
The principle of open induction as an axiom of

intuitionistic analysis

It is well-known that Brouwer rejected the principle of the excluded third,
and thereby, as Hilbert said, forbade the boxer to use his fists. On the other
hand, he proposed some axioms. One of these axioms, the principle of bar
induction, has as a consequence the fan theorem, and the fan theorem, in its
turn, is equivalent to the

Heine-Borel Theorem: Let (a0, b0), (a1, b1), . . . be an infinite se-
quence of pairs of rational numbers with the property that, for each
x in [0, 1], there exists n such that an < x < bn.

Then there exists N such that, for each x in [0, 1], there exists n ≤ N
such that an < x < bn.

A long list has been made of statements that, like the Heine-Borel theo-
rem, are equivalent, in basic intuitionistic analysis, to Brouwer’s Fan Theorem.
Brouwer’s Fan Theorem, however, is only a rather weak consequence of the
principle of bar induction. A presumably stronger consequence of the principle
of bar induction is the following statement:

Principle of Open Induction: Let A be an open subset of [0, 1].
If, for every x in [0, 1], x belongs to A as soon as every y < x belongs
to A, then A coincides with [0, 1].

The Principle of Open Induction implies the Heine-Borel theorem and the
fan theorem. It turns out to be equivalent to the following statement.

Bolzano-Weierstrass-theorem: Let x0, x1, x2, . . . be an infinite
sequence of real numbers such that, for every strictly increasing se-
quence γ of natural numbers there exists n such that |xγ(n+1) −
xγ(n)| > 1

2n . Then, for each M in R there exists n such that
|xn| > M .

It is also equivalent to the following principle that may be compared to the
Σ0

1- comprehension principle in (classical) Reverse Mathematics:

Let B be an enumerable subset of N. Suppose that, for every decid-
able subset A of N, if A ⊆ B and ∃n[n /∈ A], then ∃n[n /∈ A and
n ∈ B]. Then B = N.



(A subset X of N is called a decidable subset of N if and only if there exists a
function α from N to {0, 1} such that, for each n, n ∈ X if and only if α(n) = 1.

A subset X of N is called an enumerable subset of N if and only if there
exists a function γ from N to N such that, for each n, n ∈ X if and only if there
exists m such that γ(m) = n+ 1.)

We intend to sketch proofs of these results and to discuss their significance
for the project of Intuitionistic Reverse Mathematics.


