempered dual
Irr(G)temp = {smooth tempered irreducible representations of G}/ ~
1%, = maximal compact subgroup of 7*.

1%, is a compact real torus. The action of W* on T* preserves ¢,
can form the compact orbifold 75 //W*.

SO we

Property 1 of the bijection p® :
The bijection p° : T°//W* — Irr(G)° maps
Irr(G)temp, and hence restricts to a bijection

s Tfpt//VV5 «—— Irr(G)° N Irr(G)temp

Property 2 of the bijection u® :
For many s the diagram

J//W?* onto Irr(G)° N

Cpt

Ts /)W a Trr(G

S~ A

T /W*

does not commute.

Property 3 of the bijection u*:
In the possibly non-commutative diagram

T //W* s Trr(G

S A

/W

the bijection p® : T°//W* — Irr(G)® is continuous where 7°//W* has
the Zariski topology and Irr(G)° has the Jacobson topology — and the
composition

o T )/W* — T°/W?
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is a morphism of algebraic varieties.

Property 4 of the bijection u°:
There is an algebraic family

0, :T°)/W* — T%/W*
of finite morphisms of algebraic varieties, with z € C*, such that
0r=p", Og=n"ou’ and 0,4(T°//W°—T°/W?)=R(r).

Here ¢ is the order of the residue field of the p-adic field F' over which G is
defined and R(7®) C T°/W?* is the sub-variety of reducibility. Setting

Y, =0,(T°)/W?* —=T°/W?*)
a flat family of sub-varieties of 7% /W* is obtained with

Yi=R(p"),  Y,q=R(),

Property 5 of the bijection p® (Correcting cocharacters):
For each irreducible component c of the affine variety 7°//W? there is a
cocharacter (i.e. a homomorphism of algebraic groups)

he : C* — T*
such that
ez[wvt] = b(hc(z) ’ t)

for all [w, t] € c.
Let b: T° — T°/W?* be the quotient map. Here, as above, points of i are
pairs (w,t) with w € W* ¢t € T° and wt = t. [w,t] is the point in T°//W?*
obtained by applying the quotient map 5 - T* J/W* to (w,t).
Remark. The equality

0w, t] = b(he(z) - t)

is to be interpreted thus:
Let Z1, Za, . .., Z, be the irreducible components of the affine variety 7 //W*
and let hi, ho, ..., h, be the cocharacters as in the statement of Property
5. Let
VT — T°//W*

be the quotient map. -
Then irreducible components X1, Xo, ..., X, of the affine variety 1T can be
chosen with

o ¥(X;)=Zjforj=1,2,...,r

e For each z € C* the map m.: X; — T°/W?*, which is the composi-

tion
X;— T° —T°/W*

(w,t) — hj(2)t — b(h;(2)t),
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makes the diagram

X; v Z;

T /W

commutative. Note that h;(2)t is the product of h;(z) and ¢ in the
algebraic group T°.

Remark. The conjecture asserts that to calculate
7w Irr®(G) — T° /W

two steps suffice:

Step 1: Calculate p°: 7% //W* — T° /W*.

Step 2: Determine the correcting cocharacters.

The cocharacter assigned to T°/W?* < T% //W* is always the trivial cochar-
acter mapping C* to the unit element of 7%. So all the non-trivial correcting
is taking place on T°//W*® — T JW*.

Notation for Property 6.

If S and V are sets, a labelling of S by V is a map of sets A\: § — V.
Property 6 of the bijection ps (L-packets):

As in Property 5, let {Z1,...,Z,} be irreducible components of the affine
variety 7°//W?. Then a labelling \: {Z;, Zs,...Z,} — V exists such that:
For every two points [w, t] and [w',t] of T®//W*:

p’lw,t] and p°[w’,t'] are in the same L-packet

if and only

(i) 6,[w,t] = 6.[w' '] for all z € C*;

(ii) A[w,t] = Muw', ], where we lifted A to a labelling of 7°//W* in the

obvious way.

Remark. An L-packet can have non-empty intersection with more than one
Bernstein component. The conjecture does not address this issue. The
conjecture only describes the intersections of L-packets with any one given
Bernstein component.

In brief, the conjecture asserts that — once a Bernstein component has been
fixed — intersections of L-packets with that Bernstein component consist-
ing of more than one point are “caused” by repetitions among the correct-
ing cocharacters. If, for any one given Bernstein component, the correcting
cocharacters hy, ha, ..., h, are all distinct, then (according to the conjecture)
the intersections of L-packets with that Bernstein component are singletons.

A Langlands parameter can be taken to be a homomorphism of topological
groups

W x SLy(C) — ~G,
where F' is the p-adic field over which G is defined, W is the Weil group of
F, and LG is the L-group of G. Let G, as before, denote the complex dual
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group of G. By restricting a Langlands parameter to the standard maximal
torus of SLy(C) a cocharacter

C*—T
is obtained, where T is a maximal torus of G. In examples, these give the
correcting cocharacters.

For any G and any s € B(G) the finite group W* is an extended finite
Coxeter group i.e. is a semi-direct product for the action of a finite abelian
group I' on a finite Weyl group W':

W =W xT.

Due to this restriction on which finite groups can actually occur as a W#,
in examples there is often a clear preferred choice of c-Irr system for the
action of W* on T%.

What happens if G is a connected reductive p-adic group which is not
quasi-split? Many Bernstein components Irr(G)® have the geometric struc-
ture as in the statement of the conjecture above. However, in some examples
there are Bernstein components Irr(G)® which are canonically in bijection
not with (7,//Ws)2 but with (T,//Ws)2-twisted by a 2-cocycle. See Sec-
tion (13| for the definition of (7y//Ws)s-twisted by a 2-cocycle. The authors
of this paper are currently formulating a precise statement of the conjecture
for connected reductive p-adic groups which are not quasi-split. Our precise
statement will be given elsewhere.

Part 2. Examples
8. REMARKS ON THE SUPERCUSPIDAL CASE

Recall the group Xyn,(M) of unramified characters of M, its finite sub-
group Stab(o) defined in and the complex algebraic torus 7°, defined in
as the quotient of X ,n,(M) by Stab(c). We first consider the special case
in which s € ®B(G) is a supercuspidal inertial pair in G, that is, s = [G, 7|q,
where 7 is a supercuspidal irreducible representation of G. We have

T° ~Irr(G)°.

On the other hand, the group W* is the trivial group {1}. Hence we have
(T°)/W?®)y = T°/W* = T*°. It follows that the left slanted map in the
commutative triangle from statement (5) in Section [7| is here the identity
map. In other words, when s is supercuspidal, the triangle collapses into
the horizontal map, i.e.,the existence of the commutative triangle of maps
is equivalent to the existence of the local Langlands map.

The other parts of the conjecture are trivially true when s is supercuspidal,
except Property 6. Each of the maps u®, 7, and p° being equal to the
identity map, we have

0 g =01 (=1d).
It implies that only the trivial cocharacter can occur. On the other hand, the
labelling should consist in a unique label. Hence the conditions (i) and (ii)
in Property 6 are empty. It follows that Property 6 is equivalent to the
following property:
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Property S: When s is supercuspidal, the set of representations of G which
belong to the intersection of Irr(G)® with an L-packet is always a singleton.

Property S is obviously true if Z(G) is compact, because in that case there
is no non-trivial unramified character of G, thus Irr(G)* itself is reduced to
a singleton. It is also valid if G = GL,(F), because each L-packet is a
singleton.

Property S is expected to hold in general. For instance, it is true for the
supercuspidal L-packets constructed in [28].

9. THE GENERAL LINEAR GROUP AND ITS INNER FORMS

Let F be a local non-archimedean field. Let G be an inner form of the
general linear group G* := GL,(F'), n > 1, that is, G is a group of the form
GL,, (D), where D is an F-division algebra, of dimension d? over its centre
F, and where n = md (see for instance [2, § 25]). By F-division algebra we
mean a finite dimensional F-algebra with centre F', in which every nonzero
element is invertible.

We have G = A*, where A is a simple central F-algebra. Let V be a
simple left A-module. The algebra End (V') is an F-division algebra, the
opposite of which we denote by D. Considering V as a right D-vector space,
we have a canonical isomorphism of F-algebras between A and Endp(V).

Heiermann [35] proved that every Bernstein component of the category of
smooth G-modules is equivalent to the module category of an affine Hecke
algebra. Together with [61, Theorem 5.4.2] this proves a large part of the
ABPS conjecture for G: properties 1-5 from Section [/} In particular, this
provides a bijection between 7% //W* and Irr(G)® for any point s € B(G).
Moreover, T°//W* and (T°//W?)y are canonically isomorphic. In subsec-
tion we shall construct a canonical bijection from (7°//W?)3 to Irr(G)*
by following a different approach based on the fact due to Sécherre and
Stevens [59] that the affine Hecke algebra which occurs in the picture here
is a tensor product of affine Hecke algebras of equal parameter type.

Let W denote the Weil group of F. The complex dual group of the
group G is G = GL,,(C). An L-group for a given p-adic group can take one
of several forms. The L-group of an inner form of a (quasi-)split group may
be identified with the L-group of the latter [2, § 26]. Moreover, the L-group
of a split group can be taken to be equal to its complex dual group. Hence
we may and we do define the L-group of G as

LG = GL,(C).

Then a Langlands parameter for G is a relevant continuous homomorphism
of topological groups

&: Wr x SLy(C) — GL,(C),

for which the image in G of any element is semisimple, and which commutes
with the projections of Wg x SLg(C) and G onto Wr. Two Langlands
parameters are equivalent if they are conjugate under “G. The set of equiv-
alence classes of Langlands parameters is denoted ®(G).

We recall that “relevant” means that if the image of ® is contained in a
Levi subgroup M of G, then M must be the L-group of a Levi subgroup M
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of G. Hence here it means that d must divide all the n; if M ~ GL(n;,C) x

- x GL(np,C). Then we set m; := n;/d and define M = GL(m1, D) x
-++xX GL(my, D). In the particular case of d = 1, i.e., for the group G*, every
Langlands parameter is relevant. Hence we get

() C (7).

In the next three subsections we shall construct, for every Bernstein com-
ponent of G, a commutative triangle of natural bijections as Property 7 of
Section [1l

9.1. Types and Hecke algebras for GL,,(D).

Let s be any point in B(G). Recall from [22] that an s-type is a pair (IC, \),
with K an open compact subgroup of G and (), V) is an irreducible smooth
representation of K, such that Irr®(G) is precisely the set of irreducible
smooth representations of G which contain . We shall denote by (X, VY)
the contragredient representation of \. The endomorphism-valued Hecke
algebra H(G, \) attached to (IC,\) is defined to be the space of compactly
supported functions f: G — End¢(VY), such that

f(krgks) = X(k1) f(9)A(k2), where ki, ko € K and g € G.

The standard convolution gives H (G, A) the structure of an associative C-
algebra with unity. There is a canonical bijection

(7) Irr®*(G) — Irr(H(G, N)).

Generalizing the work of Bushnell and Kutzko [23], Sécherre and Stevens
have constructed in [59] an s-type (K%, \*) for each s € B(G) and explicitly
described the structure of the algebra H (G, A%).

We shall recall the results from [59] that we need. Let s = [M,o]g. The
Levi subgroup M is the stabilizer of some decomposition V = @?:1 V; into
subspaces, which gives an identification

h
(8) M ~ i GLp,; (D), where m; = dimp V.

We can then write
h

g = ®j=1 O’j,
where, for each j, the representation o; is an irreducible unitary supercus-
pidal representation of G; := GLy,, (D).
We define an equivalence relation on {1,2,...,h} by

(9) j~k ifandonlyif m; =my and [G;,04lg, = [Tk, oklg,,

where we have identified G; with G, whenever m; = mj;. We may, and do,
assume that o; = o, whenever j ~ k, since this does not change the inertial
class s. Denote by S1, Ss, ..., S; the equivalence classes. For i =1,2,...,1,
we denote by e; the cardinality of S;. We call the integers ey, e, ..., ¢ the
exponents of s. Hence we get

l
(10) M ~ Hi_l GL,, (D)% and o~o('®---®o0a,
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where o1, ...,0; are pairwise distinct (after unramified twist). We abbre-
viate s; = [GLmi(D)ei,a?ei]GLm.e‘(D) and we say that s has exponents
€1,-..,e;. In the setting of

l l
(11) W* = Ng(M, o)/ M=]]W* = ]]6&.,

i=1 i=1
l
(12) Stab(c) = {x € Xyme(M) : 0 @ x} = H;l Stab(o;)
Recall that every unramified character of G; = GL,,,(D) is of the form

g — |Nrd(g)|% for some z € C, where Nrd : M,,,(D) — F is the reduced
norm. This sets up natural isomorphisms

2w/ —
log gr
Xunr(M) = Hi:1 (€)%,

Let n(o;) be the torsion number of o;, that is, the order of Stab(c;). Let T*
and T; be the Bernstein tori associated to s and [G;, 04]g,, as in . There
are isomorphisms

U.HI' gZ Z (C ><

T; = Xune(Gi)/Stab(o;)

- Y

27/ —
~ / T Z 2 C*

Uz IOg qF

! !
(13) T° =] 7% = [[(T)% = Xunr(M)/Stab(o).
i=1 i=1

As W* stabilizes o € Irr(M), the bijection is W*-equivariant. Although
the above isomorphisms are not canonical, a consequence of the next theorem
is that they can be made so by an appropriate choice of the ;.

Theorem 9.1. The extended quotient of the second kind (T°//W?*)q is canon-
ically in bijection with the Bernstein component Irr(G)®.

Proof. For every i € {1,2,...,1}, as proved in [59], there exists a pair
(Ki, Ai), formed by an open compact subgroup K; of G; = GL,,, (D) and a
smooth irreducible representation A; such that the representation XZ extends
\; to the normalizer 161 of 19 in G; and the supercuspidal representation o;
is compactly induced from \;:

- — c—Ind% ).
(14) o, =c Ind&)\l.

The group K; is a mazximal simple type in the terminology of [58]. Its
construction (given in [58]) generalizes the construction made by Bushnell
and Kutzko in [21] in the case of the general linear group.

We shall denote by op the ring of integers of D, and by gp the order of
the residue field of D.

The group K; = K(2;, 5;) is built from a simple stratum [2;, a;,0, 5;] of
the F-algebra A; := Endp(V;). The definition of a simple stratum is given
in [58, Def 1.18]. Here we just recall that §; is an element of A; such that
the F-algebra E; := F[f;] is a field, 2; is an op-hereditary order of A; that
is normalized by E, and q; is a positive integer. Then the centralizer of
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FE; in A;, denoted B;, is a simple central F;-algebra. We fix a simple left
Bj-module Vg, and write Dp, for the algebra opposite to Endg, (VE,). We
define

. meg.
mg, :=dimp, Vg, % *=dpg -

(15)

We, i= X*(T))" % &, = X*(T%) x W,
Notice that ’eri is an extended affine Weyl group of type GL.,. Now we
quote [59, Main Theorem and Prop. 5.7]: there is an isomorphism of unital
C-algebras

(16) H(G,\*) = ® Ao, (W,

For later use we also mention that this isomorphism preserves supports [59,
Proposition 7.1 and Theorem 7.2]. The factors ’qu(Wez) are (extended)
affine Hecke algebras whose structure is given explicitly for instance in [21]
5.4.6, 5.6.6].

By combining Corollary from Example 3 in the Appendix with the
multiplicativity property of the extended quotient of the second kind, we
obtain a canonical bijection

(17) o (We)) = (T W)
The composition of , and gives a canonical bijection

Irr®(G) — (T°)/W*)a. O
Let H(G) be the Hecke algebra associated to G, i.e.,
= G175,

where IC are open compact subgroups of G, and H(G//K) is the convolution
algebra of all complex-valued, compactly-supported functions on G which are
KC-biinvariant. The Hecke algebra H(G) is a non-commutative, non-unital,
non-finitely-generated C-algebra. It admits a canonical decomposition into
ideals, the Bernstein decomposition:

= & H(©
s€B(G)

The following result extends Theorem 3.1 in [19] from GL,(F) to its inner
forms. This can be viewed as a “topological shadow” of conjecture 1.1.

Theorem 9.2. Let s € B(G). Then the periodic cyclic homology of H(G)®
is isomorphic to the periodised de Rham cohomology of T°//W*:

HP,(H(G)*) ~ H"(T*//W*C).

Proof. The proof follows those of [I9, Theorem 3.1]. Let €5 be the idempo-
tent attached to the semisimple s-type (K%, A*) as in [22, Definition 2.9]:

$(g) = (vol K*)~tdim A tr(r(g7 1)) ifg e K®,
Y730 ifge G\ K°.
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The idempotent e is then a special idempotent in the Hecke algebra #H(G)
according to [22, Definition 3.11]. It follows from [22] §3] that

H(G) = H(G) x €3 * H(G).
We then have a Morita equivalence
H(G) * €3 * H(G) ~Morita €} * H(G) * €3.
By [22], 2.12] we have a canonical isomorphism of unital C-algebras:
(18) H(G, ) @c EndcV = €3 « H(G) €3,

so that the algebra e3 xH(G)xej is Morita equivalent to the algebra H (G, \*).
Then, thanks to the description of latter given in , we may finish the
proof identically as in [I9, Theorem 3.1]. O

Example 9.3. For the group GL,(F) we can describe the flat family of
sub-varieties of T°/W* from Section 4| explicitly. We assume for simplicity
that s = [GL,(F)¢ 0%¢g, where er = n. Then the sub-variety R(p°) =
p*(I°//W* —T%/W?) is the hypersurface Y7 given by the single equation
[1;2;(2i — zj) = 0. The sub-variety of reducibility R(n®) is the variety Y 5
given by the single equation H#j(zi — gzj) = 0, according to a classical
theorem [16, Theorem 4.2], [6§].

The polynomial equation [, 7éj(zi —v%2;) = 0 determines a flat family Y,
of hypersurfaces. The hypersurface Y] is the flat limit of the family Y, as
v — 1, as in [30, p. 77].

9.2. The local Langlands correspondence for GL,,(D).

We recall the construction of the local Langlands correspondence for
G = GL,, (D) from [37]. It generalizes and relies on the local Langlands
correspondence for G* = GL,,(F),

recgy: Irr(GL, (F)) = ©(GL,(F)).

The latter was proven for supercuspidal representations in [45, [33] 36], and
extended from there to Irr(G L, (F)) in [68].

If 7 is an irreducible smooth representation of G, we shall denote its
character by ©,. Let Irr.2(G) denote the set of equivalence classes of
irreducible essentially square-integrable representations of G. Recall the
Jacquet—Langlands correspondence [29] [10]:

There exists a bijection

JL: Irregr2(G) — Irregr2(GY)
such that for each 7 € Irryr2(G):

Ox(9) = (=1)""" O (9,

for any pair (g, g*) € G x G* of regular semisimple elements such that g and
g* have the same characteristic polynomial. (Recall that an element in G is
called regular semisimple if its characteristic polynomial admits only simple
roots in an algebraic closure of F'.)

Let @ be a Langlands parameter for G. Replacing it by an equivalent one,
we may assume that there exists a standard Levi subgroup M C GL,(C)
such that the image of ® is contained in M but not in any smaller Levi
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subgroup. Again replacing ® by an equivalent parameter, we can achieve
that

l l
M =J](GL,,(C)% and & =]]®7,

i=1 i=1
where ®; € ®(GL,,(F')) is not equivalent to ®; for i # j. Since P is relevant
for G, m; := n;/d is an integer and M corresponds to the standard Levi
subgroup

M=TT_, (CLu, (D)) € GL(D).

By construction the image of ®; is not contained in any proper Levi subgroup
of GL,,(F), so rec;ﬂ’zi (®;) € Irrey2(GL,, (F)). The Jacquet—Langlands
correspondence produces

oi = JL " (rec), (®4)) € Irreg 2(GLpm, (D)),

l )
o= Hz’:l 02% € Irrgg2(M).

The assignment ® — (M, o) sets up a bijection
(19) ®(G) +— {(M,0) : M a Levi subgroup of G,c € Irr.2(M)}/G.

It is known from [29, Theorem B.2.d] and [I1] that for inner forms of GL,,(F)
normalized parabolic induction sends irreducible square-integrable (modulo
centre) representations to irreducible tempered representations. Together
with the Langlands classification [43] this implies that there exists a natural
bijection between Irr(G) and the right hand side of (19). It sends (M, o) to
the Langlands quotient L(I/g\/l(a)), where the parabolic induction goes via
a parabolic subgroup with Levi factor M, with respect to which the central
character of ¢ is "positive”. The combination of these results yields:

Theorem 9.4. The natural bijection
D(G) = Irr(G) : © = (M, 0) = L(IF,(0))
is the local Langlands correspondence for G = GLy, (D).
We denote the inverse map by
(20) recp o, : Irr(G) — ®(G).

Let s = [M,0]g be an inertial equivalence class for G. We want to under-
stand the space of Langlands parameters

®(G)° :=recp m(Irr(G))

that corresponds to the Bernstein component Irr®(G). We may assume that
M and o are as in . Via Theorem o; corresponds to

recp,m,(0i) = recpy, (JL(0;)) € ®(GLy,, (D)).
We choose a representative 7,: Wr x SLa(C) — GL,,(C) and we put

l |
n=]1I,_, )%

a representative for rec D,m(I%A(U)). Since JL(o;) is essentially square inte-
grable, n; is an irreducible representation of Wr x SLy(C). It follows that
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the centralizer of n; in M, (C) is Z(M,,(C)) = CI. From this we see that
the centralizer of (1;)®% in My, (C) is

ZMniei (C)(m@ei) = M, (C) ® Z(M,,(C)) C M, (C) @ My, (C) = My, (C).

In this way the centralizer of 7°® in GLy,,(C) becomes isomorphic to
GL,(C) and

(21) Z¢r,(c)(n) = GL,(C).

i=1
This means that, for any Langlands parameter for GL¢, (D)
P, Wpr x SLQ(C) — GLei(C) C GLy,e; (©),

&P is a Langlands parameter for GLy,., (D). More generally, for any

product ® = Hi‘:l ®,; of such maps,
(22) ®n is Langlands parameter for G.

Let Ir C Wpg be the inertia group and let Frob € Wr be a Frobenius
element. Since all Langlands parameters in ®(G)® have the same restriction
to the inertia group Ir (up to equivalence), it suffices to consider ®; which
are trivial on Ip. We will show in the next subsection that ®(G)* indeed
consists of such products @7 (up to equivalence).

Recall from [I8] §10.3] that the local Langlands correspondence is com-
patible with twisting by central characters. The group Xyny(GLy, (D)) is
naturally in bijection with Z(GL,,(C)). Hence for any x € Xun:(GLp, (D))

reCp.m,; (i ® X) = ®yrecp m, (o) = ®yn;,

where @, is trivial on Ir x SLy(C) and @, (Frob) € Z(GL,,(C)) corresponds
to x. By Theorem O, n; is GLy, (C)-conjugate to ®; if and only if x €
Stab(c;). More generally, for any x € Xyn (M),

(23) o, n is M-conjugate to 1 if and only if x € Stab(o).

Thus the unramified twists of o € Irr(M) are naturally parametrized by
the torus 7° = Xy, (M) /Stab(o).

9.3. The commutative triangle for GL,,(D).
Recall the short exact sequence

1> 1Ip — Wp -3 Z 2 (Frob) — 1.

A character v: Wp — C* is said to be unramified if v is trivial on Ip.
Then v(w) = 22 for some z, € C* (w € Wpg). Let Xyn(Wpg) denote
the group of all unramified characters of Wg. Then the map v — z, is
an isomorphism from Xy, (W) to C*. Denote by R(a) the a-dimensional
irreducible complex representation of SLy(C). Recall that each L-parameter
® is of the form & = &1 G- - - ® &), with each ®; irreducible. The next result
is Theorem 1.2 in our Introduction.
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Theorem 9.5. Let s € B(G). There is a commutative diagram

(T2 /fW?)2

N

Irr(G)° o(G)*

in which all the arrows are natural bijections.

Proof. The bottom and left slanted maps where already established in The-
orems [9.1] and Since these are canonical bijections, we could simply
define the right slanted map as the composition of the other two. Yet we
prefer to give an explicit construction of ¢°, which highlights its geometric
origin. This is inspired by [19, § 1] and [6, Theorem 4.1], with the difference
that we are using here the extended quotient of the second kind (7% //W*)q
instead of (17 //W?).

Let M be a Levi subgroup of G and ¢ an irreducible unitary supercuspidal
representation of M such that s = [M, o]g. As in (10}, we may assume that

~ : € L €; ~ € el
M_lelGLmz(D) _Hizlgi and 0’_0’11®...®0—l ,
where the [G;, 0;]g are pairwise distinct. Recall from that

l
5 e;
"= Hz:l(ﬂ) )
where each T; is isomorphic to C*. To make the below constructions well-
defined, we must make a canonical choice for ¢; in its inertial equivalence
class in Irr(G;). The Hecke algebra H(G;, A;) associated to this inertial
class, as in , is canonically isomorphic to the ring of regular functions on
Xunr(Gi)/Stab(o;) = C*. We choose o; as , so that it corresponds to
the unit element of this torus.
By the group W?* is isomorphic to a product of symmetric groups
S,,. Since the extended quotient of the second kind is multiplicative, we
obtain

(24) (T2)/W=)2 = (T7" /)Gy )2 % -+ % (T ]/ Ge; )2
We set s; == | fﬂa?ei]g;, for each i € {1,...,l}, where G] = GL¢,;m,(D).
We observe that
(25) D(G)" = ®(G))™ x - x (G))*,
Put M":=G] x --- x G]. Then Theorem and imply that
(26) Irr(G))™ x - x Irr(G))™  — Irr(G)®,
(mh, ..., m) = LI§,(r®--®))

is a bijection. Hence we are reduced to define canonical bijections
(T /) Ge,)2 = ©(Gi)™

Thus we may, and do, assume that m = er (so that n = erd) and

(27) s = [GL,(D)",0%];.

Then we have T° ~ (C*)¢ and W* ~ &..



GEOMETRIC STRUCTURE 23

Let t € (C*)¢. We write ¢ in the form

(28) t:(21,...721,22,...,2’2,...,2’h,...,Zh),
— ——— N——
b1 terms bo terms by, terms

where z1,...,2, € C* are such that z; # z; for i # j, and where by + by +
-+ by, = e. Let W} denote the stabilizer of ¢ under the action of W*. We
have

(29) Wi~ Gy, x Gy X -+ X Gy, .

In particular every 7 € W* can be written as

(30) T=T® @7, with7j € Irr(Sy,).

Let p; = p(7;) denote the partition of b; which corresponds to 7;. We write:
(31) pj = (pj1,--- ,ij].), where pjq + -+ Pii; = b;.

Recall that we have chosen o € Irr(GL, (D)) such that, via the Hecke algebra
of a supercuspidal type, it corresponds to the unit element of the torus
Xunr (GL,(D))/Stab(c). We fix a representative

(32) n for recp, (o) € Irr(Wp x SLy(C)).

Corresponding to each pair (7, p;) as above, where j € {1,...,h}, we have
a Langlands parameter:

X Wpr x SLQ((C) — GLbjmj((C) - Mbj ((C) & MTd((C),
(PF:pJ = (R(pjvl) @ e EB R(pjvl])) ® .
Recall that

(33)

(T?/W?)q { e (C)°, TEIrr(Wf)}/Ws.

Define v; € Xunr(WF) by l/j(FI‘Ob) = zj for each j € {1,...,h}. We fix a
setwise section

Yy C 2 X (GL,(D))/Stab(o) — C* 22 Xy, (GL,(D)).
We define a map
@ (T°//W?)2 = ©(G)7,
Gt T) = (g 011) ® By B oo @ (Yo 0 vh) & By
where W7 ~ &, x -+ x 6, and 7 = 11 ® --- ® 13, With 75 € Irr(&;,),
and p; = p(7;) denotes the partition of b; which corresponds to 7;. By (123)
©°(t, 7) does not depend on the choice of ¥, up to equivalence of Langlands
parameters.

The above process can be reversed. Let ® € ®(G)*. By we may
assume that its restriction to Wy is of the form

(Vo) o (@ B Ora® - Drad® - DU, D Dyp) A1,
where vq,...,v, € Xuyne(Wp) are such that v; # v; if ¢ # j (which is
equivalent, since v; and v; are unramified, to v;(Frob) # v;(Frob) if ¢ # j).
For each j € {1,...,h}, let b; denote the number of occurrences of v;. We
set

(34)

t := (v1(Frob), v1(Frob),. .., v, (Frob)) € (C*)°.
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For each j € {1,...,h}, let p; be a partition of b;, such that
(35) ® =1py 01 ®DF

P @ @ U 0 vy @ DF

7,Pn "

For j =1,...,h, let 7; € Irr(&y;) be the irreducible representation of &y,
which is parametrized by the partition p;. We set 7 := 7 ® --- ® 7,. The
map P — (¢, 7) is the inverse of the map ¢°. Thus ¢° is a bijection.

Now we have all the arrows of the diagram in Theorem it remains to
show that it commutes. Although all the arrows are canonical, this is not
at all obvious, and our proof will use some results that will be established
only in part 3.

In view of , and , it suffices to consider s as in . Let
We = 7° xS, and q = qrgg be as in . The left slanted bijection in

Theorem runs via the affine Hecke algebra Hg(W,) associated to s in
, so we must actually look at the extended diagram

(36) Irr (Hg(We)) —— ((C¥)°//&e),

ol |

Irr(GLey (D))* 2% &(GLey (D))

First we consider the essentially square-integrable representations. For those
the Langlands parameter is an irreducible representation of W x SLy(C),
of the form

Yo ovy @ BL, =10 v, ® R(e) @1,

where v, € Xyn(Wp) with v, (Frob) = z. The partition (e) of e corresponds
to the sign representation of &, so

(37) (905)71(1/10 ov, ® R(e) ® 77) = (Z, RN SgnGE)‘

Let Ste be the Steinberg representation of Hg(We). It is the unique ir-
reducible, essentially square-integrable representation which is tempered
and has real infinitesimal central character. The top map in , as con-
structed by Lusztig [47] and described in Example 3 of the Appendix, sends
(2,...,2) ® Ste to (7). This can be deduced with [42, Theorem 8.3], but
we will also prove it later as a special case of Theorem [23.1

The map x° comes from the support-preserving algebra isomorphism
(16). By [61, (3.19)] this map respects temperedness of representations.
The argument in [61] relies on Casselman’s criteria, see [20, §4.4] and [52
§2.7]. A small variation on it shows that x° also preserves essential square-
integrability. Both statements apply to recB’ler(R(e) ® 1) because it is es-
sentially square-integrable and unitary, hence tempered.

By the Zelevinsky classification for GL,(F) [68], rec.t (R(e) ® 1) is a
consituent of 7

GL,(F 1—e)/2 3—e)/2 e—1)/2
16 Wi PIL(e) @ v PIL(e) @ - @ vV PIL(e)),

where vp(g*) = |det(g*)|p. Tt follows that recB}er(R(e) ®mn) is a constituent
of

18R D) (012 /25 g . eI,
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where vp(g) = |Nrd(g)|#. By our choice of o the infinitesimal central char-

acter of K°( SII:EE( ))(0®e)) is 1 € (C*)¢/G&, so ns(recB}eT(R(e) ® 1)) has

real infinitesimal central character. Thus s (recp’, (R(e) ®n)) possesses all

the properties that characterize St. in Irr(Hq(We)), and these two repre-
sentations are isomorphic.

By definition k* o recaler transforms a twist by ¥, o v, into a twist by
(z,...,2), so

K° (recB?eT(@bg ov, ® R(e) ® 17)) =(2,...,2) ® Ste.

We conclude that the diagram commutes for all essentially square-
integrable representations.

Now we take ¢ and 7 as in and 1. The construction of the Lang-
lands correspondence for GLer 19) implies

(38) rec,, (¢°(t,7)) =
GLer (D) h -1 F o
L(IGLblr(D)X---XGLth(D) ( ®j:1 reCD,bjr(¢U o l/j ® Q’I},pj))) -
h l;
L(IGLeT(D). J -1 - i R s )
ITj- I, GLp; (D) ( ®j:1 ®7;:1 reCDapjﬂ(w ovj @ R(pji) @ 77))

The GLy, ,»(D)-representation recB}pj’i (Vo ov; ® R(pj;) ®n) is essentially
square-integrable, so by the above we know where it goes in the diagram
(36). Since preserves supports, it respects parabolic induction and
Langlands quotients (see [61] for these notions in the context of affine Hecke
algebras). In particular every subgroup GLyp, (D) C GLe (D) corresponds
to a subalgebra Hs (W ) C Hg (We) Thus the representation of Hg(W,)

associated to via is
Ha(We) )
(39) L(Ind®?:1®ij_l o ®J 1 ®@ (Zyee ) @Sty ).

In view of the Zelevinsky classification for affine Hecke algebras of type GL,
[42, [68], the Langlands parameter of @ is

@j 14@@ pﬂ

Now Theorem in combination with the notations 7, shows that
the top map in (36) sends (39)) to (¢,7). Hence the diagrams in and in
the statement of the theorem commute. O

With Theorem [9.5| we proved statements (1)-(5) of the conjecture in Sec-
tion [7] for inner forms of GL,(F). Statement (6), including properties 1-6,
is also true and can proved using only the affine Hecke algebras . This
will be a special case of results in Part 3.

10. SYMPLECTIC GROUPS

For symplectic and orthogonal groups, Heiermann [35] proved that every
Bernstein component of the category of smooth modules is equivalent to
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the module category of an affine Hecke algebra. Together with [61, Theo-
rem 5.4.2] this proves a large part of the ABPS conjecture for such groups:
properties 1-5 from Section

For the remainder of the conjecture, additional techniques are required.
Property 6 should make use of the description of the L-packets from [51].
The statements (2) and (5) involve the local Langlands correspondence for
symplectic and orthogonal groups, which is proved by Arthur in [4]. How-
ever, at present his proof is up to the stabilization of the twisted trace
formula for the group GL,(F) x (€,), where €, is defined in (40), see [4,
§ 3.2].

In this section, in order to illustrate the fact that extended quotients
can be easily calculated, we shall compute 7°//W?* in the case when G is a
symplectic group and s = [M, o]g with M the Levi subgroup of a maximal
parabolic of G.

Let u,, € M, (F) be the n x n matrix defined by

For g € M,,(F), we denote by !g the transpose matrix of g, and by ¢, the
automorphism of GL,,(F') defined by

(40) fn(g) = Up - tgil ) u;l_

We denote by G = Sp,,,(F') the symplectic group defined with respect to
the symplectic form ug,:

g := {g € GLay(F) : tquang = u2n} .

Let k and m two integers such that £ > 0, m > 0 and k 4+ m = n. In this
section we consider a Levi subgroup M of the following form:

g
M = g : g € GLy(F), ¢’ € Spg,(F) ¢ =~ GLE(F) x G-
ex(9)
Let I, € M,,(F') denote the identity matrix. We set
Iy
Iy,

The element wp has order 2 and we have

g ek (9)
(42) W - g VS g

€k(9) g

We have
(43) Ng(M)/M = {1,wpm}.
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Let maq be an irreducible supercuspidal representation of M. We have
M = pRo, where p is an irreducible supercuspidal representation of GLy (F')
and o is an irreducible supercuspidal representation of Sps,,(F'). We set
5= [./\/l, T M]g.

If W* = {1}, then the parabolically induced representation p x o of G is
irreducible.

We will assume from now on that W* # {1}. Then it follows from
that

W* = Ng(M)/M = {1, wa}.
Let p denote the representation of GLy(F) defined by
p*(9) = pler(9)), g € GLx(F).
Then equation gives:
(44) UM(p® o) = p* Q0.

The theorem of Gel’fand and Kazhdan [32, Theorem 2] says that the rep-
resentation p* is equivalent to p¥, the contragredient representation of p.
Hence we get

(45) YM(p®R o) pY ®o.
Lemma 10.1. We have
T //W?® =T° /W* U pty U ptsy.
Proof. Since the group Sps,,(F') does not have non-trivial unramified char-

acters, we get

Xunr(M) % unr GLk Z (CX

C/Qﬂ'r
log g
We have
Stab(maq) = Stab(p).
It follows that
T 2 X, (M) /Stab(mar) = Xune(GLy(F))/Stab(p) = C / 27“/1;(1

where n(p) is the order of Stab(p).
On the other hand, since way belongs to W?#, we have

PMIM = UMM,
for some v € Xynr(M). Hence
(46) WMEL S up @ o,
for some v € Xyn (F*), where we have put vp := (v odet) ® p. Then it
follows from that

p' @ =vp@o,
that is,

Voo ox= W)V @o.

It implies that

pv
1/2

1/2 ~ (pl/l/2)v.

Hence, by replacing p by pv'/~ if necessary, we can always assume that the
representation p is self-contragredient, that is, p = pV.

Y
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We shall assume from now on, that p is self-contragredient. Let v, €
Xunr (GLE(F)). We shall denote by [vg] the image of v, in the quotient
Xunr (GL(F))/Stab(p).

We have v, = vodet for some v € Xy, (F*). Let g € GLg(F). We obtain

My (g) = v(det(ex(9))) = v(det('g ")) = v(det(g ™)) = vi(g) "

Hence vgStab(p) is fixed by wa if and only if v2 € Stab(p). On the other
hand, we have Zys(wpq) = W*. It follows that

()" ) Zws (wpr) = {[1], (o)) }

where we have put
/=T

Ca(p) = | det(-)| 75,

that is,
(T*)“M ) Zyws(wag) =~ {—1,1} C C*. O

Then by using [61, Theorem 5.4.2] (which is closely related to Property
4 of the bijection p*) we recover from Lemma the well-known fact that
vEp X o reduces for exactly two unramified characters vg.

11. THE IWAHORI SPHERICAL REPRESENTATIONS OF Gg

Let G be the exceptional group Ga. Let s9 = [T, 1]g where T ~ F* x F*
is a maximal F-split torus of G. The following result is a special case of
Theorem [22.3 in Part 3.

Theorem 11.1. The conjecture (as stated in Section@ 1s true for the point
so=[T,1]g,-

This is such an illustrative example that we include some of the calcula-
tions in [7].

We note that Xy, (7) = T with T a maximal torus in the Langlands
dual group G = G2(C). The Weyl group W of G is the dihedral group of
order 12. The extended quotient is

T//W =T/W € U Upt; Upty U pts L pty L pts.

The flat family is Y, := (1 — o®y)(z — a®y) = 0. Note that Y 5 = R the
curve of reducibility points in the quotient variety 7'/W. The restriction of
o to T//W — T /W determines a finite morphism

¢1 U & Upty Upty Upts Upty Upty — Y.

EXAMPLE. The fibre of the point (¢~!,1) € %R via the map T g is a set
with 5 points, corresponding to the fact that there are 5 smooth irreducible
representations of Gy with infinitesimal character (¢=1,1).

The map 7, restricted to the one affine line €; is induced by the map
(2,1) = (az,a~2), and restricted to the other affine line €5 is induced by
the map (z,2) — (az,a"'z). With regard to the second map: the two
points (w/\/q,w/\/q), (w?/\/q,w?/\/q) are distinct points in €, but become
identified via 7 g in the quotient variety T /W . This implies that the image
7 /g(€2) of one affine line has a self-intersection point in the quotient va-
riety T/W. Also, the curves 7 (), 7 7(€2) intersect in 3 points. These
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intersection points account for the number of distinct constituents in the
corresponding induced representations.

Part 3. The principal series of split reductive p-adic groups
12. INTRODUCTION TO PART 3

Let G be a connected reductive p-adic group, split over F', and let 7 be a
split maximal torus in G. The principal series consists of all G-representations
that are obtained with parabolic induction from characters of 7.

We denote the collection of all Bernstein components of G of the form
[T, x]g by B(G, T) and call these the Bernstein components in the principal
series. The union

Irr(G,7T) = U Irr(G)®
s€B(G,T)

is by definition the set of all irreducible subquotients of principal series
representations of G.

Let T be the Langlands dual group of 7 and choose a uniformizer wg € F.
There is a bijection t — v between points in 7" and unramified quasicharac-
ters of T, determined by the relation

v(M@r)) = At)

where A\ € X, (7T) = X*(T). The space Irr(7)!7X7 is in bijection with T
via t = v — o0 ®v. Hence Bernstein’s torus 7% is isomorphic to T'. However,
because the isomorphism is not canonical and the action of the group W*
depends on it, we prefer to denote it T°.

For each s € B(G,T) we will construct a commutative triangle of bijec-
tions

(T*//W#)2

T T

Irr(G)® {KLR parameters}®/H

Here {KLR parameters}® is the set of Kazhdan-Lusztig-Reeder parameters
associated to s € B(G) and H is the stabilizer of this set of parameters in
the dual group G.

In examples, 7°//W* is much simpler to directly calculate than either
Irr(G)® or {KLR parameters}®.

Let us discuss the triangle in the case that H is connected. The bijectivity
of the right slanted arrow (see Section is essentially a reformulation
of results of Kato [41]. It involves Weyl groups of possibly disconnected
reductive groups. We will extend the Springer correspondence to such groups
in Section

The left slanted arrow is defined (and by construction bijective) in [47].
The horizontal map is defined and proved to be a bijection in [42] [55], see
Section The results in [55] are based on and extend those of [42]. Thus
there are three logically independent definitions and bijectivity proofs.
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The bijectivity of the horizontal arrow shows that the local Langlands
correspondence is valid for each such Bernstein component Irr(G)® and de-
scribes the intersections of L-packets with Irr(G)®. Once a ¢-Irr system has
been chosen for the action of W* on T%, there is the bijection

T*fjW? — (T [/ W#)2,

so the L-packets can be described in terms of the extended quotient of the
first kind. In Section 25| we check that the labelling of the irreducible com-
ponents of 7% //W* predicted by the conjecture is provided by the unipotent
classes of H.

13. TWISTED EXTENDED QUOTIENT OF THE SECOND KIND

Let T be a finite group with a given action on a set X. Let f be a given
function which assigns to each z € X a 2-cocycle f(x) : I'y; xI'y — C* where
I'y ={y €Tl :yx =z} Itis assumed that §(yz) and 7.4(z) define the same
class in H?(T, C*), where v, : Iy — [y, @ = yay L. Define

X3 :={(z.p) 12 € X,p € Trr C[I, b(x)]}.
We require, for every (v,z) € I' x X, a definite algebra isomorphism

¢%I : C[F$7 h(l’)] — (C[FWLU ﬂ(’Yx)]
such that:
® ¢, is inner if yr = x;
® (ot yy O Py g = Gy forall ¥,y e,z € X.
We call these maps connecting homomorphisms, because they are reminis-
cent of a connection on a vector bundle. Then we can define I'-action on )~(§

by
v (z,p) = (yx, po ¢ L)
We form the twisted extended quotient of the second kind
(X//T)5 = X3/T.
We will apply this construction in the following two special cases.

1. Given two finite groups I';, I' and a group homomorphism I' —
Aut(T'y), we can form the semidirect product I'y x I'. Let X = Irrl;.
Now I' acts on Irr I'; and we get f as follows. Given x € Irr 'y choose an ir-
reducible representation m, : I'y = GL(V') whose isomorphism class is z. For
each v € T consider 7, twisted by 7 i.e., consider v - 7, : 71 + 7o(7 " 1717).
Since 7y -7, is equivalent to .., there exists a nonzero intertwining operator

T, . € Homp, (v - 7g, Ty ).

By Schur’s lemma it is unique up to scalars, but in general there is no
preferred choice. For v,~" € ', there exists a unique ¢ € C* such that

TyzoTyz = clyy e
We define the 2-cocycle by §(z)(v,7') = ¢. Let Ny, with v € T'; be the

standard basis of C[I';, j(x)]. The algebra homomorphism ¢, is essentially
conjugation by Ty ., but the precise definition is

(A7) ¢ga(Nyg) = ANyyg-1 4 if Tng%ng_,ll, =My g1 g A € C*.
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Notice that does not depend on the choice of T, ;. This leads to a new
formulation of a classical theorem of Clifford.

Lemma 13.1. There is a bijection
Irr(D; x T) «— (Irr Ty //T)3.

Proof. The proof proceeds by comparing our construction with the classical
theory of Clifford; for an exposition of Clifford theory, see [53]. O

The above bijection is in general not canonical, it depends on the choice
of the intertwining operators T ..

Lemma 13.2. If I'1 is abelian, then we have a natural bijection
Irr(I'y X T') «— (Irr Iy //T)s.

Proof. The irreducible representations of I'; are 1-dimensional, and we have
v -7y = my for v € I'y. In that case we take each T, ; to be the identity,
so that f(x) is trivial. Then the projective representations of I', which
occur in the construction are all true representations and simplifies to
bg.e(Tyz) = Tgyg—1 go- Thus we recover the untwisted extended quotient of
the second kind in Lemma [13.1] O

2. Given a C-algebra R, a finite group I' and a group homomorphism
I' - Aut(R), we can form the crossed product algebra

RxTi={) ryy:7y€R}
~er
with multiplication given by the distributive law and the relation
yr =~(r)y, for~ el andr € R.

Now I' acts on X := Irr R. Assuming that all simple R-modules have
countable dimension, so that Schur’s lemma is valid, we construct §(V') and
¢~,v as above for group algebras. Here we have

)Z'g ={(V,7) : VeIrrR, 7 € IrrC[l'y, (V)] }.

Lemma 13.3. There is a bijection

Irr(R x T') < (Irr R//T)%.
If all simple R-modules are one-dimensional, then it becomes a natural bi-
jection

Irr(RxT') «— (Irr R//T)s.
Proof. The proof proceeds by comparing our construction with the theory
of Clifford as stated in [53, Theorem A.6]. The naturality part can be shown
in the same way as Lemma O

Notation 13.4. For (V,7) as above, V ® V; is a simple R x I'y-module,
in a way which depends on the choice of intertwining operators 7', . The
simple R x I-module associated to (V,7) by the bijection of Lemma is

(48) Voxri=Indi0 (VeV;).

Similarly, we shall denote by 71 x 7 the element of Irr(I'; x I") which corre-
sponds to (11,7) by the bijection of Lemma m
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14. WEYL GROUPS OF DISCONNECTED GROUPS

Let M be a reductive complex algebraic group. Then M may have a finite
number of connected components, M? is the identity component of M, and
WM is the Weyl group of M?:

WM

where T is a maximal torus of M%. We will need the analogue of the Weyl
group for the possibly disconnected group M.

Lemma 14.1. Let M, M°, T be as defined above. Then we have
N (T))T = WM st (M),

0

= Nyyo(T)/T

Proof. The group WM is a normal subgroup of N/ (7T)/T. Indeed, let
n € Npo(T) and let n’ € Ny (T), then n'nn'~! belongs to M (since the
latter is normal in M) and normalizes T, that is, n’nn'~! € N 0(T). On
the other hand, n/(nT)n/~! = n/nn/~Y(n'Tn'~!) = n/nn/~'T.

Let B be a Borel subgroup of M containing 7. Let w € Ny;(T)/T. Then
wBw™! is a Borel subgroup of M? (since, by definition, the Borel subgroups
of an algebraic group are the maximal closed connected solvable subgroups).
Moreover, wBw ™! contains T'. In a connected reductive algebraic group, the
intersection of two Borel subgroups always contains a maximal torus and the
two Borel subgroups are conjugate by a element of the normalizer of that
torus. Hence B and wBw™! are conjugate by an element w; of WM 1t
follows that w; Lw normalises B. Hence

witw € Ny (T)/T NNy (B) = Ny (T, B) /T,
that is,
N (T)/T = WM™ (N (T, B)/T).

Finally, we have
WM A (N (T, B)/T) = Nyo(T, B)/T = {1},

since Njs0(B) = B and BN Ny, 0(T) =T. This proves (1).
Now consider the following map:

(49) Ny (T,B)/T — M/M"  mT s mMP°.

It is injective. Indeed, let m,m’ € Ny (T, B) such that mM® = m'MP.
Then m~tm’ € M° NNy (T, B) = Ny 0(T, B) = T (as we have seen above).
Hence mT = m/T.

On the other hand, let m be an element in M. Then m~'Bm is a Borel
subgroup of MY, hence there exists m; € M? such that m~!Bm = ml_lel.
It follows that mim~' € Ny (B). Also 7’:2117"L*1T17”Lml_1
which is contained in mlm_lemfl = B. Hence T and mlm_lemf
are conjugate in B: there is b € B such that mlm_leml_1 = b~ ITb.
Then n := bmim~t € Ny (T, B). Tt gives m = n~'bmy. Since bm; € M?,
we obtain mM? = n='MO°. Hence the map is surjective. O

is a torus of MY
1

Let G be a connected complex reductive group and let 7" be a maximal
torus in G. The Weyl group of G is denoted WC.
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Lemma 14.2. Let A be a subgroup of T and write M = Zg(A). Then the
isotropy subgroup of A in WC is

W§ = Ny (T)/T = WM 1 7o (M).
In case that the group M is connected, Wff is the Weyl group of M.

Proof. Let R(G,T) denote the root system of G. According to [62] § 4.1],
the group M = Zg(A) is the reductive subgroup of G generated by T' and
those root groups U, for which o« € R(G,T) has trivial restriction to A
together with those Weyl group representatives n,, € Ng(T) (w € W) for
which w(t) = ¢ for all t € A. This shows that WG = Ny (T)/T, which by
Lemma is isomorphic to WM’ x mo(M).

Also by [62], § 4.1], the identity component of M is generated by T' and
those root groups U, for which « has trivial restriction to A. Hence the Weyl
group WM? is the normal subgroup of Wg generated by those reflections
Sq and

WG /WM = M/Me.
In particular, if M is connected then WE is the Weyl group of M. O

In summary, for ¢t € T' such that M = Z;(t) we have
(50) (T)/W)y ={(t,0) : t € T,0 € Irr (W)} /WE
(51) Irr WE = (Ier WM’ J/mo (M)}

15. AN EXTENDED SPRINGER CORRESPONDENCE

Let M° be a connected reductive complex group. We take x € M° unipo-
tent and we abbreviate

(52) Ay = 7o(Zppo(2)).
Let € M° be unipotent, B* = B}, the variety of Borel subgroups of M°
containing z. All the irreducible components of B have the same dimension

d(x) over R, see [27, Corollary 3.3.24]. Let Hg,) (B, C) be its top homology,
let p be an irreducible representation of A, and write

(53) 7(x, p) = Homu, (p, Hyz) (B, C)).

We call p € Irr(A;) geometric if 7(x, p) # 0. The Springer correspondence
yields a one-to-one correspondence

(54) (z,p) = 7(2,p)

between the set of M°-conjugacy classes of pairs (x, p) formed by a unipotent
element 2 € MY and an irreducible geometric representation p of A,, and the
equivalence classes of irreducible representations of the Weyl group WM ‘.

Remark 15.1. The Springer correspondence which employ here sends the
trivial unipotent class to the trivial WM’ -representation and the regular
unipotent class to the sign representation. It coincides with the correspon-
dence constructed by Lusztig by means of intersection cohomology. The dif-
ference with Springer’s construction via a reductive group over a field of
positive characteristic consists of temsoring with the sign representation of
WM see [38].
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Choose a set of simple reflections for WM° and let T' be a group of auto-
morphisms of the Coxeter diagram of W. Then T acts on WM® by group
automorphisms, so we can form the semidirect product WM® x I'. Further-
more I" acts on Irr(W°), by v-7 = 7oy~!. The stabilizer of 7 € Trr(WM")
is denoted I';. As described in Section Clifford theory for WM* x T pro-
duces a 2-cocycle g(7) : I'; x I'; — C*.

We fix a Borel subgroup By of M° containing 7" and let A(By,T') be the
set of roots of (M°,T) that are simple with respect to By. We may and
will assume that this agrees with the previously chosen simple reflections in
WM In every root subgroup U, with o € A(By,T) we pick a nontrivial
element u,. The data (M°, T, (ua)aca(B,,r)) are called a pinning of M°.
The action of v € T’ on the Coxeter diagram of WM° lifts uniquely to an
action of v on M° which preserves the pinning. In this way we construct
the semidirect product M := M°xT'. By Lemma we may identify WM
with WM® x T,

First we need to prove a technical lemma.

Lemma 15.2. Let p € Irr(no(Zare(z))) and write Zps(z, p) = {m € Zp(z)|
po Ad;L1 =~ p}. The following short exact sequence splits:

1 — 70 (Znro (2, p) /Z(M®)) = mo(Zas(2, p)/Z(M®)) — T — 1.

x,p]pro

Proof. First we ignore p. According to the classification of unipotent orbits
in complex reductive groups [24], Theorem 5.9.6] we may assume that z is
distinguished unipotent in a Levi subgroup L. C M° that contains T'. Let
D(L) be the derived subgroup of L and define

L' := Zpe (D(L))(T ND(L)) = Zpso (D(L))T.

Choose Borel subgroups Br, C L and B} C L' such that x € By and
T C BN Bj. Let [x]ye be the M°-conjugacy class of x and Ty, . its
stabilizer in I'. Any v € I';}, . must also stabilize the M°-conjugacy class
of L, and T = ~(T) C (L), so there exists a w; € WM° with wvy(L) =
L. Adjusting w; by an element of W (L,T) C WM?  we can achieve that
moreover w1y(Br) = Br,. Then wyy(L') = L', so we can find a unique ws €
W(L',T) ¢ WM® with waw1v(B}) = Bj. Notice that the centralizer of
®(Br, T)U®(B),T) in WM® is trivial, because it is generated by reflections
and no root in ®(M°,T) is orthogonal to this set of roots. Therefore the
above conditions completely determine wow; € WM,

The element w1y € WM® % T acts on A(Br,T) by a diagram automor-
phism, so upon choosing u, € U, \ {1} for « € A(Br,T), it can be repre-
sented by a unique element

w1y € Aut (D(L)a T, (UQ)QGA(BL,T)) .

The distinguished unipotent class of z € L is determined by its Bala—Carter
diagram. The classification of such diagrams [24, §5.9] shows that there
exists an element Z in the same class as z, such that Adg=(Z) = 2. We
may just as well assume that we had Z instead of x from the start, and that
w1y € Zy(x). Clearly we can find a representative wy for we in Zps(x), so
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we obtain
ZM(.T) N NM(T)
Z(M°)T

we w1y € Zps(x) NNy (T) and  wowyy €

Since wow; € WM* is unique,

AT (x) N Ny (T)
x| pro - Z( Mo) T
is a group homomorphism.

We still have to analyse the effect of I',;, , on p € Irr(A;). Obviously
composing with Ad,, for m € Zyso(x) does not change the equivalence class
of any representation of A, = m(Zye(x)). Hence v € 'y, . stabilizes p if
and only if any lift of v in Zps(z) does. This applies in particular to w3 w17,
and therefore

(55) s: T

y Y wawiy

$(Caplppe) © (Zas(, p) NN (1)) /(Z(M°)T).

Since the torus T is connected, s determines a group homomorphism from
Llzplae t0 0 (Zri(, p)/Z(M°)), which is the required splitting. O

One step towards a Springer correspondence for W is:

Proposition 15.3. The class of (1) in H*(T'y,C*) is trivial for all T €
Irr(WM). There is a bijection between

(IrrWM*) 1), and  Irr(WM" % T) = Irr(WM).

Proof. There are various ways to construct the Springer correspondence for
WM for the current proof we use the method with Borel-Moore homology.
Let Zpso be the Steinberg variety of M° and Hiop(Zaso) its homology in the
top degree

2dimg¢ Zpso = 4dime Byo = 4(dime M° — dimg By),
with rational coefficients. We define a natural algebra isomorphism
(56) QM) — Hiop(Zare)

as the composition of [27, Theorem 3.4.1] and a twist by the sign represen-
tation of QQW°]. By [27, Section 3.5] the action of WM® on H,(B*,C) (as
defined by Lusztig) corresponds to the convolution product in Borel-Moore
homology.

Since M?° is normal in M, the groups I'y) M and M/Z(M) act on the
Steinberg variety Zso via conjugation. The induced action of the connected
group M° on Hiop(Zpse) is trivial, and it easily seen from [27, Section 3.4]
that the action of I' on H(Zpse) makes I'-equivariant.

The groups I', M and M/Z(M) also act on the pairs (z,p) and on the
varieties of Borel subgroups, by

Ady(,p) = (mam™, po Ad;1),
Ad,, : B® — B™™ ' By mBm L.
Given m € M, this provides a linear bijection H,(Ad,,) :
Homy, (p, H«(B*,C)) = Homy _ (po Adt H,.(B™™

1

,C)).
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The convolution product in Borel-Moore homology is compatible with these
M-actions so, as in [27, Lemma 3.5.2], the following diagram commutes for
all h € Hiop(Zso):

h

H.(B*,C) — H.(B*,C)
(57) JH.(Ady) JH.(Ady)
H.(Bmem™ c) 2 g BTt ©).

In case m € M°y and m - h corresponds to w € WM° | the element h €
H (Zpyo) corresponds to v~ 1(w), so becomes

(58)  Hi(Adp) o 7(z,p) (v (w)) = 7(mam™, po Ad,,")(w) o He(Ady).
Denoting the M°-conjugacy class of (x, p) by [z, p]ae, we can write
(59) FT(x,p) = {7 el | T(l’,p) © ’7_1 = T(Q?,p)}

={ry e | [Ady(z, p)lnre = @, plare} =: T g0 -
This group fits in an exact sequence
(60) 1 — mo(Zaso(x,p)/Z(M°)) = mo(Zns(x,p)/Z(M°)) = Ty e — 1,
which by Lemma admits a splitting

5 Ligplye = 7T0(ZM($,p)/Z(MO>).

By homotopy invariance in Borel-Moore homology H.(Ad.) = idg, 5= c)
for any z € Zpro(x, p)°Z(M°®), so H.(Ad,,) is well-defined for

m € mo(Zn(z, p)/Z(M°)). In particular we obtain for every v €
a linear bijection

T(z.p) =
F[va]l\/fo
H, (Ads(ﬂy)) : Homu, (p, Hd(ac) (Bz, C)) — Homay, (p, Hd(ac) (B, C)),

which by intertwines the WM°_representations 7(z, p) and 7(z, p)oy~L.
By construction

(61) H*(Ads(,y)) O H*(Ads(w’)) = H*(Ads('w’))-

This establishes the triviality of the 2-cocycle f(7) = g(7(z, p)).
Consider any g € I' \ T';. Then g7 corresponds to

Adg(l" p) = (gnglj po Adgl)
For v € T'; we define an intertwining operator in

Endyyae (Homa -, (po Ady", Hyga)(Byag-1,C)))

associated to gyg~! € ', -1 as

grg

(62) Hd(:c) (Adgs(v)gfl) - Hd(:z:)(Adg)Hd(:{:)(Ads(v))Hd(:ﬁ) (gil)'

We do the same for any other point in the I-orbit of (x, p). Then (61f) shows
that the resulting intertwining operators do not depend on the choices of
the elements g.

We follow the same recipe for any other I'-orbit of Springer parame-
ters (2/,p’). As connecting homomorphism ¢y (,v ) we take conjugation
by Hg(,y(Adg). From this construction and Lemma we obtain a bijec-
tion between Irr(WM° x mo(M)) and the extended quotient of the second
kind (Irr(WM")//T),. 0
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We note that the bijection from Proposition[15.3]is in general not canoni-
cal, because the splitting from Lemma [15.2]is not. But with some additional
effort we can extract a natural description of Irr(WM) from Proposition
1LD.ol

We say that an irreducible representation p; of Z/(z) is geometric if every
irreducible Zpso (z)-subrepresentation of p; is geometric in the previously
defined sense. Notice that this condition forces p; to factor through the
component group mo(Zas(z)).

We note that mo(Zp (7)) acts naturally on H g,y (B*) and on C[I, via the
isomorphism

(63) Zy(@) /Lo () = Ty -
Theorem 15.4. There is a natural bijection from

{(z,p1) | z € M° unipotent, p1 € Irr(mo(Zpn(z))) geometric} /M
to Trer VM), which sends (x, p1) to

HOII]ZM(x) (pl, Hd(x) (Bx) & (C[F]) .

Proof. Let us take another look at the geometric representations of A, =
Zare(x). By construction they factor through mo(Zpse(z)/Z(M®)). From

we get a group isomorphism
(64) mo(Zar () Z(M?)) 2 mo(Zage () /Z(M°)) % 5 (T, )-

Suppose that p € Irr(A;) is geometric. Then the operators Hg,)(Adg,))
intertwine p with the mo(Zyso (x)/Z(M°))-representation s(y) - p and they
satisfy the multiplicativity relation Now it follows from Lemma [13.1
that every irreducible geometric representation of my(Zys(x)) can be written
in a unique way as p x o, with p € Irr(4,) geometric and

o €Irrs(L'y p,0) = Irr (T )0 )

This enables us to rewrite Irr(WM?) as a union of pairs (z,p; = p % o),
with x in a finite union of chosen I'-orbits of unipotent elements. Clearly M
acts on the larger space

{(z,p1) | z € M® unipotent, p; € Irr(m(Zp(z))) geometric}

by conjugation of the z-parameter and the action induced by H,(Ad,,) on
the pi-parameter. By and the construction of s(y) in Lemma m

this extends the action of T on Irr(W™M°). That provides the bijection from
(II‘I’(WMO)//F)Z to set of the M-association classes of pairs (z, p;). Com-
bining this with Proposition we obtain a bijection between Irr(WM)

and the latter set. If we work out the definitions and use , we see that
it sends (x,p1 = p X 0) to

T(z,p) X 0o = IndV T (T(z,p) @ 0).

M©
WHTH e ol o
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Since every irreducible complex representation of a finite group is isomorphic
to its contragredient, we can rewrite this as

TndW™ T (Hom, (p, Hy(q(B*)) @ 0™) =

o
WA/I ><11—‘[373#]1\/[(3

IndWMO o

we s, ,  (Homry ) (o, Homa, (p, Haw) (%)) @ Cls i, 1))

I nro

In view of Lemma the previous line is isomorphic to

Il

MO -
Indyyeir, o (Homyy ) (0 © 0, ) (B") ® ClCp g,01))

Mo
W xF[x’p MO

M° -
Indj}, e :EMMO (Homgz,, (z,) (p ® 0, Hy(z) (B") @ C[Ty,,0 1))

With Frobenius reciprocity and we simplify the above expression to
M°
IndW o (HomZM(m) ('0 N o, Hd(ff) (BI) ® C[FMMOD) =

M©°
w NF[Z]I\IO

HomZM(x) (p X o, Hd(x)(Bx) & (C[P])

The last line is natural in (x, p; = p X o) because the Z);(x)-representation
H () (B*) depends in a natural way on x, as we observed at the start of the
proof of Proposition [15.3 O

There is natural partial order on the unipotent classes in M:
O<O when OCO.

Let O, C M be the class containing x. We transfer this to partial order on
our extended Springer data by defining

(65) (z,p1) < (2, p}) when O, C Op.

We will use it to formulate a property of the composition series of some
WM _representations that will appear later on.

Lemma 15.5. Let © € M be unipotent and let p X o be a geometric irre-
ducible representation of mo(Zns(x)). There exist multiplicities
Mz puia.a p'xo’ € L>o such that

Ind%ig[w’p] (Homu, ((p, H«(B*,C)) @ o) =

MO

Iy /
T(z,p) X oD @ Mg pxo,a p' o (@', p') 1o’
(a',p'x0")>(z,px0)

Proof. Consider the vector space Hom 4, (p, H.(B*, (C)) with the WM°_action
coming from . The proof of Proposition remains valid for these rep-
resentations. By [12, Theorem 4.4] (attributed to Borho and MacPherson)
there exist multiplicities my , , » € Z>o such that

(66) Hompy, ((p7 H.(B", C)) =7(z,p) © @ Mz, p,a’p’ T(xlv pl)'
(@',p")>(2p)
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By and L1z 0], also stabilizes the 7(2', p') with myg e > 0, and
by Proposition the associated 2-cocycles are trivial. It follows that

(67) Indy i, (Homa, ((p, Hi(B",C)) @ 0) =

M©°

7-(.7), p) X O @ @ mm7p7$/7p/:[nd%§£ (T(x,’ p/) ® G)

[@,p] pro
(@,p")>(,p)
Decomposing the right hand side into irreducible representations then gives
the statement of the lemma. O

16. THE LANGLANDS PARAMETER ®

Let Wr denote the Weil group of F, let Ir be the inertia subgroup of
Wr. Let WdFer denote the closure of the commutator subgroup of W g, and
write W}b =Wpg/ W%er. The group of units in op will be denoted o5.

We recall the Artin reciprocity map arp : Wgrp — F* which has the
following properties (local class field theory):

(1) The map ar induces a topological isomorphism W}b ~ F'*,

(2) An element x € W is a geometric Frobenius if and only if ap(x) is

a prime element wg of F.

(3) We have ap(Ir) = 0.
We now consider the principal series of G. We recall that G denotes a
connected reductive split p-adic group with maximal split torus 7, and
that G, T denote the Langlands dual groups of G, 7. Next, we consider
conjugacy classes in GG of continuous morphisms

®: W x SLy(C) = G

which are rational on SLy(C) and such that ®(W ) consists of semisimple
elements in G.

Let By be the upper triangular Borel subgroup in SLo(C). Let B2(Wrx52)
denote the variety of Borel subgroups of G containing ®(W g x By). The
variety B2 (WrxB2) ig non-empty if and only if ® factors through W2P, see
[55, §4.2]. In that case, we view the domain of ® to be F'* x SLa(C):

®: F* x SLy(C) — G.

In this section we will build such a continuous morphism ® from s and data
coming from the extended quotient of second kind. In Section [17] we show
how such a Langlands parameter ® can be enhanced with a parameter p.

Throughout this article, a Frobenius element Frobg has been chosen and
fixed. This determines a uniformizer wp via the equation ap(Frobr) = wp.
That in turn gives rise to a group isomorphism oy x Z — F*, which sends
1 € Z to wp. Let Ty denote the maximal compact subgroup of 7. As the
latter is F-split,

(68) T=F* @z X(T) = (0p X Z) @z Xo(T) = To x Xu(T).
Because W does not act on F'*, these isomorphisms are W-equivariant if we

endow the right hand side with the diagonal W-action. Thus determines
a Wh-equivariant isomorphism of character groups

(69) Irr(7) = Irr (7o) X Irr (X (7)) = Irr (7o) X Xune(T).
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Lemma 16.1. Let x be a character of T, and let [T, x]g be the inertial class
of the pair (T,x) as in §3. Let

(70) s = [T, -
Then s determines, and is determined by, the W-orbit of a smooth morphism
crop—T.

Proof. There is a natural isomorphism
Irr(7) = Hom(F*®7X.(T),C*) 2 Hom(F*,C*®zX*(T)) = Hom(F*,T).
Together with we obtain isomorphisms

Irr(79) = Hom(o., T),

Xune(7T) 2 Hom(Z,T) =T.
Let x € Hom(F*,T) be the image of x under these isomorphisms. By the
above the restriction of ¥ to 0 is not disturbed by unramified twists, so we
take that as ¢®. Conversely, by ¢® determines x up to unramified twists.
Two elements of Irr(7) are G-conjugate if and only if they are W-conjugate

so, in view of , the W-orbit of the ¢® contains the same amount of
information as s. U

Let H = Zg(imc¢®) and let M = Zg(t) for some t € T. Recall that
a unipotent element x € MY is said to be distinguished if the connected
center Z9,, of M? is a maximal torus of Zyo(z). Let 2 € M unipotent. If
x is not distinguished, then there is a Levi subgroup L of MY containing
and such that z € L is distinguished.

Let X € Lie M such that exp(X) = x. A cocharacter h: C* — M9 is
said to be associated to x if

Ad(h(t))X =t>X for each t € C*,

and if the image of h lies in the derived group of some Levi subgroup L for
which x € L is distinguished (see [40, Rem. 5.5] or [31, Rem.2.12}).

A cocharacter associated to a unipotent element z € MY is not unique.
However, any two cocharacters associated to a given x € M? are conjugate
under elements of Z0(x)? (see for instance [40, Lem. 5.3]).

We work with the Jacobson-Morozov theorem [27, p. 183]. Let (}1) be
the standard unipotent matrix in SLy(C) and let = be a unipotent element
in MY, There exist rational homomorphisms

(71) v: SLy(C) = M® with ~ (1) ==,
see [27, §3.7.4]. Any two such homomorphisms 7 are conjugate by elements
of ZMO (I)
For av € C* we define the following matrix in SLa(C):
Ya = (g agl ) .

Then each ~ as above determines a cocharacter h: C* — M? by setting
(72) h(a) :=~(Y,) for a € C*.

Each cocharacter h obtained in this way is associated to x, see [40, Rem. 5.5]
or [31, Rem.2.12]. Hence each two such cocharacters are conjugate under

ZMO (x)o



GEOMETRIC STRUCTURE 41

Lemma 16.2. Each cocharacter h above can be identified with a cocharacter
of H associated to x, where x is viewed as a unipotent element of H.
Any two such cocharacters of H are conjugate by elements of Zy(x)P.

Proof. Recall J.C. Jantzen’s result [40), Claim 5.12] (see also [31] for a related
study in positive good characteristic): For any connected reductive subgroup
H, of an arbitrary connected complex Lie group Hi, the cocharacters of Ho
associated to a unipotent element x € Hs are precisely the cocharacters of
H, associated to x which take values in Hs.

Applying this with H; = H and Hy = M, we get that h can be identified
with a cocharacter of H, and is associated to x viewed as a unipotent element
of H.

The last assertion follows from [40, Lem. 5.3]. O

From now on we view the h above as cocharacters of H associated to
x. Any two v: SLy(C) — M° C H as above are conjugate by elements of
Zy(z).

Suppose that v': SLy(C) — H is an optimal SLg-homomorphism for x
such that

Y (Yy) =v(Ys) for a e C*.
Then v/ = v, see [50, Prop. 42].
Choose a geometric Frobenius wr and set ®(wp) = t € T. Define the
Langlands parameter ® as follows:
(73) ®: F* x SLy(C) — G, (uwp, Y) = (u) - t" - ~y(Y)

for all u € 03, n € Z, Y € SLy(C).

Note that the definition of ® uses the appropriate data: the semisimple
element ¢ € T, the map ¢*, and the homomorphism « (which depends on
the Springer parameter ).

Since x determines v up to M °-conjugation, ¢®,x and t determine ® up
to conjugation by their common centralizer in GG. Notice also that one can
recover ¢, x and ¢ from ® and that

(74) h(a) = B(1,Y,).

17. VARIETIES OF BOREL SUBGROUPS

We clarify some issues with different varieties of Borel subgroups and
different kinds of parameters arising from them. Let G be a connected
reductive complex group and let

®: Wp x SLy(C) - G
be as in . We write
H=7¢(®(Ip)) = Zg(im ®),
M =76(®(Wpg)) =Zg(t).

Although both H and M are in general disconnected, ®(Wp) is always
contained in H° because it lies in the maximal torus T of G and H°. Hence
O(Ip) C Z(H®).
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By construction ¢ commutes with ®(SLy(C)) € M. For any ¢*/? € C*
the element
(75) ty :=1P(Y12)
satisfies the familiar relation tqa:tq_l = z9. Indeed

tyrty "t = 1@(Yo2)® (§1) (Y, )t
(76) = 1@ (Y2 (§1) V)t
=t (;9)t7 " =at.

Recall that By denotes the upper triangular Borel subgroup of SLa(C). In

the flag variety of M° we have the subvarieties Bj;, and B?\)/[(f 2) of Borel
subgroups containing x and ®(Bs), respectively. Similarly the flag variety
of H° has subvarieties Bf{ﬁ, B;}Zf and

)

Notice that ®(Ir) lies in every Borel subgroup of H®, because it is contained
in Z(H®). We abbreviate Zg(®) = Zg(®(Wr x SL2(C))) and similarly for
other groups.

Proposition 17.1. (1) The inclusion maps
ZMo ((I)) — ZMO (@(BQ)) — ZMo (1‘),
ZH(tq,.%') — ZH((I)) — ZH(t, ‘I)(BQ)) — ZH(t, .%'),
are homotopy equivalences. In particular they induce isomorphisms

between the respective component groups.

(2) The inclusions BM(CJ,BQ) — B%. and BE; — BT
homotopy equivalences.

t,®(B ¢
(B2) _, — B are

Proof. It suffices to consider the statements for H and ¢, since the others
can be proven in the same way.

(1) Our proof uses some elementary observations from [55) §4.3]. There is a
Levi decomposition

with Zgoe(®(SLy(C))) = Zpo(®(Bs)) r
ty € Ngo(®(SL2(C))) and Zy(2?) =7
decomposition. Therefore
(77) Z o (tq, (L‘) = Zgo ((I))ZUQE (tq) = ZKo (tq, (I)(BQ))ZUI (tq).
We note that

Zy, (tq) N Zgro (tq, @(BQ)) cU;N ZHO((I)(BQ)) =1

and that Zy,(t,) C U, is contractible, because it is a unipotent complex
group. It follows that

(78) Zo(®) = Zpo(ty, ®(B2)) = Zpo(ty, )

is a homotopy equivalence. If we want to replace H° by H, we find
Z1(®)/Zpe(®) = {hH® € mo(H) | h®h™ € Ad(H®)®},

and similarly with (tq, ®(B2)) or (t4,x) instead of ®.

ductive and U, unipotent. Since

Zpo(z) = Zge(®(SL2(C)))Us
re
r(x), conjugation by t, preserves this
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Let us have a closer look at the H°-conjugacy classes of these objects.
Given any ®, we obviously know what ¢, and = are. Conversely, suppose
that t; and = are given. We apply a refinement of the Jacobson-Morozov
theorem due to Kazhdan and Lusztig. According to [42), §2.3] there exist
homomorphisms ® : W x SLy(C) — G as above, which return ¢, and
x in the prescribed way. Moreover all such homomorphisms are conjugate
under Zpgo(ty,x), see [42, §2.3.h] or Section 19. So from (t,,z) we can
reconstruct the Ad(H®)-orbit of ®, and this gives bijections between H°-
conjugacy classes of ®, (t,, ®(B2)) and (¢4, z). Since these bijections clearly
are 7o (H )-equivariant, we deduce
(79)

Zu(®) /21> (®) = Zr(tg, D(B2))/Zre(tg, ®(B2)) = Zu(tg, x)/Zae (tg, ).
Equations and imply that

Zu(®) = Zu(tq, ®(B2)) = Zu(tq, @)

is also a homotopy equivalence.
(2) By the aforementioned result [42], §2.3.h]

(80) T (tg, ) - Bl P2 = gl

On the other hand, by

(81)

Zie (tg, @) - Bigi ) = 2 (t)Znt (tg, ®(B)) - By ) = 25, (8,) - B2,

For any B € BEZ:D(BQ) and u € Zy, (t,) it is clear that
u-BeBu*P) — o(By) cuBu! <= u '®(By)uC B.

Furthermore, since ®(By) C B is generated by = and {® (§ agl) | a € C*},
the right hand side is equivalent to

u_1‘1>( 0 )uEB Yo € C*.

a
0 -1
In Lie algebra terms this can be reformulated as
Ad,-1(d®(§ %)) €eLieB VaeC.
Because u is unipotent, this happens if and only if
Ad(d® (3 5,)) eLieB VA a€C.

By the reverse chain of arguments the last statement is equivalent with

u - B e BB waec.

Thus {u € Zy,(ty) | u- B € Bgf)(BQ)} is contractible for all B € BE;‘I)(B”,

and we already knew that Z, (t,) is contractible. Together with and
these imply that ng@(32)

For the affine Springer correspondence we will need more precise infor-
mation on the relation between the varieties for G, for H and for M°.

— Bgf is a homotopy equivalence. O

Proposition 17.2. (1) The variety Bf{ﬁ is isomorphic to [WH" - WM®|

(B2)

‘ t,® o ‘
copies of Bi., and By is isomorphic to the same number of

copies of Bﬂfz).

(2) The group Zgo(t,z)/Zare () permutes these two sets of copies freely.
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(3) The variety BZ(WFXBz)

t,&(B
BHO( 2)

is isomorphic to WY : WH'| copies of
. The group Zg(®)/Zpe(P) permutes these copies freely.

Proof. (1) Let A be a subgroup of T such that M° = Zp.(A)° and let B,
denote the variety of all Borel subgroups of H° which contain A. With an
adaptation of |27, p.471] we will prove that, for any B € B}‘}o, BN MOis a
Borel subgroup of MP°.

Since BN M° C B is solvable, it suffices to show that its Lie algebra is a
Borel subalgebra of Lie M°. Write Lie 7' = t and let

Lie H O =n@®t®dn_

be the triangular decomposition, where Lie B = n @ t. Since A C B, it
preserves this decomposition and

Lie M° = (Lie H)* =n? @ t®n,
Lie BN M° = Lie BA =nt @ t.

The latter is indeed a Borel subalgebra of Lie M°. Thus there is a canonical
map

(82) Bie — FlagM°, B~ BN M°.

The group M acts by conjugation on B4, and clearly is M-equivariant.
By [27, p. 471] the M°-orbits form a partition

(83) B}q]oZBlUBQLl---I_IBm.

At the same time these orbits are the connected components of B4, and the
irreducible components of the projective variety Bffo. The argument from
[27, p. 471] also shows that , restricted to any one of these orbits, is a
bijection from the M°-orbit onto Flag M.

The number of components m can be determined as in the proof of [63,
Corollary 3.12.a]. The collection of Borel subgroups of M° that contain the
maximal torus 7T is in bijection with the Weyl group WM°. Retracting via
, we find that every component B; has precisely W | elements that
contain 7. On the other hand, since A C T, B, has [W°| elements that
contain T, so

m = [WH . WM,
To obtain our desired isomorphisms of varieties, we let A be the group gen-
erated by t and we restrict B; — Flag M° to Borel subgroups that contain
t,z (respectively t, ®(By)).
(2) By Proposition [17.1]

Zio(t,x) ) Zno(x) = Zipo (t, D(B2))/Znre (P(B2)).

Since the former is a subgroup of M/M® and the copies under considera-
tion are in M-equivariant bijection with the components , it suffices to
show that M/M?° permutes these components freely. Pick B, B’ in the same
component B; and assume that B’ = hBh~! for some h € M. Since B; is
M°-equivariantly isomorphic to the flag variety of M° we can find m € M°
such that B’ = m~'Bm. Then mh normalizes B, so mh € B. As B is
connected, this implies mh € M° and h € M°.
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(3) Apply the proofs of parts 1 and 2 with A = ®(Ir), G in the role of
H°, H° in the role of M° and ¢t®(Bz) in the role of . O

18. COMPARISON OF DIFFERENT PARAMETERS

In the following sections we will make use of several different but related
kinds of parameters.

Kazhdan—Lusztig—Reeder parameters
For a Langlands parameter as in , the variety of Borel subgroups
Bg(wF B2) i nonempty, and the centralizer Zg(®) of the image of ® acts

on it. Hence the group of components my(Zg(P)) acts on the homology
H, (Bg(WF xB2), C). We call an irreducible representation p of m(Z¢g(®))

geometric if it appears in H, (Bg(wF xB2) , C). We define a Kazhdan—Lusztig—
Reeder parameter for G to be a such pair (®, p). The group G acts on these
parameters by

(84) g-(®,p) = (99", po Ad,")
and we denote the corresponding equivalence class by [®, p]q.

Affine Springer parameters

As before, suppose that ¢ € G is semisimple and that x € Zg(t) is unipo-
tent. Then Zg(¢, x) acts on Btc’f and 7y(Zg(t, x)) acts on the homology of
this variety. In this setting we say that p; € Irr (wo(Zg(t, a:))) is geometric
if it appears in Htop(ng, C), where top refers to highest degree in which
the homology is nonzero, the real dimension of ng. We call such triples
(t,z, p1) affine Springer parameters for G, because they appear naturally in
the representation theory of the affine Weyl group associated to G. The
group (G acts on such parameters by conjugation, and we denote the conju-
gacy classes by [t, x, p1]a.

Kazhdan—Lusztig parameters
Next we consider a unipotent element z € G and a semisimple element
tq € G such that teat;! = 29. As above, Zg(tq, ) acts on the variety Btc‘j’x

and we call pg € Irr(mo(Z¢(tq, z))) geometric if it appears in H, (Btc"j’x, C).
Triples (¢4, x, pq) of this kind are known as Kazhdan-Lusztig parameters for
G. Again they are endowed with an obvious G-action and we denote the
equivalence classes by [tq, z, p4la-

In [42] 55] there are some indications that these three kinds of parameters
are essentially equivalent. Proposition allows us to make this precise in
the necessary generality.

Lemma 18.1. Let s be a Bernstein component in the principal series, asso-
ciate ¢*: 0, — T to it as in Lemma|16.1 and write H = Z¢(c*(0})). There
are natural bijections between H°-equivalence classes of:

o Kazhdan—Lusztig—Reeder parameters for G with <I>|UX =c® and
F
(I)(WF) € H;
e affine Springer parameters for H®;
o Kazhdan—Lusztig parameters for H®.
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Proof. Since SLy(C) is connected and commutes with o}, its image un-
der ® must be contained in the connected component of H. Therefore
KLR~parameters with these properties are in canonical bijection with KLR-
parameters for H° and it suffices to consider the case H° = G.

Asin and , any KLR-parameter gives rise to the ingredients ¢, x
and t, for the other two kinds of parameters. As we discussed after , the
pair (¢, x) is enough to recover the conjugacy class of ®. A refined version of
the Jacobson-Morozov theorem says that the same goes for the pair (¢4, x),
see [42] §2.3] or [55] Section 4.2].

To complete @, (¢, x) or (t4,x) to a parameter of the appropriate kind, we
must add an irreducible representation p, p1 or p,. For the affine Springer
parameters it does not matter whether we consider the total homology or
only the homology in top degree. Indeed, it follows from Propositions [17.1
and and [60, bottom of page 296 and Remark 6.5] that any irreducible
representation p; which appears in H, (ng, (C), already appears in the top
homology of this variety.

This and Proposition show that there is a natural correspondence
between the possible ingredients p, p1 and pg. O

19. THE AFFINE SPRINGER CORRESPONDENCE

An interesting instance of Section arises when M is the centralizer
of a semisimple element ¢ in a connected reductive complex group G. As
before we assume that ¢ lies in a maximal torus 7 of G and we write W& =
W(G,T). By Lemma[14.2]

(85) WM = Ny (T) ) Zpr (T) Z W x4 (M)
is the stabilizer of ¢ in WY, so the role of T is played by the component
group 7o(M). In contrast to the setup in Section it is possible that some

elements of mo(M)\ {1} fix W pointwise. This poses no problems however, as
such elements never act trivially on T'. For later use we record the following

consequence of :
(86) 70(M)r(a,0) = (Zaa1(2)/Zaze ()
Recall from Section [l that
Ty :={(t,0) : t € T,0 € Irr(WS)},
(T//W) = To /WY,

We note that the rational characters of the complex torus T span the regular
functions on the complex variety T

O(T) = C[X*(T)].

From , and Proposition we infer the following rough form of the
extended Springer correspondence for the affine Weyl group X*(T') x W&,

PL

Theorem 19.1. There are bijections
(T//W)g 2 Ter (X(T) x W) = {(t, 7(x, 0) x 1)}/ W
with t € T, 7(x, 0) € Ter WM ) € Trr (7o (M) 7(2,0))-
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Now we recall the geometric realization of irreducible representations of
X*(T) x W& by Kato [41]. For a unipotent element = € M® let B be the
variety of Borel subgroups of G containing ¢t and z. Fix a Borel subgroup
B of G containing T and let 0g p : Btém — T be the morphism defined by

0c s(B') = g 'tgif B'=gBg ' and te gTg !

The image of 0 p is WEt, the map is constant on the irreducible compo-
nents of BtG’m and it gives rise to an action of X*(7T') on the homology of ng.
Furthermore QW¢] = H(Zg) acts on H () (Btéx,C) via the convolution
product in Borel-Moore homology, as described in . Both actions com-
mute with the action of Zg(t, ) induced by conjugation of Borel subgroups.
Let py € Trr(Zg(t, ). By [41, Theorem 4.1] the X*(T) x W% module

(87) 7(t,m, p1) := Homg, ;1 (p1, Hy() (BE", C))

is either irreducible or zero. Moreover every irreducible representation of
X*(T) x WY is obtained is in this way, and the data (t,z,p;) are unique
up to G-conjugacy. This generalizes the Springer correspondence for finite
Weyl groups, which can be recovered by considering the representations on
which X*(T') acts trivially.

Propositions and shine some new light on this:

Theorem 19.2. (1) There are bijections between the following sets:
o Irr(X*(T) x W) = Irr(O(T) x WY);
o (T//W%)y={(t,7)|t €T, 7elr(WM)}/WC;
e {(t,7,0) [t €T, 7 € rWM’), 0 € Irx(mo(M),) } /WE;
e {(t,z,p,0) |t € T,z € M°unipotent, p € Irr(mo(Zpso (x)))
geometric, o € Irr (ﬂo(M)T(x’p)) }/G;
e {(t,z,p1) |t € T,z € M°unipotent, p1 € Irr(mo(Z¢(t, z)))
geometric} /G.
Here a representation of mo(Zare(x)) (or mo(Za(t, x))) is called geo-
metric if it appears in Hg,)(Bfo,C) (respectively H gy (ng,(})).
Apart from the third and fourth sets, these bijections are natural.
(2) The X*(T) x WY -representation corresponding to (t,x, p1) via these
bijections is Kato’s module (87)).

We remark that in the fourth and fifth sets it would be more natural
to allow ¢ to be any semisimple element of G. In fact that would give the
affine Springer parameters from Lemma [I8.1] Clearly G acts on the set of
such more general parameters (¢, x, p, o) or (¢, z, p1), which gives equivalence
relations /G. The two above /G refer to the restrictions of these equivalence
relations to parameters with ¢t € T

Proof. (1) Recall that the isotropy group of ¢ in W% is
WE = WM = WM® s o(M).

Hence the bijection between the first two sets is an instance of Clifford the-
ory, see Lemma [13.3] The second and third sets are in bijection by Propo-
sition m The Springer correspondence for WM provides the bijection
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with the fourth collection. To establish a bijection with the fifth collec-
tion, we first recall from that mo(M)r(z,p) = T0(M)(3,],,0- By that and
Proposition [15.3| every irreducible representation of

mo(Za(t, ) = mo(Zare () X (M), 0
is of the form p x ¢ for p and o as in the fourth set. By Proposition
(88)  H.(BY,C)= H.(B%.,C) ® ClZg(t, x)/Zare ()] @ COVIWE]
as Zq(t, x)-representations. By [55, §3.1]

ZG(t> x)/ZMO ($) = T‘-O(M)[J?]Mo

70 (M)(2], /0
WO(M)[z,p]]Mo
representation of this group and

(89) Homy (7, (1.0 (p x 0, Hy)(BE", C)) =
Homry (7,0 () (9 Ha(e) (Bige, C)) 3 o @ COVEWEL,

In particular we see that p is geometric if and only if p x ¢ is geometric,
which establishes the final bijection. Now the resulting bijection between
the second and fifth sets is natural by Theorem
(2) The X*(T) x W%-representation constructed from (t,z, p x o) by means
of our bijections is

X*(T)xW
(90) In dX*ET;NWG (HOII],I.O(ZMO (z)) (p, Hd(x) (B:]E\/[o s (C)) X 0’) .
On the other hand, by [41], Proposition 6.2]

is abelian. Hence Ind (o) appears exactly once in the regular

T ~ X* wé T
(91) H.(Bg',C) = Indy. (1" o (H.(Bpe, ©))

* G
=~ Ind;ggjxtc (H.(Bfo,C) ® ClZg(t, x) /Lo (x))])

as Za(t, z) x X*(T) x WC-representations. Together with the proof of part
1 this shows that 7(¢, 2, p % o) is isomorphic to (90). O

We can extract a little more from the above proof. Recall that O, de-
notes the conjugacy class of z in M. Let us agree that the affine Springer
parameters with a fixed ¢ € T' are partially ordered by

(t,z,p1) < (t,2',p}) when O, C O,.

Lemma 19.3. There exist multiplicities my ;. 5, o 1 € Z>0 such that

Homﬂo(ZG(t7$)) (pl’ H, (ng> C)) =
T(t,x,p1) ® @ M 2,012, T(t, 2, p)).

(t,x’,p/l)>(t,a:,p1)
Proof. 1t follows from , and that
(92) Homy 710y (p % 0, Ho(BE", C)) =

(T)WC WP .
Ind g e Indyhie o M)y, (B 210 ) (03 Hae) (Bire €)) @ ).

“(T)we

The functor Ind ()G provides an equivalence between the categories
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o X*(T) x W&-representations with O(T)VF -character t;
e X*(T) x W%-representations with O(T)Wc—character WGt

Therefore we may apply Lemma to the right hand side of , which
produces the required formula. O

Let us have a look at the representations with an affine Springer parameter
of the form (t,z = 1,p; = triv). Equivalently, the fourth parameter in
Theorem is (t,x = 1,p = triv,0 = triv). The WM"_representation
with Springer parameter (x = 1,p = triv) is the trivial representation, so
(x = 1,p = triv,o = triv) corresponds to the trivial representation of WtG )
With (90) we conclude that the X*(T') x WC&-representation with affine
Springer parameter (t, 1,triv) is

(93) T(t,1,triv) = Indiigijx; (trithc).

Notice that this is the only irreducible X*(T) x W%-representation with an
X*(T)-weight t and nonzero W%-fixed vectors.

20. GEOMETRIC REPRESENTATIONS OF AFFINE HECKE ALGEBRAS

Let G be a connected reductive complex group, B a Borel subgroup and T’
a maximal torus of G contained in B. Let H(G) be the affine Hecke algebra
with the same based root datum as (G, B,T) and with a parameter g € C*
which is not a root of unity.

Since later on we will have to deal with disconnected reductive groups,
we include some additional automorphisms in the picture. In every root
subgroup U, with a € A(B,T) we pick a nontrivial element u,. Let I be a
finite group of automorphisms of (G, T, (ua)aea(B,r))- Since G need not be
semisimple, it is possible that some elements of I" fix the entire root system
of (G,T). Notice that T' acts on the Weyl group W& = W (G, T) because it
stabilizes T

We form the crossed product H(G) x I' with respect to the canonical I'-
action on H(G). We define a Kazhdan-Lusztig parameter for H(G) x I' to
be a triple (¢4, x, p) such that

e t, € GG is semisimple, x € G is unipotent and tq:ntq_l = x4,

e p is an irreducible representation of the component group
70(ZGxr(tq, z)), such that every irreducible subrepresentation of the
restriction of p to m(Zg(ty, x)) appears in H,(B'*, C).

The group G x I' acts on such parameters by conjugation, and we denote
the conjugacy class of a parameter by [t,,x, plgxr. Now we generalize [42),
Theorem 7.12] and [55, Theorem 3.5.4]:

Theorem 20.1. There exists a natural bijection between Irr(H(G) x T')
and G x I'-conjugacy classes of Kazhdan—Lusztig parameters. The module
corresponding to (tq,x, p) is the unique irreducible quotient of the H(G) xT'-
module

Homﬂ'O(ZGxF(tq#U)) (p, H, (th,a;’ (C) ® (C[F]) .
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Proof. First we recall the geometric constructions of H(G)-modules by Kazh-
dan, Lusztig and Reeder, taking advantage of Lemma to simplify the
presentation somewhat. As in [55, §1.5], let

150G —=G—1

be a finite central extension such that G is a connected reductive group with

simply connected derived group. The kernel C' acts naturally on H(G) and
(94) H(G)C = H(G).

The action of I' on the based root datum of (G, B,T) lifts uniquely to an
action on the corresponding based root datum for é, so the I'-actions on G
and on H(G) lift naturally to actions on G and H(G). Let Hq(G) be the
variation on H(G) with scalars Z[q,q '] instead of C and q € C*. In [42]
Theorem 3.5] an isomorphism

(95) Hq(G) = KO (24)

is constructed, where the right hand side denotes the G x C*-equivariant
K-theory of the Steinberg variety Z~ of G. Since G X T" acts via conjugation

on G and on Za, it also acts on KGX(CX(Z@). However, the connected
group G acts trivially, so the action factors via I'. Now the definition of
the generators in [42 Theorem 3.5] shows that is T-equivariant. In
particular it specializes to I'-equivariant isomorphisms

(96) H(é) = Hq(é) ®7z(q,q1] Cy = Ko (Z(?) ®7z(q,q1] Cq-

Let (f,,7) € (G)? be alift of (t,, ) € G? with Z unipotent. The G-conjugacy
class of #, defines a central character of H(G) and according to [27, Propo-
sition 8.1.5] the associated localization is

H(G) @y Ci, = K (26) @pinex) Ciy g = Ho(2'99,C).

»q

Any Borel subgroup of G contains C, so Blo® = BloT and Bla® = Btc‘}’z are
isomorphic algebraic varieties. From [27, p. 414] we see that the convolution

product in Borel-Moore homology leads to an action of H*(Zg“q,(C) on

H, (Bl C). Notice that for h € H*(Zéf’q,(:) and g € G x I" we have

g-he H*(qugil’q, C) = H(G) Dz C

glag™1"

An obvious generalization of [27, Lemma 8.1.8] says that all these construc-
tions are compatible with the above actions of G x I'; in the sense that the
following diagram commutes:

H.(Bl#,C) LN H,(Bl#,C)
(97) L. (Ady) L. (Ady)

H, (9%~ " 979~ gh

o) 2 H (B9t et

1

,C).

In particular the component group Wo(Zé(fq,i’)) acts on H*(ng’i,C) by

H(G)-intertwiners. Let p be an irreducible representation of this component
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group, appearing in H*(qu’i,(C). In other words, (f;,7,p) is a Kazhdan—

Lusztig parameter for H(G). According to [42, Theorem 7.12]
(98) Homﬂ'o(z (tg,%)) (57 H, (thj: C))

e

is a H(G)-module with a unique irreducible quotient, say V;gq@, 5
Following [55] §3.3] we define a group Ry 7 by

(99) 1= mo(Zg(tg, @) = mo(Zg(tg, 2)) — Ry, z — 1.

Since the derived group of G is simply connected, Zg(ty)° = Zg(f,). Fur-
thermore Z(G) acts trivially on H,(B%%,C), so we may just as well replace
by the short exact sequence

1= 70(Zzg1,)0 (2)/Z(G)) = mo(Za(ty, ©) /2(G)) — qu,ﬁc — 1.

From Lemma [15.2] (with the trivial representation of mo(Z¢(ty)°(2)) in the
role of p) we know that the latter exact sequence splits. Hence all the
2-cocycles of subgroups of qu,j appearing in [55 Section 3] are trivial.

Let & be any irreducible representation of quj’ 5 the stabilizer of the
isomorphism class of p in qu@. Clifford theory for produces p X
o € Irr(mo(Zs(tg, x))), a representation which factors through mo(Zg (4, z))
because C acts trivially. Moreover by [65, Lemma 3.5.1] it appears in
H,(B!+* C), and conversely every irreducible representation with the latter
property is of the form g x &.

With the above in mind, [55, Lemma 3.5.2] says that the H(G)-module

M (tq,®,p % &) = Hom, 7z, (t,.2)) (6 ¥ &, Hi(B'",C))

tq,

(100) . < [,d
= Homeq,i,ﬁ (5, Homm(Z@(fq,:?:))(p7 H.(B'*% C)))

has a unique irreducible quotient
(101) m(tg,z,px0) = HomRqui’ﬁ(&, Vi, 5.5)-

According [55, Lemma 3.5.3] this sets up a bijection between Irr(#H(G)) and
G-conjugacy classes of Kazhdan—Lusztig parameters for G.

Remark 20.2. The module is well-defined for any q € C*, although
for roots of unity it may have more than one irreducible quotient. For ¢ =1
the algebra H(G) reduces to C[X*(T) x WC] and [27, Section 8.2] shows that
Kato’s module is a direct summand of M (t1,x, p1).

Next we study what I'" does to all these objects. There is natural action
of I' on Kazhdan-Lusztig parameters for GG, namely

v+ (tg:x,pg) = (Vtgy ™" yay ™", pg 0 AdSY).

From and (100) we deduce that the diagram

h
(g, T, pg) — T(tg, T, pg)
(102) LH.(Ady) LH.(Ady)
_ - - (h) - - -
m(gteg™ g1t pgo Ady ) = w(gteg Tt gugTt pg 0 Ady )
commutes for all g € Gy and h € H(G). Hence

(103) Reeder’s parametrization of Irr(#(G)) is I-equivariant.
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Let m € Irr(H(G)) and choose a Kazhdan-Lusztig parameter such that «
is equivalent with 7(t4,x, pq). Composition with v~! on 7 gives rise to a
2-cocycle g(m) of I'z. Clifford theory tells us that every irreducible represen-
tation of H(G) X T is of the form 7 x pg for some 7 € Irr(H(G)), unique up to
I-equivalence, and a unique ps € Irr(C[I's,(7)]). By the above the stabi-
lizer of 7 in I' equals the stabilizer of the G-conjugacy class [ty, z, pg]g. Thus
we have parametrized Irr(H(G) xI') in a natural way with G x I'-conjugacy
classes of quadruples (t4,z,pq, p2), where (t4,z,pq) is a Kazhdan-Lusztig
parameter for G and ps € Irr((C[F[tmx,pq]G, 1(m(tq, 2, pq))])-
The short exact sequence

(104) 1— Wo(Zg(tq,x)) — Wo(ZGNF(tq,.I)) — F[tq,J?]G —1

yields an action of Ty ., on Irr (m0(Zc(tq, ))). Restricting this to the
stabilizer of p,;, we obtain another 2-cocycle §(tq, z, pg) of Iy o p.1» Which
we want to compare to §(m(tq, z, pg)). Let us decompose

xqu}

H, (Bl C) = @pq pq @ M(ty, x, pq)

as mo((Za(tg, z)) x H(G)-modules. We sum over all pg € Irr(mo(Zg(tq, z)))
for which the contribution is nonzero, and we know that for such p, the
H(G)-module M (t4, x, py) has a unique irreducible quotient 7(t4, x, pg). Since
7o(Zaxr(tq, x)) acts (via conjugation of Borel subgroups) on H,(B'* C),
any splitting of as sets provides a 2-cocycle f for the action of I'ly, 4 5.1
on pg ® M(ty,x, pqg). Unfortunately we cannot apply Lemma to find a
splitting of as groups, because Zg(t,) need not be connected. Nev-
ertheless fj can be used to describe the actions of I'f on both p, and

m(tg, x, pq), SO

tm%ﬂq]G

(105) 0(tq, z,pq) = i = b(7(tq, 7, pg)) as 2-cocycles of Ty

tqvxqu]c'

It follows that every irreducible representation p of mo(Zgxr(ty, x)) is of the
form pg % pg for pg and py as above. Moreover p determines pg up to L'z, 4]~
equivalence and po is unique if p, has been chosen. Finally, if p, appears
in Hiop(B'27, C) then every irreducible my(Z¢(tq, z))-subrepresentation of p
does, because mo(Zgwur(ty, ) acts naturally on H,(B'*, C). Therefore we
may replace the above quadruples (t4, x, pq, p2) by Kazhdan-Lusztig param-
eters (tg,x,p).

The module associated to (4, z, pg, p2) via the above constructions is the
unique irreducible quotient of the #(G) x I'-module

(106) Hom (7,1, ) (Pg> H« (B, C)) x pa.

The same reasoning as in the proof of Theorem shows that (106 is
isomorphic to

(107) Hom (74,1 (1)) (02 Ho(B'7,C) @ C[T)).

Since the H(G)-module H,(B'* C) depends in a natural way on (t,, ), so
does the unique irreducible quotient of (107)). O
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21. SPHERICAL REPRESENTATIONS

Let G,B,T and T' be as in the previous section. Let H(W®) be the
Iwahori-Hecke algebra of the Weyl group W¢, with a parameter ¢ € C*
which is not a root of unity. This is a deformation of the group algebra
C[W¢] and a subalgebra of the affine Hecke algebra H(G). The multiplica-
tion is defined in terms of the basis {T}, | w € W%}, as in (I31).

Recall that H(G) also has a commutative subalgebra O(T'), such that the
multiplication maps

(108) O(T) @ HW®) — H(G) +— HW®) @ O(T)

are bijective.
The trivial representation of H(W%) x T is defined as

(109) triv(Tyy) = ¢ we WY~ el.

It is associated to the idempotent

Puivpri= > TuPue(@)™' Y A0 € HOV) x T,
weWs ~el
where P)yc is the Poincaré polynomial

Pya(q) = ZwewG qZ(w)‘

Notice that Pyc(q) # 0 because ¢ is not a root of unity. The trivial repre-
sentation appears precisely once in the regular representation of H(W%) x T,
just like for finite groups.

An H(G) x I'-module V is called spherical if it is generated by the sub-
space puivprV [34, (2.5)]. This admits a nice interpretation for the un-
ramified principal series representations. Recall that H(G) = H(G,Z) for
an Iwahori subgroup Z C G. Let £ C G be a good maximal compact
subgroup containing Z. Then pyi, corresponds to averaging over K and
PaivH(G, L)puiv = H(G,K), see [34, Section 1]. Hence spherical H(G,T)-
modules correspond to smooth G-representations that are generated by their
K-fixed vectors, also known as K-spherical G-representations. By the Satake
transform

(110) PuivH (G, T)puiv = H(G,K) = O(T/WE),
so the irreducible spherical modules of H(G) = H(G,T) are parametrized

by T/WS via their central characters. We want to determine the Kazhdan—
Lusztig parameters (as in Theorem [20.1]) of these representations.

Proposition 21.1. For every central character (W x )t € T/(WY x T)
there is a unique irreducible spherical H(G) xI'-module, and it has Kazhdan—
Lusztig parameter (t,x = 1, p = triv).

Proof. We will first prove the proposition for #(G), and only then consider
r.

By the Satake isomorphism there is a unique irreducible spherical
H(G)-module for every central character WY € T/WY. The equivalence
classes of Kazhdan—Lusztig parameters of the form (t,z = 1, p = triv) are
also in canonical bijection with T/W&. Therefore it suffices to show that
m(t,1,triv) is spherical for all t € T..
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The principal series of H(G) consists of the modules Indgg%) C; for t €

T. This module admits a central character, namely WC%t. By every
such module is isomorphic to H(WY) as a H(WY)-module. In particular it
contains the trivial H(WG)—representation once and has a unique irreducible
spherical subquotlent

As in Section [20 let G be a finite central extension of G with simply
connected derlved group. Let T, B be the corresponding extensions of T', B.
We identify the roots and the Weyl groups of G and G. Let ¢ € T be a lift
of t € T. From the general theory of Weyl groups it is known that there is
a unique t+ € WOT such that |a(tt)| > 1 for all @ € R(B,T) = R(B,T).
By i N

H, (Bg,(C) = H*(Bé ,C)

as H(G)-modules. These tT, B fulfill [55, Lemma 2.8.1], so by [55, Proposi-
tion 2.8.2]

(111) — H.(B5,C) = md"%c,,.

Mf,izl,ﬁ:triv o(T)
According to [54, (1.5)], which applies to ¢, the spherical vector peiy gen-
erates Mj ;.. Therefore it cannot lie in any proper H(G)-submodule of
M 1,3, and represents a nonzero element of 7(t,1,triv). We also note that
the central character of 7 (¢, 1,triv) is that of M 3 trivs WCEE =Wt

Now we analyse this is an H(G)-module. The group R;; = R;

from is just the component group mo(Z¢(t)), so by (101)
7(t, 1, triv) @ Hom, 7,0 (0, ©(E, 1, triv)) = @pw(t, 1, triv).

The sum runs over Irr(mo(Z¢(t))), all these representations p contribute
nontrivially by [55, Lemma 3.5.1]. Recall from Lemma that mo(Zg(t))
can be realized as a subgroup of W& and from that puiv € 7(£, 1, triv)
can be regarded as a function on G which is bi-invariant under a good max-
imal compact subgroup K. This brings us in the setting of [25] Proposition
4.1], which says that mo(Zg(t)) fixes puiv € 7(¢,1,triv). Hence 7(t, 1, triv)
contains piiy and is a spherical H(G)-module. Its central character is the
restriction of the central character of 7 (£, 1, triv), that is, WGt € T/W¢.

Now we include I'. Suppose that V' is a irreducible spherical H(G) %
I-module. By Clifford theory its restriction to H(G) is a direct sum of
irreducible H(G)-modules, each of which contains piiy. Hence V' is built
from irreducible spherical H(G)-modules. By

v - mw(t, 1, triv) = w(vt, 1, triv),

so the stabilizer of 7(¢,1,triv) € Irr(H(G)) in I' equals the stabilizer of
WY € T/WY in T'. Any isomorphism of H(G)-modules

Yy w(t, 1, triv) — w(yt, 1, triv)

F=1,p=triv

must restrict to a bijection between the onedimensional subspaces of spher-
ical vectors in both modules. We normalize 1, by 9 (Ptriv) = Ptriv- Then
v + 1 is multiplicative, so the 2-cocycle of I'yc, is trivial. With Theo-
rem this means that the irreducible H(G) x I-modules whose restric-
tion to H(G) is spherical are parametrized by equivalence classes of triples
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(t,1,triv x o) with o € Irr(I'y6,). The corresponding module is
(G)~T

(G)xT,G,
Clearly m(t,1,triv x o) contains the spherical vector piiypr if and only
if ¢ is the trivial representation. It follows that the irreducible spheri-
cal H(G) x I-modules are parametrized by equivalence classes of triples
(t, 1, iV (26 () ) that is, by T/(WY % T). O

m(t, 1, triv x o) = 7(t, 1, triv) x o = Indz (7(t, 1, triv) ® o).

22. MAIN RESULT (THE CASE OF A CONNECTED ENDOSCOPIC GROUP)

Let x be a smooth character of the maximal torus 7 C G. We recall that

s = [T, x]g
¢ = X'o?’
H = Zg(im ),

W* = Zyyc(im c).

Let {KLR parameters}® be the collection of Kazhdan-Lusztig-Reeder pa-
rameters for G such that @‘UX = ¢°. Notice that the condition forces
F

®(Wpr x SLo(C)) € H. This collection is not closed under conjugation
by elements of G, only H = Zg(im ¢®) acts naturally on it.

The Bernstein centre associated to s is 7 /W*. Since T' = T* is a maximal
torus in H, we can identify 7°/W?® with the space c¢(H)ss of semisimple
conjugacy classes in H.

Roche [57] proved that Irr(G)® is naturally in bijection with Irr(H(H)),
under some restrictions on the residual characteristic p. Although Roche
works with a local non-archimedean field F' of characteristic 0, it follows
from [I] that his arguments apply just as well over local fields of positive
characteristic. We note that for unramified characters x this result is already
classical, proven (without any restrictions on p) by Borel [17].

In the current section we will prove the most important part of our con-
jecture in the case that H is connected. This happens for most s, a sufficient
condition is:

Lemma 22.1. Suppose that G has simply connected derived group and that
the residual characteristic p satisfies the hypothesis in [57, p. 379]. Then H
s connected.

Proof. We consider first the case where s = [T, 1]g. Then we have ¢® =
1,H =G and W* =W.

We assume now that ¢® # 1. Then im¢® is a finite abelian subgroup of
T which has the following structure: the direct product of a finite abelian
p-group A, with a cyclic group B;—; whose order divides ¢ — 1. This follows
from the well-known structure theorem for the group o7, see [39, §2.2]:

imc® = A, - By_1.
We have
H=7p,(By—1) where Hy:=7Zqg(4,).

Since G has simply connected derived group, it follows from Steinberg’s
connectedness theorem [64] that the group H, is connected. Since A, is
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a p-group, and p is not a torsion prime for the root system R(G,T), the
derived group of H 4 is simply connected (see [65]).

Now B,_1 is cyclic. Applying Steinberg’s connectedness theorem to the
group H 4, we get that H itself is connected. U

Remark 22.2. Notice that H does not necessarily have simply connected
derived group in setting of Lemma[22.1. For instance, if G is the exceptional
group of type Go and x is the tensor square of a ramified quadratic character
of F*, then H = SO(4,C).

In the remainder of this section we will assume that H is connected, Then
Lemma [14.2| shows that W?* is the Weyl group of H.

Theorem 22.3. Let G be a split reductive p-adic group and let s be a point
in the Bernstein spectrum of the principal series of G. In the case when
H # G, assume that H is connected and that the residual characteristic p
satisfies the conditions of [57, Remark 4.13]. Then there is a commutative
triangle of natural bijections

(T//W#)2

T T

Irr(G)® {KLR parameters}*/H

In this triangle, the right slanted map stems from the affine Springer corre-
spondence, the bottom horizontal map is the bijection established by Reeder
[55], and the left slanted map can be constructed via the asymptotic algebra
of Lusztig.

Proof. The right slanted map is the composition of Theorem 1 (ap-
plied to H) and Lemma [18.]] (with the condition ®(wp) = t). Since
Irr(G)® = Irr(H(H)), we can take as the horizontal map the parametrization
of irreducible H(H )-modules by Kazhdan, Lusztig and Reeder as described
in Section 20} These are both natural bijections, so there is a unique left
slanted map which makes the diagram commute, and it is also natural. We
want to identify it in terms of Hecke algebras.

Fix a KLR-parameter (®,p) and recall from Theorem [19.2]2 that the
corresponding X *(T') x WH -representation is

(112) Hom, (7, (t.2)) (0, Ha) (B, C)).

Similarly, by Theorem the corresponding H(H)-module is the unique
irreducible quotient of the H(H)-module

(113) Homﬂ'o(ZH(tq,l‘)) (pan*(BE,I’C))'

In view of Proposition both spaces are unchanged if we replace ¢ by ¢,
and p by py, and the vector space (113) is also naturally isomorphic to

(114) Homwo(ZH(CIZ')) (p, H*(BE(I)(BQ),C))

Recall Lusztig’s asymptotic Hecke algebra J(H) from [47]. As discussed in
Corollary in Example 3 of the Appendix, there are canonical bijections

(115) Trr(H(H)) < Irr(J(H)) +— Tre(X*(T) x WH).
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According to [48, Theorem 4.2] Irr(J (H)) is naturally parametrized by the
set of H-conjugacy classes of Kazhdan—Lusztig parameters for H. Lusztig
describes the J(H)-module associated to (t4,,pq) in terms of equivariant
K-theory, and with [27], Section 6.2] we see that its retraction to H(H) via

H(H) 2% F(H) &5 XHT) 1« WH

is none other than (113). In [47, Corollary 3.6] the a-function is used to
single out a particular irreducible quotient H(H )-module of . But we
saw in that there is only one such quotient, which by definition is
m(tg: @, pg).

Let H,(H) be the affine Hecke algebra with the same based root datum
as H and with parameter ¢ € C*. Thus

H,(H) =H(H) and Hi(H)=C[X*(T)x WH].

The above describes the retraction of an irreducible J(H)-module corre-
sponding to (®, p) to Hq(H) for any ¢ € C* which is not a root of unity.
But everything depends algebraically on ¢, so the description is valid for
all ¢ € C*, in particular for ¢ = 1. Then [27, Section 8.2] implies that we
obtain the H1(H )-module

(116) Homﬂ'o(ZH(t,x))(pu H*(B?Ix,(j))

with the action as in . The right bijection in sends (113) to a
certain irreducible quotient of (namely the unique one with minimal
a-weight).

For the opposite direction, consider an irreducible #; (H )-module M with
a-weight aps. According to [47, Corollary 3.6] the J(H )-module

M = Hy(H)™ @4, 11y M,

is irreducible and has a-weight aps. See [47, Lemma 1.9] for the precise
definition of M. o

Now we fix t € T' and we will prove with induction to dim O, that 7(t, z, p)
is none other than (116). Our main tool is Lemma which says that
the constituents of are 7(t,z, p) and irreducible representations cor-
responding to larger affine Springer parameters (with respect to the partial
order defined via the unipotent classes O, C M). For dim O,, = 0 we see
immediately that only the J°-module

HOM g (71 (t20)) (PO, He (B, C))

can contain 7(t, zo, po), so that must be 7(¢, zo, pp). For dim O, = n Lemma

says that (116 can only contain 7(t,zp,pp,) if © € O,,. But when
dim O, <n

T<t7 Ly Pn) % Homwo(ZH(t,x)) (pv H*(Bt}fa C))a

because the right hand side already is 7(t, x, p), by the induction hypothesis

and the bijectivity of M — M. So the parameter of 7(t, x,, p,) involves an
x with dim O, = n. Then another look at Lemma@ shows that moreover

(z, p) must be M-conjugate to (x,, p,). Hence 7(¢,x, p) is indeed ((116)).
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We showed that the bijections (115)) work out as

Irr(H(H)) Irr(J(H)) & TIrr(X*(T) x WH)
(tgsa,pg) ¢ Homg g, ey (p He (B P, 0)) o 7(t, x, p),

where all the objects in the bottom line are determined by the KLR param-
eter (@, p). O

23. MAIN RESULT (HECKE ALGEBRA VERSION)

In this section ¢ € C* is allowed to be any element which is not a root
of unity. We study how the conjecture can be extended to the algebras and
modules from Section So let I" be a group of automorphisms of G that
preserves a chosen pinning, which involves T" as maximal torus. With the
disconnected group G x I' we associate three kinds of parameters:

e The extended quotient of the second kind (T//W& x T)s.

e The space Irr(H(G) x I') of equivalence classes of irreducible repre-
sentations of the algebra H(G) x I' (with parameter q).

e Equivalence classes of unramified Kazhdan—Lusztig—-Reeder param-
eters. Let ® : Wp x SLo(C) — G be a group homomorphism with
®(Ip) =1and ®(Wp) C T. As in Section[17] the component group

70(Zxr () = mo(Zaxr (P(WF x B)))

acts on H*(Bg(WFXBQ),C). We take p € Irr(mo(Zgxr(®))) such
that every irreducible mo(Zg(®))-subrepresentation of p appears in

H, (Bg(WFXBQ), C). The set {KLR parameters for G x I'}"™" of pairs
(®, p) carries an action of G x I'" by conjugation. We consider the
collection {KLR parameters for G xT'}"™ /G xT" of conjugacy classes

[(I)a p]GXIF'

Theorem 23.1. There exists a commutative diagram of natural bijections

(T//WE x T,

7

Irr(H(G) x T) {KLR parameters for G x I'}"™" /G x T’

It restricts to bijections between the following subsets:

e the ordinary quotient T/(WY x T) C (T//WE x T')a,

o the collection of spherical representations in Irr(H(G) x T'),

o cquivalence classes of KLR parameters (®, p) for G x I' with
P(Ip x SL2(C)) =1 and p = trivﬂo(zexr(q’))'

Proof. The corresponding statement for G, proven in Theorem [22.3] is the
existence of natural bijections

(117) (T//W)z

T

Irr(H(G)) {KLR parameters for G}"™ /G
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Although in Section [22 ¢ was a prime power, we notice that the upper and
right objects in do not depend on ¢g. The algebra H(G) does, but the
bottom and left slanted maps in are defined equally well for our more
general ¢ € C*, as can be seen from the proofs of Theorems and
Thus we may use as our starting point.

Step 1. The bijections in are I'-equivariant.
The action of I on (T'//W%), can be written as

(118) v [t Thwe = [v(#), 7 0 AdT e
In terms of the multiplication in G x I, the action on KLR parameters is
(119) v 1@, ple = @y pro AdS e

We recall the right slanted map in from Theorem Write M =
Zg(t) and WE = W(M°,T) x mo(M). Then the W&-representation 7 can
be written as 7(z, p3) X o for a unipotent element x € M°, a geometric p3 €
Irr(Zpge (v)) and a o € Trr(mo(M ) 7(5,py))- The associated KLR parameter is
[®, p3 X 0|, where @ (§1) = 2 and ® maps a Frobenius element of W to
t.

From we see that 7(z,p3) o Ad;1 is equivalent with 7(yzy~!, p3 o
Ad;l), so

7o Ad;1 is equivalent with 7(yaxy ™!, p3 o Ad;l) X (oo Ad;l).

Hence (|118]) is sent to the KLR parameter , which means that the right
slanted map in is indeed I'-equivariant.

In view of Propositi and , we already showed in that
the horizontal map in (117)) is T-equivariant. By the commutativity of the
triangle, so is the left slanted map.

Step 2. Suppose that 7, [t, Tlwe and [®, p1]a are three corresponding ob-
jects in . Then their stabilizers in T' coincide:

Tr =Tps,6 = Vol

This follows immediately from step 1.

Step 3. Clifford theory produces 2-cocycles ti(r), t([t, Tlye ) and §([®, p1]c)
of I'y. We can choose the same cocycle for all three of them.
For g(m) and §([®, p1]e) this was already checked in (L0F]), where we use

Proposition to translate between ® and (¢4, x). Comparing (100]) and
Theorem we see that §(m) and §([t, 7]yye) come from two very similar

representations: the difference is that M(¢,z, p1) is built from the entire
homology of a variety, while the corresponding X*(7") x W¢-representation
uses only the homology in top degree. Also the I';-actions on these modules
are defined in the same way, so the two cocycles can be chosen equal.

Step 4. Upon applying X +— (X//F)g to the commutative diagram
we obtain the corresponding diagram for G x T
Here fj denotes the family of 2-cocycles constructed in steps 2 and 3. For
(T//W%)2 and Irr(H(G)) we know from Lemmas andthat this pro-
cedure yields the correct parameters. That it works for Kazhdan—Lusztig—
Reeder parameters was checked in the last part of the proof of Theorem
By steps 1 and 3 the construction used in yields the same homo-
morphisms between the twisted group algebras (called ¢, , in Section
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in all three settings. Hence the maps from can be lifted in a natural
way to the diagram for G x T.

The ordinary quotient is embedded in (T///W% x T'), as the collection
of pairs (t,triv(wcxp) t). By an obvious generalization of these corre-
spond to the affine Springer parameters (t,z = 1, p = triv). It is clear from
the above construction that they are mapped to KLR parameters (®, triv)
with ®(Ir x SL2(C)) = 1 and ®(wp) = t. By Proposition the latter
correspond to the spherical irreducible H(G) x I-modules. O

24. MAIN RESULT (GENERAL CASE)

We return to the notation from Section In general the group H =
Z¢(im ¢®) need not be connected. It is well-known, and already used several
times in the proof of Proposition that the short exact sequence

(120) 1 — H°JZ(H°) - H/Z(H°) —» mo(H) — 1

is split. More precisely, any choice of a pinning of H® (a Borel subgroup, a
maximal torus, and a nontrivial element in every root subgroup associated
to a simple root) determines such a splitting. We fix a pinning with 7" as

maximal torus, and with it we fix actions of mo(H) on H°, on the Dynkin
diagram of H° and on the Weyl group of H°. Lemma shows that

(121) W2 =WE . 2 WH s mo(H).

im c®
According to [57, Section 8] Irr(G)® is naturally in bijection with Irr(H(H)),
where
(122) H(H) = H(H®) x 7o(H).

Now we have collected all the material that is needed to prove our main
result (Theorem in our Introduction).

Theorem 24.1. Let G be a split reductive p-adic group and let s = [T, x]g
be a point in the Bernstein spectrum of the principal series of G. Assume
that the residual characteristic p satisfies the conditions of [57, Remark 4.13]
when H # G. Then there is a commutative triangle of natural bijections

(T2 //W#)2

T

Irr(G)® {KLR parameters}*/H

The slanted maps are generalizations of the slanted maps in Theorem [22.3
and the horizontal map stems from Theorem |20.1].
We denote the irreducible G-representation associated to a KLR parameter
(®,p) by m(P,p).
(1) The infinitesimal central character of w(®,p) is the H-conjugacy
class

1/2
®(wp, (‘10 qj/2> ) € c(H)s = T% /W,

(2) w(P,p) is tempered if and only if ®(Wg) is bounded, which is the
case if and only if ®(wr) lies in a compact subgroup of H.

(3) m(P, p) is essentially square-integrable if and only if ®(W gxSLy(C))
s mot contained in any proper Levi subgroup of H®.
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Recall that G only has irreducible square-integrable representations if Z(G)
is compact. A G-representation is called essentially square-integrable if its
restriction to the derived group of G is square-integrable. This is more
general than square-integrable modulo centre, because for that notion Z(G)
needs to act by a unitary character.

Proof. The larger part of the commutative triangle was already discussed
in , and Theorem It remains to show that the set {KLR
parameters}®/H (as defined on page is naturally in bijection with {KLR
parameters for H® x mwo(H)}"™ /H® x mo(H).

By we are taking conjugacy classes with respect to the group H/Z(H®)
in both cases. It is clear from the definitions that that in both sets the in-
gredients ® are determined by the semisimple element ®(wp) € H. This
provides the desired bijection between the ®’s in the two collections, so let
us focus on the ingredients p.

For (®,p) € {KLR parameters}® the irreducible representation p of the
component group mo(Zg (®)) = mo(Za(P)) must appear in H., (Bg(WFXBQ), C).
By Proposition3 this space is isomorphic, as a my(Zg (P))-representation,
to a number of copies of

m0(Z6(®)) (W pxBz)
Ind 5 oy He(Byo 7%, C).

Hence the condition on p is equivalent to requiring that every irreducible
70(Z o (®))-subrepresentation of p appears in H., (BES,WF xBa), C). That is
exactly the condition on p in an unramified KLR parameter for H® xmo(H).
This establishes the properties of the commutative diagram.
(1) From the construction in Section [20| we see that the H(H°)-module with
Kazhdan-Lusztig parameter (4, z, pq) has central character

1/2 ° ~ o
ty=0(wr, (7 S2)) € c(H) = T/W.

It follows that the H(H)-module with parameter (P, p) has central character
ty € ¢(H)gs = T°/W?. The corresponding G-representation is obtained via
a suitable Morita equivalence, which by definition transforms the central
character into the infinitesimal character.

(2) It was checked in [20] that a member of Irr(G)® is tempered if and only
if the corresponding H(H )-module is tempered.

For z € C* we put V(z) = log|z|. According to [42, Theorem 8.2] the
H(H)-module with parameter (®,p) is V-tempered if and only if all the
eigenvalues of ¢ = ®(wp) on Lie H (via the adjoint representation) have
absolute value 1. That [42] works with simply connected complex groups
is inessential to the argument, it also applies to our H. But V-tempered
(for this V') means only that the restriction of the H(H)-module to the
subalgebra H(H§,,) is tempered, where Hj, . denotes the derived group of
H°. The H(H)-module is tempered if and only if moreover the subalgebra
H(Z(H")) acts on it by a unitary character. This is the case if and only if
all the eigenvalues of ¢ (in some realization of H® as complex matrices) have
absolute value 1. That in turn means that ¢ lies in the maximal compact
subgroup of T%.
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Since ®(Wr) is generated by the finite group ®(Ir) and t = ®(wp), the
above condition on ¢ is equivalent to boundedness of ®(Wpr).
(3) This is similar to part 2, it follows from [42, Theorem 8.3] and [20]. O

Notice that the bijectons in Theorem satisfy the statements (1)—(4)
from Section [7] by construction. We will check the properties 1-6 in the
upcoming sections.

Recall that Irr(G,T) is the space of all irreducible G-representations in
the principal series. Considering Theorem for all Bernstein components
in the principal series simultaneously, we will establish the local Langlands
correspondence for this class of representations.

Corollary 24.2. Let G be a split reductive p-adic group, with restrictions on
the residual characteristic as in [57, Remark 4.13]. Then the local Langlands
correspondence holds for the irreducible representations in the principal se-
ries of G, and it is the bottom row in a commutative triangles of natural
bijections

(Irr T //W%)4

/ \

Irr(G,T) {KLR parameters for G}/G

The restriction of this diagram to a single Bernstein component recovers
Theorem [2{.1. In particular the bottom arrow generalizes the Kazhdan—
Lusztig parametrization of the irreducible G-representations in the unrami-
fied principal series.

Proof. Let us work out what happens if in Theorem [24.1| we take the union
over all Bernstein components s € B(G, T ).

On the left we obtain (by definition) the space Irr(G, 7). Notice that in
Theorem instead of {KLR parameters}®/H we could just as well take
G-conjugacy classes of KLR parameters (®, p) such that (P}IF is G-conjugate
to ¢®. The union of those clearly is the space of all G-conjugacy classes of
KLR parameters for G. For the space at the top of the diagram, choose a
smooth character xs of 7 such that (7, xs) € 5. Recall from Section [12| that
the T in (T//W*)3 is actually

TS = {xs®t|teT}

where t is considered as an unramified character of 7. On the other hand,
Irr 7 can be obtained by picking representatives y, for (Irr 7) /T and taking
the union of the corresponding 7. Two such spaces T give rise to the same
Bernstein component for G if and only if they are conjugate by an element
of Ng(T), or equivalently by an element of W¢. Therefore

Ier T/WE = (| wo-T9ywe),= |J @/w),
s€B(G,T) s€B(G,T)
Hence the union of the spaces in the commutative triangles from Theorem
24.1|is as desired. The right slanted arrows in these triangles combine to a
bijection
(Irr T//W)3 — {KLR parameters for G}/G,
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because the WC-action is compatible with the G-action. Suppose that
(T,x%.) is another base point for s. Up to an unramified twist, we may
assume that . = wys for some w € WY, Then the Hecke algebras H(H),
and H(H') are isomorphic by a map that reflects conjugation by w and it
was checked in [55], Section 6] that this is compatible with the bijections be-
tween Irr(G)®, Irr(H(H)) and Irr(H(H')). It follows that the bottom maps
in the triangles from Theorem [24.1] paste to a bijection

Irr(G,7) — {KLR parameters for G}/G.

Finally, the map

(Irr T //W)g — Trr(G, T)
can be defined as the composition of the other two bijections in the above
triangle. Then it is the combination the left slanted maps from Theorem
because the triangles over there are commutative. U

In [I8, Section 10] Borel stated several ”desiderata” for the local Lang-
lands correspondence. The properties (1), (2) and (3) of Theorem
prove some of these, whereas the others involve representations outside the
principal series and therefore fall outside the scope of our results.

25. THE LABELLING BY UNIPOTENT CLASSES

Let s € B(G,T) and construct ¢® as in Section By Theorem we
can parametrize Irr(G)® with H-conjugacy classes of KLR parameters (®, p)
such that QJ‘OX = ¢*. We note that {KLR parameters}® is naturally labelled

F

by the unipotent classes in H:
(123) {KLR parameters}*l := {(®,p) | ®(1,(}1)) is conjugate to a}.

In this way we can associate to any of the parameters in Theorem a
unique unipotent class in H:

(124)  Ter(G) = Ter(@)=l, (rowe)e = (70w

Via the affine Springer correspondence from Section the set of equiva-
lence classes in {KLR parameters}® is naturally in bijection with (7°°//W*)a.
Recall from Section ] that

Ts = {(w,t) € W* x T% | wt =t}

and T° //W* = T*%/W?*. In view of Section@ (T°//W*)4 is also in bijection
with 7% //W?*, albeit not naturally.

Only in special cases a canonical bijection 7% //W?* — (T //W?)2 is avail-
able. For example when G = GL,(C), the finite group W/ is a product of
symmetric groups: in this case there is a canonical c-Irr system, according
to the classical theory of Young tableaux.

In general it can already be hard to define any suitable map from {KLR
parameters}® to 7% //W*, because it is difficult to compare the parameters
p for different ®’s. It goes better the other way round and with Irr(G)* as
target. In this way will transfer the labellings to T° //W*.

From [57, Section 8] we know that Irr(G)® is naturally in bijection with the
equivalence classes of irreducible representations of the extended affine Hecke
algebra H(H). To relate it to 7°//W?* the parametrization of Kazhdan,
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Lusztig and Reeder is unsuitable, it is more convenient to use the methods
developed in [52, [61].

To describe it, we fix some notation. Choose a Borel subgroup B C H°
containing 7. Let P be a set of roots of (H°,T) which are simple with
respect to B and let Rp be the root system that they span. They determine
a parabolic subgroup Wp C W?* and a subtorus

TV .= {t e T | a(t) = 1Va € Rp}°.

In [61, Theorem 3.3.2] Irr(H (H)) is mapped, in a natural finite-to-one way,
to equivalence classes of triples (P, d,t). Here P is as above, ¢t € TP and § is
a discrete series representation of a parabolic subalgebra Hp of H(H). This
t is the same as in the affine Springer parameters.

The pair (P, ) gives rise to a residual coset L in the sense of [52, Appendix
A]. Explicitly, it is the translation of TF by an element cc(§) € T that
represents the central character of 6 (a Wp-orbit in a subtorus Tp C T).
The element cc(d)t € L corresponds to t,. The collection of residual cosets
is stable under the action of W?*.

Proposition 25.1. (1) There is a natural bijection between
e H-conjugacy classes of Langlands parameters ® with (I)‘IF =%

o W*-conjugacy classes of pairs (ty, L) with L a residual coset for
H(H) and ty € L.
(2) Let YT be the union of the residual cosets of T¥. The stabilizer of
YP in W* is the stabilizer of Rp.
(3) Suppose that w € W* fizes cc(d). Then w stabilizes Rp.

Proof. (1) Opdam constructed the maps in both directions for H(H®). To
go from H(H®) to H(H) is easy, one just has to divide out the action of
mo(H) on both sides.

Let us describe the maps for H° more explicitly. To a residual coset L
Opdam [52, Proposition B.3] associates a unipotent element x € B such
that lxl~! = 29 for all [ € L. Then ® is a Langlands parameter with data
tg, .

For the opposite direction we may assume that

®(Wp,(2.%))CcT vVzeC”

0z1

and that z = ®(1,(} 1)) € B. Then
TP = ZT((I)(IF X SLQ(C)))O = ZT((I)(SLQ((C)))O
is a maximal torus of Zge (®(Ir x SLy(C))). We take

ty=0(wr, (7, S2)) and L=T"1,
This is essentially [52, Proposition B.4], but our way to write it down avoids
Opdam’s assumption that H® is simply connected.

(2) Clear, because any element that stabilizes Y also stabilizes 7.

(3) Since cc(d) represents the central character of a discrete series represen-
tation of Hp, at least one element (say r) in its Wp-orbit lies in the obtuse
negative cone in the subtorus Tp C T (see Lemma 2.21 and Section 4.1 of
[52]). That is, log|r| can be written as > .pcoa’ with ¢ < 0. Some
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Wp-conjugate w’ of w € W* fixes r and hence log |r|. But an element of W*
can only fix log|r| if it stabilizes the collection of coroots {a"V | a € P}. It
follows that w’ and w stabilize Rp. O

In particular the above natural bijection associates to any W?*-conjugacy
class of residual cosets L a unique unipotent class [z] in H. Conversely a
unipotent class [x] can correspond to more than one W?*-conjugacy class of
residual cosets, at most the number of connected components of Zp(z) if
T € B.

Let ° C B be a set of representatives for the unipotent classes in H. For
every x € I° we choose an algebraic homomorphism

Yo: SL2(C) » H with v (§1)=2 and ~,(;.,%) €T
By Lemma all choices for 7, are conjugate. For each = € LI* we define

{KLR parameters}>* = {(®, p) | <I>|IFXsL2(C) = Xy, P(wp) € T}

We endow this set with the topology that ignores p and is the Zariski topol-
ogy with respect to ®(wp). In this way
(125) |_| {KLR parameters}**

TeUs

becomes a nonseparated algebraic variety with maximal separated quotient
UzeysZr(im ;). Notice that (125)) contains representatives for all equiva-
lence classes in {KLR parameters}®.

Proposition 25.2. There exists a continuous bijection
W T /WP — Irr(G)®
such that:
(1) The diagram

T )/ W* A Irr(G)* —— {KLR parameters}®/H

| |

T° /W* c(H)ss

commutes. Here the unnamed horizontal maps are those from Theo-
rem and the right vertical arrow sends (®, p) to the H-conjugacy
class of ®(wr).

(2) For every unipotent element x € H the preimage

(T2 /W)l = (1) ! (Tre(G)* 1)

is a union of connected components of T°//W*.
(3) Let € be the map that makes the diagram

T=//we : (T //W#)a

—

Irr(G)*

commute. Then € comes from a c-Irr system.

=
n
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(4) T=//W* -, Irr(G)® — {KLR parameters}®/H lifts to a map

[F T — |_| {KLR parameters}>®
zeus

such that the restriction of/;‘ to any connected component ofIA”g 18
algebraic and an isomorphism onto its image.

Proof. Proposition 1 yields a natural finite-to-one map from Irr(H(H))
to W*-conjugacy classes (t4, L), namely

(126) (P, p) = ® — (tg, L).

In [61, Theorem 3.3.2] this map was obtained in a different way, which shows
better how the representations depend on the parameters ¢,t,, L. That was
used in [61], Section 5.4] to find a continuous bijection

(127) S TS JW*® — Tre(H(H)) = Irr(G)°.

The strategy is essentially a step-by-step creation of a c-Irr system for
T°//W* and H(H), only the condition on the unit element and the trivial
representation is not considered in [61]. Fortunately there is some freedom
left, which we can exploit to ensure that p°(1,77) is the family of spher-
ical H(H)-representations, see Section This is possible because every
principal series representation of H(H) has a unique irreducible spherical
subquotient, so choosing that for p*(1,¢) does not interfere with the rest of
the construction. Via Theorem [24.1| we can transfer this c-Irr system to a
c-Irr system for the two extended quotients of T° by W?*, so property (3)
holds.

By construction the triple (P, d, t) associated to the representation u°(w, t)
has the same ¢t € T', modulo W*. That is, property (1) is fulfilled.

Furthermore p° sends every connected component of 7° //W* to a family of
representations with common parameters (P, d). Hence these representation
are associated to a common residual coset L and to a common unipotent
class [z], which verifies property (2).

Let ¢ be a connected component of (7%//W*)*! with z € 4. The proof
of Proposition [25.1]1 shows that ¢ can be realized in Zy(im~,). In other
words, we can find a suitable w = w(c) € W* with T% C Zr(im~,). Then
there is a connected component 7 of T such that

c:= (v, Ty /Z(w,c)),
where Z(w,c) ={g € Zws(w) | g- T =T }.

In this notation ¢ := (w,T¢’) is a connected component of Ts. We want
to define f : ¢ — {KLR parameters}®*. For every [w,t] € ¢, p°[w,t]
determines an equivalence class in {KLR parameters}*®. Any (®,p) in
this equivalence class satisfies ®(wp) € Zr(im~,) N W*t. Hence there are
only finitely many possibilities for ®(wp), say t1,...,t;. For every such
t; there is a unique (®;, p;) € {KLR parameters}®® with ®;(wp) = t; and
(P4, pi) = pflw,t]. Every element of ¢ lying over [w,t] € c is of the form
(w,t;). (Not every t; is eligible though, for some we would have to modify
w.) We put

pf(w, ;) := (@4, pi).
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Since the p’s are irrelevant for the topology on {KLR parameters}*, 115 (<€)

is homeomorphic to T and pf : € — p5(¢) is an isomorphism of affine
varieties. This settles the final property (4). O

26. CORRECTING COCHARACTERS AND L-PACKETS

In this section we construct the correcting cocharacters on the extended
quotient 7 //W*. As conjectured in Section[7] these show how to determine
when two elements of T°//W* give rise to G-representations in the same
L-packets.

Every KLR parameter (®, p) naturally determines a cocharacter hg and

elements 0(®, p, z) € T° by
halz) = B(1 (5.%)).
0(®,p,z) = ®(wr, (;.%)) = 2(wr)he(2).
Although these formulas obviously do not depend on p, it turns out to be
convenient to include it in the notation anyway. However, in this way we
would end up with infinitely many correcting cocharacters, most of them
with range outside 7. To reduce to finitely many cocharacters with values
in T, we will restrict to KLR parameters associated to = € 4° ([125]).

Recall that part (2) of Proposition determines a labelling of the
connected components of T°//W* by unipotent classes in H. This enables

us to define the correcting cocharacters: for a connected component ¢ of
T°//W* with label (represented by) = € {° we take the cocharacter

(129) he =hy :C* =T, hy(z) =7 (;.%).

021

(128)

Let ¢ be a connected component of Ts that projects onto c. We define
0,:¢— T, (w,t)bﬁﬂ(/;‘(w,t),z),

(130) 0,:c— T /W, [w,t] — WO, (w,t).

For ¢ as in the proof of Proposition which we can always achieve by

adjusting by element of W*, our construction results in

0. (w,t) = t he(2).

Lemma 26.1. Let [w,t], [w',t'] € T*//W*. Then pflw,t] and pflw’,t'] are
in the same L-packet if and only if

o [w,t] and [W',t'] are labelled by the same unipotent class in H;
o 0w, t] =0, t'] for all z € C*.

Proof. Suppose that the two G-representations p’[w,t] = m(®, p) and
piw' '] = w(®', p') belong to the same L-packet. By definition this means
that ® and ®’ are G-conjugate. Hence they are labelled by the same unipo-
tent class, say [z] with x € U°. By choosing suitable representatives we
may assume that ® = & and that {(®, p), (®, p')} C {KLR parameters}*®.
Then 6(®, p,z) = 6(P, o/, 2) for all 2 € C*. Although in general 6(®, p, z) #
0.(w,t), they differ only by an element of W*. Hence 6, [w, t] = 6,[w',t] for
all z € C*.

Conversely, suppose that [w, ], [w’ '] fulfill the two conditions of the
lemma. Let z € U4° be the representative for the unipotent class which labels
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them. By Proposition 1 we may assume that 7% UTY C Zp(im~,).
Then B B

0.[w,t] =thy(z) and 0.[w',t'] =1t h.(2)
are W*° conjugate for all z € C*. As these points depend continuously on z
and W* is finite, this implies that there exists a v € W* such that

v(thg(2)) =t hy(z) forall z € C*.

For z = 1 we obtain v(t) = t/, so v fixes hy(z) for all z. Via the Proposition
1, hs(q/?) becomes an element cc(8) for a residual coset L,. By parts
(2) and (3) of Proposition v stabilizes the collection of residual cosets
determined by x, namely the connected components of Zp(im~,)hs(q'/?).
Let (tq, L), (t;, L") be associated to pf[w,t], u*[w’,¢] by (126). Then t, =
the(q'/?) and ty = t'h.(g"/?), so the above applies. Hence v sends L to
another residual coset determined by x. As v(L) contains t;, it must be
L'. Thus (t4, L) and (t, L) are W*-conjugate, which by Proposition 1
implies that they correspond to conjugate Langlands parameters ® and @'.
So pflw,t] and pf[w’,t'] are in the same L-packet. O

Corollary 26.2. Properties 1-6 from Section[7 hold in for u° as in Propo-
sz’tion with the morphism 0, from and the labelling by unipotent
classes in H.

Together with Theorem[2].1] this proves the conjectures from Section[7 for
all Bernstein components in the principal series of a split reductive p-adic
group (with mild restrictions on the residual characteristic).

Proof. Property 1 follows from Theorem [24.1]2 and Proposition [25.2]1. The
definitions of and establish property 5. The construction of
0., in combination with Theorem [24.1]1 and Proposition 25.2/1, shows that
properties 2,3 and 4 are fulfilled. Property 6 is none other than Lemma
26.1] U

APPENDIX A. GEOMETRIC EQUIVALENCE

Let X be a complex affine variety and let &k = O(X) be its coordinate
algebra. Equivalently, k is a unital algebra over the complex numbers which
is commutative, finitely generated, and nilpotent-free. A k-algebra is an
algebra A over the complex numbers which is a k-module (with an evident
compatibility between the algebra structure of A and the k-module structure
of A). A is of finite type if as a k-module A is finitely generated. This ap-
pendix will introduce — for finite type k-algebras — a weakening of Morita
equivalence called geometric equivalence.

The new equivalence relation preserves the primitive ideal space (i.e. the
set of isomorphism classes of simple A-modules) and the periodic cyclic ho-
mology. However, the new equivalence relation permits a tearing apart of
strata in the primitive ideal space which is not allowed by Morita equiv-
alence. The ABP conjecture (i.e. the conjecture stated in Part(1) of this
paper) asserts that the finite type algebra which Bernstein constructs for
any given Bernstein component of a reductive p-adic group is geometrically
equivalent to the coordinate algebra of the associated extended quotient
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— and that the geometric equivalence can be chosen so that the resulting
bijection between the Bernstein component and the extended quotient has
properties as in the statement of ABP.

A.1. k-algebras. Let X be a complex affine variety and k£ = O(X) its
coordinate algebra.
A k-algebra is a C-algebra A such that A is a unital (left) k-module with:

AMwa) =w(Aa) = (Aw)a V(A w,a) eCxkx A
and
w(aiaz) = (war)az = a1(waz) V(w,ai,a2) € kx A x A.
Denote the center of A by Z(A)
Z(A):={ce€ A|ca=acVac A}

k-algebras are not required to be unital.

Remark.Let A be a unital k-algebra. Denote the unit of A by 14. w+— wly
is then a unital morphism of C-algebras k — Z(A). Thus a unital k-algebra
is a unital C-algebra A with a given unital morphism of C-algebras

k— Z(A).

Let A, B be two k-algebras. A morphism of k-algebras is a morphism of
C-algebras

f: A= B

which is also a morphism of (left) k-modules,
fwa) =wf(a) V(w,a) €k x A.

Let A be a k-algebra. A representation of A [or a (left) A-module] is a
C-vector space V with given morphisms of C-algebras

A — Home(V,V) k — Home(V,V)
such that
(1) k — Homc(V,V) is unital
and
(2) (wa)v =w(av) = a(wv) Y(w,a,v) € k x A X V.
Two representations
A — Home(V1, V1) k — Homc(V4, V1)
and
A — Homg(V3, V3) k — Homc (Va, V2)

are equivalent (or isomorphic) if 3 an isomorphism of C vector spaces T: V; —
V5 which intertwines the two A-actions and the two k-actions.

Comment A.1. A representation ¢: A — Homg(V, V) is non-degenerate
iff AV =V. ie. foranyv eV, Jv,ve,...,0. €V and ay,as,...,a, € A
with

V= aiv1 + a2v2 + - - + a;U,p.
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Comment A.2. Notation. For economy of notation, a representation will
be denoted
¢: A — Home(V, V). The unital morphism of C-algebras

k — Homc(V, V)

1s understood to be included in the given structure.

A representation is irreducible if A — Homg(V, V) is not the zero map
and A a sub-C-vector space W of V with:

{0y #W #V
and
wweW V(ww)e€kxW
and
aweW V(a,w)e AxW

Irr(A) denotes the set of equivalence classes of irreducible representations of

A.

A.2. Spectrum preserving morphisms of k-algebras. Definition. An
ideal I in a k-algebra A is a k-ideal if wa € I V(w,a) € k x I.
An ideal I C A is primitive if 3 an irreducible representation

¢: A— Homg(V,V) k — Homc(V,V)
with
I = Kernel(p)
That is,
0— I A% Home(V,V)
is exact.

Remark. Any primitive ideal is a k-ideal. Prim(A) denotes the set of prim-
itive ideals in A. The map Irr(A)— Prim(A) which sends an irreducible
representation to its primitive ideal is a bijection if A is a finite type k-
algebra. Since k is Noetherian, any k-ideal in a finite type k-algebra A is
itself a finite type k-algebra.

Definition. Let A, B be two finite type k-algebras, and let f: A — B be
a morphism of k-algebras. f is spectrum preserving if

(1) Given any primitive ideal I C B, 3 a unique primitive ideal L C A
with L > f~1(1)
and
(2) The resulting map
Prim(B) — Prim(A)
is a bijection.
Definition. Let A, B be two finite type k-algebras, and let f: A — B be a

morphism of k-algebras. f is spectrum preserving with respect to filtrations
if 4 k-ideals

O=Lhchc---cl,,cl,=A in A
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and k ideals
O0=Lgclic---CL,1CL.=B in B

with f(Ij) C Lj, (] = 1,2,...,7‘) and Ij/ijl — Lj/Ljfl, (j = 1,2,...,7“)
is spectrum preserving.

A.3. Algebraic variation of k-structure. Notation. If A is a C-algebra,
Alt,t71] is the C-algebra of Laurent polynomials in the indeterminate ¢ with
coefficients in A.

Definition. Let A be a unital C-algebra, and let
Uk —Z(Alt,t71)

be a unital morphism of C-algebras. Note that Z (A[t,¢t1]) = Z(A)[t,t~].
For ¢ € C* = C — {0}, ev(¢) denotes the “evaluation at ¢” map:

ev((): Aft,t71] = A

Z ajtj — Z ajCj

Consider the composition

k-2 7 (Al 1) 9 7(4).

Denote the unital k-algebra so obtained by A.. The underlying C-algebra of
A¢is A. Assume that for all ¢ € C*, A¢ is a finite type k-algebra. Then for
¢, ¢ € C*, Ay is obtained from A¢ by an algebraic variation of k-structure.

A.4. Definition and examples. With k fixed, geometric equivalence (for
finite type k-algebras) is the equivalence relation generated by the two ele-
mentary moves:

e Spectrum preserving morphism with respect to filtrations
e Algebraic variation of k-structure

Thus two finite type k-algebras A, B are geometrically equivalent if 3 a finite
sequence A = Ay, A1,..., A, = B with each A; a finite type k-algebra such
that for j = 0,1,...,7 — 1 one of the following three possibilities is valid:

(1) Ajq1 is obtained from A; by an algebraic variation of k-structure.
(2) There is a spectrum preserving morphism with respect to filtrations
Aj — AJ’+1.
(3) There is a spectrum preserving morphism with respect to filtrations
Aj+1 — Aj.
To give a geometric equivalence relating A and B, the finite sequence of
elementary steps (including the filtrations) must be given. Once this has
been done, a bijection of the primitive ideal spaces and an isomorphism of
periodic cyclic homology are determined.

Prim(A) <— Prim(B) HP,(A) = HP,(B)

Example 1. T'wo unital finite type k-algebras A, B are Morita equivalent if
there is an equivalence of categories

<unital left A—modules) ~ (unital left B—modules)
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Any such equivalence of categories is implemented by a Morita context i.e.
by a pair of unital bimodules

AVe  BWa

together with given isomorphisms of bimodules

a:VegW — A

B:W®aV — B
A Morita context is required to satisfy certain conditions. These conditions
imply that the linking algebra formed from the Morita context is a unital
finite type k-algebra. The linking algebra, denoted Mayx2(4AVp, sWa4), is :

Max2(aVE, BWa)

I

AV

w

The inclusions
A — Moyo(aVe,vWy) <= B

a0 010
ar )
010 01]0b

are spectrum preserving morphisms of finite type k-algebras. Hence A and
B are geometrically equivalent.

If Prim(A) and Prim(B) are given the Jacobson topology, then the bijection
Prim(A)<Prim(B) determined by a Morita equivalence is a homeomor-
phism.

Example 2. Let X be a complex affine variety, and let Y be a sub-variety.
k = O(X) is the coordinate algebra of X, and O(Y) is the coordinate alge-
bra of Y. Zy is the ideal in O(X):

Iy ={w e O(X) |w(p) =0Vpe Y}
Set :

OX)| Iy
A= B=0(X)®O(Y)
Iy |0OX)

Thus A is the sub-algebra of the 2 x 2 matrices with entries in O(X) con-
sisting of all those 2 x 2 matrices whose off-diagonal entries are in Zy.
B = O(X) ® O(Y) is the direct sum — as an algebra — of O(X) and
O(Y). Both A and B are unital finite type k-algebras. Irr(A) = Prim(A)
is X with each point of Y doubled. Irr(B) = Prim(B) is the disjoint union
of X and Y. Equipped with the Jacobson topology, Prim(A) and Prim(B)
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are not homeomorphic so A and B are not Morita equivalent. However, A
and B are geometrically equivalent.

Example 3. Let G be a connected reductive complex Lie group with maximal
torus T'. W denotes the Weyl group

W = N¢(T)/T

and X*(T') is the character group of T'. The semi-direct product X*(7") x W
is an affine Weyl group. In particular, it is a Coxeter group. We fix a system
of generators S C X*(T') x W such that (X*(T) xW, S) is a Coxeter system.
Let ¢ denote the resulting length function on X*(7") x W.

For each non-zero complex number ¢, there is the affine Hecke algebra
H,(G). This is an affine Hecke algebra with equal parameters and H;(G) is
the group algebra of the affine Weyl group:

Hi(G) = CIX*(T) x W],
i.e., Hq is the algebra generated by T, x € X*(T') x W, with relations

T.Ty =Tay, if £(xy) = (z) + {(y), and

(131) (T, —B)(Ts+1) =0, ifses.

Using the action of W on T, form the quotient variety T/W and let k be
its coordinate algebra,

k=0O(T/W)

For all ¢ € C*, H4(G) is a unital finite type k-algebra. Let J be Lusztig’s
asymptotic algebra. As a C-vector space, J has a basis {t,, : w € X*(T) x
W}, and there is a canonical structure of associative C-algebra on J (see
for instance [49] § 8]).

Except for ¢ in a finite set of roots of unity (none of which is 1) Lusztig
constructs a morphism of k-algebras

bq: He(G) — T

which is spectrum preserving with respect to filtrations (see [14, Theorem 9],
itself based on [49]).

Let Cy, w € X*(T) x W denote the Kazhdan-Lusztig basis of H,(G). For
w, w', W in X*(T) x W, define hy, v 4 € A by

Cw . Cw/ — Z hw,w’,w” Ow”'
w’"eX*(T)xW

There is a unique function a: X*(T) x W — N such that for any w” €
XH(T) x W, v Ry, o i a polynomial in v for all w, w’ in X*(T) x W
and it has non-zero constant term for some w, w’.

Let M be a simple H4(G)-module (resp. J-module). Lusztig attaches to
M (see [49, p. 82]) an integer a = aps by the following two requirements:

CyM =0 (resp. t,M =0) for all w € X*(T) x W such that a(w) > a;
CyM # 0 (resp. t,M #0) for some w € X*(T') x W such that a(w) = a.

The map ¢, is the unique bijection

M — M’
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between the primitive ideal spaces of H4(G) and J, with the following prop-
erties: apr = app and the restriction of M’ to Hy(G) via ¢ is an Hy(G)-
module with exactly one composition factor isomorphic to M and all other
composition factors of the form M” with ap» > aps (see [49, Theorem 8.1]).

The algebra H,(G) is viewed as a k-algebra via the canonical isomorphism

O(T/W) = Z(H,(G))

Lusztig’s map ¢, maps Z(H,(G)) to Z(J) and thus determines a unique
k-structure for 7 such that the map ¢, is a morphism of k-algebras. J with
this k-structure will be denoted J,. H4(G) is then geometrically equivalent
to H1(G) by the three elementary steps

Ho(G) = Ty — Ti = Hi(G).

The second elementary step (i.e. passing from J, to Ji) is an algebraic
variation of k-structure. Hence (provided ¢ is not in the exceptional set of
roots of unity) H,(G) is geometrically equivalent to H1(G) = C[X*(T) xW).

Corollary A.3. There is a canonical bijection
(T/IW)2 «— Irr(Hq(G))
This map gives the left slanted arrow in Theorems [9.5] and

Example 4. Let #H,(X »x W) be the affine Hecke algebra of X x W with
unequal parameters v = {qi,...,qr}. We assume that ¢; € R5o. Let S, (X %
W) be the Schwartz completion of S, (X xW), as in [61), §5.4]. In this setting
[61, Lemma 5.3.2] gives a morphism of Fréchet algebras

SiI(X X W) = Su(X x W),

which is spectrum preserving with respect to filtrations. However, the exis-
tence of a geometric equivalence between the O(T'/W)-algebras O(T) x W
and H,, (T x W) is still an open question in case u contains unequal param-
eters g;.
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