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Multiplicative Manin-Mumford

Consider a subvariety V ⊂ Gn
m(C) = (C×)n.

Torsion points: (ζ1, . . . , ζn), each ζi a root of unity.
“Torsion cosets”: coset of a subtorus by a torsion point =
irreducible component of an algebraic subgroup.

Theorem (MMM; Laurent 1984, (Mann 1965))

Such V contains only finitely many maximal torsion cosets.

Raised by Lang in 60’s and initial case due to Ihara/Serre/Tate.

If one takes e : Cn → (C×)n given by

e(z1, . . . , zn) = (. . . , exp(2πizj), . . .)

then one can instead study rational points on

Z = {z ∈ Cn ∩ [0, 1)n : e(z) ∈ V }.

This set is analytic but in general far from algebraic.



Induced structure on torsion points



Point-counting

Sarnak gave a proof of MMM (unpublished) by studying rational
points on Z . Raised questions about rational points on smooth
convex and transcendental plane curves.

Bombieri-P, 1989: estimates for curves variously “sufficiently
smooth”, C∞, real analytic, algebraic. Same idea gives:

Theorem

Let f : [0, 1]→ R be real analytic (on some open nbd of [0, 1]),
not algebraic, with graph Z. Let ε > 0. Then

N(Z ,T ) ≤ c(ε, f )T ε.

Uniform estimates for algebraic curves of given degree.

Heath-Brown’s p-adic determinant method (2002): projective
varieties of all dimension.



Method of proof

Fix d ≥ 1, set D = (d + 1)(d + 2)/2.
Let Md = {(a, b) ∈ N2 : 0 ≤ a, b ≤ a + b ≤ d}. #Md = D.
Let (xi , yi ) ∈ Z (Q,T ), i = 1, . . .D.
For µ = (a, b) ∈ Md let φµ(x) = xaf (x)b. Let

∆ = det
(
φµ(xi )

)
Then ∆ is an alternant. H. A. Schwarz (1888):

∆ = VM,

where V is Vandermonde,

V =
∏

1≤i<j≤D
(xj − xi ), M = det

(φ(i−1)µ (xµ,i )

(i − 1)!

)
,

where xµ,i are suitable intermediate points.



Method of proof, concluded

If xi ∈ Ir (x0) = (x0 − r , x0 + r) then

|∆| ≤ rD(D−1)/2c1(f , d),

here c1(f , d) = c1(f , f ′, . . . , f (D−1), d). But N∆ ∈ Z with

|N| ≤ T 2dD .

So all these points will lie on one curve Γ degree d if

r ≤ c(f , d)T−8/(d+3),

and 8/(d + 3) < ε for suitable d = dε.
Then C (f , d)T ε such intervals cover [0, 1].
For Γ degree d , #(Z ∩ Γ) ≤ c2(f , d).



Point-counting in higher-dimensional real sets

Heath-Brown’s (2002) paper provoked:

What about higher-dimensional real analytic sets?
E.g. compact analytic sets?

Leads to bounded subanalytic sets and to the more general
“definable sets in o-minimal structure”.

And this generality turned out to be crucial in applications.

Such sets can contain “many” rational points even if they are
non-algebraic. E.g.

Z = {(x , y , z) : z = xy , (x , y) ∈ [1, 2]2}.

We will exclude such algebraic subsets, and count points in the
“transcendental part” of a definable set.



First-order structures and definability

We consider first-order definable sets in some expansion of the real
field:

〈R, 0, 1,+,×, fi , i ∈ I ,Rj , j ∈ J〉

where fi : Rni → R,Rj ⊂ Rmj are some functions and relations.

A set Z ⊂ Rn is definable (with parameters) if it has a definition:

Z = {(z1, . . . , zn) ∈ Rn : φ(z1, . . . , zn) holds }

where φ is a first-order formula

φ = ∀x∃y . . . f1(x) = y ∧ R2(x , y , λ1) . . . ∨ . . .¬ . . .

Allow arbitrary fixed real numbers λ1, . . . (“with parameters”).

If Z ⊂ R2 is definable then so is the subset where Z is locally the
graph of a function, where this function is differentiable etc.



O-minimal structures

The structure 〈R, 0, 1,+,×, fi , i ∈ I ,Rj , j ∈ J〉 is o-minimal if
every definable subset of R is a finite union of points and intervals.

A model-theory free definition:

A pre-structure is a sequence (Si , i = 1, 2, . . .) where Sn is a
collection of subsets of Rn. It is a structure over the real field if:
∗ Each Sn is a Boolean algebra containing every semi-algebraic set
∗ Have closure under cartesian products and coordinate projections.
The structure is o-minimal if boundary of every X ∈ S1 is finite.

However: the “definability” definition is more intuitive:
Exercise: show that the set of points where a definable function is
differentiable is definable using this definition.



The origins



The origins, continued

Idea introduced by van den Dries in his work (1982) on the model
theory of the real exponential function. He saw: this finiteness
condition would make the collection of definable sets in
〈R, 0, 1,+,×, exp〉 well-behaved, like real algebraic sets.

For quantifier-free sets (“exponential-algebraic varieties”) finiteness
follows from Khovanskii’s theory of “fewnomials”.

A bit later, van den Dries saw that Gabrielov’s theorem on
subanalytic functions implies that Ran is o-minimal. Here

Ran = 〈R, 0, 1,+,×, {f }〉
for the set {f } of arbitrary f : [0, 1]m → R (all m = 1, 2, . . .) real
analytic on an open neighbourhood of the box.

The questions was: is Rexp = 〈R, 0, 1,+,×, exp〉 o-minimal?
Answer: Yes (Wilkie, 1991).
Later: Ran exp is o-minimal (van den Dries-Miller, 1994)



Cell decomposition

General theory developed by Pillay and Steinhorn.
O-minimal = order-minimal cf minimal, strongly minimal

Cells are defined inductively. A cell in R is either a point or an
open interval. A cell in Rn = Rn−1 × R is either
(i) the graph of a definable continuous function on a cell in Rn−1

(ii) the region between two such functions on a cell in Rn−1

Theorem (Pillay-Steinhorn, 1986)

A definable set in an o-minimal structure is a finite union of cells.

E.g. A definable function is continuous except at finitely many
points. (Likewise: differentiable, but needs proof.)

A definable family is the family of fibres of a definable set.
E.g. In a definable family, the subset of the parameters where the
fibre has given dimension is a definable set.



Rational points in definable sets

For Z ⊂ Rn, define its algebraic part Z alg to be the union of
connected positive dimensional semi-algebraic sets contained in Z .
Set Z trans = Z − Z alg to be the transcendental part.

Theorem (P-Wilkie, 2006)

Let Z ⊂ Rn be a definable set in an o-minimal structure over R.
Let ε > 0. Then

#Z trans(Q,T ) ≤ c(Z , ε)T ε

Z alg is a coarse analogue of the “special set” in diophantine
geometry, the locus where rational points could accumulate.

The theorem is uniform in definable families (in fact this is a
crucial element in the proof).



Sketch of proof

For any r ≥ 1, a definable set Z ⊂ (0, 1)n of dimension m can be
r-parameterised:

Z =
⋃

finite

Y , Y = φ
(
(0, 1)m

)
, φ : (0, 1)m → (0, 1)n,

with all |∂αφi (x)| ≤ 1 all |α| ≤ r . The number of such φ
required is uniformly bounded in definable families.

Generalises: Yomdin/Gromov for semi-algebraic sets.

For each φ: a determinant argument shows:
Z (Q,T ) contained in �Z ,ε T

ε hypersurfaces of some degree dε.

These hypersurface intersections Z ∩ V , degV = d form a
definable family, and we can repeat the process. . . .



Extensions, variations

Same theorem holds for points of bounded degree. This is crucial
in the application to AO. E.g. for special points in Y (1) the
pre-images under j are quadratic points.

For a general o-minimal structure (e.g. for Ran) the T ε estimate
cannot be much improved.

Conjecture (Wilkie, 2005)

For Z definable in Rexp have #Z trans(Q,T ) ≤ CZ (logT )cZ .

Partial results: curves and some surfaces, some in RPfaff : Butler,
Jones-Miller-Thomas, P.

Non-archimedean version: Cluckers-Comte-Loeser (2015).



Refinement: “blocks”

In fact the result proved can be stated in a stronger way. This is
necessary to deal with points of bounded degree, and also in some
further applications.

A block is a definable set, dimension k ≥ 0, regular of dimension
k , such that locally at every point it coincides with a
semi-algebraic set of dimension k.

E.g. a point, or the part of x2 + y2 + z2 = 1 lying above z = ex .
I.e. a “definable piece of a semi-algebraic set”.

Then: Z (Q,T ) is contained in c(Z , ε)T ε blocks contained in Z .

In this form, theorem says something even if Z trans(Q) is empty.



Rational points and “blocks”

In this form, it looks like a weak generalised form of MM/AO.



The strategy to prove MMM/AO

Strategy proposed by Zannier for MM.

To conclude MM/AO one has to:

1. Go from T ε blocks to finitely many.

By opposing the T ε upper bound with a lower bound for Galois
conjugates (and an upper bound for the height of the pre-images),
show that torsion/special points of high order/discriminant must
lie in some positive dimensional blocks.

2. “Straighten out the blocks”, from some general pieces of
semi-algebraic sets to sets of specific (“special”) form.

This is done by functional transcendence: “Ax-Lindemann”.



Lindemann, Schanuel, Ax-Schanuel, and “Ax-Lindemann”

Lindemann’s (or L-Weierstrass; ) theorem (1882/85):
If ai ∈ Q are l.i. over Q then exp(ai ) are a.i. over Q

is a special case of Schanuel’s Conjecture (1960’s):
If z1, . . . , zn ∈ C then tr.deg.QQ(zi , e

zi ) ≥ lin.dimQ(zi )

“Ax-Schanuel” affirms SC for functions: If Q ⊂ K is a differential
field, commuting derivations Di , constant field C =

⋂
kerDi :

Theorem (Ax, 1971)

If yj , xj ∈ K×, j = 1, . . . , n with Diyj = yjDixj for all i , j , then

tr.deg.CC (xj , yj) ≥ n + rankK (Dixj)

unless xi are l. dep. /Q mod C, (non-trivial
∑

qixi ∈ C , q ∈ Q).

“Ax-Lindemann” is the part of Ax-Schanuel corresponding to
Lindemann’s theorem.



Ax-Lindemann for the exponential function

Consider algebraic subvariety W ⊂ Cn of dimension k.

Have coordinate functions zi , exp(zi ) on W locally.

Then by Ax-Schanuel:

tr.deg.(zi , exp(zi )) ≥ n + k

Therefore: exp(z1), . . . , exp(zn) are a.i. over C unless the zi are l.i.
over Q mod C.

I.e. exp(W ) is Zariski dense in (C×)n unless W is contained in a
coset of a proper rational subspace (=“weakly special subvariety”).

Equivalently: For V ⊂ (C×)n, a maximal algebraic subvariety of
exp−1(V ) is “weakly special”.



Singular Moduli

Singular moduli are the “special values” of the j-function.

Definition

A singular modulus is a complex number j(τ) where j : H→ C is
the modular function, and τ ∈ H is quadratic ([Q(τ) : Q] = 2).

Σ = {σ = j(τ) : τ ∈ H, [Q(τ) : Q] = 2}

Schneider: These are the only points with τ, j(τ) ∈ Q.

j(τ) is the j-invariant of Eτ = C/Λτ , lattice Λτ = Z⊕ Zτ
Singular moduli are the j-invariants of elliptic curves with CM.

They are algebraic integers, and [Q(j(τ)) : Q] = Cl(OD(τ)).

E.g. j(1+
√
−163
2 ) = −2183353233293, j(

√
−5) = (50 + 26

√
5)3.

Special points in Ck : tuples of singular moduli



Modular André-Oort Conjecture

Concerns subvarieties of Ck , moduli of k-tuples of elliptic curves.

Modular relations: of the form ΦN(xh, x`) = 0
Special points in Ck : (σ1, . . . , σk), each σi a singular modulus.
Special subvariety in Ck : is a component of a subvariety defined
by a system of modular relations.

A special point is a special subvariety, and special subvarieties
contain (Zariski-)dense sets of torsion points.

Look for special points on V ⊂ Ck .

Theorem (André, k = 2, 1998; Edixhoven, on GRH, 2005; P 2011)

Such V contains only finitely many maximal special subvarieties.

Or: all special pts ∈ V lie in finitely many special subvrieties ⊂ V .
Or: A variety with a Zariski-dense set of special points is special.



Modular Ax-Lindemann

Concerns: j : Hn → Cn, and V ⊂ Cn.

By “algebraic” W ⊂ Hn mean a component of some W ′ ∩ Hn.

Weakly special subvariety of Hn: defined by relations of the
form zi = gijzj with gij ∈ GL+

2 (Q), or zk = c ∈ C.

Strongly special subvariety in Cn: no constant coordinate.

Theorem (P, 2011)

Let V ⊂ Cn. A maximal algebraic W ⊂ j−1(V ) is weakly special.

I.e. if no relation zi = gijzj with gij ∈ GL+
2 (Q), or zk = c ∈ C

holds on W then j(W ) is Zariski-dense in Cn.



Sketch of idea of proof of Modular Ax-Lindemann



Implication of Modular Ax-Lindemann

Mobius subvariety of Hn. Like weakly specials, but allow
relations zi = γijzj with γij ∈ SL2(R). These form a definable
family, even finitely many definable families of “strongly mobius
subvarieties” and their “translates”.

Let V ⊂ Cn, Z = j−1(V ) ∩ F n.

Then: the set of translates of strongly mobius subvarieties on some
subset of coordinates which are “maximal among translates” of
such which intersect Z in their full dimension is a definable set.

By Ax-Lindemann, everything in this set is given by elements of
GL+

2 (Q). Therefore this set is finite.

I.e. all maximal weakly special subvarieties in V are “translates” of
finitely many. This allows inductive proof of AO.

Same holds for any definable family of V , like V of fixed degree.

Immediately implies: finiteness of max strongly special sbvrts of V .



Three applications of o-minimality

Ax-Lindemann (proved via o-minimality and point-counting)

Given V :

Maximal weakly specials in j−1(V ) come in finitely many families
(by Ax-Lindemann and o-minimality).

Take T of highest dimension of these. Have VT ⊂ Cm

parameterising translates of T which belong to V .

Now if the special point x ∈ VT parameterising Tx ⊂ V has too
high discriminant, we get too many rational points in ZT . By
Counting Theorem, we get something weakly special in VT giving
a bigger weakly special in V . Contradiction.

Having dealt with all T of highest dimension, get finitely many Ti ,
and repeat argument with T ′ of next lowest dimension, taking
conjugates over V and the Ti .



The general picture

A Shimura variety X has a transcendental uniformisation
π : H→ X with semi-algebraic symmetric hermitian domain H.
Ullmo has shown that four ingredients imply AO:

1. Definability of π on a fundamental domain:
(Mixed) Ag : Peterzil-Starchenko; General case: KUY.

2. Upper bound for height of pre-image of a special point in a
fundamental domain (for Γ : X = Γ\H):
Ag : Tsimerman; General case: Daw-Orr.

3. Lower bound for Galois orbit of special point:
Y (1): Landau-Siegel; Ag : Tsimerman; General case??.

4. Ax-Lindemann
P, P-Tsimerman, UY, Ag : PT; General: KUY;
Mixed Ax-L, and mixed AO: Gao

Only for Y (1)2 is AO effective (Kühne, Bilu-Masser-Zannier)



The Zilber-Pink Conjecture

Encompasses ML (MM), MMM, AO.

Has three independent sources:
∗ Zilber: model theory of exponentiation
∗ Bombieri-Masser-Zannier: Problems of Schinzel, developments
∗ Pink: combining ML (and MM) and AO

Is open in general (even for Gn
m).

Concerns: A mixed Shimura variety X , its special subvarieties, and
a subvariety V ⊂ X .

Governs: Intersections between V and special subvarieties T ⊂ X
which are atypical in dimension.

Asserts: a finiteness property, although there are countably many
special subvarieties.



Sources for ZP



Statement of ZP

Let X be a mixed Shimura variety, S its collection of special
subvarieties, and V ⊂ X .

Definition

A subvariety A ⊂ V is called atypical if there is T ∈ S with
A ⊂ V ∩ T such that

dimA > dimV + dimT − dimX .

Denote by Atyp(V ) the union of atypical subvarieties of V .

Conjecture (Zilber-Pink)

Atyp(V ) is a finite union.



ZP implies AO

Proposition

ZP implies AO, MM, MMM, ML.

Proof. Let V ⊂ X where X is a mixed Shimura variety.

By ZP, V has finitely many maximal atypical subvarieties
Ai ⊂ V ∩ Ti , for some special Ti .

For a proper V ⊂ X to contain any special subvariety S is atypical.

So S ⊂ Ai for some i , but is atypical in Ai ⊂ Ti , unless Ai = Ti .

Continue, finding finitely many such S = Aijk... = Tijk....

ZP implies MM, MMM likewise, and ML “similarly”.



ZP for curves in (C×)k

Let V ⊂ (C×)k be a curve. An atypical component of V is either:
* a point P ∈ V lying in a special T of codimension 2
* V if it is contained in a proper special subvariety of (C×)k

Theorem (Bombieri-Masser-Zannier 1999/2008, Maurin 2008)

ZP holds for curves in (C×)k : if V /C is not contained in a proper
special subvariety (= proper algebraic subgroup) then its
intersection with the union of all subgroups of codimension at
least 2 is a finite set.

Example (BMZ): There are only finitely many t ∈ C for which
there are two or more independent multiplicative relations among

2, 3, 5, t, 1− t, 1 + t

Abelian varieties: Remond, Viada, others, Habegger+P.
Partial “modular” result for curves in Ck : Habegger+P.



Partial Modular ZP for curves

A curve V ⊂ Y (1)n is asymmetric if among positive degXi
V

there is at most one repeat.

Theorem (Habegger-P, 2013)

Let V ⊂ Y (1)n be asymmetric and defined over Q. Then ZP holds.

Example: V = {t, t2, 1− t, 2, 3 : t ∈ C} (2, 3 are not in same
Hecke orbit).

Further (P, 2015): ZP holds for a curve V ⊂ Y (1)n not defined
over Q (because modular curves have high gonality).

Via: o-minimality and point-counting. The rational points are now
GL+

2 (Q)-points on some definable subset of GL+
2 (R)n.


