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1. Let V and W be two representations of sls, and let f: V' — W be a homomorphism
of slz3-representations. Show that f is a morphism of h"-graded vector spaces, i.e. for
every o € Y the map [ sends V,, to W,.

2. Let V be a representation of sl or sl3. For a weight o € Ay, let d,, be the dimension
of V.

(a) Show that for all & € Ay one has
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(b) Show that for all & € Ay one has
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(¢) Give a formula for dim A*(V),.
3. Let V' be the standard representation of sl,.

(a) Determine the weights of the representation W = Sym?*(Sym?(V')), and decom-
pose W into irreducible representations.
(b) We can also determine this decomposition in a more algebraic manner. Consider
the map
f: Sym?(Sym?*(V)) — Sym*(V)
(Ul : 1)2) . (?Jg : U4) — V1 - Vg - Vs - V4.

Show that f is a homomorphism of sl,-representations, that f is surjective, and
that its kernel has dimension 1.



(¢) Deduce from the above that W 22 Sym*(V') @ C as representations of sl (where
the action on C is trivial).

4. Let V be the standard representation of sl3. Recall the weight diagram of VV @V =
End(V) from the lecture.

(a) Show that in an irreducible representation of heighest weight L, — L3, the weight
space of weight 0 is at most two-dimensional; hence V'V ® V' is not irreducible.

(b) Show that the adjoint representation is irreducible. Hint: show that [Ej 1, Ej 3]
and [Es 9, [Ea 1, E1 3]] are linearly independent in b.

(¢) Deduce that End(V) =2 C®ad, and that this is a decomposition into irreducible
representations.



