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Preface

We want to study curves that are space filling in their Jacobian. If X/k is a curve with a
rational point P, then the Jacobian J is the unique abelian variety such that for every field
extension k C K, we have J(K) = Pic®(X X $pec(k) Spec(K)). Moreover if the genus of X is
bigger than 0, then we have a closed embedding of X in the Jacobian J, which is given on
points by @ +— [Ox(Q— P)]. For an elliptic curve E, this closed embedding is an isomorphism.
This is not really a surprise since we already know that we have an isomorphism of groups
E(k) — Pic’(E) by the map P + [Ox(P — O)]. Let X be a curve of genus g > 2 over
a finite field £ with a k-rational point. Then X is called space filling in its Jacobian J or
simply space filling if | X (k)| = |J(k)|. Since we have a closed embedding of the curve in its
Jacobian, we see that | X (k)| < |J(k)|. We will also look at the almost space filling curves
in their Jacobian. A curve X is called almost space filling in its Jacobian or simply almost
space filling if |J(k)| = | X (k)| + 1.

We want to know under which conditions the curve is (almost) space filling. If the genus
of the curve X is g, then its Jacobian is an abelian variety of dimension g. Our intuition says
that it is not very likely that a curve is space filling or almost space filling, because in general
a higher dimensional space has a lot more rational points, than a lower dimensional space.
But we have to show that this is also really the case. Note that the number of k-rational
points of J is equal to the class number of X. By giving lower bounds on the class number,
we can reduce the problem, when curves are (almost) space filling to the case of low genus.
To give these lower bounds, we will study the zeta function of curve. These zeta function
give us a relation between the number of effective divisors and the class number. By giving a
lower bound in terms of the rational points of X, we can show that X can be only (almost)
space filling in specific cases.

We know have reduced that a curve can only be space filling by low genus. Our goal is
to find all these (almost) space filling curves. Here comes the use in of computer algebra.
We will see that every (almost) space filling curves has genus 2 or 3. The method to find all
(almost) space filling curves, is to enumerate over all curves of genus 2 and 3 and check if
they are space filling. We therefore need to give a description of all curves of genus 2 and 3.
In general, it is not possible to give a description of all curves of a given genus g. However in
the case of genus 2 and 3, we can give an easy description of all curves.

We want to make an algorithms that gives us all the (almost) space filling curves up to
isomorphism. Since all (almost) space filling curves are defined over Fy and F3, there aren’t
that many curves that of genus 2 or 3. So we can find every (almost) space filling curve by
checking for every curve if it is (almost) space filling or not. Then the last step is to find
all (almost) space filling curves up to isomorphism. We therefore check for all space filling
curves, when they are isomorphic to each other.
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Notation and Conventions

Notation 0.0.1. Let X be a scheme over S and let 7" be scheme. Then X (7') denotes the
set of T-rational points of X and we will write X7 for X xgT. If X is k-scheme. Then X (k)
is the set of k-rational points.

Convention 0.0.2. A variety over a field k is a separated k-scheme, which is of finite type
over k and is geometrically integral.

Convention 0.0.3. A curve over a field k is a variety of dimension 1. We will moreover
assume that every curve is smooth and projective.



Chapter 1

Jacobilan Varieties

In this chapter, we will introduce the Jacobian of a curve X and show that the Jacobian is
an abelian variety. Later we will show that we have an embedding of a curve in his Jacobian
if the curve has a rational point. In the last section, we show that every map from a curve to
an abelian variety factors through this embedding. The proofs and the details can be read in
Chapter 6 and 14 of [EGM12|.

1.1 Picard scheme

In this section, we define the Jacobian in terms of the Picard scheme and show that it is an
abelian variety. We will first define some Picard functors and give a relation between them.

Definition 1.1.1. Let S be a Noetherian scheme and let X € Sch/S. Then the contravariant
functor Px : (Sch/S)" — Ab with Picx(T) = Pic(X7) is the absolute Picard functor.

The problem with this functor is that it is almost never representable. Therefore we define
the relative Picard functor.

Definition 1.1.2. Let Picy/g : (Sch/S)Y — Ab be the fppf sheaf associated to the presheaf
Px. We call this functor the relative Picard functor.

The following functor, we are going to define is an alternative Picard functor. The benefit
of this Picard functor is that it is easy to compute. Later we will see that the alternative
Picard functor is the same as the relative Picard functor under certain conditions.

Definition 1.1.3. Let
Px/s 1 (Sch/S)? — Ab

be the contravariant functor with
Px/s(T) = Pic(Xr)/p"Pic(T),
where p : X7 — T is the second projection map.

The following theorem of from [Kle05|, gives us a relation between these Picard functors.

Theorem 1.1.4. Let S be the scheme Spec(k) and let f : X — S be the structure morphism.
Suppose that X/k is separated and that (fr)«Ox, = Or for any S-scheme T. Then there
is a natural injection from Py,5 — Picyx,s and if f has a section, then this injection is an
isomorphism and moreover Picy g is a sheaf in the Zariski topology.
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If X is a complete k-variety with a k-rational point, then X satisfies the conditions in the
theorem above. So if S = Spec(k) we have Picx,g = Px/g.

The following theorem we get from [Mur64] that uses a theorem of [Oor62] to reduce to
the case that X is reduced. In this theorem we see under which conditions the relative Picard
functor is representable.

Theorem 1.1.5. Suppose that S = Spec(k) is the spectrum of a field k and that f is proper,
then the relative Picard functor Picx g is representable by a scheme that is separated and
locally of finite type over k. We denote this scheme by Picx .

By the theorem we see in particular that the relative Picard functor is representable for
every proper k-variety X by the group scheme Picx /.

In the next proposition, we will see some important properties of Picx ;. For the proof,
we refer to 6.6 of [EGM12].

Proposition 1.1.6. Suppose X is a proper variety over a field k. Then

(i) The tangent space of Picx,, at the identity element is isomorphic to HY(X,Ox)

(ii) The scheme Picg(/k is smooth over k if and only if dim(Picg(/k) = dim(HY(X,0x). If
Char(k) = 0, then this is always the case.

(iii) If X/k is smooth over k, then the components of Picy i are complete.

Definition 1.1.7. Let X be a curve. We define the Jacobian Variety or the Jacobian of X
to be the scheme Picg( Ik We will denote the Jacobian by J.

We have the following general proposition about group schemes; see [EGM12| proposition
3.17 for the proof.

Proposition 1.1.8. Let G be a group scheme, that is locally finite over a field k and let G°
be the identity compound of G. Then

1. The following is equivalent

(i) The group scheme G is smooth over k

(ii) The group scheme G is smooth over k
2. FEvery connected component of G is of finite type over K and is irreducible.

Although we call Picg( e @ Jacobian variety, we haven’t showed that Picg( Jk is a variety
yet. By the proposition above, we have that Picg( Ik is a variety if it is reduced. In general,
the scheme Picg( Jk is in general not reduced in characteristic p. However if X is curve, then
the Picg(/k, is reduced. By [EGM12] 6.8, we see that if X is curve, then Picy/y is smooth over
k. Hence Picg( Jk is smooth by the proposition above. In particular PicOX Jk is reduced.

Since X is smooth over k, we see by proposition that PicOX Jk is complete and hence
defines an abelian variety.

Suppose that X is a curve of genus g. Then we see from the proposition that J has
dimension g. The following theorem summarises our results.

Theorem 1.1.9. Let X be a curve. Then the Jacobian J of X is an abelian variety of
dimension g.



1.2 Embedding Curve in its Jacobian

In this section, we will see that every curve X can be embedded in its Jacobian.

First we show that the Jacobian can be described as the kernel of a degree map on the
Picard scheme Picx ;. Let us now define this degree map.

Let £ be a line bundle on X7. By |[Har77|, Theorem II1.9.9, we have that the Euler-
Poincaré characteristic x (L) is locally constant and by Riemann-Roch, we have deg(L;) =
X(Lt) + g — 1. This shows that the function d. : |T| — Z is given by t — deg(L;), is locally
constant. Note that the function d, can be seen as a T-valued of the constant group scheme
Z. Since dp + dag = drega, we have that the map £ +— dy is a homomorphism of presheaves
d: Px — Z. Let deg : Picy;; — Z be the associated homomorphism on group schemes.

Suppose that X has a k-rational point, then each T-rational point of Picy y is defined by
a line bundle £ and we have deg(L) = d.

For every n € Z, We define the scheme

Jac"(X) = deg ™ (n).

We have that Jac(X) is non-empty, since it has k-rational points.
In the next proposition, we see that the Jacobian of a curve is equal to the kernel of the
degree map.

Proposition 1.2.1. Let X be a curve, then Jac®(X) = J.

We want to prove that every curve X of genus g > 1 with a rational point can be embedded
in his Jacobian. The following theorem of [EGM12] gives us that every curve X of genus g > 1
can be embedded in Jac!(X).

Theorem 1.2.2. Let X be a curve of genus g > 1 over a field k. Let j : X — Jac'(X) be the
morphism, that to every T-rational point P associates the class of the line bundle Ox, (P).
Then j is a closed immersion.

Suppose that P is k-rational point of X. Then the morphism ¢p : Jac! (X) — J given on
points by [L£] — [£(—P)] is an isomorphism. If we combine this with the Theorem above, we
see that the curve X can be embedded in his Jacobian.

Corollary 1.2.3. Let X be a curve of genus g > 1 over a field k£ and suppose that P is a k-
rational point. Then the morphism ¢p : X — J, that is given on points by @ — [Ox(Q — P)]
is a closed immersion.

1.3 Albenese embedding

In the previous section, we have seen that the morphism pp : X — J is a closed embedding.
In this section, our goal is to see that every morphism to an abelian variety factors through
this embedding. But first we will see that the n-th symmetric power is a smooth k-variety.
Let X/k be a curve of genus g. Let X" be the n-fold product X xj --- xx X. Then we
have an action of the symmetric group S, on X™ via permutation of the coordinates. Let

xm .= x"/S,

be the quotient of X™ under this action.



Lemma 1.3.1. Let X/k be a curve of genus g. Then X ™) 4s a smooth k-variety.

The variety X (™ is called the n-th symmetric power. Before we can show the end result,
we want to show that g-th symmetric power is birational equivalent to Jac?(X). We therefore
need an alternative description of the n-th symmetric powers. The n-th symmetric power,
we can also be described in terms of Cartier divisors. We will therefore first define relative
effective Cartier divisors.

Definition 1.3.2. Let Y be a scheme over S. An effective Cartier divisor on Y is a closed
subscheme D such that it’s ideal sheaf Zp is a invertible Oy-module.
An effective Cartier divisor D is called a relative effective Cartier divisor if D is flat over S.

For every relative effective Cartier divisor D, we have the exact sequence

0 > ID > OX OD > 0. (1.1)

Let X be a curve. Then we define Ox (D) to be the invertible sheaf Z;,', the inverse
of the ideal sheaf of D. Tensoring the exact sequence with Ox (D) gives us a morphism
Ox — Ox(D). Let sp be the corresponding section to this morphism. Then for every relative
effective Cartier divisor D, we have an associated pair (Ox (D), sp).

Let (L, s) be a pair, where L is an invertible sheaf and s is a global section of £, such that

0 s Ox s L L/sOx —— 0

is exact and L£/sOx is flat over T. Let (L,s) and (L', s’) be two such pairs, then these
pairs are isomorphic if there exists an isomorphism h : £ — £’ with h(s) = s’. In the next
proposition, we see that there exists a 1-1 correspondence between the isomorphism classes
of these pairs and the relative effective Cartier divisors.

Proposition 1.3.3. Let X/T be a curve. There exists an 1-1 correspondence between every
relative effective Cartier divisors and the pair of isomorphism classes (L, s), where L is an
invertible sheaf and s is a global section of L, such that

0 OX > L >[,/SOX*>O

is ezact and L/sOx is flat over T'. This correspondence is given by the map
D — [(Ox(D),sp)].

Remark 1.3.4. Let D and D’ be two relative effective Cartier divisors that corresponds
to the pair (Ox (D), s) respectively (Ox(D’),s’), then D + D’ is a relative effective Cartier
divisor and corresponds to [(Ox (D) @ Ox(D’),s ® s')].

The degree of a relative effective Cartier divisor D is the degree of Op as Op-module.

Remark 1.3.5. If D is relative effective Cartier divisor of degree n over X7 and we have a
morphism h : 7" — T, then the pullback h*D is a relative effective Cartier divisor of degree
n over X,



By this remark we obtain a contravariant functor
CaDive® : Sch/k — Sets,

where CaDive(T) are the relative effective Cartier divisors D C X7 of degree n over 7.

For every P € X(T'), we have an corresponding section s : T' — Xp, whose image is an
relative effective Cartier divisor of degree 1 over T'. This Cartier divisor will also be denoted
by P. Solet Py,..., P, € X(T), then we have a relative effective Cartier divisor P, +- - -+ P,.
This gives a morphism of functors X" — CaDive®. This morphism is S,-invariant and hence
we obtain a morphism A : X(™ — CaDivel,

Proposition 1.3.6. The morphism h: X — CaDiV%ff from above is an isomorphism.

In the previous section we have seen a morphism j : X — Jac!(X) and if Py,...,P, €
X(T) for a k-scheme T, then j(Py) + - -+ j(P,) is a T-valued point of Jac™(X).

For Cartier divisors, the morphism j (n) sends a relative effective Cartier divisor D to the
class of the invertible sheaf Ox (D). If we describe relative Cartier divisors by the isomorphism
class of the pair (£, s), then the morphism is simply the forgetful map [(£,s)] — [£]. One
can see that the k-valued points of the fibre of j(™ is the projective space P(H’(X, L)).

Theorem 1.3.7 (Abel’s theorem). Let X be a curve and suppose that L is a line bundle on
X of degree n. Then the scheme-theoretic fibre of the morphism ™ : X — Jac" (X)) over
the point [L] is equal to P(H°(X, L)), which is the complete linear system of a effective divisor
D with Ox (D) = L.

The Jacobi’s Inversion theorem is now a corollary of Abel’s theorem. The idea of the
proof is that we can assume that k is algebraically closed. Then we see by Riemann-Roch,
that for every isomorphism class [£] of invertible sheaves of degree g, there exists an effective
divisor D of degree g with [£] = [Ox(D)] and hence j(9) is surjective. To prove that j is a
birational morphism, it is enough to prove that there exists an effective divisor D of degree
g such that h'(D) = 1. This can be proved by induction by n for 1 < n < g and using
Riemann-Roch.

Corollary 1.3.8 (Jacobi’s Inversion Theorem). Let X be a curve of genus g, then the mor-
phism ;@ : X(9) — Jac9(X) is a birational equivalence.

Now we can show that for every morphism from a curve X to an abelian variety factors
through the embedding ¢p of the previous section if X has a rational point P.

Proposition 1.3.9. Let X/k be a curve and let P € X (k) be a k-rational point. Let op :
X — J be the morphism that is given on points by Q — [Ox(Q — P)]. Suppose that A is an
abelian variety. Then every morphism of B : X — A factors uniquely through ¢p.

For the detailed proof, we refer to [EGM12] proposition 14.36. We will show, how we
can use the Jacobian Inversion Theorem. The idea of the proof is to construct a morphism
¥ :J = X and then show that § =1 o pp.

We can assume that 5(P) = 0 after a translation. The morphism 5 : X — A induced
an morphism 8¢ : X — A and the Jacobian inversion theorem gives us a rational map
Jac?(X) — X9, By these two maps we obtain a rational map Jac?(X) — A, which can be
extended to a morphism b : Jacd(X) — A. Note we have a morphism t,p : J — Jac?(X),
that is given by [£] — [£ ® Ox(gP)]. Hence we found a morphism ¢ : J — X, one now have
to check that we have indeed 8 = v o wp.



Chapter 2

The zeta function of a curve over a
finite field

In this chapter, we will look at the zeta function of curves over finite fields. The goal of this
chapter is to prove some relations between the class number of the curve and the number of
effective divisors. Our exposition is based on [LM90|. In the last two sections, we will give a
short introduction to the l-adic cohomology and we will see that the zeta function can also
be defined in terms of eigenvalues of Frobenius.

2.1 The zeta function of a curve

In this section we will define two zeta functions of a curve and state a theorem by Weil. We
first discuss some notions, which we need in this section.

During our discussion the field &k will be a perfect field. In most of the section it is even
a finite field. However we start with an arbitrary perfect field. Let Gj = Gal(k|k) be the
absolute Galois group.

Let X be a curve over k and recall that, by our convention X is smooth and
projective. By [GW10], proposition 5.4, the Gy-orbits of X (k) are in bijection with the closed
points of X. Define the degree of a closed point P to be the number of elements in the
corresponding G-orbits and denote it by deg(P). Another way to calculate the degree of a

closed point is by the degree of the residue field x(P) over k; so deg(P) = [k(P) : k].

Definition 2.1.1. A divisor D is a formal sum
D = anP
P

where the sum ranges over the closed points of X, with np € Z and np = 0 for all but finitely
many P. We define the degree of a divisor D by

deg(D) = an - deg(P).
P

A divisor is said to be effective if np > 0 for all closed points P. We denote the set of
all effective divisors by DiveH(X ) and denote the set of all effective divisors of degree n by
Dive (X).



Let ¢ be a prime power. We specialise to the case that k = F,. Let X/F, be a curve.

Note that for a curve over a finite field, there are only finitely many closed points of degree
< n. Therefore there are only finitely may effective divisors of degree n. We define the norm
of a divisor D € DiVEH(X ) by N(D) = q3¢(D) In particular, if P is closed point, then the
norm is defined by N(P) = N(1- P) = ¢d&("),

Definition 2.1.2. Let X/F, be a curve. The (lowercase) zeta function of the curve X is
defined by

(e 9]

)= X FpE - 2 o € Clll (21)

n=0

where D,, = #DiveT(X)

In the following lemma, it is easy to see the analogy with the Riemann zeta function. We
will see later that we can write the zeta function in an explicit form.

Lemma 2.1.3. The zeta function can also be written as
1 1 ad
_ - - - 2.2
e Ty st~ T ) =
P d>0

where P ranges over all closed points of X and where aq is the number of closed points of
degree d.

Proof. If D =Y npP is an effective divisor, then

ND)* =[] NEP)*".
P

Summing this over all effective divisors give the same as the product
11 i _
e N(P) s

which by the geometrical series equals

1
15 N(P)—*

P

The last expression in is just a rewriting of second expression in O
We can now define the second zeta function.

Definition 2.1.4. Let X/F, be a curve. The (uppercase) zeta function of the curve X is
defined by

Zx(T) = exp<2 Trmqnn) e QIIT]]

n=1
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We have the following relation between the two zeta function: (x(s) = Zx(¢™*); see
Propostion 2.7 of [Mus|. If we substitute 7" for ¢”* , then using the last expression in ﬂ we
find

[ee]
Zx(T) =Y _ D,T"
n=0

We define a further function defined by the relation:
L(T) = Zx(T)- (1 =T) - (1 - qT). (2.3)

The following theorem gives an important result by André Weil. The results first appeared
in 1948 [Wei48|. The third property is also called the Riemann hypothesis, because for every
root o of Zy we have |a| = ¢~!/2. This means that every root of (x has norm 1/2. This is
analogue to the situation of the Riemann hypothesis of the Riemann zeta function, where all
the non-trivial roots are complex numbers with real part 1/2.

Theorem 2.1.5. Let X/F, be curve and define L(T) as in[2.5,
(1) The function L(T) is a polynomial in Z[T| with L(0) =1 and L(1) = h = |J(Fy)|, where
J is the Jacobian of X.
(ii) We have
L(1/(qT)) = ¢~ 9T~ *L(T)
(This is called the functional equation).
(#ii) If in the ring C[T] we factor L(T') as

29

L(T) =[]0 - D),

i=1
then the inverse roots «; satisfies |a;| = (/q for 1 < i < 2g.
From these results it follows that if « is an inverse root, then @ = ¢/« is an inverse root

too. The inverse roots «, that are not real, come in pairs (a, @). The only exceptions are the
real inverse roots, but in the next proposition we will see that they are of even multiplicity.

Proposition 2.1.6. The real roots of the polynomial L all have even multiplicity.

Proof. Suppose that some real root of the polynomial L(T) is of odd multiplicity. We know
that the only possible real inverse roots are £,/g by part (iii) of Theorem m Since
L(T) € Z[T) (part (i) of Theorem [2.1.5), we know that the multiplicity of both the roots
are the same. So we have that (1 —,/¢T") and (1 + ,/qT) are both a factor of L(T") of odd
multiplicity. All the other factors of L(T") come in pairs. So we can write

g—1

L(T) = (1-aT)(1 + yqT) [[(1 — ar)(1 - @T).

i=1
Note that the product (1 — «)(1 — @) for an inverse root « is a positive real number. If we
fill in T'= 1, we have

g—1
L)=h=01-q [ -a)-@) <0,
i=1
but this is in contradiction with part (i) of Theorem [2.1.5] O

11



As a result of the proposition we can write

g

L(T) =] - aiT)(1 - @&T),
=1

and we see that the coefficient of T%9 is equal to ¢?9. The polynomial L(T) is also called the
L-polynomial.

2.2 The relation between the class number and the number of
effective divisors

In this section we prove some relation between the class numbers and the number of effective

divisors. In this section X is a curve and we take as extra assumption that X has a [F,-rational

point. Recall from chapter 1, that Jac™(X)(IF,) is the set of isomorphism classes of invertible

sheaves on X of degree n. We denote the isomorphism class of an invertible sheaf £ of degree

n by [£] € Jac™(X)(F,). Let H°(X, £) be the vector space of global sections, let h%(X, L) be

the dimension of H%(X, L) over F, and denote the sheaf of differentials forms on X by wx.
We start with a few remarks.

Remark 2.2.1. 1. For every effective divisor D, we have an invertible sheaf Ox (D) and
if the degree of D is n, then [Ox(D)] € Jac™(X)(F,). So we have a map from Dive(X)
to Jac”™ (X)(Fy).

2. Suppose that D, E are two effective divisors, then the two divisors have the same
image in the map above if and only if there exists a f € H°(X,Ox (D)), such that
E = div(f) + D. Hence, the inverse image of a class [£] € Jac™(X)(F,) is in bijection
with the projective space P(H°(X, £)).

3. For every F,-rational point P, we have a corresponding effective divisor of degree 1, also
denoted by P. We have a one-to-one correspondence between J(F,) and Jac™(X)(F,)
by the map defined by [£] — [£ ® Ox(nP)]. So in particular |J(F,)| = [Jac™(X)(F,)|.

4. Note that there are no effective divisors of negative degree. So D,, = 0 for n < 0.

We will use the Riemann-Roch theorem for curves in the next lemma. Since there are
a few different versions, we recall the version which we will use. The version we use, is a
combination with Serre duality. Recall from Serre duality that for a line bundle £, the spaces
HYX, L), H(X,wx ® £L71) are dual to each other.

Theorem 2.2.2 (Riemann-Roch for curves). Let X be a curve and let L be a line bundle on
X of degree n. Then
WX, L) - (X, ux@LH=n-1—9g

Now we can start with the following lemma. Recall that D,, = |Divef(X)|.

Lemma 2.2.3. For n > 0, we have

n+l—g 1

Dyp=q"" 9Dy o+ hE : (2.4)

q—1
where h = |J(Fy)| the number of Fy-rational points of the Jacobian.
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Proof. As we seen in the first part of Remark there is a map DiveT (X) — Jac™(X)(F,)
for every n > 0 and the inverse image of a class £ is the projective space P(H°(X, £)). So we
have that the number of effective divisors of degree n is

)

[£]eJac™ (X)(FFq)

g XL) 1
qg—1
The theorem of Riemann-Roch gives us
(X, L)=n+1-g+h(X,we L"),
thus for any n
(a=1)Dy= > grteresch
[£]edac™ (X)(Fq)

By the second part of the Remark we have|Jac™(X)(F,)| = [J(Fq)| = h. So we can
write
(C] o ]-)Dn _ h(qn+1fq - 1) + anrlfq Z qho(w®£_1) _1.
[£]eJac™ (X)(Fq)

The map [£] — [wx ® L71] gives a bijection Jac™(X)(F,) = Jac*~2~"(X)(F,) So
(q—1)Dog—2-n = Z g KoL)
[£]€dac™ (X)(F,)
which gives us the desired statement about D,,. O
In particular for n > 2g — 1, we have Dyg_o_, =0, so
D, = hwafl_l. (2.5)

In the following lemma we will see a relation of the number of divisors with the L-polynomial
of X.

Lemma 2.2.4. Let X/F, be a curve with genus g > 2. Let L(T) be the L-polynomial of X.
Then we have

g—2 g—1 1
L L L(T) 791, 1 1

D.T" g—1 npn T29 2-n _ h ( B )

nZ:% ! +n2:;)q " (1—T)(1—qT)Jr q—1\1-T 1—qT

Proof. We have seen in the first section of this chapter that we can write the zeta function in
different ways. We can write Zx(T') = % and Zx(T) =), D,T". So it is enough
to show that

> =2 e T, 1 1
D, T"=S"D,T" g-1-np T2-2-n _p ( - )
2 DT = 2 DT ) oD e )

13



By the equations [2.4] and [2.5] we see that

o'} 29—2
> D, = ZD "+ > D"+ Z D, T,
n=0 n=g—1 n=2g—1
292 ntl-g _ 1 o ntl-g _q
I N P YLy
qg—1 qg—1
n=g—1 n=0
29—2 e qn+1 g_l
— n n—1l-—g
D S T o
n=g—1 n=g—1

For the second sum of the last expression, we will substitute 2g — 2 —n for n and for the third
sum, we will substitute n + g — 1 for n.

[e.e]
n n g—1-—n 29—2—n n+g+1
ZODnT ZDT +Zq D, T +hzq_1T
n=
g—2 g—1 Tgfl 0
_ n —1-n 2g—2—n n __ n
=Y DT+ ¢ "D, T +hq_12(q T
g—2 g—1 -1
T9 1 1
=>» D, T" D, TP 4 Ry — :
D D"+ n o oi\io g 1ot
n=0 n=0
Note that the last step follows by the geometrical series. O

Theorem 2.2.5. Let X be a curve over Fy with genus g > 2. Let D, be the number of
effective divisors of degree n and let (ay, ;) be the pairs of inverse roots of the zeta function

Zx(T). Then

9—2 g—1 g 1
D Dnt ) " "Dp=h) (TR (2.6)
n=0 n=0 i=1 &
Proof. We introduce the following auxiliary function
L(T 1791
F(T) = (T) +h :
1—qT qg—1
By Lemma we have
9—2 g—1 -1
1 o F(T) T9
> DT+ DT = —h (2.7)
— = 1-T  (¢—1)(A—q7T)
We claim that
Dp+» ¢ "Dy =—-F(1)+h—xp (2.8)
n=0 n=0 (q - 1)
By definition of the derivative, we can write
. FT)-r@) . F(T)
F'(1)=lim —t——2% = lim —~
(1) T T -1 T T -1’

14



because F(1) = Ii(flq) + q_il = 0. By equation [2.7| we find that

g—2 -1
T9
—F'(1) = li ( DT g-l-np T2 4 )
1) = fim (2 +nzoq RCER Ty
and this gives which proves the claim.
We can also compute the derivative of F' by the product rule and we see that
L'(T) L(T) T9~2

PO =G M a—grp M T

and hence
L'(1) L(1)

-1 - TP

In order to calculate F’(1), we have to determine L'(1). We can write L(T) as

F'(1) =

g
L(T) =Y (1-aT)(1 —aT).
=1
We have
L(T) _ —Zg: o d _29: o+ — 2qT
L(T) —1l-oT  1-oT (1—o;T)(1 —aT)’

L'(1) :zg:2q—(ai+071;)'

|1 —Oéi|2
We observe that L(1) = h and
l—a)(l—)+q—1=2q— (o; + ).

So we obtain
/

g _
(1-a)(1—)+qg—1 g—1
Z ar N ar

= =1

Now we can calculate the value of F'(T) at T =1,

F'(1) =

h 1
1—q Zu—am - >+h(g‘1)qi

1—q

We combine this with equation and we obtain the desired result.

15



By the theorem, we see that we have a relation between class number h and the number
of effective divisors of degree < g. In the next proposition we will see a upper bound for

> e
i—1 ’1 — O[i’2.

Proposition 2.2.6. Let X/F, be a curve with genus g and let (o;, ;) be the pairs of inverse
roots of the zeta function Zx(T'). Then

g
> e < o (0 D+ ) - 1X(E). 29)
i=1 ¢

Proof. Since |o;| = /q, we observe the following
1—afl* > (a—1)%

we can this rewrite as

(1= o) (1 +aq)|* > (¢ — 1)%,

hence ( )2
qg—1

11— > 22—

| iz 11+ oy?

We now obtain the upper bound

ZH_QP_ 22|1+%|2

By rewriting this upper bound, we see that

g
2\1—a\2* q—ll > (+q+a+@m)
=1
1 g
= ——(9lg+ D)+ ) (v +a)).
PEVELAL ; )

To prove the equation it is enough to show that

9

IX(F)|=1+g-) (ai+ )

=1

By equation we see that

L(T)
1

00 ™

log
( n=0

16



If we write out the left hand side, we obtain

L(T)
(1-¢T)(1-T)

log = log(L(T")) —log(1 —T') — log(1 — ¢T)

29
= Zlog(l —o;T) —log(1 —T) —log(1l — qT)
i=1

29 oo

Od:an > ™ OO qk:Tk
=- +Y —+
[e's) 29 ™
= Z (¢"+1-— Za?)—.
n=1 i=1 n

So we see that

g
|X(Fq)|:q+1—zai+07i.

n=1

2.3 A brief introduction to l-adic cohomology

In this section we give a short introduction to [-adic cohomology. In order to show that the
zeta function can be written in terms of eigenvalues of Frobenius, we need theorems like the
Lefschetz fixed point theorem. But to state such theorem, we need some knowledge about
[-adic cohomology. We will not use Zariski sheaves, but étale sheaves. For more information
about the étale topology see [Mill3]. We look at special étale sheaves, which are defined on
a curve X over k. Let X = X ® k, then this gives a curve over k.

Let us give some examples of étale sheaves:

Example 2.3.1. 1. G;: For every scheme U which is étale over X, we have G, =
I'(U,Of). This is the étale sheaf associated to O% and it is called the multiplicative
group.

2. pp: For every scheme U which is étale over X, u,(U) is the group of nth roots of unity
in I'(U,Op). If X is defined over an algebraically closed field k and the characteristic
of k does not divide n, then the sheaf p, is isomorphic to the constant sheaf Z/nZ.

These two examples give rise to an exact sequence of étale sheaves. Note that this sequence
is not exact in the Zariski topology. The exact sequence is known as the Kummer exact
sequence

Proposition 2.3.2. Let X be a curve over k and suppose that n does not divide the charac-
teristic of k. Then the the sequence of étale sheaves of abelian groups

0 [in G 225 Gy 0

15 exact.

One goal of this section is to compute the cohomology of the sheaf u, for a curve over an
algebraically closed field. In order to compute this, we use the following theorem.

17



Theorem 2.3.3. Let X be a curve over an algebraically closed field k. Then,

e
N(X,05) r=0

HT(Yet,Gm) = q Pic(X) r=1
0 r>1

Note that the map z — z" on HO(X,G,,) = k" is surjective. So if we take the exact
sequence in cohomology in degree 0 associated to the Kummer exact sequence, we see that

0 —— HYX, ) —— HYX,Gp) 222 HO(X,Gpn) — 0.

If we combine this with the long exact sequence associated to the Kummer exact sequence,
we obtain an exact sequence

0 —— HYX,u,) — Pic(X) —*—= Pic(X) —— H*(X,un) — 0.

In order to compute the cohomology with values in p,, we need to know the kernel and
the cokernel of the multiplication by n map on Pic(X). Recall from section that we have

a degree map deg : Pic(X) — Z and this give rise to an exact sequence
00— Pic®(X) —— Pie(X) 25,2 — 0.

Note that for a £ € Pic(X), that

deg(n(L)) = n - deg(L).

So we have that the kernel of the multiplication by n map on Pic(X) is the same as the kernel
of the multiplication by n map on the Jacobian J(X) = Pic’(X). By Proposition 5.9 and
Corollary 5.11 of [EGM12], we have that the map n : J — J is surjective on k-valued points
and we see that the kernel of n : J(k) — J(k) is isomorphic to (Z/nZ)*. Since the map

n: J(k) — J(k) is surjective, we have that the map n : Jac™(X)(k) — Jac™"(X)(k), where
Jac™(X)(k) is the set of isomorphism classes of line bundles on X of degree m, is a bijection

if m # 0. So we see that the cokernel of the map n : Pic(X) — Pic(X) is Z/nZ. Now we
obtain the following theorem.

Theorem 2.3.4. Let X be a curve over an algebraically closed field k and suppose that n is
prime to the characteristic of k. Then,

fin (k) r=20

HY(X, i) = (Z/nZ)?9 r=1
Hn) = Z/nZ r=2

0 r> 2

Definition 2.3.5. Let X be a curve over k and suppose that [ is a prime that is not equal
to the characteristic of k. Then we define

H"(X,7,) = lim H" (X, Z/I"7),

18



where the homomorphisms for m > n
fom s H(X,Z)1"7Z) — H"(X,Z/1"7)
are induced by the quotient maps
2L — ]I

Furthermore we define
H"(X,Q) = H" (X, Z) ®z, Q.

If k is algebraically closed, then i = Z/I"7Z. So by Theorem we obtain the following
result.

Proposition 2.3.6. Let X be a curve over an algebraically closed field k and let J be the
Jacobian of X, then

H'(X,Q) =Q
Hl(Y Qi) = Hom(Qy/Z;, J(k)) ® Q
(X, Q) = lim Pic(X)/I"Pic(X) ® Q; = Q.

Proof. The first and last statement are clear. So we prove the second statement. We have
seen before that B
HY(X,Z/1"Z) = Hom(Z/I"Z, J (k).

Note that the map B B
Hom(Z/1""'Z, J(k)) — Hom(Z/1"Z, J (k)),

is induced by the map Z/I"Z — Z/I"*t'Z, which is multiplication by I. So we see that the
inverse system comes from the direct system (Z/1"Z),, and we have the property that

Jim Hom (X, Y') = Hom(lim X;,Y)

for a direct system (X;);. So we see that
H'(X,Zy) = limHom(Z/1"Z, J (k)) = Hom (lim Z/1"Z, J (k)).
By proposition 1 of [Ser73|, we have that
ling Z/1"Z, 2 lingy Z, /1" 7.
Note that Q; = Z;[1/l] and hence we have an isomorphism Q;/Z; = hgn Z;/1"Z. So we get

H'(X, Q) = Hom (Qu/Zy, J (k).
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2.4 The zeta function and Frobenius

In this section we will see a description of the zeta function in terms of eigenvalues of Frobenius.
We will first state an important theorem, which is called the Lefschetz Fixed-Point Formula.
Then we will define the Frobenius map on a variety and give some properties. After that we
will explain how the zeta function is related to the Frobenius map. We refer to [Mill3| for
the details and proofs in this section.

In the previous section, we have seen a brief introduction to the l-adic cohomology and
we will apply this cohomology in this section. Let X/k be a curve and let k be an algebraic
closure of k. Then X = X X Spec(k) Spec(k) is a curve over k. Later in the discussion we will
assume that k is a finite field. We begin with a definition.

Definition 2.4.1. Let Y be a surface over k and let Z1, Z> be two different prime divisors.
Suppose that P € Z; N Zs, then we can describe Z; and Zs locally around P as the zero
scheme of polynomials f; and fo. We define the intersection multiplicity of Z; and Zy at P
by

(Z1 - Zo)p = dimy (Oy,p/(f1, f2))-

Additionally we define the intersection number of Z; and Zs by

(Zv-Zo)= Y, (%1 Za)p.

PeZ1NZy

Suppose ¢ : X — X is a non-constant morphism, then ¢ induces a morphism ¢* :
H"(X,Q;) — H"(X,Q;). As we have seen in the previous section, the spaces H"(X, Q) are
finite-dimension Q-vector spaces. So we can take their traces Tr(p*|H"(X,Q;)). By the
following theorem, we see that the traces compute the fixed points of .

Theorem 2.4.2 (Lefschetz Fixed-Point Formula). Let X be a curve over an algebraically
closed field and let p : X — X be a non-constant morphism. Then

(Tp-A) = (1)"Tr(¢" H'(X, Q).

s
where Ty, is the graph of ¢ and A is the diagonal of X x X.

The number (I', - A) is the number of fixed points of ¢ counted with multiplicities. The
following lemma shows that the multiplicity of the fixed point of a morphism ¢ is in most
cases 1.

Lemma 2.4.3. Let X /k be a curve and let ¢ : X — X be a morphism. Suppose that P is
a fized point. Then (U'y - A)p =1 if (de)p : T p — T p is not the identity, where T p is
the tangent space ofy at P.

The Frobenius map

Let Y be a variety over Fy and let F be an algebraic closure of a finite field Fy. We want to
define the Frobenius map for a variety Y over F, where Y =Y Xgpec(r,) Spec(F). We will first
define the Frobenius map for an affine variety.
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Definition 2.4.4. Let A be an affine Fj-algebra and let 4 = A ®p, F. Then the map
f:A— A, where a — af, is a homomorphism of F,-algebras. We call the corresponding
map F : Spec(A) — Spec(A) the Frobenius endorphism. By base change we obtain the map
F : Spec(A) — Spec(A) and we call this the Frobenius map.

Now we define the Frobenius endomorphism for a general variety over F,.

Definition 2.4.5. Let Y be a variety over F, and let Y =Y X Spec(F,) SPec(IF). Then the
Frobenius endomorphism Fy : Y — Y is the unique morphism, such that for every affine
open U = Spec(A) C Y, we have that [y = Fy |y : U — U is the Frobenius endomorphism.
By base change we obtain a map F : Y — Y and we call it the Frobenius map.

We have the following properties, which are easy to check:
1. the Frobenius map F : A™ — A" is defined by (t1,to,...,t,) — (¢, 3, ... t1).
2. the Frobenius map F : P" — P" is defined by (to : t1: -+ :ty) — (¢ : 7 -+ 1 t1).

3. for every morphism ¢ : Y7 — Y5 of varieties over I, the following diagram

commutes, where Y; = Y} X Spec(Fy) SPec(F).

When we combine these statements, we see that the Frobenius map on every subvariety of
A™ is defined by (t1,...,t,) — (t4,...,t}) and the Frobenius map on every subvariety of P"
is defined by (tg: -+ :tn) — (¢ th).

In the next lemma we see that the Frobenius map is of finite degree.

Lemma 2.4.6. LetY be a variety over F. The Frobenius map F :' Y —'Y is a finite morphism
of degree ¢im(Y),

We now want to connect the Frobenius with the first part of this section and we will show
in the next lemma, that all fixed points, have multiplicity 1.

Lemma 2.4.7. Let X/F, be a curve and let X be the corresponding curve over F. Then the
fized points of the Frobenius map F : X — X are the Fy-rational points X (F,). Each fized
point occurs with multiplicity 1.

Proof. Suppose that P € X(IF) is a fixed point of F'. Then Po F' = P, where F : Spec(F) —
Spec(F) is the Frobenius map.

Note that a F-rational point P : Spec(F) — X is given by a homomorphism ¢p : k(P) —
F, where k(P) is the residue field of P and the F-rational point P o F' : Spec(F) — X is
given by ¢} : k(P) — F, where ¢%(x) = pp(x)9. We have that ¢%(z) = pp(x)? = pp(z) if
and only if z € F,. So x(P) 2 F, and hence a fixed point of F': X — X is equivalent to a
[F4-rational point.

We claim that (dF')p = 0 for fixed point P and then by Lemma it shows that every

fixed point occurs with multiplicity 1.
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We can compute the tangent map at P as follows, we have Ty p = (mp/m%)Y, where mp is
the maximal ideal of Ox p and the map (dF)p : T p — Tk p is defined by (dF)p(t) =to F.
The map t o F = 0, since t o F(z) = t(z%) = qz? 1t(z) = 0 for all x € mp/m%. Hence
(dF)p = 0.

]

Relation of the Frobenius map with the Zeta function

In the following proposition, we will see that we can describe the number of F,m-rational
points | X (Fym)| in terms of the trace of Frobenius.

Proposition 2.4.8. Let X/F, be a curve and let X = X X Spec(F,) SPec(F). Then for any

m>1
2

X (Egn)| =Y (1) Te(F™|H (X, Q).

r=0

Proof. This application of the previous lemma with the Lefschetz Fixed-Point Formula. Note
that the F™ is the Frobenius map of the curve X Xgpec(r,) Spec(Fgm) and then by lemma
we have that (I'gm - A) = X (Fgm). If we combine this with Theorem we obtain

the assertain. O

Before we connect this all to the Zeta function Zx, we need one more elementary lemma
about vector spaces.

Lemma 2.4.9. Let ¢ : V — V be an endomorphism of a vector space over a field k and let
P,(T) = det(1—¢T'|V') be the characteristic polynomial of . If we write P,(T) = [[,(1—¢T)
then

1

[e.e] Tm
log =2 Tr(e™V)—
Py(T) Zz; m

Proof. We may assume after possibly extending k that there exists a basis of V such that
the matrix of ¢ is upper triangular and has the ¢;’s on the diagonal. Now it is clear that the
matrix of ¢ is also upper triangular and has the c[*’s on the diagonal. We see that

m Tm
_ Ty — _ m
log(1 — ciT) = —log(l —¢T) = ;_1 i
If we now sum on both sides by ¢, we get the result that we wanted. O

Theorem 2.4.10. Let X/F, be a curve and let X = X X Spec(F,) Spec(F). We have

P(T)

Zx(T) = BTV Po(T)

where P,(T) = det(1 — FT|H"(X,Q;)).
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Proof. We have

Zx(1) = exp(fjl T:|X<Fqn>\>
_ exp(i (22:0( 1) Te(F°|H" (X, Ql))> 7:) 24.3)
- 1:[0 <exp( i_o:l Te(FH" (X, Q) 1:)) . (Moving inner sum outside)
= ﬁ P(T)0 (2-49)
20

O

Remark 2.4.11. By Remark 24.2(f) of [Mill3|, we have that F* acts as the identity on
H°(X,Q;) and on H?(X,Q;) as the multiplication by the degree of F, which by lemma
is multiplication by q. So we have that

P(T)
(1-T)(1—qT)

Zx(T) =

and so we have that L(T) = Pi(T). We can now describe the inverse roots of L(T') as
eigenvalues of Frobenius on H'(X, Q).

This gives us the following corollary, which is called the Lefschetz trace formula.

Corollary 2.4.12 (Lefschetz trace formula). Let X/F, be curve of genus g and let «; be the
eigenvalues of Frobenius on H'(X,Q;). Then

X(Egn)| = 14" Za

Proof. If we combine Proposition [2.4.8 with the remark above, we see that
X (Fgm)| = 1+ ¢™ = Te(F™|H' (X, Q1))

Then by Lemma and the remark above, we have

X (Fg)| = 14" Za
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Chapter 3

Space filling curves in their
Jacobian

In this chapter we look at space filling curves. In the first part of this chapter, we will define
space filling curves and we will see that curves are in most cases not space filling. In the
second part of this chapter we will do the same, but then with almost space filling curves.
Our exposition is based on [Stil7].

Let X/F, be a curve of genus g > 2 and suppose that X has a Fg-rational point. Let (a;);
be the eigenvalues of Frobenius on H*(X, Q) with a4 = q/c.

3.1 Space filling curves

In this section we will show that a curve can be space filling only if it has genus 2 and if it is
defined over Fy. By the Albanese embedding X — J (see Proposition |1.3.9)), we have

N = [X(Fg)| < [J(Fg)| = h.

Definition 3.1.1. Let X/F, be a curve of genus g > 2 with a g -rational point and let J
be its Jacobian. Then a curve is called space filling in its Jacobian or simply space filling if
[ X (Fg)| = |J(Fg)|.

The first question one can ask is how likely it is that a curve is space filling. For every curve
of genus g, we know that the Jacobian of the curve is g dimensional. Intuitively we would
expect that a higher dimensional variety has more rational points than lower dimensional
variety. So we can say that in most situations it is unlikely that a curve is space filling. We
will now show that there are only space filling curves in specific conditions.

Recall from chapter 2| that D,, is the number of effective divisors of degree n on X. If we
combine the equations [2.6] and we see that

h> (¢-1)° §D +g§ g-1-np (3.1)
St D@ty - N\ & A ") '

Observe that Dy = 1 and D, > N for n > 1. By this observation, we obtain the following
lower bound for h:

g—1_
L4 N(g—2+ £
(g+D(g+1)-N

h>(qg—1) (3.2)
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We want to know when a curve is space filling. Write B for the right hand side of We
will rewrite the inequality B > N and look for which g and ¢ this inequality holds. Of course
if B > N, then we know that the curve is not space filling. Let n = N/(¢ — 1), then B > N
is equivalent to

_ _ +1
1+qg1+n«g—%@—1}+ﬁ]=J)>n0g+mgii—n) (3.3)
which can be rewritten as
_ +1 _
7ﬁ+n(¢1+{g—m@—1y—y—@+1yz_l)+1+q91>a
Let a be the linear term of n in the above equation. We can rewrite a as follows
1 +1
— 91 -9 flf& ,1f3q7
a=q¢"""+(9-2)(q q—l) .
2 6
=¢9! -2 (1- ——)—-4-— —
¢ +q(g—2)( q—l) 1
So we see that B > N is equivalent to
2 g—1 2 6 g—1

The linear coefficient of is monotone increasing as function in g and ¢ for all g > 3 and
q > 3. If g = g = 3, then the linear coefficient is 2. Hence we see that inequality of always
holds for ¢ > 3 and g > 3. So a curve X/F, can be space filling only if g =2 or ¢ = 2.

The case of genus 2

A curve of genus 2 is general not space filling. We will show that such a curve can be space
filling only if ¢ = 2.
For g = 2, the inequality can be written as follows
6
7F+n@—4—§ij)+l+q>0. (3.5)

The left hand side of 3.5 is equal to

—1)(g—4)—6 2)(q—3
(n_2)2+n(q )(q ) +q_3:(n_2)2+n(Q+ )(q )+q—3.
q—1 q—1
Therefore the inequality [3.5] is equivalent to
2)(qg—3
q [R—

We see that this inequality holds for n > 0 and ¢ > 4 and for ¢ =3 if n #2. Soif h =N
then we have ¢ = 2 or we have ¢ = 3 with n = 2 and hence N = 4. We will show that the
latter is not possible.

The L-polynomial can be written in terms of the elementary symmetric polynomials. In
the next lemma, we obtain the following relation of the elementary symmetric polynomials of
the a;. We denote o (a) to be the k-th elementary symmetric polynomial of the «;.
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Lemma 3.1.2. Let X/F, be a curve of genus g. Then

g—k

o2g-k(@) = ¢ "or(a)

Proof. We observe that [[, a; = ¢¢ and

Ugg_r(a) = Z (07PN Oéi297T = Z H .

i < <ing—p i1 <o iy k@ {i1,onyin}

Then we can write

orgr(@)= 3 @)

11 <<l
=¢" > (qfewy) - (q]on,)
11 <o <y
= qgﬂ“ Z Qiy -y, = qgfro.r(a).
11 <<y

We can now write the L-polynomial of X for g = 2 as
L(T) =1—o1(a)T + o2(a)T? — goy (a) T3 + ¢*°T.
Let Sp, =) ; o, then the Lefschetz trace formula gives us
Sm=1+4q" —[X(Fgn)].

Note that 1(a) = S1 and 203(a) = S? — S3. Recall from Theorem that L(1) = h and
therefore we have

h=L(1)=1+¢ - (1+Q)(1+q—N)+%((1+q—N)2—(1+q2)+\X(Fq2)\)
—1-2¢+(1+q)N+ %(Qq— 21+ )N + N + [ X(Fp2)|)
=—q+ %(NQ + X (Fp)l).
Note that |X(F;.)| > N and if h = N, we obtain by the computation above that
2 = N> +|X(Fpe)| — 2N > N? — N.
But this is impossible for N =4 and ¢ = 3.

The conclusion of this discussion is that a curve of genus 2 can be space filling only if
q=2.
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The case ¢ = 2 and large genus

For g = 2, the inequality [3.4] can be written as
n2+n297t—29—6)+1+29"1 > 0.

This inequality holds for n > 0 and g > 5 and for g = 4 if n # 3. Hence if h = N, then g = 2
or g =3, or we have g = 4 and N = n = 3. We will show that the latter is not possible. If
g =4 and N = 3, then is an equality. Note that we obtained by combining and
the assumption that D,, > N for n > 1. In particular, we find that equality [3.2] can hold only
if Do = N. But this is impossible, since we can make a sharper bound

N(N +1)

Dy > 5

> N.

This bound is given by the following fact. Suppose that P, --- , Py are rational points, then
P; + Pj is a degree 2 divisor on X. The number of such divisors is the number of pairs (i, j)
with 1 <4 < j < N. One can easily see that the number of these pairs is equal to W
The conclusion of this discussion is that a curve can be space filling only if the genus is 2

or 3.

The case of genus 3 and ¢ =2
To simplify notation, we will abbreviate N,, := |X(Fym)|. We continue to write N for
Ny = [X(Fy)l.

As in the case of genus 2, the L-polynomial can be written in terms of the elementary
symmetric polynomials o;(«). The relation, given by lemma gives us a formula for the

class number h of X.
h=1L(1) =9 —501(a) + 302(a) — o3(). (3.6)

In the next lemma we will see that we can write the elementary symmetric polynomials in
terms of the number of F,m-rational points of X.

Lemma 3.1.3. Let (o;); be the eigenvalues of Frobenius on H(X,Q;). Then

o) =51=14+¢— N,
oa(a) = ¢ — (L+ )N + (N* + No)/2,

1 N2+ 3N
03(‘)‘):3<1+q3_NS+(1—q—N)(—1+q—q2—(1+q)N+22>>.

Proof. The first equality follows from the Lefschetz trace formula. Observe that oa(a) =
(82 — S3)/2 and if we combine this with the Lefschetz trace formula, we see that

oa(0) = =((1—q = N)> = 1— ¢* + No)

DN |

1
= 5(2q—2(1+q)N+N2+N2
=q—(1+q)N+(N?+Ny)/2.
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For the last statement, we have the following relation
o) =Y e ey 3
T R
SR SEDSUED BIED SED 90D oL
i k i j#i i j#i
= S} — 9551 — (8251 — S3) — (S251 — S3) = 253 + S1(S? — 355)

N2 + 3N.
=2<1+q3—N3+(1—q—N)(—1+q—q2—(1+q)N+22)>,

and this proves the statement. ]

As a result of the lemma and [3.6] the class number can be written as

N3 NN N3
h=-2+—7"7 —.
+ 3 + 2 + 6
The next remark and lemma will give us another description of the Fym-rational points.
This will lead to a new formula for the class number.

(3.7)

Remark 3.1.4. 1. If z is a closed point of X, then the residue field k(z) = Ox /m, is a
finite field extension of the field F, with deg(z) = [k(z) : Fy].

2. If P is a Fym-rational point of X with image x € X. Then P corresponds to a [Fy-
homomorphism «(z) — Fym, where x(x) is the residue field of z.

Lemma 3.1.5. Let X be a curve and let X,,(x) be the number of Fy-homomorphisms k(z) —
Fym. Then

ooy [des@) i deg(a)im
" 0 otherwise.

Proof. By the previous remark, we see that k(z) = F jaca) We know from field theory that
there exists a field homomorphism from Fy» — Fgm if and only if n divide m. So if the degree
of x does not divide m, then X,,(z) = 0.

If deg(x) divides m, then this gives an embedding of F aesx) in Fgm. Note that the
number of embeddings is equal to the number of automorphism of F gdea(=) and there are
deg(z) automorphisms of F des(s). O

Now we can write N = 2ng + N and N3 = 3n3 + N, where n; = [{z € X;deg(x) = i}|,
so the formula for the class number becomes

1
h:n3+Nn2+6N(N—2)(N+5).

If N > 3, then (N —2)(N +5) > 6 and therefore h > N. It is easy to check that the triples
(N, ng2,n3) for which h = N are (1,1,1), (1,2,0), (1,0,2), (2,0,2) and (2,1,0)

The L-polynomial can be determined for each triple. We have written a programme in
magma, that computes the real roots of each corresponding L-polynomial. See the appendix
for more details about the magma programme. By the programme, all the corresponding
L-polynomials have two real roots and their real roots are not of absolute value %

The conclusion of this discussion is that a curve can be space filling only if ¢ = 2 and
g =2
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3.2 Almost space filling curves

In this section we will show that a curve can be almost space filling only if it has a small genus
and if it can be defined over I, for a small g. We will do the same approach as in section
We first define almost space filling curves.

Definition 3.2.1. Let X/F, be a curve of genus g > 2 with a [F,-rational point and let J
be its Jacobian. Then a curve is called almost space filling in its Jacobian or simply almost
space filling if |J(F,)| = | X (Fq)| + 1.

We have seen that a curve is space filling only if it is defined over Fy and if it has genus
2. We could wonder when a curve is almost space filling. We will see in this section, that
there are more cases, where a curve can be almost space filling then where it can be space
filling. But by the same argument as we have made for space filling curves, we could say that
in general it is still unlikely that a curve is almost space filling.

To prove that in most cases a curve is not almost space filling, we will do a similar approach
to space filling curves. As in section we will look at when B > N + 1 (where we recall
that B is defined to be the right hand side of equation , and we see that B > N + 1 is
equivalent to

1 n Dig+1
1+q91+n((g—2)(q—1)+q91—1)>”<(9+1)Z+1_”> VS (gj;q)((i)_: .

Since [3.3] and are equivalent, we see that the equation above is equivalent to

2 g—1 g—1

This gives that B > N + 1 is equivalent to

2 5
n2+n<qg_1+q(g—2)(1—q_l)—4—q_1> +l+4¢" =

g+1 2(g+1)
g—1 (¢g-1)?
We see that the linear term and the constant term are monotone increasing functions for all

q > 3 and g > 3. For g = ¢ = 3, both the linear term and the constant term are positive.
Therefore a curve can be almost space filling only if ¢ = 2 or g = 2.

>0 (3.8)

The case of genus 2

In contrast to the case of space filling curves, we will see that a curve can be also almost space
filling if ¢ = 3. For g = 2, we can write the inequality [3.8] as
5 3 6
2
nn(g-4-—=)+1+q- = > 0. (3.9)
qg—1 g—1 (q—1)
The linear term and the constant term are both monotone increasing functions for ¢ > 2.
That gives that the left hand side is a increasing function for ¢ > 2 and n > 0. Note that the
inequality for ¢ = 4 holds for all n > 0. So we see that the inequality holds for all ¢ > 4
and n > 0.
The conclusion of this discussion is that a curve with genus 2 can be almost space filling
only if g =2 or ¢ = 3.
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The case of q=2

In contrast to the case of space filling curves, we see that a curve is possibly almost space
filling if the genus is 3. If ¢ = 2, we can write the inequality as

n?+n(29 !t —2g—-5)+14+291 —3(g+1)>0. (3.10)

The constant and linear term are monotone increasing for g > 3. For g > 6, the constant and
linear coefficient are both positive. So the inequality holds for ¢ > 6 and n > 0.

If g = 5, then the equality holds for n > 1. So if a curve of genus 5 is almost space filling,
we have that n = N = 0, but that is in contradiction with the assumption that every almost
space filling curve has a Fs-rational point.

In the case that the genus is 4, we first show that X has one or two Fo-rational points.
To show this, we will look at the equation [3.1]for g =4, ¢ =2 and h = N + 1. We can write

this equation as
2 3

—N?+14N+15> Y Dy+ > 27D, (3.11)
n=0 n=0
Note that Dy =1, D1 = N, Dy > W and D3 > w If we combine these estimations

with we see that
—N?4+ 14N +15> 9+ 7N + 2N2.

This is equivalent to
~3N?2 4+ 7N +6>0 (3.12)

This shows that the equation only holds for N =1 or N = 2. We can actually say that there
are no almost space filling curves of genus 4.

Now we want to show that there are no almost space filling curves of genus 4. Note that
by lemma the class number can be written as

h=L(1) = 17 — 901 (a) + 5o2(ar) — 3o3(a) + 04(a)

We have seen in the case of space filling curves of genus 3, that we can write the symmetric
polynomials o;(c) for i < 3 in terms of Fym-rational points of X and Now we show that o4(«)
can be written in terms of S; := 1 4+ ¢ — N; and hence in terms of the Fyi-rational points of
X.

Lemma 3.2.2. Let (o;); be the eigenvalues of Frobenius on H(X,Q;). Then
= i 4 2 2
04 = 51(S1 + 85551 + 355 — 65557 — 654).

Proof. We can write the elementary symmetric polynomial as

2404(04)220@20@ Z ay Z o

i # kA 1¢{igk)

DBY =) i) B

i JFi @ i#]

Observe that
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So if B; = a2, then we can say that
Doy af=) al) a;
i g i A
So we have
2404(c (Z ZakZal—t—QZ Za]Zal—#—SZ Zaj Z ak>
i J#i l i 1#] iFk#E]
=5 - (5251 +2(5287 — S351) +3(5257 — 5581 — 5351 + 54— 53 + 54)
= S} 48535 + 352 — 65557 — 6S,.

This result gives us now the formula for the class number h, which is

N* N2N, NN N2 N4

hi=— — N? + 2 _Ny+—-

21 T4 3 TR T
We only have to look at, when N =1 and N = 2. Like we did for the case of genus 3 for
space filling curves, we can write Ny = 2ny + N, N3 = 3n3 + N and we have by lemma

that Ny = 4ng + 2ng + N, where n; = |{z € X;deg(z) = i}|. If N =2, then we see that

n3 + 3ng
2

h = + 2n3 +ng4 — 1.

We want to know for which ng, ng and n4, we have that h = N + 1 = 3. The triples (1, 1,0),
(1,0,2), (0,2,0), (0,1,2) and (0,0,4) are the triples (ng,ns,n4) such that h = N +1 = 3.
We can determine for each triple the L-polynomial. Like in the case of genus 3 for space
filling curve, we have written a programme in magma, that computes the real roots of each
corresponding L-polynomial. We see that every corresponding L-polynomial has real roots
and they are not of absolute value —=. See the appendix for more details about the

magma programme. If N = 1, then the formula for the class number becomes

n3 — no

2

h:=

+n3+ng —1.

For each triple (ng2,ns3,n4), where h = N + 1 = 2, we have that na,ng,ns < 3. So we look
at all triples (ng,ns,ng) with ng,ng,ngy < 3 and if h = 2, then we look at the real roots of
the corresponding L-polynomial. We see that all triples (ng, n3, n4) such that h = 2 have real
roots and they are not of absolute value E So there are no space filling curves of genus 4.
See the appendix [A.T] for more information about the computations in magma.

The conclusion of this discussion is that a curve over Fy can be almost space filling only
if the genus is 2 or 3.
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Chapter 4

Computations on space filling
curves

In the last chapter we have seen that a curve can be (almost) space filling only if it has small
genus and if it is defined over F, for small g. We want to know if (almost) space filling curves
also really exist. To show this, we will use computer programmes in magma. In this chapter
we will first give a general description of all curves that are possibly (almost) space filling.
In the next section we will look at the algorithms that we have used for the computations
of the (almost) space filling curves and give some explanations about the algorithm. In
the last section we give a list of all (almost) space filling curves up to isomorphism. The
implementations of the algorithms in magma can be read in the Appendix.

4.1 Description of curves

In this section we will give a description of the curves that are possibly (almost) space filling.
In general it is hard to give a description of all the curves of a given genus g. But we have
seen in chapter [3| that curves can be (almost) space filling only if they have genus < 3 and
if they are defined over Fy or F3. We will consider two type of curves: hyperelliptic curves
and non-hyperelliptic curves. The hyperelliptic curves can be described by a simple equation.
Since the genus is < 3, we can also describe the non-hyperelliptic curves in an easy way. First
we will look at hyperelliptic curves.

Hyperelliptic curves

We will show that every hyperelliptic curve can be described by a simple equation. We will
furthermore show when two such equations define isomorphic curves. We refer to section 7.4
[Liu02] for more details and proofs about hyperelliptic curves.

Definition 4.1.1. A curve X/k of genus g > 2 is called hyperelliptic if there exists finite
morphism ¢ : X — ]P’/,l€ of degree 2.

Let ¢ : X — P} be a finite morphism of degree 2. Then ¢ is separable. Otherwise we
have that ¢ is purely inseparable and then by proposition 7.4.21 of [Liu02], we have that the
genus of X is 0, which is in contradiction with the genus of X is greater than 1.
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Let X/k be a hyperelliptic curve of genus g. We have a separable morphism ¢ : X —
Y = P! of degree 2. Before we state the following proposition, we will first introduce some
notation. We can write Y as U UV, where U = Spec(k[t]) and V' = Spec(k[s]) with s = 1/t
on the intersection of UNV. Let U’ = o~ }(U) and V' = o= 1(V).

Proposition 4.1.2. Let X/k be a hyperelliptic curve with genus g. Then k(X)) is isomorphic
to the fraction field of

KO/ (* + bty — f(1)),
where f(t),h(t) € k[t] and
29 + 1 < max(2 - deg(h(t)),deg(f(t))) < 29+ 2.

In the next remark we will first give some facts, that we need for the proof of the propo-
sition.

Remark 4.1.3. 1. Let ¢ : X — Y be the separable morphism from above. Then the
sequence

0 —— (P*Q%//k — Qﬁ(/k — Qﬁf/y — 0
is exact.
2. The dimension of H°(X, Qﬁ(/y) is 2g + 2, where g is the genus of the curve X.
3. Let X be a curve and let k(z) be the residue field of z. If £ is a coherent sheaf, with
dim, () Ls @0y, K(2) =n
for all x € X, then L is locally free of rank n.

Proof. We will first prove the case, where the characteristic of £ is 2. The morphism ¢ : X —
Y gives us the following exact sequence

0 Oy y 0. 0x —— L —— 0 (4.1)

for a coherent sheaf £. By [Liu02|, corollary 3.4.10, ¢ is a flat morphism. So ¢,Ox is locally
free of rank 2. Let x(y) be the residue field for a point y € Y. Note that the morphism
k(y) = ¢«Ox ®o, k(y) is injective for every y € Y. Hence for every y € Y we obtain the
exact sequence

0 > K(y) 0:O0x ®oy K(Yy) — Loy k(y) —— 0 .

We see by remark that £ is locally free of rank 1. Since we have that Oy (U) is a
principal ideal domain, we get that L|y is free of rank 1. That means that the sequence
is split exact over U. So we can write

Ox(U') = Oy(U) & Oy (U)y,
for a y € Ox(U’). The same is true for V, so we have

Ox(V,) = Oy(V) D Oy(V)Z
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for a z € Ox (V).

Consequently, we have two bases {1,y} and {1,z} of Ox(U'NV') over Ox(UNV). We
have O3 (UNV) = k*t%, and after a possible multiplication of z by an element of k*, we can
write

y=R(t)+ H(s)+t"z,
with R(t) € k[t] and H(s) € k[s]. If » < 1, then y — R(t) glues to a global section and so
y— R(t) € H(X,0x) = k. Hence r > 1. We can write y — R(t) = t"(s"H(s) + 2). It is easy
to see that we can modify y and z in such a way that y = t"z. This gives us the following
two equations

v+ hitly = f(t), f(t),h(t) € k[t]. (4.2)

and
24 (h(t) 1)z = F(1) 4. (4.3)

Note that z is integral over k[s]. So we see that deg(h(t)) < r and deg(f(t)) < 2r.
We want to know the number r. To compute this, we compute the space H°(X, Qﬁ(/y).
We have

Q= Ox (U")dy/ (h(t)dy) = k[t,yl/ (h(1),y* = f (1)),

and
Q%//V’ = Ox(V')dz/(s"h(1/s)dz) = k[s, 2]/(s"h(1/s), 2% — f(1/5)s*").

The support of Qﬁ( ne consists of the ramification points. Almost all ramification points are in

the support of Qllj,/U. Only the points on the fibre of the point (1 : 0) are not in the support
of Q%J,/U. So we have

HO(X,Q)y) = klt, 4]/ (h(1) @ K[s, 2]m/ (s (h(1/5)),

where m = sk[y, s] and see that h°(X, Q1 (X/Y)) = 2-deg(h(t)) +2(r —deg(h(t)) = 2r. Hence
r=q+1. If deg(h(t)) < g+ 1, then the degree of f(t) is 29+ 1 or 2g + 2, otherwise the point
above (1:0) in X is singular.

Suppose now that Char(k) # 2. Although the construction before the computations of
HO(X, Q}(/Y) works also for this case, we can do it better. If we modify y and z, we can
assume that h(t) = 0, because 2 is invertible. Since X is smooth, we can also assume that
f(t) is separable. So we have y? = f(t) and 2% = f(t)/t*". Now we compute 7 in the same
way as the case of characteristic 2. We see that

Oy = Ox (U')dy/(2ydy) = klt, 9]/ (v* — F(t),y) = k[t]/(f(2))
and also Qv = k[s]/(s*" f(1/s)). So we have that
HO(X, O )y) = k[t]/(f(t) ® klslm/(s7 f(1/5)).

Since f(t) and s*" f(1/s) are both separable, we have that deg(f(t)) is 2r or 2r — 1. We see
that if deg(f(t)) = 2r, then s> f(1/s) # 0 and hence the second term is of dimension 0. So
we have r = ¢+ 1. If deg(f(t)) = 2r — 1, then the second term is of dimension 1. So we get
that deg(f(t)) =2g+1 or 29 + 2. O
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Remark 4.1.4. Let X and Y be two hyperelliptic curves. Note that if £(X) and k(Y) are
isomorphic, then X and Y are birationally equivalent and since X and Y are projective and
smooth, we have that X and Y are isomorphic.

Definition 4.1.5. We see by the previous proposition that k(X) is the fraction field of
k[t,y]/(y? + h(t)y — f(t)) for f(t),h(t) € k[t] and where

29 + 1 < max(deg(f(t)),2 - deg(h(t))) < 29+ 2.
We call the equation y? + h(t)y = f(t) the hyperelliptic equation of X.

Remark 4.1.6. Let X be a hyperelliptic curve over a field k. Then smoothness can be
checked on the hyperelliptic equation of X. Let y% + h(t)y = f(t) be a hyperelliptic equation
of X. Let hi(s) = s9t1h(1/s) and fi(s) = s2972f(1/s).

If Char(k) # 2, then X is smooth if 4f(¢)+h(t)? is a separable polynomial. If Char(k) = 2,
then X is smooth if h(t) and A (¢)2f(t) + f'(t)* are coprime and h}(0)2f1(0) + f1(0)? # 0 if
deg(h) < g+ 1.

We want know to show, when two hyperelliptic equations determine the same curve. First
we will show that a separable map ¢ : X — P} of degree 2 is unique up to automorphism of
P:.

k

Definition 4.1.7. Let X/k be a hyperelliptic curve. Then we have a separable morphism
¢ : X — P} of degree 2, which induces a Galois extension k(X)|k(t). Now suppose that o is
the generator of Gal(k(X)|k(t)). Then o induces an automorphism of X of order 2, which we
also denote by o. We call this automorphism the hyperelliptic involution of X.

Proposition 4.1.8. Suppose that X/k is a hyperelliptic curve with genus g > 2. Then the
hyperelliptic involution of X is unique.

Remark 4.1.9. The uniqueness of the hyperelliptic involution shows that k(X) has a unique
subfield of degree 2 that is isomorphic to k(¢). That means that a separable morphism
p: X — ]P’,lc of degree 2 is unique up to automorphisms of X and ]P’,i.

Corollary 4.1.10. Let X/k be a hyperelliptic curve of genus g > 2. Let ¢ : X — IP’%; be
a separable morphism of degree 2. Suppose that o is the hyperelliptic involution and 7 is
an automorphism. Then o7 = 70 and 7 induces an automorphism 7 on IP’,L This gives the
commutative diagram

X 7= X

bl

P! " P!
Proof. Let 7" = 7—'or. This is a hyperelliptic involution on X and by the previous proposi-
tion, we see that 7/ = o and hence o7 = 70. The automorphisms 7, o act on the field k(X).
Since 7 and o commute, we see that 7 induces an automorphism on k(X)? = k(¢), which
gives us an automorphism 7 of P}C and we see that p o7 =7 0 . O

By this corollary, we see that every morphism ¢ : X — IP’,IC is unique up to automorphism
of IP’}C. In the next proposition, we will see that when two hyperelliptic curves are isomorphic.
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Proposition 4.1.11. Let X/k be a hyperelliptic curve of genus g > 2. Let y?> + h(t)y =
be a hyperelliptic equation of X. Let v? + q(u)v = p(u) be a equation with q(u),p(u) €
and

f@t)

2g 4+ 1 < max(2 - deg(q),deg(p)) <29+ 2.
Then v? + q(u)v = p(u) is a hyperelliptic equation of X if

at+b () +ay

YTard VT (et +dytt

such that

<‘; Z) € GLy(k), a € k*, r(t) € k[t]

and deg(r(t)) < g+ 1.

For the proof, we refer to 7.4.33 of [Liu02]. We will only show how we can apply the
theory about hyperelliptic involutation to this proposition. We will see if v? + q(u)v = p(u)
is a hyperelliptic equation of X, then we have that k(u) = k(t) by remark That means

that u = Zfig Then the only thing that is left to prove is that we can write v = (;5(3%.

Non-hyperelliptic curves

We will show that non-hyperelliptic curves exists and that we can describe hyperelliptic curves
of genus 3 in an easy way.

For every divisor D on X, we have a complete linear system |D|. If this linear system is
base-point-free, then it gives a morphism from X to a projective space. We want to show
that the divisor K gives a closed immersion into projective space if X is not hyperelliptic.

Definition 4.1.12. A divisor D is very ample if Ox (D) is very ample.

If a curve is defined over an algebraically closed field, then the following proposition gives
us a criterion to check, when a complete linear system is base-point-free and when a divisor
is very ample.

Proposition 4.1.13. Let X be a curve over an algebraically closed field and let D be a divisor
on X.

1. The complete linear system |D| is base-point-free if and only if for all P € X, we have

r'(X,0x (D)) — h%(X,0x(D - P)) =1

2. The divisor D is very ample if and only if for all points P,Q € X, we have

hY(X,0x(D)) — h°(X,0x(D - P — Q) = 2.

For the proof see Prop IV.3.1 of [Har77]. We will now show that |K]| is base-point-free.

Proposition 4.1.14. Let X/k be a curve with genus g > 2. Let K be the canonical divisor
on X. The linear system |K| is base-point-free.
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Proof. We may assume that k is algebraically closed by lemma 33.22.1 of [Sta20) Section
0B5W]| and lemma II.7.8 of [Har77]. By the previous proposition, we see that |K| is base-
point-free if for all P € X we have

(X, 0x(K)) —h(X,0x(K — P)) = 1.

We know that Ox (P) = 1 for all points P. So we see by Riemann-Roch that h?(X, Ox (K —
P)) = g — 1 and this proves the proposition. O

By this proposition, we see that the canonical divisor gives us a morphism ¢ : X — P91,
In the following lemma, we will see that this morphism is even a closed embedding if X is
non-hyperelliptic.

Proposition 4.1.15. Let X be a curve with genus g > 2. Let K be the canonical divisor.
Then the divisor K is very ample if and only if X is not hyperelliptic.

Proof. We can check that ¢ is a closed embedding over an algebraic closure. We see then by
proposition that ¢ is a closed embedding if and only if

h(X,0x(K)) — (X, 0x(K =P —Q)) =2
for all P, € X. Riemann-Roch gives us
hW(X,0x(K—-P-Q))=g-3+h"(X,0x(P+Q))

for P,Q € X. If ¢ is not a closed embedding, then there exists P,QQ € X such that
RY(X,0x (P + Q)) = 2. We have found now a base-point-free linear system |P + Q| of
degree 2, this gives a degree 2 map to P'. So then X is hyperelliptic.

If h9(X,0x(P+Q)) =1forall P,Q € X, then we see that ¢ is a closed embedding and
there does not exists a divisor D of degree 2 with h°(X, Ox (D)) = 2. By proposition
there is no base-point-free divisor D of degree 2. So there does not exist a degree 2 map to
P! and hence X is not hyperelliptic O

By this proposition we see that all curves of genus 2 are hyperelliptic. Let ¢ : X — P9~1
be a morphism induced by the canonical divisor. If X is not hyperelliptic, then this morphism
is called the canonical embedding. The canonical embedding is unique up to automorphisms
of P9—1,

The canonical embedding gives us that every non-hyperelliptic curves with genus 3 are
degree 4 curves in P2, because deg(K) = 4.

Conversely, we claim that every plane curve X of degree 4 is canonically embedded.

For a plane curve, we have that

(d—1)(d—-2)
o
where d is the degree of the plane curve. So we know that every plane curve X of degree
4 has genus 3. Let X be a plane curve of degree 4, then there exists a closed embedding
¢ : X — P2, Suppose this map is induced by the divisor D. We have now that D is divisor
of degree 4 and h'(X,Ox (D)) = 4. By Riemann-Roch we know that h°(X,Ox (D)) is 4 if
and only if D = K. But that means that X is canonically embedded.
Since the canonical embedding is unique up to automorphism of P?, we have that two

plane curves X, Y of degree 4 are isomorphic if there exists a projective transformation
A € PGL3(k), such that A(X) =Y.
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4.2 Algorithm for space filling curves

In this section we will give the algorithms, we will use to compute all the (almost) space filling
curves.

We can divide the curves that are possibly (almost) space filling in the following three
categories:

1. the hyperelliptic curves over Fy,
2. the hyperelliptic curves over Fj3,
3. the non-hyperelliptic curves over o of genus 3,

The computations of the (almost) space filling curves consists of the same three steps. Al-
though the algorithm of the first step will differ for the different categories.

The first step is called the enumeration step. In this step, we enumerate all the curves in
the given category. For the hyperelliptic curves, the genus is part of the input. So we will
only enumerate the hyperelliptic curves of the given genus.

The second step is called the check step. In this step, we check for all curves, that are
enumerated, if they are (almost) space filling. We return all the curves that are (almost)
space filling in a list.

The third step is called the result step. In this step, we return all the space filling curves
up to isomorphism. So we choose one representative for every isomorphism class of curves.

4.2.1 Check step

For the check step, we are given a list, that consists of curves of a given category from above.
We will return all the curves in the list that are (almost) space filling curves. In order to
do this step, we have to compute two things: the number of rational points and the class
number. All these curves can be embedded in projective space and so it is easy to check what
the rational points are. The class number is computed by the L-polynomial. As we have seen
in chapter 2| the class number of X is equal to L(1). The L-polynomial can be written in
terms of X (Fyn) for n < g and this is easy to compute. In chapter |3| we have seen explicit
examples for the computation of the L-polynomial in the case of genus 2 and 3.
The following algorithm gives the check step.
Algorithm 1: Check step
Input: Curves: a list that consists of curves; i € {0,1}.
Output: SpaceFillingCurves: a list that consists of all the curves in Curves, that are
space filling if 4 = 0 and almost space filling if ¢ = 1.
SpaceFillingCurves is an empty list;
for X in Curves do
if the number of Rational Points of X is bigger then 1 then
if the number of Rational Points of X + ¢ = the class number of X then
L L Add X to the list SpaceFillingCurves ;

return SpaceFillingCurves

This algorithm is actually very simple. It enumerates over all curves in Curves and
checks if the curve is (almost) space filling or not by comparing the rational point of the
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curve with the class number. If the curve is (almost) space filling, then the curve is added
to the list SpaceFillingCurves. After we have checked all the curves, we see that the list
SpaceFillingCurves consists of all curves that are (almost) space filling.

4.2.2 Result step

This algorithm works also in the more general setting, since magma can determine if two
curves are isomorphic for most cases. However for the curves we are interested in, it is much
more efficient then for a general curve.

Given a list of curves, we return all curves up to isomorphism. This means that we choose
for every isomorphism class one representative.

We have the following algorithm.

Algorithm 2: Result Step
Input: Curves: a list that consists of curves.
Output: IsoCurves: a list that give all curves in Curves up to isomorphism.
IsoCurves is an empty list;
for X in Curves do
Existlso is false;
for Y in IsoCurves do
if The L-Polynomials of X and Y are the same then
L if X andY are isomorphic then

L Existlso := true ;

if Existlso is false then
L Add X to the list IsoCurves ;

return IsoCurves

By the algorithm we begin with an empty list IsoCurves. We want to know all curves up
to isomorphism. We take some curve X in Curves and we want to know if X is isomorphic
to a curve in IsoCurves. If this is the case, then we don’t have to add it to the list IsoCurves,
since we want all the curves up to isomorphism. If X is not isomorphic to any curve in
IsoCurves, then we add X to the list IsoCurves.

Note that if we repeat this for all curves in Curves, then the list IsoCurves consists of all
the curves in Curves up to isomorphism.

Before we check that a curve X in Curves is isomorphic to a Y in IsoCurves, we check if
the L-Polynomials of X and Y are the same. If the L-Polynomials are not the same, then X
and Y are automatically not isomorphic. If the L-Polynomials are the same, then X and Y
are maybe not isomorphic. So we have to check if X and Y are isomorphic.

The reason, why we first check if the L-Polynomials are the same, is that the function in
magma, that computes the L-Polynomial, is more efficient than the function, that computes
if X and Y are isomorphic. This result in a shorter completion time. In the appendix
one can read more about the implementations of this algorithm in magma.

4.3 The enumeration step

In this we will show the enumeration step for all the different categories. We will first start
with the hyperelliptic curves over Fs.
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Hyperelliptic curves over [,

We have seen before that a hyperelliptic curve over o of genus g can be described by an
equation
y* + h(x)y = f(x),

where
29 +1 < max{2 - deg(h()), deg(f(2))} < 29 + 2.

We want to enumerate all hyperelliptic curves and these are by our convention [0.0.3] are all
smooth. So we can assume that h(z) # 0 and f(z) # 0 by remark For the enumeration
of all the hyperelliptic curves we use the following algorithm.

Algorithm 3: Enumeration Step: Hyperelliptic curves over [y

Input: An integer g.
Output: HyperCurves: a list that consists of all smooth hyperelliptic curves over o
of genus g.
HyperCurves is an empty list;
for Polynomials f,h € Fa[x] with 0 < deg(f) <29+ 2 and 0 < deg(h) < g+ 1do
The curve H is defined by the equation y? 4 h(z)y = f(z);
if The curve H is of genus g, smooth and hyperelliptic. then
L Add H to the list HyperCurves;

return HyperCurves

This algorithm is pretty straightforward. We look at all curves that are defined by the
equation y? + h(t)y = f(t) with 0 < deg(f),2 - deg(h) < 2g + 2 and look if they are smooth
and hyperelliptic of genus g. If this is the case, we add the curve to the list HyperCurves. If
we do this for all curves, the list HyperCurves consists of all hyperelliptic curves of genus g.

Hyperelliptic curves over [

A hyperelliptic curve over F3 of genus g can be described by the equation y?> = f(t),
where the degree of f(t) is 2g + 1 or 2g + 2 as we have seen in the previous section.
The algorithm will be similar to the Enumeration Step of the Hyperelliptic curves over Fs.

Algorithm 4: Enumeration Step: Hyperelliptic curves over F3

Input: An integer g.
Output: HyperCurves: a list that consists of all hyperelliptic curves over Fs of
genus ¢.

HyperCurves is an empty list;
for Polynomials f € F3[t] with 2g +1 < deg(f) < 2g+ 2 do

The curve H is defined by the equation y? = f(¢);

if The curve H is of genus g, smooth and hyperelliptic. then

L Add H to the list HyperCurves;

return HyperCurves

In this algorithm we look at all hyperelliptic curves over Fs of genus 3. These can be
described by the equation y? = f(t), where 2g + 1 < deg(f(t)) < 2g + 2. If the curve is of
genus ¢, smooth and hyperelliptic, then add the curve to the list HyperCurves. After we did
this for all curves, we return the list HyperCurves. It’s easy to see that this consists of all
hyperelliptic curves of genus 3 over F3.
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Non-hyperelliptic curves of genus 3 over F,

As we have seen in the previous section, we can describe the non-hyperelliptic genus 3 curves
as plane curves of degree 4.

We look at all homogeneous polynomials of degree 4 with 3 variables and check if the
curves defined by these polynomials are irreducible and smooth. If the curve is irreducible
and smooth, we add them to the list curves. If we do this for all curves, we obtain a list of
all non-hyperelliptic curves of genus 3 over Fs.

Algorithm 5: Enumeration Step: Non-hyperelliptic curves over Fy of genus 3

Input: none.
Output: Curves: a list that consists of all smooth irreducible curves over Fo of
genus 3.
Curves is an empty list;
for all homogeneous polynomials f € Falx,y, z] of degree 4 do
Let X be the curve that is defined by polynomial f;
if The curve X is a smooth and irreducible. then

L Add X to the list Curves;

return Curves

4.4 Results

With the algorithms we have seen in the previous section, we can compute all the (almost)
space filling curves. The following table gives all space filling curves up to isomorphism.

H g N=h L(t) equation H
2 1 1=2t422 —43 -4t P Hy=a"+23+1
2 2 1—t—2t3 4 44 V(2?2 + Dy =25+1

The following table gives all almost space filling curves up to isomorphism. We see that
there are 5 almost space filling curves of genus 2, where 3 are defined over Fy and 2 are
defined over F3. Furthermore there are 6 almost space filling curves of genus 3, where 3 are
hyperelliptic and 3 are not hyperelliptic.

H g q N+1=h L(t) equation H
2 2 2 1— 2t +3t% — 413 — 4t v+ @@ +tr+l)y=a"+z+1
2 2 3 1—t+t2— 263 4 4t1 v+ @ +r+1)y=1
2 2 4 1— 2 +4¢4 v+ (2 +a)y=2"+1
2 3 3 1—2t+t2 —6t3 + 9t =8+t + a3+ 2?4+ 2042
2 3 4 1—t—2t2—3t3 4+ 9t =2+ 23+ 2%+ 2
3 2 2 1 — 2t + 2t2 — 3t3 + 4t* — 85 + 86 V@@t 2+ Dy=a"+z+1
3 2 2 1— 2 —2t3 — 2t + 8¢5 V4 (@ + 2y =2"+x+1
3 2 4 1 — 2t + 3t? — 613 + 6t* — 85 + 86 V@ +r+y=a"+z+1
3 2 2 1 — 2t + 2t* — 8t5 + 8¢5 z] + zias + 24 + 23t + xa3
3 2 3 1—t—t2 4213 — 2t* — 4¢5 4 816 r} + 1123 + 25 + 12373 + 2322 + 2123
3 2 2 1—2t+ 33 — 8> + 8t° o] + 2123 + 24 + B3T023 + 232% + 17223 + 7173
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Appendix A

Implementations in magma

In this section, we will look at the implementations of the algorithms, that we have discussed
in chapter 4l in magma. We also look at the computations of the L-polynomial for genus 3
and 4. See [Can+06] for more details about the magma functions.

A.1 L-Polynomial function

In chapter [3] we have seen that for space filling curves in the case of genus 3 and ¢ = 2, that we
can write the L-polynomial in terms of the elementary symmetric polynomials o1 (), o2(«)
and o3(a) and we have seen in lemma a formula for the these symmetric polynomials
in terms of the number of rational points of X (F4»). We have seen a formula for the class
number h and there are five triples (IV, ng,n3) such that h = N. In the following function in
magma, given such a triple it computes the real roots of the corresponding L-polynomial and
we see that all these polynomials have real roots but the L-polynomial have at least one real

root that has not absolute value %

LPolynomialGenus3 := function(N,n2,n3)
P<t> := PolynomialRing(RealField(5));
N2 := 2*n2+N;

N3 := 3*n3+N;

sigmal := 3-N;

sigma2 := 2-3%N+1/2*%(N"2+N2);

sigma3 := 1/3%(9-N3+(3-N)*(-3-3*N+1/2*x(N"2+3*N2))) ;

L := l-sigmal*t+sigma2*t~2-sigma3d*t~3+2*sigma2*t~4
-4*xsigmal*t~5+8*t"6;

return(Roots (L)) ;

end function;

The real numbers have a precision 5 digits, this is enough to see that the roots are not of
absolute value %

The function LPolynomialGenus4 is very similar to the function LPolynomialGenus3.
The L-polynomial in the case of genus 4 and ¢ = 2, we can write in terms of the elementary
symmetric polynomials o1 (), o2(), o3(a) and o4(a). Also o4() can be written in terms
of the rational points X (Fs»). We compute for 5 triples (n2,n3,n4) and N = 2, the L-

polynomial and see that all these polynomials has real roots, but not of absolute value %
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LPolynomialGenus4 := function(N,n2,n3,n4)
P<t> := PolynomialRing(RealField(5));

N2 := 2*n2+N;

N3 := 3*n3+N;

N4 := 4*n4+2*n2+N;

sigmal := 3-N;

sigma2 := 2-3*N+1/2*%(N"2+N2);

sigma3 := 1/3%(9-N3+(3-N)*(-3-3*N+(1/2)*(N"2+3%N2))) ;

sigmad := N"4/24-N"3/2+N"2*N2/4+N"2-3*N*N2/2+N*N3/3+N2"2/8+N2-N3+N4/4;

L := 1l-sigmal*t+sigma2*t~2-sigma3*t~3+sigmad*t~4-2*xsigmad*t~5
+4*xsigma2*t~6-8*sigmal*t~7+16*t"8;

return(Roots(L));

end function;

Suppose now that N = 1. We have seen a formula for the class number in terms of ns,
ng and ng4 and we have h = 2 only if n; < 3. The function CheckPolynomial computes the
L-polynomial if h = N + 1 an if this polynomial has no real roots or the real roots are of
absolute value ﬂQ), then it returns that it is possibly almost space filling. If this is not the
case, then it returns that it is not almost space filling and we see after the computation that
it returns not almost space filling.

CheckLPolynomial := function()
for n2,n3,n4 in [0..3] do
h := 1/2*(n2"2-n2)+n3+n4-1;
if h eq 2 then
Roots := LPolynomialGenus4(N,n2,n3,n4);
if Abs(Roots[1][1]) eq (1/Sqrt(2)) then
return("Possibly almost space filling");
end if;
if Roots eq [] then
return("Possibly almost space filling");
end if;
end if;
end for;
return("Not almost space filling");
end function;

A.2 Check step and Result step

We will show the implementations of the Check step and the Result step. First we show the
implementations of the Check step.

CheckStep := function(Curves, i)
SpaceFillingCurves := [];
for X in Curves do
if #RationalPoints(X) gt O then
if #RationalPoints(X) + i eq Evaluate(LPolynomial(X),1) then
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Append (“SpaceFillingCurves,X);
end if;
end if;
end for;
return(SpaceFillingCurves);
end function;

We see that the code look like the algorithm we have seen in chapter [d Most functions are self
explanatory. For example the function RationalPoints(X) gives an indexed set of the rational
points of a curve X and the function LPolynomial(X) gives the L-polynomial of a curve X.
Other functions like the function Evaluate computes for given function f and a ring element
a, it returns the value f(a). The procedure Append gives for a given list it adds the element
X.

ResultStep := function(Curves)
IsoCurves:=[];
for X in Curves do
existIso := false;
for Y in IsoCurves do
if LPolynomial(X) eq LPolynomial(Y) then
if #Isomorphisms(X,Y) gt O then

existIso := true;
break;
end if;
end if;
end for;

if existIso eq false then
Append (“IsoCurves,X);
end if;
end for;
return(IsoCurves);
end function;

To see if two curves are isomorphic, we will compute the number of Isomorphisms by the
function Isomorphisms and if this is more than 0, then there exists an isomorphism. We can’t
use the function IsIsomorphic, because it gives an error for characteristic 2 for hyperelliptic
curves.

A.3 Enumeration Step

A.3.1 Hyperelliptic curves

In the case of Hyperelliptic curves over Fy, we have the following formula. IsHyperelliptic-
CurveOfGenus is the function, that returns if a hyperelliptic curve is defined by y? + h(t)y =
f(t) is of genus g. Note that this function says that a curve is hyperelliptic if it is smooth
and irreducible.

Hyper := function(g)
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Curves := [];
for i in [1..27(2xg+3)-1] do
for j in [1..27(g+2)-1] do
f:= Polynomial(GF(2),Intseq(i,2));
h:= Polynomial (GF(2),Intseq(j,2));
if IsHyperellipticCurveOfGenus(g, [f,h]) then
X:=HyperellipticCurve(f,h);
Append (“Curves,X) ;
end if;
end if;
end for;
end for;
return(Curves) ;
end function;

We want to enumerate over every hyperelliptic curve, we therefore use the function Intseq,
this function gives for every positive integer a sequence over a base number b. So suppose
that n := agh® + --- + axb®. Then Intseq(n,b) returns the sequence [ag,...,ax]. And the
function Polynomial(GF(2), [ao,...,ar]) gives the polynomial ag + ait + -+ + a,t™ € Fa[t].
So if we enumerate over all i € [1..2(2973) — 1], we get exactly all the polynomials f € Fylt]
with 0 < deg(f) < 2g+2 and if we enumerate over all j € [1..2972 — 1], we get exactly all the
polynomials h € Fo[t] with 0 < deg(h) < g + 1. For hyperelliptic curves over Fs3, we have the
following function.

Hyper3 := function(g)
Curves := [];
for i in [37{2xg+1}..37{2*g+3}-1] do
f := Polynomial (GF(3),Intseq(i,3));
if IsHyperellipticCurveOfGenus(g, [f,0]) then
X := HyperellipticCurve(f,0);
Append (~Curves,X) ;
end if;
end for;
return(Curves) ;
end function;

For hyperelliptic curves of genus 3, we can do the same trick as for hyperelliptic curves of
genus 2. We enumerate over all i € [329+1..329%3 — 1] this gives us all polynomials f € F3[3]
with 2g + 1 < deg(f) < 2¢g + 2.

A.3.2 Non-Hyperelliptic curve

Genus 3

The genus 3 curves can be computed by the following function
Curve3 := function()

Curves:=[];
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Proj := ProjectiveSpace(GF(2),2);
R := PolynomialRing(GF(2),3);
Monomial := MonomialsOfDegree(R,4);
for i in [1..2715-1] do
seq := Intseq(i,2);
f :=0;
for j in [1..#seq] do
f +:= seq[jl*Monomiall[j];
end for;
X := Curve(Proj,f);
if IsNonSingular(X) and IsIrreducible(X) then
Append (“Curves,X) ;
end if;
end for;
return(Curves) ;
end function;

We consider that R is the polynomial ring over Fy in 3 variables. The function Monomi-
alsOfDegree(R,4) gives all monomials of degree 4 of the polynomial ring R. There are 14
monomials of degree 4. Observe that the number of homogeneous polynomials of degree 4 is
215 _ 1, so we can make for every positive number smaller than 2'5 an unique homogeneous
polynomial of degree 4. We have a function Intseq, which makes from a integer a sequence,
if h; is the j-th monomial and we have an sequence [ao, ..., a,] with n < 14, then we define
f to be the homogeneous polynomial aghg + - - - + anhy,. If we enumerate over all sequences
[ag, ...,an] with n < 14, then we have enumerate all homogeneous polynomial of degree 4.
We define then X as the curve in P? and we want X to be smooth and irreducible. Note that
the function IsNonSingular, which checks the smoothness if the curve is projective and that
is the case for us.
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