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Duality in logic

CPL over a set of variables X

Lindenbaum algebra N Maps X — 2
of formulas over X N ‘valuations’
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What are Boolean hyperdoctrines?
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Classical first order logic
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Boolean hyperdoctrines ~_ Indexed Stone spaces

What are Boolean hyperdoctrines?
Identify the dual notion of a Boolean hyperdoctrine.



Algebraic semantics for first order logic

We start from
Signature: Y= (fo,--s fe-1,Ro,-- -, Ri—1,¢0,- -, Cm—1)
Set of variables: X = {zg,z1,...}

Question:
What properties does the collection of all formulas over X have?



Algebraic semantics for first order logic

We start from
Signature: Y= (fo,--s fe-1,Ro,-- -, Ri—1,¢0,- -, Cm—1)
Set of variables: X = {zg,z1,...}

Question:
What properties does the collection of all formulas over X have?

First observation:
For each n € N,

(Fm(zg,...,opn—1), ) is a Boolean algebra.
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Algebraic semantics for first order logic

Contexts and substitutions form category B:
Objects: natural numbers (contexts)

Morphism n — m: m-tuple (to,..., tm—1)
s.t. FV(tl) - {:EQ, . ,In_l}
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Algebraic semantics for first order logic

Contexts and substitutions form category B:
Objects: natural numbers (contexts)

Morphism n — m: m-tuple (tog,..., tm—1)
s.t. FV(tl) - {:EQ, . ,In_l}

This category has finite products:

(wo, 1)
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Algebraic semantics for first order logic

Formulas and substitutions: functor B?%? — BA
n — Fm(zo,...,Tn-1)

Movotmor) Fm(zg,...,2m-1) — Fm(zg,...,Tn-1)

¢($07"'7'Tm—1) = ¢(t05---7tm—1)



Algebraic semantics for first order logic

Existential quantification: related to the inclusion map

#(z0) P(zo, 1)



Algebraic semantics for first order logic

Existential quantification: related to the inclusion map
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Algebraic semantics for first order logic

Quantification: interaction with substitutions

EP
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e (> w050 |77 (f(w0), @)

(o] [z0, 1]

3oy (Y (@0, 21))[f (z0) /0] = Fay (V(f (0), 21))
(Beck-Chevalley)



Algebraic semantics for first order logic

A Boolean hyperdoctrine is a functor 7: B°? — BA s.t.
B is a category with finite products;

forall I,J € B, F(nr,5): F(I) — F(I x J) has a left adjoint
31,7 such that, for all I = K in B,

Ik,

FK x J) L F(K)
]:(uxid)i l]—'(u)
F(I % J) —— F(I)

31,5

commutes.



Algebraic semantics for first order logic

Examples of Boolean hyperdoctrines:

m Syntactic hyperdoctrine
B = contexts and substitutions
F: B®” — BA
n  +— Fm(z,...,xn-1)
m Subset hyperdoctrine
B = Set

P: B? — BA
A — powerset of A
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Duality for first order logic

uf
B BA C Stone spaces
cl
I F(I) Uf(F(I))
Ul Tf(u) i]—'(u)_l
J F(J) Uf(F(J))

This gives us a dual equivalence between:

Functors F: B°? — BA Functors G: B — StSp

F — Uf o F
ClogG <~ g
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F: B — BA G: B — StSp

F(mr,7) has a left adjoint 37 ;

forall I % K,
FE % J)— F(K)
.'F(uxid)i \L]:(u)
F(Ix J) F(I)

commutes.
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Duality for first order logic

F:B° — BA

F(mr,7) has a left adjoint 37 ;

forall I % K,
FK x J) —% . F(K)
.'F(uxid)i \L]:(u)
F(IxJ) F(I)
commutes.

G: B — StSp

G(mr,7) is an open map

forall I % K,
ze G(IxJ) 9(rz,7) GI) >y
g(uxid)l lg(u)
re G(K xJ) G(K)

G(u)(x) = G(mk g)(y) implies
there exists z € G(I x J) s.t.

g(WI,J)(Z) =
Guxid)(z) = .



Duality for first order logic

Boolean hyperdoctrines Indexed Stone spaces
Functors F: B°? — BA s.t. Functors G: B — StSp s.t.
B has finite products; B has finite products;
F(rmr,7) has a left adjoint 37, ; G(mr,7) is an open map and
and for all I & K, forall I % K,
FK x J)—57 . F (k) G(I x J) —2T1) _ g(p)
.F(uxid)l l]—'(u) Q(uxid)l lg(u)
F(IxJ) g F(I) G(K x J) ) G(K)

commutes. is epicartesian.



Duality for first order logic

Duality theorem for classical first order logic:

The category of Boolean hyperdoctrines and the category
of indexed Stone spaces are dually equivalent.

Boolean hyperdoctrines Indexed Stone spaces
F — Uf o F
(oG ~— g



Future work

Having a duality for classical first order logic we would like to:
Describe dual structures for non-classical first order logics.

Obtain information about these first order logics via studying
their dual structures.

In particular: study the interpolation property dually.



