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Abstract

In this paper we introduce a new setting, based on partiagbadg, for studying con-
structions of finitely generated free algebras. We givigant conditions under which
the finitely generated free algebras for a varigtymay be described as the colimit of a
chain of finite partial algebras obtained by repeated agfitin of a functor. In particular,
our method encompasses the construction of finitely gesabfege algebras for varieties of
algebras for a functor as in [2], Heyting algebras as in [H] 84 algebras as in [8].

1 Introduction

In the algebraic study of a logi€, one assigns a class of algeb¥as to the logic and uses
algebraic methods to obtain properties of this class. Tédteof this algebraic study can be
translated back to properties gt Algebraic methods may be applied to study issues such
as term complexity, decidability of logical equivalenaggerpolation and normal formse.,
problems in which one considers formulas whose variablegleawn from a finite set. In
particular, if the class of algebras, contains (finitely generated) free algebras, a thorough
understanding of these can yield powerful results aboulotlie L.

In [2] N. Bezhanishvilli and Kurz study classes of algebyés associated with a logi@
which is axiomatized by equations which are rank 1 for an aigan f1. In this case, the
algebras for the logic can be represented as algebras farctofu= » on the category of
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underlying algebras without the operatibnThe authors show that this functéy: enables

a constructive description of the fr&g- algebras.

As many interesting logics are not axiomatized by rank 1rasiocone would want to extend
these existing techniques. However, as is shown in [11];ra0k 1 logics cannot be rep-
resented as algebras for a functor and therefore we canadhestandard construction of
free algebras in a straightforward way.

Ghilardi pioneered the construction of free algebras for-ramk 1 varieties in [6]. Here
he describes a method to incrementally build finitely geteerdree Heyting algebras by
constructing a chain of distributive lattices, where, icleatep, implications are freely
added to the lattice, while keeping a specified set of impboa which are already defined
in the previous step. In a subsequent paper, Ghilardi egtktitese techniques to modal
logic [7], and used his algebraic and duality theoretic méthto derive normal forms for
modal logics, notably S4.

Recently, this line of research has been picked up agairl] K.[Bezhanishvili and Gehrke
have re-analysed Ghilardi’s incremental construction lzange described it by repeated ap-
plication of afunctor on the category of algebras for the logic, based on the ided®o
coalgebraic approach to rank 1 logics and Birrauality for finite distributive lattices.
Shortly after, Ghilardi [8] gave a new construction of thegfiS4 algebra in the same spirit.
However, the methods in [1] and [8] rely on specific properté Heyting algebras and S4
algebras respectively, and they do not directly apply inreega setting. Studying this work
has led us to the insight thatrtial algebrasare the natural structures to consider when
building free algebras step by step. This insight has edaldeto describe a general func-
torial method for constructing free algebras which is aggllie outside the setting of pure
rank 1 logics.

1.1 Outline

We will now outline our method in a bit more detail. Althougbhranethod is applicable to
more general logics, our focus in this paper (mainly for thleesof readability) is omodal
logics, i.e., Boolean logics with one additional unawypreserving connective>, and their
associated algebramodal algebras The notion ofrank of a modal term is central in this
paper and therefore we give a precise definition.

Definition 1.1. Let P be a set of variables. We denote the set of Boolean terniskin
Ta(P). The setsTy,, (P) of modal terms in P of rank at most n are defined inductively



as follows.

TOA(P) = Tea(P),
Tha(P) i= Tea(PU {0t 1 t € Tha (P))).

Recall that arequationis an expressions' ~ t”, where s andt are modal terms, and a
modal algebra B, ©B) is said tosatisfyan equation if the interpretations of the terms
andt in (B, ¢B) are equal, under all interpretations of the variables. il8ity, a quasi-
equationis an expression of the forms{ ~ t1 & --- & sy ~ tm) — (s = t)”, and we
can express when a modal algebaisfiesa quasi-equation in the obvious way. Given a
set of (quasi-)equations, the (quasi-)equational clas¥g is the class of modal algebras
satisfying all (quasi-)equations i&. A classical theorem of Birkh® says that, for every
(quasi-)equational clads of modal algebras and set of variabigsthe freeV algebra over
P, Fv(P), exists.

The notion of rank allows us to understand this free algabelayered manner as follows.
For each > 0, the (equivalence classes of) terms of rank at méstm a Boolean subalge-
braB, of Fy/(P). Furthermore, for each, the operatok> on Fy(P) yields a join preserving
map<ns1: Bn — Bpi1. Hence, we have a chain of Boolean algebras

o1 o2 O3

Bp— =2Bi— =2B,— =2---

with embeddings and join-preserving maps between them. Bbiwéean reduct of (P)
is the colimit of the chain of Boolean algebras and embeddargd the operatop is the
unique extension of the functiors, to a function onFy (P).

The new perspective on this chain that we propose in thisrpaplee following. Instead of
considering®n;1 as a maB, — B1, we propose to view it as a partial operator By,
(which is only defined on elements in the subalgdiytha This leads to the notion gfartial
modal algebra(cf. Definition 2.1) and the above chain may be described dmm dn the
category of partial modal algebras

(Bl’ O:l.) - (BZ’ O2) > (B3’ O3) > ek,

We will call this chain the approximating chain Bf;(P).

The crucial point of our method is that we can prove that, iaidyf general setting, it is
possible to obtain the approximating chainfef(P) by a uniform construction, using a
notion offree image-total functoon a given categorgV of partial algebras, as we describe
in Section 2. Thdotal algebras irpV form a full subcategory of pV. We give conditions
on the functor so that repeated application of it yields ghgraximating chain of the free
total V algebra over a given finitpV algebra. To obtain the approximating chain of the

3



freeV algebra over a giveget it then remains to describe the fims¥ algebra of the chain,
which is often easy to do.

In Section 3 we show that a set of quasi-equatiéraf rank at most 1 naturally gives rise
to a free image-total functdfg on the subcategorgV¢ of partial algebras satisfying the
quasi-equations ig.?

To determine, for a set of quasi-equatiadbswhetherFg has the required properties for
the results of Section 2 to apply, duality theory is a usedol.t Therefore we develop a
Stone-type duality for partial modal algebras in Section 4.

To summarize, our main theoretical contributions to undeding the approximating chain
are the following.

e Theorem 2.11 We show that the categorical content of the approximatimajn con-
struction is captured by faee image-total functoon a category opartial algebras.

e Lemma 3.12 We show that any logic defined by a set of quasi-equationard at
most 1 yields a free image-total functor.

e Theorem 3.15 We give a sfiicient condition for the free image-total functor for a
logic to yield the free total algebra in the colimit.

e Section 4 We describe a duality between partial modal algebrasgafidmes and
show how quotients dually correspond to generated subfameer this duality.

The rest of the paper discusses important examples whichpatieations of these general
results:

¢ In Section 5we focus on the variety of S4 algebras. Using the developeditgdu
theory, we will be able to give a concrete (dual) descriptbthe functorFss. This
description then enables us to show that it satisfies alldhéitons we need for the
general result to apply. We end Section 5 by showing how tbentavork of Ghilardi
[8] relates to our work.

e Our general construction also applies to the class of mddabeas satisfying , KB
andK5 respectively. IrSection 6we briefly discuss these results.

e In [2], Kurz and Bezhanishvili constructed the free algsbiar classed/g where
& consists of pure rank 1 equations. They do so by describingaa of Boolean
algebras whose colimit is the fraés algebra® Our method encompasses this con-
struction, as we will outline irsection 7

We conclude the paper by mentioning some future researdtiqoe in Section 8.

2Any set of quasi-equations may be rewritten to a logically egjeint set of quasi-equations of rank at most 1
using flattening, see Remark 3.1.

3To be more precise, the colimit is only the Boolean reductheffree algebra, but it possesses a canonical
modal structure.



2 Chains of partial modal algebras

We will introducepartial modal algebras, in our opinion the most natural setting idding
the free algebra for a variety of modal algebras. There®aisextensive literature on partial
algebras, see for example [4] and Chapter 2 of [10]. For oposixion here, we choose to
introduce only the concepts we need, in order to make thermgkcontained. Many
of the general results in this section could have been addafrom the existing literature
on partial algebras, with the exception of the definitiorfreé image-total functoand the
theorem following it, which is original, as far as we know.

Definition 2.1. A partial modal algebra (pMA) is a pair B, ©B), whereB is a Boolean
algebra, and>® : B — Bis a partial function which is defined on a Boolean subalgebra
dom(¢B) of B, such thatyBL = 1, and, for alla, & € dom(¢8B), oBav &) = ¢Bav ¢Ba'.
A partial modal homomorphism from a pMA (B, ©B) to a pMA (C, ©°) is a Boolean
algebra homomorphisnii : B — C such thatf[dom(©B)] ¢ dom(¢°), and for alla
dom(¢B), f(¢Ba) = ©Cf(a).

We denote the category of partial modal algebras with pgartidal homomorphisms by
pMA, and the full subcategory of partial modal algebras basefinite Boolean algebras
by pMA .

Note that the categoylA of modal algebras is isomorphic to the full subcategorghf\ ,
consisting of those object8(<B) with dom(¢B) = B, which we calltotal modal algebras.

Remark 2.2. 1. A more categorically motivated way to describe the categbpartial
modal algebras is that it is the category of diagrams of thm fo
[
A— =8B
oB

whereA andB are Boolean algebrasjs an embedding, and® : A —» Bisa (L, v)-
preserving function. A partial modal homomorphism frdBaA, i, ©B) to (B, A, i’, &)
can then be described as a pair of BA homomorphism$’) making the following
diagrams commute:

i
A— =8B

<>B
f‘
il

e -

oF

f/

Put into words, this simply means that partial modal algelwan also be described



as ‘Boolean algebras with a distinguished subalgebra anddahoperator from the
subalgebra to the full algebra’.

2. Building on the previous remark, the invertible morphssmthe categoryMA may
be described as follows: a partial modal homomorphism (B, ¢8) — (C, ¢°) is
a pMA isomorphism iff both functionsf : B — C and flgonos) : dom(oB) —
dom(¢°) are bijective.

3. The categorypMA has two ‘forgetful’ functors tBA. First of all, we have the ob-
viousU : pMA — BA which sends B, ©5) to B, and a pMA morphismf to the
same function between the underlying Boolean algebrasrggs we have a functor
U?: pMA — BA which sendsB, ©B) to the Boolean algebrdon(¢B), and a pMA
morphismf : (B, ©B) — (C, ¢€) to its restrictionf|onoe) : dom(©E) — don(o°).
Note thatf restricts correctly, by the definition of pMA morphisms. Alsote that a
partial modal algebrag, ©B) is total precisely whetJ (B, ©8) = UY(B, ¢B).

In Proposition 3.10, we will show that® has a left adjoint, constructing a ‘free partial
modal algebra’ over a given Boolean algebra.

4. One could extend the concept of partial modal algebra tcergeneral classes of
Boolean algebras with additional operators, and we willrsiefpartial algebras for a
functor’ in Section 7. We choose to focus on partradalalgebras for the larger part
of this paper, since our applications in this paper lie in fiedd, but we notice that
the material in this section is more widely applicable inestharieties which have a
locally finite reduct.

As in usual universal algebra, we have an equational and-gqaational theory of partial
algebras.

Definition 2.3. Let {s,tj|1 < i < m} U {s t} be a collection of modal terms of rank at
most 1 in variables$ps, ..., pk. 01, ..., 0}, such that the variablgs, . .., px are exactly the
variables occurring in the scope ©fin any of the termgs,tj|1 <i < m}U {s t}.

We say a partial modal algebr8,(©?) satisfiesthe quasi-equations{ ~ t1& --- & sy ~
tm) — (s =~ t) iff the quasi-equation is true for all assignments of the vl by elements
a € dom(¢B) and of the variableg; by bj € B.

Let & be a set of quasi-equations of rank at most 1. We vpitg for the full subcategory
of pMA consisting of the partial modal algebras ¢B) which satisfy all equations i&.

Note that we restrict ourselves to quasi-equations of ramkast 1, as allowing terms of
higher rank would require multiple applications ©fto some of the variables, while there
is no guarantee that & € dom(¢), thenva € dom(¢). As remarked in the Introduction,
this is no real restriction, because any set of quasi-egpugtinay be rewritten to a logically
equivalent set of quasi-equations of rank at most 1 (seeRasaark 3.1).
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We now state some results regarding the preservation ofstamd (quasi-)equations in
homomorphic images, subalgebras, and colimits of partipdbeias. The proofs of these
results are similar to their counterparts in universal lalgeso we will often omit them.

We say a pMA morphisnh is anembeddingif his injective, and we say it is quotient if

it is surjective andh[dom(<B)] = dom(¢°).

Lemma 2.4 (Preservation of terms and equations of rank). Let h: (B, ¢B) — (C, ¢°%)
be a pMA morphism and le{js., ..., Pk, Az, - - ., 1), t(P1, .- -, Px, 91, - - - » 1) be modal terms
of rank at mostL such that no gis in the scope o in s or t. Then the following properties
hold.

1. Forallay,...,ax € dom(©B), by, ..., by € B:
h(s®@ay, ..., ak by,....1n)) = sC(h(@y). . .., h(a), h(by), ..., h(b)).

2. Ifhis a quotient angB, ©B) satisfies s« t, then(C, ¢°) satisfies s t.

3. Ifhis an embedding anC, ©°) satisfies st t, then(B, ©F) satisfies s« t.

We will now show that we can take colimits (in algebraic termiisect limits) of certain
chains of partial modal algebras, and that the quasi-empgativhich hold throughout the
chain still hold in the colimit. Let us first recall the defioit of colimit in this setting.

Definition 2.5. Let (@n : (Bn, <n) — (Bni1, Oni1))nen be a chain of partial modal alge-
bras with pMA morphisms between them. We say that a partialahalgebra B,,, ¢8),
equipped with pMA morphismi, : (B, on) — (B, ©B) for everyn, is thedirect limit or
colimit of this chain if, for every co-cone of pMA morphismé, ¢ (Bn, on) = (C, ))nen,
there exists a unique pMA morphisfﬁ: (B, ©B) - (C, ©°) such thatf o k, = f, for all

n.

We now specialize to a situation where we can show that thenit@xists, simply by lifting
the colimit from Boolean algebras to partial modal algebrHse extra condition we need
for this to work is that the maps, in the chain arémage-tota) in the sense of the following
definition and theorem. In particular, we will see below ttigt approximating chain for the
free algebra is of this form.

Definition 2.6. A pMA morphismf : (B, ¢B) — (C, ) isimage-totalif f[B] < dom(<C ).

Theorem 2.7(Colimits of image-total chains)Let (an : (Bn, On) — (Bni1, Oni1))nen be a
chain of partial modal algebras and image-total pMA morphésbetween them.

Let(kn : Bn — By)nen be the colimit of the underlying chain of Boolean algebraseffthe
following hold.



1. There exists a unique total operatiorf : B, — B, such that each of the functions
k preserveso, i.e., for all ae dom(¢p), ky(¢na) = 0Buka(a).

2. If s~ tis an equation of rank at motwhich holds in B for each n, then s t holds
in B,.

3. If all the mapsy, are embeddings, then item (2) holds for all quasi-equatimitaink
at mostl.

4. The algebrgB,,, ©B) is a modal algebra, and it is theMA -colimit of the chain.

Remark 2.8. By a theorem of Manes [12], the colimit BA is given by lifting the colimit

in Set Concretely, the underlying set 8, can be described by taking the disjoint union
| Iner Bn, @nd quotienting it by the equivalence relatieg,, which is defined to be the
smallest equivalence relation containing all pdios, an(bn)), for n € N, b, € B,. The
Boolean algebra operations @&are then well-defined, and timth ‘leg’ of the colimiting
cone,ky, is the inclusion 0By, into | |« By, followed by taking the class undeg,.

Proof. 1. Note that the functionk,.1 o Ons1 0 a@n : By — B, form a cone under the
diagram inSetof which (k, : By = By )nen is the colimit:

n+2
Kniz © O 0 any1 0 a@n = Kn2 © @ny2 © Ony1 0 an = Kny1 0 Opy o an,

where we have used in the first equality tlgt, is an image-total partial modal
homomorphism, and in the second equality thatikhform a co-cone.

By the universal property of the colimit iBet, there exists a (unique) function, which
we will denote byoB, from B,, — B, such that, for alh, ¢B ok, = Kny10 Onsr0an.

We thus get a total operation® on B,. To see that the magg, : (Bn, ¢n) —
(B.,, ©B) indeed preserve, note that, fob € dom(¢n), we have

<>B‘“knb = Kn+1On+1anb = Knyi1anOnb = Ky Onb.

2. This follows from Lemma 2.4.1, the definition d8, ©B), and the assumption that
eachay, is image-total:
Let by,...,byn € B, be an arbitrary assignment of the variables occurring in
t. Pick n suficiently large such thatbs,...,bn} € ka[Bn] = Knsr[im(an)]. Pick
ai,...,am € im(an) € dom(One1) such thathy = kn,1(a), fori = 1,...,m. Then
Pri(ay, ..., am) = tBri(ay, ..., am) by assumption, and it follows from the definition
of ©B» and Lemma 2.4.1 thafe(by, ..., by) = tB(by, ..., by).

3. The proof is similar, using that &}, are then also embeddings, so that Lemma 2.4.3
applies.



4. The fact thatB,, ©B) is a modal algebra follows from part (2), and it is straightf
ward to check that it satisfies the universal property foicthlamit, using the definition
of ¢Bw. O

We are now ready to present our new result on obtaining a fgeba by repeated applica-
tion of a functor, in the setting of partial modal algebras.

Definition 2.9. Let pV be a full subcategory @dMA , and writeV for the full subcategory
of pV whose objects are the total algebrapin

Let By € pV. We say an objedB.. of V, together with a pMA morphistk, : By »— B,, isthe
free total V algebra overBy if, for everyC € V, and for every pMA morphisnfy : Bg — C,
there exists a unique modal algebra morphismB, — C such thatf o ky = fo.

We now state conditions on a functér: pV — pV so that, given a partial algebBy € pV,
the free totalV algebraB. over By can be built as the colimit of a chain which is obtained
by repeatedly applying the functét.

First of all, F must be dree image-total functgrin the sense of the following definition.

Definition 2.10. Let pV be a full subcategory gfMA. We say a pairK, ), whereF is a
functor onpV, andp : 1,y — F is a natural transformation, isfeee image-total pair if

1. forallB € pV, ng is image-total,

2. if h: B — Cis an image-total morphism ipV, then there exists a unique pMA
morphismh : FB — C such thah o 5g = h.

B

B——— FB

h _
h

c

A functor F onpV is called afree image-total functor if there exists am such that , n)
is a free image-total pair.

As mentioned in the introduction, in our intended applimasi, the objects of the category
pV will form a class of partial modal algebras axiomatized bg&Esof quasi-equations of
rank at most 1, and we will be able to define a free image-tatattbrFg onpV.
Given an image-total pairn(F) and an objecBp € pV, we now inductively define a chain
in pV by setting, fom € N,

Bni1 = FBq.

This yields:



n-1 an an+l
(Bm On) - (Bn+17 <>n+1) —

B nB nB
(Bo, ©0) —— (B1,01) —— -+

in which each mapg, is image-total, by assumption. We may now apply Theorem 2d7 a
take thepMA -colimit B,, of this chain diagram, with pMA morphismig, : B, — B, for
eachn.

In order to conclude tha,, is the free totaV algebra oveBp, we would need to show two
things:

1. B, €V, and
2. B, has the required universal property.

However, (1) will not be true for free image-total functonsgeneral. In Section 3, we will
state two sfficient conditions for (1) to hold (cf. Theorems 3.14 and 3.15)

The following theorem shows that it will in fact be enough toye (1), since (2) then fol-
lows from the assumption thétis a free image-total functor and general category-thaoret
arguments.

Theorem 2.11. LetpV be a full subcategory gfMA, let F : pV — pV be a free image-
total functor,n : 1 — F the associated natural transformationg & pV, and let (k, :
F"Bo — B,,) be thepMA -colimit of the image-total chaiyeng, : F"Bo — F™1Bg)nen.

If B, € V, then B, is the free totaV algebra over B.

Proof. Before proving the theorem, we first prove two lemmas.

Lemma 2.12. For any Ce V, the mapjc: C — FC is an isomorphism.

Proof. If C € V, then the identity map . C — C is image-total. The result follows from
applying the free image-total property Bfto idc. m|

Lemma 2.13.1f B, € V, thenng, o ky1 = Fky, for all n.

Proof. Note thatyg, ok,: By — FB, is an image-total morphism, sin€e,, is total, being
isomorphic toB,, by Lemma 2.12. Now, sincé~kn) o g, = 18, © kn (by naturality ofp) and
nB, °kni10mB, = 1B, ©kn (&S the mapk, form a co-cone under the chain), the result follows
from the uniqueness part of the free image-total properfy,@fpplied tong,, o k. O

We now prove the theorem. Assume tigat € V. Let fp : Bp — C be a pMA morphism
into someC € V. Inductively definef,,1 : Bhyp — Cto bené1 o Ffy, so that the following
diagram commutes.
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Bn S L B Bni1

A

C—_  ———FC

’70

Let f : B, — C be the unigue pMA morphism such thiae k, = fn. It follows in particular
that f o ko = fo.

To show thatf is unique, suppose thgt B, — Cis a pMA morphism such thafo kg = fo.
It suffices to show thag o k, = f,, by induction. Ifgo k, = f,, thenFgo Fk, = Ff,. The
commutativity of the following diagram then shows tlgat k.1 = ;751 o(Ffn) =: foi1.

Bn+1

In this diagram, the upper triangle commutes by Lemma 2.48,the lower square com-
mutes by naturality of. m|

3 The functor for a quasi-equational class

In this section we will show, given a sét of rank 0,1 quasi-equations, how to define a
free image-total functoFg on the categorypVg of partial modal algebras satisfying the
quasi-equations i&. Moreover, we will state dticient conditions for the colimit of the
chain arising from repeated application of the fundtgrto be inpVg. In the latter case,
all conditions of Theorem 2.11 will be satisfied, and consadjy the colimit of the chain
will be the free totabV¢ algebra over a given partigV ¢ algebra. We end the section by
showing how to then construct the freealgebra over a given set.
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Remark 3.1 (On rewriting arbitrary quasi-equations into quasi-earet of rank 0,1) For
any sefs of quasi-equations, there is a g&of quasi-equations of rank 0,1 such that a partial
algebra satisfie$ iff it satisfiesS’. The method to produce this &tis completely general,
and is sometimes calleffattening The idea of this method is that one may repeatedly
replace higher-rank terms by newly introduced variables.

Consider for example the class of S4 algebras. This classually axiomatized by the
equations

a<oa (1)
ova< oa (2

The first equation is already of rank 0,1. To rewrite the sd@xguation, we introduce a new
variablea’ to replace the innepain ¢<¢a. The second equation is then equivalent to

a’ < vaimplies oa < ¢a,

which is a rank 0,1 quasi-equation.

We will briefly sketch how this approach works in generalyieg out the details for the
reader to fill in. If (AL, 5 < tj) — s < tis a quasi-equation in which a variabteoccurs
with rank> 1, say ins, then letu be the largest subterm sfin which that occurrence ofis
not under the scope of a diamond. Themis a subterm o8. Let us assume for now thatu
occurs positively irs. Lety be a fresh variable. Now let,,1 < th,1 be the equatioy < Ou,
which is of rank 0,1 by definition. Let be the terns, except that the entire subtern is
replaced by the fresh variabje One may prove that an algebra satisfies the quasi-equation
(AL;s <t) - s<tiffit satisfies \}'s < t) > § < t. The occurrence of in s is

of strictly lower rank than the occurrence »in sthat we started from. Now proceed by
induction?

For the rest of this section, we fix a €&bf rank 0,1 quasi-equations. To define the functor
Fs : pVe — pVe, we will need the concept of arcongruence, which in turn derives from
the concept of a partial modal algebra congruence. Reclvik defined a partial modal
quotient to be a pMA morphism : B — C which is surjective, and mamom(<?) onto
dom(¢°).

Definition 3.2. Let (B, ©B) be a partial modal algebra. partial modal algebra congru-

4To complete the formal proof, one would also consider the aasvhich<ou occurs negatively is, as well as
the cases in which the occurrencexofvith rank> 1 is in one of thes, t;, or int. All of these cases are treated
similarly.
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enceon (B, ©B) is a Boolean algebra congruengen B satisfying
if a,a € dom(<B) anda ~ &, thenoBa~ ©Ba'.

We now have the following connection between pMA quotiemid pMA congruences, as
one would expect.

Proposition 3.3. If 9 is a pMA congruence o(B, ©B), then there exists a pMA quotient
p: (B, ©B) - (B/9, ©B/?) such that kefp) = .

Proposition 3.4. If p : (B, ©B) —» (C, ¢°) is a pMA quotient, then kép) := {(b,b") | p(b) =
p(b’)} is a pMA congruence, and there exists a pMA isomorphism f ngakie following
diagram commute:

(B, 0B) (C, 0%

f

~

(B/ker(p), 0/kP))

[‘]ker(p)

It is now natural to wonder, given a partial modal algea<(®), whether it has any con-
gruences at all. As is to be expected, there are always twialtdMA congruences: the
diagonalA := {(b,b) | b € B} is the smallest pMA congruence oB,B), andV := Bx Bis
the largest pMA congruence oB,(¢B). The following lemma and definition show that we
can define a smallest pMA congruence which identifies a gieeofgairs.

Lemma 3.5. Let (B, ©B) be a partial modal algebra, an® a collection of pMA congru-
ences on B. Thefy.e ¥ is a pMA congruence ofB, ¢B).

Definition 3.6. Let (B, ©B) be a partial modal algebra, asdc B x B a set of pairs. Then
0(S) = m{ﬁ C Bx B| ¥ is a pMA congruence an8l C 9}

is the smallest pMA congruence containiigand we call it thggMA congruence gener-
ated by S.

We can now also define ‘parti&-congruences’ in the obvious way, and have exactly the
same theory as described above for partial MA congruences.

Definition 3.7. Let (B, ©B) be a partial modal algebra. A pMA congruengés called a
partial &-congruenceif (B/y, ©B/Y) satisfies all quasi-equations &h

5Given a congruenc, we writea ~y & if the elements anda’ are identified by the congruenge We usually
omit the subscrip# and simply writea ~ &/, if it is clear from the context which congruence we mean.
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As before, the collection of partid-congruences is stable under intersections, so we get
the following analogue to Definition 3.6.

Definition 3.8. Let (B, ¢B) be a partial modal algebra, agdc B x B a set of pairs. Then
there exists a smalle&tcongruence containing, which we call thepartial E-congruence
generated byS.

The above observation allows us to describe a left adjoirthéoinclusion functorg :
pVe — pMA as follows. Let B, ©B) be an arbitrarppMA . Denote byyg the smallese-
congruence orng, ©), and letJg(B, ¢B) be thepMA quotient of @, ©B) by the congruence
wg. By definition, Jg(B, ©B) is in pVe. We denote the quotient map py : (B, ¢8) —
Js(B, 0B). If f: (B, oB) - (C,¢°) is a pMA morphism, thepc f : (B, ©B) — Jg(C, ©°)
is a map into @V algebra, so there is a unique factorisatilri : Jg(B, ©B) — Jg(C, ©°).
Thus we have constructed a functlyr: pMA — pVe.

Proposition 3.9. The functor § is left adjoint to the inclusion functogl: pVg — pMA.

Proof. If (C,¢%) € pVg, then a pMA morphismE, ©B) — (C, ©°) factors uniquely
throughJg(B, ¢B). O

We now define a left adjoint to the forgetful functo® from Remark 2.2.3. We will use
this left adjoint and the functalg to obtain a free image-total functor @V ¢.

Intuitively, the left adjoint toUY acts on a Boolean algebBaby formally adding elements
#bto B, for allb € B, and turning the resulting set into a partial modal algebcemake this
precise in Proposition 3.10 below, we recall the followingef construction on the category
of Boolean algebras. La&: BA — SL be the functor from the category of Boolean algebras
to the category of join-semilattices which sends a BoolégelaaB to the semilatticaB :=
{®b| b € B}, on which the join operation is defined b v &b’ := e(b v b’). The functor

< is naturally isomorphic to the forgetful functar : BA — SL, hence it has a left adjoint
which we callFg,,
#B. We use the notatioe for this functor to distinguish the original elementsBrfrom
their counterparts i}, (¢ B).

so thatF, (#B) is the free Boolean algebra over the join-semilattice

Proposition 3.10. Let H : BA — pMA be the functor which sends a Boolean algebra
B to the partial modal algebrdB + Fj, (#B), #), where we regard B as subalgebra of
B + F3,(#B) and let® be the modal operator which sendszbB to #b and is undefined
elsewhere. For a BA homomorphism:fB — C we define Kif) : B+ F,(¢#B) —

C + Fg, (¢C) to be the coproduct of the assignments

b —» f(b) forbeB,
ob — &f(b) uniquely extended tof; (#B).
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Then H is left adjoint to U.

Proof. SinceUYHB = dom(¢"B) =~ B, we have an obvious functiots : B — HB,
namely the coproduct map into the first component. We claahttie arrow/g is universal.
To see this, leB be a Boolean algebraC(¢¢) a pMA, andf : B — dom(«<C) a BA
homomorphism. Define

f:B+Fy(#B) - C
b — f(b) forb e B,
ob — ©Cf(b) uniquely extended t&y,(¢B).

Then fZg = f, and it is clear thaff is the unique pMA morphisnHB — C with this
property. O

We are now ready to define a free image-total funétgr pVg — pVeg. Essentially this
functor sends @Vg (B, ¢B) first to the partial modal algebrd(B) = (B + Fia(#B). ®),
defined in Propostion 3.10, and thereafter takes the smhaNgsquotient ensuring that the
newly defined partial operator agrees with the old one. Thisade precise as follows.

Definition 3.11. Let (B, ©B) be a partiaV g algebra. We define
F&(B,0%) = (B + Fa(#B), 8)/0e,
wheredg denotes the smallepV ¢ congruence ong + F, (#B), #) satisfying
Va e dom¢B) : ea ~ ¢Ba ©)

To defineF on morphisms, lef : (B, 0B) — (C, ©C) be a morphism ipVg. First definef
to be the pMA morphisnB + F}, (#B) O ey Fy,(#C) Hee, FsC. Asdg C ker(f),
f factors uniquely through the quotieRgB, and thus yields a well-defined functid; f :
FgB — FsC which sendsH] g, to f(b).

Finally we define a natural transformatign 1 — Fg, whose componenjg: B — FgB is

given byb - [b] .
Lemma 3.12. The pair(Fg, n) is a free image-total pair opVg.

Proof. Clearly, for allB € pVg, ng is image-total. Now leh: B — C be an image-total
morphism inpVg. First define the function

h:B+Fy,(eB) - C
b — h@b) forbeB,
ob — ©Ch(b) uniquely extended t&y, (#B).

15



As h is image total, the functioh is well-defined. From the fact th&tis a morphism in
pVg it follows thatdg C ker(h), henceh factors uniquely through the quotief;B yielding
a mapﬁ: FsB — C. One readily checks that is the unique extension df satisfying
ho ng = h. m]

We may now apply Theorem 2.11 to derive the following.

Proposition 3.13. Let By be a partial V¢ algebra and letk, : F3Bo — B,,) be thepMA -
colimit of the image-total chai(anBO : FgBo - Fg”Bo)neN. If B, is inpVg, then B, is
the free totaNV g algebra over B.

Proof. Combine Theorem 2.11 and Lemma 3.12. O

The following two theorems now follow from this propositiamd Theorem 2.7. They state
suficient conditions for the colimiB,, of the chain forBy (described in the above theorem)
to be inpVe.

Theorem 3.14.If € is a set of equations of rank at mdstthen B, is in Vg, whence it is
the free totaNV g algebra over B.

Theorem 3.15. If & is a set of quasi-equations of rank at mdstand, for each n, the
morphismnpth;0 is an embedding, then Hs in Vg, whence it is the free total ¢ algebra
over B.

The above theorems describe situations in which the fmgﬁlhctorug’\fss Vg — pVg
has a left adjoint, which we will denote :)/\‘js. In this setting, Propositions 3.10 and 3.9
allow us to describe the fréég algebra over a given sét

Theorem 3.16. Let & be a set of quasi-equations of rank at mbstuch that the forgetful
functor ug\;»g has a left adjoint. For a set P, the tot®ls algebra %/GF(JS(H(FBA(P)))) is
the freeV g algebra over P.

Proof. Combine the universal propertiesega, H, Jg and F:)/\‘js. O
For a set of quasi-equatiod&and a seP of variables, we define a chain p¥ ¢ algebras
by settingBy = Js(H(Fga(P))) and inductively defining, fon € N,

Bn+1 = FS(Bn),

and letting the morphisrB, — Bn.1 beng,. In case the sat is finite, all the algebras in this
chain will be finite. In case, for eaghe N, the mapyg, is an embedding, it follows from the
above theorems that the colimit of this chain is the Wegealgebra oveP. The algebras in
this chain then approximate the (generally infinite) fresehta by its finite pieces, allowing
as a direct application, for example, a procedure to decjdésalence oV g terms.
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Note that in casé& is axiomatized by equations, the above defined chain alwigjydsythe
free Vg algebra as its colimit. However, if the morphisms in the nhaaie not embeddings,
the algebras do not give a faithful approximation of the ltéiee algebra. Hence, it is
essential to determine whether the morphisms in the chaiembeddings. Duality theory
may be a useful tool in this regard. Therefore, we developaditgitheory for partial modal
algebras in the next section. In Section 5 we study the pdaticase of S4 algebras and
apply the developed duality to show that, for each finiteipb®4 algebraB, the mapping;s

is an embedding. Whence, the above results apBatdn addition, the duality will enable
us to give a concrete description of the (duals of) the algbr the chain approximating
the free S4 algebra.

Using duality one may also show that our construction apptiehe class of modal algebras
satisfyingT, KB andK5 respectively. We briefly discuss these results in Section 6.

4 Duality for partial modal algebras

In this section we describe a duality for finite partial modlgebras. As is to be expected,
this duality is closely related to the duality for (total) ded algebras. Readers unfamiliar
with this duality are referred to [3] or [9].

We will focus onfinite partial modal algebras as we only encounter those in ouegurr
application, and this makes the technical details of thditgua bit easier, since topology
can then be left out of the picture. However, one may show tthiatduality for finite
algebras is the restriction to the finite case of a generalesStgpe duality.

From the first item in Remark 2.2, we see that partial modalaigs dually correspond to
‘Kripke frames with a distinguished quotient and a relatioto the quotient’. This leads
us to define the following Kripke structures for partial mbdkebras, which we will call
‘g-frames’ because we think of them as ‘Kripke frames withuatéent'.

Definition 4.1. A g-frame is a triple (X, ~, R), where~ is an equivalence relation ofy and
Ris a relation orX such that for all,y,y’ € X, if xRy~ Yy, thenxRY (i.e,, Ro ~C R).

A bounded morphism from a g-frame X, ~x, Rx) to a g-frame Y, ~v, Ry) is a function
f : X - Y such that

1. if Xx~x X, thenf(X) ~y f(X),
2. if XRxX, thenf(X)Ry f(X),
3. if f(X)Ryy, then there existg’ € X such thatxRxx’ and f (X') ~y v.

We denote the category of g-frames with bounded morphisneg-byand the full subcate-
gory of g-frames based on a finite setdgyr ,.
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Remark 4.2. Again, g-frames could also be equivalently described aststres of the form
(X, X’,0,R), whereq : X — X’ is a surjective map anR is a relation fromX to X. The
definition of bounded morphism can then also be reformulatigtdlcommutative diagrams,
in a similar way as we did in Remark 2.2.1.

Condition 3 is a generalization of the notion of ‘relativizepeness’, which was introduced
by Ghilardi in [6]. He only works with preordered structurésit generalizing his notion to
more general relations, one would formulate Condition 3isndnguage by saying that the
map f is g-open.

We now have the following duality between finite partial micalgebras and finite g-frames.
Theorem 4.3. There is a dual equivalence between the categgids , andqgFr .

Proof. The quickest way to see that this is true is using the categidriamework outlined

in Remarks 2.2.1 and 4.2 and the basic Stone duskff ~ BA,,. However, the following

proof gives a more concrete description of the duality, Whie will use later. We define
functors® : qFroP <5 pMA : . For a g-frameX, ~, R), let ®(X, ~, R) be the partial modal
algebra B, ©B), where

o B:=P(X),
e dom(¢B) :={U e P(X)|U is ~-saturateg]
e for U e dom(¢B), 0B(U) := {xe X |y e U : xRy = RI[U].
For a partial modal algebra(<8), let ¥(B, ©B) be the g-frameX, ~, R), where
e X = At(B), the set of atoms dB,
e x~ X iffforallae dom(¢B), x<ao X <a,
o XRXiff x < 0B(A\(ae dom(oB) | X < a}).

To understand the definition of the relatiBnnote thatA {a € dom(¢B) : X’ < a} is the ‘best
approximation’ of the element e At(B) by an element oflom(¢8): it is the value of the
left adjoint of the inclusion homomorphisim dom(¢8) < B. Unravelling the definitions
and using the known dualitgef® ~ BA,,, one may now show thaB(©B) = ®¥(B, ©B),
for any finite partial modal algebraB(¢?) and X, ~,R) = Y®(X, ~, R), for any finite g-
frame X, ~,R).

Regarding morphisms, we also rely on the known duaigf® ~ BA,, as follows. If
f (X, ~x,Rx) = (Y,~v,Ry) is a bounded morphism between g-framesdiét) := 1,
as in the dualitySef? ~ BA,. This is a BA homomorphism fror®(Y) to £(X), and
one may check from the definitions that it is in fact a parti@dal homomorphism from
O(Y, ~y, Ry) to ®(X, ~x, Rx). In the other direction, ih : (B, ©B) — (C, ¢°) is a partial
modal homomorphism, leP(h) := hb|At(c) be the functionAt(C) — At(B) which we

18



get from the dualitySef® ~ BA,. Again, one may check thdtis a bounded morphism
from ¥(C, ©°) to ¥(B, ©B). We already know from the dualitgef” ~ BA, that these
assignments on morphisms are mutually inverse and natuadh concludes the proof. o

We now develop, in the partial setting, an analogue of theespondence between quotients
of modal algebras and generated subframes of Kripke frames.

Definition 4.4. Let (X, ~x, Rx) be a g-frame. We sayY(~y, Ry) is a generated sub-g-
frame of (X, ~x, Rx) if we haveY C X, ~y = ~x N (Y X Y), Ry = Rx N (Y x Y), and

if y €Y, x € X, andyRxX, then there existg’ € Y with x ~x X.°

An embeddingof a g-frame ¥, ~y, Ry) into a g-frame X, ~x, Rx) is a bounded morphism
i 1 (Y,~v,Ry) = (X, ~x,Rx) such that botti : Y — X andi : Y/ ~y— X/ ~x are injective
functions. Anisomorphism of g-frames is an embeddindor which moreover botln andi
are surjective.

Lemma 4.5. Let (X, ~x, Rx) and (Y, ~v, Ry) be g-frames. The following are equivalent:
1. There exists an embedding(iY, ~v, Ry) = (X, ~x, Rx),
2. (Y, ~v, Ry) is isomorphic to a generated sub-g-frameXf~x, Rx).

Now, using the duality and the characterizations of qudgief partial modal algebras and
embeddings of g-frames, we can quickly deduce the followimgespondence.

Proposition 4.6. Let (B, ©B) be a finite partial modal algebra angX, ~x, Ry) its dual g-
frame. There is a one-to-one correspondence between pMdrwemces or(B, ¢B) and
generated sub-g-frames @f, ~x, Rx).

Proof. By Proposition 3.4, pMA congruences dB, ¢B) correspond to isomorphism classes
of pMA quotients of B, ©B), which correspond to isomorphism classes of embeddirigs in
the dual g-frameX, ~x, Rx) by the duality (Theorem 4.3), which correspond to generate
sub-g-frames ofX, ~x, Rx) by Lemma 4.5. m|

Suppose a pMA congruence is generated by a given set of paitise sense of Defini-
tion 3.6. We can now calculate the generated sub-g-framethbajuotient corresponds to,
as follows.

Proposition 4.7. In the context of the previous proposition, itSBx B is a set of pairs, then
the pMA congruenc®(S) generated by S corresponds to the largest generated stdovgpf
of (X, ~, R) whose domain is a subset of the set

P(S) :={xe X|V¥(b,b)eS:x<be x<b}.

6Note that, in this situation, it also follows thaR, X', sinceRy o ~x C Rx.
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In the following section we will use this duality to consttuke free S4 algebra over a finite
set of variables.

5 Partial S4 algebras

In Remark 3.1, we have shown how the usual equations for #ss cf S4 modal algebras
may be rewritten into equivalent quasi-equations of rank. fhis axiomatization leads to
the following definition.

Definition 5.1. A partial S4 algebrais a partial modal algebra satisfying the quasi-equations
1. a< 9y,
2. a< od impliesva< od.

We write pS4for the class of partial S4 algebras, gufe4, for the full subcategory of finite

partial S4 algebras.

In this section we will give a dual description of the functex, (restricted topS4,) and
the natural transformation. This will enable us to show that, for each finjg&4 algebra
B, g is injective. Hence, the construction described in Secdionay be applied to build,
for a finite setP, a chain of embeddings of finifgS4 algebras whose colimit is the free S4
algebra oveP. Moreover, the dual description &f4 will give a concrete description of the
duals of the algebras in this chain.

5.1 Duality for partial S4 algebras

We start by describing which g-frames correspond to pa@#ahlgebras. Since we know
that S4 algebras correspond to qosets, Kripke frames whose relations are quasiorders
(reflexive and transitive), it is reasonable to suspect shatething similar happens for g-
frames. This is why we choose to call the frames correspgntiinpartial S4 algebras
“g-gosets”.

Definition 5.2. We say a g-frameX, ~, R) is ag-qosetif
1. Ris reflexive,
2. for allx,y € X, if xRy, then there existg ~ y such thaR[y’] € R[X].

We denote the full subcategory gFr whose objects are g-qosets gp@oset
Let (X, ~x, Rx) be a g-frame. We say ~q, Ro) is agenerated sub-g-gqoseof (X, ~x, Rx)
if it is a generated sub-g-frame of(~x, Rx), which is moreover a g-goset.
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Remark 5.3. Intuitively, the second condition in the definition of g-gbsays thaR is
‘transitive up to~-equivalence”. We will see in Proposition 5.6 that this condition is the
right generalization of transitivity to the setting of guines.

We can write the definition of a g-qoset more concisely by dajfirnfor x € X,

Ty :={ze X| R[4 € R[X]}.

The second condition then says thRhK] C [Tx]~, where [Ty]. denotes the--saturation of
the setTy. It is not hard to see that reflexivity & is equivalent to Tx]. € R[X], for all
X e X,

From this remark, we conclude
Lemma 5.4. A g-frame(X, ~, R) is a g-qosetfffor all x € X, RX] = [T«]~.

Partial S4 congruences on a partial modal algeBraE) with dual g-frame X, ~, R) corre-
spond to generated sub-g-framesXf+{, R), which are in addition g-qosets. The following
lemma will be of use in the description of the dualfefs, where we have to compute the
generated sub-g-goset corresponding to a given partialiSdeqt.

Lemma 5.5. Let (X, ~x, Rx) be a g-frame, Qc X a subset~q = ~x N (Q x Q), and
Ro := Rx N (Q x Q). Then the following are equivalent:

1. (Q, ~q,Ro) is a generated sub-g-qoset(@f, ~x, Rx).

2.¥qe Q,xe X(gRxx & AX¥ € Q: x~ x and R[X] € Rx[q]).
Proof. It is not hard to see that (2) implies (1). Suppose (1) holdd,latq € Q andx € X
with gRxx. As Q is the underlying set of a generated sub-g-frame, piekQ with x ~ p,
which impliesqRgp. SinceQ is a g-goset, pick’ € Q with p ~ X’ andRg[x'] € Ro|[q].
By transitivity of ~, we havex ~ X/, and becausBy o ~ = Rx andQ is a generated sub-

g-frame, we also geRx[X'] € Rx[q]. For the other direction, use thR is reflexive and
Rx O ~x = Rx. O

The justification for the definition of g-qoset lies in theléoling proposition.

Proposition 5.6. Let(B, ¢B) be a finite partial modal algebra angX, ~, R) its dual g-frame.
The following are equivalent:

1. (B, ©B) is a partial S4 algebra,

2. (X,~,R)is a g-goset.

"Note that a relatiomR is transitive if, for allx, y € X, if xRy, thenR[y] € R[X].

21



Proof. In fact, we can show that the conditions (1) and (2) in the deafims of partial
S4 algebra and g-qoset are equivalent, respectively. $his iexercise in correspondence
theory. Regarding condition (1):

Vae don(¢B) ra< oBa « Vxe At(dom(oB)) : x < 0Bx
e VxeX:[x.cRx

— XRX

For the last backward implication, one uses fRat~ = R.

The calculation of the correspondent of condition (2) ightlly more complicated, but fol-
lows standard Sahlqvist procedures, as illustrated bdtinst of all, unravelling the defini-
tions, and usingR o ~ = R, we get:

Va,a € dom¢B) (a< oBa’ — oBa< 0Ba) =
Yy e XV¥S C X ([yl- € RYS] - Ryl c RYS).

Taking the contrapositive of the last condition and pullmg an existential quantifier, we
see it is equivalent to

¥X,y e XVS C X[XRyA (¥s€S:-xR9] - [y e X:yY ~yA(¥YseS:-yYR9].

Let us abbreviate the long implication after the threeahithiversal quantifiers by(x,y, S).
Note that ifo(x,y, Sp) holds for somex,y € X andSg C X, then for anyS C Sp, we have
thate(x,y, S) still holds.

The largest subse®y for which the antecedent is true & := R[X]¢, showing that this
condition is in fact equivalent to the first-order condition

VX, y € X[xRy— Ay € Xy ~yA (Ywe R[X°: =Y Rw)],

which is clearly equivalent to condition (2) in the definitiof g-qoset. O

From this fact, we now deduce the following corollaries frotreorem 4.3, Proposition 4.6
and Proposition 4.7, respectively.

Corollary 5.7. The dual equivalence of Theorem 4.3 restricts to a dual edgive between
the categoriepS4, andqQoset,.

Corollary 5.8. Let (B, ©B) be a finite partial modal algebra an¢X, ~x, Rx) its dual g-
frame. There is a one-to-one correspondence between pSguentes on(B, ©B) and
generated sub-g-qosets (@ ~x, Rx).
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Corollary 5.9. In the context of the previous proposition, ifS B x B is a set of pairs,
then the pS4 congruence generated by S corresponds to testagenerated sub-g-qoset
of (X, ~, R) whose domain is a subset of the set

P(S) :={xe X|VY(b,b)eS:x<be x<b}.

5.2 Construction of the free S4 algebra

Using the duality for partial S4 algebras, we will now showttthe mapyg for the free
image-total functorFs4 is injective, for all finitepS4 algebrasB (Corollary 5.15). This
will enable us to apply Theorem 3.15 and conclude that thienitodf the chain of algebras
obtained from repeatedly applyirkg, is the free S4 algebra.

To obtain the result that eaef is injective, we give a dual description of the funckes,.
Throughout this sectiorB will be a finite pS4algebra, with dual frameX, ~, R). We start
by describing the dual of the partial modal alget®Ba+-(Fy, (¢ B), #).

Lemma 5.10. The g-frame dual tqB + Fj3, (#B), #) is (X x £(X),=1,R;), where, for
(X T), (¥, S) € XX P(X), (% T) =1 (¥, S) iff x=y and(x, T)R:(y,S) if ye T.

Proof. It is well-known thatAt(Fg, (#B)) = #(X) (for more details, see for example [14,
Section 15]). Hence, as the duality turns coproducts intmlyets,At(B + F3, (#B)) =

X x P(X). Using the description of the dual g-frame given in the paforheorem 4.3, the
descriptions of the dual relations follow from a straigitfard computation. O

To compute the dual o+ Fy, (#B), #)/9s, we wish to calculate the subseg of atoms
of X x P(X) satisfying the equality

Va e dom<B) : ea ~ ©Ba, ©)

which we used to define the partial S4 congruetige as in Definition 3.11. By Corol-
lary 5.9, the g-frame dual 654B is then the largest generated sub-g-qoseXof £(X), =1
,R;) whose domain is contained Ry.

Let (x, T) € X x P(X). We want to find conditions orx(T) so that

vae dom¢B): (x, T) < #a = (xT) < oBa

The domain ofoB consists of the--saturated subsets &f. As both & and ¢B preserve
joins, it sufices to consider the atoms dbm(¢B), i.e,, the elements oB = P(X) of the
form [y]., wherey € X. AsRo ~ = R RY[[y].] = R}[y]. Note that

(xT)<o"l. & x<R'y] & yeRX.
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Furthermore,
xT)<e®[yl. © TNnyl.#0 < ye]T]..

Hence, &, T) satisfies the equality for a#l € don(¢B) iff
R[X] = [T]-.
We conclude
Lemma 5.11. The collection R of atoms in Xx £(X) which satisfy (3) is
Px ={(x, T) e XxP(X) | RIX] =[T]-}.

Therefore, the dual of the functéis, takes a g-frameX, ~, R) to the largest generated sub-
g-qoset of K x P(X), =1, R;) whose domain is contained Py. Let us call the domain of
this g-qoseQyx. Applying Lemma 5.5 and filling in the definitions of the rédeits =; and
R, yields thatQy is the largest subs€) of Px satisfying,

VX, T)eQyeX:[yeT & ASC X (y,S) e QandS c T] 4)

Although this gives some description of the dual of the fanéiss, we can give a more
explicit description of the subs€lx here. Recall that we defined in Remark 5.3, Xar X,

Tx = {ze X|R[Z4 € R[X]}.

We noted in Lemma 5.4 that iX( ~, R) is a g-qoset, thenl]. = R[X], i.e., (X, Tx) € Px.
Now, from the fact thaQx satisfies (4), we deduce the following properties.

Lemma 5.12. For any elemen(x, T) € Qx,
1. xeT,
2. Ifye T, then there exists § T such thafy, S) € Qx,
3. TC Ty

Let us therefore define the auxiliary set
Py ={(XT)e Px|xeT, T CTy

which will containQx. We are now ready to give a characterisation of the&set

Proposition 5.13. Let (X, ~, R) be a g-qoset. Let
Q:={(xT)ePyIVye TAS C T : (y,S) € P}
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Then Qis equalto § i.e., Q is the largest generated sub-g-qosddof-, R) whose domain
is contained in R.

Proof. By Lemma 5.12, any elemenx,(T) € Qx will satisfy the conditions definin®@, so
Qx € Q. It remains to show tha indeed satisfies (4).

SupposeX, T) € Q,y e X. First of all, if (y,S) € Qfor someS C T,thenye S, soye T.
Conversely, supposge T. By definition of Q, there existsS ¢ T such thaty, S) € P%.
We now aim to show that(T N Ty) € Q. To see thaty, T N Ty) € Px, note that

ScTNT,cTy

and [S]. = R[y] = [Ty]., so [T nTy]. = Rly]. Asy € T (by assumption) and alsoe Ty,
we havey € T N Ty C Ty and thereforey, T N Ty) € P%.

Toshow ¢, T NTy) € Q, letze T N Ty be arbitrary. We have to find € T n Ty such that
(zU)e Py . Asze TNTycTand T) e Q, there existd) C T such that£ U) € P}. It
remains to show thadl c Ty, from which we then conclude c T N Ty, as required. Since
z e Ty, we haveR[Z] C R[y], which impliesT, C Ty. Now, since ¢ U) € P, it follows that
UcT,cTy. |

Note that it follows from the proof above that, fox,T) € P} andy € T, there exists
someS ¢ T with (y, S) € P iff (y,T N Ty) € P}. Furthermore, under these condititions,
ye TnTycTy. Hence, ¥, TNTy) e Py iff Rly] = [T nTy].. Therefore the functoFs, on
pS4, (as defined in the previous section) may be described duallplpjects) by

Gsa: (X,~R) = (Qx,=1N (Qx X Qx),Rs N (Qx X Qx))
where Qx = {(X,T) e XXP(X)|R[X] =[T]., xeT, T C Ty
andvy e T.R[y] = [T nTy].}.

This mapping extends to a funct@e4 on the categorgQoset,. More precisely, if we write

¥ : pS4P — gQoset, for the functor in the duality from Corollary 5.7, then we wfel

(¥ o Fsg)(B, ©B) = (Gs40 P)(B, ©B), for every finite partial S4 algebrd(8).

The natural transformation: 1 — Fs4 corresponds dually to a natural transformation
. Gs4 — 1. For a finite g-qosekX, nyx is the restriction of the projection functiad x
P(X) —» X to a functionQx — X. The following lemma shows thaty is surjective for
every finite g-qgoseK. By duality we may then conclude thag is an embedding for every
finite S4 algebra.

Lemma 5.14. Let (X, ~, R) be a finite g-qoset. For all ¥ X, (X, Tx) € Qx.

Proof. Let x € X. We have seen thax(Tx) € Px, and it is therefore clear thax,(Ty) € P%.
Lety € Ty, that is,y € X with Rly] € R[x]. ThenTy, ¢ Ty and §,Ty) € P{. Hence
(X’ TX) € Q = QX' O
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Corollary 5.15. Let B be a finite partial S4 algebra. The partial modal homoptism
ne : B — Fg4B is an embedding.

It follows that the general construction of Section 3 appte S4,.e., defining, for a seP,
Bo = Jsa(H(Fga(P))) = (B+ Fga(#B), ¢)/0ss,

whereds4 denotes the smallegtVs, congruence ong + F;, (#B), #), and inductively
defining, forn € N,
Bn+1 = Fsa(Bn),

yields a chain of partiab4 algebras whose colimit is the free (total) S4 algebra &ver
The duality allows us to give a concrete description of tigeltas in this chain. The dual of
By is the largest generated sub-g-qosettf x P(Xp), =1, R5), whereXp = At(Fga(P)) =
P(P). The duals of the further partial S4 algebras in the chaiy lbesobtained by repeatedly
applying the functofzs,4 described above.

The first two g-frames in the dual chain for the 1-generated $4 algebraj.e,, P = {p},
are depicted below,

PAGDPA &= “PA®PA ®=p
P@ﬂp p/\Op/\—'OﬁZi: :i)ﬂp/\Op/\—'O—'p
P(P) Xo

<-s,_s\‘ ;p
| =<
@ O
Gs4(Xo)

In these figures, the equivalence relation is depicted astitigna The arrows represent the
non-reflexive part of the relatioR. Note thatR can indeed be regarded as a relation from
points to equivalence classes of points, siRee~ = R. Moreover, in the first two figures,
the points (which are atoms of the algebra) are labelled &ydimula they represent. The
formulas become considerably longer in the third step, sbave omitted them.

5.3 Comparison with the work of Ghilardi

As stated in the introduction, our method for constructiregfalgebras was partly inspired
by the work of Ghilardi. In this section, we will explain hohe two methods relate, thereby
also shedding new light on Ghilardi’s construction.
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We fix a finite setP. In [8], Ghilardi defines a chain dbtal S4 algebras, with so-called
continuous magsbetween them:

€1 €n+l

€0 €n-1 €n
(Ao, ©0) = (A1, 91) (An, ©n) = (Ans1, One1) — -+

He then takes the colimi,, of the chain of underlying Boolean algebras and equips h wit
a modal operator> by defining®[a € Ay = [©nr1(en(d)) € Anr1]. The modal algebra
(A,, ©) is the free S4 algebray ., (P) over P. We compare this incremental construction to
our chain

an+l

nB an—l an
1 (Bn, On) e (Bn+17<>n+1) —_——— e e

B
(Bo, ©0) ——— (B1, 01)

of partial S4 algebras approximatifg,(P), as described at the end of the previous section.
The underlying Boolean parts of the two chains coincidehwhe only exception that our
chain starts one step later, thatlp, = An,1 andng, = ens1.

The essential observation leading to our chain of partigéladas is the fact that on the
image ofe,, the total operator .1 takes the same value g@sdoes in the colimit. This
image ofe, is exactly the domain of the partial diamond in our chain. |&Mi constructs
his chain in such a way that the map is e,-open,i.e,, for all a € A, 11(Ons16n(8) =
On+26n+1(en(@)). This corresponds to the fact that our mgp preserves the partial diamond.
Conversely, Ghilardi’'s chain may be obtained from our cludipartial algebras by defining
the total operatot>,,1 by

b n+1
Ont1 = Mg, ° oM ° 1By,

wheren'én is the left adjoint to the embedding, : By > Bni1.

Lemma 4.2 in [8] is the essential ingredient needed to prbaethe colimit of Ghilardi’s
chain is indeed the free S4 algebra. The notion of free intagg-functor, which we intro-
duced in Definition 2.10, is already implicit in this lemmaowever, Ghilardi’'s approach,
using continuous morphisms, is tailored to work in the dpecase of the logic S4. Work-
ing in the setting of partial modal algebras has enabled psttbis construction in a broader
perspective.

6 Examples

In the previous section we have worked out in detail that amegal construction applies
to the class of S4 modal algebras. We now briefly discuss sdherx olasses of modal
algebras. We only state the results and leave the commaatiche reader.

8A continuous mapbetween modal algebraB,(©8) and C, ©°) is a Boolean algebra homomorphigmB —
C satisfying in additioroC f (b) < f(¢Bb), for allb € B.
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For a finite setP, we write Xp = At(Fga(P)). First, we consider the class of T algebras.
This is the class of modal algebras satisfying the axiom

a<oa %)

The g-frames corresponding to partial T algebras are gdsapd ~, R) where the relation
Ris reflexive. The dual of the functérr may be described as

GT(X’ ~s R) = ({(X’T) € XX P(X) | R[X] = [T]~’ Xe T}, =1, RB)a

where we just write=1 and R, for the restriction of these relations ofix P(X) to the
underlying set of the described g-frame. For any T g-frarhe,frojection magisr(X, ~
,R) — (X,~,R) is surjective. Hence, our general construction appliethéoclass of T
algebras and the approximating chain of the free T algebea @setP may be described
dually by repeated application of the functt to

Xo=({(xT) e Xp xP(Xp) | x € T},=1,Rs),

the largest generated subframe ¥p (x P(Xp), =1, R;) which is a T g-frame. See [5] for
more details.
Our method also applies to the class of KB algebr.as,the class of modal algebras satis-

fying®
a<ooa, (6)

which can be rewritten into a quasi-equation of rank 0,1 as:
a < —¢oa impliesa’ < -oa. 7)

Total KB algebras are dual to frames with a symmetric retatla the partial algebra setting,
a g-frame K, ~, R) corresponds to a partial KB algebfiit satisfies, for allx, y € X,

if XRythen there existg’ ~ y such that/ Rx
The dual of the functoFxg may be described as
Gk(X,~R) = ({(xT) e XxP(X)IRN =[T]-, ¥y € TYRX, =1, R5).

Again, the projection ma@ks (X, ~,R) — (X, ~, R) is surjective for any KB g-frame and
the approximating chain of the free KB algebra over aBatay be described dually by

9As usual in modal logiazb is shorthand foro-b.
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repeated application of the funct@Gkg to
(Xp x P(Xp), =1, Rs),

which happens to be a KB g-frame already.
A final interesting example is the class of K5 algebrias, the class of modal algebras
satisfying

da<ooa (8)

These are the modal algebras dual to so called Euclidear$afng-frame X, ~, R) is dual
to a partial K5 algebrdii it satisfies, for allx, y, z € X,

if zZRxandzRy then there exist®’ ~ x such thatx'Ry.

In this case the projection mag: Gis(X, ~,R) — (X, ~,R) is not always surjective, as
may be seen by considering the K5 g-frame depicted in theviialig figure.

However, for a finite seP, the g-frame Xp x P(Xp), =1, R;) is a K5 g-frame and repeated
application ofGgs yields a chain with surjective projective maps. In factnirthe fourth
step onwards this chain is constant, which implies that thigefy generated K5 algebras
are finite.

The examples mentioned in this section may be compared attiinite models in [13],
which are similar, but were obtained independently and vrapletely diferent methods.
We believe a comparison of our results with those in [13] wdd interesting future work

7 Partial algebras for a functor

In this section, we will show how our construction encompagke following result of Kurz
and Bezhanishvili [2]. If a modal logi€ is axiomatized by pure rank 1 axioms, then, by
results in [11], its class of algebr&s- consists exactly of the algebras for a fundtarn the
category of Boolean algebras. It was shown in [2] that the@pmating chain for the free
V , algebra can be obtained by a uniform step-by-step construgsing the functot..

We will sketch the translation of their result into our sadti In order to do so we define the
categorypLA of partial L-algebrasfor a given functoi. on Boolean algebras, as follows.

10we thank Tadeusz Litak for pointing us to this reference, fanéhteresting discussions on this line of work.
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Definition 7.1. LetL : BA — BA be a functott! A partial L-algebra is a tuple B, A, i, @),
whereA, B are Boolean algebras; A >~ Bis an embedding, and: LA — Bis a Boolean
homomaorphism.

A pLA morphism from (B1, Ag, i1, a1) 10 (Bg, Ag, i, ap) is a pair (, '), with f : By — By
andf’ : Ay —» A> homomorphisms such that the following diagrams commute:

i a
ALt By LA — By
£/ hf Lf’ hf
s

[
Ap —2— By LA, — 2 By

We denote the category of partiatalgebras bypLA, and the full subcategory of partial
L-algebras for whictB is finite bypLA ,. We call a partialL-algebra B, A, i, @) total if i is
an isomorphism, and denote the full subcategory of totalgebras byLA .

Remark 7.2. Note in particular that for the functdr = F, , the categorpLA is equivalent

to the categorypMA of partial modal algebras. Hence, the free algebra for thietyaV/
associated with the basic modal logdic can now also be constructed using the method
outlined in this section. More generally, lif is a functor for a logic whose variety is

defined by rank 1 equations, then the categoryis equivalent to the categopLA.

We now have a functoF_ on the category of finite partidl-algebras, as follows. Given a
finite partialL-algebra B, A, i, @), let (F_B, j, 8) be the following pushout iBA:

LA— " 1B

L

B# F.B

a

Then B, B, j,8) is a partialL-algebra, by the following lemma.
Lemma 7.3. The map j is an embedding.

Proof. Sincei has a left inverseli has a left inverse. By the universal property of the
pushout, we obtain a left inverse for m]

To defineFL on morphisms, letf( f’) : (B, A1,i1,@1) — (B2, Ap, iz, a2) be apLA mor-
phism. We define the paf(f, f') := (9,9') : (FLB1, By, j1,81) — (FLB2, Bz, j2,52) by
lettingg’ := f, and definingy : F_.B; — F| B, to be the unique map, given by the universal
property of the pushoug By, which factors the following commutative diagram:

UThroughout this section, we will assume thagends finite Boolean algebras to finite Boolean algebras
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Liy
LA, — LB,

a’lh ‘ﬂzOLf
jaof

Bi—— F.B>

Remark 7.4. SupposeVg is a variety of partial modal algebras defined by pure rank 1
equations. Let be the functor associated with this variety. Then, in thiscéd case, the
free image-total functoFg from Definition 3.11 and the functdf,_ coincide. (Here, we
identify the categoriepV andpLA, which are equivalent by Remark 7.2).

We will now show that repeated application of the fundteryields essentially the same
chain of algebras as defined by Kurz and Bezhanishvili [2], lsence, by their result, it is
the approximating chain of the fr&g, algebra.

Recall that Kurz and Bezhanishvili constructed a chain oflBan algebras by defining,
starting from a given Boolean algebta,

Chs1 :=Co + L(Cp), 9

and lettingey : Cog — C; = Cp + LCq be the inclusion map into the first summand, and then
inductively definingen.1 :=idc, + L&y : Co + LC,y = Co + LChy1.
Now, to obtain this chain of Boolean algebrdas,),-o in our setting, letCy be a finite
Boolean algebra. We associate to it the paitialgebraB; := (Co + LCy, Co, k1, k2), Where
k1 . Co = Co+ LCpandky : LCy — Cp + LCp are the coprojection maps (note that, in
the categonBA, bothk; andk, are monomorphisms). Now simply define a chain of partial
L-algebras by putting, fan > 1,

Bns1 := FL(Bn).
Proposition 7.5. For each n> 0, the partial L-algebra B;; = F_By, is (isomorphic to)

(Cn+1,Ch, €n,£3), Where(en : Cp — Cpia)nso IS the chain defined in (9) above, ary :
LC, — Cy.1 is the coproduct map into the second coordinate.

Proof. Forn = 0, this is true by definition oB; andey. Forn > 1, using induction, this
amounts to showing that the following is a pushout diagram:

L
LBy l

I—Bn+l

n n+1
Kz Ky

idBO + Le,
Bo + LB,

Bo + LBni1

which can be done easily, either using duality for Boolegelatas or directly. m|
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Theorem 4.2 of [2] states that the colimit of the chah)gso Yields the freeV , algebra.
We have proved here that this chain can also be obtained l@atexh application of the
functor F, and thus also yields the fra&, algebra. By Remark 7.4, it now follows that
our construction of a free image-total functeg in Section 3 encompasses the known result
from [2].

8 Future work

We have seen in this paper that, for any variégywhich is axiomatized by a sét of rank
0-1 equations, the fre¥g algebra can be built by repeatedly applying the fun&gr As
remarked in the introduction, this method for building thexfalgebra is particularly useful
for applications in the case where the transformationl — F¢ is pointwise injective. In
all examples that were considered here and in the literatatably the classes axiomatized
by pure rank 1 equations and the class of T modal algehriasndeed pointwise injective.
The conjecture thaj is injective forany set of rank 0-1 equations remains open, and is an
important next step in this research project.

In the case wher€ is a set of rank 0-Qjuastequations, repeated application of the func-
tor Fg yields the free algebra in the colimit if the condition thla¢ tmaps;g, are injective
throughout the chain is satisfied. Therefore, the more géneestion of when this condi-
tion holds is also an interesting topic for future work. Wednghown that, for partial S4
algebra and KB algebras, one always gets embeddings. We detrembeddings in general
for partial K5 algebras, however, the maps arising in ourstmgtion of the free K5 alge-
bras over a finite set are all embeddings, hence, the metresdagiply. It follows from the
existence of non-decidable logics that we cannot hopeftragyvery set of quasi-equations,
the mapsyg, in the construction of the free algebra are embeddings. Wiecture that
there even exist decidable logics for which the magsare not all embeddings. Finding
examples of such logics is left for future work. An interegtiexample to study would be
the class of GL modal algebras, which correspond to pratsalhilgic. Furthermore, our
method may readily be extended to multimodal algebras. piugides a new supply of
examples (with relatively simple axiomatizations) whichyread to new insights.

Finally, we have remarked that, if we have an approximathmgjrcfor a quasi-variety/ s in
which all maps;g, are injective, then we get normal forms for the logic to witicl quasi-
variety Vg is associated. It is therefore natural to ask whether nofarais alwaysarise

in this way,i.e., if a logic has normal forms, must the approximating chaisiag from the
functor Fg then necessarily be injective? If this is true, then it woerdail that the method
outlined in this paper provides an exhaustive search fanabforms, in the sense that if a
logic has normal forms, then the method outlined in this papkyield them.
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