
Brouwer’s view on Borel’s hierarchy

A subset of a Polish space like the set R of the real numbers or Baire space
N , the set of all infinite sequences of natural numbers, is called (positively) Borel
if and only if it is obtained from basic open sets by means of the operations of
countable union and countable intersection. Borel and Lebesgue discovered that
these sets form a really growing hierarchy. Restricting ourselves to Baire space,
we may describe their discovery as follows.

Let X, Y be subsets of Baire space N . X is said to reduce to Y if and only
if there is a continuous function f from N to N reducing X to Y , that is, with
the property that, for all α in N , α belongs to X if and only if f(α) belongs to
Y .

The Hierarchy Theorem is the statement:

Given any (positively) Borel set X, there exists a (positively) Borel
set Y that fails to reduce to X.

We sketch a slightly unorthodox proof of this statement and discuss its
constructive merits.

We then apply an axiom proposed by Brouwer, his famous Continuity Prin-
ciple, in order to prove a constructive version of the Hierarchy Theorem.

In fact, Brouwer’s Continuity Principle makes it possible to prove the hier-
archy theorem in the following spectacular form.

There exists a (positively) Borel set Z such that, given any (posi-
tively) Borel set X, there exists a (positively) Borel set Y that fails
to reduce to X and satisfies Z ⊆ Y ⊆ Z¬¬.

This result is a clear illustration of the subtlety of intuitionistic mathematics.
We intend to explain how it might be proven.

An example of a set Z with the promised property is the set

Fin = {α ∈ N|∃n∀m > n[α(m) = 0]}

consisting of all infinite sequences that assume a value different from 0 at
only finitely many places.


