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1 Introduction and motivating examples

We start with some motivating examples to illustrate the general theory that follows.

Ezample 1. Let Ey be an elliptic curve over a finite field £ = F, with an algebraic closure K. Let
E = Ey x;, K, then the [-adic Tate Module of Ej is defined as

T)(Ep) = lim Eo[I"](K) ®z, Qi

together with the action of Gal(K/k). The number of (rational) points of the elliptic curve is given by
Ey(Fgn)=q¢"+1—-0a" - p"

where a and § are complex numbers with |a| = |8] = ¢'/2. In fact, a and § are the eigenvalues of the

Frobenius endomorphism of the Tate module and are algebraic numbers (rather than [-adic integers).

Remark 1. The previous example can be interpreted as follows: The étale cohomology of the elliptic curve
EO is

Q ifi =0
HY(E,Q):={ Ti(Ey) ifi=1
Q(-1) ifi=2

and by the Lefschetz fixed point formula we find

2

Eo(Fyn) = Z(—l)itr (Frobgn |H'(E,Q;)) = q — tr(Fry |H (E,Q;)) + 1.
1=0

It is good to note that the eigenvalues of Frobenius on H*(E, Q;) are algebraic numbers of absolute value
¢%/2, this means that the cohomology is pure. This is true for any smooth projective variety over F, by
the Weil conjectures (proven by Deligne in [Del74]).




Ezample 2. Let Ey/F, be an elliptic curve and let Ag = Ep \ {P, Q} where P, (Q are distinct F,-rational
points. Then the long exact sequence in compactly supported cohomology shows that there is a short
exact sequence

0— Q — H (A, Q) — HY(Eo, Q) — 0. (1)

The first cohomology group H}(Ap, Q) is not pure of weight 1, but it is mixed of weight < 1: It admits
a filtration

0— Q — H(Ay, Q).

whose graded pieces are pure of weight < 1.

Remark 2. In fact, if we take Eg over Q it is possible to choose P and @ such that the sequence does
not split.

2  Weights and mixed sheaves

Definition 1. An algebraic number o (algebraic over Q) is called a q-Weil number of weight w if for all
morphisms o : Q(a) — C we have |o(a)| = ¢*/2.

Definition 2. Let Xy be a scheme over F, and let Fo be an l-adic sheaf on Xo. We call Fy pointwise
pure of weight w if for alln > 1 and all x € X (Fgn) the geometric Frobenius automorphism

or s Fr — Fu

has q™-Weil numbers of weight w as eigenvalues.
Definition 3. Let Xy be a scheme over Fy and let Fo be an l-adic sheaf on Xo. We call Fo mized of
weight < w if Fy admits a filtration

0=GopcGi1C---CG,=Fy
such that for all i the quotient Giy1/G; is pointwise pure of weight w; < w. We call Fy mixed if there
exists a w € Z such that Fy is mized of weight < w.

Example 3. Let Xo/F, be any scheme, then the constant [-adic sheaf @ is pure of weight 0. The Tate
twist Q;(—n) is pure of weight 2n.

Ezample 4. Let Sy be a scheme over F, and let 7 : Xo — Sp be a family of (elliptic) curves over Sy. Then
the sheaf

Fo = Rlﬂ'*@l
is pure of weight 1. Indeed, if s € Sy then the fibre of Xy over s is a(n elliptic) curve Ey and the
corresponding stalk of Fy is the first étale cohomology H'(E,Q;) of Ej.

Definition 4. Let Xg as before and let K € D%(Xo,Q;), then we call K mized of weight < w if H'(K) is
mized of weight < w+i for alli € Z. The full subcategory of mized complexes is denoted by DP (Xo, Q) C

D¥(Xo, Q).



Proposition 1. Let X be a scheme of finite type over F,. Then the category Dfn(Xo, Q) is a triangulated
subcategory stable under the siz functors.

Proof. We start by proving a lemma:
Lemma 1. The category of mized sheaves on Xg is closed under subquotients and extensions.

Proof. Omitted. O

To show that D? (Xp,Q;) is a triangulated subcategory we have to check the following three things:

e The subcategory D8 (Xo,Q;) is stable under shifts. If Ky is pure of weight < w, then Kp[l1] is pure
of weight < w 4+ 1 since H(Ko[1]) = H*(Ky).

e The subcategory D% (Xo,Q;) is stable under isomorphisms. Isomorphisms in D%(Xp,Q;) induce
isomorphisms on cohomology from which the claim follows.

e If there is a distinguished triangle X — Y — Z — X[1] in D%(Xo, Q) with X, Z € DL, (X0, Q;) then
also Y € D% (X0, Q).

Let ¢ € Z and consider the long exact sequence in cohomology

s H(X) L H(Y) L H(Z) ——

and note that this induces a short exact sequence
0— H'(X)/ker f — H'(Y) = Img — 0.

The outer terms of this short exact sequence are subquotients of mixed sheaves, hence mixed by
Lemma 1} This then shows that H*(Y) is an extension of mixed sheaves, and we conclude that
H!(Y) is mixed by Lemma
Next, we check that the six functors preserve the category DIT’,L(XO, Q). Let Y be a finite type F,-scheme
and let f: Xy — Yy be a morphism of schemes. We will need the following two results by Deligne:

Theorem 1 (Deligne, Thm 3.3.1 [Del80]). Assume that f is separated and let Fy be a mized sheaf of
weight < w on Xo. Then R'fiFy is a mized sheaf of weight < w +i on Yy.

Theorem 2 (Deligne, Thm 6.12 [Del80]). Let Fy be a mized sheaf on X, then R'f.Fq is a mived sheaf
on Yy.

This allows us to prove that f. and f; preserve mixedness (we really need fi = Rf here, so we work
with the derived convention). Let Ko € D% (X, @Q;) be a mixed complex, then we want to show that
H'Rfi Ky = R'f{Kj is mixed. There is a hypercohomology spectral sequence

EY? = (RPAYHIKy = H'(fiKo)

and Theorem [1] tells us that the terms on the Fo page are mixed sheaves. Applying Lemma [l] shows that
the terms on the F, page are mixed, giving us a filtration of H* fyKy by mixed sheaves. Since a filtration



is the same thing as an iterated extension, the lemma implies mixedness of H'fiK, which means that
fiKo € D% (Yy,Q;). The result for f, follows from Theorem [2/in the same way.

Now let L € D? (Y, Q;), then we want to show that f*L is again mixed. This follows from the fact that
the stalk of f*H'L at a point x is "the same’ as the stalk of H'L at the point f(x). The fact that f
preserves mixedness follows from the fact that

Do f'=f*oD
and the fact that D preserves mixedness (which is shown below). O

It is clear that the tensor product of pure sheaves is again pure. This comes down to the fact that the
"eigenvalues of the tensor product are just the pairwise products of the eigenvalues’. Since we are working
with Q; sheaves, the tensor product is exact, and it follows with some work that mixed sheaves are again
mixed. Now we can apply the fact

H"(Ky® Lo) = €D H'(Ko) ® H(Ly)
i+j=n

Lemma 2. The category of mized complexes is closed under duality D(—).

Proof. We end by showing that the category of mixed complexes is closed under duality. This is clearly
true when dim Xj is 0 so we can induct on the dimension of Xy. Let Ky € D% (X, Q;) be a mixed

complex and let Uy < X be a smooth dense open subscheme such that j* K is a smooth complex. Let

Z <% X be the closed complement and note that dim Z < dim X3. We note that by smoothness of U, the
complex D(5*Kjp) is again mixed, hence also the complex

J«D(i"Ko) = D(jij" Ko).
By induction, we know that D(i*Kj) is again mixed and so also

D(i4i* Ko) = i+ D(i* Kp).
Now we have the usual triangle

717Ky — Ko — 1, Ky

and since the duals of the outer two terms are mixed, so is the dual of the middle term. Indeed, the
category of mixed complexes forms a triangulated subcategory.

O]

3 Mixed perverse sheaves

3.1 The perverse t-structure on mixed complexes

Now that we have introduced the (triangulated) subcategory D2, (Xo, Q;) C D%(Xo,Q;) for any Xo/F, we
would like to show that the t-structure on D?(Xo, Q) ‘restricts’ to one on D? (Xo, Q).



Proposition 2. The perverse truncation functors Pr>qg and P7<qg preserve the subcategory Dfn(Xo,Ql) C
D} (Xo, Qu).

Proof. Since the perverse t-structure satifies D(D=%(Xo,Q;)) = DZ°%(Xo,Q;) by definition, it suffices to
check that P7<y preserves mixedness. Indeed, by Lemma [2| we know that mixedness is preserved under
D(-).

The proof goes by Noetherian induction on X. On a point {x} C X the perverse ¢t-structure is the same as
the ordinary one so there the result holds. Now let K € Df?n(Xo, @) and let j : U — X be an essentially
smooth open subset such that j*Kj is a smooth complex.

We know that the perverse truncation of j*Kj is again mixed, since the perverse truncation of j*Kj is
just a shift of the ordinary truncation of j*Ky. By the Noetherian induction hypothesis, we also know
that the perverse truncation of i* Ky (where i : X \U = Z — X is the inclusion of the closed complement)
is mixed. Now, we claim that ¢* and j* ‘commute with perverse truncation’, i.e., that

pTSQZ'*KO =" pTS[)KO
Pr<0j* Ko = j* P1<0Ko.
The claim follows from the fact that the following two diagrams commute and therefore the ‘adjoint

diagram’ (the same diagram replacing all the functors with the adjoint functor in the other direction) also
commutes, by uniqueness properties of adjoint functors.

pDIJS()(U: Ql) E— DI():(U7 Ql) prSO(Z’ Ql) - Di(Z’ @l)
l‘j! l], il* J’L’*
PD0(Xo, Q1) — D§(Xo, Q1) PD;" (X0, Qi) — D(Xo, Q)

The fact that the diagrams commute follows from ¢ exactness of i, and ¢ right-exactness of ji. Finally,
we remark that mixedness is a stalkwise condition, so we should be able to check it after pulling back to
a cover of X (like Xg = U U Z). To make this precise, we remark that pullback is t-exact with respect to
the ordinary t-structure, so it commutes with taking cohomology, and this gives the result since we have
shown mixedness of j* Ky and i* K. O

3.2 Weights

We have already defined a notion of being of weight < w for mixed sheaves Fy and now we want to extend
this notion to mixed complexes. Theorem [I| motivates the following definition:

Definition 5. We call a compler Ko € DY, (Xo,Q;) mized of weight < w if H Ky is mized of weight
<w+1i for allt. We denote the full subcategory of mized complezes of weight < w by D%w(Xo, Q). We
call K mized of weight > w if D(K) is of weight < —w and similarly write DS, (Xo, Q).

Remark 3. It is good to note that the subcategories DC<,>w(X0, Q) are not triangulated subcategories.
The notion of being of weight > w agrees with the naive definition when Xy is smooth (since then
we know the dualizing complex) but not in general. In particular, it is possible that w(Ky) > w but
Ko ¢ D%, (X0, Q). Here w(Ky) is defined as the maximum of the weights w(H!(Ky)) — i.



Theorem 3 (Permanence properties). Let f : Xo — Yy be a morphism of schemes of finite type over F,,
then

~

. The functors fi and Rf* preserve D%w.

2. The functors f. and f' preserve Dgw.

3. The functor @ sends D%w X D%w, into D%wﬂu.
4. The functor Hom sends D%w X Dgw, into D%—wﬂu"

5. Verdier duality D exchanges D%w and Dwa.

Proof. 1. The result for f* follows from the fact that pullback commutes with taking (ordinary) coho-
mology. If Ky € Df;l(Xo, Qq), then there is a hypercohomology spectral sequence
EP? = (RPfiYH'K( = HPMI(fiK).

By the assumption that HPKj is mixed of weight < w + p and Theorem |I| we find that the E5?
term is mixed of weight < w + p + ¢ and this is easily seen to then also hold for E&?. This implies
that HPT9 fi K is mixed of weight < w + p + g hence that f K is mixed of weight < w.

2. This follows by duality from part 1.

4. This follows from part 3, the formula
Hom(Ko, Ly) = D(Ko ® D(Lo))
and part 5.
5. This holds by definition.

4 On Proposition 5.1.2 in [BBD82]

Let X be a scheme of finite type over F, and Fq a Q;-sheaf on Xy. Then there is a canonical isomorphism
Fy:Fry F — F . Similarly, if Ko € DY(Xo,@Q;) then there is a canonical isomorphism Fy:Fry Ko — Ko
and the statement also holds if Ky € Per(Xj).

Proposition 3 (Proposition 5.1.2 [BBD82]). Let Perp,(X) denote the category of perverse sheaves on
X equipped with an isomorphism to their Frobenius pullback . The functor Per(Xy) — Perp.(X) sending
Fo = (F,Fry) is fully faithful and the essential image is stable under extensions and subquotients.

Proof. We are in the following situation



Let My = Hom(Ky, Ly) € D% Xo,Q;) and note that M = Hom(K, L) (this follows from the fact that
pullback commutes with tensor products). The abelian group hom (Ko, Lg) is equal to H%(T x, Mp), where
I'x, is the global sections functor. There is a commutative diagram of triangulated categories (the fact
that the square commutes is explained well in |(ht]).

DY(X, Q) — D%(Xo, Q)

ia; la* w

Db(SpecF, Q) «—— Db(SpecF,, Q) —— DY(Ab)
In particular this implies that

p*a.Hom(Ky, Ly) = a,px Hom(Ky, L)
=a,Hom(K,L).

Now write Ng = ax,Hom(Ky, Lyp) and N = p* Ny as usual. The hypercohomology spectral sequence for T’
reads

EY* H'(SpecFy, H* Ng) = H™F(T'Ny).
We note that
H'(SpecF,, H*Ny) = HL,,(Gal(F,/F,), H*N)

and that G 2 Z which has cohomological dimension one. This means that the spectral sequence degen-
erates at the second page. Moreover, we know that the zeroth cohomology is taking invariants, and the
first cohomology is taking co-invariants giving us short exact sequences

0— (H"'N)g — H'(I'Ny) — (H'N)® =0
for all n. Now let Ny = axHom(Ky, Lg), then N = a,Hom(K, L) and the short exact sequences read
0 — Ext™ (K, L) — Ext'(Ky, Lo) — Ext'(K,L)" — 0.
Choosing i = 0 gives a short exact sequence
0 — hom (K, L) — hom(Ky, Ly) — hom (K, L)% — 0.

The fact that K,L lie in the heart of the perverse t-structure, means that the group hom '(K, L)
vanishes, giving us the fully faithfulness (this also shows that the statement doesn’t hold for general
Ky e DS(XO, Q). When i = 1, we get a short exact sequence

0 — hom(K, L)p — Ext! (Ko, Ly) — Ext*(K,L)" — 0.

It is important to note that Ext! (K, L)F # Ext!((K, ¢), (L, $)), i.e., it is not the ext-group in the category
Perp (X). There is however a forgetful map

Ext!((K,¢), (L, ¢)) — Ext! (K, L)



which factors over the inclusion (Ext!(K, L))" — Ext!(K, L) and the induced map f : Ext'((K, ¢), (L, ¢)) —
(Ext!(K, L))¥ is surjective. The kernel consists of extensions

0 — K — KoL — "Ly, —— 0

Jo» lw |

0 K KoL L 0

that are nontrivial in Perp(X). In other words, the map v is not equal to the map (¢6< ¢OL) but of the

form
(o)
0 ¢r
for some nontrivial U € hom(K, L). It can be shown that this determines an isomorphism between ker f

and hom(K, L)p, which I will not explain here. For the fact that the essential image is closed under
subquotients we refer to Lemma 5.1.3 in [BBD82]. O
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