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Preface

This thesis is about continued fractions and in particular algorithms on continued fractions.

What are Continued Fractions?

Continued fractions are finite or infinite expressions obtained through an iterative process. An infinite
continued fraction can be seen as a limit of finite continued fractions
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Continued fractions can be seen as one of the most mathematically natural representations of real num-
bers. Also truncating the continued fraction representation of a real number x yields a rational approxi-
mation with is in a certain sense the best possible rational approximation. This is a huge motivation to
study continued fractions and to develop certain algorithms on continued fractions.

Thesis Format

Chapter 1 - Continued Fractions

As this thesis is about continued fractions a quick introduction to continued fractions is given in this
chapter. This introduction is sufficient for our purposes and references are provided to more rigorous
approaches.

Chapter 2 - Measure and Cantor Sets

One very important element in this thesis is the understanding of Cantor Sets. In this chapter some
theory of these Cantor Sets is developed. The first part gives a technical, but general, definition of Cantor
Sets in such a way that these sets become easy to handle. In the second part of this chapter some general
theorems of sums of Cantor Sets are proved. This chapter is by no means a profound introduction to
Cantor Sets, it only develops the mathematical tools for proving theorems in the next chapters.

Chapter 3 - Hall’s Theorem

In this chapter Hall’s Theorem is proved, i.e.that every real number can be written as a sum of two
regular continued fractions with partial quotients less than or equal to 4. In order to prove this one must
observe that the set of all regular continued fractions with quotients less than or equal to 4 is actually
the sum of infinitely many General Cantor Sets. Then it is possible to use the machinery, developed in
chapter 2, to tackle this problem. After that a couple of other problems of the same kind are solved,
such as the one for the Nearest Integer Continued Fractions, using the idea of singularisation, and one
for all Complex Numbers with bounded quotients.



Chapter 4 - Hall’s Algorithm

In this chapter a special algorithm, named after Marshall Hall, is given, to do the following. Given a
(complex) continued fraction

x = [ag; e1/a1,ea/as, e3/as, ...

(2 4)

with a,b,c¢,d € Z (or Z[i]) such that |ad — be| > 0, this algorithm gives an efficient way for calculating

and a Mobius transformation

ar+b
cr+d

y=Mz= = [bo; f1/b1, f2/b2, f3/bs, ...].

The chapter closes with calculating an explicit example for Regular Continued Fractions.

Chapter 5 - Applications

In this chapter two applications of the theory developed in Chapter 3 and Chapter 4 are discussed.
First an explicit algorithm is given to calculate, given a real number x, two elements a, b with quotients
between 1 and 4 such that x = a + b. Second, a connection is given between Hall’s theorem, described
in Chapter 3, and Hall’s Algorithm described in Chapter 4.

Chapter 6 - Drawing Nice Pictures

As will be seen throughout this thesis a lot of fractals appear. Drawing these Fractals cost a lot of
computation time. In this chapter an algorithm is given for drawing these Fractals. This chapter does
not contain a lot of mathematical content, however it might be still interesting to read. The author
thinks that GiNaC is a very interesting tool to work with and someone interested in Computer Algebra
would at least have to read this section of GiNaC.



Notations & Basic definitions

This thesis starts with some useful notation.

Z~0,7,Q, R and C denote the sets of all positive integers, integers, rational numbers, real numbers and
complex numbers respectively. Z[i] denotes the set of the Gaussian integers, hence

Zji)={a+bieC:abeZ} (1)

Inclusion of sets is denoted by C. We reserve C for strict inclusion. So A C B means that A C B and
that A # B.

Let n be a natural number. The set of all invertible n by n matrices over Z is denoted by GL,,(Z).

If a,b € Z, then (a,b) is used for the greatest common divisor of @ and b. If n > 3 and ag, ay, ..., a, € Z,
then (ag, a1, ...,a,) is defined recursively as

(ao,ah -~-,Cln) = (CLO) (a17a27 ~-~7an))~

Let x,y,2 € R, then z,y < zmeans x < zand y < z. * > y,2, x,y, < 2z, ¢ > 4y, 2, ¢ < y < z and
x <y < z are defined similar.

If a,b,c € C, where a # 0, then the solution of
ar? +br+c=0
is
b VFodw
2a '
This formula is called the abc-formula .

The map p is reserved for the Lebesgue-measure on the real number line.






Chapter 1

Continued Fractions

Figure 1.1: CCF1(0) in the complex square [—1,1] x [—i,].

This is a quick introduction to continued fractions. For a more rigorous approach see [RS92] and [Sch80].
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1.1 Regular Continued Fractions

Definition 1.1.1. Every « € R\Q has a unique regular continued fraction expansion of the form

1
T =ag+ i = [ap; a1, ag, as, ...]

ant
as +

1
az + —

where ag € Z is the integer part of x and where a,, for n > 0 is a positive integer. These a,, are called
the partial quotients or simpler quotients.

If x € Q, then a regular continued fraction expansion of z is finite. There are exactly two finite expansions
of x, one of them ending with a 1. Writing x = 2, the expansion is obtained from Euclid’s algorithm to

find the greatest common divisor of p and q. A ]?inite expansion of x is

1
x = [ag; a1, ..., aj—1, ;] = ag + i

a1+ 1
a2+

Q-1+ —
i

1

hence % converges to x. where ag is the integer part of z, a; where j < ¢ are positive integers and z; is
the i-th fractional part of x.

Definition 1.1.2. The regular continued fraction operator T is defined by

T:[O,l)e[O,l):xHi—EJ,

where |y] is the integer part of y. To find the continued fraction of = one puts

T():Iﬂ,

and then defines the partial quotients of x by

1
ap = |z, an = , n > 1.
Tn—l

Then [ag; a1, as,...] converges to .

Definition 1.1.3. Define the following recurrence relation for p,, and ¢,, where n > 1:
p-1=1, po =0, Pn = AnPn—1+ Pn—2
q-1 =0, q =1, In = GnGn-1+ qn—2-

These p, and ¢, have the property that

1
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So that % converges to z as n — 0o. The following two facts are known for n > 1:

1
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and ’ T

for every n > 0.
In 1798 Legendre proved the following result.

Theorem 1.1.4. For every z € R, If p,q € Z, ¢ > 0, and ged(p, q) = 1, if

then p = p,(z) and ¢ = ¢, (z), for some n > 0.

Legendre’s Theorem is one of the main reasons for studying continued fractions, because it tells us
that good approximations of irrational numbers by rational numbers are given by continued fraction
convergents.

1.2 Nearest Integer Continued Fractions

The nearest integer continued fraction (NICF) is a real continued fraction which allows negative integers
as partial quotients. Instead of rounding down, the algorithm to calculate the NICF of a real num-
ber x rounds to the nearest integer. In the case of a tie, it rounds to the smallest integer. For this
the notation |z] is used. Thus [2.5] = 2 and |—2.5] = —3. So, the algorithm to find the nearest in-
teger continued fraction of x is equal to the one in Definition [[T.21and uses ag = |z] and ap11 = [Tpy1]-

Because negative quotients can occur in the NICF expansion the following notation is used. Every
irrational number x can be expanded in a NICF as

€1
€2
€3

bs + ...

x = [ag;e1/a1,e2/az,e3/as,..] =ap +
by +
by +

where by € Z, ¢; = £1 and b; € Z~;.
Theorem 1.2.1. For every n > 1 one has e,4+1 + b, > 2.

For a good reference on this see ??. If e; = 1 then it will be omitted usually. For example [1;2,-1/3,4,2,—-1/4,..]]
is written instead of [1;1/2,—1/3,1/4,1/2,—1/4,...]. In Chapter 4 the e; are ommited for simplicity,
therefore the example above would become [1;2, -3, —4,—2,4, ..].

1.3 Complex Continued Fractions

The complex continued fraction can be defined in various ways. One of the ways known at this moment
is due to Asmus Schmidt [Sch75]. It gives the best approximations by ratios of Gaussian integers [Hen06l,
p.67], but the link with real continued fractions is not immediately clear. An algorithm which still gives
good approximations, and is a direct extension of the nearest integer continued fraction is the Hurwitz
Continued Fraction [Hur]. To get the Hurwitz continued fraction (HCF) of a complex number z, take
the nearest integer, only now, it is a Gaussian integer. In case of a tie the same rules as for the NICF-
expansion are extended to the complex plane, hence |—2.5] = —3, [2.5 — 3.5¢] = 2 — 4. The complex
plane can then be divided into squares that show which complex numbers round to a specific Gaussian
integer.

11



1.4 Some General Theorems
The following theorems hold for the regular, nearest integer and Hurwitz continued fraction.

Theorem 1.4.1. For every x € Q there is a finite continued fraction such that x = [ag; .. ., an].

Theorem 1.4.2. Let x = [ag; a1, ag, ...| and p,,, ¢, defined as in Definition [[T3 Then for every k > 0

Prak—1 — Pe—1qr = (—1)* 1. (1.1)
In addition, for all & > 0, let
Dk
o lao; a1, az, ..., ax], and C = Chr1 = [Qry15Qhy2, Qg 3, -], (1.2)
then
v PiC +Pe-1 (1.3)
qkC + qr—1
A Mobius transformation of a complex number z is a function of the form y = ZZZIZ with a,b,c,d

(complex) integers, and ad — bc # 0. A few simple Mdébius transformations on some expansions can
easily be deducted by hand, for example multiplication by —1 or i:

-1 1
—1l-z2=—-ay+ —=—ap+ —
A —T1
) ) ) ) 1 ) 1

i-r =100+ ——=1090 + ——=1a9 + ——

1 . —1 . 1

ay + — —1a1 + — —1a1 + —

T2 To 1X2

Obviously, multiplication by —1 is different for the regular continued fraction, because only the first
partial quotient can be negative.

Another simple one is addition by an integer. If k is an integer, then [ag; ag, az, . . .| +k = [ag+k, a1, az,. . .].

12



Chapter 2

Cantor Sets

B P S . R d ; B0t

Figure 2.1: CCF3(0) in the complex interval [—1,1] x [—4,4].

One very important element in this thesis is the understanding of Cantor Sets. In this chapter some
theory for these Cantor Sets is developed. The first part gives a technical, but general, definition of
Cantor Sets in such a way that these sets become easy to handle. The second part of this chapter proves
some general theorems of sums of Cantor Sets. This chapter is by no means a profound introduction
to Cantor Sets, it only develops the mathematical tools for proving theorems in the next chapters. A
curious reader is referred to literature such as [Can83|, [Haul4] or [Eng89).

13



2.1 Cantor Sets

The Cantor sets where introduced by the German mathematician Georg Cantor in 1883 [Can83]. The
most simple Cantor set is the Cantor ternary set. This set is created by recursively removing the open
middle thirds of a set of line segments. One starts by deleting the open middle (%, %) from the interval
[0, 1], leaving two line segments [0, %} and [%, 1]. Next, the open third of each of these remaining segments
is deleted. This process is continued indefinitely. The Cantor ternary set contains all points in the interval

[0,1] that are not deleted at any step in this infinite process.

Figure 2.2: The first six steps of this process.

Of course this process can be done a bit more generally. Let Ag = [a,b] be a closed interval. Then for
a0o, ap1 € R such that a < agyp < ag; < b one can split Ag in

A(l) = [a7a00}7 and A% = [a017 b]

removing the middle open interval (ago,ap1). Then again a1g,a11,a12,a13 € R can be chosen such that
a<aig < apr < agg and agy < a1o < asz < b. Now let A(l) Spht in

AY = [a, a0, and Al = [a11, ago),
removing the middle open interval (a10,a11). Also let A} split in

A3 = [ao1, a12), and Aj = [ags, b],
removing the middle open interval (a13,as3). This process is continued infinitely many times.
As a formal technical, but useful, definition.

Definition 2.1.1. Let A C R be a closed bounded interval. Let {C]' C A:n € Z>g,k < 2""'} be open
subintervals of A. Define subsets A} recursively as follows:

i. AY = A, called the root,
ii. AD, ={zr € AP"\Op : Ve € C},x < c}, called the left interval of A},
iii. A, ={r¢€ AYN\CP Ve € O,z > ¢}, called the right interval of A7.

In addition suppose that for all n € Z,>o and k < 2" also C} C Azfl. Then the family of sets
{C}:n € Z>o,k < 2™} is called Cantor gaps for A. Now a General Cantor Point Set is defined as

L(A{C} :neZxok<2"}) = A\ | Cf.
’I’LEZEO
k<2™
If no confusion is possible L(A4,{C} : n € Z>o,k < 2"}) is written for simplicity as L(A).

It is convenient to see this General Cantor Point Set as a tree as follows.

14



A Co i
A2 cz A2 Ag\ c? /A§
A9 3 oA3 A3 3 oA ALy oA APy oa

Figure 2.3: The first 3 steps in this process.

Example 2.1.2. The Cantor Gaps of the Cantor Set in Figure 2.2 are now defined as follows. For every
m>0and k <2™ —1

m (3k+1 3k+2
cp - (21,222,

From which the Cantor Set becomes

oy U ar=o0my U (3221’3222)

m>0k<2m—1 m>0k<2m—1

Theorem 2.1.3. Let L(A) be a General Cantor Point Set.
i. L(A) is a perfect set in R, i.e.the set of all limit points of L(A) is again L(A).
ii. All end points of any one of the subdividing interval A} belong to L(A).
iii. L(A) contains an interval or L(A) is nowhere dense.

iv. The measure p(L(A)) may be zero or any positive quantity less than the length of A.

Proof. See [Hauld], pp.129-138. O

Here a couple of simple definitions are introduced.

Definition 2.1.4. If A B C R, then A+ B ={a+b:a € Ab e B}. Hence, if A = (z1,22) and
B = (y1,y2), then A+ B = (x1 +y1,22 +y2). Also A-B={ab:a € A,be B}.

Definition 2.1.5. If A C R then

I(A) = |sup(A4) —inf(A)| if sup(A) and inf(A) exists,
I e otherwise.

Definition 2.1.6. Let L(A,{C}}! C A:n € Z>o,k < 2"}) be a General Cantor Point Set. Define A} as
in Definition ZT.T1 Then

ap =1(A}) and cp =1(CP).

15



2.2 Sums of Cantor Sets

The proofs given in this section are based on the proofs given in [Hal47]. They are however completely
rewritten and (all) errors in [Hal47| are corrected.

An interesting question is; given two Cantor sets L(A) and L(B), what is the measure of L(A) + L(B)
(w(L(A) 4+ L(B)))? In this section this question is answered.

Theorem 2.2.1. Let A, B C R be closed bounded subsets. Suppose {C}} and {D}} are Cantor gaps
for respectively A and B. If there exists a map 7 : Z>¢ — R such that for all n € Z>, and k£ < 2"

cp > r(n)az_l, dy > r(n)bz_l
with

o0

-2 =0,

n=0

then p(L(A) + L(B)) = 0.

Proof. Let i, k,1 > 0. Now Ai splits up in ALF! and Aé‘,’gil and similar B splits up in B and B;?_-s-lr
Remark that if Aj, + B} contains the whole set L(Aj},) + L(B}), then

i+l i+l qitl i+l qitl i+l i+l i+l
A2Jlg + le+ 7A2Jlg + BQ;:Ll’ A2Jlg+1 + Bzf and A2£+1 + BQ;:Ll
cover all of L(A}) + L(Bj). The length of the new intervals is
(age’ + 05 1) + (agy! + 0510 ) + (abjiyy +051) + (abiyy +0517)) = 2a — 2¢; + 2b) — 2d;
< (2 —2r(i))(aj, + b))
Define

2t 1

Ti= ) ((A,) +U(B})

k=0

Then by the previous remark
T < [J@—2r(n)Ts.
n=0

Since lim Hi:o(z —2r(n)) = 0, it follows that
n(L(A) + L(B)) = 0.
O

Remark 2.2.2. Theorem [Z21] can be generalized such that if & > 0 and L(A;), L(As), ..., L(A) are
General Cantor sets with Cantor gaps {1C'}, ..., {*CI'} satisfying

kcf > r(n)kaf_l

for all n and [ with

oo

[ =kr(n) =0,

n=0

then p(L(A1) + L(As) + ... + L(Ag)) = 0.

Corollary 2.2.3. Let A, B be closed bounded subsets of R. Suppose {C}'} and {D}} are Cantor Gaps
for respectively A and B. If for all n > 0 and k < 2" one has ¢} > %az_l, then

u(L(A) + L(B)) = 0.
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Proof. Take r(n) = & + ¢, where € > 0 and ¢} > r(n)a} " for all n > 0 and k < 2". Then for all n > 0

[2—=2r(n)| =11 —2¢ < 1.

Therefore
0<|JJ@=2rm)| <[] 12-2r(n) =0,
n=0 n=0
hence
[[@-2r(n)) =0.
n=0
Then by Theorem [Z2] the measure of L(A) 4+ L(B) is 0. O

So if L(A) + L(B) should not be zero, at least the condition
(C1) for every n > 0 and k < 2" one has ¢} < a3y, a3, and dj} < by, b5,
should be true. The next part of this section will show that condition (C1) is also sufficient.

Definition 2.2.4. Let A = [a1,a3], B = [b1, ba] be two closed intervals and e = min(ay — a1, bs — by).
Then

[A7B] = [a1 +b1,a1 +b1 +26]7

[A7 B] = [(12 + b2 — 26,(12 + b2]

Lemma 2.2.5. Let A, B C R be closed bounded subsets, a = I(A4), b = I(B). Suppose C' and D are
open subsets of A and B. Let

Ay ={a€A:a<cforall ceC}, Ay={a€A:a>cforall ceC},
Bi={beB:b<cforal ce(C}, By ={be B:b>cforall ceC}.

and suppose that {(C) <1(A1),l(Az) and I(D) <I(By),I(Bz). Let v € [A, BJU[A, B], then

1. v e [A,Bl] U [A, Bl] or,
2. v € [A,Bs]U[A, By] or,
3. v €[A1,B]U[A1,B] or,

4. v € [As, B)UTA;, B].

Proof. By symmetry of cases a < b and b < a it suffices to treat the case a < b. Let A = a1, as],
B = [by, bs], then e = as — a;. Therefore

[A,B] = [2a1 —ag + by, a9 + bg],

A,B] = [a1 + b1,2as — ay —|—b1].

Suppose that By = [b1,z], B = [y, b2]. There are four cases depending on the lengths of the intervals
A, B1 and BQ.

i. I(A) <1(B1),1(B2). Then e = as —a; and

[A,BQ] = [2(11 —ao + b27(12 + b2] = [A,B],
[A,Bl] = [a1 -+ b172(12 — a1 +b1] = [A B]

This gives case 1 or 2.

17



ii.

iii.

iv.

I(A) <1(By) and I(Bz2) < I(A). In this case
[A, B\] = [A, B].

But e = as —ay in [A, B1] and e = by — y in [A, By]. This gives

A, B1] = [2a1 — as + z, a2 + 7],
A7 BQ] = [G’Q - b2 + 2y7 az + b2]
Because of I(41),1(As) > I(C) and I(By),1(Bs) > (D),

y—x=1(D)<Il(B3)=by—y, so 2y<xz-+by and therefore ay—bs+2y <as+z,

hence the two intervals [A, B1] and [A, Bs] overlap. A second observation is that z < by, hence
2a1 —as +x < 2a1 — as + bs.

But then

[A,B] = [2(11 — a9 + bg, ag + bg} Q [2@1 — az + T, as + bg] = [A, Bl] U [A, Bg]
Which gives case 1 or 2.
I(B1) < I(A) and [(A) <I(Bg). This problem is dual to case ii. That is

[4,B] = [A, B, and [A, B] C [A, Bi] U[A, By)]

and again this is of the form 1 or 2.
I(B1) <I(A), I(B2) <I(A). Since z — by > y — x in this case I(A) > y — z and
BI(A) > (z —b1) + (y —2) + (b2 —y) = by — by = I(B).
Therefore 3as — 3a; > by — by, yielding
2a1 — ag + by < 2a9 — ay + by.

But that means that A+ B = [A, B] U [A, B]. It is useful to look at the four intervals

[A, B1] = [a1 + b1,a1 — by + 21],
[A, Bo] = a1 + y,a1 + 2b2 — g,
[A, B1] = [a2 + 2b1 — z, a2 + 7,
[A, Bs] = [a2 — ba + 2y, ag + bs).

Now note the following.

a. [A, B1] and [A, Bs] overlap, because

T—b >y—ux, SO 2r — by >y and thus a; —b1+2x > a1 +y.

b. [A, B;] and [A, Bs] overlap, because
by —y >y —x, o) x > 2y — ba, and thus as +x > az — by + 2y.
c. Because x — by >y—x,bo —y>y—x and (B) = (x — b1) + (y — x) + (b2 — y) one has
31(B1) = I(B) or 31(Bz) = I(B).

If 31(By) > I(B), then [A, By] and [A, B;] overlap, because {(A) < I(B) by assumption:

as —ay; < by — bjand so < 3(by — x), as +2by —x < a; — by + 2.

If 31(B2) > I(B), then [A, By] and [A, Bs] overlap, because {(A) > I(B) by assumption:

as —ay < by — bjand so < 3(by — ), ags — by + 2y < ay + 2by — y.

18



Hence 7 lies in one of those four intervals.
This proves the lemma. O

Theorem 2.2.6. Let A = [a1,az3], B = [b1, b2] be closed bounded subsets or R, where a = as — a; and
b = by — by. Suppose {C}'} and {D}} are Cantor Gaps for A and B, respectively. In addition suppose
that condition

(C1) for every n > 0 and k < 2" one has ¢} < ay;, a3, and df < by, b3y,

is satisfied.
Define e = min(a, b), then

L(A) + L(B) = [A, B] U [A,B] = (a1 + bl,al + b1 + 26) @] (ag + bg - 26,(12 + bg)

Proof. Obviously L(A) + L(B) C [A4, B]U[A, B].

Suppose that v € [A, B] or v € [A, B]. By Lemma 22| there exists a shrinking sequence

(A17B1)7 (A27B2)3 (A37B3);

where for all 4,7 > 0, A;y1 € A;, Bj41 C B; and there are m,n, k,l > 0 such that A; = A", B; = A",
In addition, for every i > 0

v e [Al,BZ}, or S [A“BZ]

There are two cases.
i lim; o0 I(A;) = 0 and lim;_, o I(B;) = 0. Take in this case

a = lim max(4;), B = lim max(B;).
i—00 J—oo

Then o € L(A), f € L(B) and v = a + .

. limy oo I(A;) = s # 0 or lim;_, o I(B;) =t # 0. Suppose first that ¢ > s. There there are ¢,5 > 0
such that A, = [a1,a2), I(4;) = s and B; = [b1,b2], {(B;) = t. By Lemma T.T0l the sequence
(A1, B1), (A2, Ba), (A3, Bs), ... could have been taken such that B; cannot be split up anymore, i.e.
B; C L(B). Hence v € A; + Bj = [a1 + b1, a2 + ba].

1. Ifa; + by <y<a;+b +t take a =a; and B =~ — ay.
2. Ifa; +b1+t<vy<as+ b, take a = ag and f = v — as.

In both cases o € L(A), because « is an endpoint of interval A;, and 8 € L(B). But then also
vy=a+p € L(A)+ L(B).

Next suppose that t = s. Then there are i, j > 0 such that [(4;) =t = [(B;). By Lemma
A; and Bj could have been taken such that they cannot be split up anymore, i.e. A; C L(A) and
B, C L(B). But then

v € A;+ B C L(A) + L(B).

O

Corollary 2.2.7. Assume the same setup as in Theorem [2.2.61 Also suppose that the following condition
holds:

L(A)+ L(B) = A+ B.

19



Proof. Because = < 2 also b < 3a and % < 3 implies that a < 3b. Therefore

1 a
3 b

(ag—a1)+(b2—b1)§a+b§4a,
(ag—a1)+(b2—b1)§a+b§4b.

Hence

(ag —ay) + (b — by) < 4e.
Rearranging the symbols gives

as + by —2e < aj + by + 2e.
Now applying Theorem gives

L(A)+L(B) = (a1+b1,a1+b1+2€)U(a2+b2—2€,a2+b2) = (a1+b1,a2+b2) = A+ B.

20



Chapter 3

Hall’s Theorem

Figure 3.1: CCF3(0) in the complex interval [—1,1] x [—i,1].

In this chapter Hall’s Theorem is proved, i.e.that every real number can be written as a sum of two
regular continued fractions with quotients less then or equal to 4. In order to prove this one observes
that the set of all regular continued fractions with quotients less then or equal to 4 is actually the sum of
infinitely many General Cantor Sets. Then it is possible to use the machinery, developed in chapter 2, to
tackle this problem. After that a couple of other problems of the same kind are solved, such as the one
for the Nearest Integer Continued Fractions, using the idea of singularisation, and one for all Complex
Numbers with bounded quotients.
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3.1 Basic Definitions

Definition 3.1.1. Let n € Z and k € Z~¢, then the k-bounded Regular Continued Fractions with integral
part n are defined as

RCFk(n) = {[ao; a1, a2,a3,..] ER:ap=n,Vi>1:1<a; <k},

and the k-bounded Regular Continued Fractions are

RCF; = | J RCFx(n).
nez

Definition 3.1.2. Let n € Z and k € Z~(, then the k-bounded Nearest Integer Continued Fractions with
integral part n are defined as

NICFj(n) = {[ao; e1/a1,e2/az,e3/as,..] € R:ag =n,¥i>1:a; <k,
[ag; e1/a1,ea/as, e3/as,...] is a Nearest Integer Continued Fraction },

and the k-bounded Nearest Integer Continued Fractions are

NICFj = _J NICF(n).
nez

Definition 3.1.3. Let m + ni € Z[i] and k € Zsg, then the k-bounded Complex Continued Fractions
with integral part m + ni are defined as

CCF(m + ni) = {[ao; e1/a1,e2/az,e3/as,..] € R:ag=m+ni,Vi > 1:a; € Z[i], |a;| <k},

and the k-bounded Complex Continued Fractions are

CCFr= | J CCFi(m + ni).
m~+ni€Z[i]

3.2 RCF,;+ RCFy

First there are some calculations.

Lemma 3.2.1. Let a,b € Z~, then
1 /1 b
[0;a7b7a7b7a7b,...] :_§b+ ibz‘f'g
Proof. Let x € R such that = [0;a,b,a,b,...]. Then

x =1[0;a,b,a,b,..] =0+
a+

b+x
_ b+x
ar+ab+1

Hence az? + abz — b = 0. Using the ABC-formula gives

—ab+ +/(ab)? + 4ab 1 L, b
% = bEYIr T

x cannot be negative, hence the result. O
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Lemma 3.2.2. Let a,b € Z~(, then

1 /1 b
[b;a,b,a,b,a,...] = §b+ sz‘i—a

Proof. This can be easily deduced from Lemma 3211 left as exercise for the reader. O

Take a better look at RCFx(0). Using Lemma [B.2.1] one concludes that the maximum and minimum of
RCFy(0) are both attained and equal to

VN?4+4N - N
2 b
VN?4+4N - N
2N '

max(RCFy(0)) =[0;1,N,1,N,...] =
min(RCFx(0)) = [0; N,1,N,1,..] =
In particular
max(RCF4(0)) = 2v/2 — 2,
V2-1

min(RCF4(0)) = 5

Hence RCF4(0) is contained in the closed interval A = [1(v/2—1),2v2 —2].

One can obtain the set RCF4(0) as a Cantor set of this interval A.

Definition 3.2.3. Let S C R be a bounded subset of the real numbers. Define [S] to be the smallest
closed interval containing S. Hence

where p = inf(S) and v = sup(S).

Closed subsets of RCF4(0) can be divided into three different types.

Definition 3.2.4. Let bg, by, ..., bx € Z~q, where k > 0. Define
1. T (bo, b1, ..., bx) = [{[0; b, b1, ..., bk, A1, kg2, ... 1 1 < aj <4 forall j > k}],
2. To(bo, b1, ..., b)) = [{[0; b0, b1, .., bk, Qg1, Ao, ] 2 < appr < 4,1 <a; <4forall j>k+1},
3. T5(bo, b1, ..., bi) = [{[0; b0, b1, ..., by Ak1, Aks2, -] 1 3 < apyr < 4,1 <a; <4forall j>k+1}.

From the definition A = T3(). Now it is possible to obtain RCF4(0) as a Cantor subset of A as follows.
An infinite binary tree T' of nodes T;(bo, ..., b;), where 1 < i < 3 and by, ..., by € Z~o where k > 0; can
be defined inductively. The root of T' is equal to A = T; ().

T3()

Suppose there is a leaf L of depth n in the binary tree T'. Let bg,...,bx € Z~o where k > 0, there are
three cases.

1. V. =Ti(bo,...,br). In this case the two children of V" are T (b, ..., bg, 1) and Tx(bg, ..., bg).

T (bo, ..., bi)

Ti(bo, -.s by, 1) Ty (bo, ..., bi)
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2. V =Ty(bg, ..., bg). Then the two children of V are T;(bo, ..., bk, 2) and T5(bo, ..., bx).

Ty (bo, .oy b
T1(bo, -, br, 2) Ts(bo, ..., by

3. V =T3(bo, ..., br). This last case gives children T;(bo, ..., bg, 3) and Ty (bo, ..., bx, 4).

T5(bo, ..., bk
Ty (bo, ..., bi, 3) T (bo, ..., b, 4)

This recursive definition defines the complete binary tree T. To extend this tree with Cantor gaps let

ATL
A A,
be a part of T" and define

Cpth = A4y U AL

Then these intervals {A}} and {C}'} satisfy Definition 2Tl and thus they form a General Cantor Point
Set L(A) = L(A,{C}'}). By definition L(A) = RCF4(0).

Ty ()

Ty(1,1) Cs T»(1) Ty (2

N N

Ti(1,1,1)C3 Tp(1,1)  Ty(1,2) C 1(2,2) C3 T5(2) Ti(3) C3 Ti(4)

Figure 3.2: The first 4 layers of tree T" with Cantor Gaps.

Remark 3.2.5. An important constant in the next calculations is

C=1[1;4,1,4,1,4,..] = %(\/5+ 1).

24



( satisfies the following interesting relations
4¢ =[4;1,4,1,4,1,..] = 22+ 2,
1
c =[0;1,4,1,4,...] =4¢ — 4.

Lemma 3.2.6. Let by, ...,b; € Z~( and pg, gk, Pk—1,qk—1 € Z such that
Pr—1

Te1 = [Oa b17b2, "'7bk:71]7
Z*: = [05b1, b, ..., b
Then for every v € R
(0551, bay ooy by, ] = LA Pt
Y4k + k-1
Proof. See Definition [[LT.3] and Theorem )

Lemma 3.2.7. Let by, ...,b,. € Z~q and pr_1,qx—_1, Pk, k € Z such that
Pr—1

= [01 b17 b27 "'7bk—1]a
qrk—1
B 10501, b, ..., by].
gk

Then for every p,v € R let z,y € R such that

x = [03by, b, oy b 4],
Yy = [O;bl’bz, ...,bk,V]-

Let € = Z=1: then
qk

|z —y| = o dp=
(i +e)(v+e)

holds.
Proof. By Theorem [LZ2, prqr—1 — pr—1qx = (—1)*. Knowing this the calculation becomes

|z —y| = |[0;b1, b, ..., by, p] — [0;b1, b2, ..., b, V]|
PPk +Pr—1  VPk + Pr—1
Mk + Q-1 Vqk + qr—1
(pr + pe—1)(var + qr—1) — (Hqx + qr—1)(VPr + Pr—1)
(g + qe—1)(var + qr-1)
p(PrGr—1 — Pr—14k) + V(Pk—19k — Prqr—1)
ar(p+€)(v +e)
D a4 ()M
 ak(pt (v te)
ln— v
ar(p+e)(v+e)

Lemma 3.2.8. L(A) + L(A) = A+ A= (V21,42 —4).

Proof. Because A = [1(v/2—-1),2v2-2], A+ A = [v2—1,4v2—4]. If the conditions of Corollary ZZT]
applied to L(A) are satisfied then A + A = L(A) + L(A) and the theorem is proved.

Let us first check condition 1, which states
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(C1) for every n >0 and k < 2"~ one has cff < afy,aby ., and dif < by, b,
Let bg, b1, ...,bx € Z~g, then there are three cases.

i. Case 1 where

Tl(bm ey bk)

Ty (bo, .-, by, 1) C Ty (b, ..., br)
Denote by t1,c,ta the lengths of respectively the intervals T (b, ..., bk, 1), C and Ts(by, ..., bg).
Suppose that k is even.
t1. The smallest and largest elements of T (bg, ..., b, 1) are, respectively,
(0551, o, be, 1,4,1,4,1, ] and 05Dy, .oy be, 1, 1,4, 1,4, ],

Let p=[1;4,1,4,..] =Cand v = [1;1,4,1,4,...] = 1+
of Tl(bo, veny bk, ].) is

%_. Then by Lemma m the length
1

- a(1+ ¢ +e)(C+e)

c. The smallest and largest elements of C' are, respectively,
[0;01, ..., bk, 1,1,4,1,4, .. and [0501,...,bk,2,4,1,4,1, ...].

Let p=[1;1,4,1,4,..] = 1+ % and v = [2;4,1,4,1,..] =2+ i. Then by Lemma B.2.7 the
length of C' is

1 1
c= 2+E_1_Z .
G2+ 3=+ )1+ ¢ +e)

to. The smallest and largest elements of Ty (bo, ..., b ) are, respectively,
(0351, .o, bi, 2,4,1,4,1, .. and (051, .oy by, 4,1,4,1, ...

Let p=12;4,1,4,1,..] =2+ ﬁ and v = [4;1,4,1,...] = 4¢. Then by Lemma 327 the length
of Tg(bo,...,bk) is
A—2— g
t, = .
T a9+ £+ o)

Now calculate

. 2411 a(l+z+e)(C+e)  (4—-30)(C+e)

Gl E+eol+itg  1+I-¢ (3¢ =3)1+C+e)’
¢ (4-3¢)4CH+e)

ta (3C—1)AC—3+¢)

Note that 0 < gx—1 < @k, hence 0 < € < 1. ﬁ takes its maximum at € = 1 and i takes its
maximum at € = 0. In both cases

(4-30+1)

B3 o !
¢ (4304
-3 "
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Hence ¢ < t; and ¢ < to satisfying the first condition of Corollary 22271

If k is odd the results are, because of the symmetry in z and v in the formula in Lemma 327 the
same.

Case 2 and case 3 are proved similarly to case 1, hence only the results are given. The calculations
are left for the reader.

ii. Case 2:

TQ(bOa tey bk)

Tl(bg,...,bk,Q) C Tg(bo,...,bk)

Denote by t1, ¢, to the lengths of, respectively, the intervals Tj (bo, ..., bk, 2), C and T5(by, ..., by ).

- 2+ ¢ -2 4
w2+ E+)2+ gz +6)
344 —2-¢
TRt ItoB+ Lo
N AC-3— 4

B+ O +e)
They satisfy ¢ < t1, c<ts forall 0 <e <1.
iii. Case 3:

Ts(bo, ..., br)

Ty (bg, ..., bx, 3) C Ty (bo, ..., b, 4)

Denote by t1, ¢, to the lengths of, respectively, the intervals T (b, ..., bx, 3), C and T (bo, ..., bk, 3).

. 34+ -3- 4
wB+E+)B+ £ +6)
TS S
c_qk(3+%+e)(4+i+e)7
e AC—4— g

G4+ 3= +)(AC+e)
They satisfy ¢ <t1, c<ts forall 0 <e<1.

Condition 2

(C2) b<g<s,

is satisfied trivially, since % <2<3.

So Corollary [ZZ71 can be applied, hence A+ A = L(A) + L(A). This proves the lemma. O
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Theorem 3.2.9. RCF, + RCF4 = R.

Proof. This follows from Lemma B.28 Because L(A) + L(A) = [v/2 — 1,4v/2 — 4] every element within

[1,2] can be written as the sum of two elements of RCF4(0). Hence

RCF4 +RCFy > | J (RCF4(n) + RCF4(n)) = R.
nez

3.3 Singularization

A large class of continued fraction expansions can be derived from the regular continued fraction expan-
sion by an operation called singularization . Here the underlying idea is described. For a € Z, b € Z~q
and z € [0,1)

1

I 14—
ot 1 1 atit b+1+x
+
b+x
In this way the digit 1 can be singularized in
[...;a,1,b,..]
to
[.,a+1,-1/b+1,..]

If x € [0,1) with RCF expansion
x =[0;e1/a1,ea/az2,e3/as, ...
then any finite or infinite string of consecutive digits
ar =1, ak+1 = 1, ag, = 1, Ak4n—1 = 1

is called a 1-block if either k =1 and agy,, #1 0or k> 1 and a1 # 1, agyn # 1.
The following algorithm, [IK02] p257-260, is known to singularize a complete regular continued fraction.

For any x € [0,1) singularize the first, third, fifth, etc., components in any 1-block.

Applying this algorithm to a RCF expansion [0; a1, ag, as, ...] yields a continued fraction of the form

e
7162 = [bo; e1/b1,e2/ba, ...].

b1 +
! by + ...

bo +

where e, = £1, b, + ep+1 > 2 and b, > 1.
Hence this form of singularization gives a nearest integer continued fraction expansion.

For a better analysis of this algorithm see [IK02].

3.4 NICFs + NICFg

Lemma 3.4.1. Every 4-bounded Regular Continued Fraction is a 6-bounded Nearest Integer Continued
Fraction. i.e. RCF4 C NICFg.
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Proof. Let x = [0;a1,a29,as,...] be a 4-bounded regular continued fraction. Applying the algorithm
described above, x can be singularized to a nearest integer continued fraction

x = [bo; e1/a1, ea/az, e3/as, ...
It is easy to see that the most extreme case which can occur is the following.

[ya,1,4,1,b,...] = [...,a+1,-1/5,1,b,..]
=[l.,a+1,-1/6,-1/b+1,..]

Hence = € NICF. O]

Corollary 3.4.2. NICFg + NICFg = R.
Proof. By Lemma B3I RCF, C NICFg and by Theorem RCF, + RCF4 = R. Hence

R = RCF4 + RCF4 C NICFg + NICFg C R.

3.5 CCF;+ CCF4 + CCF4 + CCFy

Lemma 3.5.1. If ag € Z, a3, az, ... € Z\{0} such that
[ap;a1,az,..] =2 €R
then
[ao?; —aii, asi, ..., (—=1)"ani, ... = xi € Ri.

Proof. By induction on n. If x = ag + i, then

. 1 ) .
zi =1i(ag+ —) =apl + — = agi + -
X1 X1 —T1?

Now suppose that n > 0 and the induction hypothesis holds, then

) = (0) i+ D !

=(-1)"ani+

Tpt = (—=1)" | an + —_—.
n ( ) < n Tpil (_1)n+1l$n+1

Tn+1
Hence zi = [agi; —aqi, agi, ..., (—1)" a1, ...]. O
Theorem 3.5.2. CCF4 + CCF4 + CCF4 + CCF4 = C.

Proof. Let a+ bi € C arbitrary. By Theorem [B.2.9] there exists x1, z2 € RCFy such that 1 + 2 = a and
there exists y1,y2 € RCFy such that y; + y2 = b. Hence

1+ T2 + Y1t + Yot = a + bi.
Now suppose that

Y1 = [ag; ax, ag, .|,
Y2 = [bo; b1, ba, ...,
where ag,bp € Z and 1 < a;,b;, < 4 for all j,k > 0. Then by Lemma [B5.] also
y1i = [agi; —aii, asi, ..., (—1)? a;i],
Yyai = [boi; —b1i, bai, ..., (—1)"byi].

Because |(—1)7a;| = |a;| < 4 and |(—1)*byi| < 4 it must be that y4,y2i € CCF4. Since RCF4 C CCFy,
1, T2, Y11, y2t € CCFy. Because a + bi was arbitrary,

CCF4 + CCF4 4 CCF4 + CCF4 = C.
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3.6 More results

First some notation. If n,k > 0 then

n times

nRCFy = RCFy, + RCFy, + ... + RCF}, .

In the same way

n times

nCCFy = CCFy, + CCFy, + ... + CCFy,.

There has been done quite some research on the sums of RCF},. Hall [Hal47] was the first to prove, more
or less, that RCF4 + RCF4 = R. Divi§ and Cusick proved independently [Div73), [Cus73| that

RCF3 + RCF3 # R and 3RCF2 # R,
but
3RCF3 =R and 4RCF5 = R.
Later, Hlavka showed [Hla75] that
RCF4 + RCF; # R, and RCF3 4+ RCF;3 + RCF; # R,
however
RCF4 + RCF3 =R, RCF4+ RCFy+RCF; =R, RCF3+ RCF3 +RCF; =R, RCF7+ RCF; #R.
Astels even went further and proved [Ast00) [Ast01] [Ast02] that
RCF5; + RCF; =R, RCF3+RCF,=R, RCF3-RCF;3=R, RCF3+RCF;+RCF;=R.

Combining these results with Lemma [3.5.1] and the proof of Theorem [3.5.2] one gets an infinite number
of equalities.

C = 3CCF3 + 3CCF3
= 3CCF3 + 4CCF,
= CCF4 + CCF3 + 4CCFy
= 2CCF3 + 2CCF4
= 2CCF3 — 2CCF3
= 4CCF3 + 2CCF,
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Chapter 4

Hall’s Algorithm

Figure 4.1: CCF4(0) in the complex square [—1,1] x [—¢,].

In this chapter a special algorithm, named after Marshall Hall, is given to do the following. Given a
(complex) continued fraction

x = lag; a1, az,as,...]

a b
M<0d)
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with a,b,¢,d € Z (or Z[i]) such that |ad — be| > 0, this algorithm gives an efficient way of calculating

axr +b
Yy = Mz = CJ,‘—Fd = [b[);b11b27b37"'}'

The chapter closes with calculating an explicit example for Regular Continued Fractions.

This chapter is a revision of the algorithm described in [Hal47]. There have also been found other ways to
solve this solution described above. For Regular Continued Fractions Raney showed in [Ran73] an other
algorithm using transducers. Recently, an other student at the Radboud University, tried to generalize
this algorithm of Raney to the case of Hurwitz Continued Fractions in this Master Thesis [Luili].

4.1 Mobius transformations and successors

In this section Mobius transformations and successors are introduced. Also two important finiteness
theorems about successors are proved.

Definition 4.1.1. The relation between indeterminate x and y such that

ar+b
p— 4.1
V= (4.1)

where a,b, ¢,d € Z[i] with |ad—bc| = N, N > 0, is called a linear fractional form or a Mébius transforma-
tion. In this paper the latter is name is used. N is called the determinant of the Mobius transformation.
Often throughout this paper the following notation is used for a Mobius transformation

y = Mz, M(‘c‘ Z) (4.2)

where det(M) = |ad — bc| = N.

Remark 4.1.2. The definition of det in Definition A.1.1]is not the usual definition for the determinant.
However this notation makes a lot of calculations a bit easier.

Lemma 4.1.3. If z,21,y € C are such that = and y satisfy ([£2) and there exists ag € Z[i] with
x = [ag, x1], then
_adr Y
- Cll’l —+ d/ o
with o/, ¥/, ¢/, d’ € Z[i] and |a’d’ — V'¢'| = N. In addition, if y; € C, by € Z[i] such that y = by + y%7 then

M'x

)

a’z+b" "
yl = c//x_’_d// :M €

with a”, b, ¢, d" € Z[i] and |a"d" — V'¢"| = N.

Proof. This is a simple calculation. Let x = [ag, x1], then

ar+b a(a0+?11)+b_ (aag + b)x1 + a
cr+d C(ao+;11)+d_ (cag +d)xy + ¢’

Hence |(aag + b)c — a(cap + d)| = |ad — be| = N, which proves the first part of the lemma. The second
part is done similarly. O

Remark 4.1.4. Suppose that z,y € C and

z = [ao; a1, .., i1, T3], (4.3)
y= [bo;bh"wbjfluyj]? (44)

are complex continued fraction expansions of x and y such that x; and y; are their complete quotients.
Also suppose that y = Mz, det(M) = N. Then by repeated application of Lemma B3] y; = M'z;,
where det(M') = N.
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Definition 4.1.5. Suppose that

x = [ag; 71], y = [bo; y1] (4.5)
are expansions of x and y and y = Mx, where M is a Mobius transformation, then

i. If ¢ # 0, then y = M’'z; and y; = M"z and the triples (M’ x1,y) and (M",x,y;) are called
immediate successors of the triple (M, z,y).

ii. If ¢=0, then y; = M"'z1 and the triple (M, x1,y1) is called an immediate successor of the triple
(M, z,y).

Now successors of (M, x,y) are defined recursively as follows
1. An immediate successor of (M, x,y) is a successor of (M, x,y).
2. An immediate successor of a successor of (M, x,y) is again a successor.
3. All successors of (M, x,y) are defined by rules 1 and 2.

Definition 4.1.6. Now let M be a Mobius transformation. The set of immediate successors T or
immediate successors of M is defined as follows

T= U {(M',2',y) 1y =Mz,(M',2',3y) is an immediate successor of (M, z,y)}.
zeC

Hence S is the set of all possible immediate successors of M ranging over x,y € C. An element of T is
called an immediate successor of M. A successor of M is defined similarly.

a. The set of immediate successors of M are successors of M.
b. The set of immediate successors of a successor of M is again a successor of M.
c. All successors of M are defined by rules a and b.

Remark 4.1.7. These successors play a very important role in the next theorems, so it is important
to understand them well. Given the continued faction expansion of x € C and y = Mz, then the triple
(M, z,y) has at most two immediate successors M’ and M". But the set of all immediate successors of
M could be infinite.

Luckily there is a finiteness property for this set of all possible immediate successors. This gives the first
main theorem of this chapter.

Theorem 4.1.8. For every Mobius transformation

ar+b
V= x, det(M)

there exists a finite subset S of the immediate successors T' of M such that, for every z,y € C with
y = Max and

x = [ag; z1], y = [bo; y1] (4.6)
there is an immediate successor (M’ 2’ y") of (M, z,y) for which M’ € S.
Proof. There are two cases.

c#0. Take By =y — % and Ey =2 — 4. Then

ad — bc N
By = = —.
‘ 1 2| ‘ 2 | |CQ|
Hence |E1 Es| = % and therefore
a vN d VN
ly——[ =Bl < 5+ or v — = = [Ea| < 7.
¢ ] ¢ ]
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Now let x = [ag; z1] = ap + %, y = [bo;y1] = bo + y%, this gives

a a N d a N
bo— <o~y 4l - 21 <14 Y or g Y <lag—al 4 fe - G <14
c c |e| c c |c]

Since N is fixed this shows that there are only a finite number of ag or by. Let T be the set

d N N
T:{aoiao—c|<1+\g}u{bo:|bo—i|<1+\|cﬁ}

Each of these ag and by from T determine immediate successors (M’ z1,y) and (M',z,y1). Let S
be the finite set of these immediate successors.

¢ =10. Suppose
z = [ag; 71, y = [bo; y1]-

A straightforward calculation shows that the immediate successor 3 = M'y; is of the form

o dl’l
h= Cx1+a
where C' = b+ aag — dbg. Because
_ar—>
L
one has that b = ax — dy, hence
d
C’:ax—dy—aao—i—dbo:i——.
A Y1

But, because x1,y1 > 1, also
IC] < lal + |d],

hence the set of immediate successors is finite.
O

Remark 4.1.9. If ¢ = 0 in the proof of Theorem [£.1.8 one can even prove a stronger result. Note that
in this case |ad| = N, hence

la| <N and |d| < N

hence |C| < 2N. So the immediate successors may be chosen from a finite set depending only on N,
rather than M.

ax+b
cx+d

Lemma 4.1.10. Given a Mobius transformation y = = Mz, where ¢ # 0. Suppose 7, s > 2 and

x = [ag; a1, ..., Gr—1, Ty, y = [bo; b1,y bs—1,Ys)-

Let By =y — % and By = = — %. Suppose that |E;| < & or |E;| < 1. Then there are 4,7 < 2 and

2 2
a,v,c,d € Z[i] with |¢/| < ¢ where
ax; +b ,
Vi o v a - Mo
such that (M’, z;,y;) is a successor of (M, z,y).
Proof. The proof is given in form of an algorithm.

|Ey| < % Let y = [bo; 1], now
1

1 a a 1
——<|Fi|l=ly—=|=1lbg— =+ —| < =.
3 < 1Bl =ly ==t~ T+ <5

Let y;1 = [b1; y2], there are two cases.
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|b1] > 2. Then y; > 2, hence

1 1 1
S-S+~ < 2, 1< b — <1, \cbo — al < |c].
2 c Y1 2 c
Remark now that d
Y1 = cr =Mz

(a — Cbo)l’ + (—b — db())
such that (M’ z,y;) is a successor of (M, z,y) which satisfies the properties of the theorem.
|b1] = 1. Then y; =1+ y%7 hence y; < 2. Now

3 1
—7<|bo—g\<0, —7<|b0+1—g|<1, lcbo + ¢ — a| < |c].
2 c 2 c

Now take
(a — Cbo).%‘ + (—b — db())

:M’
cho + ¢ — a)z + (dbo + d + bo) *

y2=(

such that (M’, z,y2) as successor (notice here that by = 1) of (M, x,y). This successor satisfies
the properties of the theorem.

|E2| < 1. This proof is similar to the case |E;| < 1.
O

Lemma 4.1.11. Given a Mobius transformation y = Z;”idb = Mz and |¢| > 2v/N. Suppose r, s > 2 and

x = [ap; a1, ..., ar—1, T, y = [bo; b1, ..y bs—1, Ys)-
Then there are ¢,j < 2 and o/, ¥, ¢, d’ € Z[i] with |¢/| < |¢| where

a'x; +b
=" = M
Yi cdxr;+d !

such that (M’ z;,y;) is a successor of (M, z,y).

Proof. This is an immediate consequence of the previous lemma. Let By =y — % and Ey =z — %. Then

N

BBy =
Bl = 1

< 1
5
Hence |E| < 3 or |Es| < 4. Now apply Lemma ELI10 O

Lemma 4.1.12. Given a Mdbius transformation y = % = Mz with |ad — be] = N. Suppose
rys > 2|c| + 2 and

x = [ag; a1, ..., Gr—1, L], y = [bo; b1, ..oy bs—1, Y]

Then there are ¢ < r, j < s and a/,V,c',d € Z with

a'x; +b
Yi= cdx; +d =Mz,
such that (M’ z;,y;) is a successor of (M, z,y) with
la'| < 2N +1, '] < 2V'N, /| < AN +2, |d'| < 2N + 1.

Proof. By, at most 2|c| —4v/N, repeated applications of Lemma B I.IT] one may assume that |c| < 2v/N.
If |[Ey| > § or |Ea| > § apply Lemma ELII0 until both |E1],|E>| < 4. This takes at most [4v/N] steps.
So we may assume that |c| < 2v/N and |E1|,|Ez| < 3. There are two cases.
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¢ =0. Then by Theorem FLT.§ there is an immediate successor (M’,x1,y;) with

/
a T
y1=—t— =Mz,
Cl’1+d

where, by Remark E.1.9]
d| < N<2N+1, [|=0<2VN, |/|<2N<4N+2, |d|<N<2N+1.
This is the successor satisfying the theorem.

c¢#0. Then 1 < |¢| < 2V/N. Letx:aoer%andy:boer%,then

a'xy + b
_anTv
1 ry +d x1
where
a =d— agc, b =—c, ¢ = cagby — abg — dag + b, d =cby—a

and (M’,z1,y1) is a successor of (M,x,y). These four elements satisfy the properties of the
theorem.

b Y] = |e| < 2V/N.

d’: First 1 N N
a a
|bo + ; - E| =ly— E| = |Ey| = ‘§E2| < 2072.
Therefore N
o — L) <25 +1
c c
and

N
|d'| = |cbo — al §2ﬂ+|0| <2N + 1.
C

a’: In a way similar to d’.

c’: Because cxy — dy — ax + b= 0, also

¢ = capby — aag — dbg + b

d — cag L a — cby
Y1 T
a d

U1 1

hence
|| <la'|+|d| < 4N + 2.

O

Remark 4.1.13. Notice that every time Lemma is applied to a Mobius transformation M where
y = M then the triple (M, x,y) gives a new successor (M’, z;,y;) where 4,5 > 0. This is very important,
because if it is known that

x = [ag; 41,02, ..., Gi—1, Tj]

then after applying Lemma [.1.12] it must also be known what the values of by, b1, ...,b;—1 in
y = [bo; b1, b2, e b1, Ys].

must be. Hence this lemma provides a way to calculate the first j > 0 quotients of y given the first 4
quotients of x.
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This is the second main theorem of this chapter. It shows that given a Mobius transformation y = M«
there exists a finite set of successors of y = Mx where it is possible to calculate, given

T = [ao; ai, az, "',aiflaxi]

the first j quotients
y = [bo; b1, b2, ..., bj—1, ;).

Theorem 4.1.14. Given an integer N > 0. There exists a finite set C' of forms of determinant N and
m > 0 such that the following is true.
Let M a Mobius transformation with det(M) = N with x € R and y = Mz. Then for all ¢ > m with

T = [a0§a1a-~-7@i—171‘i]

there is j > 0 such that
y = [bo; b1, ..., bj—1,y;]
where y; = M'z; and M’ € C.

Proof. Define
Co = {M € GLy(Z[i]) : det(M) = N, |a| < 2N +1,|b| < 2V/N, |¢| < 4N +2,|d| < 2N +1}.

Let M € Cy. Then by Theorem [LT.8] there exists a finite set S of Mobius transformation of determinant
N of M such that for every x,y € R with y = M« there is an immediate successor (My, 2’ y’) of (M, x,y)
in S. For every My € S there are, by Lemma . T.12] successors

(Mlaxilayjl)a (M27xi27yj2)7 (M37zi37yj3)7 ceey (Mkaxikvyjk)

of determinant N leading from (M, z,y) to (Mg, ,y;,.) with My € Cy. Let Cps be the union of all
sequences My, Mo, Ms, ..., M; belonging to a My € S. Now define

C=Cou |J Cum.

MeCy

Take m = 4|c| + 4. Lemma [£T.T2 explains how to get, given a Mobius transformation M with y = Mz,
in at most 4|c| + 4 steps to a Mobius transformation M’ € C with y; = M’z;. So this m is the desired
upper bound and by construction this C' is the desired set. O

4.2 Hall’s Algorithm

Theorem [T.14] provides an algorithm to give a finite set of rules to calculate the quotients of y. This
set of rules, although it is finite, can become extremely large. In this section the special case is treated
when a continued fraction is a regular continued fraction. Some important modifications are made to
get this set of rules for regular continued fractions smaller.

Definition 4.2.1. Fix N > 0. Any finite set C of forms of determinant N satisfying Theorem E.IT.14]
will be called a canonical set of N-forms.

Our aim is to find a canonical set of N-forms which is as small as possible. This set can be found if
N =1.

Theorem 4.2.2. Suppose N =1, then C = {M}, where

w(3)

37

is a canonical set of 1-forms.



Proof. If y = x and x = [ag; x1],y = [bo; y1] then also y; = x1. So every immediate successor of (1, z,y)
is again (1,x,y). Therefore it is sufficient to show that for every Mobius transformation

M(a b), where ad — bc = +1
c d
and y = Mz for z,y € R there exists i, j > 0 such that

€T = [a05a17¢127~-~7ai—1,=’17i]7

y = [bo; b1, b2, ..., bj—1,Y5]

with y; = ;.

To prove this an algorithm is given. By repeated application of Lemma [.1.12] one may assume that
le] < 2/ N = 2. Hence ¢ = —1,1 or 0. The first two cases can be reduced to the last one. Because:

c=—1.

c=1.

Multiply the numerator and denominator by —1, this gives the same Mobius transformation with
c=1.

In this case
ar —b

_ with ad — b = £1.
x—d

y:
But then
(r—d)(ly—a)=(ax—b) —a(r —d) =ad — b= +£1.

The last equation shows that there is an immediate successor given by one of the four following
transformations

r = [d; x1], y = [yl,
z=[d—1;z1], y=lyl,

z = [z], y = [a;y1],

z = [z], y=la—1;u1]

They lead respectively to the following Mobius transformations

y=+z1 +a, (4.7)
(aFlzx; —a
= 4.
4 1 — 1 ’ ( 8)
y1 = t(x — d), (4.9)
r—d
= — 4.1
- (dF1) (4.10)
where (@) and [@3) have ¢ = 0. In [
(aF 1)1 —a
o r1 — 1 '

Remark that the determinant of this transformation (a 1) + a = £1. Hence also (z; — 1)(y —
(a F1)) = £1. This gives one of the following three expansions

x1 = [1;12], y = [yl,
Ty = [71], y=[aF Lyl
z1 = [z1], y=laF1l-1;u]

These lead respectively to the following Mdbius transformations

y=Fxs — (1 £a),

_.561—1
nET

_1‘1—1
y1—x1_2~
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The first two transformations satisfy ¢ = 0. For the last one
(z1=2)(pn —1) =1
which leads to one of the two expansions
T1 = [25 2], y1 = [yl
z1 = [21], y1 = [1; 2]
These two expansions, respectively, give transformations
y1 =x2+ 1,
Y2 =21 — 2
both having ¢ = 0.

. Because now ad = £1 we must have a = £1 and d = £1 so the Mobius transformation is y = £z —b.
Let
z = [ao; 21}, y = [bo; y1]
then
i:ﬂ:aoﬂ:ifbfbo.
Y1 T
As z1,y1 > 0 and b, ag, by € Z there are only two possibilities: b=0or b=1. For b=0
Yy =T
Forb=1,
ix—lziao—l—i—l:iao—lil—l— T
21 -1
hence
Y1 = 1

The first of these is the successor desired to prove the theorem. In the second case (x1—1)(y1 —1) =
41, so there is one of the expansions

r1 = [l 2], 91 = [11],
z1 = [z1], 41 = [1; y2]
leading respectively to successors
y1 =x2+ 1,
Yo =21 — 1.
These leading again respectively to successors
Y2 = T3,
Y3 = Z2-
Transformation ([@I0) works in the same fashion as transformation (4£.8]). This proves the theorem.

O

Remark 4.2.3. The proof of Theorem 4.2.7] gives an explicit algorithm to calculate, given a Mobius
transformation M with det(M) = +1 and = = [ag; a1, a2, ...],

y =Mz = [by; b1, ba, ...].

Since M can be transformed in a finite number of steps to the M&bius transformation M = 1, there exist
J,k >0 and bg, by, ...,b; € Z such that

Yy = [bo; bl, ceey bj,ak,ak+1, Ak+2, }

This result gives an alternative proof of a well-known theorem in the theory of continued fractions; also
see Theorem 2, pp. 6-8 of [RS92].
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Remark 4.2.4. Let y = Nx, where N > 0 is a Mobius transformation. Applying theorem [ET.14 to
this transformation gives a set C' which is a canonical set of N-forms for y = Nx. Moreover this set is
in most cases sufficiently smaller and therefore easy for practice.

Our goal is to create a set of rules for a sets like C. It is showed now that every arbitrary Mobius
transformation y = Mz of determinant +/N can be transformed to this special M&bius transformation
y = Nz. First an important algorithm, called Smith Normal Form, is explained.

Theorem 4.2.5. (Smith Normal Form) Let a,b,¢,d € Z, (a,b,¢,d) =1 and ad — bc = = N. Then there
are e, f,g,h,t,u,v,w € Z such that eh — fg = +1, tw —uv = +1 and

N 0 e f\N_[(t u a b

0 1 g h ) v w ¢ d
Example 4.2.6. No proof will be given here. One could find the original proof in Smith’s paper [Smi61].
Instead an example will provide all the details how to find these matrices. Take the following Mdbius

transformation
3 —4
u-(® 1)

We will determine matrices P, Q € GL2(Z) such that
20
PMQ =D = ( - ) .

M can always be brought to diagonal form D with elementary row and column operations. Let Py and
Qo be the identity matrices and My = M. Every time we apply a row operation on M we also apply
the same row operation on Py, every time we apply a column operation on M we also apply the same
column operation on Q. So

Po((l) ;)),Mo(i) :§>3Q0<é 0>~

Add the first column of M, to the second column

10 3 -1
P1_<0 1)7M1_(1 _1)?@1_

Now add the second column of My to the first column

P2=((1) (1)>7M2=(g _1>,Q2=<%

Then subtract the second row from the first row

re(o )= 5 ) e (1)

As last subtract the second column 2 times from itself

e (i )3 0) e (3 )

Because matrices P and @ consist only of elementary operations their determinant is £1. Also Q! €

GLy(Z), so a solution is
2 0 1 -1 o 1 -1 3 —4
0 1 1 -2 B 0 1 1 -1 ’
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The Algorithm

Given a Mobius transformation y = Mz where
=)
and ad — bc = +N. Determine, with Theorem .20 e, f, g, h,t,u,v,w € Z such that
(o) Goa)=(ou) ()
0 1 g h voow c d
eh — fg =41 and tw — uv = £1.

Now define

x,_em—i—f , tytu
g+ h’ 4 vy +w’

then

Now, given the continued fraction of

x = [ag; a1, az, ...],
then, by the algorithm of Theorem E2.2] there is an efficient way to calculate
x' = [ay; aly, ab, ..].
Since 3y’ = Nz’ there is, by Remark [£.2.4] an efficient algorithm to calculate
y' = [bo; by, b, ]

But then again by Theorem [4.2.2] one can calculate

Yy = [bo, bl, b2, ]

4.3 An example for N =2

Here we calculate the following example for N = 2. Let

ve(12)
such that y = Mz. By Example £2.0]
(2 0)(1 —1):<1 —1)(3 —4)
01 1 -2 0 1 1 -2 )
and so putting

a1 I

gives

Now use Theorem [4.2.2] to find explicit calculations. As an example we show one calculation.
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Example 4.3.1. Since
r—1

T —2
c=1,a=1and d=2. Also (z —2)(2’ — 1) = 1, which gives the following 4 possible continued fractions

/

x = [2;21], x' =[]
x = [1;21], 2 = [2']
z = [z], ' = [1; 2]
z = [z], 2’ = [0; 2]
Suppose the first continued fraction occurs. Now x = 2 + %, hence
,71'—172—5-;11—17 +1
R R I R B
Now let &1 = [a1;x2] and 2’ = [bg; x}]. Then
1 1
bp+— =2 =1 +1=a; +1+4+ —
i L2
hence
ay + 1 = by, and Ty = x9.

This gives the following rule
z=[2;a,22] > 2’ =[a+1;23].

For example if
x=1[2;3,4,5,6,7,8,9,...]
then i
o =27 2 [3;3,4,5,6,7,8,9,....
r—2

In this same fashion all other possibilities can be calculated.

The next step is to calculate
y =22

By Remark £.2.4] there is a canonical set C generated by ¢y’ = Az’ where

=(01)

Example 4.3.2. As an example we calculate the first step. Let

x' = [%;35/1], y = [bo;?/ﬂ-
Hence
1 , , 2
bo+ — =y =22 =2a0+ —. (4.11)
1 T

By Theorem [£T.8 the relation between y and zf is

y, _ dﬂj’l
Y7 Cxi—a
where C' = b — aag — dby = —2ag — dby. Now there are two cases

a:% < 1. In this case 0 < I% < 1. So equation (@I implies that by = 2ag. So C' = 0 and the successor is

—Z1 L1

g =
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L >
xry —

1. In this case 1 < 9721 < 2. Hence by equation [@IIl) by = 2a¢ + 1. So then C' =1 and the successor

becomes

’ —Z1 !

= = = B
% T, — 2 —x1 + 2 377
where
1 0
(1)

So A~ BelC.

Successively applying lemma finally produces the complete canonical set C. Here the set C is given
y/:Ax’, y/:A—lw/’ A:<§ (1))’ A—1:

1 0>’ 51
1 -1 _
B

(
(
) (i 7))
(
(
(

tﬁ\
Il
o)
H\
@\
|
Sy
L
H\
Sy
Il
|
—_
[N}

CQ\
I
Q
R\
:d\
I
Q
5
Q
I

CQ\
I
>
&\

QQ\
I
U‘
5
>
I

-1 1

-1 _

1 ) ’ B = 1 -3 ) ’
0 (2 0

-2 ) ’ = 2 -1 ) ’
-1 4 (0 -1

0 ) ’ =1 2 ) '
If 4/ > 1 or 2’ > 1 the forms B, E, F and their inverses have only one possible successor. But in these
six cases always ¥’ > 1 and 2’ > 1. So

td\
I
o
g\
@\
[
o
L
H\
o
I

Qd\
Il
&
a\

CQ\
I
%

—

&\
=
Il

7~ N7 N7 N7 N7 NN

NN =W ON =
—_

tﬁ\
I
o
&\
@\
I
9
s
o
I

B. ify > 1, then 2’ = 2y,‘y—+/1 and so 1 < o’ < 2. Therefore

a’ = [1;21], Y =[]
and

1
, x L+ 27 ) +1

= = = :C .
Yy _1./+2 _1_1%/_’_2 SC/l—]. 1
1

Hence if we are in B we can immediate transform to C.
E. This transforms into C' with ¢’ = [2/] and ' = [2;y{].
F. This transforms into G~ with 2’ = [1;2/] and y = [y].

Now it is sufficient to look at the set {4, A~1,C, D, D! G,G~'} and find a set of rules transforming
one state to an other.

Example 4.3.3. As an example we look (again) at transformation ¢y’ = Az’. In this setting
1 2

bo + — =2a9 + —

1 1

and there are two possible new transformations between z} and ;.

A~L. In this case xl, < 1,s0 2} > 2 and by = 2ap. This leads to the rule

o' = la; )], @) > 2, — Y = [2a;91], A— AL
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B. Which happens if 1 < =5 <2, so by = 2ag + 1. This leads to the rule
¥ =[a;2}], 2] <2 — y' = [2a+ 1;91], A — B.

But by previous observations case B can be immediately transformed to case C. Therefore the
rule becomes

' =[a;1,xh] — Yy = [2a+ 1;91], A— C.

The complete set of rules is given here:

A A7L ' =la;xi], 2} > 2 — Y = [2a; 1]

A C, 7' = [a, 1; 1] — y' = [2a + 1;9]
A7t A, x' = [2a; 2] — Yy = [a;y1]
A s, ' =[2a +1; 2] - y' = [a; 1, y5]

Cw— D, 2 = [1;2)] — y’ = [y

Cw— C, z' = [2; 2] - = (2,41

Cw— D =],z >2 - Y _[1 y1]

D G "= [a,1; 2% — y' = [2a +2;y1]

D AL, "= [a; 2], 2 > 2 — Yy =[2a+ 1]
D' A, ' = [2a+ 1; 2] — y' = la;y)]
D! G, r' = [2a + 2; 2] - Y = a; 1, y5)

G C, ' =[a; 1,z — y' = [2a;y1]

G A 2 =la;xy], 2} > 2 — Y = [2a — L;u5]
G 1w A, ' = [2a — 1; 2] — "= as ]
G lwC, x' = [2a; )] — Y = [a;1, 5]

Finally a set of rules for the transformation
y=y +1
can be found using again theorem It is, of course
v =layil >y =la+ 1]
Example 4.3.4. Consider the following continued fraction of the Euler constant e
r=e=1[2;1,2,1,1,4,1,1,6,1,1,8,...].

Suppose we are interested in the first few quotients of continued fraction

_3r—4
V=1 o
Then first
, x—1
o =02;2,1,1,4,1,1,6,1,1,8,...].
xr— 2
The next step is to calculate
y =22

This can be done with the rules explained above. Here the important quotients of z} which are used to
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calculate a few quotients of y3 are underlined.

vy =102;1,1,4,1,1,6,1,1,8,..], v = [4:9], A AL
ah =[1;1,4,1,1,6,1,1,8, ..., Y = [4;1,95], A7t A,

xy =1[4;1,1,6,1,1,8,...], y' = 1[4;1,3,y5], A—C,

r), =[4;1,1,6,1,1,8,..], v =1[4;1,3,1,v}], C+— D71,
rt=[1;1,6,1,1,8,..], v =[4;1,3,1,1,1,94],

Hence y' = [4;1,3,1,1,1,...]. The last step is
y=y +1=[51,31,1,1,...

As one can check, these are indeed the first six quotients of the number

3e —4
e—2"
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Chapter 5

Applications

Figure 5.1: CCF5(0) in the complex square [—1,1] x [—4,i].

In this chapter two applications of the theory developed in Chapter 3 and Chapter 4 are discussed. First,
an explicit algorithm is given to calculate, given a real number x, two elements a, b with partial quotients
between 1 and 4 such that £ = a + b. Second, a connection is given between Hall’s theorem, described
in Chapter 3, and Hall’s Algorithm described in Chapter 4.

47



5.1 Explicit calculation of Hall Sums
Theorem 2.2.6] does not provide an algorithm to calculate, given a real number z, two elements a, b of

the General Cantor sets such that x = a + b. However, there are special cases where it is possible to find
these two elements. Here the case of Theorem [3.2.9]is discussed.

Suppose that = € [v/2 — 1,4v/2 — 4], then

€[V2—-1,4v2—4] = [11(0), L 0] U [T (), Th ()] (5.1)
Now by Lemma this 2 must be in one of the sets
[7:0, 201 [120. 101, [T (1), T 0], [T3(1), T2()]- (5.2)
Hence
€[1(), ()] U 11 (), T ()], or z e [T(1), 1)) U Ti(1), Tx()], (5.3)

because the beginning of the tree for the Cantor Set is

Ty (bo, ..., b,
Ty (bo, ... by, 1) Ty (bo, ..., by,

In this way one can continue finding elements [A;, B;] U [4:, B;] ;] containing @. This process should be
seen as follows. Take two trees A and B and point at the roots Ag and By. Suppose the pointer points
to A; and B;. The next step should move the pointer of A; to one of his leaves Aj, or it should move

the pointer of B; to one of his leaves B;. This is done is such a way that @ € [Ay, B;] U [Ag, B;] (resp.
S [AzaBl] U [A“Bl])

Suppose by, ..., b € Z such that 1 < b; < 4 for all b;. Let us take a look at the structure of the trees in
Theorem [3.2.9

Ty (bo, ..., by,
/ \
Ty (b, ..os bry 1) Ty (bo, .-, br)
/ \
T1(bo, ... by, 2) Ty(bo, ..., br)
/ \
T1(bo, ... br, 3) T1(bo, ..., i, 4)

Figure 5.2: A part of the Cantor Tree of Theorem [B.2.9]

Suppose z € [T;(ag, ..., ar), Tj(bo, ..., by)] U [Ti(ao, ..., ax ), Tj(bo, ..., b;)]. As seen in this tree there are two
cases.
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2 € [Ti1(a0, oo @), Ty (b0, ey 0] U [Ti1 (a0, oy ar), Ty (b, oy b))

or

T e [Ti(ag, ey ak),Tj+1[b0, ey bl] U [T,;(ao, ey ak),ﬂ+1[b0, ...,bl].

S [Tl(a,o7 ...,ak,a),Tj(bo, ,bl)} @] [Tl(ao, ...7ak7a),Tj(b0, ,bl)}

or

T € [E(a()v ) ak)le(b()v cey blv b)] U [Ti(a()a () ak)aTl(bOa ) bla b)]a
where 1 < a,b < 4.

Now remark that, looking at the tree in Figure 5.2, case 2 will happen arbitrarily often. This is because
after at most 5 steps Case 2 always occures once.

Also remark that the quotients ag, ..., ar and by, ..., b; give an approximation for the numbers a and b.
Le, x =~ [0; ag, ..., ax] + [0; bo, ..., b;]. Hence if

[Ao, Bo] U [Ao, Bo), [A1, B1] U [A1, B1], [A2, Bo] U [A2, B, ... (5.4)

is the result of the process described above and if in addition lim{(A;) = 0 and lim{(B;) = 0 then A;
converges to a point a and B; convergence to a point b such that = a + b. Also all coeflicients are
known, because lim A; = T1(ao, a1, a2, ...) and lim B; = Ty (bg, b1, ba, ...).

Hence it is sufficient to prove that lim{(A;) = 0 and lim(B;) = 0. Because Case 2 occurs arbitrary often,
one may assume that one of A; or B; convergences to one point. Without loss of generality suppose
lim{(B;) = 0.

Suppose A; = [a},ab], B; = [b%,b%] and e; = min(I(4;),1(B;)); because lim/(B;) = 0 it must be that
lime; = 0. Therefore

lim I([As, Bi]) = lim [([a} 4 b}, a} + b} 4 2¢;]) = lim 2¢; = 0, (5.5)
lim I([A;, B]) = lim([a} + b}, — 2¢;, ab + bb]) = lim 2e; = 0. (5.6)

In addition by Theorem B.2.9]
A; + B; = [A;, BiJ]U[A;, Bj] = [a} + b}, al 4 bY). (5.7)

But that means that lim{(A4; + B;) = 0 from where one concludes that lim B; = 0.
This shows that there is an algorithm for, given z a real number between v/2 — 1 and 4v/2 — 4, to find
an arbitrary number ag, ..., ar and b, ..., b; such that

x =~ [0; ag, ..., ar] + [0; bo, ..., by]. (5.8)

5.2 Sage source

Using the findings of the previous section one can make a program to calculate these quotients. The
source presented here is written in Sage, a free open source mathematics software.

The first function is used to check the results of the calculations of Hall Sums.

def cf2elm (continued_fraction):
7 cf2elm ([..]) : input finite continued fraction, output element of the
ring with unity. ’’’

if len(continued_fraction) = 0:
return 0

elif len(continued_fraction) = 1:
return continued_fraction [0]

else:
rest = cf2elm(continued_fraction [1:])
if rest = 0:

return continued_fraction [0]

else:

return continued_fraction [0] + 1/rest
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As seen in theorem [B.2.9] the ¢ constant is very important to find the boundries of the Hall intervals.

# The constant zeta = [1,4,1,4,1,4,1,4,...]
zeta = 1/2 % (sqrt(2) + 1)

These three functions calculate the Hall intervals.

def T1(1=[]):
POTI([b1,b2,...,bk]), returns first Hall set with begin [0;b1,...,bk]. "~

el = cf2elm ([0] + 1 + [zeta])
e2 cf2elm ([0] + 1 + [4*zeta])

return min(el, e2), max(el, e2)

def T2(1=]]):
70T2([b1,b2,...,bk]), returns second Hall set with begin [0;b1,...,bk]. """’

el = cf2elm ([0] + 1 4+ [4xzeta])
e2 = cf2elm ([0] + 1 + [2, 4xzeta])

return min(el, e2), max(el, e2)

def T3(1=[]):
7OT8([b1,b2,...,bk]), returns third Hall set with begin [0;b1,...,bk]. "~

el = cf2elm ([0] + 1 + [3, 4xzeta])
e2 = cf2elm ([0] + 1 + [4xzeta])

return min(el, e2), max(el, e2)

Then put the three functions together. This programming style is just a matter of taste.

# Groups all three Hall gaps as one function list.
T = [T1, T2, T3]

Here [[a1, az], [b1, be]] and [[a1, az], [b1, b2]] are implemented.

def under ((al, a2), (bl, b2)):
7’ ’under((al,a2),(b1,b2)), returns the underline interval of [al,a2] + [b1,b2]. "~

e = min(a2 — al, b2 — bl)
return al + bl, al 4+ bl + 2xe

def over((al, a2), (bl, b2)):
7?over((al,a2),(b1,b2)), returns the owverline interval of [al,a2] + [b1,b2]. 7"~

e = min(a2 — al, b2 — bl)

return a2 + b2 — 2xe, a2 + b2

Check if elm is in the interval [a;, az]. This function can probably be optimized in a lot of ways.

def ein(elm, (al, a2)):

72ein(elm, (al, a2)), check of elm is in closed interval [al,a2]. "’

return bool(al <= elm and elm <= a2)

This is the implementation of the tree seen in chapter 3 for RCF4(0).

def getchildren (case, prox):
’?’getchildren (case, proz), walks through the General Cantor set of RCF4(0).
case gives the place in the tree and prox the quotients. Hence it calculates
the children of T_case(proz).’’’

if case =— 1:

return (1, prox + [1]), (2, prox)
elif case =— 2:

return (1, prox + [2]), (3, prox)
elif case = 3:
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return (1, prox + [3]), (1, prox + [4])
else:
return None, None

This is where it all happens. This function checks in which interval elm is and returns the first of these
intervals.

def next(elm, ((acase, aprox), (bcase, bprox))):
7next(elm, ((acase, aprox), (bcase, bprox))), returns the next two Hall sets
(alcase, alproz) and (bcase, bproxz) such that elm is an element of the sum
of two elements of these Hall sets.’’’

(alcase, alprox), (a2case, a2prox) = getchildren (acase, aprox)
(blcase, blprox), (b2case, b2prox) = getchildren (bcase, bprox)

if ein(elm, under(T[acase —1](aprox), T[blcase —1](blprox))) \
or ein(elm, over(T[acase —1](aprox), T[blcase —1](blprox))):
return (acase, aprox), (blcase, blprox)

elif ein(elm, under(T[acase —1](aprox), T[b2case —1](b2prox))) \
or ein(elm, over(T[acase —1](aprox), T[b2case —1](b2prox))):
return (acase, aprox), (b2case, b2prox)

elif ein(elm, under(T[alcase —1](alprox), T[bcase —1](bprox))) \
or ein(elm, over(T[alcase —1](alprox), T[bcase —1](bprox))):
return (alcase, alprox), (bcase, bprox)

else:
return (a2case, a2prox), (bcase, bprox)

Calculate the first couple of steps and return the result.

def findsum (elm, steps):
77 findsum (elm, steps), calculates at least the first steps/6 quotients of
z = [0;21,22,28,...] and y = [0;y1,y2,y8,...] such that elm =z + y.
elm must be in TI([])+T1([]). "’

state = ((1,[]), (1,[]))

for i in xrange(steps):
state = next(elm, state)

return state [0][1], state[1][1]

A couple of examples.

if __name_. = ’__main__":
x, y = findsum(sqrt(2), 50)
print [0]+x, ’=’, cf2elm ([0]+x)
print [0]+y, ’=’, cf2elm ([0]+y)
print cf2elm ([0]4+x), '+, cf2elm ([0]4+y), '=’, float(cf2elm ([0]4+x) + cf2elm ([0]+y)

print float (sqrt(2))

x, y = findsum(sqrt(3)—1,50)

print [0]+x, ’=’, cf2elm ([0]+x)
print [0]+y, ’=’, cf2elm ([0]+y)
print cf2elm ([0]+x), ’+’, cf2elm ([0]+y), ’=’, float (cf2elm ([0]+x) + cf2elm ([0]+y)

print float (sqrt(3))

x, y = findsum ((1 + sqrt(5))/2, 100)

print [0]+x, ’=’, cf2elm ([0]+x)

print [0]+y, ’=’, cf2elm ([0]+y)

print cf2elm ([0]+x), '+, cf2elm ([0]+y), ’=’, float (cf2elm ([0]+x) + cf2elm ([0]+y)
print float ((1 + sqrt(5))/2)

x, y = findsum (euler_gamma ,50)

print [0]+x, ’=’, cf2elm ([0]+x)

print [0]+y, ’=’, cf2elm ([0]+y)

print cf2elm ([0]+x), '+’, cf2elm ([0]+y), ’=’, float (cf2elm ([0]+x) + cf2elm ([0]+y)

print float (euler_gamma)
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print [1]+x, , cf2elm ([1]4x)

x, y = findsum (e—2,50)
print [1]4+y, ’=’, cf2elm ([1]+y)

print cf2elm ([1]+x), '+’, cf2elm ([1]+y), '=’, float (cf2elm ([1]4+x) + cf2elm ([1]+y)

[
print float (e)

print [1]+x, , cf2elm ([1]+x)

x, y = findsum (pi—2,50)
print [1]+y, ’=’, cf2elm ([1]+y)

print cf2elm ([1]4+x), '+, cf2elm ([1]4+y), '=’, float (cf2elm ([1]4+x) + cf2elm ([1]+y)

print float (pi)

Running the program gives the following nice results.

\/5 =0:1,3,2,1,1,4,4,1,1,4,1,3,..] +[0;1,1,1,3,1,4,1,1,1,2,1,2,1,4,1,1,3, ..,

0;1,4,1,4,4,2,1,3,1,3,1,4,1,4,..] +1[0;1,3,1,3,3,1,1,1,1,1,1,1,3,1,1,2,1, .

=

=1[0;4,1,2,1,4,3,1,1,3,1,4,1,1,..] +[0;2,1,2,1,2,1,1,2,1,2,1,3,1,1,1, 3],
=1;2,1,3,1,1,1,4,2,1,4,1,2,3,..] + [1;2,1,3,1,1,1,2,1,1,1,1,1,4,1,1,2,2, ..,
=[1;2,4,1,4,2,1,1,1,4,1,1,1,1,4, ..] +[1;1,2,4,1,2,1,1,1,1,1,3,3,1,2,4, ..].

5.3 An Application of Hall’s Algorithm

In [Hal47] a couple of applications of Hall’s Algorithm are given. It is nice to mention one of them. This

one combines Hall’s Theorem and Hall’s Algorithm.

Definition 5.3.1. A continued fraction is called periodic if the quotients repeat after a while. ILe, if

x = [ag; a1, a2, ag, ...]
there are k£ > 0 such that for all m > 0 and n > 0
Ak+n = Amk+n-

Suppose that z is pericodic and k& minimal, then the continued fraction of z is then denoted by

T = [a‘o; A1,0A2, ..y Qmy A1, ~-~>am+kJ-

Theorem 5.3.2. Every rational number is representable as the sum of two periodic (irreducible) con-

tinued fractions of RCFy.

Proof. Let p/q be the rational number such that (p,q) = 1. By Theorem B.2:0] there exists z,y € R such

that
r+y= B.
q
This equation may be rewritten
_—artp
p

which is a Mdbius transformation with determinant N = ¢2. Then by Theorem EI1.14] there exists a

canonical set C such that

x = [ag;a1,a2, ..., Gm—1, Tm),

Yy = [bO, b17 b27 ceey bnflayn]a
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x = My for some M € GLy(Z) and M € C. Since C is finite, m and n can be chosen large enough such
that

Tm = [am; Am415 -y Om4s—1, xm—&-s]a

Yn = [anv ApA15 -5 Antt—1, yn+t}7

with yn4¢ = Mz, 45 for the same Mdbius transformation M. But then x,,ys and y,,; have the same
quotients as x,, and y,. Hence x,, and y,, are periodic. But then x and y are periodic too, with

T = [a0§ A1,G2, ooy Am—1, Amy Am4-1y -+, am—‘,—s—lja

y = [b07 bl) b2; eeey bn717 bnybn+1; eevy bn+t71]-

This proves the theorem and shows a connection between Hall’s theorem and Hall’s algorithm. O
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Chapter 6

Drawing Nice Pictures

Figure 6.1: CCFg(0) in the complex square [—1,1] x [—4,1].

As seen throughout this thesis a lot of Fractals appear. Drawing these Fractals costs a lot of computation
time. In this chapter an algorithm is given for drawing these Fractals. This chapter does not contain a
lot of mathematical content, however it might be still interesting to read. The writer found GiNaC in
particular a very interesting tool to work with, someone interested in Computer Algebra would at least
have to read this section of GiNaC.
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6.1 GiNaC

GiNaC is a free computer algebra system released under the GNU General Public License. It encourages
its users to write symbolic algorithms directly in C++. Algebraic syntax is achieved in C++ through
the use of operator overloading. Therefore it is not as fast as bignum, but still much faster than other
computer algebra systems. Symbolically it can do

e multivariable polynomial arithmetic,

e factor polynomials,

compute GCDs,

e expand series,

e compute matrices,

e symbolic integration for polynomials.

It can also work with non-commutative algebras, Clifford algebras, SU(3) Lie algebras and Lorentz ten-
sors. This makes it also an interesting tool for high energy physics.

For our purposes it is only important that GiNaC supports a very fast and clear way to work with
complex integers.

6.2 EasyBMP

EasyBMP is a simple, cross-platform, open source (revised BSD) C++ library designed for easily read-
ing, writing, and modifying Windows bitmap (BMP) image files. The library is oriented towards the
novice programmer with little formal experience, but it is sufficiently capable for anybody who desires
to do I/O and pixel operations on uncompressed 1, 4, 8, 16, 24, and 32 bpp (bits per pixel) BMP files.

It is sufficient for our purposes to draw fractals.

6.3 Source

The first part of the code is a header including all import constants.

/* constants.h

*/

#ifndef _CONSTANTSH
#define _CONSTANTS_H

/% Constants */

const int N = 2000; /* Height and width of image =/
const unsigned long ULMAX = 100; /* Maz size for matriz elm x/
const int DEPTH = 4; /* Depth of iteration */

#endif /x _CONSTANTS.H %/

Now it is important to have a good class which supports Continued Fractions. Using templates it is
possible to have the quotients be anything.

/x cf.h x/

#ifndef __CF_H
#define __CF_H

#include <stdexcept>
using namespace std;
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/% CF : Continued Fraction class x/
template<class Num>
class CF

{
public:

CF(int length);
“CF();
Num & operator [] (int index);
void setQuotient (int index, Num z);
Num getQuotient (int index);
int getLength ();

Num foldUp ();

private:
Num * quotients;

int length;
bool calculated;
Num result ;

s

#endif /x __CF_H */

And the cpp file.

NS
*

cf.cpp

This class is used to work with continued fractions of arbitrary length.
It supports a FoldUp function which calculates the element associated
by the quotients of the continued fraction.

It works well with the class numeric from the GiNaC library.

Ezample :
CF<numeric> cf(5);

for(i = 0; i < &5; i++)
ef[i] = i + ixl;

* X X X X X X X ¥ ¥ ¥ X %

cout << 7Continued Fraction: 7 << cf.foldUp () << endl;

*
N

#include 7 cf.h”

/% Initializer , length gives the numer of quotients for the continued fraction
*
template<class Num>
CF<Num>::CF(int length)
{
if (length < 0)
throw range_error (?CF(length).:_negative_length_value”);

this—>quotients = new Num|[length |;
this—>length = length;
this—>calculated = false;

}

/* Destructor, makes sure that the list of quotients is deleted.
*/

template<class Num>

CF<Num>::"CF()

{
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delete [] this—>quotients;

}

40 | /x A simple overload of the [] function. It returns quotient[index]
*/
template<class Num>
Num & CF<Num>::operator [] (int index)
{
45 if (index < 0)
throw range_error (’CF[index].:_negative_index._value”);
if (index >= this—>length)
throw out_of_range (?CF|[index].:_index_larger_than._range”);

50 return this—>quotients [index];

}

/* setQuotient(int indexr, Num z), sets quotient[index] to =z.
*/
55 | template<class Num>
void CF<Num>::setQuotient (int index, Num z)
{
if (index < 0)
throw range_error (?CF[index].:_negative_index._value”);
60 if (index >= this—>length)
throw out_of_range (”CF[index].:_index._larger_than.range”);

this—>quotients [index]| = z;
this—>calculated = false;
65 |}

/* getLength (), returns the mazimum number of quotients. */
template<class Num>

int CF<Num>::getLength ()

70 | {

}

/*% foldUp (), folds up all the quotients and returns a Num element. It uses
75 * a modified version of FEuclides FExtend Algorithm

*/

template<class Num>
Num CF<Num>::foldUp ()

{
80 if (calculated = true)
return this—>result;

return this—>length;

int i;

85 Num pO, pl, pn;
Num 0, ql, qn;

p0 = 1;
pl = this—>quotients [0];
90 pn = this—>quotients [0];
q0 = 0;
ql = 1;
an = 13
95
for (i = 1; i < this—>length; i++){
pn = plxthis—>quotients[i] + pO0;
qn = gqlxthis—>quotients[i] + q0;
100 p0 = pl;
pl = pn;
q0 = ql;
ql = qn;
105 }
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this—>result = pn/qn;
else
this—>result = 0;

this—>calculated = true;

return this—>result;

}

Using EasyBMP it is possible to draw very fast single pixels into a file. This script makes the correct
preperations to do this.

/* drawBMP. cpp

* This is an easy tool wusing EasyBMP <http://easybmp. sourceforge.net/> to turn
* a matriz into a BMP picture. It only draws black or white points, but it can
* be modified easily to support more colors.

*/

#include ”EasyBMP/EasyBMP.cpp”
#include ”constants.h”
using namespace std;

/* matriz2bmp , turns nmatriz [N][N] with width = height into a bmp image filename
* of width = height.
*/
void matrix2bmp (char *filename , unsigned long nmatrix [N][N],
int width, int height)

{
BMP output;
output.SetSize (width, height);
output.SetBitDepth (24);
int i, j;
unsigned long value;
for (i = 0; i < width; i++4)
for (j = 0; j < height; j++) {
value = nmatrix [i][j];
if (value > 0) {
output (i, j)—>Blue = 0;
output (i, j)—>Red = 0;
output (i, j)—>Green = 0;
} else {
output (i, j)—>Blue = 255;
output (i, j)—>Red = 255;
output (i, j)—>Green = 255;
}
}
output. WriteToFile(filename );
}

The main part. This part calculates all continued fractions with DEPTH quotients. It plots them all in
a matrix which is then written to the file fractal.bmp.

/* ksubsets.cpp

*

* This file draws the fractal of Complex Continued Fractions with
* bounded (absolute) quotients of length 4 or lower.

* The ksub_iter and print_ccf functions draw to points to a matric
* pmatriz when matriz2bmp draws the pmatriz to a bmp file.

*

/

/* Includes x/

#include <iostream>
using namespace std;
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#include ”ginac/ginac.h”
using namespace GiNaC;

#include 7 cf.cpp”
#include ”drawBMP. cpp”
#include ”constants.h”

/%

unsigned long pmatrix [N][N]; /* Raw matriz representation of the image */

/%

* X X * ¥ X

*

Global wvariables x/

Iteration functions */

ksub_iter , Depth first iter for all combinations from list with length

depth .

(list, len_list) is the list to iterate over,

depth gives the iteration depth,

(elm, len_elm) is a buffer in which the iteration is stored,

(xf)(numeric %, in) is a function which is called if (elm, len_elm) is of
length depth.

void ksub_iter (numeric xlist , int len_list , int depth, numeric *elm,

{

}

int len_elm, void (*f)(numeric %, int))

int i;
if (depth = 0)

f(elm, len_elm);
else

for(i = 0; i < len_list; i++) {
elm[len_elm] = list [i];
ksub_iter (list , len_list , depth—1, elm, len_elm+1, f);

/% print_list , prints a list of length len_list. Debug function!

*/

void print_list (numeric * list , int len_list)

{

}

int i;

for(i = 0; i < len_list —1; i++)
cout << list [i] << 7 ,.7;
cout << list [len_list —1] << endl;

/% plot_ccf, given a list of quotients it draws a point in pmatrizc.

*/

void plot_ccf(numeric *list , int len_list)

{

int i;
int x, y;
numeric res;
CF<numeric> ccf(len_list +1);
ccf[0] = 0;
for(i = 0; i < len_list; i++4)

cef[i+1] = list [i];
res = ccf.foldUp ();
/* Draws one forth of the picture. */
x = (int)Nxreal(res).to_-double ();
y = (int)Nximag(res).to_double ();
if (0 <=x&& x <N

&& 0 <=y & y < N
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&& pmatrix [x][y] < ULMAX)
pmatrix [x][y]++;

int i;

/* clean matriz */
for (i = 0; i < N; i++4)

pmatrix[i] = {0};
try {
/% All complex Gausians with absolute wvalue less or equal
* to 1.
*/
numeric listl [] = {
, —1
}s
/% All complex Gausians with absolute wvalue less or equal
* to 2.
*/
numeric list2 [] = {
, -1, 1+1,1-1, =141, -1 -1, 2, 2«1, —2, —2xI
}s
/% All complex Gausians with absolute wvalue less or equal
* to 3.
*/
numeric list3 [] = {

-1, 1+1,1 -1, -1+1, —1—1, 2, 2+, —2, —2«I,

}

int main ()
{

1, -1, I
1, -1, 1
1, -1, 1
3, 2 + 1

, 2 4+ 2«1, 1 4+ 2xI, 3xI, —1 + 2%, —2 4+ 2xI, —2 4+ I,

3%, -2 — 1, =2 — 2%, —1 — 2«1, =3+, 1 — 2xI, 2 — 2%, 2 — 1

—4, —2xI
-2, 1 —
2x1 — 1,

}

/* All complex Gausians with absolute value lesser or equal
* to 4.

*/

numeric list4 [] = {

-3, -1 -3, =3, 1T -3, 2«xI — 3, =3« — 2, =2« — 2, -1 — 2,
2, 2«1 — 2, 3«1 — 2, =3« — 1, —2«xI — 1, -I — 1, -1, T — 1,
3«1 — 1, —4xI, —3xI, —2xI, —I, I, 2xI, 3x1, 41, —3«x1 + 1,

—2«T 4+ 1, =T + 1, 1, T + 1, 2«1 4+ 1, 3xI + 1, —3«1 + 2, —2«I + 2,

-1 4+ 2,

—3x1 — 4, —2xI — 4, -1 — 4, —4,
-3« — 3, =2« — 3, -1 — 3, -3,

2, I +2, 2«1 + 2, 3«1 + 2, —2xI + 3, -1 + 3, 3, I + 3, 2xI 4+ 3, 4
s

/+* All complex Gausians with absolute value lesser or equal
* to 5.
*/

numeric list5 []

[~

4, 2«1 — 4, 3xI — 4, —4xI — 3,
3, 2xI — 3, 3xI — 3, 4x1 — 3,

—A4xI — 2, =3xI — 2, =2« — 2, -1 — 2, =2, I — 2, 2xI — 2, 3% — 2,

4x1 — 2,
3«1 — 1,

—4xI — 1, =3+« — 1, =2« — 1, - T — 1, -1, I — 1, 2xI — 1,
4«1 — 1, —4xI, —3x1, —2xI, —I, I, 2xI, 3xI, 41, —4x1 + 1,

3«1 + 1, —2«1 + 1, =1 + 1, 1, I 4+ 1, 2«1 + 1, 3«1 + 1, 41 + 1,

—4x1 + 2, 3«1 + 2, —2«1 + 2, -1 + 2, 2, I + 2, 2«1 +
+

4x1 + 2,
3x1 4+ 3,

—4xT — 4, —3x1 — 4, —2«1 — 4, -1 — 4

4«1 — 4,
3x1 — 3,

2, 3x1 + 2,
—4x1 4+ 3, —3x1 + 3, —2«I + 3, -1 + 3, 3, I + 3, 2xI + 3,
451 + 3, —3«1 + 4, —2¢1 + 4, -1 + 4, 4, 1 + 4, 2«1 + 4, 3«1 + 4

s

/% All complex Gausians with absolute wvalue lesser or equal
* to 6.

*/

numeric list6 [] = {

, =4, T — 4, 2«1 — 4, 3x1 — 4,
—4%1 — 3, —3%1 — 3, —2«I — 3, -1 — 3, =3, I — 3, 2xI — 3,
451 — 3, —4x1 — 2, —3«] — 2, -2« — 2, -1 — 2, -2, 1 — 2,
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72

77

82

87

92

97

102

107

112

117

122

127

132

137

2«1 — 2, 3xI — 2, 41 — 2, —4x] — 1, -3« — 1, =2« — 1, -1 — 1, —1,
I — 1, 2«1 — 1, 3«1 — 1, 4%xI — 1, —4xI, —3xI, —2xI, —I, I, 2«1, 3xI,
4«1, —4xI + 1, =3I + 1, —2«xI + 1, -I + 1, 1, I + 1, 2«1 4+ 1, 3xI + 1,
4x1 4+ 1, —4xI + 2, —=3%x1 + 2, —2x1 + 2, =1 + 2, 2, I + 2, 2x1 + 2,
3xI + 2, 4«1 + 2, —4xI + 3, —3«xI + 3, —2«1 + 3, -1 + 3, 3, I + 3,

2x1 4+ 3, 3xI 4+ 3, 4xI + 3, —4xI + 4, —3xI + 4, —2x1 + 4, —1 + 4,

4, 1T + 4, 2«1 4+ 4, 3«1 + 4, 4xI + 4

)

numeric elm[10];

/* N=1 %/

cout << ”Fractal N.=.1" << endl;

for (i = 0; i < N; i+4)
pmatrix[i] = {0};

ksub_iter (listl , 4, 13, elm, 0, plot_ccf);
matrix2bmp (” fractall .bmp” , pmatrix, N, N);

/* N =2 x/
cout << ”Fractal N_.=.2” << endl;

for (i = 0; i < N; i++4)
pmatrix[i] = {0};

ksub_iter (list2, 12, 8, elm, 0, plot_ccf);
matrix2bmp (” fractal2 .bmp” , pmatrix, N, N);

/* N =3 x/
cout << ”"Fractal N_.=.3” << endl;

for (i = 0; i < N; i+4)
pmatrix[i] = {0};

ksub_iter (list3 , 28, 5, elm, 0, plot_ccf);
matrix2bmp (” fractal3 .bmp” , pmatrix, N, N);

/x* N =4 x/
cout << ”"Fractal N.=_4” << endl;

for (i = 0; i < Nj; i++4)
pmatrix[i] = {0};

ksub_iter (list4 , 48, 5, elm, 0, plot_ccf);
matrix2bmp (” fractal4 .bmp” , pmatrix, N, N);

/* N=5 x/

cout << ”"Fractal N.=.5" << endl;

for (i = 0; i < N; i+4)
pmatrix[i] = {0};

ksub_iter (list5, 76, 5, elm, 0, plot_ccf);
matrix2bmp (” fractal5 .bmp” , pmatrix, N, N);

/* N=6 x/

cout << ”Fractal N.=.6” << endl;

for (i = 0; i < N; i+4)
pmatrix[i] = {0};

ksub_iter (list6 , 80, 5, elm, 0, plot_ccf);
matrix2bmp (” fractal6 .bmp”, pmatrix, N, N);
} catch (exception &p) {

cerr << p.what() << endl;

return 1;
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matrix2bmp (” fractal .bmp”, pmatrix, N, N);

return 0;
142 |}
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Conclusion and Further Research

In this master thesis we have seen the proof of Hall’s Theorem. This proof is then used to extend Hall’s
Theorem to NICFg using singularisation, to CCF4 by a simple observation. Hence if x is a real number,
there are two real numbers a and b with quotients less than or equal to 4 such that x = a 4+ b. It is even
possible to calculate the a and b explicitly. Also, Hall’s algorithm is developed for the complex numbers,
showing that Hall’s Algorithm is really an algorithm. And it ends with a theorem which combines Hall’s
Algorithm and Hall’s Theorem.

There are also some questions which arise from this research.

e In kCCF4 = C, is k = 4 the least number possible. Can it be shown that CCF4+CCF4+CCF4 # C?
It is not clear if this is true or not. If however CCF4 4+ CCF, + CCF4 # C, then this could maybe
be proved similar to [Div73|, where it is proved that RCF3 + RCF5 # R.

e In Chapter 4 Canonical Sets are introduced for Regular Continued Fractions. Canonical Sets also
exist for Complex Continued Fractions. Is there an easy way to compute them?

e In Chapter 5 some explicit sums are given for e,/2,v/3,7, ..., but do they contain some sort of
regularity? Because the regular continued fractions of these numbers do.
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k-bounded Complex Continued Fractions,
k-bounded Nearest Integer Continued Fractions,
k-bounded Regular Continued Fractions,

abc-formula, [1

Cantor Gaps, [I4
Cantor Ternary Set, [I4]

General Cantor Point Set, [I4]
Hurwitz Continued Fraction, [T

Immediate Successor, [33]
Integral Part,

Mébius Transformation,

Nearest Integer Continued Fraction, [T
Partial Quotient, [I0]

Regular Continued Fraction, [I0]

Singularization,
Smith Normal Form, 40
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