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ABSTRACT. Let K be a non-archimedean local field and let G be a connected reductive
K-group which splits over an unramified extension of K. We investigate supercuspidal
unipotent representations of the group G(K). We establish a bijection between the set
of irreducible G(K)-representations of this kind and the set of cuspidal enhanced L-
parameters for G(K), which are trivial on the inertia subgroup of the Weil group of K.
The bijection is characterized by a few simple equivariance properties and a comparison
of formal degrees of representations with adjoint -factors of L-parameters.

This can be regarded as a local Langlands correspondence for all supercuspidal
unipotent representations. We count the ensuing L-packets, in terms of data from the
affine Dynkin diagram of G. Finally, we prove that our bijection satisfies the conjecture
of Hiraga, Ichino and Ikeda about the formal degrees of the representations.
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INTRODUCTION

Let K be a non-archimedean local field and let G be a connected reductive K-group.
Roughly speaking, a representation of the reductive p-adic group G(K) is unipotent
if it arises from a unipotent representation of a finite reductive group associated to a
parahoric subgroup of G(K). Among all (irreducible) smooth G(K)-representations,
this is a very convenient class, which can be studied well with classification, parabolic
induction and Hecke algebra techniques. The work of Lusztig [Lus3, Lus4] and Morris
[Mor] goes a long way towards a local Langlands correspondence for such representations,
when G is simple and adjoint.

In this paper we focus on supercuspidal unipotent G(K)-representations. For this to
work well, we assume throughout that G splits over an unramified extension of K. Our
main goal is a local Langlands correspondence for such representations, with as many
nice properties as possible. We will derive that from the following result, which says
that one can determine the L-parameters of supercuspidal unipotent representations of
a simple algebraic group by comparing formal degrees and adjoint y-factors.

Denote the Weil group of K by Wk and let Frob € Wi be a geometric Frobenius el-
ement. A Langlands parameter is called unramified if it is trivial on the inertia subgroup
of Wk (so that it is determined by the image of Frob and by one unipotent element).

Theorem 1. Consider a simple K-group G which splits over an unramified extension.
For each irreducible supercuspidal unipotent G(K)-representation m, there ezists a dis-
crete unramified local Langlands parameter A € ®(G(K)) such that

(0.1) fdeg(m) = Cry(N) for some Cr € Q%

as rational functions in qx with Q-coefficients. (Here qx denotes the cardinality of the
residue field of K, and one makes the terms of (0.1) into functions of qx by simultane-
ously considering unramified extensions of the field K.) Furthermore:

o )\ is essentially unique, in the sense that its image in the collection ®(Ggc(K))
of L-parameters for the simply connected cover of G(K) is unique.

o When G is adjoint, the map m — A agrees with a parametrization of supercuspidal
unipotent representations obtained in [Mor, Lus3, Lus4].

The credits for Theorem 1 belong to several authors. The larger part of it, namely
all cases with classical groups, was proven in [FeOp, Theorem 4.6.1]. Quite generally,
whenever G is adjoint, [Opd, Theorem 4.11] shows that the Langlands parameters from
[Lus3, Lus4] satisfy (0.1). Hence the L-parameters from [FeOp] coincide with those found
by Lusztig [Lus3, Lus4]. A little before that, Morris [Mor, §5-6] already associated L-
parameters to supercuspidal unipotent representations of inner forms of split simple
groups. We note that the parametrizations from [Mor| and [Lus3] are presented in
combinatorial fashion and do not involve formal degrees. Instead, they are motivated
(and nearly determined) by considerations with character sheaves and cuspidal local
systems on unipotent orbits [Lus2]. For that reason, the L-parameters from [Mor| and
[Lus3] agree. Then [FeOp, Opd] show that these parametrizations can be characterized
uniquely by the equality (0.1).
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For split exceptional groups the formal degrees in Theorem 1 were computed in [Reel,
§7] and [Ree2, §10-13], and it was shown that they determine essentially unique Lang-
lands parameters. Next (0.1) was proven in [HII, §3.4]. The essential uniqueness in the
cases of the non-split inner forms of Fg and FEy is easy by the extremely small number
of instances [Opd, §4.4]. Hence the Langlands parameters determined by formal degrees
agree with those from [Mor, Lus3] for inner forms of exceptional split groups. For outer
forms of exceptional groups all this follows from the explicit computations in [Feng, §4.4]
and a comparison with [Lus4].

We will make the above parametrization of supercuspidal unipotent representations
more precise and generalize it to connected reductive K-groups. Let Irr(G(K))cusp,unip
be the collection of irreducible supercuspidal unipotent representations of G(K'), modulo
isomorphism. Let ®(G(K))cusp be the set of cuspidal enhanced L-parameters for G(K),
considered modulo conjugation by the dual group GV. We denote its subset of unramified
parameters by @, (G(K))cusp- (See Section 1 for the definitions of these and related
objects.) Our main result can be summarized as follows:

Theorem 2. Let G be a connected reductive K -group which splits over an unramified
extension. There exists a bijection

Irr(G(K))Cusp,unip — q)nr(G(K))cusp
™ — ()\mpﬂ)

with the properties:

(1) When G is semisimple, the formal degree of ™ equals the adjoint y-factor of Ax,
up to a rational factor which depends only on p;.

(2) Equivariance with respect to tensoring by weakly unramified characters.

(3) Equivariance with respect to W g -automorphisms of the root datum.

(4) Compatibility with almost direct products of reductive groups.

(5) Let Z(G)s be the maximal K-split central torus of G and let H be the derived
group of G/Z(G)s. When Z(G)s(K) acts trivially on m € Irr(G(K))cusp,unips
we can regard 7 as a representation of (G/Z(G)s)(K) and restrict to a represen-
tation Ty of H(K). Then A\ has image in the Langlands L-group of G/Z(G)s
and the canonical map

(G/Z(G)s)" x Wy — HY x W

sends Ax 10 Ay
(6) The map in (5) provides a bijection between the intersection of Irr(G(K))cusp,unip
with the L-packet of Ax and the intersection of Irr(H(K))cuspunip with the L-
packet of Ary .
For a given 7 the properties (1), (2), (4) and (5) determine Ax uniquely, modulo ten-
soring by weakly unramified characters of (G/Z(G)s)(K).

Here a character of a group like G(K) is called weakly unramified if its kernel contains
all parahoric subgroups of G(K). Property (3) is important for the generalization of
such a correspondence to all unipotent representations of reductive p-adic groups, which
is carried out in [Sol].

The bijection exhibited in Theorem 2 is of course a good candidate for a local Lang-
lands correspondence (LLC) for supercuspidal unipotent representations, and we will



4 YONGQI FENG, ERIC OPDAM, AND MAARTEN SOLLEVELD

treat it as such. The second bullet of Theorem 1 says that comparing formal degrees
and adjoint y-factors completely characterizes the L-parameters of supercuspidal unipo-
tent representations of simple adjoint K-groups exhibited by Lusztig and Morris. In fact
the method with formal degrees from [Ree2, FeOp, Feng] provides a little more informa-
tion, which we use to fix a few arbitrary choices in [Mor, Lus3, Lus4]. In particular our
LLC is determined already by formal degrees of supercuspidal unipotent representations
in combination with the functoriality properties (2) and (4).

We point out that our correspondence is constructive. Indeed, for inner twists of sim-
ple adjoint unramified groups the enhanced L-parameters (A, pr) can already be found
in [Mor]. For simple adjoint groups that split over an unramified extension the elements
Ax(Frob) are known explicitly from [Lus3, Lus4], while the unipotent class from A; is
given in [Ree2, FeOp, Feng]. The enhancements p, are not uniquely determined, but
there are only very few possibilities and those are given by the classification of cuspidal
local systems on simple complex groups in [Lus2]. Further, our methods to generalize
from simple adjoint to reductive groups are constructive, so that for any given supercusp-
idal unipotent representation one can in principle write down the enhanced L-parameter.

When G is semisimple we obtain finer results than Theorem 2, summarized in Theo-
rem 2.2. In that setting we explicitly describe the number of cuspidal enhancements of
Ar and the number of supercuspidal representations in the L-packet of A\, with combi-
natorial data coming from the affine Dynkin diagrams of G and GV.

Strengthening and complementing Theorem 2, we will prove a conjecture by Hiraga,
Ichino and Ikeda (cf. [HII, Conjecture 1.4]) for unitary supercuspidal unipotent repre-
sentations G(K). It relates formal degrees and adjoint 7-factors more precisely than
Theorem 1.

Fix an additive character ¢ : K — C* of order 0 and endow K with the Haar
measure that gives the ring of integers volume 1. Using these data, we normalize the
Haar measure on G(K) as in [HII]. The adjoint y-factor v(s, Ad o A\,v) involves the
adjoint representation Ad of “G on Lie((G/Z(G),)¥). Then ~()\) from Theorem 1
equals (0, Ad o A\, ). We will prove:

Theorem 3. Let G be a connected reductive K-group which splits over an unramified
extension. Let 1 € Irr(G(K))cuspunip 0e unitary and let (A, pr) be the enhanced L-
parameter assigned to it by Theorem 2. Then

dim(pr) [7(0, Ad o A, )]
fdeg(m) = :

Theorem 3 shows in particular that all supercuspidal members of one unipotent L-
packet have the same formal degree (up to some rational factor), as expected in the local
Langlands program.

Let us discuss the contents of the paper and the proofs of the main results in more
detail. In Section 1 we fix the notations and we recall some facts about reductive groups,
enhanced Langlands parameters and cuspidal unipotent representations. Let €2 be the
fundamental group of G, interpreted as a group of automorphisms of the affine Dynkin
diagram of G. We denote the action of Frob € W on GY by 6, so that the group
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of weakly unramified characters of G(K) can be expressed as Z(G")w, and as the
dual group (29)* of QY. In Section 2 we make Theorem 2 more precise for semisimple
K-groups, counting the involved objects in terms of subquotients of the finite abelian
group (Q9)*. A large part of the paper is dedicated to proving Theorem 2.2, in bottom-up
fashion.

In Sections 3—11 we consider simple adjoint groups case-by-case. The majority of our
claims can be derived quickly from [Mor, §5-6] and the tables [Lus3, §7] and [Lus4, §11],
which contain a lot of information about the parametrization of Irr(G(K))cusp,unip from
Theorem 1. A simple group of type Eg, F4 or G5 is both simply connected and adjoint,
so Q is trivial. Then Theorem 2.2 is contained entirely in [Lus3], and we need not spend
any space on it. For other simple adjoint groups we compute several data that cannot
be found in the works of Morris and Lusztig.

The main novelty in Sections 3—11 is the equivariance of the LLC with respect to
W g-automorphisms of the root datum (part (3) of Theorem 2), that was not discussed
in the sources on which we rely here. In some remarks we already take a look at certain
non-adjoint simple groups. This concerns cases where we can only check Theorem 2 by
direct calculations. In Section 12 we explain in detail which parts of Sections 3—-11 are
needed where, and we complete the proof of the main theorem for adjoint groups.

In Sections 13 and 14 we generalize Theorem 2.2 from adjoint semisimple to all
semisimple groups. In particular, we investigate what happens when an adjoint K-group
G,a is replaced by a covering group G. It is quite easy to see how Irr(G(K))cusp unip
behaves. Namely, several unipotent cuspidal representations of G,q(K) coalesce upon
pullback to G(K), and then decompose as a direct sum of a few irreducible unipotent
cuspidal representations of G(K). With some technical work, we prove that the same
behaviour (both qualitatively and quantitatively) occurs for enhanced L-parameters.

The proof of the main theorem for reductive K-groups (Section 15) can roughly be
divided into two parts. First we deal with the case where the connected centre of G
is anisotropic. We reduce to the derived group of G, which is semisimple, and use
the already established results for semisimple groups. To deal with general connected
reductive groups, we note that the connected centre is an almost direct product of its
maximal split and maximal anisotropic subtori. Applying Hilbert’s theorem 90 to the
maximal split torus, we obtain a corresponding decomposition of the group of K-rational
points. This enables us to reduce to the cases of tori (well-known) and of reductive K-
groups with anisotropic connected centre.

We attack the HII conjecture in Section 16. For simple adjoint groups, the second
author already proved Theorem 3 in [Opd]. Starting from that and using the proof of
Theorem 1, we extend Theorem 3 to all reductive K-groups that split over an unramified
extension.

Finally, in the appendix we explore the behaviour of L-parameters and adjoint -y-
factors under Weil restriction. Whereas L-functions are always preserved, it turns out
that adjoint vy-factors sometimes change under Weil restriction. Nevertheless, we can
use these computations to prove that the HII conjectures are always stable under re-
striction of scalars. That is, if L/K is a finite separable extension of non-archimedean
local fields and the HII conjectures hold for a reductive L-group, then they also hold for
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the reductive K-group obtained by restriction of scalars (and conversely).
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We thank the referees for their helpful comments and careful reading.

1. PRELIMINARIES

Throughout this paper we let K be a non-archimedean local field with finite residue
field § of cardinality qx = |§|. We fix a separable closure K, of K and we let K, C K
be the maximal unramified extension of K. The residue field § of K, is an algebraic clo-
sure of . There are isomorphisms of Galois groups Gal(Ky/K) ~ Gal(F/F) ~ Z. The
geometric Frobenius element Frob, whose inverse induces the automorphism = — z9%
for any = € §, is a topological generator of Gal(F/F). Let Iy = Gal(Ks/Ky) be the
inertia subgroup of Gal(Ks/K) and let Wg be the Weil group of K. We fix a lift of
Frob in Gal(K/K), so that W = Ix x (Frob).

Unless otherwise stated, G denotes an unramified connected reductive linear algebraic
group over K. By unramified we mean that G is a quasi-split group defined over K and
that G splits over K,,. The group G(K,,) of Ky-points of G is often denoted by
G = G(Kyr). Let Z(G) be the centre of G, and write G,q := G/Z(G) for the adjoint
group of G.

We fix a Borel K-subgroup B and maximally split maximal K-torus S C B which
splits over K,;. We denote by € the finite order automorphism of X, (S) corresponding
to the action of Frob on S = S(K,,). Let RV be the coroot system of (G,S) and define
the abelian group

Q) = X.(S)/ZR".
Let G be the complex dual group of G. Then Z(G") can be identified with Irr(Q) = Q*,
and ( is naturally isomorphic to the group X*(Z(G")) of algebraic characters of Z(G").
In particular

Q= X*(Z(GY)), = X*(Z2(G")"),
0 = x*(2(GY))" = X*(2(GY)y).

The isomorphism classes of inner twists of G over K are naturally parametrized by the
elements of the continuous Galois cohomology group

Hcl(K7 Gad) = Hcl(Fu Gad)v

(1.1)

where F' denotes the automorphism of G.q := Guq(Kyr) by which Frob acts on G,g.
A cocycle in Z}(F,G,q) is determined by the image u € Gaq of F. The K-rational
structure of G corresponding to such a u € G,q is given by the action of the inner
twist Fy, := Ad(u) o F € Aut(G) of the K-automorphism F' on G. We will denote this
K-rational form of G by G, and the corresponding group of K-points by G*.

The cohomology class w € H(F,G,q) of the cocycle is represented by the F-twisted
conjugacy class of u. Let .4 be the fundamental group of G,q. By a theorem of
Kottwitz [Kotl, Tha] and by (1.1) there is a natural isomorphism

(1.2) HY(F,Gaa) 2 HY(F, Qua) = (Qaa)e = X*(Z(Gaa")?).
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This works out to mapping w to u € (.4)g. For each class w € H}(F,G,q) we fix an
inner twist Fy, of F representing w, and we denote this representative by F,,. Then

G¥(K) = GF«,
Let G1 be the kernel of the Kottwitz homomorphism G — X*(Z(G")) [Kot2, PaRal.
This map is W g-equivariant and yields a short exact sequence
1 -G 5 Gf 5 X*(Z(GY)? = 0f -1,

We say that a character y of G is weakly unramified if y is trivial on Gf “ and we
denote by Xy (G¥*) the abelian group of weakly unramified characters. Since G is
unramified there are natural isomorphisms [Hai, §3.3.1]

(1.3) Irr(GF» /GT) = X3 (GF2) =2 (Q9)* = Z(GY).

This can be regarded as a special case of the local Langlands correspondence. The
identity components of the groups in (1.3) are isomorphic to the group of unramified
characters of GF« (which is trivial whenever G is semisimple).

Let “G = GYxWg be the L-group of G. Recall that a L-parameter for G*(K) = G
is a group homomorphism

)\IWKXSLQ((C)—)G\/ NWK

satisfying certain requirements [Bor|. We say that A is unramified if A\(w) = (1,w) for
every w € Ix and we say that A is discrete if the image of A is not contained in the
L-group of any proper Levi subgroup of G. We denote the set of GY-conjugacy classes
of L-parameters (resp. unramified L-parameters and discrete L-parameters) for Gt by
®(GFw) (resp. @ (GF*) and ®2(G*)). The group Z(GV) acts naturally on the set of
L-parameters, by

(1.4) (2A)(Frob™w, z) = (2A(Frob))"MNw,z) 2z € Z(GY),n € Z,w € Ix,x € SLy(C).
This descends to an action of
Z(GY)g = (2%)p = ()

on ®(GF).

For any A € ®(G*%) the centralizer Ay := Zgv(im \) satisfies

AANZ(GY)=Z*G) = Z(GY)Y,

and Ay/Z(GV)? is finite if and only if ) is discrete. Let Ay be the component group of
the full pre-image of
(1.5) A\/Z(GY)? = A\Z(GY)/Z(GY) € GY 4q

in the simply connected covering (G")s. of the derived group of GY. Equivalently, Ay
can also be described as the component group of

(1.6)  Zgv_ (N) ={g € G4 1 gAg™' = Ab for some b € B (Wg, Z(G"))}.

C

Here BY (W, Z(G")) denotes the group of 1-coboundaries for group cohomology, that
is, the set of maps Wx — Z(G") of the form w ~— zw(z~1) for some z € Z(GY).
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An enhancement of \ is an irreducible representation p of Ay. The group GV acts on
the set of enhanced L-parameters by

g-(\p)=(grg”,poAd(g™)).

We write
d(YG) = {(\,p) : X is an L-parameter for G(K), p € Irr(Ay)}/G.

Fix a complex character ¢ of the centre Z(GV.) of GV, whose restriction to Z(*G,q) =
Z (Gvsc)o corresponds to w via the Kottwitz isomorphism. If w is given as an element of
Qaq (not just in (Q.q)s), then there is a preferred way to define a character of Z(G"g.),
namely via the Kottwitz isomorphism of the K-split form of G. In particular w = 1
corresponds to the trivial character.

Let Irr(Ay, () be the set of irreducible representations of Ay whose restriction to
Z(GVg.) is a multiple of (. The set of enhanced L-parameters for G is

(1.7) B.(GT) 1= {(\p) € B(FG) | p € Irx(Ar, Q) ).

We note that the existence of a p € Irr(Ay, () is equivalent to A being relevant [Bor,

§8.2.ii] for the inner twist G“ of the quasi-split K-group G [ABPS, Proposition 1.6].
Let Z&v_ (AM(W)) be the inverse image of Zgv(MWk))/Z(GY)WK in GYi. The

unipotent element uy := A(1,(31)) € GV can also be regarded as an element of the

unipotent variety of GV, and then

(1.8) Ax=m0(Zz1, (\wie)(ua))-

sC

We say that p is a cuspidal representation of Ay, or that (A, p) is a cuspidal (enhanced)
L-parameter for G*, if (uy,p) is a cuspidal pair for Zévsc(/\(WK)) [AMS, Definition
6.9]. Equivalently, p determines a Zévsc()\(WK))—equivariant cuspidal local system on
the conjugacy class of uy. This is only possible if A is discrete (but not every dis-
crete L-parameter admits cuspidal enhancements). We refer to [Lus2] for more informa-
tion about cuspidal local systems, and in particular their classification for every simple
complex group. We denote the set of GV-conjugacy classes of cuspidal enhanced L-
parameters for G by @(GFN)CUSP.
The (29)*-action (1.4) extends to enhanced L-parameters by

(L9) so(p) = () 2 € (@) (Ap) € B(GM).

The extended action preserves both discreteness and cuspidality.

Let Irr(GF«) be the set of irreducible smooth GF«-representations on complex vector
spaces. The group (Q29)* acts on Irr(G'¥) via (1.3) and tensoring with weakly unramified
characters. It is expected that under the local Langlands correspondence (LLC) this
corresponds precisely to the action (1.9) of (29)* on ®.(G™). In other words, the
conjectural LLC is (Q7)*-equivariant.

Furthermore, the LLC should behave well with respect to direct products. Suppose
that G“ is the almost direct product of K-subgroups Gi and Go. Along the quotient
map

q:G1XG2—>Gw
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one can pull back any representation m of G¥(K) to a representation m o ¢ of G1(K) X
G2(K). Since g need not be surjective on K-rational points, this operation may destroy
irreducibility. Assume that 7 is irreducible and that m; ® 7o is any irreducible constituent
of mo q. Then the image of the L-parameter A\, of 7 under the map

¢’ : (G¥)Y - GY x GY
should be the L-parameter Ar, X Ar, of 71 @ m2. In this case A, _ is naturally a subgroup
of ‘A/\m X AMQ' We say that a LLC (for some class of representations) is compatible

with almost direct products if, when (Ar, pz) denotes the enhanced L-parameter of 7
and G¥ = G1 Gy is an almost direct product of reductive K-groups,

(1.10) Ay X Ary = q'(Ar) and (pr, ® pry)| 4, contains py.

We also want the LLC to be equivariant with respect to automorphisms of the root
datum, in a sense which we explain now. Let

R(G,S) = (X*(S), R, X.(S),RY,A)

be the based root datum of G, where A is the basis determined by the Borel subgroup
B C G. Since S and B are defined over K, the Weil group W g acts on this based root
datum.

When G is semisimple, any automorphism of R(G,S) is completely determined by
its action on the basis A. Then we call it an automorphism of the Dynkin diagram of
(G,S), or just a diagram automorphism of G. When G is simple and not of type Dy,
the collection of such diagram automorphisms is very small: it forms a group of order 1
(type A1, Bp, Cy, E7, Eg, Fy, G5 or a half-spin group) or 2 (type Ay, Dy, Eg with n > 1,
except half-spin groups).

Suppose that 7 is an automorphism of R(G,S) which commutes with the action of
Wy Via the choice of a pinning of GV (that is, the choice of a nontrivial element in
every root subgroup for a simple root), 7 acts on GY and LG. Then it also acts on
enhanced L-parameters, by

T-(Ap)=(ToXport).

Then 7 also acts on ®.(“G). The action of 7 on GV is uniquely determined up to
inner automorphisms, so the action on ®.(*G) is canonical. Considering w € 2,4 as
an element of Irr(Z(GVs)), we can define 7(w) = wo 7. Then 7 maps enhanced L-
parameters relevant for G« to enhanced L-parameters relevant for G«

From [Spr, Lemma 16.3.8] we see that the automorphism 7 of R(G, S) can be lifted to
a Kpr-automorphism of G,4. That uses only the diagram automorphism induced by 7.
As 7 also gives an automorphism of S, it determines an automorphism of S stabilizing
Z(G). The proof of [Spr, Lemma 16.3.8] also works for G, when we omit the condition
that the connected centre must be fixed and instead use the automorphism of Z(G)°
determined by 7. Then 7 lifts to a Ky;-automorphism 7x,_ of G which

e stabilizes S and B,
e is unique up to conjugation by elements of S,q(Ky,), where S,q = S/Z(QG).
Further, 7 determines a permutation of the affine Dynkin diagram of (G,S). This in

turn gives rise to a permutation of the set of vertices of a standard alcove in the Bruhat—
Tits building of (G, Kyy). For every such vertex v, we can require in addition that 7,
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maps the G-stabilizer G, to G (). Since {259 acts faithfully on this standard alcove and
the image of S — G,q contains the kernel of S,q — Q.q [Opd, §2.1], this determines
Tk, € Autg, (G) up conjugation by elements of Gy N S.

Let u € Goq represent w, so that

(1.11) Gl =@M = {ge€ G:Ad(u) o F(g) = g}.
By the functoriality of the Kottwitz isomorphism 7y, (u) represents 7(w). For g € GFu:
(112) Ad(TKnr ('U,)) o F 0 TKIlr (g) - 7—I(nr o Ad(u> 0 F(g) - TKnr <g>7

so Tk, (9) € G 7Kur™ . Thus we obtain an isomorphism of K-groups
T GY — GTW),

Since Tk, was unique up to G; NS, 7k is unique up to conjugation by elements of
S(K)NG1. (Not merely up to S,q(K) because 7x(Gy) = Gr(,-) In particular, for every
representation 7 of GFr«) we obtain a representation 7 o 75 of G, well-defined up to
isomorphism.

Equivariance with respect to W g-automorphisms of the root datum means: if (A\;, pr)
is the enhanced L-parameter of 7 then

(1.13) (T Apypr o 7'_1) is the enhanced L-parameter of 7 o 7,

for all 7 € Aut(R(G, S)) which commute with Wg. When G is semisimple, we also call
this equivariance with respect to diagram automorphisms.

We note that it suffices to check this for automorphisms of R(G, S) which fix w € Q,q.
Indeed, if we know all those cases, then we can get equivariance with respect to diagram
automorphisms by defining the LLC for other groups G« via the LLC for G and a
7 with 7(w) = '

We define a parahoric subgroup of G' to be the stabilizer in G of a facet (say f) of
the Bruhat-Tits building of (G, Ky;), and we typically denote it by P. Then P fixes f
pointwise. If f is F},-stable, it determines a facet of the Bruhat-Tits building of (G¥, K),
and PF« is the associated parahoric subgroup of Gf«. All parahoric subgroups of Gf«
arise in this way.

Let P, be the pro-unipotent radical of P, that is, the kernel of the reduction map from
P to the associated reductive group P over §. Then P is the pro-unipotent radical of
PFe | and the quotient

(1.14) pFe /pFe = PFo = P™

is a connected reductive group over §. Unipotent representations of finite reductive
groups like (1.14) were classified in [Lusl, §3]. We call an irreducible representation
of PF« unipotent (resp. cuspidal) if it arises by inflation from an irreducible unipotent

(resp. cuspidal) representation of P
An irreducible representation 7 of GF« is called unipotent if there exists a parahoric
subgroup P« such that the restriction of © to Pf» contains a unipotent representation
of P, We denote the set of irreducible unipotent GF«-representations by Irr(GF* ) ynip.
In this paper we are mostly interested in supercuspidal G-representations, which
form a collection denoted Irr(GF “)eusp- Among these, the supercuspidal unipotent
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representations form a subset Irr(GF “)cusp,unip Which was described quite explicitly in
[Mor, Lus3]. Every such Gf»-representation arises from a cuspidal unipotent representa-
tion o of a maximal parahoric subgroup Pf«~. For a given finite reductive group there are
only few cuspidal unipotent representations, and the number of them does not change
when (1.14) is replaced by an isogenous §-group. From the classification one sees that,
= . . . . . —=F, . .1
when P is simple, any cuspidal unipotent representation (o, V,) of P°“ is stabilized by
every algebraic automorphism of B
By [Opd] there is a natural isomorphism

(1.15) Ngr, (PFe) pfe = QOF

where the right hand side denotes the stabilizer of P in the abelian group QY. Morris
shows in [Mor, Proposition 4.6] that, when G is adjoint, any unipotent o € Irr(Pf«) can
be extended to a representation of the normalizer of Pf* in G*. When G is semisimple,
the group Q7 embeds naturally in Q/; = (Q.q4)?. Then Ngr, (Pf)/PLe Z(GF+) can be
identified with a subgroup of N, P (Pfg) /PE% and in that way o can be extended to

ad,u’
a representation of Ngr, (Pf~), on the same vector space. (The same conclusion holds
when G is reductive, we will show that in Section 15.)

We fix one such extension, say oV. By (1.15), at least when G is semisimple:
. Ngp, (Pfw) _ N
(1.16) indp g, (o) = @Xe(w)* x@olV.

When Z(G*+) is not compact, (1.16) remains true if the right hand side is replaced
by a direct integral over (Q%F)*. Furthermore it is known from [Mor, Lus3] that every

representation indgn; (]PFW)(X ® o) is irreducible and supercuspidal. Hence (when Q°
Gfw
is finite)

. Fuo . Fuo
(1.17) indSr. (o) = @XE(Q”)* md%gm ®ra) (X ® o).

Every element of Irr(GT)unip cusp arises in this way, from a pair (P, o) which is unique
up to Gf-conjugation. We denote the packet of irreducible supercuspidal unipotent
GFe-representations associated to the conjugacy class of (P, o) via (1.16) and (1.17) by

Irr(GF “){p,0]- In other words, these are precisely the irreducible quotients of indgif (o).
The group (Q%F)* acts simply transitively on Irr(G* “’)[P’U], by tensoring with weakly
unramified characters. The choice of o determines an equivariant bijection

* o Fw
(1.18) (QPF)* = Ir(GF)p oy« x md%@m @y (x @ ™).

We normalize the Haar measure on G as in [GaGr, HII]. Recall that the formal degree
of indgg (0) equals dim(c)/vol(Pf«). When (929)* is finite, (1.17) implies that

dim(o)
~ [Q0F]vol(PF-)
We will make ample use of Lusztig’s arithmetic diagrams 1/J [Lus3, §7]. This means that
| is the affine Dynkin diagram of G (including the action of W), and that J is a W k-

stable subset of I. This provides a convenient way to parametrize parahoric subgroups
of G up to conjugacy. The W g-action on | boils down to that of the Frobenius element,

(1.19) fdeg(m) for any 7 € II‘I‘(GFW)[P’O.].
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and the maximal Frob-stable subsets J C | correspond to maximal parahoric subgroups
of G¥«. Recall that only those parahorics can give rise to supercuspidal unipotent GF«-
representations.

The above entails that Irr(GF “)cusp,unip depends only on some combinatorial data
attached to G and F,,: the affine Dynkin diagram |, the Lie types of the parahoric
subgroups of G associated to the subsets of |, the group ¢ and its action on I.

2. STATEMENT OF MAIN THEOREM FOR SEMISIMPLE GROUPS

Consider a semisimple unramified K-group G with data P, o as in (1.17). Theorem 1
and compatibility with direct products of simple groups determine a map

(21) ITI"(GFw)cusp,unip — (QG)*\(I)?H(GFW)?

such that the image of Trr(GF: “)[p,o] is an orbit (929)*\ where ) satisfies the requirement
(0.1) about formal degrees and adjoint ~y-factors.

In this section we count the number of enhancements of L-parameters in (2.1), and we
find explicit formulas for the numbers of supercuspidal representations in the associated
L-packets. To this end we define four numbers:

e a is the number of X' € ®2 (G**) which admit a GF-relevant cuspidal enhance-
ment and for each K-simple factor G; of G satisfy

7(0,Adgy o N, ¥) = ¢; (0, Adgy o A, )

for some ¢; € Q* (as rational functions of gx);

e b is the number of Gf“-relevant cuspidal enhancements of ;

e a’ is defined as |QPf| times the number of G™-conjugacy classes of F,-stable
maximal parahoric subgroups P’ C G for which there exists a 0’ € IrTeysp unip (P7*)
such that the components o, 0} corresponding to any K-simple factor G; of G
satisfy

)

fdeg(ind ;. 0f) = ¢ fdeg (indSr. ;)
for some ¢, € Q* (as rational functions of ¢x);

e b’ is the number of cuspidal unipotent representations o’ of pre such that
deg(o’) = deg(o).

Lemma 2.1. When G is adjoint, simple and K -split, the above numbers a,b,a’, b’ agree
with those introduced (under the same names) in [Lus3, 6.8].

Proof. Our b’ is defined just as that of Lusztig.

Under these conditions on G, all P’ as above are conjugate to IP, so a’ = \QP’G\. From
[Lus3, 1.20] we see that QP9 equals Q over there, so the two versions of a’ agree.

With b Lusztig counts pairs (C, F) consisting of a unipotent conjugacy class in C in
Zgv (A(Frob)) and a cuspidal local system F on C, such that Z(G") acts on F according
to the character defined by G¥ via the Kottwitz isomorphism (1.2). The set of such (C, F)
is naturally in bijection with the set of extensions of A|lw, to a GFe_relevant cuspidal
L-parameter [AMS]. To equate Lusztig’s b to ours, we need to show the following. Given
G“ and s = A(Frob), there exists at most one unipotent class in Zgv(s) supporting a
GF_relevant cuspidal local system.
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Recall from [Ste, §8.2] that Zgv (s) is a connected reductive complex group (because
GV is simply connected). For the existence of cuspidal local system on unipotent classes
Zgv(s) has to be semisimple, so the semisimple element s = A(Frob) must have finite
order and must correspond to a single node in the affine Dynkin diagram of GV [Ree3,
§2.4]. As GV is simple, this implies that Zgv(s) has at most two simple factors.

For every complex simple group which is not a (half-)spin group, there exists at most
one unipotent class supporting a cuspidal local system, whereas for (half-)spin groups
there are at most two such unipotent classes [Lus2]. (There are two precisely when the
vector space to which the spin group is associated has as dimension a square triangular
number bigger than 1.) It follows that the required uniqueness holds whenever G does
not have Lie type B, or D,. The Gf“-relevance of the cuspidal local system (i.e. the
Z(GY)-character w) imposes another condition, limiting the number of possibilities even
further. Going through all the cases [Mor, §5.4-5.5, §6.7-6.11], or equivalently [Lus3,
§7.38-7.53], one can see that in fact the uniqueness of unipotent classes holds for all
simple adjoint G. Alternatively, this can derived from Theorem 1.

This uniqueness of unipotent classes also means that our a just counts the number
of possibilities for A‘WF7 or equivalently for s = A(Frob). The geometric diagram in
[Lus3, §7] determines a unique node v(s) of the affine Dynkin diagram I of GY, and
hence completely determines the image of s in GY,q. Then the possibilities for s € GV
modulo conjugacy are parametrized by the orbit of v(s) in I under the group 2 for G.q,
see [Ree3, §2.2] and [Lus3, §2]. Since GV is simple, this coincides with the orbit of v(s)
under the group of all automorphisms of I. The cardinality of the latter orbit is used as
the definition of a in [Lus3], so it agrees with our a. O

Assume for the moment that G is simple (but not necessarily split or adjoint). Then
50 = A(Frob) € GV has finite order, and s determines a vertex v(s) in the fundamental
domain for the Weyl group W (GY,SY)? acting on SY. The order n, of v(s) is indicated
by the label in the corresponding Kac diagram [Kac, Ree3]. We can also realize v(s) as
a node in Lusztig’s geometric diagrams [Lus3, §7]. They are denoted as “I /J”, where
I is a basis of the affine root system of the complex group (Gv)g. The complement of
J in T is one node, the one corresponding to v(s). We point out that v(s) determines
a unique G"-conjugacy class in GY,q6. Thus the geometric diagram .J determines the
conjugacy class of s6 up to Z(GV).

In first approximation, the semisimple group G is a product of simple groups, and
thus the above yields a description of the possibilities for A(Frob) = s6, v(s) € GV
and ng = ord(v(s)).

In the setting of (2.1), let (29)% be the isotropy group of A in (2%)*. We define

g=[@3]127: Q%7 and ¢ = [/ : 2°/Q).

We say that 7 € Irr(G¥)p ;) and X satisfy (0.1) with respect to a K-simple factor G;
of G if, in the notations from page 12, there exists a ¢; € Q* such that

(2.2) fdeg(indSr. o7) = c;7(0, Adgy o A, 1))
as rational functions of qx. Now we are ready to state our main result.

Theorem 2.2. Let G be an unramified semisimple K -group.
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(1) There exists an (Q°)*-equivariant bijection between Irr(GF*)cusp unip and
O, (GF “)eusp, Which is equivariant with respect to diagram automorphisms, com-
patible with almost direct products and matches formal degrees with adjoint -
factors as in (0.1).

(2) The set of L-parameters associated in part (1) to Irr(G*)p ) is canonically
determined.

Now we fix a F,,-stable parahoric subgroup P C G and a cuspidal unipotent representation
o of PFe. Let X\ € ®2.(GF«) be an L-parameter associated to [Pf o] via part (1).

(3) The (Q9)*-stabilizer of any 7 € It (G ) unip cusp and of any (A, p) € P (GT*)cusp
which satisfies (0.1) with respect to any K -simple factor of G is (29 /QF0)*. In
particular g = [(Q9)% : (Q9/QF9)*] € N.

(4) b’ = ¢(ng), where ¢ denotes Euler’s totient function. In particular, ¢(ng) is
identically equal to 1 for groups isogenous to classical groups.

(5) We have ab = a'b’, which is equal to the total number of supercuspidal unipotent
representations 7 satisfying (0.1) with respect to any K-simple factor of G, for
this A. Purthermore a = [(Q0)* : (Q%)3], a’ = ¢’ |QF?|, and thus b = gg'¢(n).

(6) The number of (Q%)*-orbits on the set of @ € Irr(GF*)ypip.cusp satisfying (0.1)
is g'¢(ns). These orbits can be parametrized by G -conjugacy classes of pairs
(P, o), or (on the Galois side) by cuspidal enhancements of A modulo (2°)}.

In (1.18) we saw that Irr(GFW)[RU] can be parametrized with the group (Q%F)*. By
(1.3) that is a quotient of Z(G")y, and via (1.4) it acts naturally on the set of involved
L-parameters. Thus part (2) can also be formulated as: the L-parameter of any 7 €
II'I'(GFW)[]}Dp-} is canonically determined up to the action of (Q29)* = Z(GV)j.

In the upcoming nine sections we will collect the data that are needed to establish
Theorem 2.2 for simple adjoint groups and cannot readily be found in the literature yet.
In particular this concerns the behaviour under diagram automorphisms of reductive
p-adic groups. The actual proof for adjoint groups is written down in Section 12.

3. INNER FORMS OF PROJECTIVE LINEAR GROUPS

We consider G = PGL,, of adjoint type A,—1. Then GY = SL,(C), Q* = Z(GY)
Z/nZ and Q = Trr(Z(GY)).

Cuspidal unipotent representations of G can exist only if J C 11;:__/1 is empty and
w € Q has order n. Then G*“ is an anisotropic form of PGL,(K), so isomorphic to
D*/K* where D is a division algebra of dimension n? over Z(D) = K.

The parahoric P« is the unique maximal compact subgroup of G, so QF = Q and
a = |QF| = n. The cuspidal unipotent representations of G« are precisely its weakly
unramified characters. There are n of them, naturally parametrized by Z(G") via the
LLC. Hence a’b’ = n and b’ = 1.

The associated Langlands parameter A sends Frob to an element of Z(G"), while u)
is a regular unipotent element of GV. Hence Ay = Z(G"), which supports exactly one
cuspidal local system relevant for G, namely w € A3. In particular b = 1. The group
(Q%)* = Z(GY) acts simply transitively on @, (GF*)cysp, 50 a = n and

Q)3 =1=(Q° /%)
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Let 7 be the unique nontrivial automorphism of A, ;. It acts on G and G by the
inverse transpose map, composed with conjugation by a suitable matrix M. Conse-
quently 7(\,w) is equivalent with (A7, w™'). On the p-adic side 7 sends g € Gf
to Mg~TM~—1 € GFo-1. Thus 7 sends a weakly unramified character x of G to
X~ € Irr(GFo-1). If (x, GF) corresponds to (A, w), then (x~!, GFv=1) corresponds to
(A~T,w™1). This says that the LLC is 7-equivariant in this case.

4. PROJECTIVE UNITARY GROUPS

Take G = PU,, of adjoint type ?A4,,_1, with G = SL,,(C). Now 6 = 7 is the unique
nontrivial diagram automorphism of A,_;. When n is odd, the groups Q7, Qy, (2*)? and
(Q9)* are all trivial. When n is even,

QF = {1,z 2%}, Q9 = Q/02, (97 = Z(GY)! = {1, -1}, (Q9)* = Z(GY)/Z(GY)?

and all these groups have order 2. When n is even, the nontrivial element of Q7 acts on

2A,,_1 by a rotation of order 2.

When n is not divisible by four, there is a canonical way to choose the w € 2 defining
the inner twist, namely w € Q. When n is divisible by four, the non-quasi-split inner
twist GF cannot be written with a 6-fixed w. For that group we just pick one w € Q\ Q2.
Then the diagram automorphism 7 sends G to Gfw-1, a different group which counts
as the same inner twist. So equivariance with respect to diagram automorphisms is
automatic, unless n is congruent to 2 modulo 4.

The subset J C 24,,_1 has to consist of two (possibly empty) F,-stable subdiagrams
2A; and 24;, with s +t+2 =mn (or s +1 = n if t = 0 and n is even). The analysis
depends on whether or not s equals t, so we distinguish those two possibilities.

The case J = ?4,%4; with s # ¢

When n is odd, no parahoric subgroup associated to another subset of 24,,_; gives
rise to a cuspidal unipotent representation with the same formal degree as that coming
from J. When n is even, the parahoric subgroup associated to J/ = 24,24, does have

—_—

such a cuspidal unipotent representation, and the subsets J, ) of 24,,_1 form one orbit
for Qf. This leads to a’ = |QFF| = 1.

The group G has only one cuspidal unipotent representation with the given formal
degree, so that one is certainly fixed by 7.

The cuspidal enhancements of A are naturally in bijection with the cuspidal local
systems supported on unipotent classes in Zgy, (c)(A(Frob)). The centralizer of the
semisimple element \(Frob) = yf € G in SL,(C) is the classical group associated
to the bilinear form given by y times the antidiagonal matrix with entries 1 on the
antidiagonal. This implies an isomorphism

(4.1) Zsr, ) (A(Frob)) 2 Spey(C) x SO,(C),

where the Lie type depends on the index of the bilinear form and can be read off from
[Lus4, §11.2-11.3]. The unipotent element uy is given in [FeOp, 4.7.()]: it has Jordan
blocks 2,4,6,... and 1,3,5,....
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To get Ay, we have to add Z(SL,(C)) to (4.1), and then to take the centralizer of
A(SLy(C)). The inclusion of Z(SL,,(C)) does not make a difference, because in (1.7) we
already fixed the restriction of representations of Ay to that group. Since both Spa,(C)
and SO,(C) admit at most one cuspidal pair (u, p) [Lus2, §10], A has at most one cuspidal
enhancement. In other words, b = 1.

When n is odd, Theorem 1 produces a unique L-parameter.

When 7 is even, Theorem 1 gives one or two L-parameters. The action of (Q7)* =
Z(GY)/Z(GV)? on L-parameters is by multiplying \(Frob) with an element of Z(G").
An element 21, € Z(GV)\ Z(GV)? can be written as (1—0)(z'/2U), where U € GL,(C)’
has determinant z~/2 = —1. When (4.1) contains a nontrivial special orthogonal group,
we can choose U in Zgy, (c)(A(Frob)), which shows that zA(Frob) is conjugate to A(Frob)
within (4.1). By [Lus4, §11.3], this condition on (4.1) is equivalent to s # ¢t (and n even),
which we already assumed here. With Theorem 1 it follows that in that case there is
only one L-parameter with the required adjoint y-factor. Notice that here

(QG/QG,]P’)* — (QG)* — (QG)K and a=b=1=2a =b.

Remark. When n is even, some groups isogenous to G = PU,, have trivial Q°, for
instance H = SU,,. In other words, the image of Hf> — G¥~ does not contain represen-
tatives for the nontrivial element of Q. For s # t, the pullback of the G -representation
7 associated to J = 24,24, to H'“ decomposes as a direct sum of two irreducible rep-
resentations, associated to J and to J = 24;24,. Since J and J are stable under 7, T
stabilizes both these H-representations.

The isotropy group of A as a L-parameter Ay for H'“ is bigger than for Gf«, for
zAx = Amg and elements of SL,(C) which send A to zA also stabilize Ag. From the
above we see that one such new element in the isotropy group is 20U, where U €
Op(C)\ SO,(C) and p =n — 2q € 2Z~¢. Thus (4.1) becomes

(4.2) ZSLn((C)()\H(FrOb)) = Spgq((C) X Op((C)

The group Ay, can be obtained from (4.2) in the same way as described after (4.1).
The group (4.2) has precisely two cuspidal pairs, which should be matched with the two
direct summands of the pullback of 7. Note that the action of 7 on (4.1) is (up to some
inner automorphism) the unique nontrivial diagram automorphism of that group. In
Spag(C) x Op(C) that diagram automorphism becomes inner, which implies that 7 fixes
both cuspidal pairs for this group. In particular, the aforementioned matching of these
with HF«-representation is automatically T-equivariant.

The case J = 24,24, (with 25 +2 =n)

Now QP = QF is nontrivial and a’ = 2. There are two cuspidal unipotent representa-
tions containing o, parametrized by the two extensions o1, 02 of o to Ngr, (PF). Then
o1(g) = —0o2(g) for all g € Ngr, (PFw) \ PFw.

Consider the action of 7 = 6 on G. We may take it to be the action of F, only
without the Frobenius automorphism of K,,/K. It stabilizes GF unless n is divisible
by four and G is not quasi-split (a case we need not consider, for there equivariance
with respect to diagram automorphisms is automatic). Then (1.12) shows that the
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action of 7 on G¥« reduces to the action of this Frobenius automorphism on the matrix
coefficients.

Since Ngr, (PF«)\Pfe contains 7-fixed elements (they are easy to find knowing the ex-
plicit form of 7), 7 fixes o1 and o2. Thus 7 fixes both cuspidal unipotent representations
under consideration.

The Jordan blocks of uy are again given in [FeOp, 4.7.(1)]. The same reasoning as in
the case J = 24,%A; with s # ¢ shows that the L-parameters A and z\ are not equivalent
and that Zgr,, (c)(A(Frob)) = Sp,(C) admits just one cuspidal pair. Hence b = 1,
(%)% =1 and (Q9)5 = (Q7/Q%F)*. As b’ = 1, we conclude that

a=ba=|(Q)N=2=|0F| =a' =a'b
We can take for y = A(Frob)#~! the diagonal matrix with alternating 1 and —1 on the

diagonal. Considering the eigenvalues of y and 6(y), it is clear that (A(Frob)) = 6(y)0
and zA(Frob) = zyf are not conjugate. So 7 fixes both these L-parameters.

We checked that the diagram automorphism 7 = 6 fixes all L-parameters under con-
sideration in this section. Every such L-parameter has only one cuspidal enhancement.
Hence 7 fixes everything on the Galois side, which means that our LLC is m-equivariant
for the representations in this section.

5. ODD ORTHOGONAL GROUPS

Here G = SO 41 = PSOapy1, of type By,. Now GY = Spa,,(C) and |Qf] = |Q] = 2.
From [Mor, §5.3] or [Lus3, §7] we see that J = D;B; and hence

lep:{ QY if s >0,
1 ifs=0.
Further Lusztig’s geometric diagram J has two (possibly empty) components of type
Cpy. Then

Zgv(A(Frob)) = Spay,., (C) x Spa,_(C),
and this determines \(Frob)) up to Z(GV). The L-parameter X is described in [Mor,
§5.3, §6.6] and [FeOp, 4.7 (ii)]: the unipotent class in Spa,, (C) has Jordan blocks of

sizes 2,4,6. .., which forces ni to be a square. One observes that
o | Q) ifny =n_,
(Q)A_{l ifng #n_.

By [Lus3, 7.54-7.56] b = b’ =1 and s = 0 is equivalent to ny = n_. We conclude that
ab = a = | ()5 = (Q/Q°F)| = = a'b.
6. SYMPLECTIC GROUPS

We consider G = PSpy,, the adjoint group of type C,. The group Q = Qf has two
elements and

(Q%)* = Z(Sping,41(C)) = {1,-1}.
The subset J C 5; can be of three kinds.
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The case J = C;C; with s #t
Here Q9P = 1,s0w =1 and a’ = 1. By [Lus3, 7.48-7.50] b = b’ = 1 and the geometric
diagram is of type D,B, with p > 0. More precisely, [Mor, §5.4] says that

Zav (A(Frob)) = (Spiny,(C) x Sping,,1(C)) /{(—1,-1)).

The unipotent class from A is given in [FeOp, 4.7 (iii)]: it has Jordan blocks of sizes
1,3,...,2N, — 1 and 1,3,...,2N,; — 1, where Ng = 2p and Nq2 = 2q + 1. This shows
that (Q9)% = (Q9)* = (2/Q%F)* and a = 1.

The case J = C;Cs (with 25 =n)

Now Q9P = 0f a’ = 2 and w can be both elements of 2. The geometric diagram has
type B, and one checks that (2%); = 1. (This corrects [Lus3, §7.50].)

The group Zgv(A(Frob)) is just GY = Spiny, ;(C). By [Lus2, §14] it has (at most)
one cuspidal pair on which Z(G") acts as w, so b =1. Thus

ab=a=2=2a"=2ab.

The case J = C,2A4,Cs with ¢t > 0

Here w must be nontrivial. Now Q/F = Qf and b’ = 1, so a’ = a’b’ = 2. Also,
(Q%/Q9F)* is automatically contained in (929)}.

By [Lus3, §7.51-7.53] the geometric diagram is of type D,B,; with p,q > 0. The
L-parameters are given explicitly in [Mor, §6.7] and [FeOp, 4.7 (v)]. The group (Q7)*
stabilizes A and a = 1. Here

Zav (A(Frob)) = (Spiny,(C) x Sping,,(C)) /{(—1,-1)).

The unipotent element u)y has two factors, both with Jordan blocks of the types 1,5,9, ...
or 3,7,11,.... Its conjugacy class only admits cuspidal local systems on which both
—1 € Spiny,(C) and —1 € Spinyg,,(C) act nontrivially. From [Lus2, §14] we know
that there are precisely two such cuspidal local systems, differing only by the action of
Z(Spiny,(C)). Hence b = 2.

Let us also look at the action of (Qe)j\ on this pair of enhancements of A. For this we
need to exhibit a g € GV such that g\(Frob)g~! = —1- A(Frob). For that we can look
at the GV-centralizer of the image v(s) of s = A(Frob) in GV /{1, —1} = 502,+1(C). As

Z500:1(€) (v(5)) = 5(02(C) x Og441(C)),
we find
Zgv(v(s)) =2 S(Ping,(C) x Pingg11(C)) /{(—1,-1)).

The required g must lie in Zgv(v(s)) \ Zgv(s), so its image in Ping,(C) does not lie
in Spiny,(C). Therefore conjugation by g is an outer automorphism of Zgv(A(Frob)).
Every outer automorphism of Spin,,(C) acts nontrivially on the centre of that group
(but fixes —1), and hence exchanges the two cuspidal local systems supported by the
unipotent class from A. Thus (Qe)f\ acts transitively on the set of relevant cuspidal
enhancements of A.



SUPERCUSPIDAL UNIPOTENT REPRESENTATIONS 19

7. INNER FORMS OF EVEN ORTHOGONAL GROUPS
We consider G = PSOy,, of adjoint type D,,. Then G = Spin,,,(C) and

. ' 7./27)%® n even,
0" = Z(Spin,,, (C)) = { (Z//4Z> n o\;'ld.

Let 7 be the standard diagram automorphism of D,, of order 2. Then (2*)" = {1, -1}
is the kernel of the projection Spin,,(C) — SO2,(C). Apart from that Q* contains
elements € and —e. In the associated Clifford algebra, € is the product of the elements
of the standard basis of C2".

We write Q = Irr(Q*) = {1,7n, p,np}, where n is fixed by 7 and n(—1) = 1. Further-
more we decree that p(e) # 1. So p has order 2 if n is even and order 4 if n is odd, while

T interchanges p and np. The action of 2 x {1, 7} on the affine Dynkin diagram ]3; can
be pictured as

S
T H} p (nodd)
-
<
n §H> P (neven) M
-«

To check T-equivariance, the following elementary lemma is useful.

Lemma 7.1. Let n be even and let X be a set with a simply transitive Q*-action.
Suppose that {1,7} acts on X, Q*-equivariantly in the sense that T(Ax) = 7(A\)1(z) for
all z € X, A€ Q. Then X = QO as Q* x {1, 7}-spaces.

Proof. First we show that 7 fixes a point of X. Take any = € X and consider 7(z) € X.
If 7(x) = z, we are done. When 7(z) = —x, the element ex is fixed by 7, for

T(ex) = 7(€)T(x) = —€ - —x = ex.

Suppose that 7(z) = ex. We compute

x=1(ex) =7(e)T(x) = —€ - €x,
so €2 = —1. But Q* = (Z/27Z)? since n is even, so we have a contradiction. For similar
reasons 7(x) = —ex is impossible.

Thus X always contains a 7-fixed point, say xg. Then the map
Q"= X : A= Axg

is an isomorphism of Q* x {1, 7}-spaces. O

For the group PSO,, there are five different kinds of subsets J of 5; which can sup-
port cuspidal unipotent representations.

The case J=D,,
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Here QF =1 and a’ = 1. We must have w = 1, for otherwise P cannot be F,,-stable.
There are four ways to embed J in D,,, and they are all associate under {2.

By [Lus3, §7.40] the geometric diagram has type D,D,, so n is even. The element
s = A(Frob) is a lift of the diagonal matrix I, & —I,, € SO2,(C) in Spin,, (C). It follows
that (2)5 =1 and

(7.1) Zgv(s) = (Spin, (C) x Spin, (C)) /{(—-1,-1)).

By [FeOp, 4.7.iv], uy has Jordan blocks of sizes 1,3, ...,24/n — 1, in both almost direct
factors Spin,,(C). The group (7.1) has (at most) one cuspidal pair on which Z(G") acts
asl,soa=1and b=1.

Remark. Let us rename PSOs, as G,q, and investigate what happens when it is
replaced by an isogenous group G, which in particular can be the simply connected cover
G;c = Spiny,,. In this remark we will endow objects associated to G,q with a subscript
ad.

As Qg = 1, the four elements of €2,4 - J define four non-conjugate F,-stable parahoric
subgroups of G£~. Hence the pullback of the unique 7 € Irr(Gi}“)[Ra] from above to
GLv decomposes as a direct sum of four irreducible representations, parametrized by the
four elements of Q.4 - (P, o) or, equivalently, by the four ,4-associates of P. We note
that the diagram automorphism 7 fixes two of these (IP, o) and exchanges the other two.

For G = SO, we find two direct summands of 7, parametrized by {P, pP} and
both 7-stable. For G a half-spin group of rank n, 7 also becomes a direct sum of two
irreducible representations upon pulling back to G». Then they are parametrized by
{P,nP}. The diagram automorphism 7 exchanges these two half-spin groups, so it does
not extend to an automorphism of the (absolute) root datum of such a group.

On the Galois side, the above (M., paq) determines a single L-parameter Ay for Gfg.
The centralizer of A (Frob) is larger than that of A\,q(Frob):

(7.2) Zgq, . (Asc(Frob)) = (w)S(Pin,(C) x Pin,(C)) /{(—1,-1)),

where w € Spin,,, (C) is a lift of (f}n ) € S04, (C). Since GF» is K-split, it suffices to
consider enhancements of \g. that are trivial on Z(GV). The component group of g
for GF« is identified as

Za. v (Ase)/Z(Gaa") = (w) x S((Z/2Z)" x (Z/22)") | Z(SO2,(C)) D
Za.,v(Xad)/Z(Gaa") =2 S((Z/22)") x S((Z/22)") ] Z(502,(C)),
where w now has order two and a capital S indicates the subgroup of elements that can

be realized by an element of a Spin group (not just in a Pin group). The component
group for A\,q as a L-parameter A\ for G = S0, lies inbetween the above two:

(7.3) Zg, v (N Z(Gaa") = S((Z)2Z)" x (Z/2Z)") | Z(S O3, (C)).

It is known that paq is the unique alternating character of Ay, and of Zg v, (Aaa)/Z(G )
It can be extended in two ways to an enhancement p of A, a representation of (7.3). Since
7 fixes (7.3) pointwise, it also fixes p. In particular we can match these two p’s with the
set {P,nP} (from the p-adic side for G = SOy,) in a T-equivariant way.
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Both these extensions p are symmetric with respect to the two almost direct factors,
so they are stabilized by w. With Clifford theory it follows that p,q can be extended
in precisely four ways to a representation of Zg_v(Asc)/Z(Gaa"), and hence to a ps. €
Irr(Ay,.). These four extensions differ only by characters of

(7.4) Zg,.v(Ase)/Zg, v (Aaa) = (Z/22)°.
The group (7.4) is isomorphic to Q7 ,, by mapping z € Q; to a g € Zg_,v(As) with
gAaa(Frob)g™ = 2zX.q(Frob).

By Lemma 7.1 the set of enhancements pg. of Ag is 2* x {1, 7}-equivariantly in bijection
with the Q-orbit of P.

For G a half-spin group of rank n and \,q considered as a L-parameter A for G,
Zg,,v(A) is an index two subgroup of Zg_ v (Aaq), which contains Zg_,v(As) and differs
from (7.5). So paq can be extended in two ways to an enhancement p of this \. We note
that 7 maps (), p) to an enhanced L-parameter for the other half-spin group of rank n.

The case J = D, D; with s,t > 2 and s # ¢

Here QF = {1,1} and the F-stability of P forces w € {1,1}. In particular a’ = 2 and
b’ = 1.

Now [Ngr, (Pf«) : PF»] = 2 and there are precisely two extensions of ¢ from P to
Ngr, (PFe). They differ by a sign on Ngr, (Pf@) \ PFv. Since 7 stabilizes J and P,
Ngr, (PF<) \ PFv contains elements of the form x(wg), where ¥ € X.(S) represents 1.
Taking x = e1, we see that Ngr, (Pf«) \ Pf has 7-fixed elements. Hence 7 stabilizes
both extensions of o to N, (PF«).

The two Langlands parameters built from J and the unipotent class associated to o
[Mor, 8§5.5, §6.9] differ by an element of Q*. From [Lus3, §7.38-7.39] we see that the
geometric diagram has type D, D, with p # ¢. The element A(Frob) is a lift of —1I5,® I,
to Spin,,, (C). It is conjugate to —A(Frob) € Spin,, (C) by a lift of —1 & Is,—2 @& —1 to
g € GY. As A(Frob) is not conjugate to eA(Frob), we obtain

=11, -1 = (@) = (/)"
The unipotent class from A [FeOp, 4.7.(iv)], in the group
(7.5) Zgv (A(Frob)) = (Spiny,(C) x Spiny,(C)) /((—1,-1)),

has Jordan blocks 1,3,...,2N, — 1 and 1,3,...,2N, — 1, where Ng = 2p and Nq2 = 2q.
It only supports a (unique) cuspidal local system if n = p+ ¢ is even. Then Z(GV) acts
as 1 if n is divisible by 4 and as n if n = 2 modulo 4. So a =2 and b = 1. As 7 fixes the
above A(Frob), it stabilizes both the L-parameters, and then also their enhancements.
In particular the LLC is 7-equivariant in this case.

Remark. Again we work out what changes if we replace G by Gs. = Spin,,,. Any
T € Irr(GF “)cusp,unip as above decomposes a direct sum of irreducibles upon pulling
back to GLw. These are parametrized by {P,pP}, the set of GL-conjugacy classes of
parahoric subgroups of G which are G*“-conjugate to P. Since 7 stabilizes P, it fixes all
four elements of Irr(GL~) under consideration.
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Regarding \ as a L-parameter A for GL»

s¢’s we get

Z v (Asc(Frob)) = S(Ping,(C) x Pingg(C)) /((—1,—1)).

This group admits two cuspidal pairs (uy, psc) on which Z(G") acts as 1 or 5. Notice
that 7 fixes some elements of Zgv (As) \ Zgv (A), for example a lift of Iop 1 ® —I2® Iog—1
to Spiny, (C). Hence 7 fixes all enhanced L-parameters for GZ~ involved here.

The case J = Dy D, (with 2s =n)

Since the finite reductive groups of type D1, D2 and D3 do not admit cuspidal unipo-
tent representations, we have s > 4. Then QF = Q, so a’ = 4 and b’ = 1. By [Lus3,
§7.41-7.42] or [Mor, §5.5, §6.9] the geometric diagram has type D, and w € {1,n}. (The
tables [Lus3, §7.44-7.45] cannot appear here, because of parity problems.) For A\(Frob)
we can take the unit element so Q3 = 1 = (Q/QF)*. Then Zgv (A(Frob)) = Spin,,(C),
which has precisely one cuspidal pair on which Z(G") acts as 1 or . We find a = 4
and b = 1. As usual the Jordan blocks of uy [FeOp, 4.7.(iv)] must follow the pattern
1,3,5...

The Q*-orbit of A forms a set X as in Lemma 7.1. The four extensions of o from
P to Ngr, (PF¢) also form a set X’ as in Lemma 7.1, and we may identify it with
II'I'(GFW)[Pp.}. Now Lemma 7.1 yields a Q* x {1, 7}-equivariant bijection X +— X',
which fulfills all the conditions we impose on the LLC.

The case J = 24,

The involvement of the diagram automorphism of Ay implies that w = p or w = np.
These two are interchanged by 7. This points to an easy recipe to make the LLC 7-
equivariant in this case: construct it in some Q*-equivariant way for w = p, and then
define if for w = np by imposing T-equivariance.

There are four ways to embed J in D,,, two of them are F,-stable and the other two
are F,,-stable. We have QF = {1,w}, soa’ =2 and b’ = 1.

According to [Lus3, §7.46] and [Mor, §6.10], just as in the case J = D,,, n is even and
the geometric diagram has type D, /5D, /5. As over there, Q) = Q" and a = 1. The
group Zgv(A(Frob)) is as in (7.1). It admits two cuspidal pairs on which Z(G") acts
as w (so b = 2). Let the unipotent element u be as in [FeOp, 4.7.(vi)], so with Jordan
blocks following the patterns 1,5,9,... or 3,7,11,....

Assume that w = p. In terms of Spin,, (C)?, the cuspidal pairs are of the form
(u X u, p1 ® p2), where p; and py differ only by the nontrivial diagram automorphism of
SpinQn((C)'

Alift g € Spiny,,(C) of I,,_1®—I®1,,_1 € SO9,(C) satisfies gA(Frob)g~! = —\(Frob).
Such a g acts by outer automorphisms on both almost direct factors of (7.1), so it ex-
changes (uxu, p1®p2) and (uxu, pa®p1). Thus O acts transitively on the enhancements
L-parameters for this case.

The element w from (7.2) satisfies wA(Frob)w ™! = e\(Frob). Since n is even, conju-
gation by w exchanges the two almost direct factors of (7.1), but nothing more. That
operation exchanges (u X u, p1 ® p2) and (u X u, p2 ® p1). Thus € and —1 € Q* act in the
same (nontrivial) way on the set of enhancements of \. Then —e fixes stabilizes both
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these enhancements. As n is even and w = p, (Q/QF)* = {1, —¢} is precisely the isotropy
group all of enhanced L-parameters under consideration here.

For w = np we would get the cuspidal pairs (u X u, p; ® p;), and we would find that
Q* acts transitively on them, with isotropy group {1, e} = (/QF)*.

The case J = D, %A, D; with s,t > 1

Here 2t +s = n — 1. As for J = 24,, w € {p,np} and T-equivariance of the LLC is
automatic in this case. We have QF = Q, so a’ =4 and b’ = 1.

By [Mor, §6.11] and [Lus3, §7.44-7.45] the geometric diagram has type D,D, with
p > q > 0and p+ ¢ =n. The unipotent class from A is given in [FeOp, 4.7.(vi)] and has
the same shape as in the previous case. The image of A(Frob) in SOs,(C) is Iz, & —Ia,
or —Igp D ng.

When ¢ = 0, the four possibilities for A(Frob) are non-conjugate and central in G,
so a = 4. The given unipotent class in G = Spin,,, (C) supports just one cuspidal local
system on which Z(GV) acts as w, so b = 1. We also note that Q} =1 = (2/QF)*.

When g > 0, A(Frob) and e\(Frob) € Spin,, (C) are not conjugate, but gA(Frob)g~! =
—A(Frob) is achieved by taking for g a lift of —1 & Is,—2 @& —1. Hence

A={L -1 2 (/) =1

The group Zgv(A(Frob)) is given by (7.5). The unipotent class and w impose that
we only look at cuspidal pairs on which —1 € Z(G") acts nontrivially. Like in the case
J = 2A, there are four of them, two relevant for Gf» and two relevant for Gf». Let py, po
denote cuspidal enhancements for Spin,,, (C) with different central characters, nontrivial
on —1, and m € {p, q}. Then the enhancements for w = p are p; ® ps and p2 ® p;1, and
the enhancements for w = np are p; ® p;. The same analysis as in the case J = 24, shows
that QF acts simply transitively on the GFe_relevant enhancements of \.

The exceptional automorphisms of D,

All the diagram automorphisms of order 2 are conjugate to 7, so equivariance of the
LLC with respect to those follows in the same way as equivariance with respect to 7.

Let 7 and » = 712 be the order 3 diagram automorphisms of D4. The subset J =
Di?AsD; with s > 0 cannot appear here, as s + 1 needs to be of the form b(b+ 1)/2 to
support a cuspidal unipotent representation. Therefore we must have J = DyD; with
s+t = 4. The finite reductive groups of type D1, Dy and D3 (these are actually of type
A) do not admit cuspidal unipotent representations, so only the case J = Dy remains.
There a = b = a’ = b’ = 1, so it involves only one representation of G and only one
enhanced L-parameter, and these must be fixed by 7 and 7o.

8. OUTER FORMS OF EVEN ORTHOGONAL GROUPS

Let us look at G = PS03, the quasi-split adjoint group of type 2D,,. Then GV =
Spin,,,(C) and in *G the Frobenius elements act nontrivially, by the standard automor-
phism 6 = 7 of D,, of order 2. For this G we have Q = {1,7},

()" = Z(Sping, (C)) /{1, —1} = {1,¢}
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and the inner twists are parametrized by Qp = Q/{1,n} = {1, p}.

The case J = D, 2D, with s >0,t > 1

By [Lus4, §11.4] w has to be 1 (which is equivalent to u € {6, n} in Lusztig’s notation).
Here Q%P = Qf so a’ =2 and b’ = 1.

Let E/K be the quadratic unramified field extension over which the quasi-split group
G'w splits, and let Frob be the associated field automorphism. From (1.11) we see that

GFe = {g € G(E) : 6 o Frob(g) = g},

where Frob acts on the coefficients of g as a matrix. In particular the action of 7 = 6 on
GFe reduces to the action of the field automorphism Frob.

There are precisely two extensions of o from P to Ngr, (Pf«). Since 7 stabilizes P
and commutes with 7, one can find 7-fixed elements in Ngr, (Pf«) \ Pf» (see the case
G = PSOy,, J = Dy Dy and a = 2). This entails that 7 stabilizes both extensions of o
to NGFW (]P))

From [Lus4, §11.4] we see that the geometric diagram has type B, B, with p # ¢ and
p+q+1=n. We can represent the image of A(Frob) in Oy, (C) by the diagonal matrix
_I2p+1 O] IQq+1. One finds

(8.1) Zgv(A(Frob)) = (Sping, 1 (C) x Sping,1(C)) /((—1,—-1)).

One checks that eA(Frob) is not GV-conjugate to A(Frob), so (Q29)5 = (Q7/Q%F)* = 1 and
a = 2. One can obtain Ay from (8.1) by intersecting with the centralizer of A(SL2(C))
and adding Z(G"). But since G** is quasi-split, we may ignore the addition of the centre
and just look at cuspidal pairs for (8.1) on which Z(GY)? acts trivially. According to
[FeOp, 4.7.(iv)], uy has Jordan blocks in the pattern 1,3,5,.... One sees quickly from
the classification in [Lus2] that the class of u) admits a unique cuspidal local system
which is equivariant for (8.1), so b = 1.

Since A(Frob)f~! can be chosen in (GV)? [Ree3], T fixes both enhanced L-parameters
under consideration. We conclude that the LLC is m-equivariant in this case.

The case J = 2D,

Here Q% = {1},s0w = 1,a’ = 1 and b’ = 1. The description of A from s > 0 remains
valid, only now p = ¢q. Let w € GY be a lift of (f}n ) € 802, (C). Picking suitable
representatives, we can achieve that

wA(Frob)w ™! = eA(Frob).

Thus (Q%)* fixes the equivalence class of A, a =1 and (Q%); = (27/Q%F)*. In the same
way as above one sees that b = 1. This case involves a unique object on both sides of
the LLC, and the LLC matches them in an obviously 7-equivariant way.

Remark. Let G¢. = Spinj,, be the simply connected cover of G. When we pull back
a GT“_representation coming from (P, o) as above to Gfg, it decomposes as a direct sum
of two irreducible representations, one associated to (P,o) and one to (nP,n*o). The
diagram automorphism 7 stabilizes P and 7P, so it fixes both these representations of

F,
Gie.
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On the Galois side, we can consider A as a L-parameter A\ for GL». Its stabilizer is
larger than (8.1):

(8.2) Zv (Ase(Frob)) = (w) (Sping,, 1 (C) x Sping,,,(C))/((—1,-1)).

The unipotent class from A supports two cuspidal local systems which are equivariant
under (8.2). The diagram automorphism 7 induces an inner automorphism of (8.1) and
(8.2) (namely, conjugation by A(Frob)d), so it stabilizes both these cuspidal enhance-
ments of Agc.

The case J = 2(D;A,D;) with t > 0

By [Lus4, 11.5] w = p € Qg (or u = pf in Lusztig’s notation). Notice that 7(p) =
np, so T does not preserve the group GF«. Also, 7 maps enhanced L-parameters on
which Z(GV) acts according to p to enhanced L-parameters on which Z(G") acts as np.
Consequently equivariance with respect to diagram automorphisms is automatic in this
case.

We have Q%F = Qf = {1,7} and [Ngr, (P) : P] = a’ = 2.

The element A\(Frob) and its GV-centralizer are as in (8.1), only with different condi-
tions on p and ¢. In particular a = 2 as above. The unipotent class from A is given in
[FeOp, 4.7.(vi)]: its Jordan blocks come in the patterns 1,5,9,... or 3,7,11, ... For this
class, only cuspidal Ajy-representations of dimension > 1 have to be considered. The
classification of cuspidal local systems for spin groups in [Lus2, §14] shows that (8.1)
admits precisely one on which Z(G") acts as p, so b = 1.

The case J = 24,

As in the previous case we take w = p. There are four ways to embed this J in 2D,
all conjugate under Q¢ x {1,0}. When n is even, none of these is F,-stable, so n has to
be odd. Then two of these P’s are F,-stable and Q%" = {1}. Hence Ngr, (Pfv) = PFv
and a’ = 1.

The element A(Frob) and its GV-centralizer are still as in (8.1), but with p = ¢. Just
as above for J = 2Dy, one finds (Q9)% = (Q7/Q%F)* and a = 1. The analysis of enhance-
ments of A from the case J = 2D;?4,2D; remains valid, so b = 1.

Remark. Let us consider the pullback of one of the above Gfv-representations to
GEe. Tt decomposes as a sum of two irreducibles, parametrized by (P, o) and (P, n*o).
Notice that 7 does not stabilize these two parahoric subgroups of G, rather, it sends them
to F),,-stable parahoric subgroups. Just as in the remark to the case J = D,?D;, one can
show that for GL» the L-parameter A admits two relevant enhancements. Both are fixed
by 7, except for the action of Z(G") on the enhancements, which 7 changes from p to np.

The exceptional group of type 3D,

Here 6 is a diagram automorphism of D4 of order 3. We have GV = Sping(C),
Z(GY)? = {1} and QY = {1}. In particular there is a unique inner twist, the quasi-split
adjoint group of type >Dj. -

According [Lus4, 11.10-11.11] only the subset J = 2Dy of 3D, supports cuspidal unipo-
tent representations. More precisely, the associated parahoric subgroup Pfv has two
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cuspidal unipotent representations with different formal degree [Feng, §4.4.1], so b’ =1
for both. As Qf = {1}, Ngr, (Pfv) = PFe and a’ = 1. As (Q%)* = {1}, also a = 1.
From the geometric diagrams in [Lus4, 11.10-11.11] and [Ree3, §4.4] we see that
Zgv(A(Frob)) is either Spin,(C) or G2(C), while [Feng, §4.4.1] tells us how these must
be matched with the two relevant supercuspidal representations. Both these complex
groups admit a unique cuspidal pair, so b = 1. Thus, given the formal degree we find
exactly one cuspidal unipotent representation of Gf and exactly one cuspidal enhanced
L-parameter. In particular these are fixed by any diagram automorphism of D4, making
the LLC for these representations equivariant with respect to diagram automorphisms.

9. INNER FORMS OF Ejg
Let G be the split adjoint group of type Fg. Then GV also has type Eg and
O =Z(GY) = 17/3Z.
We write Q = Irr(Q*) = {1, ¢, ¢?} and we let T be the nontrivial diagram automorphism
of Eg. There are two possibilities for J C Fjg.

The case J = Fg

Here QF = {1} and hence w = 1. From [Lus3, 7.22] we deduce that a = a’ = 1
and b = b’ = 2 and hence Qf = Q*. Let 01 and o2 be the two cuspidal unipotent
representations of P, Since Q* has order 3 and ab = a’b’ = 2, Q* fixes the GFv-
representations induced from oy and o9, and fixes both enhanced L-parameters with the
appropriate adjoint ~y-factor.

According to [Lusl, Theorem 3.23] the representation o can be realized as the
eigenspace, for the eigenvalue e?*™3¢3 of a Frobenius element F acting on the top
l-adic cohomology of a variety X,,. Here w is an element of the Weyl group of Eg which
stabilizes the subsystem of type AsAsAs. The action of § on the o comes from its
action on Xy, the variety of Borel subgroups B of Eg(F,) such that B and F(B) are in
relative position w. For the particular w used here, X,, is f-stable. Since FEj is split, F’
acts on it by a field automorphism applied to the coefficients. The induced action on
X, commutes with the f-action, because F' and 6 commute as automorphisms of the
Dynkin diagram of Fg. In particular 6 stabilizes every eigenspace for F', and 6 stabilizes
both o1 and o9.

We work out the observations from [Mor, §5.9] about the semisimple element s =
A(Frob) € LG. Tt corresponds to the central node v(s) of Fg. By [Ste] its centralizer in
the simply connected group Eg(C) is a complex connected group of type As Az As. The
root lattice of A2A2As has index 3 in the root lattice of Eg, so Zgv(s) has centre of
order 3|Q*| = 9. Hence Zgv(s) is the quotient of the simply connected group SL3(C)?
by a central subgroup C' of order 3, such that the projection of C' on any of the 3 factors
SL3(C) is nontrivial. Consequently

(9.1) Ay = (Z/32)3)C.

Since w = 1, we only have to look at enhancements of A\ which are trivial on Z(G") and
we may replace Zgv(s) by

Zgv(s)/Z(GY) = SL3(C)*/CZ(GY).
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The centre of the latter group has order 3, and it is generated by the image v(s) of
5. The group SL3(C)3 has 23 = 8 cuspidal pairs, corresponding to the characters of
Z(SL3(C)®) = (Z/3Z)® which are nontrivial on each of the 3 factors. Dividing out
CZ(GV) leaves only 2 of these characters. Since 7 fixes v(s), it stabilizes sZ(G") and
fixes both cuspidal enhancements of A. Thus our LLC for these objects is f-equivariant.

Remark. Let us investigate what happens when G is replaced by its simply connected
cover Gg. and A is regarded as a L-parameter \g. for Gf;w. The centralizer of Ag.(Frob)
in GV is bigger than that of s. From [Ree3, Proposition 2.1] we get a precise description,
namely Zgv(s) x {1, w,w?}, where the Weyl group element w cyclically permutes the
factors of AgAsAs. In GY we have w(s) = sz with z € Z(GV) \ {1}, so

Ao /Z(GY) = (s) x (w) = (2/32)°.

In particular both the cuspidal representations p of Ay can be extended in 3 ways to
characters of Ay_.. As p is 7-stable the diagram automorphism group (7) acts on the
set of extensions of p to A),.. There are 3 such extensions and 7 has order 2, so it
fixes (at least) one extension, say ps.. From the actions on the root systems we see that
7(w) = w?. If x is a nontrivial character of (w), then ps ® Y is another extension of p
and
T(Psc ® X) = Psc @ X2-

Thus 7 permutes the other two extensions of p. Notice that this 3-element set of ex-
tensions is, as a (7)-space, isomorphic to the set of standard parahoric subgroups of G
which are Gf“-conjugate to P.

The case J = 3D,

Here OF = Q and w € Q has order 3. The parahoric subgroup P~ has two cuspidal
unipotent representations, say o1 and o9, with different formal degrees. From Lusztig’s
tables we get b=Db"=1and a =a’' =3, so Qf = {1}.

The diagram automorphism 7 stabilizes Irr(G*: “){p,s,], Decause it preserves formal
degrees. Using [Feng, §4.4.1] we match the geometric diagrams [Lus3, 7.20 and 7.21]
with [P, 01] and [P, 02]. As these two diagrams differ, 7 stabilizes the triple of (enhanced)
L-parameters associated to [P, o;] (for i = 1,2). As 7 has order 2, it fixes at least one
element of Irr(G “)[p,0:]» SaY mi. The group 2* acts simply transitively on Irr(GF “)[P,oi]
and 7 acts nontrivially on Q*, so m; is the unique 7-fixed element of Irr(G*: “)[P,oi]-

By the same argument, 7 fixes exactly one the three enhanced L-parameters associated
to [P, 0y], say (Ai, pi). Decreeing that m; corresponds to (\;, p;), we obtain a Q* x (7)-
equivariant bijection between Irr(GF: “)[p,o,] and the associated triple in O(GFw) cysp-

10. THE OUTER FORMS OF FEj

Now 7 = @ is the nontrivial diagram automorphism of Eg. The groups QY Qy, (Q9)*
and (Q*)? are all trivial. In particular G is necessarily quasi-split.

From [Lus4] we see that only J = ’E¢ supports cuspidal unipotent representations.
The group P*« has one self-dual cuspidal unipotent representation oq, for which a = a’ =
b="b"=1. We see from [Feng, §4.4.2] that Zgv(A(Frob)) = F4(C), which has just one
unipotent class supporting a cuspidal local system. The associated G-representation
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and its enhanced L-parameter are determined uniquely by the geometric diagram [Lus4,
11.7], so the objects are fixed by 7.

Also, PFe has two other cuspidal unipotent representations o and oy. For o1 and oy
we have a = a’ =1 and b = b’ = 2 [Lus4, 11.6]. The same reasoning as for the inner
forms of Eg with J = Fjg, relying on [Lusl], shows that 7 stabilizes both o;.

By [Feng, §4.4.2] A\(Frob) = s6, where s € (GY)? is associated to the central node of
the affine Dynkin diagram of GV. The orders of  and of the image of s in GY,q (2 and
3, respectively) are coprime, so

Zav (A(Frob)) = (GY)? N Zav (s) = (SLs(C)?/C)° = SLs(T)?/C

for suitable central subgroups C,C’ of order 3. Thus the component group of the L-
parameter A\ associated to oj,02 is obtained from (9.1) by taking #-invariants. That
removes Z(GY) from (9.1), but then the very definition of Ay says that we have to
include the centre again. It follows that

Ay = Z(GY) x (s) = (Z/37)*.

In (1.7) we already fixed the Z(G")-character of every relevant representation of .A)
(namely, the trivial central character), so it suffices to consider the representations of
the subgroup generated by s. Its irreducible cuspidal representations are precisely the
two nontrivial characters. Since (s) is fixed entirely by 6, so are these two enhancements
of A. We conclude that also in this case the LLC is #-equivariant.

11. GroOuPS OF LIE TYPE FE7

Let G be the split adjoint group of type F7. Then GV also has type F7 and |Q| = 2.
From [Mor, §5.9, §6.13] and [Lus3, 7.12-7.14] it is known that two subsets of the affine

Dynkin diagram FE; are relevant for our purposes.

The case J = Fg

This J only gives rise to supercuspidal unipotent representations of G* if w is non-
trivial. The associated parahoric subgroup satisfies QF = Q. In [Lus3, 7.12 and 7.13]
a=a =2and b="b" € {1,2}. In view of Theorem 1, Q* in each case permutes the two
involved L-parameters A. Hence (Q/QF)* = {1} is precisely the stabilizer of A\ and any
of its GT»-relevant enhancements.

The case J = E;

By [Lus3, 7.14]la=a'=1,b=b' =2, QF = 1 and w = 1, so the group G is split. In
particular every relevant representation of Ay is trivial on Z(G"). The group A,/Z(G")
is isomorphic to Z/4Z [Ree2, p. 34] and is generated by the element A\(Frob), which has
order four in the derived group of GY [Ree3]. The nontrivial element of Q* = Z(GV)
sends A\(Frob) to a different but conjugate element of GY. Suppose that g € G achieves
this conjugation. Then conjugation by g stabilizes A\(Frob)Z(G"), so it fixes A,/Z(G")
pointwise. Hence the action of Q* on the enhancements of \ is trivial, and (©2/QF)*
stabilizes them all.
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12. ADJOINT UNRAMIFIED GROUPS

First we wrap up our findings for unramified simple adjoint groups, then we prove
Theorem 2.2 for all unramified adjoint groups.

Proposition 12.1. Theorem 2.2 holds for all unramified simple adjoint K -groups G.

Proof. In view of Lemma A.4 and Proposition A.7, the objects in Theorem 2.2 are
unaffected by restriction of scalars for reductive groups. Hence we may assume that G is
absolutely simple. We start with the Langlands parameters for supercuspidal unipotent
representations from [Mor, Lus3, Lus4], where all free choices are made compatibly with
Theorem 1. In some of the cases a completely canonical A can be found by closer
inspection, for instance see Section 3.

On the p-adic side the subgroup (Q7/Q9F)* of (Q%)* acts trivially, and the quotient
group (Q%F)* acts simply transitively on Irr(G*«)p ), see (1.18) (based on [Lus3]). A
bijection from (QF)* to Irr(GF: “)[p,0] can be determined by fixing an extension of o to
N, GFuw (PF“’)

All possibilities for (P, o) up to conjugacy can be found in [Mor, §5-6] and [Lus3, §7]
(for inner forms of split groups) and [Lus4, §11] (for outer forms of split groups). These
lists show that the Gf“-conjugacy class of P is uniquely determined by A. Hence the
(Q9)*-orbits on the set of solutions 7 of (0.1) are parametrized by the cuspidal unipotent
PFe_representations with the same formal degree as o. In particular there are b’ such
orbits.

For inner forms of split groups the numbers a,b,a’,b’ and the equality ab = a’b’ are
known from [Lus3, §7]. For outer forms we have exhibited these numbers in Sections 4,
8 and 10. That b’ = 1 for classical groups is known from [Lusl]. The equality b’ = ¢(ns)
can be seen from [Lus3, §7] and [Lus4, §11].

In the adjoint case all parahorics admitting cuspidal unipotent representations with
the same formal degree are conjugate, so a’ = |Q%F|. By (1.1), (Q%)* is naturally
isomorphic with Z(G")y. By Theorem 1 Z(G") acts transitively on the set of \’s with
the same adjoint y-factor, and that descends to a transitive action of (%)*. Therefore
(%) /(%)% acts simply transitively on the set of such A, and a is as claimed in Theorem
2.2.(5). In the previous sections we checked that (Q29)% always contains (2¢/Q0F)*.

This entails that we can find a bijection as in part (1), which is (Qf)*-equivariant as
far as m and A are concerned, but maybe not on the relevant enhancements of A\. Notice
that by Theorem 1 our method determines A uniquely up to (Q°)* (given 7).

A priori it is possible that (Qf/Q%F)* acts nontrivially on some enhancements. To
rule that out we need another case-by-case check. There are only few cases with b > b/,
or equivalently (2%)% 2 (29/Q%F)*, namely [Lus3, 7.44, 7.46, 7.51 and 7.52]. In those
cases b’ = 1, and we checked in Sections 6 and 7 that (29)} acts transitively on the set
of GFw-relevant cuspidal enhancements of ), with isotropy group (Q¢/Q%F)*.

In the other cases b = b’ and (Q9)% = (Q7/Q%F)*. Usually b = b’ = 1, then A,
has only one relevant cuspidal representation p and (Q7/Q%F)* is the stabilizer of (), p).
When b = b’ > 1, G must be an exceptional group. For Lie types Ga, Fy, Ex and 2Dy
the group (QG)* is trivial, so there is nothing left to prove. For Lie types Eg and E7 see
Sections 9, 10 and 11.
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This shows part (3) and part (1) except the equivariance with respect to diagram
automorphisms. But the latter was already verified in the previous sections (notice that
in Sections 5 and 6 the Dynkin diagrams only admit the trivial automorphism).

Now only part (6) on the Galois side remains. By the earlier parts, there are precisely
b’ = ¢(ns) orbits under (2%)*. Since all solutions A for (0.1) are in the same (929)*-
orbit, the orbits on @nr(GF “)eusp can be parametrized by enhancements of one A\. More
precisely, such orbits are parametrized by any set of representatives for the action of
(Q%)% on the GF-relevant enhancements of . O

Proposition 12.2. Theorem 2.2 holds for all unramified adjoint K-groups G.

Proof. Every adjoint linear algebraic group is a direct product of simple adjoint groups.
It is clear that everything in Theorem 2.2 (apart from diagram automorphisms) fac-
tors naturally over direct products of groups. Here the required compatibility with
(almost) direct products, as in (1.10), says that the enhanced L-parameter of a m €
Irr(GF “)cusp,unip 18 completely determined by what happens for the simple factors of G.
In particular, Proposition 12.1 establishes Theorem 2.2, except equivariance with respect
to diagram automorphisms, for all unramified adjoint groups which are inner forms of a
K-split group.
Consider an unramified adjoint K-group with simple factors G;:

(12.1) G:Glx---de.

Suppose that a diagram automorphism 7 maps G1 to Go. Then G; and Go are isomor-
phic, and 7 also maps G} to Gy inside GV. Let I'; be the stabilizer of Gy in the group
of diagram automorphisms of G.

Assume that the f-action on the set {Gq,..., Gy} is trivial. Then Theorem 2.2 for
G follows directly from Proposition 12.1 for the G;, except possibly for part (2). But
we can make the LLC from Theorem 2.2 T-equivariant by first constructing it for G; in
a I'j-equivariant way, and then defining it for Go by imposing 7-equivariance.

When 6 acts nontrivially on the set of direct factors of G, the above enables us to
reduce to the case where the G; form one orbit under the group (). Then clearly

d
Glfv ~ wa. For a more precise formulation, let K(4) be the unramified extension of K
of degree d. Then the K-group G* is the restriction of scalars, from K4 to K, of the
K(g)-group GY. Lemma A.4 says that there is a natural bijection

Fd
(122) (P(GFu)cusp — q)(le)Cusp‘

Proposition A.7 says that Theorem 2.2 for the K-group G is equivalent to Theorem 2.2
for the simple, adjoint K 4)-group G, via (12.2). Now ¢ has been replaced by 6¢, which
stabilizes G1, so we can apply the method from the case with trivial §-action on the set
of simple factors of G. O

13. SEMISIMPLE UNRAMIFIED GROUPS

Let G be a semisimple unramified K-group, and let G,q be its adjoint quotient. We
will compare the numbers a, b,a’ and b’ for G with those for G,q, which we denote by
a subscript ad.
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Let Tad, Aads Pad, 0aq be as in (2.1), for G,q. From [Lus3, Lus4], Theorem 2.2 and
Lemma 2.1 we know that (QZf))* acts simply transitively on the set of m,q € Irr(Gi&”)
containing (Paq,0aq). In other words, (Q22,)* acts transitively, and (di/QZ’f)* is the
stabilizer of m,q.

Let w € Irr(GFW)Cusp,unip be contained in the pullback of 7,q to G¥«~. It is known [Lusl,
§3] that unipotent cuspidal representations of a finite reductive group depend on the Lie
type of the group. So every (P,q,0,q) lifts uniquely to (P, o) and 7 € Irr(GFW)[]pp]. The
packets of cuspidal unipotent representations of these parahoric subgroups satisfy

(13.1) b =bl,.

When G,q4 is adjoint and simple, Theorem 1 and Lusztig’s classification show that the
formal degree (of m,q) determines a unique conjugacy class of F,-stable parahoric sub-
groups of Gfg’ which gives rise to one or more supercuspidal unipotent representations
with that formal degree. Via a factorization as in (12.1) this extends to all unramified
adjoint G,q.

This need not be true when G is not adjoint, but then still all such parahoric subgroups
are associate by elements of di. It follows that the number of GF»-conjugacy classes
of such parahoric subgroups is precisely [,/ QE&G Q9 /OF9] = ¢/, By (1.18) the group
(Q9P)* acts simply transitively on the set of irreducible G“-representations containing
o. It follows that

(13.2) a' = |Q7F|g = [y - OPF 7 g aly,

and that a’b’ equals the number of supercuspidal unipotent G¥“-representations which
on each K-simple factor G; give the same formal degree as 7 (see page 12).
By Theorem 2.2.(3) for Gaq:

(13.3) ()%, = (Q04/Ny,)* for a subgroup Ny, € Q7.

By Theorem 2.2.(5) N}  is naturally in bijection with the (Q9)*-orbit of A\ag. In
particular

(13.4) 3ad = |(254) Aad| = |Nx

ad|'

Also, (di)jad has b,q elements and acts simply transitively on the set of Gf&’-relevant
cuspidal enhancements of A.q.

Lemma 13.1. Let A € ®2 (G**) be the projection of M\agq via GY. — GV.
(1) (Q%)* acts transitively on the collection of X' € ®2.(GFw) which, for every K-
simple factor G; of G, have the same y-factor ’y(O,AdGiv o N, 1) as \.
(2) The stabilizer of (the equivalence class of) X equals (2°/9Q° N Ny, ,)*, and it
contains (0 /QOF)*,
(3) a= [Ny, NOY.

Proof. (1) By Theorem 2.2 for Gaq, (229,)*A\aq is precisely the collection of L-parameters
for Gfg with a given adjoint y-factor. Consequently every lift of a GV-conjugate of \ is
G.,-conjugate to an element of (Q27,)*\.q, and (29)*) is the collection of L-parameters
for G* with the same adjoint y-factor as \.
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(2) Since (di/ﬂgf)* stabilizes Aaq (by Theorem 2.2.(3) for G,q), its image (7 /Q0F)*
under (29,)* — (Q9)* stabilizes \.
In GY some different elements of GY. become equal, namely ker(GY, — GY) =
(Qaa/)*. The image of ker(GY, — GV) in (Q7,)* is
(2a/Q)" = ker ((202)" = ()).

Hence the stabilizer of A in (2%)* is precisely the image in (Q27)* of the (QY,)*-stabilizer
of the orbit (2%,/Q9)*\,q. That works out as

(/) (a) 30/ (%a/27)* = (). / (%a/27)" N (AU)3..)
= (Qa/Noa)* [ ( U/ Ny )T = PNy /Na,)* = (2°/9° NNy, )"
(3) We saw in (13.3) that (N ,)* acts simply transitively on (Q2;)* a4, so it also acts

transitively on (2%)*A. The stabilizer of A in this group is (Ny_,/Nx,, N Q)*, the image
of (Qaa/2)* in (Ny,,)*. Then the quotient group

Ny /(Naa/Nasa N = (N, NQ)* = (N, NQY)*
acts simply transitively on (Q7)*A. We deduce that a = [Ny, N Q7. O

In the setting of Lemma 13.1, Ay contains A, , as a normal subgroup. We want to

compare these subgroups of G, and the cuspidal local systems which they support.

Lemma 13.2. The group Ay/A,,, is isomorphic to (Q29,/Q°N,, )"

Proof. First we determine which lifts of A to a L-parameter for Gfg’ are GY.-conjugate.
To be conjugate, they have to be related by elements of (di)’;ad = (Q¢,/Ny,,)*. To be
lifts of the one and the same A, they may differ only by elements of

ker(GY, — GY) = (Qaa/Q)*.

Therefore two lifts of A are conjugate if and only if they differ by an element of the
intersection

(Qaa/Naa)™ N (2a/Q)* = (a/YNa,)"
We write Sy = Zgy (im\) = m(Zgy (im X)), where G, acts by conjugation, via the
natural map to the derived group of GY. The above implies
(135) S)\/S)‘ad = (di/QeN)\ad)*'
The more subtle component group Ay_, contains Sy, with index [Z(GY.) : Z(GL)WF] =
(1 —-0)Z(GY)|. Similarly [Ay : S)] = [Z(GY) : Z(GY)WF] and hence
(13.6) Ax/ Axaa = 53/ S -

Next we compare the cuspidal enhancements of A and \,q. Since Ay contains A)_,
as normal subgroup, it acts on A, _, (by conjugation) and it acts on Irr(A,_,). For
pad € Irr(Ay,,), we let (Ay),,, be its stabilizer in A,.

Lemma 13.3. Every irreducible cuspidal representation paq of Ay, extends to a repre-
sentation of (Ay)

Pad *
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Proof. Recall from Theorem 2.2.(3) for G,q that the stabilizer of (Aad, paa) in (224)* is

Q%) QZ’C]{P)*. Under the isomorphism from Lemma 13.2 or (13.5), the stabilizer of p,q in
Ax/A,,, corresponds to

* 0,P\x 0,P
(13.7) (Q04/Q Ny, )" N (Q0/Q07) = (28, /Q000 ).

In the proof of Proposition 12.2 we checked that everything for G,q factors as a direct
product of objects associated to simple adjoint groups. In particular p,q is a tensor
product of cuspidal representations p; of groups A; associated to L-parameters A; for
adjoint simple groups Gf «. Thus it suffices to show that every such p; extends to a
representation of (Ay),,,. The action of Ay on p; factors through the almost direct
factor of G*» which corresponds to GiF #. This enables us to reduce to the case where G
is almost simple, which we assume for the remainder of this proof.

Now we can proceed by classification, using [Lus3, §7]. By (13.7) and [AMS, Theorem

*. In almost all cases

1.2] we have to consider projective representations of (2%, / QGQZ’E)
this group is cyclic, because di is cyclic. Every 2-cocycle (with values in C*) of a cyclic
group is trivial, so then by [AMS, Proposition 1.1.a] p,q extends to a representation of
(A)‘)pad °

The only exceptions are the inner twists of split groups of type Da,, for those di i
(Z./27)?. The group (2%,/ QaQZf)* can only be non-cyclic if G is simply connected and

QZ’&P = 1, which forces P to be of type Ds,. For this case, see the remark to J = D,, in
Section 7. O

It requires more work to relate the numbers of GFv-relevant cuspidal enhancements
of A (i.e. b) and of A\yq (i.e. baq), in general their ratio is less than [A) : Ay, ].

Lemma 13.4. b= ¢/[0%] : Q°FN, ] 'bag.

Proof. 1t follows directly from [AMS, Definition 6.9] that an irreducible A -representation
is cuspidal if and only if its restriction to Ay, is a direct sum of cuspidal representations.
Such a situation can be analysed with a version of Clifford theory [AMS, Theorem 1.2].
Briefly, this method entails that first we exhibit the Ay-orbits of cuspidal representations
in Irr(Ay,,). In every such orbit we pick one representation p,q and we determine its
stabilizer (A)),,,- By a choice of intertwining operators, p,q can be extended to a pro-
jective representation p,q of (Ay),,,. Then the set of the irreducible A)-representations
that contain p,q is in bijection with the set of irreducible representations (say 7) of a
twisted group algebra of (A)),,,/Ax,.- The bijection sends 7 to

(13.8) ind@)pad (T @ paa) € Irr(Ay).

If pag can be extended to a (linear) representation of (Ay),,,, the aforementioned twisted
group algebra becomes simply the group algebra of (Ay),,,/Ax,,- In that simpler case,
the desired number of cuspidal irreducible Ay-representations is the sum, over the Aj-
orbits of the appropriate Ay, -representations, of the numbers

(13.9) [Tr ((AN) paa /Anaa) | = [(AN) pag + Araal-

For this equality we use that A)/A,_, is abelian, which is immediate from Lemma 13.2.
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Let us make this explicit. By (13.7) (A)),,, is the inverse image of (di/QQQZf)*
in Ay under (13.5). Notice that this does not depend on p,q, every other relevant
enhancement gives the same stabilizer. It follows that the quotient group

(13.10) A/ (An)pas = (/N ) (/R0
= (Qeng/QeN)\ad)* = (ng/QH’PN)\ad)*

acts freely on the collection of GFe-relevant cuspidal enhancements of \,q. Now we can
compute the number of Ajy-orbits of such enhancements:

(13.11) baa | (0 /TNy, )T 7! = baa [27F N, [ Q0]

By Lemma 13.3 p,q can be extended to a representation p,q of (Ay),,,. It follows from
(13.9) that every Ay-orbit of GF«-relevant cuspidal enhancements of \,q accounts for
the same number of GF“-relevant cuspidal enhancements of A, namely

ad|

QG |Q€ ||Q€,IP’|
13.12 Qg QGQG,P *| ’ adl __ 1°7ad _ g/
( ) |( d/ ad) | ‘QQQZ;F |QQHQZ£D‘
By [AMS, Theorem 1.2] b is the product of (13.11) and (13.12). O

Lemma 13.5. Fiz o G -relevant cuspidal pad € Irr(Ay,,). There exists a bijection
between:

o the set of p € Irr(Ay) that contain paq,
o the set of GF-conjugacy classes of parahoric subgroups of G that are Gfg-
conjugate to P,

which is equivariant for di / ng@e and with respect to diagram automorphisms.
Proof. By (13.8) and Lemma 13.3 every p € Irr(Ay) which contains p,q is of the form

(13.13) p= indéfA)pad (W paa)

for a unique

(13.14) w00 € 00, /0%7 00 = Trr ((904/Q07 0%)%).

a

On the other hand, the group in (13.14) parametrizes the G-conjugacy classes of Gfg—
conjugates of P. Decreeing that (13.13) corresponds to wPw™!, we obtain the required
bijection and the di / QZer—equivariance.

Notice that the set of (standard) parahoric subgroups of G is the direct product of the
analogous sets for the almost direct simple factors of G. Together with the explanation
at the start of the proof of Lemma 13.3, this entails that for equivariance with respect
to diagram automorphisms it suffices to check the cases where G is almost simple.

We only have to consider the Lie types A,, D, and Fg, for the others do not admit
nontrivial diagram automorphisms. Among these, we only have to look at the parahoric
subgroups P with QF £ Qf or equivalently at the J that are not Q%-stable. That takes
care of the inner forms of type A, and of the outer forms of type Fg. For the outer
forms of type A, (J = ?44%4;), the inner forms of D,, (J = D,, and J = DyD;), the outer
forms of D,, (J =2D; and J = 2A,) and the inner forms of Eg (J = Es) see the remarks
in Sections 4, 7, 8 and 9. O
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14. PROOF OF MAIN THEOREM FOR SEMISIMPLE GROUPS

Proposition 12.2 proves Theorem 2.2 for unramified adjoint groups. When we re-
place an adjoint group by a group in the same isogeny class, several unipotent cuspidal
representations of Gﬁ’ coalesce and then decompose as a sum of ¢’ irreducible unipo-
tent cuspidal representations of G*«. Similarly, several enhanced L-parameters for Gfg
coincide, and they can be further enhanced in ¢’ ways to elements of ®,, (G “) cusp-

From (1.18) we see that the Gfg-representations which contain 7 € Irr(GF: “)p,0) form
precisely one orbit for (Q7,/Q%)*. The action of (2%;)* on Irr(GL% )unip.cusp Teduces to
an action of (2%)* on Irr(GF “)unip,cusp, and the stabilizers become

(QQ/QZAP N QO)* — (QO/QB,IF’)*'
A bijection
(14.1) (QPF)" = () /(Q7/Q%F)* — Ter(G™)p o

can be specified by fixing an extension of ¢ from P to Ngr, (Pf«) [Opd, §2]. In
particular Irr(GF “)[p,0) forms exactly one (Q9)*-orbit. Consequently the (Q9)*-orbits on
the set of solutions 7 of (0.1) are parametrized by the Gf“-conjugacy classes of (', o)
with fdeg(o’) = fdeg(c). There are ¢'b’ = ¢’¢(ns) of those.

Recall that X is the image of \yq under GVs. —+ GY. When G is simple, Theorem
1 says that (Q29)*) is the unique (Q%)*-orbit of L-parameters for G™ with for each
K-simple factor of G the same adjoint ~-factor as \,q (up to a rational number). It
follows quickly from the definitions that adjoint ~-factors are multiplicative for almost
direct products of reductive groups, cf. [GrRe, §3]. From (1.19) we see that the formal
degrees of supercuspidal unipotent representations are also multiplicative for almost
direct products, up to some rational numbers C; (which can be made explicit, see [HII,
§1] and [Opd, §4.6]). Hence the uniqueness of (27)*) in the above sense also holds for
semisimple G, provided we impose the compatibility with almost direct products from
(1.10). Together with (14.1) this proves Theorem 2.2.(2).

By Lemma 13.1 the A,4q which coalesce to A form precisely one orbit under
(Q%,/9°NN,,,)*. From the proof of Lemma 13.2 we see that the restriction of a relevant
cuspidal representation p of Ay to A, , contains precisely the enhancements of \,q in
one (Q2,/9°N,_,)*-orbit.

From Lemma 13.1.(2) we know that the (QY)*-stabilizer of (), p) is contained in
(Q%/99 N Ny,,)*, and from the proof of Lemma 13.4 we see that it must stabilize the
Ay-orbit of a paq € Irr(Ay,,). By Theorem 2.2.(3) for G,q and by Lemma 13.2, the
(Q2,)*-stabilizer of that orbit is

0,Py *
(14.2) (Q04/900) (904 /0Ny

Hence the (29)*-stabilizer of that orbit is the image of (14.2) in (2%)*, that is, (Q° /QOF)*.
From (13.12) we know that the different representations p of Ay associated to the orbit
of paq are parametrized by QY / QGQZ;F. Elements of (Q%)* exert no influence on the last
group, so (Q7/Q%F)* is precisely the stabilizer of (), p) in (Q27)*. This proves Theorem
2.2.(3).



36 YONGQI FENG, ERIC OPDAM, AND MAARTEN SOLLEVELD
Part (4) can be observed from the adjoint case and (13.1). For Part (5), we note by
(13.1) and (13.2)
a’b’ B g’|QG’P‘
LA 1007

On the other hand, by Lemmas 13.1 and 13.4

ab _ |N>\ad m Qe| g/ _ |N)\ad n Qe’ g,|Qe,P |N>\ad|

= p .
aadbad [Nl [Qafb . QO,IP’N/\ad] | N ‘Qaf’ |QO,1P’ NNy,

g 1Q%F]
0P
|Qad

ad| ad’

Thus Theorem 2.2.(5) for G,q implies that a’b’ = ab.
Now we can construct a LLC for Irr(GF “)unip,cusp- Every m in there corresponds to a

unique (27,/Q%)*-orbit in Irr(GL )unip,cusp- Then Proposition 12.2 gives an orbit

(14'3) (di/QQ)*(Aada pad) C (I)nr(Gfg)cusp‘

By Lemma 13.1.(2) that determines a single A € ®,,,(G*) and from Lemma 13.2 we get
one Ajy-orbit

(14.4) (Q24/Q° Ny )* paa C Irr(Ay,).

But (14.3) does not yet determine a unique representation of Ay, in general several
extensions of p,q to p € Irr(A)y) are possible. By Lemma 13.5 we can match these p’s with
the GFv-conjugacy classes of parahoric subgroups of G that are Gf&”—conjugate to P, in a
way which is equivariant for di and for diagram automorphisms. For 7 € Irr(G* “)[P,0]
we now choose the p which corresponds to the Gf“-conjugacy class of the P. Above we
saw that 7 and (), p) have the same isotropy group in (29)*, so we get a well-defined
map from (Q%)*m to (29)*(\, p). This map is equivariant for (Q%)* and for all diagram
automorphisms that stabilize the domain.

For all GF-representations in the Out(G)-orbit of (Q9)*7, we define the LLC by
imposing equivariance with respect to diagram automorphisms. If 7 is a diagram auto-
morphism of G with 7(w) # w, then for z € (Q)* = X, (G) we define the enhanced
L-parameter of 7*(z ® ) € Irr(GF7)) cysp unip t0 be (T(2A), 7%p).

For another 7/ € Trr(GF)unip cusp We construct (N, p') € ®@pp(GF)ensp in the same
way. We only must take care that, if N’ = X\, we select a p’ that we did not use already.
Since a’b’ = ab, this procedure yields a bijection Irr(G¥)ynip cusp — Prr(GT*) cusp-

As explained above, at the same time this determines bijections

Irr(GFT(w) Junip,cusp — Pnr (GFT(W) )eusp

for all diagram automorphisms 7 of G. The union of all these bijections is the LLC
for all the involved representations, and then it is equivariant with respect to diagram
automorphisms.

From parts (1) and (3) we get the number of (2%)*-orbits on the Galois side of the
LLC, namely ¢'¢(ns), just as on the p-adic side. Since the L-parameters with the same
adjoint y-factor form just one (29)*-orbit, the orbits of enhanced L-parameters can be
parametrized by enhancements of A, just as in the adjoint case.
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15. PROOF OF MAIN THEOREM FOR REDUCTIVE GROUPS

First we check that Theorem 2 is valid for any K-torus, ramified or unramified. Of
course, the local Langlands correspondence for K-tori is well-known, due to Langlands.

Proposition 15.1. Let T be a K-torus and write T' = T(Kyy).

(1) The unipotent representations of T(K) are precisely its weakly unramified char-
acters.
(2) The LLC for Irr(T(K))unip s injective, and has as image the collection of L-
parameters
A Wi x SLQ((C) — TV x Wk

such that Mw,x) = (1,w) for allw € I,z € SLy(C).
(3) The map from (2) is equivariant for (Qu,*)rob and with respect to
W g -automorphisms of the root datum.

The target in part (2) is the analogue of ®,,(G¥«) for tori. As Ay = 1, we can ignore
enhancements here.
Proof. (1) The kernel T; of the Kottwitz homomorphism [Kot2, §7]

T — X*((TV)'x)

has finite index in the maximal bounded subgroup of 7. By [PaRa, Appendix, Lemma
5] Ty equals the unique parahoric subgroup of 7. Then T(K); = T{™P is the unique
parahoric subgroup of T(K) = T¥ob  The finite reductive quotient b is again a
torus, so its only cuspidal unipotent representation is the trivial representation. Hence
the unipotent T'(K)-representations are precisely the characters of T(K) that are trivial
on T(K);, that is, the weakly unramified characters.
(2) It is known (e.g. from [Hai, §3.3.1]) that the LLC for tori puts Xy, (T (X)) in bijection
with (Z(TY)¥)mop.
(3) From Z(TV) = Q* we see that

(15.1) Xr(T(K)) 2 (Z(TY)5 )b 2 (), 2 Q1) Frob-

Now it is clear that the LLC for Irr(T(K))unip is equivariant under (15.1).
Since the LLC for tori is natural, it is also equivariant with respect to all automor-

phisms of X*(T) that define automorphisms of T(K). These are precisely the automor-
phisms of the root datum (X*(T),0, X.(T),0,0) that commute with Wg. O

Next we consider the case that G is an unramified reductive K-group such that
Z(G)°(K) is anisotropic. By [Pra, Theorem BTR], that happens if and only if Z(G¥«)
is compact. Equivalently, every unramified character of G is trivial. We will divide
the proof of Theorem 2 for such groups over a sequence of lemmas.

Lemma 15.2. Suppose that Z(G)° is K-anisotropic, and let Qqer be the Q-group for
Gyer- Then Qger =Qf.

Proof. By (1.1) Q4. = X*(Z(GV)e/Z(GV)°). Since Z(G)° is K-anisotropic, so is
G /G er, and
0= X*(G/Guaer)™" = X, (Z(GY)°)’.
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This implies
(15.2) (1-0)Z(GY)° = Z(GY)°,
s0 O = X*(Z(GY)g) = X*(Z(GV)o/Z(GV)?). O

Lemma 15.3. Suppose that Z(G)° is K -anisotropic. The inclusion Gggr — GFv induces
a bijection
Irr(GFw)cusp,unip — Irr(Gggr)cusp,unip-

Proof. These two groups have the same affine Dynkin diagram |. For any proper subset
of I, the two associated parahoric subgroups, of G and of Gger, give rise to connected
reductive §-groups of the same Lie type. The collection of (cuspidal) unipotent represen-
tations of a connected reductive group over a (fixed) finite field depends only on the Lie
type of the group [Lusl, Proposition 3.15]. Hence any cuspidal unipotent o € Irr(ngr)
extends in a unique way to a representation o’ of P*». More precisely, both ¢ and o’
factor via the canonical map to ]Pf&“.

By Lemma 15.2 G and Gggr also have the same Q%-group. From (1.15) we see that

(15.3) Nors (P™) = Ner, (Pg JP™.

After (1.15) we checked that there exists an extension o of o to a representation of

N extends uniquely to a representation of

(PFv). Since o and o factor via Pf%, o
(15.3).

Now the classification of supercuspidal unipotent representations, as in (1.17) and
further, is the same for G~ and for Gggr. The explicit form (1.18) shows that the

ensuing bijection is induced by Gggr — G, g

Lemma 15.4. Suppose that Z(G)° is K-anisotropic. The canonical map
GY — GY/Z(GY)° induces a bijection @y (GFw) — @nr(Gg‘gr).

Proof. Suppose that A\, X € ®,,(Gf*) become equal in @nr(Gggr). Then there exists
a g € GY such that g\N'g~! = X as maps Wg x SL(C) = GY/Z(GY)° x Wg. In
particular g\ (Frob)g~! = z1A(Frob) for some z; € Z(GV)°. By (15.2) we can find
29 € Z(GV)° with 25 '0(22) = 21. Then
299N (Frob)g ™'z = 2021 A(Frob)zy ' = 29210(25 ) A(Frob) = A(Frob).

Replace ) by the equivalent parameter N’ = z9gNg~125 1 These parameters are
unramified, so N'lw, = Alwg. But Mgr,c) = N'|sr,c) still only holds as maps
SLy(C) — GY/Z(GY)°. In any case, A(1, (1)) and \'(1,(}1)) determine the same
unipotent class (in GY and in GV/Z(G")°). Consequenty A and N are G"-conjugate.

Conversely, consider a \ € <1>nr(G§:r)- We may assume that \(Frob) = s6Z(GV)° for
some s € SV. Then s0 and \(Frob) centralize the same subalgebra of

Lie(GY) = Lie(G" 4er) ® Lie(Z(GY)°).
As d)\(slp(C)) is contained in
Lie((G")*) = Lie(Zgv(s0)) = Lie(Zgv (A\(Frob))),
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we can lift dA(slo(C)) to a homomorphism A : SLy(C) — Zgv(s#)°. Together with
A(Frob) := 56 this defines a preimage of \ in ®,,(G%). O

Lemma 15.5. Suppose that Z(G)° is K-anisotropic. Let A € ®,.(GT*) and let \ger be
its image in @nr(Gngr). Then Ay = Ay

Proof. Recall the construction of Ay from (1.5) and (1.6). It says that A, is the
component group of

Zig oy, Ader) = {9 € (Gder)se : 9Aderg™" = Adexh for some b € B (W e, Z(Gaer')) }-

From Gge.' = GY/Z(GY)° we see that (Gger)se = GVgs. Since ) is unramified, the
difference with Age; resides only in the image of the Frobenius element (see the second
half of the proof of Lemma 15.4). To centralize Age; means to centralize A, up to adjusting
A(Frob) by an element of Z(GV)°. Together with (15.2) this implies that

Z(lGdcr)SvC()\der) = {9 € G5 1 gAg™! = Ab for some b € B'(Wg, Z(GY))} = Zg&v__(N).

der *

In particular
Arsee = 10(Z{g, 3y (der)) = 0 (Zgv . (V) = A O

Proposition 15.6. Theorem 2 holds whenever Z(G)° is K-anisotropic.

Proof. Lemmas 15.2, 15.3, 15.4, 15.5 and Theorem 2.2 prove parts (5) and (6) of Theorem
2, as well as the unicity up to weakly unramified characters. The equivariance properties
(2) and (3) in Theorem 2 follow from the semisimple case, because the isomorphisms in
the aforementioned lemmas are natural.

Assume that G is the almost direct product of K-groups G; and Go. Then

(15.4) Gder = G14erGo,der and Z(G)° = Z(G1)°Z(Go)°
are also almost direct products, and there are epimorphisms of K-groups
(15.5) Gl,der X Z(Gl)o X G2,der X Z(Gg)o — Gder X Z(G)o — G.

Notice that the connected centres of G; and Gg are K-anisotropic. By Lemma 15.3
Z(G)°(K), and the Z(G;)°(K) have unique irreducible unipotent representations, namely
the trivial representation of each of these groups. That and Theorem 2.2.(1) show that
our instances of the LLC for G(K) and the G;(K) are compatible with the almost direct
products (15.4). For the same reason they are compatible with the second map in (15.5).
The composition of the maps in (15.5) factors via G; x Ga — G, so our LLC is also
compatible with that almost direct product.

Conversely, Lemma 15.3 and Theorem 2.2.(4) leave no choice for the LLC in this
case, it just has to be the same as for Irr(GY, (K))cusp,unip- We already know from
Theorem 2.2 that for the latter the L-parameters are uniquely determined modulo (£9)*
by properties (1), (2) and (4) in Theorem 2. Hence the same goes for the LCC for
Il"l"(Gw (K) )Cusp,unip~ O

Now G may be any unramified reductive K-group. Let Z(G“)s be the maximal K-
split central torus of G“. Recall that the K-torus Z(G%)® is the almost direct product
of Z(G¥), and a K-anisotropic torus Z(G*“), [Spr, Proposition 13.2.4]. These central
subgroups do not depend on w, so may denote them simply by Z(G), and Z(G),.
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Lemma 15.7. Any cuspidal unipotent o € Irr(PF«) can be extended to Ngr, (PF«).

Proof. Recall that by Hilbert 90 the continuous Galois cohomology group H (K, Z(G%);)
is trivial. The long exact sequence in Galois cohomology yields a short exact sequence

(15.6) 1 Z(G¥)4(K) = G¥(K) — (G¥/Z(G*),)(K) — 1.

The restriction of o to Pf» N Z(G¥)4(K) = Z(G)s(og) is inflated from a unipotent
representation of Z(G)s(§), so it is a multiple of the trivial representation. Thus we can
extend o trivially across Z(G)s(K), making it a representation of

B Z(G)y(K)/Z(G)s(K) = B, .

By [Spr, Proposition 13.2.2] the connected centre of G¥/Z(G¥)s is K-anisotropic. From
Lemma 15.3 we know that o extends canonically to a representation of

N(goyzia).) ) (P& 2(ae),) = Nowa (PF)/Z(G¥)5(K).

This can be regarded as the required extension of o. O

With a similar argument we can prove a part of Theorem 2 for reductive groups.

Every (cuspidal) unipotent representation of G¥(K) restricts to a unipotent character
of Z(G¥)s(K). From Proposition 15.1.(1) we know that those are precisely the weakly
unramified characters of Z(G“)s(K). This torus is K-split, so all its weakly unramified
characters are in fact unramified. Since C* is divisible, every x € Xy, (Z(G%)s(K)) can
be extended to an unramified character of GY(K). Thus every m € Irr(G*(K))cusp,unip
can be made trivial on Z(G%)s(K) by an unramified twist:

(15.7) 7 =x®n with y € X;,,(G¥(K)) and 7’ € Irr(G¥/Z(G¥))(K).

By the functoriality of the Kottwitz homomorphism, (15.6) induces a short exact se-
quence

1— pr((Gw/Z(Gw)s)(K)) — X (GY(K)) = X (Z(GY)s(K)) — 1.
Thus we can reformulate the above as a bijection

Irr((G"J/Z(G“)S)(K))

. X
(15.8) P X ((G#/2(G#))(K)
— Irr(Gw (K))

Xur (G¥(K))

cusp,unip’

On the Galois side of the LLC there is a short exact sequence
(15.9) 1-5G/2(G),) - G - 1Z(G), = Z(G),Y x Wk — 1.

This induces maps between L-parameters for these groups. It also induces a short exact
sequence

(15.10) 1= Z((G/Z(G)5)"), = Z(GY)g — (2(G)s"), = Z(G)s" — 1,

whose terms can be interpreted as the sets of weakly unramified characters of the as-
sociated K-groups (or of their inner forms). As ®2 (Z(G¥),) = Z(G¥),", (15.10) and
(15.9) show that the map

03 (G¥(K)) = @7, (Z(G*),)
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is surjective with fibres ®2 (G¥/Z(G*)). With (15.10) we obtain a bijection

(15.11) ®2,((G¥/2(G*),)(K)) S Z(GY)g — 02 (G¥(K)).

Lemma 15.8. B'(Wg, Z((G/Z(G),)Y)) = B'(Wk, Z(GY))
Proof. Consider the short exact sequence of K-groups
1= G4, Z(G¥)y = GY = T := G/ (G4, Z(G¥)a) — 1.

By [Spr, Proposition 13.2.2] T is a K-split torus. In the short exact sequences of complex
groups

1 — (G/Z(G))" — GY =  Z(G) = 1,

1 — TV - GY — (GderZ(G)a)v - 1,
the Lie algebra of TV maps isomorphically to the Lie algebra of Z(G) s . Hence

GV =TY(G/Z(G)s)" and Z(GY)=T"Z((G/Z(G)s)").

The last equation entails that every element b € B! (W g, Z(GV)) is of the form

b(w) = tzwz 't 7wl for some t € TV, z € Z((G/Z(G)s)Y).
As TV is fixed by Wg and central in GV, b(w) = zwz lw™!. This says that b €
B'(Wk, Z((G/Z(G)s)Y)). O

Proof of Theorem 2.
Both for G¥(K) and for (G¥/Z(G*))(K) the component groups of L-parameters are

computed in the simply connected cover of GYgor = (G/Z ) . see (1.5). By
Lemma 15.8 and (1.6) the group A, for A € ®((G¥/Z(G¥),)(K)) is the same as the
component group for A as L-parameter for G¥(K). Any z € Z(G")y is made from
central elements of GV, so A, for G¥(K) equals A, for G¥(K), and then also for
(G¥/Z(G¥);s)(K). This says that (15.11) extends to a bijection between the spaces of
enhanced L-parameters. Recall from (1.8) that cuspidality of the enhancements is defined
via the group Z(lG“)vsc()‘(WK))’ which is the same for G¥(K) as for (G¥/Z(G¥),)(K).
Hence (15.11) extends to a bijection
(15.12) @nr((Gw/Z(Gw)s)(K))cuSp X Z(GY)g — @1 (G¥(K))cusp-
Z((G/2(G)s)")o
As G¥/Z(GY)s has K-anisotropic centre, we already know Theorem 2 for that group
from Proposition 15.6. Using that and comparing (15.12) with (15.8), we obtain a
bijection
(15.13) Irr(G¥(K)) > O (G (K)) cusp-

By construction (15.13) satisfies parts (2), (5) and (6) of Theorem 2, while part (1)
does not apply. What happens for Z(G¥)s(K) in (15.8) and (15.12) is completely
determined by the LLC for tori, so any non-canonical choices left in (15.13) come from
(G¥/Z(G¥),)(K). By Theorem 2 for the latter group, the only free choices are twists
by weakly unramified characters of that group.

Concerning part (3), let 7 be a W -automorphism of the absolute root datum of
(G,S). From Theorem 2 for ((G“/Z(G¥);)(K) we know that (15.13) is T-equivariant

cusp,unip
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on the subset Irr((G“/Z(Gw)S)(K))CUSp wnip Ve also know, from (1.3), that the LLC

for Xy, (GY(K)) is T-equivariant. In view of (15.8) and (15.12), this implies that (15.13)
is also T-equivariant.

We note that the LLC for unipotent characters of tori is compatible with almost direct
products, that follows readily from Proposition 15.1. Consider G as the almost direct
product of Z(G¥), and G4,.Z(G*),, where Z(G*), denotes the maximal K-anisotropic
subtorus of Z(G¥)°. Let m € Irr(G*(K))cusp,unip, With enhanced L-parameter (Ar, pr).
In terms of (15.8) we write T = Tqer ® X and in terms of (15.11) we write Ar = Ar, Ay
and pr = pr,... Then

Tder

Tlz(6e). (k) = Xlz(Ge).)  and Tliay z(G#)a) (k) = Tderl(Gy, 2(G#)a) (5) @ Xlag,, (K)-
The naturality of the LLC for weakly unramified characters entails that the L-parameter
of X|z(Gw),(x) (resp. of xlgw z(Gw),)(x)) is the image of A, in Z(G)Y (resp. in
Z(GY)/Z(GV)>Wr). Lemmas 15.3, 15.4 and 15.5 show that, to analyse the enhanced L-
parameter of Wder\(Gger Z(G+)a)(K), it suffices to consider the restriction to G§,,.(K). Then
we are back in the case of semisimple groups, and the constructions in the proof of The-
orem 2.2, see especially (14.3), were designed such that the L-parameter of Wder\Ggﬂ( K)
is the image of Ar,, in ®u(GY, (K)). Similarly, the constructions in Section 13 and
their wrap-up after (14.4) show that the enhancement for Tdger|gs (1) contains py, .

The above says that (15.13) is compatible with the almost direct product G =

(G4,Z2(G¥)q) Z(G¥)s. Now the same argument as in and directly after (15.4) and

(15.5) shows that Theorem 2.(4) holds. O

16. THE HIRAGA-ICHINO-IKEDA CONJECTURE

We fix an additive character ¢ : K — C* which is trivial on the ring of integers
0x but nontrivial on any larger fractional ideal. We endow K with the Haar measure
that gives ox volume 1 and we normalize the Haar measure on (G*/Z(G%¥),)(K) =
GY(K)/Z(G"¥)s(K) as in [HII]. As 1 has order 0, the Haar measure agrees with that
in [GaGr, §5] and [Gro, §4]. The formal degree of a square-integrable modulo centre
representation of GY(K) (e.g. a unitary supercuspidal representation) can be defined as
in [HII, p. 285].

For a L-parameter A € ®(G“(K)) we write

(16.1) S§ =m0(ZG/z(c)) (M)

When A is discrete, as it will be most of the time in this paper, we do not have to take
the group of components in (16.1), for the centralizer group is already finite.

Let 7 € Irr(G*(K)) cusp,unip and let (Ar, pr) be its enhanced L-parameter from Theo-
rem 2. It was conjectured in [HII, Conjecture 1.4] that

(16.2) fdeg(r) = dim(p) [S5_| 7" [7(0, Ad © Ar, ).

We will prove (16.2) with a series of lemmas, of increasing generality. Thanks to Propo-
sition A.7 we do not have to worry about restriction of scalars.

Lemma 16.1. The equality (16.2) holds for Irr(G¥(K))cusp,unip When G is semisimple
and adjoint.
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Proof. By [GaGr, Proposition 6.1.4] the normalization of the Haar measure on G*(K) is
respected by direct products of reductive K-groups. It follows that all the terms in (16.2)
behave multiplicatively with respect to direct products. Using that and Proposition A.7,
we can follow the strategy from the proof of Proposition 12.2 to reduce to the case of
simple adjoint groups. For such groups (16.2) was proven in [Opd, Theorem 4.11]. O

Lemma 16.2. The equality (16.2) holds for Irr(GY(K))cusp,unip when G is semisimple.

Proof. As in Sections 13 and 14, we consider the covering map G — G,q. We will show
that it adjusts both sides of (16.2) by the same factor.

From (1.16) and (1.17) we see that

dim(o?) dim(o)

16. fd = .
(163) (M) = ol Ngm (PFo)) ~ vol(PF) [0PF]
The volume of the Iwahori subgroup of G¥(K) with respect to our normalized Haar
measure was computed in [Gro, (4.11)]. In our notation, it says

(16.4) vol(PFe) = @me—((dim@rdim G)/2

With [DeRe, §5.1] one sees that this formula holds for all parahoric subgroups of G*(K).
By [GeMa, Proposition 1.4.12.c] the cardinality of the group of F-points of a con-
nected reductlve group does not change when we replace it by an isogenous §-group. In
particular |Puq “\ = \IF’F“] From [Lusl, §3] we know that o can also be regarded as a
cuspidal unipotent representation o,q of %Fw and then of course dim(o,q) = dim(o).
Choose a maq € Irr(Ggy(K))p,4,0.q Whose pullback to G¥(K) contains 7. The above

allows us to simplify

. —(dim P, q+dim G,q)/2 G,JP’
fdeg(m)  dim(o)gz "™ ”\IP “leer] 0%

16.5 =

dlm(aad)qK

Recall from Section 14 that the image of A , under G.a' — GV is \;. Adjoint y-factors
are defined via the action on the Lie algebra of GV, so

(16.6) (s, Ad o A, ) = (s, Ad o Ar ., V).
From (13.8) and Lemmas 13.2 and 13.3 we see that
(16.7) dim(pr)/ dim(pr,g) = [Ax,  (Ax:)pr,, |-
With (13.10) we can express (16.7) as
0,p 0,p — _
(16.8) [y + PN, ] = 190 1Q7F NNy HOOF NG, 17

Write Sy, = mo(Zgv,.(N)), as in the proof of Lemma 13.2. Then S, L= Sg\ and
a Tad

(16.9) S, 1185, 171 = 12(GYs)’1Z(GY)!|

Like for any finite abelian group with a Z-action, there are as many invariants as co-
invariants. Also taking (1.1) account, (16.9) equals

(16.10) 12(GYsc)ol 1Z(GY)o|™F = [(9%0)* [ 1(Q°)] 7 = [Qq : Q7).
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With (13.5) we obtain
S5 1185., 17" = IS5 118, 7 IS, = S,
(16.11) =00, : Q771 - QHN/\ﬁad]
= 1Q1Q°N,, T =19 NNy [Ny, [T

Recall from (13.3) that N Ao QZED , which implies Q N N Ay = QOF NN Ar,, - From
(16.6), (16.8), (16.9) and (16.11) we deduce

dim(pr) |83 [0, AdoAm )| (00 |QPP AN, [Ny,
dim(pr,) [S5_[[7(0,Ad o Aryyy )| 1QFFIINA, 19 AN, | [99F]

907Pad
(16.12) [ag |

Now (16.5), (16.12) and Lemma 16.1 imply (16.2) for all 7 € Irr(G* (X)) cusp,unip- O

Lemma 16.3. The equality (16.2) holds for Irr(G*(K))cusp,unip when G is reductive
and Z(G)° is K-anisotropic.

Proof. Recall that in Section 15 we established Theorem 2 for G via restriction to Gger.
By [Lusl, §3], the cuspidal unipotent representations of P*» can be identified with those
of ngr. (Recall that by definitions all these representations are inflated from finite
reductive groups.) We denote o as ngr—representation by 0ger- In Lemma 15.2 we
checked that Q#F = Q%"

Let P, be the image of Z(G)4(Ky) = Z(G)°(Ky:) in P, an F-anisotropic torus of the
same dimension as Z(G),. Then P, x Pg,, is isogenous to P, and [GeMa, Proposition
1.4.12.c] tells us that

FW|_ Fw|

5 Fu
Pa [ [Paer [P
Since (16.3) and (16.4) are also valid for G¥(K), we can compare the formal degrees of
7 and its restriction mger to G4, (K):
. dim Pgey+dim Gaer) /2|5 Fo dim P, +dim Z(G)4)/2
(16.13) tdes(n) _ dim(o)q M S PR gy g e

fdeg(ﬂ'der) dlm(gder)q;((dlmlf”+d1m(} /2|]P)Fw| ’QQ ]P” ‘]P’ Fw‘

Recall from Lemma 15.4 and the proof of Proposition 15.6 that Ar, . is the canonical
image of Ax under GV — Gqer . Using the decomposition

8" = gder ® Z(g") = Lie(Gaer”) @ Lie(Z(G)y ),
we can write

Adgv o Ar = Adg,, v © Ary., @ (action of Wg /Ig on Z(g")).

der

The action of Wx on Z(g¥) can be considered as the composition of the adjoint rep-
resentation of 'Z(G), and idw, (as L-parameter for Z(G),(K)). From the definition
(A.6) we see that

(1614) 7(87 AdGV ° Aﬂ'a w) - 7(87 AdeCYV © )\Wdeu IU)W(S? AdZ(G)(\{ © idWK7 ¢)
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Recall from Lemma 15.5 and the proof of Proposition 15.6 that p, can be identified with
Prae- Since Z(G)q(K) is a torus, L-parameters for that group do not need enhance-
ments. Formally, we can say that the enhancement of idw  is the trivial one-dimensional
representation of Aiqy, = m0(Z(G)y) = 1.
As in the proof of Lemma 15.5 we see that
St = {gZ(GV)o € Gaer” : gArg~ ! = 2\, for some z € Z(GV)O}.

Aﬁder

By (15.2) this equals
{gZ(GV)O € Gaer” : ¢ Arg' ™t = Ay for some ¢ € gZ(GV)O}
= ng ()\ﬂ)/ZZ(G\/)o (>\7r) = S&\W/Z(GV)O’H.
Now we compare the right hand sides of (16.2) for 7 and 7ge,:

(16.15) dim(pr) 1S5, 117(0,Adgv 0 e )| 7(0, Adg(ayy o idw, %)
’ dim(pﬂ-der) |Sﬁﬂ-| |’7(07 Adeerv 0 >\7Tder7 dj)‘ |Z(GV)O’6|

It was shown in [HII, Lemma 3.5] that

. im a o 7Fw —
(0, Ad gy © idwe, ¥)] = g™ D)) (z(Gv)>0| 1B,

Then (16.15) becomes

dim Z(G)a |5 Fuw | —
ax" R =

q(dim Po+dim Z(G)a)/2 ‘EFM ‘717

K - 1K
which equals (16.13). In combination with Lemma 16.2 for Gge, that gives (16.2) for
7 € Irt(GY(K) ) cusp, unip- O

We are ready to extend (16.2) to K-split reductive K-groups.

Proof of Theorem 3
Let m € Irr(G¥(K) ) cusp,unip be unitary. As observed in (15.7), there exists an unramified
character xy € Xy, (G¥(K)) such that 7/ := 7@y ! is trivial on Z(G¥)s(K). By definition
[HII, p. 285]

(16.16) fdeg(w) = fdeg(n’),

where 7’ is regarded as a representation of (G*/Z(G*);)(K). By construction (15.13)
(s ) = O, ),

where xV € Z(GY)j is the image of x under (1.3). Recall that our adjoint representation

of “G does not act on Lie(G") but on Lie((G/Z(G)s)"). From (A.6) and the definitions
of L-functions and e-factors in [Tate] we see that

Y(s; Ad o Ar, ) = (s, Ad o Apr, 9h).

The group Sg\ﬂ is already defined via (G/Z(G)s)Y, so it equals S/ﬁ\ - A part of the
construction of (15.13) is that p, can be identified with p,s. Thus the entire expression

dim(pr) |5 |71 (s, Ad o Ar, )
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remains unchanged when we replace m by 7’ and G¥ by G*/Z(G%)s. In view of (16.16)
this means that (16.2) for G“(K) is equivalent to (16.2) for (G“/Z(G"“)s)(K). The group
G¥/Z(G¥), has K-anisotropic connected centre, so for Irr((G¥/Z(G%),)(K))
we have already established (16.2) in Lemma 16.3. O

cusp,unip

APPENDIX A. RESTRICTION OF SCALARS AND ADJOINT y-FACTORS

Let L/K be a finite separable extension of non-archimedean local fields. In this
appendix we will first investigate to what extent local factors are inductive for W C
Wg. This question is well-known for Weil group representations, but more subtle for
representations of Weil-Deligne groups. We could not find in the literature, although it
probably is known to some experts. After establishing the inductivity result for general
Weil-Deligne representations, we will check that it applies to the Langlands parameters
obtained from restriction of scalars of reductive groups. Then we will show that the HII
conjectures are stable under Weil restriction.

We follow the conventions of [Tate] for local factors. Let ¢ : K — C* be a nontrivial
additive character . We endow K with the Haar measure that gives the ring of integers
ox volume 1, and similarly for L. For s € C let ws : Wg — C* be the character
w — ||w||®. For any (finite dimensional) W g-representation V', by definition

L(s,V)=Llws®V) and €(s,V,9) =e(ws @V, ).

We endow objects associated to L with a subscript L, to distinguish them from objects
for K (without subscript). The restriction of wg from W g to W, equals ws (as defined
purely in terms of L), so for any W -representation Vi

(A1) indwi< (Ws®VL) = ws ® indwf VL.

As concerns representations of the Weil-Deligne group W g x SLs(C), we only consider
those which are admissible, that is, finite dimensional and the image of W g consists of
semisimple automorphisms. In view of [Tate, §4.1.6] that is hardly a restriction for local
factors. It has the advantage that the category of such representations is semisimple, so
all the local factors are additive and make sense for virtual admissible representations

of Wg x SLa(C). (The definitions of these local factors will be recalled in the course of
the next proofs.)

Lemma A.1. L-functions of Weil-Deligne representations are inductive. That is, for
any admissible virtual representation (11, V5,) of W, x SLa(C):
L(s,indgfjgfj((gﬁ;) = L(s,7y) forallseC.

Proof. Since these local factors are additive, we may assume that (pr, V7) is an actual
representation. We write Nz, = d(7z|s,(c)) (§ §) € Endc(Vz) and

. JWgxSLy(C . T WgxSLy(C
V= indw 5o Ve, = ind@R iR C . N = d(rlszye) (§5) € Ende(V).

Then the kernel of N in V is stable under 7(W ) and the kernel of Ny, is a 77, (Wp)-
stable subspace of V7. One checks directly that ker NV = indgf (ker N1) and

(A.2) Tlker N = indgf (TL|kerNL)-
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By definition [Tate, §4.1.6]
(A.3) L(s,7) = L(ws ® ker N'%) = det (1 — q;(ST(Frob)\kerNIK)fl.

The function L, from Weil group representations to C*, is additive and inductive [Tate,
§3.3.2]. The latter means that

(Ad)  L(ws®@ker Ni*) = L(indy* (ws ® ker N[*)) = L(w, @ indyy ¥ ker N;*).

Let E be the maximal unramified subextension of L/K, and define Ng, g etcetera in
the same way as for K. Since Ip = I,

(A.5) indgg(ker N}EE) = (indwg< ker NE)IK = ker N'x.
From (A.2), (A.3), (A.4) and (A.5) we deduce that
L(s,7) = L(ws @ ker N'&) = L(ws ® indgg (ker NJIEE)) = L(s,7g).

The extension L/FE is totally ramified, so g, = gg. We can take Frobg in W, then it
is also a Frobenius element of W,. From

ws @ ker NP = (ws ® indwf (ker NiL))IE = (indgf (ws ® ker NiL))IE = w, @ ker NJ*
and (A.3) we obtain L(s,7g) = L(s,71). O

Let ek and fr/x denote the ramification index and the residue degree of L/K,
respectively. We endow L with the discrete valuation whose image is Z U {cc}. The
restriction of this valuation to K equals ey /i times the valuation of K.

Recall that the order of v is the largest n € Z such that ¢¥(k) = 1 for all k € K of
valuation > —n. Let ¢ : L — C* be the composition of ¢ with the trace map for L/K.
We recall from [Ser, Proposition I11.3.7] that the order of v, is determined by the order
of ¢ and the different Dy, /g of L/K. For [ € L* we define another additive character
Yy of L by

Yri(y) = Yr(ly) = btk (ly)).
Theorem A.2. Let (11,,Vy) be an admissible virtual representation of W, x SLa(C).
(1) For everyl € L™ and every s € C:

. Wk xSLa(C . WixSLy(C
(s, mdwf: SLa ((C)) 7L, 9) _ (s, mdvvfxX SLa (((C))TL’ V)

V(SaTLﬂpL,l) E(S>TL7wL,l)

(2) For all s € C:

. SWxxSLs(C) .
G(Svmdwf:SL;(C) L, ) _ <€(C[WK/VVL],¢)>C1 (V2)

€(S7TL7¢L) E(triVWL')wL)

In particular, e-factors of Weil-Deligne representations are inductive for virtual
representations of dimension zero.
(3) When L/K is unramified:

6(87 lndgfjgfj((g))’rln 17/))6(57 TL, ¢L)_1 = (_1)([LZK]—1)OTd(¢) dim(VL)'
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(4) Suppose that (ws @ 11, V1) is self-dual or unitary. For anyl € L*:

. W xSLy(C .
6(5=mdwf:SL22((<C))TL7¢) _ e(CIWg /W], v) dim(V2)
(s, 70,YrLy) e(trivw, , Y1) '

(5) We denote the Artin conductor of a W g-representation V' by a(V). When
ord(y) = ord(vr;) =0 and (ws ® 71, V1) is self-dual or unitary:

. Wi xSLy(C)
e(s,mdwfstz(c) L, Y) _ qa((C[WK/WL])dim(VL)/2 = [or,: Dy, K]dim(vL)/;
6(57 TL, wL,Z) K /

Proof. We use the conventions and notations from the proof of Lemma A.1.
(1) Recall from [GrRe, §3.2] that for any admissible representation V of W g x SLo(C):

(A.6) (s, Vi) = (s, V, ) L(1 — 5, V*)L(s, V)~

With this definition (1) is an obvious consequence of Lemma A.1.
(2) We write
coker N = V/ker N and coker Ny = Vi, /ker Np.

These are representations of W and Wi, respectively. From (A.1) and (A.2) we see
that

(A7) indgf (ws @ coker N1,) = ws ® coker N.

Since I is compact,
(coker N)'& = V1K /ker N1x.
For a W x SLo(C)-representation (7, V;) we define a W g-representation (79, V) by

1/2 0
To(w) = T(w’ (uw\(\) ||w||*1/2) )
By definition [Tate, §4.1.6]

(A.8) e(s,7,1) = €(ws ® 70, ) det ( — ws @ T(Frob) | oer N1k )5
As L/FE is totally ramified, q;, = qp and Froby = Frobg. From (A.1) we see that
ws ® cokerN1E = (ws ® indgfcokerNL)IE = ws ® CokerNiL.
Hence the rightmost term in (A.8) is the same for 75 and for 7.
As in (A.5), we find that
ws ® coker N K = (ws ® deE coker NV, E) = 1ndwE (ws ® coker Ny )
With elementary linear algebra one checks that

(A.9) det ( — ws ®@ T(Frob)| oyer nix ) = det ( — ws @ 75 (FroblZH))|

ig ).
coker N )

Since Frob® %l is a Frobenius element of W g, we see that here the rightmost term in
(A.8) is the same for 7 and for 7, which we already know is the same as for 7.

By [Tate, §3.4], €(V,%) is additive and inductive in degree 0 (i.e. for virtual W -
representations V' of dimension 0). Consider the virtual W p-representation

(A.10) Vi = (ws ® 11,0, V1) — dim(V)(triv, C).
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The inductivity in degree 0 says

e(ws @ 10, e(trivw, , )~ BVE) = (VP pp) =
E(indwfvﬂw = e(ws @ 70, 1) e(C[W ¢ /W], )~ Im(Vz),
We rewrite (A.11) as

(A.11)

(A.12)

e(ws @ 70,9) (e(@[wK/wL],w i)
e(ws ®TL0,%r)  \  eltrivw,,vr) ) '

In view of (A.8) and the above analysis of the rightmost term in that formula, (A.12)
equals €(s, 7,1)e(s, 71,%1) "1, as asserted. In particular we see that

(s, m,0) = €(s,mr,vr) if dim(Vy) =0,

proving the inductivity in degree zero.

(3) When L/K is unramified, we can simplify (A.12). In that case [Ser, Proposition
I11.3.7 and Theorem III.5.1] show that ord(¢z,) = ord(¢)). Furthermore the Wg-
representation C[Wg/Wp] is a direct sum of unramified characters, which makes it
easy to calculate its e-factor. Pick a € K* with valuation —ord(v), so that the additive
character 1, : k — 1 (ak) has order zero. From [Tate, (3.4.4) and §3.2.6] we obtain

(A13)  1=e(C[Wk/Wi], ) = lal " det(a, C[W /W1 ])e(C[W i /W], ).

By the assumptions on a and L/K,

: rd : rd rd
]a‘[ng] = ¢ (L:K] _ @ () _ ¢ ¥r)

The group Wx /W, can be identified with (Frob)/(Frob“%]y. Elements of valuation
one act on that through a cycle of length [L : K], and a acts by the ord(¢)-th power of
that cycle. Consequently

det(a, (C[WK/WL]) — (_1)([L:K]—1)ord(w)'
On the other hand, by [Tate, (3.2.6.1)] e(trivw,,vr) = qzrd(m). Now (A.13) becomes
e(C[Wx /W], ) = qzrd(w)(_1)([L:K]—1)ord(¢) _ G(triVWL,¢L)(—1)([L:K]_1)Ord(w).

Combine this with part (2).
(4) By [Tate, (3.4.4)] applied to (A.10)

(A.14) (Ve r)e(VE, ¥r) " = det(l, VE) = det(ws ® r,0(0), VL )-
By the assumed self-duality or unitarity of ws ® 7, |det(ws ® 77,0(1),Vz)| = 1. Then
(A.14) says
€(s,7r,%1)
e(trivwy, , 1 )dim(Ve) |7

6(87 TL, ¢L,l)
G(tl"iVWL , @Z)L’l)dim(VL)
Combine that with part (2).
(5) We work out the right hand side of part (4). Since ord(¢r;) = 0 and oy, has volume
1, e(trivw,,¢r;) = 1 [Tate, §3.2.6]. The Haar measure on K which gives 0x volume
1 is self-dual with respect to the additive character ¢ of order 0. Hence [Tate, (3.4.7)]
applies. It tells us that

(A.15) le(CIWx /W], 9))? = q?((C[WK/WL])_
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Let 0,, /o, be the discriminant of o7 /of, an ideal of ox. By [Ser, Corollary VI.2.4]
applied to the trivial representation of Wy :

(A.lﬁ) a(C[WK/WL]) = fL/Ka(tl"iVWL) + ValK(aoL/oK) = ValK(DOL/OK).

By [Ser, Proposition II1.3.6] the image of the different Dy (an ideal in o7,) under the

norm map for L/K is precisely 0,, /o, , S0

(A.17) valk (05, 0, ) = valL (D k) (L : K]ez/lK =val,(Dr/k)fr/k-
It follows from (A.15)—(A.17) that

e(CIWg /WL, )| a@Wi/Wil)/2  valo(Doyx)fr/x/2  valn(Dpyx)/2
(A.18) - =(qy = Qg =q; .
e(trivw,,¥r)

1.,(D
Finally we use that qza £(Pr/k)

= [0 : Dp k] and we plug (A.18) into part (4). O

Supppose that L/K is a finite separable field extension and that H is any connected
reductive L-group. Let G = Resy i (H) be the restriction of scalars of H, from L to K.
Then G(K) = H(L) and, according to [Bor, Proposition 8.4], Shapiro’s lemma yields a
natural bijection

(A.19) O(G(K)) — (H(L)).

It is desirable that (A.19) preserves L-functions, e-factors and 7-factors — basically that
is an aspect of the well-definedness of these local factors. Recall from [Spr, §12.4.5] that
G = ind%f{H ~ HILE]D a9 L-groups.

This yields isomorphisms of W g-groups
(A.20) GY = indy* (HY) = (HY)FK],

We regard HY as a subgroup of GV, embedded as the factor associated to the identity
element in W /W . From the proof of Shapiro’s lemma one gets an explicit description
of (A.19): it sends

A€ ®(G(K)) to (HY-component of )\}WLXSLQ(C)) € ®(H(L)).

Let Ad or Adgv denote the adjoint representation of “G on
g”/Z(g")WV¥ = Lie(G") /Lie((Z(G)s)").

For any A € ®(G(K)), Ad o A is an admissible representation of Wx x SLs(C) on
g"/Z(g")Wx. We refer to the local factors of Ado A as the adjoint local factors of A (all
of them tacitly with respect to the Haar measure on K that gives ox volume 1).
Beware that the split component of the centre Z(H); is not compatible with restriction
of scalars: Resy i Z(H)s is not K-split and contains Z(Resy/xH)s as a proper subgroup.

Lemma A.3. Let L be a finite separable extension of K and denote the bijection
®(G(K)) = ®(H(L)) from (A.19) by X — Am. Suppose that Z(H)° is L-anisotropic.

Then Adgv o) can be regarded as indgfjgfj((g)) (Adgvoldn). In particular the adjoint

local factors of X and Mg are related as in Lemma A.1 and Theorem A.2 (with Vi, = §Y
and V =g").
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Proof. The proof of Shapiro’s lemma and (A.19) entail that every A € ®(G(K)) is of
the form

(A.21) A =indg XS A fora Am e @(H(L)).

To make sense of this induction, we regard A (resp. Ag) as a representation on GV
(resp. HY) and we apply (A.20). Then Adgv o A : Wk x SLy(C) — Aut(g¥) equals

indgf; 5 LLj((g)) (Adgv o Ag). Knowing that, Lemma A.1 and Theorem A.2 apply. O

Lemma A.3 shows that adjoint L-functions of groups with anisotropic centre are always
preserved under restriction of scalars (most likely that was known already). Surprisingly,
it also shows that adjoint e-factors and adjoint y-factors are usually not preserved under
Weil restriction, only if L/K is unramified (and up to a sign).

We will deduce from Theorem A.2 that the HII conjectures [HII] are stable under Weil
restriction: they hold for G(K) if and only if they hold for H(L). For that statement
to make sense, we need a way to transfer enhancements of L-parameters from G(K) to
H(L):

Lemma A.4. The map (A.19) extends naturally to a bijection ®.(G(K)) — ®.(H(L)),
which preserves cuspidality.

Proof. For ®(H(L)) the equivalence relation on L-parameters and the component groups
come from the conjugation action of H" and for ®(G(K)) they come from the conju-
gation action of (A.20). But (A.19) means that a L-parameter for G(K') depends (up
to equivalence) only on its coordinates in one factor HY of GV, so the conjugation ac-
tion of the remaining factors of GV can be ignored. Further, (A.21) induces a group
isomorphism

1

Ay A

(A.22) L e

where the right hand side is a subgroup of indgf (H".). Consequently (A.19) extends
to a bijection

(A.23) b (G(K)) — ¥ (H(L)).

For G(K) cuspidality of enhancements of A is formulated via

(A.24) Zgv. .M Wk)) = 2V av.) AWK)) = Zuv (A(Wr)),

L
where the isomorphism is a restriction of Ay = Ay, . The right hand side of (A.24) is just
the group in which we detect cuspidality of enhancements of )\}WLX SLa(C)" Therefore
(A.23) respects cuspidality. O

In [GaGr] a canonical Haar measure |wg| on G(K) was constructed. It involves the
motive Mg of a reductive group [Gro]. By [GrRe, (18) and §3.4] the Artin conductor
of Mg equals the Artin conductor a(g"), where the Lie algebra g¥ is endowed with the
W p-action from conjugation in “G.

In [HII] a measure pug, on G(K) is defined in terms of |wg| and the Haar measure
on K that is self-dual with respect to ¥. When 1 has order 0, that self-dual measure
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gives ox volume 1 and pg,y equals |wg|. That works well for K,-split groups, but for
ramified groups we need [HII, Correction]|. Unfortunately the formula

_ \

MIG,'[/J = ¢ 20 )/ZMG,w
from [HII, Correction] is incompatible with the equality F‘,G,zp = UG,y for many groups
[GaGr, Corollary 7.3]. On the other hand, such a Nlc;,w is definitely needed in [HII,

Correction]. To make it work in all cases, we redefine

(A.25) G = q%(a(g )+ord(w)dimG)/2|wG|'

For Ky,-split reductive groups this pg . agrees with [HII], because for those a(g¥) = 0
[GaGr, §4] and (A.25) exhibits the same transformation behaviour with respect to ¢ as
in [HII, (1.1)].

Correction: (A.25) is only satisfactory when Z(G) is compact, in general the best
normalization is . ‘
HGy = q;((a(g )Ford(y) dlm(G/Z(G)s)/2|wG|'

This is needed to let the measure transform correctly when v is modified. For Lemmas
A.5 and A.6 this does not matter, they work with both (A.25) and the correct version.
The more important Proposition A.7 is actually based on the corrected normalization,
for in the proof it is assumed that reduction to the case ord(¢)) = 0 is possible.

Lemma A.5. Let N be a normal connected K -subgroup of G such that the sequence of
K -rational points

1> NK)—>GK) = (G/N)K) =1
is exact. Then gy = UNypHG /Ny, 1 the sense that for all f € Co(G(K)):

Jo f@ ot = [ ([ smdis ()i 0

Proof. We revisit the construction of |wg| in [GaGr, §5]. Let Gg be the split form
of G and let ¢ : G — Gy be a isomorphism of Ks-groups. Write Ng = ¢(N) and
(G/N)y = Go/Ny. We choose a Chevalley model for Gy over ox. This also provides
Ny and (G/N)o with Chevalley models over ox. Let wn, be an invariant differential
form of top degree which has good reduction modulo wg (with respect to the Cheval-
ley model). Choosing w(g/n), in the same way, the product wn,wG/N), defines an
analogous invariant differential form wg, for Go.

The invariant differential forms wN,wg and wg, N are obtained from their ”split ver-
sions” by pullback along ¢, so they also satisfy wg = wNwg/N- In view of the exactness
of the sequence in the statement, the associated measures on the K-rational points of
the involved groups are related as

(A.26) wa| = |on| lwe /Nl

As representation of Gal(K;/K), gV is the direct sum of nV := Lie(NV) and Lie(G/N)V.
With the additivity of Artin conductors we deduce that

(A.27) q}—((a(gv)-l—ord(w) dimG)/2 _ q}—{(a(nv)-i-ord(w) dim N) /gq;(a(Lie(G/N)VHord(w dim(G/N)) /2'

Comparing (A.26) and (A.27) with (A.25), we obtain ugy = UNyHG/N - O
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Replacing H(L) by G(K) effects the formal degrees of square-integrable representa-
tions with respect to (A.25), but in a transparent way:

Lemma A.6. Suppose that Z(H)® is L-anisotropic and that m € Rep(G(K)) is square-
integrable. Then

—(a(g")+ord(y) dim G)/2

fdeg(m, pG,v)ak )a, —(a(h¥)+ord(yr) dim H)/2.

= fdeg(m, pry; )q
Proof. By [GaGr, Proposition 6.1.4] the measure |wg| is respected by restriction of
scalars, that is, |wg| = |wg|. Note that

fdeg(r, pgp)a " T IO — fheg(r, |wa)

and similarly for H. O

Our adjoint local factors coincide with those [HII] if the additive characters on K and
L have order zero. But that is not always tenable. Namely, if ¢ : K — C* has order
zero, then 1y, (the composition of ¢ with the trace map for L/K) need not have order
zero. More precisely, when ord(i)) = 0, [Ser, Theorem IIL.5.1] says that ¢;, has order
zero if and only if L/K is unramified.

So far we used the Haar measure dz on K that gives 0x volume 1. When we compute
e-factors or y-factors with respect to an arbitrary additive character v, the conventions
in [HII] impose that employ the Haar measure on K which is self-dual with respect to .
Thus we take ¢~ 4¥)/2dx and we include it in the notations of e-factors and ~-factors.

For a € K* the additive character ¢, :  — 9 (za) has order ord(v)) + valg(a). We
recall from [Tate, (3.4.3) and (3.4.4)] that

(S v wm (ord(y)+valk (a ))/2d:13) o 6(8 V % (ord(y)+valk (a ))/2d.’17) }’?lK(a) dim(v)det(v, a)
(8 V4, q —ord( 1/;)/2d ) valg (a) dim (V') /2 det(V, a)
= €(s, Vo, q O i) af P det(V, a).
With these notations, the HII conjecture can be formulated more precisely as
(A.28) fdeg(m, pug,y») = dim(py) ]S§ﬁ|_1 |v(0, Adgv © Ar, 0, ¢4/ 2qz) .

Let us recall what [HII] says about this for a split torus GL}. Let x be a unitary smooth
character of GLT(L). By definition fdeg(x, ucLyy,) equals the formal degree of the
trivial representation of the trivial group, which is just 1. Similarly all objects on the
right hand of (A.28) are trivial, for they come from the zero-dimensional representation
of Wg x SLy(C). Hence (A.28) reduces to the equality 1 = 1.

After restriction of scalars and dividing out the split component of the centre, we end
up with the anisotropic K-torus T := Resy,/x(GLY)/GLY}. From the proof of Theorem
3 on page 45, we know that both sides of (A.28) for Resy k(G L1)(K) reduce to the
same expressions for T(K). Hence we may assume that x is trivial on GLT(K). The
conjecture of Hiraga, Ichino and Ikeda was never conjectural for tori, they proved it
immediately. By [HII, Correction], applied to the smooth character x of T(K):

@)/ L(1,Adpv o Xy)  dim(py)

A29) fd B
(A.29) eg(X; pry) = ‘Tv Wi L(0,Adpv o )y)  |SE |
X

[7(0, Adpv 0 Ay, ).
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Moreover, none of the terms in (A.29) depends on x and p,, is just the trivial represen-
tation of the group Ay, = 1.

Proposition A.7. Let H be any connected reductive L-group and let 7 € Trr(H(L))
be square-integrable modulo centre. Let (X, p) € ®(G(K)) be an enhanced L-parameter
associated to 7, and let (Ary, pry) € Pe(H(L)) be its image under the map from Lemma
A.4. The following are equivalent:

e The HII conjecture (16.2) holds for m as G(K)-representation, with respect to
any nontrivial additive character of K.

e The HII conjecture (16.2) holds for m as H(L)-representation, with respect to
any nontrivial additive character of L.

Proof. If the HII conjecture holds for 7 € Irr(G(K)) with respect to one nontrivial
additive character of K, then by [HII, Lemma 1.1 and 1.3] it holds with respect to all
nontrivial additive characters of K. The same applies to 7 as representation of H(L).
Therefore we may assume that ord(y)) = 0, and it suffices to consider one additive
character of L.

First we assume that Z(H)® is L-anisotropic. Choose [ € L* of valuation —ord ().
Then the character ¢y, ; : « — 1 (lz) of L has order zero. By Lemma A.6

\2 \4

(A.30) fdeg (m, 0, ,) = Edeg(m, ) gy,
By the self-duality of the adjoint representation of “G, the right hand side of the HII
conjecture (A.28) is

dlm(pﬂ-) L(l, Ade o )\ﬂ-)

A.31 —_— Adgv o Ar, .
( 3 ) |S§\ 6(07 G © /l/])L(O,AdGV o )\71-)

It follows quickly from (A.24) that (A.19) induces an isomorphism
(A.32) S = m0(Zav (M) — mo(Zuv (Aew)) = S5

In (A.22) we checked that Ay, = A, , which implies dim(pr) = dim(pry ). By Lemmas
A1 and A.3 the L-functions in (A.31) do not change if we replace Arx by Azy. So all
terms in (A.31), except possibly the e-factor, are inert under

()\7”[)71-) — ()‘ﬂ'HHOﬂ'H)'
By Lemma A.3 and Theorem A.2.(5)
(A33) |60, Adpv 0 Ay, 10r.0)] = |€(0, Adgy 0 Ay, )| CTWi/WiD dim(E) /2
By [Ser, Corollary VI.2.4]
a(g”) = fr/ra(h’) + dim(H")a(C[Wg /W]).
Then (A.33) becomes

a \% —a \%
(A.34) €(0, Adgrv © Amgg, ¥r.0)| = |€(0, Adgy 0 A, )| g LH/2 0 72@D/2,
From (A.30) and (A.34) we see that replacing G(K) by H(L) adjusts both sides of

(A.28) by the same factor qu/Ka(h )-ale ))/2.
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We come to the general case, now H can be any connected reductive L-group. We
abbreviate G’ = Res,/x (H/Z(H)s) and T = Resy/x(Z(H)s)/Z(G)s. Applying (15.13)
to H(L), we obtain a short exact sequence
(A.35) 1— ZH)s(L) - G(K) - G'(K) = 1.

With Galois cohomology one checks that T(K) = Z(H)s(L)/Z(G)s(K), just like (15.13).
Plugging that into (A.35), we obtain a short exact sequence
(A.36) 1 - T(K) = (G/Z(G)s)(K) - G'(K) — 1.

Fix a unit vector v in the Hilbert space on which 7 is defined. The formal degree of 7
is given in [HII] as

(A37)  fdeg(m duczic).0) " = / ((n(g)v, ) Pl 2. 0 (9).
(G/Z(G)s)(K)

As 7 is square-integrable, its central character is unitary. Hence |(m(g)v,v)| depends
only on the image of g in H(L)/Z(H)s(L) = G'(K). With (A.36) and Lemma A.5 we
see that (A.37) equals

/ / 9)0,0) Pdpr i (g) = .y (T(K)) / ()0, ) Pdpcr (g).
d "(K)
By (16.3) and (A.29), for any x € Irr(T(K)):

(A38)  prp(T(K))™ = fdeg(x, dur,s) = dim(p,)| S5 |~ 17(0, Adpv 0 Ay, )]

We point out that b := Lie((H/Z(H);)") is a representation of Gal(K,/L). Its Artin
conductor is understood as such. From [GaGr, Proposition 6.1.4] and (A.25) with
ord(y)) = ord(¢r,;) = 0 we see that

1A% 2 1A% 2
/G o (@O0 0Pl (o) = a R0 / [(m(9)0, 0) Pdbtsr 7). 0, (9)

(H/Z(H);)(L)
f alb’™)—ala’V
:q%L/K (h"V)—a(e"))/2 fdeg(ﬂ duH/Z( )sﬂlle) '

When we put all this into (A.37), we find that

fdeg(7, duG)z(G),w) =

(A.39) M) fualy’))/2
g IO P dog (r, dpry 2y, 0, e (. dpir )

By (A.36) the representation space Lie(G")/Lie((Z(G)s)Y) for the adjoint y-factor can
be decomposed as Lie(G’Y) & Lie(T"). The action on the central Lie subalgebra Lie(T")
does not depend on the specific L-parameter, it comes only from the canonical W k-
action. The additivity of local factors tells us that

(A.40) (s, Adgv o Ar,¥) = v(s,Adgv o Ar, ¥)y(s, Adpv 0 Ay, ).
From (A.36) we also get a short exact sequence

(A.41) 1 — Zagwv (>\7r) — Z(G\//Z(G)S)\/()\ﬂ—) — Zpv ()‘X) — 1.
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The involved L-parameters are discrete, so all the groups in (A.41) are finite. By defini-
tion, their component groups are the S&W for the three cases. Thus (A.41) says that

(A.42) S5 /Sh =S, and |85 | =S [ISh];

where the prime means that the group comes from G’. Similar calculations show that
Ay, = 1 and Ay, = A, . In particular p; is the same for G and for G’. From that,
(A.40) and (A.42) we deduce that

dim T dim T O’Ad voA i
(A43) #h/(o’ Adgv o, Q]Z))| = #h/(o, Adgrv oAy, ?,Z))’ |’7( Tti X sz))’
5% | 5% | 95

Using (A.29) and our earlier findings for groups with anisotropic centre, in particular
(A.34), we can simplify (A.43) to

Ny— ~yy/2dim(px
g0 ) e ‘Sﬁ(“)w(o,AdeoAm,wfdeg(x,duT,w-

Ay

We compare that with (A.39) and we note that replacing H(L) by G(K) adjusts both
sides of the HII conjecture (A.28) by a factor

qg?(glv)_fL/Ka(h/V))/zfdeg(X,d/iTﬂZ’)' =

In the body of the paper we only use Proposition A.7 for unramified extensions L/K.
That case can be proven more elementarily, without Artin conductors.
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