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Abstract. We describe the rational homotopy type of any component
of the based mapping space map∗(X,Y ) as an explicit L∞ algebra de-
fined on the (desuspended and positive) derivations between Quillen
models of X and Y . When considering the Lawrence-Sullivan model of
the interval, we obtain an L∞ model of the contractible path space of
Y . We then relate this, in a geometrical and natural manner, to the
L∞ structure on the Fiorenza-Manetti mapping cone of any differential
graded Lie algebra morphism, two in principal different algebraic objects
in which Bernoulli numbers appear.

1. Introduction

The theory of L∞ algebras (or strongly homotopy Lie algebras) was in-
troduced in [27] as a generalization of differential graded Lie algebras in the
context of deformation theory of algebraic structures. Recently, and among
other geometrical applications [8, 16], this theory has been used to sharpen
the Quillen approach to rational homotopy [26] by describing the rational
homotopical behavior of nilpotent spaces in terms of L∞ algebras [12, 13].
We begin by following this approach for the class of based mapping spaces.

Indeed, in classical rational homotopy theory, geometrical properties of
mapping spaces are often described in terms of derivations of certain differ-
ential graded Lie algebras. A general and recent result in this context reads
as follows (see Section 2 for a precise definition of the objects involved):

Let f : X → Y be a map between nilpotent CW-complexes of finite type,
and denote by map∗f (X,Y ) the path component of the space of based con-
tinuous maps from X to Y containing f . Let C be a finite type graded
differential coalgebra model of X and let M be a Lie model of Y . Denote
by L(C) the Quillen functor on C and let γ′ : L(C)→M be a model for f .
Then [7, Theorem 3], whenever X is finite, the Lie bracket in M and the
coalgebra structure on C induce a Lie bracket on the graded vector space
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s−1Derγ′(L(C),M) for which it becomes a Lie model of map∗f (X,Y ). A

similar result also holds when X is of finite type, non necessarily finite [7,
Theorem 7].

On the other hand, see [2], starting with the Quillen minimal model Q of
X and any Lie model γ : Q → M of f , there is a natural and explicit L∞
structure on s−1Derγ(Q,M) encoding the higher Whitehead products on
the rational homotopy groups of map∗f (X,Y ). Then we prove:

Theorem 1.1. As L∞ algebras, s−1Derγ′(L(C),M) and s−1Derγ(Q,M)
are quasi-isomorphic. In particular, the latter is an L∞ model of map∗f (X,Y ).

Again, a similar result holds when X is of finite type but non necessarily
finite (see Theorem 3.1).

Then, we consider, on the one hand, the Lawrence-Sullivan completed Lie
model of the interval I, see [22]. On the other hand, we choose as C the
dual of the standard acyclic free algebra Λ(t, dt). Even though I is clearly
not the Quillen minimal model of the interval, we may follow the approach
in the proof of the previous result to show (see Theorem 4.1 for a precise
statement):

Theorem 1.2. If M is any differential graded Lie algebra, then s−1Der(I,M)
and s−1Der(L(C),M) are quasi-isomorphic as L∞ algebras.

In particular, we obtain:

Corollary 1.3. If M is any Lie model of a nilpotent complex Y , then
s−1Der(I,M) is an L∞ model of the based path space PY = map∗(I, Y ).

We finish by identifying in Theorem 4.3 the homotopy fiber of any differ-
ential graded Lie algebra morphism χ : L → M via the acyclic L∞ algebra
s−1Der(I,M). Let Cχ be the suspended mapping cone of χ, which is known
to posses an L∞ structure lifting the Lie bracket on L and preserving the
original differential [10]. On the other hand, consider the natural L∞ alge-
bra L ×M s−1Der(I,M) obtained as the pullback of χ and the evaluation
morphism s−1Der(I,M)→M . Then, we prove:

Theorem 1.4. The L∞ algebras Cχ and L×M s−1Der(I,M) are strongly
isomorphic.

In particular, this establishes an explicit and close relation between the
Lawrence-Sullivan model for the interval and the Fiorenza-Manetti mapping
cone, which explain why in these apparently different objects, Bernoulli
numbers appear.

Acknowledgements. We thank the referee for his/her suggestions. They
have not only substantially improved the presentation of the paper, but also
have given the right perspective under which the results in this article should
be considered.
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2. Preliminaries

We will rely on known results from rational homotopy theory, in particular
from the Quillen approach [26], for which [9] and [28] are standard references.
We also assume the reader is aware of the principles on L∞ algebras being
[19, 20] original references. For a more geometrical or rational homotopical
approach we refer to [10, 13, 16] or [5, 12] respectively. With the only
purpose of fixing notation and certain conventions we give some definitions
and briefly sketch basic facts together with some results of general nature
we will use.

In general, every considered algebraic object (unless explicitly stated oth-
erwise) will be Z-graded. However, in the framework of rational homotopy
theory, most considered algebraic models of homotopy types are concen-
trated in non negative degrees.

Let CDGC (resp. DGL) denote the category of (augmented and coaug-
mented) cocommutative differential graded coalgebras, CDGC’s henceforth
(resp. differential graded Lie algebras, DGL’s henceforth). We denote by
C the kernel of the augmentation morphism of a given CDGC C, and by
∆: C → C ⊗ C the reduced comultiplication whose kernel is the graded
subspace of primitive elements. In the free commutative algebra ΛV gener-
ated by the graded vector space V , we consider the canonical structure of
cofree cocommutative graded coalgebra whose comultiplication is the unique
morphism of graded algebras such that ∆(v) = v ⊗ 1 + 1 ⊗ v, v ∈ V . On
the other hand, we denote by L(V ) the free differential graded Lie algebra
generated by V , that is, the Lie subalgebra of the tensor Lie algebra T (V ),
where the bracket is given by commutators.

These two categories are related by the Quillen Functor L : CDGC→ DGL.
If (C, δ), or simply C, is any CDGC, then L(C) is the DGL (L(s−1C), ∂)
where s−1 denotes desuspension and ∂ = ∂1 + ∂2, in which ∂1(s−1c) =
−s−1δc and

∂2(s−1c) =
1

2

∑
i

(−1)|ai|[s−1ai, s
−1bi],

being c ∈ C and ∆c =
∑

i ai ⊗ bi.
Another graded object of special interest along the paper is the space of

positive derivations of DGL’s and its universal cover. Let γ : L → M be
any morphism in DGL and consider the differential graded vector space of
γ-derivations (Derγ(L,M), δ) in which Derγ(L,M)n is the space of linear
maps θ : L∗ →M∗+n such that

θ[x, y] = [θ(x), γ(y)] + (−1)n|x|[γ(x), θ(y)],

and δθ = ∂ ◦ θ + (−1)n+1θ ◦ ∂. The complex of positive γ-derivations
Derγ(L,M) is defined as

Derγ(L,M)i =

{
Derγ(L,M)i for i > 1,
Z Derγ(L,M)1 for i = 1,
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where Z denotes the space of cycles. Its universal cover D̃erγ(L,M) is
defined as

D̃erγ(L,M)i =

{
Derγ(L,M)i for i > 2,
Z Derγ(L,M)2 for i = 2.

An L∞ algebra is a graded vector space L together with a CDGC structure
on the coalgebra ΛsL, generated by the suspension on L. The existence of
such a structure is equivalent to the existence of degree k − 2 linear maps
`k : L⊗k → L, for k ≥ 1, satisfying the following two conditions:

(i) For any permutation σ of k elements,

`k(xσ(1), . . . , xσ(k)) = εσε
′`k(x1, . . . , xk),

where εσ is the signature of the permutation and ε′ is the sign given
by the Koszul convention.

(ii) The generalized Jacobi identity holds, that is∑
i+j=n+1

∑
σ∈S(i,n−i)

εσε
′(−1)i(j−1)`n−i(`i(xσ(1), . . . , xσ(i)), xσ(i+1), . . . , xσ(n)) = 0,

where S(i, n− 1) denotes the set of (i, n− i)-shuffles, i.e., permuta-
tions σ of n-elements such that σ(1) < · · · < σ(i) and σ(i + 1) <
· · · < σ(n).

Every differential graded Lie algebra (L, ∂) is therefore an L∞ algebra by
setting `1 = ∂, `2 = [−,−] and `k = 0 for k > 2.

Observe that, if L is a finite type graded vector space, an L∞ structure on
L induces a commutative differential graded algebra (CDGA) structure on
C∞(L) = Λ(sL)] where ] denotes the dual vector space. This can be seen as
a generalization of the cochain algebra on a classical DGL. Moreover C∞(L)
is a minimal Sullivan algebra [9, §12] if and only if L is a non negatively
graded minimal L∞ algebra (that is, `1 = 0) in which L0 acts nilpotently.

Given two L∞ algebras L and L′, a morphism of L∞ algebras or L∞
morphism is a morphism of differential graded coalgebras f : (ΛsL, δ) →
(ΛsL′, δ′). Abusing notation, and whenever there is no ambiguity, we shall
often write simply f : L→ L′. Note that such a morphism f is determined
by the projection πf : ΛsL → sL′ which is the sum of a system of skew-
symmetric maps f (k) : ⊗k L −→ L′ of degree 1 − k satisfying an infinite
sequence of equations involving the brackets `k and `′k, k ≥ 1. In particular,

these equations are satisfied if f : L→ L′ satisfies `kf
⊗k = f`k for all k. In

this case we say that f is a strong L∞ morphism.
An L∞ morphism is a quasi-isomorphism if f (1) is a quasi-isomorphism

of complexes. Being quasi-isomorphic is an equivalence relation among L∞
algebras. Indeed [16], if f : ΛsL→ ΛsL′ is a quasi-isomorphism, then there

exist an L∞ morphism g : ΛsL′ → ΛsL such that H∗(g
(1)) is the inverse of

H∗(f
(1)).

Given a finite type complex X, an L∞ algebra of finite type L is an L∞
model of X if C∞(L) is a Sullivan model of X. On the other hand, given
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a 1-connected complex (not necessarily of finite type) X, an L∞ algebra
is an L∞ model of X if it is quasi-isomorphic to λ(X). Here λ denotes
the functor described in [26] that associates to any 1-connected space X a
DGL (free as Lie algebra) λ(X), which determines an equivalence between
the homotopy categories of rational 1-connected complexes and that of non
negatively graded DGL’s over Q.

Observe that, if X is 1-connected and of finite type then C∞λ(X) is quasi-
isomorphic to the Sullivan minimal model of X [23], and both definitions
above coincide in the intersection class of 1-connected and finite type com-
plexes.

It is known [16, 4.9] that any L∞ algebra is isomorphic to the direct sum
of a minimal L∞ algebra, i.e. with `1 = 0, and a linear contractible one.
We present now an explicit and detailed decomposition of this kind in the
classical case of free and positively graded DGL’s [9, Theorem 22.13]:

Let L(V ) be any free positively graded DGL and write V = W ⊕U ⊕∂1U
in which ∂1 denotes the indecomposable part of the differential ∂ on L(V ).
Consider in L(V ) the ideal I generated by U and ∂U and observe that
the inclusions in the tensor algebra W,U, ∂U ⊂ T (V ) induce an algebra

isomorphism T (W ⊕ U ⊕ ∂U)
∼=−→ T (V ) which restricts to an isomorphism

of Lie algebras

L(W ⊕ U ⊕ ∂U)
∼=−→ L(V ).

Thus, we endow L(W ) with a (decomposable) differential which makes the
induced isomorphism L(W ) ∼= L(V )/I a DGL one. Observe also that the
composition of the quotient map L(V ) � L(V )/I with the inverse isomor-
phism yields a surjective quasi-isomorphism

ϕ : L(V )
'
� L(W )

which, by the lifting lemma, has a section

ψ : L(W )
'−→ L(V ).

Explicitly, given w ∈ W,u ∈ U , ϕ(w) = w, ϕ(u) = 0 and ϕ(∂1u) = −ϕ(Φ)
where ∂u = ∂1u+ Φ. Finally, consider the coproduct L(W ) ∗ L(A⊕ ∂A) =
L(W⊕A⊕∂A) of the minimal model L(W ) and the acyclic DGL L(A⊕∂A),
with A a copy of U , and define the DGL isomorphism

Γ: L(W ) ∗L(A⊕∂A)
∼=−→ L(V ), Γ(a) = u, Γ(∂a) = ∂u, Γ(w) = ψ(w).

Consider now the inclusion and the projection

L(W )
j
// L(W ) ∗ L(A⊕ ∂A),

q
oo

which are obviously quasi-isomorphisms, and observe that Γj = ψ and
qΓ−1 = ϕ. Moreover, qj = 1L(W ) and jq ∼ 1 = 1L(W⊕A⊕∂A), not just as

DGL’s but also as chain complexes, since Im(jq− 1) ⊂ L(W ) ∗L+(A⊕ ∂A)
which is an acyclic ideal.
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It would be ideal to have such a chain homotopy, not just as a linear map,
but also as a derivation. However, and this is why the DGL cylinder in [1]
does not work properly, the formula 1−jq = k∂+∂k prevents any such k to
be a derivation as 1− jq is not in general. For this, and for computational
purposes in next sections, we fix now a particular chain homotopy between
1 and jq. Consider the (non differential!) Lie algebra morphism

α : L(W ) ∗ L(A⊕ ∂A)→ L(W ) ∗ L(A⊕ ∂A)

which is equal to (1 + jq)/2 on the generators. That is, α(w) = w, α(a) =
a/2, α(∂a) = ∂a/2, for w ∈W and a ∈ A (note that (1 + jq)/2 is not a Lie
algebra morphism). Finally, define

k : L(W ) ∗ L(A⊕ ∂A) −→ L(W ) ∗ L(A⊕ ∂A)

as the degree one α-derivation satisfying k(w) = k(a) = 0 and k(∂a) = a.
An easy induction on the bracket length shows that, in fact,

1− jq = k∂ + ∂k,

and moreover, k|L(W )
= 0. In the same way, ϕψ = 1L(W ) and ψϕ ∼ 1L(V ) via

the chain homotopy

K = ΓkΓ−1 : L(V )→ L(V ).

Note that K is then a β-derivation where β = ΓαΓ−1 : L(V )→ L(V ) is the
Lie algebra morphism defined as (1L(V ) +ψϕ)/2 on V . One checks that, on
generators, if w ∈ W and u ∈ U , then K(u) = 0, K(∂1u) = u −K(Φ) and
K(w) = −K(Ψ), where ∂u = ∂1u + Φ and ψ(w) = w + Ψ. As the image
of k is contained in L(W ) ∗ L+(A ⊕ ∂A), the image of K lives also in the
acyclic ideal I. Then, a straightforward computation shows that ϕβ = ϕ
while ϕK = 0. Finally note that one may change basis by redefining w to
be w−Ψ so that all the properties above still hold and K is zero on L(W ).

3. L∞ models of mapping spaces in terms of derivations

Here we prove Theorem 1.1. We begin by briefly explaining why we
make different finiteness assumptions in what follows. When X is finite and
nilpotent, and Y is a finite type nilpotent complex, map∗(X,Y ) is again a
finite type nilpotent complex whose rational homotopy type is fully modeled
by algebraic objects. However, if X is only considered to be of finite type,
then map∗(X,Y ) is again a nilpotent CW-complex but no longer of finite
type. In this case, only its universal cover admits a DGL model [7, Lemma
5]. In any case, finite type assumptions are needed on both X and Y so that
map∗(X,Y ) is naturally a CW-complex.

Let f : X → Y be a based map between nilpotent CW-complexes of finite
type, and let γ : L(W ) → M be a Lie model of f in which L(W ) is the
minimal model of X and M is any Lie model of Y . Choose also C, a CDGC
model of X and consider its Quillen construction L(C) which is again a free
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Lie model of X. With the same notation as in the section above, we obtain
quasi-isomorphisms

L(W )
ψ
// L(C)

ϕ
oo

which satisfy: ϕψ = 1L(W ) and ψϕ ∼ 1L(C).
On the one hand, γϕ : L(C) → M is a DGL model of f for which we

may apply [7, Theorem 3] to deduce that, when X is finite, the DGL
s−1Derγϕ(L(C),M), equipped with the canonical bracket defined, up to
suspension-desuspension, by

[g, h](c) =
∑
i

(−1)1+|ai| |g|[g(ai), h(bi)] , where ∆(c) =
∑
i

ai ⊗ bi ,

is a Lie model of map∗f (X,Y ). In the same way [7, Theorem 7(2)], if X

is of finite type, the universal cover s−1D̃erγϕ(L(C),M) is a Lie model of
m̃ap∗f (X,Y ).

On the other hand, see [2], there is an L∞ structure on s−1Derγ(Q,M),
whose brackets {`j}j≥1 are defined as the Eckmann-Hilton dual of certain
operations introduced in [3, §4], which provide the higher Whitehead prod-
ucts on the rational homotopy groups of mapf (X,Y ). Let us recall these
brackets: given θ1, . . . , θn in Derγ(L(W ),M), we define, in a recursive way,
a linear map of degree |θ1|+ · · ·+ |θn| denoted by

{θ1, . . . , θn} : L(W ) −→M,

as follows. If n = 1, then {θ1} = θ1. For n ≥ 2

(i) If Ψ ∈ L<n(W ), then {θ1, . . . , θn}(Ψ) = 0.
(ii) If Ψ ∈ L≥n(W ) and Ψ = [α, β], where α, β ∈ L<n(W ) then

{θ1, . . . , θn}(Ψ) = {θ1,...,θn}([α, β])

= [{θ1,...,θn}α, γβ] + (−1)|α|(|θ1|+···+|θn|) [γα, {θ1,...,θn}β]

+
n−1∑

k=1,σ∈S(k,n−k)

(
ε′
[
{θσ(1),...,θσ(k)}α, {θσ(k+1),...,θσ(n)}β

]
+ ε′′

[
{θσ(k+1), . . . , θσ(n)}α, {θσ(1), . . . , θσ(k)}β

])
,

where ε′ and ε′′ are given by the Koszul sign convention. Then, define
brackets {`i}i≥1 on s−1Derγ(L(W ),M) as follows. The first bracket is the
differential of the complex `1(s−1θ) = −s−1δθ, and for n > 1,

(3.1) s`n(s−1θ1, . . . , s
−1θn)(v) = (−1)ε{θ1, . . . , θn}(∂v),

where ε = n+ 1 +
∑n

j=1(n+ 1− j)|θj |.
With this notation, Theorem 1.1 of the Introduction is contained in:

Theorem 3.1. s−1Derγϕ(L(C),M) and s−1D̃erγϕ(L(C),M) are isomor-

phic as L∞ algebras to s−1Derγ(L(W ),M) and s−1D̃erγ(L(W ),M) respec-
tively. In particular,
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(i) If X is finite, s−1Derγ(L(W ),M) is an L∞ model of map∗f (X,Y ).

(ii) If X is of finite type, non necessarily finite, s−1D̃erγ(L(W ),M) is an
L∞ model of the universal cover m̃ap∗f (X,Y ).

The proof lies on the following particular instance of the classical Homo-
topy Transfer Theorem [11, 17, 18, 21, 24], which goes back to [14, 15] for
the case of A∞ structures.

Theorem 3.2. Consider the following diagram

h <<(L, `1)
p
//
(V, d)

i
oo

in which (L, {`k}k≥1) is an L∞ algebra; (V, d) is a differential graded vector
space; i and p are morphisms of chain complexes with i quasi-isomorphism;
and h is a chain homotopy between IdL and ip, i.e., it is a degree one
linear map h such that IdL − ip = `1h + h`1. Then, there exists an L∞
structure {`′k}k≥1 on V and an L∞ quasi-isomorphism i : (V, {`′k}k≥1)

'−→
(L, {`k}k≥1) such that `′1 = d and i(1) = i.

Moreover, the transferred higher brackets `′k can be explicitly described
in terms of rooted trees as follows. Let Tk be the groupoid of directed rooted
trees with internal vertices of valence at least two and exactly k leaves. The
leaves of the trees in Tk are labeled by i, each internal edge is labeled by h
and the root edge is labeled by p. Every internal vertex v is labeled by the
operation `r, where r is the number of input edges of v. For example, the
following picture represents a (planar embedding of a) tree in T5:

i i i i i

`2
h

`3
h

`2

p

We denote by Tk the set of isomorphism classes of Tk. Each planar em-

bedding Γ̃ of a tree Γ in Tk gives rise to a linear map

T
Γ̃
(i, p, h, `) : V ⊗k −→ V

according to the usual operadic rules. For the previous tree this linear map
corresponds to

T
Γ̃
(i, p, h, `)(v1⊗· · ·⊗v5) = p(`2(h`2(i(v1)⊗i(v2))⊗h`3(i(v3)⊗i(v4)⊗i(v5)))).

Then, we define TΓ(i, p, h, `) as the composition of T
Γ̃
(i, p, h, `) with the

symmetrization map ΛkV → V ⊗k given by

v1 ∧ · · · ∧ vk 7→
∑
σ∈Sk

εσε vσ(1) ⊗ · · · ⊗ vσ(n),
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where Sk denotes the symmetric group on k letters, εσ denotes the signature
of the permutation and ε stands for the sign given by the Koszul convention.
Then, for k ≥ 2, each `′k is given by the formula

(3.2) `′k =
∑
Γ∈Tk

TΓ(i, p, h, `)

|Aut Γ|
,

where Aut Γ is the automorphism group of the tree Γ.

Proof of Theorem 3.1. As the restriction of the quasi-isomorphism we will
construct restricts to universal covers, we only show that s−1Derγϕ(L(C),M)
and s−1Derγ(L(W ),M) are quasi-isomorphic as L∞ algebras.

Applying directly the decomposition process stated in Section 2, and with
the same notation, the quasi-isomorphisms

L(W )
ψ
// L(C)

ϕ
oo

satisfy: ϕψ = 1L(W ) and ψϕ ∼ 1L(C) via the chain homotopy

K = Γ−1kΓ: L(C)→ L(C),

with Γ: L(W )∗L(A⊕∂A)
∼=→ L(C). In this particular case, due to the explicit

differential in L(C) = L(s−1C), if we write s−1C = s−1B⊕∂1s
−1B⊕ s−1H,

then we get
K(s−1b) = 0, b ∈ B,

and

K(∂1s
−1b) = s−1b− 1

2

∑
i

(−1)|z
′
i|k[s−1z′i, s

−1z′′i ],

with ∆b =
∑

i z
′
i ⊗ z′′i .

We now transfer this DGL structure to an L∞ algebra structure on
s−1Derγ(L(W ),M). To this end, we prove that applying Hom(−,M) to
the diagram

K <<L(C)
ϕ
// L(W )

ψ
oo

it yields another diagram

K∗ <<s−1Derγϕ(L(C),M)
ψ∗
//
s−1Derγ(L(W ),M)

ϕ∗
oo

suitable to use Theorem 3.2.
First, a simple inspection proves that ϕ∗ = s−1Hom(ϕ,M) restricts to

s−1Derγ(L(W ),M)
ϕ∗−→ s−1Derγϕ(L(C),M).

Another computation, in which the fact ϕψ = 1L(W ) is strongly needed,

shows that ψ∗ = s−1Hom(ψ,M) restricts to

s−1Derγϕ(L(C),M)
ψ∗−→ s−1Derγ(L(W ),M).
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Next we prove that K∗ also restricts to a map on s−1Derγϕ(L(C),M).
For it, and just for clearness and cleanness in the exposition, we suspend
everything in the following computation avoiding in this way the s−1 op-
eration and the signs it gives rise to. Also, recall that K is defined as a
β-derivation where β : L(C)→ L(C) is the Lie algebra morphism defined as
(1L(C) + ψϕ)/2 on s−1C. Then, given θ ∈ Derγϕ(L(C),M):

θK[x, y] = θ([Kx, βy] + (−1)|x|[βx,Ky])

= [θKx, γϕβy] + (−1)(|x|+1)|θ|[γϕKx, θβy]

+(−1)|x|[θβx, γϕKy] + (−1)|x|(|θ|+1)[γϕβx, θKy].

However, since ϕβ = ϕ and ϕK = 0, we conclude that

θK[x, y] = [θKx, γϕy] + (−1)|x||θK|[γϕx, θKy],

that is, K∗(θ) is also a γϕ derivation.
Now, the equality ψ∗ϕ∗ = 1s−1Derγ(L(W ),M) is obvious while a straightfor-

ward computation shows that ϕ∗ψ∗ ∼ 1s−1Derγϕ(L(C),M) via K∗. Finally,

Lemma 6 of [7] proves that ϕ∗ is a quasi-isomorphism and we have all
the required data in Theorem 3.2 to transfer an L∞ algebra structure to
s−1Derγ(L(W ),M).

The proof of the theorem ends by checking that the transferred bracket
`′k on s−1Derγ(L(W ),M) coincides with `k for k ≥ 1. Since this is only a
(long and tedious) inductive computation, requiring all the properties of the
objects involved, we just sketch it here for the case n = 2. Also, for the sake
of clearness, we avoid any suspension and desuspension operation, and we
write every sign arising from the Koszul convention as ±.

On the one hand:

`2(θ, η)(w) = ±{θ, η}
(
ϕ∂ψ(w)

)
= ±{θ, η}

(
ϕ∂(w)

)
since ψ(w) = w + Φ where Φ belongs to a differential ideal annihilated by
ϕ. Now, as w is decomposed by the differential, ∂w = 1

2

∑
i±[z′i, z

′′
i ]. Thus:

`2(θ, η)(w) =
1

2

∑
i

±{θ, η}[ϕ(z′i), ϕ(z′′i )] =

=
1

2

∑
i

±[{θ, η}ϕ(z′i), γϕ(z′′i )]± [γϕ(z′i), {θ, η}ϕ(z′′i )] + (3.3)

1

2

∑
i

±[θϕ(z′i), ηϕ(z′′i )]± [ηϕ(z′i), θϕ(z′′i )]. (3.4)

On the other hand:

`′2(θ, η)(w) = ±1

2
ψ∗`2(ϕ∗θ, ϕ∗η)(w)± 1

2
ψ∗`2(ϕ∗η, ϕ∗θ)(w) =

= ±1

2
`2(ϕ∗θ, ϕ∗η)

(
ψ(w)

)
± 1

2

(
`2(ϕ∗η, ϕ∗θ)

(
ψ(w)

)
.
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Now observe that ψ(w) = ψϕ(w) = w −K∂w − ∂Kw = w −K∂w since K
is zero in L(W ). Hence:

`′2(θ, η)(w) =± 1

2
`2(ϕ∗θ, ϕ∗η)(w)± 1

2
`2(ϕ∗η, ϕ∗θ)(w) (3.5)

± 1

2
`2(ϕ∗θ, ϕ∗η)(K∂w)± 1

2
`2(ϕ∗η, ϕ∗θ)(K∂w). (3.6)

Observe that (3.4)=(3.5) by definition, while (3.6) can be expressed as

± 1

2
K∗`2(ϕ∗θ, ϕ∗η)(∂w)± 1

2
K∗`2(ϕ∗η, ϕ∗θ)(∂w)

=
1

2

∑
i

±K∗`2(ϕ∗θ, ϕ∗η)[z′i, z
′′
i ] +

1

2

∑
i

±K∗`2(ϕ∗η, ϕ∗θ)[z
′
i, z
′′
i ].

Since `2(ϕ∗θ, ϕ∗η) and `2(ϕ∗η, ϕ∗θ) are γϕ-derivations, so is their composi-
tion with K∗. Moreover, it is easy to see that, only on generators,

1

2

(
±K∗`2(ϕ∗θ, ϕ∗η)±K∗`2(ϕ∗η, ϕ∗θ)

)
= ϕ∗{θ, η}.

This readily implies that the above expression of (3.6) is equal to (3.3) and
the theorem is proved.

�

4. The Lawrence-Sullivan interval and the Fiorenza-Manetti
mapping cone

In what follows, given a graded vector space V , the completed free Lie

algebra L̂(V ) is the subalgebra of the completed tensor algebra T̂ (V ) =
Πn≥0T

n(V ) generated by T 1(V ) = V and with the Lie bracket given by
commutators.

As in [22, 25] we shall consider the Lawrence-Sullivan model (L̂(a, b, x), ∂)
in which a, b are flat or Maurer-Cartan elements of degree −1 and x is a
degree zero element giving a gauge equivalence between a and b. These
conditions define the differential ∂ on the generators a, b, x to be ∂a =
−1

2 [a, a], ∂b = −1
2 [b, b], and

∂x = (adx)b+
∞∑
i=0

Bi
i!

(adx)i(b− a),

where Bi denotes the ith Bernoulli number. Recall that the Bernoulli num-
bers can be defined recursively as follows

B0 = 1, −Bn
n!

=
n−1∑
k=0

Bn−1−k
(n− 1− k)!(k + 2)!

for n ≥ 1.

Geometrically, one can think of this construction as the model, in the
based homotopy category, of the disjoint union I∪̇∗ of the interval I and
a point [4]. Thus, a good candidate for a completed model of the interval
would be then a model of the cofibre of the map S0 → I∪̇∗ which sends −1
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to 0 or 1 and it sends 1 to ∗. Since S0 is modeled by L(b), in which b is a
Maurer-Cartan element, the cofibre of this map is then modeled by

(L̂(a, x), ∂) in which ∂(a) = −1

2
[a, a] and ∂(x) = −

∑
i≥0

Bi
i!

adix(a),

which we also call the Lawrence-Sullivan construction. In the same way,

given M a Lie model of the CW-complex Y , the zero map φ : (L̂(a, x), ∂)→
M could also be seen as a model of the constant map in the based path
space PY = map∗(I, Y ). In what follows we omit the subindex φ in

s−1Der(L̂(a, x),M), and endow this chain complex with the higher brackets
given in formula (3.1) which are now drastically simplified since φ = 0:

(4.1) s`k(s
−1θ1, . . . , s

−1θk)(x) = (−1)ε{θ1, . . . , θk}

−∑
i≥0

Bi
i!

adix(a)


= (−1)ε

− Bk−1

(k − 1)!

∑
σ∈Sk

ε′[θσ(1)x, [θσ(2)x, . . . [θσ(k−1)x, θσ(k)a]] . . .]

 .

On the other hand, consider s−1Der(L(C),M) (equipped with the usual
DGL structure explicitly recalled at the beginning of Section 3), and where
C is the dual of the standard acyclic CDGA A = Λ(t, dt) with |t| = 0. Note
that basis for A0 and A1 are given by {tj}j≥0 and {tjdt}j≥0 respectively.
Thus, C is a differential vector space also concentrated in (subscript) degrees
0 and 1. Observe that any vector of C0 can be written as a formal series∑

j≥0 λjαj representing the function {tj}j≥0 → Q which assigns to each tj

the scalar λj . Respectively, any element in C1 can be expressed as
∑

j≥0 µjβj
representing the map {tjdt}j≥0 → Q sending tjdt to µj . Observe that, with
this notation, the differential δ on C is the only linear and formal extension
to the above series for which δ(βj) = (j + 1)αj+1 and δ(αj) = 0, for all
j ≥ 0. As A is not of finite type, C does not inherits directly a coalgebra
structure. However, for each j ≥ 0 we may set

∆(αj) =

j∑
k=0

αk ⊗ αj−k, ∆(βj) =

j∑
k=0

βk ⊗ αj−k +

j∑
k=0

αk ⊗ βj−k,

and again, extend ∆ in a linear and formal way to C so that it becomes a
CDGC.

Then, we prove:

Theorem 4.1. (s−1Der(L̂(a, x),M), {`k}k≥1) is an L∞ algebra quasi-
isomorphic to s−1Der(L(C),M). In particular, it is an L∞ model of the
based path space.

Remark 4.2. Note that, since the completed Lawrence-Sullivan construction
is not a minimal Quillen model in its classical sense, neither the results of [2]
nor Theorem 3.1 can be readily applied here. However, we follow the same
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approach, transferring directly the DGL structure of s−1Der(L(C),M), a
natural DGL model of the based path space.

Proof. Consider the following diagram

K <<s−1Der(L(C),M)
J //

s−1Der(L̂(a, x),M).
Q
oo

in which:
(i) Q is defined by

sQ(s−1η)(s−1α1) = η(a),

sQ(s−1η)(s−1β0) = η(x),

sQ(s−1η)(s−1αj) = sQ(s−1η)(s−1βj−1) = 0, j ≥ 2.

(iii) J is defined by

sJ(s−1θ)(a) =
∑
j≥1

θ(s−1αj),

sJ(s−1θ)(x) =
∑
j≥0

1

j + 1
θ(s−1βj).

(iv) And finally, K is defined by

sK(s−1θ)(s−1βj) = 0 j ≥ 0,

sK(s−1θ)(s−1α1) = (−1)|θ|+1
∑
j≥1

1

j + 1
θ(s−1βj)),

sK(s−1θ)(s−1αj) = (−1)|θ|
1

j
θ(s−1βj−1) j ≥ 2.

Note also that Q, J are quasi-isomorphism, as their domain and codomain

are both contractible, while JQ is trivially the identity on s−1Der(L̂(a, x),M).
We now show that

IdL −QJ = s−1δK +Ks−1δ

with (L, `1) = (s−1Der(L(C),M), s−1δ). The left part of the formula reads:

s(IdL −QJ)(s−1θ)(s−1αj) =

{
−
∑

i≥2 θ(s
−1αi) if j = 1,

θ(s−1αj) if j ≥ 2,

s(IdL −QJ)(s−1θ)(s−1βj) =

{
−
∑

i≥1
1
i+1θ(s

−1βi)) if j = 0,

θ(s−1βj) if j ≥ 1.

For the right part, a direct computation shows that

sK(s−1δθ)(s−1βj) = 0 if j ≥ 0,
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sK(s−1δθ)(s−1αj) = (−1)|θ|+1
∑

i≥1

(
1
i+1∂Mθ(s

−1βi) + (−1)|θ|θ(s−1αi+1)
)

if j = 1,

(−1)|θ| 1j ∂Mθ(s
−1βj−1) + θ(s−1αj) if j ≥ 2,

s−1δK(s−1θ)(s−1βj) =

{
−
∑

i≥1
1
i+1θ(s

−1βi) if j = 0,

θ(s−1βj) if j ≥ 1,

s−1δK(s−1θ)(s−1αj) =

{
(−1)|θ|

∑
i≥1

1
i+1∂Mθ(s

−1αi) if j = 1,

(−1)|θ|+1 1
j ∂Mθ(s

−1βj−1) if j ≥ 2.

Finally, comparing these expressions, one gets the required equality.

Thus, we have all the data needed to apply Theorem 3.2 and obtain an

explicit L∞ structure on s−1Der(L̂(a, x),M) with brackets {`′k}k≥1 given
by equation (3.2).

We finish by showing that these brackets agree with the ones in (4.1). In
the case k = 2, the formula (3.2) produces the following `′2,

s`′2(s−1η1, s
−1η2)(x) =

(
sJ`2(Q(s−1η1), Q(s−1η2))(x)

−(−1)|s
−1η1||s−1η2|sJ`2(Q(s−1η2), Q(s−1η1))(x)

)
/2

=
1

2

(
s`2(Q(s−1η1), Q(s−1η2))(s−1β1)

−(−1)|s
−1η1||s−1η2|s`2(Q(s−1η2), Q(s−1η1))(s−1β1)

)
/2

=
1

2

(
[η1(a), η2(x)]− (−1)|η2|[η2(a), η1(x)]

)
= (−1)ε

−B1

1!

∑
σ∈S2

ε′[ησ(1)(x), ησ(2)(a)]

 ,

which is precisely `2 of (4.1).
Now, we proceed by induction on k. In order to make formulas clearer we

will omit signs replacing them with ± and we will remove all suspensions
and desuspensions. Note that, by definition of the map K, for k ≥ 2 the
only trees providing a non-trivial contribution to `′k are the trees with k
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leaves of the form

Q Q

`2

KQ

Q `2
K

`2

J

Now, the induction hypotheses for l < k reads

(−1)ε

− Bl−1

(l − 1)!

∑
σ∈Sl

ε′[ησ(1)x, [ησ(2)x, . . . [ησ(l−1)x, ησ(l)a]] . . .]


= `′l(η1, . . . , ηl)(x)

=

∑
σ∈Sl

±J`2(Qησ(1),K`2(. . . ,K`2(Qησ(l−1), Qησ(l)) . . .)(x)

 /2

=
∑
σ∈Sl

σ(l−1)<σ(l)

±J`2(Qησ(1),K`2(. . . ,K`2(Qησ(l−1), Qησ(l) . . .)(x)

=
∑
σ∈Sl

σ(l−1)<σ(l)

∑
i≥0

±1

i+ 1
`2(Qησ(1),K`2(. . . ,K`2(Qησ(l−1), Qησ(l)) . . .)(βi).

By a similar computation we have

`′k(η1, . . . , ηk)(x)

=
∑
σ∈Sk

σ(k−1)<σ(k)

∑
i≥0

±1

i+ 1
`2(Qησ(1),K`2(. . . ,K`2(Qησ(k−1), Qησ(k)) . . .)(βi)

=
∑
σ∈Sk

σ(k−1)<σ(k)

∑
i≥1

±1

i+ 1

[
ησ(1)(x),K`2(. . . ,K`2(Qησ(k−1), Qησ(k)) . . .)(αi)

]

=
∑
σ∈Sk

σ(k−1)<σ(k)

(
±1

2

[
ησ(1)(x),

∑
j≥1

1

j + 1
`2(Qησ(2),K`2(. . .

. . . ,K`2(Qησ(k−1), Qησ(k)) . . .)(αj)
]
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± 1

3

[
ησ(1)x,K`2(Qησ(2), . . .K`2(Qησ(k−1), Qησ(k)) . . .)(α2)

]
± 1

4

[
ησ(1)x,K`2(Qησ(2), . . .K`2(Qησ(k−1), Qησ(k)) . . .)(α3)

]
± . . .

)
=

∑
σ∈Sk

±1

2

Bk−2

(k − 2)!
[ησ(1)x, [ησ(2)x, . . . [ησ(k−1)x, ησ(k)a]] . . .]

+
∑
σ∈Sk

σ(k−1)<σ(k)

(
±1

3

1

2

[
ησ(1)x, `2(Qησ(2),K`2(. . .K`2(Qησ(k−1), Qησ(k)) . . .)(β1)

]

+
∑
σ∈Sk

σ(k−1)<σ(k)

(
±1

4

1

3

[
ησ(1)x, `2(Qησ(2),K`2(. . .K`2(Qησ(k−1), Qησ(k)) . . .)(β2)

]

± . . .
)

Repeating the above argument recursively we finally obtain that

`′k(η1, . . . , ηk)(x) =

= ±
∑
σ∈Sk

(
k−2∑
i=0

Bk−2−i
(k − 2− i)!(i+ 2)!

)
[ησ(1)x, [ησ(2)x, . . . [ησ(k−1)x, ησ(k)a]] . . .]

= ±

− Bk−1

(k − 1)!

∑
σ∈Sk

ε′[ησ(1)x, [ησ(2)x, . . . [ησ(k−1)x, ησ(k)a]] . . .]

 ,

where in the last step we use the recurrence formula for the Bernoulli num-
bers. �

We now see how the homotopy fiber of a given DGL morphism χ : L→M
is the common link of all of the above with the Fiorenza-Manetti mapping
cone of χ, which we now recall. In general, the complex

Cχ = (Cχ, δ), (Cχ)i = Li ⊕Mi−1, δ(l,m) = (∂Ll, χ(l)− ∂Mm),

does not have a DGL structure. However, it can be canonically endowed with
an L∞ structure lifting the Lie algebra structure on L and the differential
of the mapping cone [10, Theorem 1]. Explicitly, this structure is given by

`2(l1, l2) = [l1, l2]L, `2(m, l) =
1

2
[m,χ(l)]M , `2(m1,m2) = 0,

and, for k > 2, the only nonzero higher order brackets are

`k(m1, . . . ,mk−1, l)

= (−1)ε

− Bk−1

(k − 1)!

∑
σ∈Sk−1

ε′[mσ(1), [mσ(2), . . . [mσ(k−1), χ(l)]] . . .]

 ,

where Bi is again the ith Bernoulli number.
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On the other hand, recall that the homotopy fiber of a given DGL mor-
phism χ : L→M is the homotopy pullback of

0

��

L
χ
// M.

To effectively compute this, one has to find a fibrant replacement P →M of
0→M , i.e., one has to replace 0 by a based path object P for M , and then
compute the ordinary pullback. In [10, §3], this replacement is chosen to be
the DGL morphism M ⊗Λ+(t, dt)→M induced by the evaluation at t = 1.
Then, as shown in [10, §3], Cχ and L×MM⊗Λ+(t, dt) are quasi-isomorphic
as L∞ algebras, and this exhibits Cχ as an L∞ model of the homotopy fibre
of χ.

Here we choose a different fibrant replacement, namely, the L∞ morphism

ev : s−1Der(L̂(a, x),M) → M , given by ev(s−1θ) = (−1)|θ|+1θ(a). At the
sight of Theorem 4.1, this is a good path object which geometrically models
the evaluation at the endpoint on based paths.

Next, observe that ev is a strong L∞ morphism and therefore, the com-

ponentwise L∞ structure on the product L × s−1Der(L̂(a, x),M) restricts
to an L∞ structure on the pullback

L×M s−1Der(L̂(a, x),M).

Note that this is not true in general if χ or ev are regular L∞ morphisms.

Thus, both Cχ and L×M s−1Der(L̂(a, x),M) are L∞ models (and there-
fore quasi-isomorphic) of the homotopy fibre of χ. Furthermore, we obtain:

Theorem 4.3. The morphism Ψ: L×M s−1Der(L̂(a, x),M)→ Cχ defined
as Ψ(l, s−1θ) = (l, θ(x)) is a strong isomorphism of L∞ algebras.

Proof. Given an element (l, s−1θ) ∈ L×M s−1Der(L̂(a, x),M), note that θ
is determined by θ(x) since θ(a) = χ(l). It is then clear that Ψ is an iso-
morphism of graded vector spaces. It remains to show that Ψ is compatible
with the brackets defining the L∞ structures. We will denote by {`k} and

{˜̀k} the higher brackets on Cχ and L×M s−1Der(L̂(a, x),M), respectively.

Let (l, s−1θ) ∈ L ×M s−1Der(L̂(a, x),M). Recall that `1 = δ and ˜̀1 =
d. It is easy to check that Ψ is compatible with the differentials, i.e.,
δΨ(l, s−1θ) = Ψd(l, s−1θ). Indeed,

Ψd(l, s−1θ) = Ψ(∂Ll,−s−1δθ) = (∂Ll,−δθ(x))

= (∂Ll,−∂Mθ(x)− (−1)|θ|θ
(∑
k≥0

Bk
k!

adkx(a)
)

)

= (∂Ll,−∂Mθ(x)− (−1)|θ|θ(a))

= (∂Ll,−∂Mθ(x) + γ(l)) = δΨ(l, s−1θ).
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Now we need to show that Ψ is also compatible with the higher brackets.
We will denote by θ = θl,m the derivation defined by θ(a) = χ(l) and
θ(x) = m. For k = 2,

Ψ˜̀2((l1, s
−1θl1,0), (l2, s

−1θl2,0)) = Ψ([l1, l2]L, `
′
2(s−1θl1,0, s

−1θl2,0))

= ([l1, l2]L, s`
′
2(s−1θl1,0, s

−1θl2,0)(x))

= ([l1, l2]L, 0) = `2((l1, 0), (l2, 0))

= `2(Ψ(l1, s
−1θl1,0),Ψ(l2, s

−1θl2,0)),

Ψ˜̀2((0, s−1θ0,m1), (0, s−1θ0,m2)) = Ψ(0, `′2(s−1θ0,m1 , s
−1θ0,m2))

= (0, s`′2(s−1θ0,m1 , s
−1θ0,m2)(x)) = (0, 0)

= `2(Ψ(0, s−1θ0,m1),Ψ(0, s−1θ0,m2)),

Ψ˜̀2((0, s−1θ0,m), (l, s−1θl,0)) = Ψ(0, `′2(s−1θ0,m, s
−1θl,0))

= (0, s`′2(s−1θ0,m, s
−1θl,0)(x)) = (0,

1

2
[m,χ(l)]M )

= `2(Ψ(0, s−1θ0,m),Ψ(l, s−1θl,0)).

The case k > 2 is obtained by a similar computation using (4.1). �
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