
Title: Veni, Varieties, and a forgotten theorem that solves Fermat.

Abstract:
In this talk I will try to give a superficial idea of the type of problems that I
will work on during my veni grant.

Have you ever heard of the following very simple and understandable
theorem?
Mason’s theorem: Let f(x), g(x), h(x) be non-zero polynomials in one
variable over C. Suppose f, g, h do not have a common zero, and that f +g =
h. Then max(deg(f), deg(g), deg(h)) < the number of zeroes of fgh.

This very simple but beautiful theorem is, strangely enough, not very
well known. But from this theorem it is a triviality to prove Fermat’s
theorem (and many other things) for polynomials: if n ≥ 3, then the only
solutions to fn+gn = hn satisfying gcd(f, g, h) = 1 are constant polynomials.
I used this theorem in my work on the following topic:

One of the basic question in Algebraic Geometry is classifying when two
varieties1 V and W are isomorphic. (Algebraically, when are two rings A and
B isomorphic.) One of the questions used to be: if V ×C ∼= W×C, is V ∼= W?
(Algebraically, does A[T ] ∼= B[T ] imply A ∼= B?) However, Danielewski was
able to find counterexamples for this one: the surfaces Vn := {(x, y, z) ∈
C3; xny − z2 = 0} are not isomorphic, but Vn × C ∼= Vm × C if n,m ≥ 2.

Still an open question is the special case that W = Cn−1: does V ×C ∼= Cn

imply V ∼= Cn−1? In my work with prof. D.Finston we made an important
step towards this problem: the Danielewski counterexamples were no ufds,
but we were able to find a whole class of ufds An,m that are not isomorphic,
but An,m[T ] ∼= An′,m′ [T ] for all n,m, n′,m′ ≥ 2.

I hope you are wondering what Mason’s theorem has to do with all this. . .

1For the layman: think of varieties as curves, surfaces etc. in Cn
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