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Chapter 1

Introduction

In this dissertation we present a construction of matrix valued polynomials in one vari-
able, with special properties, out of matrix coefficients on certain compact groups. The
construction generalizes the theory that relates Jacobi polynomials to certain matrix co-
efficients on compact groups.

In the present chapter we motivate the research in this dissertation and we give an
outline of the results. To this end, we discuss in Sections and the notion of
matrix valued orthogonal polynomials and how their simplest examples, the scalar valued
orthogonal polynomials, are related to matrix coefficients on compact Lie groups. Once
the definitions and notations are fixed we can formulate the research goal. In Section (1.3
we discuss a spectral problem in the theory of Lie groups. In Section [I.4] we indicate that
for the solutions of the spectral problem there is a general framework of certain functions,
whose structure is determined by a family of matrix valued orthogonal polynomials. In
Section [I.5] we discuss the use of this construction and some of the open questions. We
close this chapter with an overview of the contents of the various chapters in Section [1.6

1.1 Orthogonal polynomials

1.1.1. Let I = (a,b) C R be an interval, possibly unbounded. Let w : I — R be a non-
negative integrable function satisfying [, w(z)dz > 0, where dx is the Lebesgue measure
and suppose that the moments are finite, i.e. [; [t"|w(z)dz < oo for all n € N. Define
the inner product (-, ), on the space of complex valued continuous functions on I by

(fih)w = /I F@)h(z)w(z)dz.

A sequence of orthogonal polynomials on I with respect to (-, -),, is a sequence {pg : d € N}
with pg(z) € C[z] of degree d satisfying (pg, pa’ )w = €ada,q, With cq € R a positive number.
A family of orthogonal polynomials satisfies a three term recurrence relation, i.e. there
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are sequences of complex numbers {aq : d € N}, {bg : d € N} and {¢q : d € N} with the
aq # 0 for which the functional equation

zpq(x) = agpd+1(z) + bapa(x) + capa—1(x) (1.1)

holds on I. Conversely, given a three term recurrence relation one can construct
a sequence of polynomials {py(z) : d € N}. Favard’s theorem gives sufficient conditions
on the coefficients a4, by and cg to guarantee the existence of a positive Borel measure p
so that {pa(x) : d € N} is a sequence of orthogonal polynomials with respect to u. See
e.g. [Chi7§| for an introduction to the theory of orthogonal polynomials.

The classical orthogonal polynomials of Hermite, Laguerre and Jacobi are also eigen-
functions of a second order differential operator that is symmetric with respect to (-, -}
and Bochner showed that this additional property characterizes them among all the fam-
ilies of orthogonal polynomials.

1.1.2. Among the generalizations of the theory of orthogonal polynomials is the theory
of matrix valued orthogonal polynomials in one variable. Matrix valued polynomials are
elements in C[z] ® End(V) where V is a finite dimensional complex vector space. The
space Clz] ® End(V) is a bimodule over the matrix algebra End(V). The Hermitian
adjoint of A € End(V) is denoted by A*.

Let I = (a,b) C R be an interval, possibly unbounded. A matrix weight W on [ is an
End(V)-valued function for which all its matrix entries are integrable functions such that
W (z) is positive definite almost everywhere on I. Suppose that W has finite moments,
ie., that [, |z["|W; (z)|dz < oo for all 7,7 and all n € N, where the integration is entry
wise. Define the pairing

(-, w : Clz] ® End(V) x C[z] ® End(V) — End(V)

by (P,Q)w = [; P(x)*W (2)Q(z)dx. The pairing (-,-)w is called an End(V)-valued inner
product, i.e. it has the following properties.

o (P,QS+ RT)w = (P,Q)wS + (P,RywT for all S,T € End(V) and all P,Q,R €
Clz] ® End(V),

o (P,Q)}y = (Q,P)w for all P,Q € Clz] ® End(V),

e (P,P)yy > 0 for all P € C[z] ® End(V), i.e. (P, P)y is positive semi-definite. If
(P, Pyw = 0 then P = 0.

The right End(V)-module C[z]®@End(V') with the pairing (-, -)w is called a pre-Hilbert
module, see e.g. [Lan95] and [RW98|. A family {P; : d € N} with P; € Clz] ® End(V) is
called a family of matrix valued orthogonal polynomials for (-, -)y if (i) deg P; = d, (ii) the
leading coefficient of P; is non-singular and (iii) (Py, Py)w = Sqdq,ar with Sg € End(V).
Note that Sy is positive definite. The existence of a family of matrix valued orthogonal
polynomials for a given matrix weight W(z) is proved in e.g. [GT07, Prop. 2.4], by a
generalization of the Gram-Schmidt orthogonalization.

2



1.1. Orthogonal polynomials

An important property of a family of matrix valued orthogonal polynomials is that
they satisfy a three term recurrence relation, i.e. there are sequences {4y : d € N}, {By :
d € N} and {Cy : d € N} in End(V') with the A, invertible, such that

de(:c) = Pd_H(.T)Ad + Pd(I)Bd + Pd_l(x)C’d

holds on I. However, for matrix valued orthogonal polynomials with explicit expressions,
the explicit computation of the coefficients may be difficult.

The weight matrix W may be conjugated by an invertible matrix U € End(V) to
obtain a new matrix weight UWU*. We say that the matrix weights W and UWU*
are similar. If W is similar to a matrix weight of blocks, i.e. a matrix weight of the form
diag(Wy, Ws) with W7 and Wa both matrix weights, then we say that W is decomposable.
Otherwise we say that the matrix weight W is indecomposable. If the commutator

{W(x):zel} ={J€End(V)Vz el:W(z)J=JW(z)}
is one-dimensional then the weight is indecomposable.

1.1.3. Assume that I C R is an open interval. A differential operator of order n for the
End(V)-valued functions on I is given by an expression

Ai R

IRIEFE

with A; an End(V')-valued function that acts by multiplication on the left. Let us consider
a second order End(V)-linear differential operator D for which there is a family {Py : d €
N} of matrix valued orthogonal polynomials that are eigenfunctions of D, i.e. there are
elements Aq(D) € End(V) such that

(DPy)(x) = Pa(z)Aa(D). (1.2)

The existence of a matrix weight W together with a second order differential operator
D that has a family of matrix valued orthogonal polynomial as its eigenfunctions, has
been studied by Durdn [Dur97]. He shows that if the eigenvalue Ay acts on the same
side as the End(V)-valued functions of the differential equations, then the matrix weight
W is similar to a diagonal matrix. Hence the interesting examples are those in which
the eigenvalue acts on the other side, as in . At the time there were no examples
available but a few years later plenty examples of these families of polynomials were
found after analyzing the representation theory of the pair of Lie groups (SU(3),U(2)),
see [GPTO01l [GPT02, [(GPTO03|, [GPT04]. A pair (W, D) consisting of a matrix weight W
and a second order differential operator D that has a family of matrix valued orthogonal
polynomials as eigenfunctions is called a classical pair. The notion of a matrix valued
classical pair was first introduced in [GPT03] and examples of classical pairs with a non-
diagonalizable weight are given there. Other examples of classical pairs are given in
e.g. [DGO5a].
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Given a matrix weight W and a family {P; : d € N} of matrix valued orthogonal
polynomials we define D(W) as the algebra of differential operators that have the family
of matrix valued orthogonal polynomials as eigenfunctions. This algebra is not always
commutative, see e.g. Chapter [4] See also [GT07] for more results on D(W).

Finally, we note that the convention on left and right that we use in this dissertation
is opposite to the conventional one in the literature on matrix valued orthogonal poly-
nomials. To pass from one choice to the other one has to take Hermitian adjoints in the
appropriate places. We have two arguments in favor of our choice. The first is that the
examples of matrix valued polynomials that we present in this dissertation are in fact
vector valued polynomials that are put carefully in a matrix. The differential operators
that act on the matrix valued polynomials, actually act on the columns from the left.
Moreover, the vector valued polynomials in the columns are eigenfunctions, with scalar
eigenvalues, which translates to a diagonal eigenvalue for the matrix valued polynomials
that acts on the right. A second argument in favor of our choice is that the theory of
matrix valued orthogonal polynomials can be expressed in terms of Hilbert C*-modules,
in which it is customary to have the C*-algebra-valued inner product linear in the second
variable.

1.2 Realization as matrix coefficients

1.2.1. The family of Jacobi polynomials {Péo"ﬁ) : d € N} in one variable is an example
of a family of (scalar valued) classical orthogonal polynomials. The Jacobi polynomials
have two real parameters a > —1 and § > —1 and they are defined as follows. On
(—1,1) the function w(z) = (1 — 2)*(1 + x)? is positive, so (p,q) = filp(x)q(x)w(x)dx
defines an inner product on the space of real-valued polynomials in one variable. Using
the Gram-Schmidt process on the basis of polynomials {1,x,z2, ...}, we obtain a family
of orthogonal polynomials whose members are explicitly given by

(a+1)q P <—d,d+a+5+1 . 1—m)

B
Pd(a )(SC): d! 2471 a+1 ) 2

where o F} is the hypergeometric function defined by

k=0

where (a)r = a-(a+1)---(a+k—1) is the Pochhammer symbol. The Jacobi polynomials
satisfy a three term recurrence relation

xPéa’ﬁ)(a:) = adPéi’lﬁ)(x) + deéa’B)(x) + chtgf’lﬁ) ()

of which the coefficients can be expressed in «, 8 and d. Moreover, the Pd(a’ﬁ)(x) are

eigenfunctions of the differential operator

2

(1_4’3)2;?‘*‘(5—04—(&4-3-&-2)33)% (1.3)
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with eigenvalue —d(d + a+ 8+ 1).

1.2.2. For the special choice a = 8 = % and a renormalization, we obtain the Chebyshev

polynomials of the second kind,

—d,d+2 1—=x
Ud(z)(d+1)2F1( 3 5 B >
2

The orthogonality is given by (Ug,Us) = §daqr and the three term recurrence relation is
given by 2xUq(z) = Ugs1(x) + Ug—1(x) with starting values Up(z) = 1 and U; (z) = 2.
Moreover, Ug(cos(t)) = sin((d + 1)t)/sin(¢), which is Weyl’s character formula for the
compact Lie group SU(2). The group SU(2) consists of unitary 2 x 2 matrices with de-
terminant one and we study SU(2) via its irreducible representations: homomorphisms
g SU(2) — GL(H) where H is a finite dimensional complex vector space without non-
trivial SU(2)-invariant subspaces. The subgroup of diagonal matrices u, = diag(e’, e~%)
in SU(2) is a circle that we denote by T. The irreducible representations of SU(2) are
parametrized by ¢ € %N and the corresponding representation spaces H' are 2¢ + 1-
dimensional. Moreover, the space H* has an SU(2)-invariant Hermitian inner product
(+,+). Let us denote an irreducible representation by 7,. Such a representation is com-
pletely determined by the restriction of its character x; : T — C : up — tr(me(uy)).
We have xy(ui) = Uae(cos(t)), which shows that the characters of SU(2) are Chebyshev
polynomials (in the coordinate & = cos(t)).

1.2.3. The restricted characters of SU(2) can also be obtained in another way. Let us
denote G = SU(2) x SU(2) with subgroup K = SU(2) embedded via i : K — G : k —
(k, k). The irreducible representations of G are parametrized by two half integers (¢1,¢2).
The pair ({1, ¢2) corresponds to the representation 7y, ¢, = 7, ® 7y, acting on the space
H%% = H% @ H* and (-,-) denotes a G-invariant Hermitian inner product on H* ‘2.
The representation 7y, ¢, 07 : K — GL(H®**2) is not irreducible in general, but it is
isomorphic to the direct sum of irreducible representations of K, given by the familiar
Clebsch-Gordan rule

01402
H* "=  H" (1.4)
0=, —15|

The trivial representation K — GL(C) corresponds to £ = 0. The trivial representation
occurs in the decomposition if and only if ¢; = #5. In this case, with {1 = 5 = ¢,
there is a vector vy € H%* of length one with the property that mee(k)vg = vg for all
k € K. Consider the matrix coefficient

0,0

m
V0,v0

:G — C: g (vo,mee(g9)vo),

which is K-bi-invariant. It is called an elementary zonal spherical function associated
to mee and it is related to the character x, of SU(2) as follows. Let ¢ : G — SU(2)
be defined by v¥(ki,ke) = klk‘;l. The fiber of ¥ at the identity is K and we obtain
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a diffeomorphism ¢ : G/K — SU(2). We have yy 09 = (20 + 1)m&*, . In fact, the
inverse image A of T under the map v is a one-dimensional torus. The group G admits a
decomposition G = K AK, i.e. we can write every element g € G as a product g = kyaks
for some ki,ks € K and a € A. This implies that mﬁfwo

its restriction to A. The Chebyshev polynomials are now related to the elementary zonal
spherical functions of the pair (G, K).

is completely determined by

1.2.4. In we have seen that the Chebyshev polynomials of the second kind can
be realized as matrix coefficients on a compact group, restricted to a suitable torus.
It can be shown that the second order differential operator for which the Chebyshev
polynomials are eigenfunctions comes from a differential operator, the Casimir operator,
that acts on functions on SU(2) x SU(2). Koornwinder [Koo85| observed that in a similar
fashion, certain matrix coefficients of SU(2) x SU(2), carefully arranged in a matrix, when
restricted to a suitable torus, give matrix valued polynomials (in coordinate = = cos(t)).
In Chapters |4 and |5 the polynomials of Koornwinder from [Koo85| are further developed
into a family of matrix valued orthogonal polynomials satisfying a second order differential
operator. In [GPT02] and [PTZ12] families of matrix valued orthogonal polynomials are
found by means of solving differential equations associated to the pair (SU(3),U(2)) and
(SO(4),S0(3)) respectively.

1.2.5. The goal of this dissertation is to present a uniform construction of a family
of matrix valued orthogonal polynomials {P; : d € N} together with a commutative
algebra D of differential operators, whose elements have the polynomials P; as joint
eigenfunctions, with the eigenvalues being diagonal matrices acting on the right. The
construction generalizes the theory that relates Jacobi polynomials in one variable to
certain matrix coefficients on compact groups. Moreover, the examples that we discussed
in [[.2.4] fit into our construction.

1.3 The spectral problem

1.3.1. Our construction is based on the analysis of a spectral problem in the theory of
compact Lie groups. Given a compact connected Lie group we identify the irreducible
representations by their highest weights. From this point on we assume that the reader
is more or less familiar with these notions.

The main ingredient of our construction is a triple (G, K, 1) consisting of a compact
connected Lie group G, a closed connected subgroup K C G and an irreducible K-
representation 7 of highest weight p with the property that the induced G-representation
ind?((T) is a multiplicity free direct sum of irreducible representations of G. Such a triple
is called a multiplicity free triple. The only examples that we know have the following
additional property: wu lies in a face F' of the positive integral weights with the property
that for every element u' € F the triple (G, K, u') is a multiplicity free triple. Such a
triple (G, K, F) is called a multiplicity free system.

6



1.3. The spectral problem

G K Asph faces I
SUn+1) n>1 U(n) w1 + Wy any
SO(2n) n>2 SO(2n —1) w1 any
SO(2n+1) n>2 SO(2n) w1 any
Sp(2n) n >3 | Sp(2n —2) x Sp(2) wa dimF <2
Fy Spin(9) w1 dim F <1 or
F = Nw; + Nws
Go SU(3) w1 dimF <1

Table 1.1: Compact multiplicity free systems of rank one. In the third column we have
given the highest weight Aspn € ng of the fundamental zonal spherical representation in
the notation for root systems of Bourbaki [Bou68, Planches], except for the case (G, K) =
(804(C),S0O3(C)) where G is not simple and Aspn = w1 + w2 € PCJTC = Nw; + Nwos.

Examples of multiplicity free systems are (G, K,0) with (G, K) a Gel'fand pair. In-
deed, the definition of a Gel’fand pair is that the trivial K-representation 7y occurs with
multiplicity at most one in the restriction of any irreducible G-representation to K. Us-
ing Frobenius reciprocity we see that this is the same as ind%(TO) being a multiplicity
free G-representation. The rank of a Gel’fand pair is the dimension of G/K minus the
dimension of the maximal K-orbit in G/K.

The spectral problem is to find all multiplicity free systems modulo a suitable equiv-
alence relation among them. We have solved this problem successfully for the triples
(G, K, F) with (G, K) a rank one Gel'fand pair. The classification is presented in Table
In [HNOO12] a classification of multiplicity free systems (G, K, F') is presented with
(G, K) a symmetric pair of arbitrary rank.

1.3.2. We have used two techniques to prove the classification of multiplicity free systems
(G, K, F) with (G, K) a rank one Gel'fand pair. The first one amounts to translating the
problem in terms of complex algebraic groups. The notion of Gel’fand pairs of compact
groups translates to that of spherical pairs of reductive groups. A pair (G¢, K¢) of
reductive algebraic groups is called a spherical pair if a Borel subgroup B C G¢ has an
open orbit in the quotient G¢/Kc. A face F' of the dominant integral weights of K¢
corresponds to a parabolic subgroup P C K¢. The problem of showing that some triple
(G, K, F) is or is not a multiplicity free system boils down to show the (non)-existence of
an open orbit of a Borel subgroup of G¢ in the space G¢/P. We used this technique to
prove the statement on the multiplicity free systems involving the symplectic groups.
The second technique is to analyze the branching rules in a sophisticated manner.
The compact Gel’fand pairs of rank one have the property that there is a one-dimensional
torus A C G such that there is a decomposition G = KAK. This means that for each
g € G there are elements ki, ks € K and a € A with g = kjaks. Let M = Zi(A), the

7



Chapter 1. Introduction

centralizer of A in K. Under the hypothesis that (G, K) is a rank one Gel'fand pair we
show that (G, K, F) is a multiplicity free system if and only if the restriction to M of
every irreducible K-representation of highest weight u € F decomposes multiplicity free.
We use this technique to prove the statements on the multiplicity free systems involving
exceptional groups.

1.3.3. The determination of the multiplicity free systems (G, K, F) with (G, K) a rank
one Gel'fand pair is not enough for our purposes. We need more precise information.
Given such a system (G, K, F)) we want to determine, for a fixed pu € F, the irreducible
G-representations whose restriction to K contains an irreducible representation of highest
weight p. We denote the dominant integral weights of G and K by PG+ and P; respec-
tively. The highest weights of the G-representations that contain a K-representation of
given weight u is denoted by P (u).

A branching rule for a pair (G, K) of compact groups describes the irreducible K-
representations that occur in the restriction of any irreducible G-representation. Deter-
mination of PJ (u) amounts to inverting the branching rules for the pair (G, K).

81)\

Figure 1.1: Branching from Gs to SL3(C) on the left and the p-well on the right.

1.3.4. Consider the pair (Gg, SU(3)), which is a Gel’fand pair of rank one. The irreducible
representations of Gy and SU(3) are parametrized by PCJ;Q and P;U(S) which are monoids
generated over N by {1, @2} and {w1,ws} respectively, which are depicted in Figure[1.1]
The picture on the left in Figure [L.1| shows in the gray area all the SU(3)-representations

8



1.3. The spectral problem

that occur in the restriction of a Go-representation of highest weight A\. More precisely,
we should only look at the integral points in the gray area. There are also multiplicities
involved: the multiplicities are one on the outer hexagon, and increase by one on each
inner shell hexagon, until the hexagon becomes a triangle and then multiplicities stabilize.
From this picture we see that the two faces F that yield multiplicity free systems, are wiN
and wyN. The picture on the right in Figure also shows what the P;'U(S)(,u) should be
for the indicated p.

1.3.5. We close this section with an observation that is very important for the construc-
tion of matrix valued orthogonal polynomials. For p = 0, the set PCJTC (0) is a monoid over
N whose generator Agpp, is called the spherical weight. This means that the restriction
to K of the irreducible G-representation of highest weight Asp, contains the trivial K-
representation. Moreover, Agpp is the smallest weight with this property. We denote this
representation by mgph.

We show that if A € PZ (i), then A + Aspn € P2 (). For every X € PZ(u) there is a
minimal element v € PZ (i) with the property that A = v + dA\spn and v — Agpn & P (1)
The set of these elements v is finite, and we denote it by B,,.

The set P (u) is of the form N x By, i.e. there is an isomorphism of sets
A:Nx B, —>Pg(,u) 2 (d,v) = v+ dAsph-

See the picture on the right in Figure for an illustration of the set Pg (u). We call
P (p) the p-well and we call B,, the bottom of the p-well.

We say that an element \(d,v) € PZ(u) is of degree d. The finite set B, C Pg
inherits the standard partial ordering of PC";' , and together with the standard ordering on
N, we obtain a partial ordering <, on PJ (u):

)\(dl,l/l) jli )\(dg,l/g) == d1 < d2 V (d1 = d2 Av; X I/Q).

This ordering first looks at the degree and then at the partial ordering on the bottom
B,,. Every p-well that we encounter in Table exceptﬂ for the case G = Fy, is of this
shape and we are able to determine all the bottoms explicitly.

Let (G, K, F) be a multiplicity free system with (G, K) a Gel’fand pair of rank one,
with G other than Fy, and let u € F. Let A € P& (u) and let 7 be an irreducible G-
representation of highest weight A. Consider the tensor product 7 ®mgpn. Suppose that 7’
is an irreducible representation of G of highest weight A’ that occurs in the decomposition
of m® mepn. If N € Pg (p), then A — Agpn <, X' <, A+ Agpn, which we prove in Theorem
2.4.2)

LA few days before printing we discovered that there are good faces other than {0} in this case.
Unfortunately there was no time left to analyze the p-wells in these cases.

9
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1.4 The general construction in a nutshell

In this section we fix a multiplicity free system (G, K, F') with (G, K) a rank one Gel’fand
pair and G not of type Fy. We also fix an element © € F and an irreducible K-
representation 7 of highest weight u. Let V denote the representation space of 7.

1.4.1. Let R(G) denote the algebra of matrix coefficients on G and consider the action
of K x K on R(G) ® End(V) given by

(k1 k2)®)(g) = 7(k1)®(ky ' gha)7(ka) ™",

where @ is a map G — End(V'). The functions that are fixed under this action are called
spherical functions of type p. Let E* denote the space of spherical functions of type p.
Typically, a spherical function of type u is obtained as follows. Let A € Pg(u) and let
7w be the corresponding representation of G in the space V). There is a K-equivariant
embedding b : V — V) and its adjoint b* : V), — V is also K-equivariant. Define
@) : G — End(V) by

Ph(g) =b"om(g)ob.

The function @Y is called an elementary spherical function of type p associated to \ €
ng (). The elementary spherical functions of type p constitute a basis of E#. The partial
ordering <,, on P (u) induces a grading on E*.

A special instance of an elementary p-spherical function is @gsph, which we call the
fundamental zonal elementary spherical function. We denote this (scalar) valued function
by ¢. Note that ¢ is K-bi-invariant. The space E° of spherical functions of type 0 is
called the space of zonal spherical functions. E° is the space of K-bi-invariant functions
in R(G) and it is isomorphic to C[g].

1.4.2. Let A € PA(p). Then the function g — ¢(g)®4(g) is in E#. In fact, we show that
it is a linear combination of functions ®%, with A" € Pg (p) satisfying A — Agpn <0 N =<,
A+ Agpn. This implies that E# is an E% module. Moreover, multiplication with ¢ respects
the grading. We deduce that E* is a free E°-module with |B,.| generators, B, being the
bottom of the pu-well. Hence we can express an elementary spherical function of type u
as an E°-linear combination of the |B,| elementary spherical functions of degree zero.

1.4.3. The final step in the construction is restricting the u-spherical functions to the
torus A C G that we have discussed before. The torus A is one-dimensional and we
have a decomposition G = K AK. In view of their transformation behavior, the spherical
functions of type u are completely determined by their restrictions to A. We show that the
restricted elementary spherical functions of type p of degree zero are linearly independent
in each point of a dense subset A,,_..; of A. Applying the base change in each point to
P gives a family of vector valued polynomials functions on A that we denote by Q4. The
functions Q% are polynomial in ¢ and if A = A(d,v) is of degree d then there is exactly
one entry of @ that is a polynomial in ¢ of degree d.

10
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1.4.4. The matrix valued polynomials Q! are obtained by arranging the |B,| vector
valued functions Q% of the same degree in a matrix. This yields a matrix valued function
whose entries are polynomials in ¢. Upon writing Q%) (a) = P} (x) for = ¢(a) we obtain
a family of matrix valued polynomials whose leading coefficient (that of z%) is invertible.

Let I C R denote the image of A under the fundamental zonal spherical function ¢.
We show that (possibly after rescaling I = [—1,1]), {P} : d € N} is a family of matrix
valued orthogonal polynomials with respect to a matrix weight W#(x) that is of the form
(1 — 2)*(1 + z)PW*H(z) with suitable values for o and 8 and with W#(z) a self-adjoint
matrix valued polynomial. Moreover, we show that there is a commutative algebra of dif-
ferential operators D(W*) for which the polynomials P} are simultaneous eigenfunctions,
i.e. DP; = P;A4(D) for a diagonal matrix I'4(D) whose entries are polynomial in d. This
algebra is a quotient of the algebra U(gc)®c, the subalgebra of the universal enveloping
algebra of gc, that centralizes £c. The map to D(IW*#) is given by taking radial parts, a
conjugation by the base change and a substitution of variables. Note that the Casimir
operator is in U(gc)t. We denote its image in D(W*) by Dq . We have constructed
in a uniform way a family of matrix valued orthogonal polynomials. Moreover, the pairs
(W#, Dq,,,) are classical.

1.5 Applications and further studies

1.5.1. The construction of matrix valued orthogonal polynomials that we presented in
Section [T.4] boils down to the construction of the particular Jacobi polynomials that we
discussed in[I.2.3] if we take = 0. Moreover, we show that the matrix valued orthogonal
polynomials of Griinbaum et. al. [GPT02| are closely related to the ones constructed in
this dissertation, for the corresponding multiplicity free triple.

1.5.2. In the particular examples [GPT02] and Chapters |4| and [5| of this dissertation, the
results are very explicit, i.e. one can obtain very explicit expressions for the coefficients
that are involved. The coefficients that are involved are mostly Clebsch-Gordan coeffi-
cients for the various tensor product decompositions and it is not likely that we can be
as specific for the other multiplicity free triples.

1.5.3. It would be desirable to have a better understanding of the following aspects of
the weight functions. The first is that we would like to know whether or not W#(z) is
indecomposable. In the case (SU(2) x SU(2),SU(2)) that we studied in Chapter [4| we
know that the weight decomposes into two indecomposable blocks. This decomposition
is closely related to the Cartan-involution for the symmetric pair (SU(2) x SU(2),SU(2))
and we expect that the only decomposable matrix weights W# come from multiplicity
free triples (SO(2n),SO(2n — 1), ). Moreover, we expect that they are decomposable
into no more than two blocks.

We are also interested in the points where the determinant of W* is zero. We expect
that the critical values of ¢ are the only points where this happens. Indeed, if there are

11
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more singularities then we expect that the conjugated differential operators would detect
them. However, there seem to be no other singularities. It would be interesting to learn
more about this matter.

1.5.4. The examples that we have constructed have many hidden properties, see e.g.
all the very particular results in Chapter [5| on decompositions of the weight. We found
for example the LDU-decomposition of the weight W, i.e. a decomposition W(z) =
L(z)D(x)L(z)* with L(z) a lower triangular matrix valued polynomial and D a diagonal
matrix valued function. It would be interesting to see what the L DU-decomposition of the
weight means on the level of the Lie groups. Having a good control over these examples
may be fruitful if we want to understand the general matrix valued polynomials of Jacobi
type, introduced by Griinbaum and Durén in [DG05a).

1.5.5. The algebras D(W*#) and D(W) are not yet understood in sufficient detail. It
would be interesting to learn about a global description of these algebras and what the
precise role is of the elements other than the images of the Casimir operator.

1.6 This dissertation

This dissertation consists of two parts. In Part I we make the results that we discussed
in Sections [1.3| and precise. This material originates from collaborating with Gert
Heckman. A joint article is in preparation.

Part II consists of two articles [KvPRIIl [KvPR12] that are written in collaboration
with Erik Koelink and Pablo Roman. The article in Chapter 4] has been accepted for
publication by International Mathematical Research Notices with the title “Matrix-valued
orthogonal polynomials related to (SU(2) x SU(2), diag)”. The article in Chapter [5| has
been submitted with the title “Matrix-valued orthogonal polynomials related to (SU(2) x
SU(2), diag), II”. Time constraints forced the author to put the articles integrally in this
dissertation, instead of redirecting them into one new chapter.

e Chapter 2: Multiplicity Free Systems. In this chapter we define multiplicity
free triples (G, K, u) and multiplicity free systems (G, K, F'). We classify the multi-
plicity free systems (G, K, F') with (G, K) a rank one Gel’fand pair. Moreover, we
describe the spectrum P () that we associate to a multiplicity free triple (G, K, F)
with G other than F, and we equip it with a partial ordering. We show that this
partial ordering behaves well with respect to taking the tensor product with mgpn,
the fundamental spherical representation.

e Chapter 3: Matrix Valued Polynomials associated to Multiplicity Free
Systems. Given a multiplicity free triple (G, K, 1) we introduce spherical functions
of type u. We explain the construction of a family of matrix valued orthogonal
polynomials starting from a multiplicity free system (G, K, F'), with (G, K) a rank
one Gel'fand pair with G other than F,, and an element p € F. We obtain some
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explicit results about the matrix weight and we obtain a commutative algebra of
differential operators for which the matrix valued polynomials are simultaneous
eigenfunctions.

Chapter 4: Matrix Valued Orthogonal Polynomials related to (SU(2) x
SU(2),SU(2)), I. We continue the work of Koornwinder by constructing families
of matrix valued orthogonal polynomials out of the vector valued polynomials in
[Koo85]. We show that Koornwinder’s polynomials are the same as the ones we
construct, but our construction in this chapter is closely related to the construction
in Chapter Using Magma we obtain expressions for second order differential
operators that have the matrix valued orthogonal polynomials as eigenfunctions.
In fact, we find non-commuting differential operators and differential operators of
order one among them. We also show that the matrix weight decomposes into no
more than two blocks of matrix weights

Chapter 5: Matrix Valued Orthogonal Polynomials related to (SU(2) x
SU(2),SU(2)), II. We continue study of Chapter [i] by deducing the differential oper-
ators from the group theory. This amounts to calculating radial parts as in [CM82],
a base change and a substitution of variables. We explain where the differential oper-
ator of order one comes from. Moreover, we find a remarkable L DU-decomposition
for the matrix weight. This decomposition easily implies our previous conjecture
about the determinant of the matrix weight. The L DU-decomposition also provides
a link to the (scalar valued) Gegenbauer and Racah polynomials. Moreover, we ex-
press the matrix valued polynomials as matrix valued hypergeometric functions in
the sense of Tirao [Tir03].
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Chapter 2

Multiplicity Free Systems

2.1 Introduction

2.1.1. Let (G, K) be a Gel'fand pair of algebraic reductive groups over C, i.e. the re-
striction of any irreducible rational representation = : G — GL(V') decomposes into a
direct sum of irreducible rational representations of K and the multiplicity of the trivial
K-representation is at most one. The algebra of matrix coefficients of G that are K-bi-
invariant is isomorphic to a commutative algebra of Krull-dimension r, the rank of the
pair (G, K). If we assume furthermore that (G, K) is a symmetric pair with G simply
connected and both G and K connected, then the algebra of matrix coefficients of G that
are K-bi-invariant is isomorphic to a polynomial algebra with r generators. Under this
isomorphism the matrix coefficients can be identified with Jacobi polynomials. The Ja-
cobi polynomials in one variable enjoy many special properties: they satisfy a three term
recurrence relation, they are eigenfunctions of a second order differential operator and if
we consider them on the compact form Go C G then they lead to a system of orthogonal
polynomials. Moreover, all the explicit expressions are known, see [KLS10, Ch. 9.8]. In
Chapter [3| we generalize the construction of these Jacobi polynomials in one variable to
a construction of vector and matrix valued polynomials that enjoy properties similar to
those of the Jacobi polynomials. In the present chapter we investigate the ingredients for
this construction which are multiplicity free triples (Definition . A multiplicity free
triple consists of a pair of connected reductive complex algebraic groups K C G and an
irreducible rational representation of K that plays the role of the trivial representation
in a Gel'fand pair: it occurs with multiplicity at most one in the decomposition of the
restriction of any irreducible rational representation of G to K. The multiplicity free
triples that we know have the property that we may vary the K-type in a monoid that
is contained in a face of a Weyl chamber of K, without losing the multiplicity property.
This defines what we call a multiplicity free system (Definition and we study these
systems by means of parabolic subgroups of K. We classify the multiplicity free systems
of rank one and we obtain the explicit data concerning the involved representations that
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we need in Chapter

All algebraic groups and varieties in this section are over the complex numbers. Ref-
erences for notions in the theory of algebraic groups are [Bor91l [HumS&81l [Spr09].

Definition 2.1.2. Let G be a connected reductive algebraic group and let X be a homo-
geneous G-variety. Then X is called a spherical G-variety if X admits an open B orbit
for some Borel subgroup B C G. Let H C G be a closed connected subgroup. The pair
(G, H) is called a spherical pair if the quotient G/H is a spherical G-variety. We call a
spherical pair (G, K) reductive if both G and K are reductive.

Proposition 2.1.3. Let (G, H) be a spherical pair. If H' C G is a subgroup with H C H'
then (G, H') is also a spherical pair.

PROOF. There exists a Borel B C G such that B has an open orbit in G/H. Equivalently,
the action of B x H on G given by (b, g, h) + bgh~! has an open orbit in G which implies
that the action of B x H' on G also has an open orbit. Hence (G, H') is a spherical
pair. [

2.1.4. Let (G, K) be a reductive spherical pair and let X = G/K, which is an affine
variety with coordinate ring C[X] = C[G]¥, the algebra of matrix coefficients that are
invariant for the right regular representation of K. As a G-module, C[X] is isomorphic to
a direct sum of irreducible rational G-representations. The fact that X is a G-spherical
variety is equivalent to C[X] being a multiplicity free G-module, i.e. the multiplicity of
any irreducible representation of G in the decomposition of C[X] is at most one. The
irreducible representations that occur in the decomposition of C[X] are precisely those
with a vector v in the representation space V that is fixed by K. It follows that a pair
(G, K) of connected reductive groups is a Gel'fand pair if and only if it is a reductive
spherical pair. In general a G-homogeneous variety X is a spherical variety if and only
if for every G-homogeneous line bundle L — X the space of global sections I'(X, L)
decomposes multiplicity free as a G-module.

2.1.5. An isogeny ¢ : G — G’ is a surjective group homomorphism with finite kernel.
Two groups G, G’ are called isogenous if there is an isogeny in one of the directions and
this generates an equivalence relation. A pair (G, K) with K C G is isogenous to a pair
(G', K') if G is isogenous to G’ and restriction to K and K’ yields an isogeny. If (G, K1)
and (Gg, K2) are spherical pairs then so is (G x Ga, Ky x K3). A spherical pair of the
form (G x Ga, K1 x K3) is called decomposable. A spherical pair that is not isogenous
to a decomposable spherical pair is called indecomposable.

Mikityuk [Mik86] and Brion [Bri87] classified (independently) the indecomposable
reductive spherical pairs modulo isogenies. One part of the classifications had already
been done by Kramer [Kra79] who classified the spherical pairs (G, K) with G simple and
K reductive. The list of indecomposable reductive spherical pairs consists of 22 families
(Gp, Ky,) of which 15 have G,, simple, and 21 pairs (G, K) of which 20 have G simple.
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2.1.6. We fix notations for the representations of a connected reductive group G over C
of semisimple rank n. Let B C G be a Borel subset and let T' C B be a maximal torus.
The Lie algebra of G is denoted by g and the Lie algebra of T' by t. Let 34 denote the
center of g and denote g’ = [g, g]. We have g = 3,®¢’. The roots of G are denoted by Rg.
The choice for B fixes a notion of positivity and we get a system of simple roots IIg and
a set of positive roots Rg C Rg. The Weyl group of the root system is denoted by W.
The fundamental weights that correspond to the roots a; € Rg are denoted by w;. The
dual 35 of 34 is isomorphic to a number of dim 34 copies of C. The weight lattice Pg is a
full sublattice of Z4™3s @ span,{w; : i = 1,...,n} because there is a finite covering of G
by é, the direct product of the center of G and the simply connected covering G’ of G’ ,
the semisimple part of G. Denote V' = Pg ®7 R. Let (-,-) denote the pairing on V' dual
to the Killing form. The choice for B also determines a positive Weyl chamber Cég and
a set of positive weights Pg . A relatively open face f C Cg gives a subset F' = fN Pg
of Pg which we call a (relatively open) face of Pg . The elements in Pg correspond to
irreducible rational representations of G via the theorem of the highest weight. If G is
semisimple we denote by A < X\’ the partial ordering on Pg defined by A’ — X\ being an
N-linear combination of positive roots.

2.1.7. A reductive spherical pair (G, K) gives an affine G-homogeneous space X = G/K
and the G-module C[X] decomposes multiplicity free. The highest weights of the irre-
ducible representations that occur in the decomposition constitute a subset Pg (0) C Pg
where the zero refers to the highest weight of the trivial K-representation. The set Pg (0)
is called the spherical monoid (over N) because it is closed under addition and 0 € PZ (0).
The number of generators of PZ (0) is in general > r, the rank of the pair (G, K). How-
ever, the dimension of the cone generated by PCJYC (0) is always r. Kramer [Kra79] provides
the generators of PZ(0) for the reductive spherical pairs (G, K) with G simple for the
cases in which PC‘;Ir (0) is generated by r elements. In the two other cases he provides the
general expression for the elements in PZ (0).

Let (G, K) be a reductive pair, let u € Pit, A € Pg;' and let 7, and 7y be irreducible
representations of K and G of highest weights p and X respectively. We denote mf’K(,u) =
[Txlx @ 7u]. the number of copies of 7, in the restriction of my to K. The following

definition generalizes the notion of a Gel’fand pair.

Definition 2.1.8. A triple (G, K, u) consisting of a connected reductive algebraic group
G, a closed connected reductive subgroup K C G and a weight p € P;g is called a multi-
plicity free triple if mf’K(,u) <1 forall X € Pg.

Example 2.1.9. Consider the spherical pair (SL,,11(C), GL,,(C)) where the embedding
GL,(C) — SL,,11(C) is given by x ~ diag(x,det 2=1). Let m be any irreducible rational
representation of SL,41(C). From the classical branching rules (see e.g. [Kna02l, Ch. IX])
it follows that the restriction of 7 to GL,,(C) decomposes multiplicity free. In particular,
miL"“(C)’GL”(C)(u) < 1 for all X € PSE’L(C) and all p € PgL"(C). This implies that
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((SLy41(C), GL,(C)), 1) is a multiplicity free triple for every p € PgLn,(C)' Similarly,
(SO,(C),S0,,-1(C), u) is a multiplicity free triple for every u € PSJFOW](C).

A multiplicity free triple has no geometrical counterpart in the sense of Gel’fand pairs
versus spherical pairs. In Section [2.2] we define multiplicity free systems by imposing
further conditions on the K-type p. This notion does have a geometrical counterpart.
Before we come to this point we discuss some results in representation theory.

2.1.10. Let (G, H) be a pair of connected algebraic groups with H C G a closed subgroup
and G reductive and let 7 : H — GL(V') be a rational finite dimensional H-representation.
The group H acts on the space G x V by h(g,v) = (gh~*, 7(h)v). The quotient G x, V is
a G-homogeneous vector bundle over the homogeneous space G/H. Any G-homogeneous
vector bundle E — G/H is of this form where the H-representation is given by the
representation of H in the the fiber of F — G/H over the point eH, for e € G the neutral
element.

The global sections of the bundle G x, V correspond to elements in C[G] ® V that
are invariant for the H-action defined by (k- f)(g) = 7(h)f(gh~!). We denote this space
by ind% (V). The left regular representation of G on ind% (V) is denoted by ind% (7)
and it is called the induced representation of 7 to G. The induction procedure is a
functor indg from the category of rational H-representations to the category of rational
G-representations. Given G-representations 7,7’ in V and V' respectively, we denote
dim(Homg(V, V")) by [r : 7’/]. If 7 is irreducible then [r : 7] is the number of copies
of 7 in the decomposition of V' as a direct sum of irreducible G-representations. The
restriction functor res}CZ:,7 which associates to a rational G-representation its restriction to
H, is a left adjoint for ind$. This implies Frobenius reciprocity: we have [ind%(7) : 7] =
[res () : 7]. See [Jan03, Ch. 3].

A special instance of induced representations is the realization of irreducible rational
representations of reductive connected algebraic groups. See e.g. [DK00, Ch. 4].

Theorem 2.1.11 (Borel-Weil). Let G be a connected algebraic group, B C G a Borel
subgroup, T C B a maximal torus and let A € Pg. Let x_ : T — C* be the character
of weight —X\. Let P C G be the standard parabolic subgroup associated to the subset
of simple roots a € g with the property that (A\,a) > 0. The extension of x—x to a
character of B by letting it be trivial on the unipotent part is denoted by x_» : B — C*.
We denote the similar extension of x_x to a character of P by x_» : P — C*.

e The rational G-representation ind$(x_») is irreducible of highest weight —sa(\),
where sqg € Wg 1s the longest Weyl group element.

e The rational G-representation ind%(x_») is irreducible of highest weight —sg(\).
The map G/B — G/P induces an isomorphism ind$(x_») — ind$(x_») which is
G-equivariant.

2.1.12. The irreducible representation of highest weight —sg A is dual to the irreducible
representation of highest weight A. In Theorem[2.1.11{we associated to an element \ € Pg
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a unique parabolic subgroup P. Note that the elements in an open face F' C Pa? all yield
the same parabolic subgroup.

2.2 Multiplicity free systems

Definition 2.2.1. A multiplicity free system is a triple (G, K, F) with G a connected
reductive algebraic group, K C G a closed connected reductive subgroup and F C P;g a
non-empty relatively open face of PI‘E such that for every weight u € F the triple (G, K, 1)
is a multiplicity free triple.

Example 2.2.2. Example shows that (G, K, P;g) is a multiplicity free system for
(G,K) = (SL,+1(C),GL,(C)) and (SO,+1(C),S0,(C)).

Theorem 2.2.3. Let (G, K) be a pair of connected reductive groups with K C G a closed
subgroup and let F' C PI'(|r be a relatively open face. Denote by P C K the parabolic
subgroup that is associated to the face —si(F) (as in Theorem[2.1.11)). Then (G,K,F)
is a multiplicity free system if and only if (G, P) is a spherical pair.

PROOF. Suppose that (G, K, F) is a multiplicity free system and let L — G/P be
a G-homogeneous line bundle. By we need to show that the G-module I'(G/P, L)
decomposes multiplicity free. We may assume that I'(G/P, L) = indgx for some character
x of P. The character x is of the form x = x, for some ;1 € Pg. The functoriality of
ind implies that indgxu = ind% (ind% (xu)) as a G-representation. Hence, if —pu & Pjt
then L — G/P has no nonzero global sections and the claim is vacuously true. We may
assume that —u € P and in fact u € sk (F). Theorem implies that ind% (x,.)
is an irreducible K-representation of highest weight sx(u) € F. Let m be an irreducible
G-representation of highest weight A. Since (G, K, F) is a multiplicity free triple we
have mf’K(—SK(,u)) < 1. Frobenius reciprocity implies mf’K(—sK(u)) = [Ind%(x,) : 7
and hence I'(G/P, L) decomposes multiplicity free. Conversely, if (G, P) is a spherical
pair then every irreducible G-representation occurs with multiplicity at most one in the
decomposition of any G-representation indg(x_s «(n)) With p € F. Frobenius reciprocity

implies that mf’K(u) <1 for every A € PJ. O

Lemma 2.2.4. Let (G, K, F) be a multiplicity free system, let f C Cj- be the relatively
open face such that F = f N Py and let F' C PZ be a face with F' C f. Then (G, K, F")
is a multiplicity free system. In particular, if (G, K, F) is a multiplicity free system then
(G, K) is a spherical pair.

PROOF. Let P and P’ denote the parabolic subgroups in K that correspond to the faces
F and F' respectively. The condition F’ C f implies that P C P’. It follows from
Proposition that the pair (G, P’) is G-spherical and Proposition implies in
turn that (G, K, F') is a multiplicity free system. Since F' # () we have 0 € f and we see
that (G, K) is spherical. O
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G K Asph faces F
SL,+1(C) n>1 GL,(C) w1 + @ any
SOQn ((C) n > 2 SOanl(C) w1 any
SO02,4+1(C) n>2 SO,,(C) w1 any
Sps,(C)  n >3 | Spa,_o(C) x Spy(C) ws dim F <2
Fu Sping(C) w1 dim F <1 or
F = Nw; + Nwy
SO7(C) Gy w3 dimF <1
G2 SLg(C) w1 dim F S 1

Table 2.1: Multiplicity free systems with (G, K') a spherical pair of rank one. In the third
column we have given the highest weight Agp, € Pg of the fundamental zonal spherical
representation in the notation for root systems of Bourbaki [Bou68, Planches|, except for
the case (G, K) = (SO4(C),SO3(C)) where G is not simple and A\sp, = @1 + w2 € Pl =
Nwl + NTDQ.

2.2.5. Let (G, K, F) be a multiplicity free system and let (G’, K’) be a spherical pair that
is isogenous to (G, K). We have F' = f N P; for some relatively open face f C tx = tx/.
Define F/ = f N Py,. Then (G',K’,F") is a multiplicity free system. We say that
(G, K, F)and (G', K', F') are isogenous multiplicity free triples and this relation generates
an equivalence relation.

Let (G, K, F) be a multiplicity free system with (G, K) a spherical pair of rank one.
Let Go C G and Ky C K denote compact Lie groups with Ky C Gy and whose com-
plexifications are G and K. We claim that (Go, Ko) is a compact two-point-homogeneous
space, i.e. given two pairs of points (p,q) and (p/,q¢’') in Go/Ky for which the distances
d(p,q) and d(p’,q’) are the same, there is an element g € G with p’ = gp and ¢’ = gp.
To see this note that this property is equivalent to the property that Ky acts transi-
tively on the unit sphere in T.x,(Go/Ko) (see e.g [Hel01l, p. 535]), which we prove in
Proposition [3.2.3] This is in turn equivalent to the fact that the convolution algebra of
Kj-bi-invariant matrix coefficients on Gy is generated by one element, hence the claim.
Compact two-point-homogeneous spaces have been classified by Wang in [Wan52].

In Table we have listed the indecomposable spherical pairs (G, K) of rank one
modulo isogeny. In the third column we have put the fundamental spherical weights as
indicated in [Kra79], see Example In the fourth column we have indicated the faces
F which lead to multiplicity free systems (G, K, F'). In the remainder of this section we
prove that this is a complete list of multiplicity free systems with (G, K) a spherical pair
of rank one and we briefly discuss examples of higher rank.

The Lie algebras associated to the spherical pairs (G, K) of rank one that are not
symmetric admit decompositions similar to the Iwasawa decomposition that we have for
symmetric pairs.
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2.2.6. Let Gao and Spin(7) denote the compact Lie groups whose complexifications are
G2 and Spin, (C). We want to find a copy of G,¢ in Spin(7). First we find a copy of Spin(7)
in SO(8). The group SOg(C) is defined by {r € Matg(C)|Vv,w € C® : Q(zv,vw) =
Q(v,w),det z = 1} where the bilinear form @ is given by Q(v,w) = v*Sw with

0 I
5= ( 0! )
Let {vie,,i = 1,2,3,4} be a weight basis of C%. Let V C C® denote the real subspace
with respect to the conjugation cv,, + ¢vie,. Then SO(8) = {z € Matg(R)|Vo,w € V :
Q(zv, zw) = Q(v,w),det(x) = 1}.

The maximal torus t of the Lie algebra so7(C) is spanned by the elements H; =
E;; — Es4; 3+; € gl;(C) and we denote by ¢; the elements in t¥ defined by ¢;(H;) = 0;;.
The roots of (s07(C),t) are given by R = {x¢; +¢; : 1 <i<j <3} U{+£e : 1 <3 <3},
see Figure [2.0]

€1 — €2

€9 — €3

Figure 2.1: Roots of Bs.

The simple roots are II = {e; — €2,€9 — €3,€3}. The spherical weight for the pair
(s07(C), g2) is Aspn = % (€1 + €2+ €3) which is the highest weight of the spin representation
Spin; (C) — SOg(C). This realizes Spin, (C) C SOs(C). The weights of this representation
are %(iel + €3 + €3), as depicted in Figure

Let v; and vg be the highest and lowest weight vectors in V), . We have Spin(7) =
Spin; (C)NSO(8) and Gq g is the stabilizer in Spin(7) of the vector vi +vg € V. Note that
the stabilizer of v1 + vg in the (standard) representation of SOg(C) is a copy of SO7(C).
Hence we have SO7(C) N Spin,(C) = G and similarly for the compact subgroups.

Let a C s07(C) be spanned by Hy = H1+Hs+Hs. Let A C Spin,(C) be the torus with
Lie algebra a and write M = Zg,(A). Then M = SL3(C) which can be seen from Figure
as the long roots of Gy are in )\slph (with respect to the Killing form). To determine
AN M we look at the coroot lattices Q\S/pin7((C) = {(n1,n2,n3) € Z> : ny + ny + n3 € 272}
and QY; = {(n1,n2,n3) € Z* : ny +ny+ng = 0}. We have \Y, = (1,1,1) and thus $AY
is in QY,; modulo Q\S/pin7(([:)' Hence A N M has three elements.

23



Chapter 2. Multiplicity Free Systems

Figure 2.2: Weight diagram of Spin;(C) — SOg(C) with orbits of M.

Let a : a — C be defined by a(sH4) = s. Then the adjoint action of a on so7(C)
gives a decomposition of a-weight spaces

507(C)=n"@omdadnT,

where m is the Lie algebra of M, n™ = 507(C)_q ® $507(C) _24, 07 = 507(C) 4 ® 507(C)ag
and where $507(C) 1, and s07(C) 12, are the direct sums of the appropriate root spaces of
s507(C).

A short root of go is contained in some direct sum s07(C)e, @ s07(C)_c, ¢, but not
in one of the summands. It follows that there is a map 6 : nt — n~ with the property
(0 + I)'nT = mt C go. Hence we have 507(C) =g @a®nt.

2.2.7. The spherical weight for (Ga,SL3(C)) is w; which corresponds precisely to the
embedding G2 — SO7(C) that we discussed in The roots of gy are {*o;li =
1,...,6}, see Figure

The weight w; is a root a4 of go. Let s C go be an sly(C)-triple with root w;. The
root spaces of s are perpendicular to sl3(C) with respect to the Killing form. Let g € Go

correspond to the element
, 1 1 1
9 = —F7

in the subgroup SL2(C) C G2 whose Lie algebra is s. Let H4 = Ad(g)H1, where H; € tg,
is the element in tg, that corresponds to wy. Note that Hq € Hi- C 5. Let a C go
denote the subspace spanned by H4. Let A C Gy denote the torus whose Lie algebra
is a. Define M = Zgp,,(c)(A) which is a copy of SLy(C) C G2 whose roots are the long
roots perpendicular to w;. Let t; be the torus spanned by the orthocomplement of Hj.
Then h = a @ t)s is a Cartan subalgebra of go whose root spaces are Ad(g)(g2,+q;)- Let
a:a— C be defined by a(sH4) = s. The adjoint action of a on gy gives a decomposition
of a-weight spaces
go=n" @®shL(C)Dadnt,
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2.2.  Multiplicity free systems

Figure 2.3: Roots for Go.

where m is the Lie algebra of M, n~ = go a2 ® 02,—a © 02,3072, 17 = @2,0/2 B g2,0
02,3q0/2 and where g +4/2, 02,40 and gz 1342 are the direct sums of the appropriate root
spaces of go.

The space 92,05 @ 92,0, D 92,—a3 @ 92,—a 1S an irreducible s-representation. The
representations of SLo(C) are parametrized by %N and given ¢ € %N we realize the
corresponding representation 7% in the space C[z,y]s; of homogeneous polynomials of
degree 2. The s-representation under consideration corresponds to ¢ = % and the weight
vectors are x2, 2y, vy? and y>. The highest and lowest weight vectors correspond to root
vectors of M. A small calculation shows that T¢(g")2®+3T*(g')xy? is in the direct sum of
the highest and lowest weight spaces and similarly for T*(g¢')y® + 3T%(¢')2%y. This gives
rise to a map 6 : nt — n~ with the property that (6 + I)'n™ = m* C £ Finally we note
that AN M has two elements because say — oy € t};.

Lemma 2.2.8. Let (G, K) be a spherical pair of rank one. Let a C £+ be a line consisting
of semisimple elements and let A C G denote the one-dimensional torus with Lie algebra
a. Define M = Zi(A) with Lie algebra m and Cartan subalgebra ty;, the Lie algebra of
Tyrr. Then a @ty is a Cartan subalgebra of g. Fix notions of positivity on a and a ® ty,
that are compatible and let ™ denote the direct sum of root spaces for the adjoint action
of a on g. Then we have g =t ® a®nt. The group Wa = Nk (A)/M has two elements
where the non-trivial element acts on a by reflection in the origin. There is a linear map
0 :nt — n~ with the property that ( + I)nT =m* C €.

Proor. If (G, K) is a symmetric pair then this is part of the usual structure theory with
0 the corresponding involution. In the other two cases we have proved all statements for
a specific choice of a in and The restriction that a has semisimple elements
implies that it is the complexification of a line in £3- in the compact picture. The compact
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(G, K) M
(SLn+1(C), GLA(C)) S(diag(GL1(C) x GL1(C)) x GL,—1(C))
(502,(C),502,-1(C)) SO2,—2(C)
(SO2,41(C), 502, (C)) S02,,-1(C)
(SP2n(C), SP2,—2(C) x Sp,(C)) Sp2(C) x Spyn—4(C)

(F4, Sping (C)) Sping (C)

(Spins (C), G2) SL3(C)

(Gg,SL3(C)) SLo(C)

Table 2.2: Spherical pairs of rank one with M = Z (A) modulo conjugation with K. Note
that the embedding Spin, (C) C Sping(C) is the standard embedding Spin,(C) C Sping(C)
followed by the embedding Sping(C) C Sping(C) that is twisted by the automorphism
€1 — €2 > €3 — €4, see [BSTY, §6].

group Ky acts transitively on these lines (see Proposition and we see that the
results in and are independent of the choice of a. The action of Ky is actually
transitive on the sphere in €+ which implies that the only element in K that normalizes
a non-trivially is the reflection in the origin. O

Proposition 2.2.9. Let (G, K) be a spherical pair of rank one. Let A, M be as in Lemma
. Let P C K be a parabolic subgroup. Then G/P is G-spherical if and only if K/P
is M -spherical.

Proor. Let NT C G be the closed unipotent subgroup with Lie algebra n™ and let
Byr C M be a Borel subgroup. Define B = By AN which is a Borel subgroup of G' and
consider the map ¢: G/P — G/K. The open orbit of Bin G/K is BK/K = B/(BNK).
Note that B N K contains By, with finite index. We observe that G/P has an open
B-orbit if and only if ¢c~}(BK/K) has an open B-orbit, because ¢~ }(BK/K) is an open
B-stable subset of G/P. The latter holds if and only if B N K has an open orbit in the
fiber ¢c~!(K/K) = K/P which is in turn equivalent to K/P being M-spherical. O

Lemma 2.2.10. Let Fy denote the connected (simply connected) reductive algebraic group
of type F4. The triple (F 4, Sping(C), F') is a multiplicity free system if and only if dim F' <
1 or FF = Nw; + Nws.

PRrOOF. The branching from K to M via the twisted embedding Sping(C) C Sping(C) is
described in [BS79, §6] and goes as follows. The restriction of an irreducible representation
of highest weight u to the standard Sping(C) is known and the representation of the
twisted embedding are obtained by interchanging the roots €; — €2 and €3 — ¢4. Each
of these representations is then restricted to the standard Spin;(C) C Sping(C). One
easily checks that the indicated representations decompose multiplicity free. To exclude
the other faces we only need to exclude the other two-dimensional faces. By looking at
the Dynkin diagram of By one calculates the dimensions of the corresponding parabolic
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subgroups P. The dimensions are 22 or 23. Hence, dim F,/P is equal to 29 or 30 whereas
dim B, = 28. It follows that there cannot be an open orbit for these faces. O

Lemma 2.2.11. The triple (Go,SLs, F) is a multiplicity free system if and only if F is
of dimension < 1.

PROOF. The branching rules for the pair (Go, SL3) are known, see e.g. [KQT78|. It follows
that an irreducible SL3(C)-representation occurs with multiplicity < 1 if and only if its
highest weight is on a face of dimension < 1. The result follows from Proposition O

Lemma 2.2.12. The triple (Sping, Go, F') is a multiplicity free system if and only if F
is of dimension < 1.

PROOF. We have seen that M = Zx(A) = SL3(C). The result follows from Lemma
[2:2.17) and Proposition [2.2.9] O

We have discussed all rows in Table 2.1] except for the symplectic groups. We need
the following result of Brion [Bri87, Prop. 3.1].

Proposition 2.2.13. Let G be a connected reductive algebraic group and let H C G be
an algebraic subgroup. Let H = H"H" be a Levi decomposition of H. Let Q@ C G be
a parabolic subgroup of G with Levi decomposition Q = Q"Q" such that H™ C Q" and
H" C Q“. Then the following are equivalent.

e (G,H) is a spherical pair,

o (Q",H") is a spherical pair and if Bgr C Q" is a Borel subgroup opposite to H”,
i.e. BgrH” C Q" is open, then Bgr N H" has an open orbit in Q"/H".

2.2.14. Let (G,K) = (SL,+1(C),GL,(C)) and let B¢ C G and Bg C K denote the
standard Borel subgroups consisting of the upper triangular matrices. We claim that
(G, Bk ) is a spherical pair. Propositionmthen implies that (G, K, P;) is a multiplicity
free system. This statement is already clear form the classical branching rules, but the
present proof serves as an alternative. The claim follows from Proposition Indeed,
in this case H = Bg and Q = Bg and H" = Q" =T C Bg, the standard torus consisting
of diagonal matrices. The quotient B /By is a vector space isomorphic to @g, where
a € RE\R};. There is an open orbit of the action of the torus T C B on &g, hence the
claim. A similar argument for this claim may also be found in [VK78| Rk. 7].

Lemma 2.2.15. The triple (Sps,,(C), Spy,_2(C) xSpy(C), F) is a multiplicity free system
if and only if dim F' < 2.

PROOF. Let G = Sp,,,(C) and K = Sp,,,_5(C) x Spy(C). We proceed in five steps. In
the first step we parametrize the standard parabolic subgroups P C K that correspond
to the faces of dimension two. In the second step we determine the parabolic subgroups
@ C G with the properties (I) P" C Q" and (II) P* C Q. In the third step we show
that the pairs (Q", P") are spherical and we determine a Borel subgroup Bgr C Q" with
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the property that Bg-P" C Q" is open. In the fourth step we show that Bg- N P" has a
dense orbit in Q"/P*. In view of Proposition [2.2.13| we conclude that the pairs (G, P) are
spherical pairs. In the fifth step we show that for a face F' of dimension three, (G, K, F')
is not spherical.

(1). We introduce a system of simple roots for K,

g ={e1 —€2,62 —€3,...,€n_2 — €n_1,26_1,26,} (2.1)

A standard parabolic subgroup Pr C K that corresponds to a two dimensional face is
determined by a subset I' C IIx consisting of n — 2 elements. We divide the various
possibilities in four cases.

(i) {2601, 26,3 1T =0,
(i) {2e0-1,260} VT = {26,
)
)

(iil) {2€p—1,2€,} NT = {2€,_1},

(vi) {2€n—1,2e,} NT = {261, 2¢,}.

(2). We introduce two systems of simple roots for G,

e = {e1—ee2—€3,... 61— €n, 26}

Mg = {en—€1,61—€2,62— €3,y €02 — €n1, 2601} (2.3)

For each I in step one we determine a set of simple roots IV such that the corresponding
standard parabolic subgroup Qr+ C G satisfies properties (I) and (II). In cases (i) and (ii)
we have I' C llg and we take IV =T C Ilg. In case (iii) we switch to the system I of
simple roots. We observe that I’ C Il and therefore we take I’ =T’ C IIg. In case (iv)
we take IV = (T'NIlg) U {en—1 — €,} C Ilg. This is the smallest system of simple roots
in Il that generates I'.

CramM. The standard parabolic subgroups Qrs C G satisty (I) and (II).

PROOF OF CLAIM. In each case we write P = Pr and Q = Q. It is clear that
P" C Q" by the choice of Q. In fact, we have P" = Q" in cases (i)-(iii). The more
difficult part lies in showing that P* C @Q*. To show this inclusion we look at the Lie
algebras of P* and Q". The Lie algebra of P* is spanned by the root spaces 5 with
B € RE\RE,. Similarly for Q* but we have to be aware of the different sets I'. In
cases (i) and (ii) we have P" = Q" and hence RE\R}p, C RE\RJ,.. In case (iii) the
set of positive roots Ry is different from the standard one. The Lie algebra of Q" is
spanned by the root spaces g, with a € RF \RJ,. By inspection of Rjf we see that
RE\RL. € RE\RS,. In case (iv) we have P C Q" but again R \Rp, C RE\R&. by
inspection. This settles the claim.

(3). The groups P" and Q" can be read from the Dynkin diagrams of K and G by
deleting the appropriate nodes. We have seen that P™ = Q" in cases (i)-(iii) from which it
follows that the pairs (Q", P") are spherical in these cases. The groups P" are as follows.
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(i) P"=C* x SL,,—1(C) x C* where the Lie algebra of the copies of C* are spanned
by H1 + - +Hn,1 and Hn

(ii) P =SL,(C) x C* x SL,,—p—1(C) x C* x Spy(C) for some 1 < p <n —2. The Lie
algebras of the copies of C* are spanned by Hy +---+ Hp and Hpy1 + -+ Hp— 1.

iii) P" = SL,(C) x C* X Spy(,,—p_1)(C) x C* for some 1 < p < n — 2. The Lie algebras
p 2(n—p—1)
of the copies of C* are spanned by H; + --- + Hp, and H,.

(iv) P"=8L,(C) x C* x SLy(C) x C* X Spy(,,_p_q—1)(C) x Sp,(C) for some p, ¢ € N>;
with 2 < p+ ¢ < n — 2. The Lie algebras of the copies of C* are spanned by
Hy+---+Hpand Hyp1+ -+ Hpyyq.

In case (iv) we have Q" = SLj(C) x C* x SLy(C) x C* x Spy(;,_p,—q)(C). It is clear that
(Q", P) is a spherical pair in case (iv) too. For any Borel subgroup B C Q" the quotient
Q" /P" has an open orbit. In all the cases we choose the Borel subgroup Bgr C Q" to be
the product of the standard Borel subgroups in each factor.

(4). The groups Bgr N P" = Bpr are products of standard Borel subgroups for each
factor of P". We need to determine Q" /P". In all cases there is a set np C Rg such that
quotient Q*/P" is isomorphic to the direct sum of root spaces g, with o € np. In cases
(i) and (ii) we have nr = RE\R}; and in case (iii) nr = R{F\Rj. In case (iv) we have

nr = RE\(R}; U RS

Spg(n,p,@(C)) ={eite:i=1...,p+q}.

The actions of P" on the vector spaces @Q*/P“ in the four cases are given as follows.

(i) Q*/P" =~ Hom(C?,C" ') and P" acts by

(s,z,t)M = sx oMo ( é t(_)l >

(i) Q*/P* = Hom(C?,CP ® C" P~!) and P" acts by
(z,8,y,t,2)M = (sx ®ty) o Mozt

(iii) Q“/P* = Hom(C?,CP) ® C>("~P~1 and P" acts by

(@, 5,9, )(M, V) = (swoMo ( é tE’l )yV)

(iv) Q*/P* = Hom(C?,CP @ CY) and P acts by
(z,5,y,t,u,v)M = (tz ® sy) o M ov ™',
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In each case Bpr has an open orbit. Indeed, checking this boils down to verify that the
actions

GL3(C) x C* x End(C?) — End(C?) : (z,t)M = 2 o M o diag(t,t™") (2.4)
and

GLy(C) x GLy(C) x Spy(C) x Hom(C?,C*) — Hom(C?, C*),
(z,y,2)M = (x®y)oMoz"" (2.5)

are spherical for the cases (i, iii) and (ii, iv) respectively. We claim that (1) B x C* has
an open orbit in End(C?) for the action , where B C GLy(C) is the Borel subgroup
consisting of upper triangular matrices and (2) that By x By x Bs has an open orbit for
the action 7 where B; C GLy(C) is the Borel subgroup consisting of upper triangular
matrices for ¢ = 1,2 and B3 C Sp,(C) is the Borel subgroup consisting of upper triangular
matrices. This is achieved by considering the orbits of

( i ?) and
respectively.

(5). The spherical actions are neat in the sense that replacing (one of the
copies of) GL2(C) or Spy(C) by its maximal torus, no longer yields a spherical action.
It follows that if we remove a root from I" in cases (i), (ii) and (iii), the action Bpr no
longer has an open orbit, since @*/P" remains the same, but correspondingly, in
we must replace (one of the copies of) GLy(C) by its maximal torus. Similarly for
removing a root other than 2e¢,_1 or 2¢, from I' in case (iv). However, if we remove one

T
= O = O

of the roots 2¢,_1 or 2¢, we end up in one of the cases (i)-(iii) with one root removed.
Hence, in this case, we also cannot have an open orbit of Bp in Q*/P". O

Theorem 2.2.16. For each row in Table[2.1) we can choose one of the indicated faces in
the last column to obtain a triple (G, K, F'). Modulo isogenies these are all the multiplicity
free systems with (G, K) a spherical pair of rank one.

Proor. In Example we argued that the first three rows yield multiplicity free
systems. The other rows are discussed in Lemmas [2.2.11] 2.2.12] and 2.2.15] O

2.2.17. We know that there are more multiplicity free systems.

e (G, K, F) with (G, K) a spherical pair of rank > 1 and F the face that parametrizes
the one-dimensional representations. K has one-dimensional representations only if
it has a center. The examples in the list of Krdmer are

= (502,41(C), GL,(C)),
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— (SL2n+1(C), GL1(C) x Sp,,(C)),
- (Solo(C), SOQ(C) X Spin7((C)),

— (5p2,(C), GL1(C) X Spy,, 5(C)),
— The compact Hermitian pairs, see e.g. [Hel01, Ch. 10]. For an analysis of the
spherical functions for these pairs see [HS94, Part I, Ch. 5].

e Let G =SL,4+1(C) x SL4+1(C), K = diag(G) and F = Nw; or F' = Nw,,. The pair
(G, K) is a symmetric pair and the Cartan involution 6 is the flip. Let T' C SL,,41(C)
be the standard torus and denote by A the image of the map T'— G : t — (t,t71).
Then A is an n-dimensional torus in G for which G = KAK. Denote M = Zk(A),
which is equal to the diagonal embedding of T'in G. Then (G, K, F) is a multiplicity
free system and the rank of the pair (G, K) is n. Indeed, the restrictions to M of
the K-representations of highest weight p € ' decompose multiplicity free.

e Let G = Sping(C), K = Spin,(C) and F = Nw;. Then (G, K, F) is a multiplicity
free system with (G, K) a spherical pair of rank two. Let A C G be the two-
dimensional torus for which G = KAK and let M = Zx(A). In the next section we
show that an irreducible representation of Spin,(C) of highest weight 1 € F restricts
to an irreducible representation of Go, which in turn decomposes multiplicity free
upon restriction to M, which is isomorphic to SL3(C).

In [HNOOI2] a classification of multiplicity free systems (G, K, F') is presented with
(G, K) a symmetric pair of arbitrary rank.

2.3 Inverting the branching rule

Definition 2.3.1. Let (G, K, F') be a multiplicity free system with (G, K) a spherical pair
of rank one and let yu € F. Define the set Pj(u) = {\ € PJ : mf’K(u) = 1}. This set is
called the p-well. Purthermore, we define the set Py;(n) = {v € P} mff’M(y) =1}.

Example 2.3.2. The 0-well for a spherical pair (G, K) of rank one is a monoid (over N)
that is generated by the spherical weight Aspn. The generators for the spherical pairs of
rank one are indicated in Table If (G, K) is a symmetric pair (of any rank) then the
generators of Péf (0) can be calculated by means of the Cartan-Helgason Theorem, see
[Kna02, Thm. 8.49].

Proposition 2.3.3. Let (G, K, F) be a multiplicity free system from Table let p €
F and let X € Pg(u). Let Vy denote the representation space of the irreducible G-
representation of highest weight \. Let V;‘Jr ={veVy:nTv=0}. Then M acts on V>\“+
as an irreducible representation. Moreover, any non-zero vector v € VA“+ 1s K-cyclic.

Proor. The subgroup MANT C G is parabolic because it contains the Borel B =
By ANT of Proposition 2.2.9f The first part of the statement is a reformulation of
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Theorem 5.104 in [Kna02]. This leaves us to show the last statement. Let v € V/\“+ be
non-zero and let U(g) denote the universal enveloping algebra of g. We have U(g)v = V)
because the representation is irreducible. By Lemma we have g = £® a ® n™ which
gives a decomposition U(g) = U(¥) @ U(a) @ U(n™). Since U(n™)v =0 and U(a)v C C-v
we see that U(8)v = V. O

2.3.4. Let t3y C m be a Cartan subalgebra and define h = a & tj;. Fix compatible
notions of positivity on a and b so that positive roots with respect to (g,b) restrict to
non-negative functionals on a. Let Pg be the set of dominant weights with respect to
this ordering. Let A\ € Pg‘ and let 7 be an irreducible representation of highest weight .
The highest weight of the irreducible representation of M on V," is A|,,. The vectors in
UNS V;‘Jr transform according to 7 (H)v = A\(H)v for all H € a.

Proposition 2.3.5. Let (G, K, F) be a multiplicity free system with (G, K) a spherical
pair of rank one, let p € F and let A € Pg(,u). Let v be the highest weight of the
representation of M on VA“+. Then v € Py, (1).

ProOOF. Let W C V) be a K-invariant subspace of positive dimension. Let Go C G and
Ky C K be a compact forms and let (-,-) be a symmetric non-degenerate Go-invariant
pairing on V). Let v € V)I‘Jr be non-zero. Then (v,w) # 0 for some w € W. Indeed,
if this were not true then (V\, W) = 0, because v is K-cyclic, which would imply that
W = {0}, contradicting dim W > 0. One of the K-invariant subspaces is a copy of V.
We have shown that there is a vector v' € V,, C Vy with (v,v') # 0. Schur’s Lemma
implies m /M (v) > 1 and hence m/5-" (v) = 1 by Proposition m O

Proposition 2.3.6. Let (G, K, u) be a multiplicity free triple. Let A\ € Pg(u). Then
A+ Aupi € P (1),

PROOF. Let W = b)\(VM)@b,\Sph (Vo) C V,\@V,\ﬁph.
that the space W is isomorphic to V,, as K-representation. Let a : V\ ® V)
be the G-equivariant intertwiner that governs the decomposition of V) ® V)
that the image of W of the projection Py ia,, ©0 VA ® Vi
which implies the result because pry,, . is G-equivariant.

Since K acts trivially on Vy = C we see
— DV
pn- We show

— Vata,n 1S nON-z€ro

sph

sph

We realize the spaces V) and V)_, as global sections of line bundles Ly and L,_,, over

sph
G/B where B C G is a Borel subgroup. The (G-equivariant) projection pry ,  oa :
VA ® Vaw — Vaga,,, corresponds to the bilinear map I'(G/B, L) x I'(G/B, Ly,,,) —
D(G/B, Lat,,) ¢ (Sv,80) = Sy - Spr. Hence the image under pry ,  of a non-zero
vector v ® v’ € W corresponds to a section s,s, of Lxixpn- Since both s, and s, are

non-zero and holomorphic, so is their product. Hence pry,  (a(W)) # {0}. O

2.3.7. It follows from Proposition m that there is a map p, : P (u) — Py (n) that
assigns to an element A the highest weight of the M-representation in V/\“+. From Propo-
sition we see that there is an asymptotic (or spherical) direction. The nature of the
sets PZ (1) has also been noted by Camporesi in [Cam05a] and [Cam05b]. Our proof of
Proposition is based on Remark 1 in [Cam05a), p.106].
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The projection map p,, : Pg (1) — P37 () is surjective. For the symmetric pairs this
follows from the identity

_ KM

: G,K
77%»1—1)1100 mbu (V)+m-Aspn ('u) - mu (V)7

see [Wal73|, Cor. 8.5.15], and for the other two pairs it follows from the explicit branching
rules. The number of elements in P;; (1) is denoted by d,(M). This number is equal to
the dimension of Endys(V,) and to the number of elements in the bottom of the p-well.

The fibers of p,, : PZ (1) — Py (1) are affine copies of NAspp. To see this we note that
(1) if pu(X) = v then p, (A + Aspn) = v, which follows from and (2) Aspn is primitive,
ie. Aspn/n & Pg for n € N with n > 2. The latter is clear from the descriptions of Agpn
in Table It follows that a fiber of p,, has a minimal element.

Definition 2.3.8. Let (G, K, F') be a multiplicity free system with (G, K) a spherical pair
of rank one and let p € F. We denote the minimal element (in the ordering discussed
mm of the fiber p,t(v) by bu(v). The set By, := {b,(v) : v € Py;(n)} is called the
u-bottom or the bottom of the p-well.

Proposition 2.3.9. Let (G, K, F) be a multiplicity free system from Table and let u €
F. We have an isomorphism of sets B, xN — PZ (1) given by (b, (v),d) — b, (v)+d-Asph-

PRrROOF. Propositions and imply that the map A is injective. To see that it is
surjective we note that Agpp is primitive. O

2.3.10. Camporesi calculated the bottoms of the p-wells for the first three triples in Table
in [Cam05a]. He obtains partial results for the bottoms in the symplectic case. The
determination of the sets ng (1) is what we call an inversion of the branching rules. The
most important part is to determine the bottoms of the p-wells. Indeed, if we know the
bottoms B, then we can reconstruct the u-wells by means of Proposition 2.3.9]

For our purposes we need to reformulate the descriptions of the p-bottoms of Cam-
poresi. Also, we need to invert the branching rules for the remaining cases.

2.3.11. In the remainder of this section we give descriptions of the p-wells for multiplicity
free triples (G, K, F') with (G, K) a spherical pair of rank one and G simply connected
and otherﬂ than F4. The p-wells for other multiplicity free triples can be deduced from
them by looking at the appropriate sublattices.

Inverting the branching rules for (SL,41(C),GL,(C))

Let G = SL,;1(C) and K C G the image of GL,,(C) — SL,,11(C) : x + diag(x, det x71).
We use the choices and notations for roots and weights as in [Bou68]. The roots and
weights of G are denoted by a4, ...,a, and w,...,w,. The roots and weights of K are
denoted by (1,...,08,-1 and wq,...,w,_1. See Figure for a picture in rank two.

LA few days before printing we discovered that there are good faces other than {0} in this case.
Unfortunately there was no time left to analyze the p-wells in these cases.
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Chapter 2. Multiplicity Free Systems

Figure 2.4: Roots and fundamental weights for sl3(C). The positive Weyl chamber of
gl5(C) is light gray and it contains the positive Weyl chamber of sl5(C) in which we have
laid some bricks.

The spherical weight Asph = €1 — €541 is a root of G but not of K. In the SLo(C)-copy
with root Agpn, we can rotate Agpn to a semisimple element in ¢, This gives a torus A C G.
The group M = Zk (A) equals M = {(x,y,z) € S(GL;(C) x GL,,—1(C) x GL;(C))}. The
map M — GL,_1(C) : (z,y,z) — y is a double cover. The weight lattices of G, K and
M parametrize the respective irreducible rational representations and by means of the
Killing form we can realize Px and Py; in Pg. Define @; = w; — ¢; + %(61 + €pqq) for
i=1,...,n. We obtain

Pér = m:iIN® - P w,_1N® w@,N, (2.6)
P;g = wo1N®: - - Pw, 1N®w,Z, (2.7)
PY, = @Zowm N - ©m,_1N. (2.8)

Note that Py, C (€1 — €,41)". We formulate two branching rules which follow from the
classical branching rules, see also [Cam05al p.13].

Theorem 2.3.12. Let A\ € Pér and p € P; and write

n+1 n+1
A= Z a;€;, Hn = Z bzq (29)
i=1 i=1
Then mx(p) = 1 if and only if (i) a;—b; € Z and (ii) a; > b; and b; > a;41 for 1 <i <mn.

Theorem 2.3.13. Let pu € Pit and v € Py; and write

n+1 n+1

o= Z biﬁi, V= Z C;€;. (210)
i=1 i=1
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2.3. Inverting the branching rule

Then my,(v) = 1 if and only if (1) b; —¢; € Z for 2 < i < n and (ii) b, > c;41 and
Ci+1 Zbi+1 fOT’].SZS’fL—l

Let p € PI'(". To determine the p-well Pg (1) we need to describe the p-bottom B,,.
See Figure for a picture of a pu-well in the rank two case. Note that the bottom is not
linear as a function of the M-types.

Figure 2.5: The p-well for (sl3, gl,) and p = 4wy — wa.

Lemma 2.3.14. Let w € Wg be a Weyl group element such that wu € Pg. Then
wp € B,,.

PROOF. Write p = E?jll bie;. W = G,41, the permutation group of n + 1 objects and
w is such that b,,—1 > -+ > by~1(p41). It follows from Theorem that m,,, (1) = 1.
Note that w™'1 = 1 or w™(n + 1) = n. It follows that wu — Apn & B,, because
by-11 —1 2> by or by < by-1(541) + 1 will be violated. O

The Weyl translation wpy plays an important role. We noted already that Py, C
(€1 — €nt1)*. Let p: P — Py denote the orthogonal projection. M acts irreducibly on

VJ; with a representation of highest weight p(wp) which we denote by v* = p(wp).

Lemma 2.3.15. Let v € Py (). Then there is a unique n-tuple (my,...,my,) with
my € N and with at least one m; = 0, such that

n
v—vt= Zmip(ai).
i=1

PROOF. Let A € P} with p(\) = v. We claim that A — wy is in the root lattice Q.
We may assume that A € PZ () by adding a multiple of A, that is large enough. This
implies that A — p € Qg. Since p — wyu € Q¢ we have A — wu € Q¢, hence the claim.
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Chapter 2. Multiplicity Free Systems

Write A — wp = Z?zl r;a; for some integers r; and let » = minr;. The r; are unique
because the simple roots span Q¢. Then A —wp = " (1, — r)oq + r(€1 — €n41) because
Yo, & = Asph. Application of p yields v — v* =Y, (r; — r)p(;) as desired. O

Theorem 2.3.16. Let u € Pt and let v € Py, (n). Let (my,...,m,) denote the unique
n-tuple from Lemma|2.3.15 Then the bottom element b, (v) € B,, satisfies

v) =wp+ Z m;ey. (2.11)

PROOF. Define A = wp + > ; m;a; and write A = E"+11 a;e;. Camporesi has shown

[CamO05al, §3] that A = b, (v) if and only if A = v + (by — by, + b1 + bp — a1 — @pt1]) Asph-
We show that A is of this form, thereby proving the theorem. We proceed in three steps.
In step one we give an expression for A — wu. In step two we calculate which conditions
the coefficients of A —wpu should satisfy. In step three we show that the conditions in step
two are satisfied for the various possibilities of p.

(1). The Weyl group element satisfies w(n + 1) = k for some k € {1,2,...,n + 1}.
We have

A== (ai—bi) | o (2.12)

i=1 \j=1

and the integers Z;Zl(ai —b;) are all non-negative. Secondly, we have

W — p = Z(bn+1 — bi)ay. (2.13)
i=k
In this case the coefficients are all non-negative because b, 11 > b; for ¢« > k. Finally, we
have
k=1 [ i n i
A—wp =YD (a;=b) | ai+ D> | D (a5 =bj) = (bps1 —bi) | i
i=1 \j=1 i=k \j=1
The coefficients for ¢ = 1,...,k — 1 are non-negative integers. If ¢ > k then we have
7 i—1 n
> (a5 =bj) = (bngr = bi) = Y (a7 = bj) +a; = by = Y_(b; — aj41) 2 0.
j=1 j=1 j=i

(2). Write A —wp = Y1, r;a; for positive integers r;. Let (-, -) denote inner product
on R ®gz, PCJ;r dual to the Killing form. We have

<)\, €1 — €n+1> =by,-11 — bw—l(n+1) + 71+ a1 — 20
Hence we must have by,—11 —by—1(n41) + 71+ 701 —2r = (b1 —bp 4 |b1 +bp — a1 — anq 1)

36



2.3. Inverting the branching rule

(3). We distinguish three cases, according to in which Weyl chamber for G the element
w lies. The three cases are (i) w(n+1) =n+1, (ii) w(n+1) = 1 and (iii) 2 < w(n+1) <n
(i). w(n+1) =n+1. In this case 1 = a3 — by, 7, = >, (a; —b;) and r = r1. Hence

bwl - bw(n+1) +r1+rn — 2r =

blfbn+1+z = b)) =by — by + <b1+bn+2a,> . (2.14)
=2
Note that by + by, + > 1 ga; = D i 21( i — b))+ ap —bpy1 and ay — bpi1 > ap — by > 0.
Hence A = b, (v).
(ii). w(l) =n+1. Then r; = > " .(b; — aj4+1) and r = r,,. Hence

]=1
buw-11 = by—1(ng1) + 71+ 10 —2r = by — by, — <b1 + b, + Zal> . (2.15)

In this case we have by +b, +as+...+a, = Z;;QI ajt1—bj+az—bpp1. But ag—bpy1 <
az — by < 0 which implies by + b, — a1 — an41 < 0. Hence A = bu(v).

(ili). w(k) =n+1,1 <k <n+1. Wehaver; =3 " (a; —b;)ifi=1,...,k—1and
7 :Z?:i(bj —ajy1)if i =k,...,n. Note that ry <ry--- <rp_q and rp > rppq > - >
rn. Hence ri1 +r, —2r=ry—ry,ifr, <riandri +r, —2r =r, —ry if r; <r,. Suppose

r1 <r,. We find
by-11 = by-1(ng1)y tr1+rn —2r =by —by + 1y —11 (2.16)
and 0 < r, —r; = b, — apy1 — a1 + by. Suppose r, < r;. We find
buwi = b1y + 11+ —2r =by — by + 11— 1y (2.17)
and 0 <7y —r, = a1 — by — by, + any1. In both cases we conclude that A = b, (v). O
Inverting the branching rules for (Spin,(C), Spin,_;(C))

The inversion of the branching law is taken from [Cam05a]. We treat the odd and even
case simultaneously. Let G = Spin,(C) and K = Spiny_;(C) with d > 3 and consider the
representation of G of highest weight w;. The fundamental weights of G are denoted by
w; and those of K by w;. See Figure for a picture in rank two.

The Killing form allows us to realize Px in Pg as follows.

PSpinzn — -PSpinQnJrl DWWy, (218)

Pspin2n71 — PSpin2n LWy Wi (219)

The spherical weight Aspn = €1 can be rotated by an element in a copy of Sping(C) to
a vector in €1, which gives a torus A C G. M = Zy (A) is isomorphic to Spin,_,(C).
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Chapter 2. Multiplicity Free Systems

Figure 2.6: Roots and fundamental weights for so5. The positive Weyl chamber of soy is
light gray and it contains the positive Weyl chamber for so5 in which we have laid some
bricks.

Let A € Pér, e P; and v € P]Jvr[. Write A = ), aie;, p =Y, bie; and v = ), ;€.
All the differences a; — a;, b; — b; and ¢; — ¢; are integers and

ap, > ay>--->an, >0, (2.20)
by > by>--->|b,| >0, (2.21)
Q> 26,20 (2.22)
if d=2n+1 and
ap > ag>-->lay| >0, (2.23)
by > > by >0, (2.24)
3> > |enl >0 (2.25)

if d = 2n. The branching rules from G to K and from K to M are classical, see e.g. [Kna02,
Thm. 9.16].

Theorem 2.3.17. Let d =2n+ 1 and let \, u and v be as above.
o my(p) =1 if and only if a; — b; € Z, and

ar >by >ay > > ap > byl

o m,(v) =1 if and only if b, — ¢; € Z, and

by >cg >by> - >y > byl

Theorem 2.3.18. Let d = 2n and let A\, and v be as above.
o my(p) =1 if and only if a; — b; € Z, and

ap > by >az > - > by > ay.
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2.3. Inverting the branching rule

o m,(v) =1 if and only if b, — ¢; € Z, and

by >cg >by> - >y > eyl

Note that the projection p : Pg — PI\J;[ is given by projection along €1, i.e. by putting
a; = 0. We can obtain the inversion of the branching rule from G to K as follows.
Given a K-type u we determine the set PAZ (1) using the appropriate branching rule. The
elements v € P;; can be lifted to Pg by adding a number of Appn = €1. Adding the
right vector h - Agpn lifts v to the py-well. In Figure @ we have depicted a p-well for

(Sping(C), Spin, (C)).

Figure 2.7: The p-well for (so5,s04) and p = 4wy + 2ws.

Theorem 2.3.19. Let € Pit and write p =", b€;.
e Letd=2n+1. The map PJ\Z(#) — By, v = v+ biAspn 15 a bijection.
e Let d =2n. The map PA'Z (1) = By, : v — v+ badgpn is a bijection.

PROOF. The images of both maps are in the p-well PZ (), which follows from the
branching laws. Since the first inequalities a; > b; and a; > by are sharp the result
follows. [

Inverting the branching rules for (Sp,, (C), Sps,_2(C) X Spy(C))

Let G = Sp,,(C) and K = Sp,,,_5(C) x Spy(C) with n > 3. The weight lattice Pg
is spanned by w; = 2321 e; for ¢ = 1,...,n. The weight lattice Px is spanned by
w; = 22:1 ej fori =1,...,n —1 and w, = €,. We choose the standard notion of
positivity: P} and Pj- are generated by the w; and w; respectively. The spherical weight

39



Chapter 2. Multiplicity Free Systems

Asph = €1 + €2 lies in P]Jg. We choose another Weyl chamber for G for a moment so that
Asph translates to )\gph = €1 — €, which is not a root of K. Inside the SLo(C) copy in
G with root A{ ) we can rotate A to a semisimple element in tL. This gives a one-
dimensional torus A C G. Define M = Zk(A). Then M = Sp,(C) x Spy,,_4(C) and
the embedding in K is as follows. Let K1 = Spy(C) x Spy,,_4(C) x Spy(C) € K. Then
M — K, is given by (z,y) — (z,y,z). The weight lattice of M is spanned by %(61 +en)
and the @w; —e; for 2 <i<n-—1.
We write A € PZ as a vector A = (a1,...,a,) of integers that satisfy

air > as > ...>a, > 0.
Similarly we write Pt > = (by,...,b,) where the integers b; satisfy
by >by>...>by1>0, by,>0
and Py, 2 v = (c1,...,c,) where the integers ¢; satisfy

1 ==¢Cy, 2001€N, cg>c3>...>2cp_1>0.

The branching rule for G to K is in the next theorem due to Lepowsky [Lep71], see
[Kna02, Thm. 9.50] for a proof.

Theorem 2.3.20. Let A = (a1,...,a,) € P3 and = (by,...,b,) € Pit. Define

e Ay =ay —max(az,b1),

o A = min(ag,by_1) — max(ags1,bg) for2 <k <n-1

e A, =min(an,b,—1).
The multiplicity mx(p) = 0 unless all A; > 0 and by + > .| A; € 2Z. In this case the
multiplicity is given by

ma(p) = ps(Arer + Ageg + -+ + (Ap — by )en)—
ps(Arer + Agea + - - + (An + by + 2)€y)

where px; is the multiplicity function for the set ¥ = {¢; €, : 1 <i<n—1}.

The branching rule for K to M is due to Baldoni-Silva [BS79]. It is an application
of Lepowsky’s branching rule that uses the auxiliary group K;. We do not need the
generality of this formula. We rather need another formulation of Lepowsky’s branching
rule.

Theorem 2.3.21. Let G’ = Sp,,,_5(C) and let K' = Spy(C) X Spy,_4(C). Let p/ =
(b1,...,bp_1) € Pg and V' = (c1,...,cp_1) € P;g. Define

e (1 = by —max(bs,c2),
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2.3. Inverting the branching rule

o C) = min(bg, c) — max(bgi1,cky1) for 2<k <n-—2,
] n—1 = min(bn_l, Cn—l)'

The multiplicity m, (V') = 0 unless all C; > 0 and ¢1 + Z;:ll C; € 27Z. In this case the
multiplicity is given by

my (V') = p=((C1 — c1)er + Caea + -+ 4 Crep)—
p=((Cy +c1+2)ep + Coeg + -+ + Cr_16p)

where pz is the multiplicity function for the set 2 ={¢; £ €1 :2<i<n—1}.

Because p = xw; + yw; is special we have control over the multiplicity formulas pxy
and p=.

Lemma 2.3.22. (1). Let p = aw; + yw; with 1 <i < j<n—1. If\ € Pg(,u) then
A =0 unless k € {1,i+1,j+1}. (2). Let p = zw; +yw, with1 <i<n-—2. If\ € PZ
then Ax, =0 unless k € {1,7+ 1}.

PROOF. Denote u = (c1,¢2,...,¢,). (1). We may assume that ¢ < j for if ¢ = j then
we are in case (2) with y = 0. f2 <k <iori+2<k<jorj+2<k<n-1
then Ay = min(ak,ck—1) — max(agy1,ck) = ck—1 — ¢x = 0 because ar > ¢ = cx—1
and ap41 < cg—1 = c¢g. Furthermore A, = min(an,c,—1) = 0if j < n—2. (2). Let
pw=xw;+yw, with1 <i<n—-1.If2<k<iori+2<k<n—1then cy_1 = ¢, which
implies A = 0. O

Lemma 2.3.23. o Let A; € N fori=1,2,3 and define A = Z?=1 A;/2. Let ¥ =
{e;i e :1<i<3}. Then pg(Z‘Ll Aie;) —pg(Z‘?:l Aie; +2¢e4) = 1 if and only if
max(A4;) < A and A€ Z.

o Let Ay, As € N and define A = (A1+A2)/2. Lety € N. Let ¥ = {e;te3 : 1 <i < 2}.
Then ps(A1e1+Asea—yes)—ps(Ar1e1+Asea+(y+2)es) = 1 if and only if A—y/2 € Z
andy < A; + Az, Ay < As 4y and As < A1+ y.

o Let 01,02,81 e N and let 2 = {62 + 61}. Then pg((C’l — 61)61 + 0262) —pE((Cl +
c1+ 2)er + Caca) = 1 if and only if C1 + Cy — ¢1 is even and C1 +Cy — 1 > 0 and
Co—Ci1+c >0.

PROOF. We only prove the first statement. The others are proved in a similar but simpler
fashion. We have
3

3 3
> Aper =Y Bilen+ex)+ Y (Ar — Bi)(ex — 1)
k=1 k=1

k=1
if and only if 3> | By, = A. Tt follows that
3
Ps(Arer + Ages + Ages) = #{(B1, By, Bs) € N*: > By = A and By < Az}
k=1
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Chapter 2. Multiplicity Free Systems

and similarly

px(Arer + Ases + Agesz + 2¢4) =
3
#{(By, By, Bs) € N*: ZBk = A+1and By < A}, (2.26)
k=1

Assume that 47 > Ay > As. We distinguish two possibilities: (1) A; < A and (2)
Ay > A. In case (1) we have

3
pg(z A;e;) = #{lattice points in hexagon indicated in Figure
i=1

which is given by

3 3
P} Aie) = (A+1)(A+2)/2 - (A— A)(A— A +1)/2.
i=1 =1
Similarly
3 3
PO Aiei +2e4) = (A+2)(A+3)/2-> (A+1-A)(A-A; +2)/2

and the difference is one, as was to be shown.

\

A
N
N
N
7 N
/ N
/ N
/
/
/
/
/
/
- , -
| A / A
_-- /
- / _ -
B
A

Figure 2.8: Counting integral points.

In case (2) where 4; > A we have
3
pg(z Aze;) = #{lattice points in parallelogram in Figure 2.§]}
i=1
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2.3. Inverting the branching rule

which is given by AsAg. Similarly ps. (Zle Aze; + 2e4) = A2 Az and hence the difference
is zero. O]

2.3.24. The projection in PG+ along the direction Agpn is denoted by pgpn. Let A =
(@1,...,an). Then pgppn(A) is the form (c1, —c1,as,...,a,). Application of a suitable
Weyl group element w € Wg gives w(pspn(A)) = (c1,¢3,- -+, n_1,c1) € Py;. This element
corresponds to the projection of wA along A}, = €1 —¢,. Hence this is the highest weight

of the M-representation in V):‘Jr In order to apply Theorem [2.3.21|in the proof of the next
result we need to make use of this translation.

Theorem 2.3.25. Denote Py; 3 v = (c1,...,cp).
(i) Let p = aw; +yw; with 2 <i < j <n—1. Then the map b, : Py;(n) — B, is given
by
bu(y) = (Cla —C1,C2, ..., Cn—l) + (01 +z+ y))‘sph-
(ii) Let p = zw; + yw,, with 2 <i <n —1. Then the map b, : Py;(u) — B, is given by
b,u(l/) = (Cla —C1,C2, ... 7Cn—l) + (Cl + x))‘sph-
(iii) Let p = xw; + yw; with 2 < j <n —1. Then the map b, : Py; (1) — By, is given by
1
bu(v) = (c1,—c1,¢2, ..., Cn1) + 5(95 +y + C; + max(c2,y))Asph-
(iv) Let = zwy + yw,. Then the map b, : Py;(n) — B, is given by

1
bu(v) = (c1,—c1,¢2, ..., Cno1) + 5(02 + 2 4 y) Asph-

PROOF. Write 1 = (by,...,b,) and let A = (a1,...,a,) € PA(u). Let A; and C; be as in
Theorems [2.3.20| and [2.3.21} Write popn(A) = (b, —b, a3, ..., an).

(i). Lemmal[2.3.22shows that Ay = 0 unless k € {1,i41,j+1}. Lemma[2.3.23]implies
that max(Ay) < %(Al +Aiy1+ A1) Since Ay = a1 — ag, this inequality is invariant for

adding Z-multiples of Aspn to A. Hence the inequalities Ay > 0 determine whether the
multiplicity is zero or one. The smallest value z € 3N for which pspn(A) + 2Asph € Py (11)
is z=b+ x + y. The proof of (ii) is completely analogous.

(iii) Lemma shows that A = 0 unless k € {1,2,j + 1}. Lemma implies
that max(Ay) < %(Al +As+A;41). Two inequalities are invariant for adding Z-multiples
of Aspn to A. The third is A; + Ay > A;4q which implies aq +ag > %(max(ag, Y)+Ajp +
x +y). Together with A; > and Ay > 0 this implies that the smallest z € %N for which
Psph(A) + 2Aspn € P2 () is

1
z=max(zx+y—b,y+Db, i(max(ag,y) +Aj 1 +x+y)).
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The element pspn(A) corresponds to v € Py;(u) via v = (byaz,...,a,,b). In order to
determine z we need an estimate on b. To this end we consider the branching of the
irreducible representation of G’ of highest weight p upon restriction to K’. We use
Theorem In this case Cy = 0 unless Kk = 1 or £ = j. The inequalities in the
third statement of Lemma [2.3:23] with 2 = j imply, after a small computation, that
z = L(max(as,y) + Aj41 + = +y).

(iv). Lemma [2.3.22] shows that Aj, = 0 unless k € {1,2}. Lemma [2.3.23| implies that
min(Ag) < 2(Ay + Az + Aj41). Two inequalities are invariant for adding Z-multiples of
Asph to A. The third is A; + A2 > y which implies a3 + a2 = %(m +y+as). Together with
Ay > 0and Ay > 0 this implies that the smallest z € 2N for which pspn(A)+2Asph € Py (11)
is

1
z = max(z — b, b, 5((13 +x+vy)).

The element pspn(A) corresponds to v € Py (u) via v = (b,as,...,an,b). In order to
determine z we need an estimate on b and as. To this end we consider the branching of
the irreducible representation of G’ of highest weight 1 — ye, = x€; upon restriction to
K'. We use Theorem In this case C;, = 0 unless £ = 1. The inequalities in the
third statement of Lemma imply that ¢j + ¢4, = & whenever v = (¢}, cb,...,c,_1)
occurs in the decomposition of xze;. The diagonal embedding of the factor Sp,(C) of M
in K implies that the weight (v/,y) decomposes into M types (c1,¢5,...,ch,_1,c¢1) with
¢y running from 1|¢} —y| to (¢} +y). Since ¢} = a3 we find, after a small computation,
that z = 1 (z +y + ag). O

In Figure we have depicted a p-well in the rank three case. Note that the bottom
is linear and that the affine rank of the bottom is at most six. Indeed, with at most three
numbers A; non-zero we can have only 6 parameters a; varying.

Figure 2.9: The p-well for (spg(C),sp,4(C) @ sp,(C)) and p = 2ws + 3ws.
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2.3. Inverting the branching rule

Inverting the branching rules for (Spin;(C), Gs2)

In this subsection we take G = Spin,(C) with Lie algebra g of type Bs. Let tg =2 C? be
a Cartan subalgebra with positive roots R given by

€ — €j, €+ €j, €

for 1 < i < j < 3, and basis of simple roots a; = e; — e3,a0 = €3 — e3,a3 = e3. The
fundamental weights wy = ey, ws = €1 + ea, w3 = (€1 + ea + e3)/2 are a basis over N for
the set Pg of dominant weights. As the Cartan subalgebra ti for K = Go we shall take
the orthogonal complement of h = (—ej 4 ea + e3). The elements e; + e3, e1 + €2, e5 — e3
are the long positive roots in R}, while

€ = (261 + e2 +€3)/3, €y = (61 + 2eo —63)/37 €3 = (61 — €9 +283)/3

are the short positive roots in R}. The natural projection ¢ : Rg — Pt is a bijection
onto the long roots and two to one onto the short roots in Rj.. Note that ¢; = g(e;)
for i = 1,2,3. The simple roots in R;r( are {1 = €3, 2 = €2 — €3} with corresponding
fundamental weights {w; = €1,ws = €1 + e2}. Observe that w; = ¢(w1) = ¢(w3) and
we = ¢(w2), and hence q : ng — PI‘E is a surjection. Note that the natural projection
q : Pg — P is equivariant for the action of the Weyl group Wj; = &3 of the centralizer
M = SL3(C) in K of h. The Weyl group W is the semidirect product of Cy x Cy x Co
acting by sign changes on the three coordinates and the permutation group Gs;.
As a set with multiplicities we have

A= Q(RJCE) - Rj{ = {61762’63}

whose partition function p4 enters in the formula for the branching from Bs to Gs. Note
that pa(ker + lea) = pa(ker +meg) =k + 1 for k,I,m € N and pa(u) = 0 otherwise.

Lemma 2.3.26. For \ € P} and p € Pt the multiplicity mf’K(u) € N with which an
irreducible representation of K with highest weight p occurs in the restriction to K of an
irreducible representation of G with highest weight X\ is given by

m§ () = > det(w)palgwh + pe) — pc) — 1)
weWa

and if we extend mf’K(,u) € Z by this formula for all A\ € Pg and p € Pk then

G,K G, K
(

Mo\ pe)—pe (v(p+ pxr) — pr) = det(w) det(v)my"" (u)

for all w € Wg and v € Wg. Here pg and px are the Weyl vectors of RE and R;r(
respectively, i.e. half the sum of the positive roots.

This lemma was obtained in Heckman [Hec82] as a direct application of the Weyl
character formula. The above type formula, valid for any pair K < G of connected
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Chapter 2. Multiplicity Free Systems

compact Lie groups [Hec82], might be cumbersome for practical computations of the
multiplicities, because of the (possibly large) alternating sum over a Weyl group W¢ and
the piecewise polynomial behaviour of the partition function. However in the present
(fairly small) example one can proceed as follows.

If X = ko + lws + mws = klm = (z,y, z) with

x=k+l+m/2,y=l+m/2,z=m/2k=c—yl=y—2,m=2z

then X is dominant if k,I,m > 0 or equivalently if z > y > z > 0. We tabulate the 8
elements wy, -+ ,ws € Wg such that the projection g(w;\) € Ney 4+ Negy is dominant for
R& for all A which are dominant for RJCS. Clearly the projection of (z,y, 2z) is given by

q(x,y, 2) = ze1 + yea + zes = (v + 2)e1 + (y — 2)€e2

and pe = w1 + ws + w3 = (23,13, 3) is the Weyl vector for Rf..
i | det(w;) | wiA q(w;\) q(wipa — pa)
1 + (2,y,2) (x4 2)e1+(y—2)e2 | O
2 - (z,y,—2) (x—2)e1 + (y+2)e2 | —e€3
3 + (x,z,—y) (x—yer+ (y+2)ea | —€1 — €3
4 — (x,—2z,—y) | (x—y)er+(y—2)ea | —€1 — €2 — €3
5 - (y,x, 2) (y+2)e1+(x—2)ea | —e34+0
6 + (y,x,—2) (y—2)e1+ (x+2)ea | —e3 — €3
7 + (z,2,y) (y+2)e1 + (x —y)ea | —€3 — €2
8 — (—z,z,y) (y—2)e1+(x—ylea | —e3 —€1 — €9

In Figure the location of the points g(w;\) € P]J{[, indicated by the number ¢,
with the sign of det(w;) attached, is drawn. Observe that g(w1A) = (k+m)w; +1lws € P;;
for all A = kim € PJ.

Let us denote a = (k+1+m)e; and b = (k+1)e;, and so these two points together with
the four points g(w;A) for ¢ = 1,2, 3,4 form the vertices of a hexagon with three pairs of
parallel sides. In the picture we have drawn all six vertices in P;, which happens if and
only if g(w3\) = ke;+(I+m)ex € P;, or equivalently if £ > (I4+m). But in general some of
the q(w;\) € Py for i = 2,3,4 might lie outside P;-. Indeed g(wa)) = (k+1)e;+ (I+m)ez
lies outside PI'(|r if k <m, and q(wsA) = key + les lies outside PI}" itk <.

For fixed A € P, the sum m(u) of the following six partition functions as a function
of u € Pk

> det(w)palg(wiA + pa) = pa) = 1) = pala — e = p) +palb — e — &2 — )
1

is just the familiar multiplicity function for the weight multiplicities of the root system
As. Tt vanishes outside the hexagon with vertices a, b and ¢(w;\) for i = 1,2,3,4. On
the outer shell hexagon it is equal to 1, and it steadily increases by 1 for each inner shell
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Figure 2.10: Projection of WA onto P14v_1-

hexagon, until the hexagon becomes a triangle, and from that moment on it stabilizes
on the inner triangle. The two partition functions we have added corresponding to the
points a and b are invariant as a function of p for the action p +— so(p+ px) — px of the
simple reflection s; € Wi with mirror Rwy, because sa(A) = A. In order to obtain the
final multiplicity function

o m$E () = 3 det(@)ma(v(u+ prc) — prc)
veEWgk

for the branching from G to K we have to antisymmetrize for the shifted by px action
of Wi . Note that the two additional partition functions and their transforms under Wy
all cancel because of their symmetry and the antisymmetrization. For u € PI'(|r the only
terms in the sum over v € Wy that have a non-zero contribution are those for v = e the
identity element and v = s1 the reflection with mirror Rws, and we arrive at the following
result.

Theorem 2.3.27. For \ € Pg and (4 € P; the branching multiplicity from G = Spinz(C)
to K = Gs is given by
G,K
my () = ma(p) — ma(sip — €3)
with my the weight multiplicity function of type As as given by the above alternating sum
of the six partition functions.

Indeed, we have s1(u + px) — px = s1pt — €3. As before, we denote klm = kwy +
lws + mws and kl = kwy + lws with k,I,m € N for the highest weight of irreducible
representations of G and K respectively. For pu € Nw; the multiplicities mf’K(u) are
only governed by the first term with v = e and so are equal to 1 for x = n0 with
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Chapter 2. Multiplicity Free Systems

n=(k+1), - ,(k+1+m)and 0 elsewhere. Indeed p = n0 has multiplicity one if and
only if it is contained in the segment from b = (k +l)e; to a = (k 4+ 1+ m)e;.

Corollary 2.3.28. The fundamental representation of G with highest weight A = 001 is
the spin representation of dimension 8 with K-types p = 10 and p = 00. It is the fun-
damental spherical representation for the Gel’fand pair (G, K). The irreducible spherical
representations of G have highest weights 00m with K -spectrum the set {n0;0 <n < m}.

Corollary 2.3.29. For any irreducible representation of G with highest weight A = klm
all K-types with highest weight p € F; = Nwy are multiplicity free, and the K-type with
highest weight u = n0 has multiplicity one if and only if (k+1) < n < (k+1+m).
The domain of those A = klm for which the K-type p = n0 occurs has a well shape
Wio = Bpo + NOO1 with bottom

Bpno = {klm € PL;k+1+m=n}
gwen by a single linear relation.

Indeed, if we denote by W the set of A = kim € Pg for which g = n0 occurs in the
corresponding K-spectrum, then klm € W, implies that kl(m + 1) € W,,o. If we denote
by Bpo the set of those klm € W,,o for which ki(m — 1) ¢ W, then kim € B, implies
n = (k+ 14 m) by the first part of the above corollary. This ends our discussion that
(G, K, F; = Nwy) is a multiplicity free triple. In order to show that (G, K, F» = Nw,) is
also a multiplicity free triple we shall carry out a similar analysis.

Corollary 2.3.30. For an irreducible representation of G with highest weight A = klm
all K-types with highest weight p € Fo = Nws are multiplicity free, and the K-type with
highest weight . = On has multiplicity one if and only if max(k,l) < n < min(k+1,l+m).
The domain of those A = klm for which the K-type p = On occurs has a well shape
Won = Bon + NOO1 with bottom

By, = {klm € Pg;mg kE<n,l4+m=n}
giwen by a single linear relation and inequalities.

As before let Wy, the set of klm € Pg for which u = On occurs in the corresponding
K-spectrum. Under the assumption of the first part of this proposition klm € W, implies
that kl(m+1) € Wy, and the bottom By, of those klm € Wy,, for which kl(m—1) ¢ Wy,
contains klm if and only if n =4+ m and k& > m. It remains to show the first part of the
proposition.

In order to determine the K-spectrum associated to the highest weight A = kim € N3
for G observe that

q(wsA) = key + (I + m)eg

and so the K-spectrum on Nws is empty for k > (I + m), while for k = (I +m) the K-
spectrum has a unique point kws on Nws. If k < (I +m), the point g(wsA) moves out of
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2.3. Inverting the branching rule

Figure 2.11: Support of the multiplicity function p — my(u).

the dominant set Py into Py; — Pg, and the support of the function Pt 3y m$"™ (1)

consists of (the integral points of) a heptagon with an additional side on Nws from e to f as

in Figure On the outer shell heptagon the multiplicity is one, and the multiplicities

increase by one for each inner shell heptagon, until the heptagon becomes a triangle or

quadrangle, and it stabilizes. This follows from Theorem [2.3:27]in a straightforward way.
Depending on whether the vertex

q(wad) = (k+Der + (I + m)ea

lies in Pi (for k > m) or in Py, — Pit (for k < m) we get e = (I + m)wa or e = (k + 1)w2
respectively. Hence we find

e=min(k 4+ ,1 + m)ws, f = max(k,)ws

by a similar consideration for
q(wa) = key + leg

as before (f = k for k >l and f = for k < ). This finishes the proof of Corollary
Our choice of positive roots for G = B3 and K = G, was made in such a way that the
dominant set P} for K was contained in the dominant set PZ for G. In turn this implies
that the set
A=q(RE) — Rip = {e1, 1,63}

lies in an open half plane, which was required for the application of the branching rule of
Lemma [2.3.26

However, we now switch to a different positive system in R¢, or rather we keep Rg
fixed as before, but take the Lie algebra ¥ of Gy to be perpendicular to the spherical
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Chapter 2. Multiplicity Free Systems

direction w3 = (e; + ez + e3)/2 instead. Under this assumption the positive roots R},
form a parabolic subsystem in Ra and so the simple roots {a; = e; — eg, 0 = €2 —e3}
of R]T/[ are also simple roots in RE.

Figure 2.12: Projections of the bottoms B,q and By,,.

Let p : Po — Py = Pg be the orthogonal projection along the spherical direction.
By abuse of notation we denote (with p(ww3) = 0)

e =p(w1) =(2,-1,-1)/3, &2 =p(wz) = (1,1,-2)/3
for the fundamental weights for P;[ = p(Pg ). It is now easy to check that this projection
P Buo = p(Bno) » P Bon — p(Bon)

is a bijection from the bottom onto its image in PX/}. In Figure we have drawn the
projections

p(Bno) = {ker +leask+1<n}, p(Bon) = {ker +lea; k)l <n,k+1>n}

on the left and the right side respectively.

In fact, it follows from general principles that the orthogonal projection p along the
spherical direction is a bijection from the bottom B, of the induced G-spectrum W,
onto its image p(B,) in Py, for p € PN F and (G, K, F) any multiplicity free triple.
Moreover the image p(B,,) is just the M-spectrum of the irreducible representation of K
with highest weight p. In our example this is clear from the familiar branching rule from
Gs to Ao, which we recall in the next section.
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2.4. Module structure

Inverting the branching rules for (Gs,SL3(C))

In this subsection we take G of type Go and K = SL3(C) a subgroup of type A;. Having
the same rank we take tg = tx with simple roots {a1,as} in RJGr and {f1, 2} in R} as
in the Figure and P&r = Nw; + Nws is contained in P[‘g = Nw; + Nws.

w2

w2

ag = By

Figure 2.13: Roots and weights for Go and SL3(C).

The branching rule from G to K is well known, see for example [Hec82)]. In Figure
m s1 € Wg is the orthogonal reflection in the mirror Reos.

The multiplicities are one on the outer hexagon, and increase by one on each inner shell
hexagon, until the hexagon becomes a triangle and they stabilize. Hence the K-spectrum
of any irreducible representation of G with highest weight A € Pg is multiplicity free
on the two faces Nw; and Nws of the dominant set P; . In other words, the triples
(G2, SL3(C), F; = Nw;) are multiplicity free for i = 1, 2.

The irreducible spherical representations of G have highest weight in Nw;. Given
i = nw; € Fy (and likewise u = nwe € Fy) the corresponding induced G-spectrum
is multiplicity free by Frobenius reciprocity, and by inversion of the branching rule has
multiplicity one on the well shaped region

W, =B, +Nw; , B, = {kw +lwy;k+1=n}

with bottom B,,. As in the previous section the bottom is given by a single linear relation.
If we take M the SLa(C) corresponding to the roots {£a2} and denote by p : Pfy — Py} =
N(%ag) the natural projection along the spherical direction wwy, then p is a bijection from
the bottom B,, onto the image p(B,,), which is just the M-spectrum of the irreducible

representation of K with highest weight u, as should.

2.4 Module structure

2.4.1. Let (G, K, F) be a multiplicity free system with (G, K) a spherical pair of rank
one and let g € F. In Section 2:3] we have calculated the p-wells. We have seen that the
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81)\

Figure 2.14: Branching from Ga to SL3(C) on the left and the p-well on the right.

projection p, : P& (u) — Pyj(p) from is surjective. Proposition implies that
the map

AN x Pl(p) = P (d,v) = by (i) + dAspn (2.27)

is a bijection of sets. The degree of A = \(d, v) is defined to be d. The u-bottom B,, C PZ
inherits the standard partial ordering =< which in turn induces a partial ordering on
P]\J/FI (p) that we denote by <,. Together with the standard ordering on N this gives the
lexicographic ordering (<, <,,) on N x Py, (). Via the isomorphism A : N x P, (1) — PZ
we push (<, <,,) to a partial ordering on PZ (1) that we denote by <,,.

Let A = A(d,v) € P& () and let 7y be an irreducible representation of highest weight
A. Let mepn denote the irreducible representation of highest weight Agpn. The decom-
position of the representation my ® mepn gives a set of weights (with multiplicities) and
among them are weights X’ that contain the irreducible representation of highest weight
p upon restriction to K. For example the weight X + Agpn = A(d + 1,v) occurs in this
decomposition. For later purposes we want to know the maximal and the minimal ele-
ments A € PG+ () with respect to <, that occur as highest weight in the decomposition
of m\ ® mspn, whenever they exist. Note that weights may also fall out of the p-well, as

depicted in Figure

Theorem 2.4.2. Let (G, K, F) be a multiplicity free system with (G, K) a spherical pair
of rank one and let i € F. Let \,\' € P& () and let my, my be irreducible representations
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of G of highest weight A and X respectively. Then [Ty ®mspn : ma] > 1 implies A— Aspn =
N = A+ Asph if A — Agpn € Pg (1) and X' =, X+ Aspn otherwise.

PRrROOF. We prove the statement case by case for the multiplicity free systems (G, K, F)
with G simply connected. The statement for other multiplicity free systems follows from
these results. The case (F4, Sping(C), {0}) is clear. There are five other cases.

(1). Let (G, K) = (SL,+1(C), GL,,(C)). The spherical weight Aspn = @y + w,, is the
highest weight of the adjoint representation Ad : SL,41 — GL(sl,41). Let A = A(d,v)
for some v € PAJZ(;L). According to the proof of Lemma we may write A\ = wp +
o rici+dAspn with 7, € N and for at least one ¢ we have r; = 0. Consider ' = A¢;—¢;
with i < j. If N € P} (u) and the degree of X' is d+ 1 then ' = A + Agpn — >_, ax where
1<k<iand j <k <n because ¢, —€; = o; + ...+ o;. This shows that the r, with
1 <k<iand j <k <n must have been > 1 in the first place. If this were not the case
then the degree could not have been raised by adding the root €; — €;. In either case we
find X <, A+ Agpn. Similarly, adding negative roots yields A" >, XA — Apn and we are
done. See Figure for an illustration.

Figure 2.15: The ordering <, in case (sls,gl,) behaves well under taking the tensor
product with Agpn.

(2). Let (G, K) = (Spingy(C), Spin,_,(C)) with d > 3. The spherical weight A\ = w;
is the highest weight of the fundamental representation SO4; — GL(C?) whose non-zero
weights are the short roots. The only weights that influence the degree are +¢;. Hence
A= Asph = N = A+ Agpn, as illustrated in Figure m

(3). Let (G,K) = (Spy,(C),Spy,,_5(C) x Spy(C)). The spherical weight is Aspn =
€1 + €2 and the irreducible representation of highest weight Aspn has weights +e; & ¢; for
1 <i < j <n. In view of the description of the y-wells in Theorem for the various
1 we see that the degree of A can be raised by at most one upon adding a positive weight
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Figure 2.16: Ordering <, in case (s05,504) behaves well under taking the tensor product
with )\sph~

€; £ ¢;. If this happens we have A +€; £ ¢; = X =<, A+ Asph because Agpn — (€; £¢;) € QF.

(4). Let (G, K) = (Spin;(C), Gz). The spherical representation Aspy, = % (€1 + €2 +€3)
is the highest weight of the spin representation Spin,(C) — SOg(C). The non-negative
weights are ws, —wy + w3, w1 —woe + w3 and we —w3. The degree is raised only by adding
w3 or wy —wy+ws. The latter is equal to w3 — ap — a3 which shows that A <, A+ Agpn.
Similarly, adding negative weights shows X =, A — Agpn and we are done.

(5). Let (G, K) = (Gg2,SL3(C)). The spherical weight w; is the highest weight of the
representation Go — SO7(C) whose weights are the short roots and the zero root. The
inequalities A — Agpn, =, N = 1 A+ Agpn follow by inspection. We have illustrated the good

behavior in Figure
O

2.4.3. Theorem [2:4.2] plays a key role for the computation of matrix valued orthogonal
polynomials in Chapter [3] The proof uses the classification of multiplicity free systems
and explicit case by case knowledge of the branching rules. It would be desirable to have
a more conceptual proof.
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Figure 2.17: The ordering <, in case (g2, sl3) behaves well under taking the tensor product
with /\sph-
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Chapter 3

Matrix Valued Polynomials
associated to Multiplicity Free
Systems

3.1 Introduction

In Chapter [2] we have classified the multiplicity free systems of rank one. In the present
chapter we turn our attention to compact groups and to the analogue of multiplicity free
systems for compact groups. Given a compact multiplicity free system (Definition
we construct families of matrix valued orthogonal polynomials on a compact interval. The
construction is divided into two steps. In the first step we generalize the construction
of Jacobi polynomials on rank one symmetric pairs to a construction of vector valued
polynomials for compact multiplicity free systems of rank one. Along the way we keep
track of the orthogonality and recurrence relations and differential equations. The second
step is to arrange the vector valued polynomials into matrices to obtain matrix valued
polynomials. We obtain families of matrix valued orthogonal polynomials which are
simultaneous eigenfunctions for a commutative algebra of differential operators. In the
final subsection of this chapter we discuss briefly how the matrix valued polynomials relate
to the ones obtained by Grinbaum et al. [GPT02].

In this chapter we use different notations for groups. The compact Lie groups are now
denoted by roman capitals G, K and their complexifications are denoted by G¢, K¢. This
is the price we pay to get rid of the indices of the compact groups that we would have
had to introduce otherwise.
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Chapter 3. Matriz Valued Polynomials

G K Asph faces I
SUn+1) n>1 U(n) w1 + Wy any
SO(2n) n>2 SO(2n —1) w1 any
SO(2n+1) n>2 SO(2n) w1 any
Sp(2n) n >3 | Sp(2n —2) x Sp(2) wa dimF <2
Fy Spin(9) w1 dim F <1 or
F = Nw; + Nws
Go SU(3) w1 dimF <1

Table 3.1: Compact multiplicity free systems of rank one. In the third column we in-
dicated the spherical weight. In the third column we have given the highest weight
Asph € P(J;r of the fundamental zonal spherical representation in the notation for root sys-
tems of Bourbaki [Bou68|, Planches|, except for the case (G, K) = (SO(4),SO(3)) where
G is not simple and Agpp, = w; + ws € PCJ;r = Nw; + Nws.

3.2 Multiplicity free triples

Let G be a compact connected Lie group, K C G a closed connected subgroup and let
Gc and K¢ denote the complexifications of G and K. Weyl’s unitary trick provides a
correspondence between the rational irreducible representations of G¢ and K¢ and the
unitary irreducible representations of G and K. In [2.1.6] we have fixed the notations of
the roots and weights for the algebraic groups G¢ and K¢. In this chapter we use the
same notations. Once we have chosen a maximal torus in G and a notion of positivity we
denote by RE the set of positive roots, by Pg{ the set of dominant integral weights and
by Cg the positive Weyl chamber and similarly for K. By a relatively open face F' C Py
we mean the intersection Py N f for f C Cj: a relatively open face of the positive Weyl
chamber.

Definition 3.2.1. Let G, K be compact Lie groups and let Gc, K¢ denote their complez-
ifications. Let I’ C P; be a relatively open face and let p € P;;, A triple (G, K, u) is
called a compact multiplicity free triple if (Gc, K¢, p) is a multiplicity free triple. A triple
(G, K, F) is called a compact multiplicity free system if (Gc, K¢, F) is a multiplicity free
system.

The pairs (G, K) in Table are the compact Lie groups whose complexifications
(Gc, K¢) appear in Table In particular we denote Sp(2n) = U(2n) N Sp,,, (C) where
some other authors may use Sp(n) for the same compact Lie group. The rank of a compact
pair (G, K) is defined by the rank of the pair (G¢, K¢) that we discussed in

Recall from that an isogeny is a finite covering homomorphism and that two
Lie groups G and G’ are called isogenous if there is an isogeny in one of the directions.
Let ¢ : G’ — G be an isogeny of compact Lie groups. Then the complexified map
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8.2. Multiplicity free triples

cc : Gz — G is also an isogeny. Conversely, an isogeny cc : G — G of the complex
reductive groups G, G¢ restricts to an isogeny of the compact subgroups G’ and G.

Definition 3.2.2. Let ¢ : G' — G be an isogeny of compact groups, let K' C G’ be a
closed subgroup and denote K = ¢(K'). Then c is called an isogeny of the pairs (G, K)
and (G',K"). Two pairs (G, K) and (G', K') are called isogenous is there is an isogeny
between (G, K) and (G', K') in one of the directions.

In view of Theorem [2.2.16| we see that modulo isogenies, Table comprises all the
multiplicity free systems with (G, K) of rank one. The corresponding spaces G/K are
precisely the two-point-homogeneous spaces as classified by Wang in [Wan52].

Proposition 3.2.3. Let (G, K, F) be a compact multiplicity free system of rank one. Let
X = G/K and let g = eK € X. Identify the tangent space T,X = & where 1 is
with respect to the Killing form on g. The action of K on T, X is transitive on lines.
Let a C €+ be a line. Let A C G be the torus with a as Lie algebra. Then we have a
decomposition G = KAK .

PROOF. We only have to check this for the two non-symmetric pairs since for the rank one
symmetric pairs the statement is clear, see [Kna02, Thm. 6.51]. Spin(7) acts transitively
on ST and G, acts transitively on S, see e.g. [MS43]. We can be more precise, see [Ada96,
Cor. 5.4, Thm. 5.5]. The stabilizer of a point s € S7 of the Spin(7)-action is (isomorphic
to) Go and the corresponding action of Gy on T,S7 = R7 is transitive on lines. The
stabilizer of a point t € S® of the Gy action is (isomorphic to) SU(3) the corresponding
action of SU(3) on C3 is transitive on S° C T3S Hence SU(3) acts transitively on lines
in 7;5% We conclude that the orbits of K in G/K are parametrized by A and hence
G =KAK. O

3.2.4. Let (G, K, F') be a compact multiplicity free system of rank one. The Lie algebras
of G and K are denoted by g and ¢ and their complexifications by gc and €c. We have
seen in Lemma that gc admits a decomposition gc = tc @ ac ng where ac is
a one-dimensional torus that consists of semisimple elements. Denote a = g N ac. The
one-dimensional torus a is the Lie algebra of a torus A C G with the property that
G = KAK. Denote M = Zy(A). In Proposition we have seen that an irreducible
K-representation 7 of highest weight ;1 € F' decomposes multiplicity free upon restriction
to M. In Table 3.2 we have indicated the subgroups M modulo conjugation by K.

3.2.5. The p-well P () = {\ € P& : my(u) = 1} is isomorphic to N x B, where the
bottom B, is a finite set that is isomorphic to Py (1), see Proposition The number
of elements in By, is d,(M) = |Py;(1)|. In we have defined the isomorphism

NN x Pi(p) = PE(p) : (d,v) = bu(v) +d - Asph- (3.1)

The bottom B,, has been determined case by case (see Subsection and Agpp generates
the spherical monoid Pg(0) over N. Ay is called the fundamental spherical weight.
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G K M
SU(n+1),n>1 U(n) S(diag(U(1) x U(1)) x U(n — 1))
SO(2n), n > 2 SO(2n —1) SO(2n — 2)
SO(2n+1),n>2 SO(2n) SO(2n —1)
Sp(2n), n >3 Sp(2n — 2) x Sp(2) Sp(2) x Sp(2n — 4)
Fy Spin(9) Spin(7)
Spin(7) Go SU(3)
Go SU(3) SU(2)

Table 3.2: Spherical pairs of rank one with M = Zx (A) modulo conjugation with K. Note
that the embedding Spin, (C) C Sping(C) is the standard embedding Spin,(C) C Sping(C)
followed by the embedding Sping(C) C Sping(C) that is twisted by the automorphism
€1 — €2 > €3 — €4, see [BSTY, §6].

P} (u) is endowed with the partial ordering <,, that we defined in m The partial
ordering <, behaves well with respect to taking the tensor product with an irreducible
representations of highest weight Aspn. Indeed, let A, A € Pg(u) and let mwy, T\ be
irreducible representation of highest weights A and )\ in the vector spaces Vy, Vy/. Let
T, D€ an irreducible representation of highest weight Aspn in V. We have shown in

Theorem that [Ty ®@ 7, : Ta] > 1 implies
A— )\sph ju N ju A+ )\sph- (32)

Moreover, we have shown in Proposition m that A + Aspn € Pg (1) and that the
projection V\ ® V. — Vi4a,,, IS onto.

sph sph

3.3 Spherical functions

From now on (G, K, F) is a compact multiplicity free system with (G, K) a compact
Gel’fand pair of rank one and with G otheIE| than Fy.

3.3.1 Spherical functions and representations

3.3.1. The irreducible unitary representations of K of highest weight u € P; are all
equivalent. We fix an irreducible representation for every y € Pt and we denote the
representation space with V,. Similarly for G where we fix for every \ € Pg a unitary
irreducible representation of highest weight A in the representation space that we denote
by V. Note that our choices imply that the spaces V, and V) are endowed with Hermitian
inner products (-,-),, and (-,-)». We use the convention that a Hermitian inner product
is complex linear in the second variable.

LA few days before printing we discovered that there are good faces other than {0} in this case.
Unfortunately there was no time left to analyze the p-wells in these cases.
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Let \ € Pg and let m denote the corresponding irreducible representation in V). The

matrix coefficients of A are denoted by m3) . (g9) = (v1, m(g)va)x.

Definition 3.3.2. Let u € F and let 7 be the K-representation of highest weight 1 in
V.. A spherical function on G of type p is a matriz valued function ® : G — End(V),)
such that

D (k1gks) = 7(k1)®(g)7(k2) for all ki,ke € K and g € G. (3.3)

3.3.3. Let (G, K, u) be a multiplicity free triple and let A € Pé"(p). The representation
space Vy decomposes uniquely as a direct sum Vy =V, @ VHJ-.

Definition 3.3.4. Let u € F and let  be the representation of G in Vy of highest weight
A E Pg (n). Let b:V, — Vy be a unitary K -equivariant embedding and let b* : Vy — 'V,
be its Hermitian adjoint. The spherical function of type p associated to X\ is defined by

PN : G — End(V,) : g+— b om(g)ob. (3.4)

An elementary spherical function of type p is a spherical function of type p associated to
some X € PL(p).

3.3.5. Note that the spherical function ®4 only depends on the weights p and X as long
as we take the K-equivariant embedding b : V,, — V) unitary.

3.3.6. Let u € F and let A € Pt (p). Fix a basis {v; : i = 1,...,dim(p)} for V,,. Then

(01, ®X(9)v5) e = (bu(0i), TA(9)byu (), (3.5)

from which we see that the matrix entries of the elementary spherical functions are matrix
coefficients of the irreducible representation of G.

3.3.7. Definition applies only to multiplicity free triples (G, K, u1). There are more
general definitions of a spherical function available. Indeed, for triples (G, K, 7) where G
is a locally compact group, K a compact subgroup and 7 an irreducible representation
of K, for which the multiplicity [r|k : 7] may be greater than one for some irreducible
representation 7 of G, one can also define elementary spherical functions, see for example
[War72a), [Tir77], [GV88]. However, at this moment we cannot work in this generality
because for the construction of the matrix valued polynomials we need the structure of
compact Lie groups. Moreover, we need the elementary spherical functions to take their
values in one and the same matrix algebra. The latter will not be the case if we allow
multiplicities [7|g : 7] > 1.

3.3.8. Let p € F and let X € Péf (). Let 7 be a unitary irreducible K-representation of
highest weight y and let b : V,, — V) be a unitary K-equivariant embedding. Let x, =
dim(V},)tr(7). Define the convolution algebra C,(G) = span{mj,, : A € Pg(n),v,w €
b(V,) C Vi}. Proposition and Corollary give different characterizations of
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elementary spherical functions. We present the results here because several authors use
Corollary [3.3.10]as a definition of elementary spherical functions, see e.g. [Tir77], [GPT02],
[RT06]. The proof of the Proposition is given in [GV88, Thm. 1.3.5]. The proof of
Corollary is included in [GV88| Lem. 1.3.4].

Proposition 3.3.9. Let ® be a spherical function of type u € F. Define the linear map
Ly (@) = End(V,) /= | F9)®(a)ds. (36)

If @ is an elementary spherical function of type p then Lg is an irreducible representation
of the convolution algebra C,,(G). Conversely, if L is an irreducible representation of
C.(G) of the form L = Lg, with ® a p-spherical function, then ® is an elementary
spherical function of type p.

Corollary 3.3.10. Let pu € F and let ® : G — End(V,,) be a continuous function. The
following are equivalent.

o O is an elementary spherical function of type w,

o O(e) =1 and for all x,y € G we have
B(@)0(5) = [ (k) B(ak)dk. (3.7)
K

3.3.11. Let p € F and let A € PL(p). Let U(tc) and U(gc) denote the universal envelop-
ing algebras of ¢ and gc¢ respectively. Let 7 and 7 be unitary irreducible representations
of K and G in V), and V) of highest weight ;1 and A respectively. The representations
7 and 7 induce representations 7 : U(tc) — End(V,) and 7 : U(gc) — End(V)). Let
I* C U(tc) denote the kernel of 7. Let U(gc)'e be the centralizer of £c in U(gc). The
restricted representation 7 : U(gc)® — End(V)) is not irreducible, an operator 7 (X)
commutes with the projections on the isotypical K-types. Let b:V, — V) be a unitary
K-equivariant embedding. We obtain a representation

@y Ulge)'® = Endg (V) @ X = b*7(X)b. (3.8)
We identify Endg(V,) & C to obtain a representation wy, : U(gc)®® — C. Define
D+ = U(g(c)ec/(U(g(C)EC N U(g%)I*). The space D* is an algebra [Dix96, Prop. 9.1.10
(ii)]. The representation wy , : U(g(c)kC — C factors through the quotient U(gcc)"’(C — D¢

and the induced map, which we denote by xy , : D* — C, is an irreducible representation.

Proposition 3.3.12. Let p € F and let ® be a spherical function of type p. Define the
linear map

ko : D* — Endg(V,,) : D — (D®)(e). (3.9)

If & is an elementary spherical function of type p then kg is an irreducible representation
of the algebra D*. Conversely, if k is an irreducible representation of D* of the form
K = Ko for a u-spherical function ®, then ® is an elementary spherical function of type

L.
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3.3.13. The result in Proposition is proved in e.g. [GV88, Thm. 1.4.5], [Tir77,
Prop. 4.5]. Proposition implies that a spherical function ® of type u is elementary
if and only if @ is a simultaneous eigenfunction for the algebra D* and ®(e) = I. To see
this let D € D* and for g € G let L, be the map G — G defined by L,(h) = gh. Since
D is left invariant, i.e. LyD = D, we have

D(®4)(g) = Ly (D(®4))(e) = D(Ly;®,)(e) = ®(9)D(¥p)(e)-

For the converse, if ® is a simultaneous eigenfunction for D* with ®(e) = I then D +—
D(®)(e) is a representation of D*. Because ® is p-spherical we have D(®)(e) € Endg (V)
and Endg (V,,) = C from which we see that D — D(®)(e) is an irreducible representation.
Proposition implies that ® is an elementary spherical function of type pu.

Proposition 3.3.14. The algebra D* is commutative.

PrOOF. In [Dix96, 9.2.10] Dixmier argues that there is an injective algebra anti homo-
morphism D* — U(ac)®Endas(V,,). Since Endas(V),) is commutative, so are the algebras
U(ac) ® Endps(V,,) and DH. O

3.3.2 Recurrence relations for the spherical functions

Definition 3.3.15. Let € F and let Aspn € Pg denote the fundamental spherical weight
(see , The spherical functions of type p = 0 are called zonal spherical functions. The
elementary zonal spherical function that is associated to d-Aspn s denoted by ¢pq = (I)(c)l~>\sp1"
The elementary zonal spherical function associated to Aspn ts denoted by ¢ = ¢1 and it is
called the fundamental zonal spherical function.

3.3.16. Note that the zonal spherical functions are K-bi-invariant. We use the partial
ordering <, on the p-well PZ (u) that we have discussed in to obtain a recurrence
relation for the elementary p-spherical functions. The recurrence is obtained by multipli-
cation with ¢.

Proposition 3.3.17. Let yu € F and X\ € P& (u). Then there are coefficients ak(\') € C
such that

$O = > af(N)®Y,, N € PE(p). (3.10)
A=Asph 2 A 2 A+ Asph
Moreover, a\(A+ Aspn) # 0 and 325y | < < aga,, () =1

sph

PROOF. Let 7y be a unitary representation of highest weight A\. Denote V' = @,V where
is sum is taken over all A’ that occur as highest weights of irreducible representations in
on- The sum is finite but there may be repetitions if my/
on With multiplicity greater than one. Let (-,-) denote a Hermitian
inner product on V for which the G representation is unitary. There is a unitary G-
— V. Let by : V, — V) be the K-equivariant

the decomposition of ) ® 7y
occurs in my ® my

intertwining isomorphism a : V) ® V)

sph
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map from Definition We use these maps to find copies of V), in both V) ® V)
and V as follows. Define by : V,, = V) ® V),
K-fixed vector of length one. The map b; is a unitary K-equivariant linear map, uniquely
determined up to a scalar of length one. The maps by : V,, — V) determine a unique
map by : V,, = V such that for every projection pry, : V. — Vy» we have pry, o by = by».
Let v € V,,. It follows from the K-invariance of the maps by, by, and Schur’s Lemma that
there are coefficients a4 (\') € C such that

aby (v Z Moy (v (3.11)

sph

10 = bA (V) ® vgph where vepn € Vi, is a

sph sph

We have (ab; (v), ®my (g9)abi (w)) = (v, P4 (g9)w),¢(g) which is equal to

D AN (v, @4 (g)w),

)\/
by (3.11)). Put ak(X) = [ay(\)|%. If N & PA(u) then af(\) = 0. We find

PP = > ah(N)PK.
NePS

From it follows that we only need to sum over N € PZh(u) with A — Apn =,
N =4 A+ Apn. We have |[pry.abi(v)|> = af(V)|[v|]>. In we have seen that
Pryya,,, (ab1(v)) # 0. Hence af(A + Aspn) # 0. The last statement is immediate from
(3-11). Note that the coefficients a (\') are independent of the unitary intertwiner a. [

Corollary 3.3.18. Let p € F' and let ®Y be an elementary spherical function with X =
A(d,v). Then there are d,,(M) polynomials ¢y ,, € C[¢], v € Py (1) such that

Y = Z (@) PN,

VGP;} (1)

The polynomials are uniquely determined and their degrees are < d.

PROOF. We argue by induction on the set P (u). For A = A(0,v) the statement is clear.
Let A(d,v) € P} (u) with d > 0 and suppose that for all X = )\(d’,u’) with A <, A we
can express ®4, as a C[¢]-linear combination of ®¥ ) VE P ( ) with coefficients of
degree < d'. Consider A — Aspn = A(d—1,v). It follows from (3.10) together with the fact
that the coefficient of the highest degree ax(dq,u)( )#0 that

1
Y = D o) ¢‘I’§(d—1,u) - Z ai(dq,@@’@i/ ) (3.12)
A(d—1,v) A—=2Aeph <A <A
from which the result follows, because d’ < d. O]

3.3.19. In the case p = 0 we get a three term recurrence relation for the elementary zonal
spherical functions ¢4. This means that we can express ¢4 as a polynomial of degree d in
¢. The polynomials that we get are, up to an affine transformation, Jacobi polynomials.
In Table [3:3] we provide the possibilities in the cases of our interest.
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3.8. Spherical functions

3.3.3 The space of spherical functions

3.3.20. Let p € F and let T be an irreducible K-representation of highest weight p. Let
C(G) denote the space of continuous functions on G and let R(G) C C(G) denote the
space of representative functions, i.e. the subspace spanned by the matrix coefficients mf]‘,w
with A € PZ. Consider the space of End(V,,)-valued functions R, (G) = R(G) ® End(V},).
Define the action of K x K on R,(G) by

(1, ko) ®(g) = 7(k1)®(ky ' gka)T(k2) ™", for ® € R,(G). (3.13)

Definition 3.3.21. Define the complex vector space E* = R, (G)K*K. EW is called the
space of p-spherical functions.

Proposition 3.3.22. The complex vector space EV is generated by the elementary spher-
ical functions of type p.

PROOF. It is clear that the elementary spherical functions are contained in E*. For the
converse we use the Peter-Weyl decomposition for R, (G). Keeping track of the K x K-
action shows that

E" = @ Homg (V,, Va) @ Homg (Va, V,,). (3.14)
NePE

The space Homg (V,,, V3) is one-dimensional if and only if A € P (). In this case the
unitary embedding b : V,, — V) is in Homg (V),, V). The function in E# that corresponds
to b® b* is @Y. This shows that the elementary spherical functions span E*. O

3.3.23. We have already argued in that E9, the space of K-bi-invariant matrix
coefficients, is a polynomial algebra, i.e. E® = C[¢]. We investigate the algebraic structure
of general E*. Let f € E° and ® € E#. Then the function x — f(x)®(z) is contained
in E* because of Proposition [3.3.22] and (3.10). This observation shows that E* has
an E%-module structure. In fact, E* is a finitely generated E°-module, see e.g. [Kra85),

I1.3.2]. Since E* is torsion free and E° is a polynomial algebra in one variable, E* is a
free E-module, see e.g. [Lan02] 111.§7].

3.3.24. The space End(V},) is equipped with a Hermitian inner product (A, B) = tr(A*B),
where A* is the Hermitian adjoint. This induces a Hermitian inner product on the space
of spherical functions of type p as follows. Define the pairing (-,),.¢ : E* x E* — C

(), ¢ = /G tr(®(g)" @' (9))dg, (3.15)

where dg denotes the Haar measure on G normalized by fG dg = 1. The pairing is linear
in the second variable and it does not depend on the basis of V, in which we express
the functions ®, ®’. Furthermore, the function g — tr(®(g)*®'(g)) is in E° because it is
K-bi-invariant and it is the sum of matrix coefficients.
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Proposition 3.3.25. The pairing is an inner product. The elementary spherical
functions of type pu form an orthogonal system with respect to (-,-),..c. More precisely:

(dim 1)
(®5, X ) = m@\,m (3.16)
PROOF. By Schur orthogonality we have

/ T3 (@) e (9)dg = dim(X) "6 (o, o) (w0, ).

Fix an orthonormal basis {v1,...,v,} for V,,. Let \,\ € Pt (u) and let by : V,, — V),
and by : V,, — Vi be unitary K-equivariant embeddings The entries of the elementary
p-spherical functions are matrix coefficients mbA (03,62 (v by - We find

S dim(v)2
A
(PN, DX = ZZ/ M5, (w0, (o) (DT (00),y0 (07) (9)49 = Tm(n)

j=11i=1

as was to be shown. O

3.3.26. Spherical functions ® can also be studied by considering their traces tr®, see
e.g. [God52), [Warr2al, [GV8S], [Cam97], [Ped97]. We indicate briefly the correspondence
between the spherical functions and their traces.

Let (G, K, p) be a multiplicity free triple and let by : V,, — V) be a unitary K-
equivariant embedding for A € P (u). We rewrite (3.14) to

P Homg (V,,bx(V,,)) ® Homg (bx(Vy,), V)

XEPH (1)
= P (End(dr(V,)) @ End(V,)** . (3.17)
AePE (1)

Taking traces gives a map tr : E# — R(G) : @ — tr®. In view of the identification ([3.17)
this amounts to the linear isomorphism

(End(bx(V,,)) @ End(V,))* % = Endg (bx(V,,)) : A® B — tr(B)A (3.18)

for every A € P+( ). Let 7 be a unitary irreducible K-representation of highest weight .
The inverse of (3.18) is given by C' — [, 7(k)~'C @ 7(k)dk. In view of the identification
(3.17) we obtain the identity for spherical functlonb of type u,

B(g) = /K tr(@(gh™ ) (k) dk,

which shows how to set up the correspondence between the spherical functions and their
traces. Although this point of view on p-spherical functions simplifies matters in the
sense that the values are no longer matrices but scalars, this is not the way we want to
understand the space of spherical functions E*. Instead, we study E* on the one hand
via the spherical functions restricted to a suitable torus and on the other hand via the
recurrence relations, because we want to construct matrix valued polynomials.
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3.3.27. Finally we note that the differential operators in D* act on E* by scalars, see
Proposition We will keep track of what happens to the differential operators if we
simplify the space E* by restricting its elements to A or by using the recurrence relations
to simplify E*.

3.4 Spherical functions restricted to A

3.4.1 Transformation behavior

3.4.1. Let p € F and let 7 be a unitary irreducible K-representation of highest weight
1. Recall from Proposition that there is a one-dimensional torus A C G such that
G = KAK and a 1 £. We fix such a torus A C G. In view of the transformation behavior
a p-spherical function ® € E* is completely determined by its restriction ®|4.

Denote the space of continuous functions on A by C(A). Let R(A) C C(A) denote
the space of representative functions, i.e. the subspace of C'(A) spanned by the matrix
coefficients of A. Since A 2 S! we have R(A) = Cle®, e"].

3.4.2. We recall some facts and notations from Let M = Zk(A) and let Thy C M
be a maximal torus with Lie algebra tj;. The torus Thy A C G is a maximal torus and we
consider the root system Ry, associated to (gc,ac @ ta,c). A choice for a lexicographic
ordering on ac @ ty,c where ac comes first defines a notion of positivity on Ry,. The
positive roots are denoted by R'CJ{ and the set of dominant integral weights is denoted by
P, The root systems Ry, are different from the root systems R¢ in [Bou68, Planches]
that we usually have in mind. However, the two systems differ only by a conjugation.
The spherical weight Aspn in the corresponds to A, € Pgr. We denote by R’(a) the set
of restricted roots a|q, @ € Rf;. Note that Ry (a) need not be a root system, for in the
case (Gz,SU(3)) we find three different lengths of restricted roots.

3.4.3. M acts on the space End(V),) by conjugation and the invariant elements for this
action are the M-equivariant endomorphisms Endas(V,). The elements in Endas(V,)
can be simultaneously diagonalized because the restriction to M of 7 of highest weight u

decomposes multiplicity free (see [3.2.4)).

Lemma 3.4.4. Let (G, K, F) be a multiplicity free system from Table let p € F and
let ® € E¥. Then ®|4 € R(A) ® Enda (V).

PROOF. Since M = Zg(A) we have 7(m)®(a) = ®(ma) = ®(am) = ®(a)7(m) for all
a€Aand me M. O

3.4.5. Let W = Nk (A)/M which is a group of order two. The non-trivial element in
W can be represented by n € Ng(A)\M. Define actions of W and M N A on R(A) ®
Endas(V,) by

(m-®)(a) = 7(m)®(m ta), meANM, (3.19)
(w-®)(a) = 7(N)®(n tan)r(n)"!, weW. (3.20)
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In the symmetric case the actions of AN M and W commute because then the elements
in M N A are of order two. In general Ng(A) normalizes AN M so we obtain an action
of Wx (ANM) on R(A) ® Endas(V,,). The fixed points for this action are denoted by

(R(A) ® Endyy (V)" <A
Define EYy = {®|4 : ® € E*}. We observe that
Bl (R(A) @ Endy (V) VA,

but in general we do not have equality. Indeed, suppose that A N M acts trivially on V,,
and consider the constant function A — End;(V,) : @ +— I which is in

(R(A) @ Endyy (V,,))V*M04)

This function is not the restriction of a non-constant ® € E* because the elementary
spherical functions are (real) analytic, as their entries are matrix coefficients (see [3.3.6)).
Hence the function a — I is in B’ if and only if 0 € Pg(u). The latter is the case if and
only if g = 0. In fact, for a compact symmetric space one can give a global description of

the zonal spherical functions via the isomorphism E° = E = R(A)W*(ANM),
Proposition 3.4.6. The restriction map
resg: EF — Bl : @ — D[y (3.21)

s an isomorphism of vector spaces.

Proor. The G = KAK decomposition implies that, in view of the transformation
behavior (3.3, a spherical function is uniquely determined by its restriction to A. This
shows that res4 is injective. It is surjective by definition. O

3.4.2 Orthogonality and recurrence relations

3.4.7. Let € F. Consider the space of restricted spherical functions E';. If we restrict
the functions in (3.10|) then we obtain a recurrence relation for the restricted spherical
functions,

6(a) @}y, (@) = ) af ()% (a), (3.22)

A=Asph Zp A = A+ Asph

for all @ € A and with a§(\ + Aspn) # 0. This shows that E’ is an E-module. The
restriction map E* — E is an isomorphism of vector spaces that respects the module
structures.

3.4.8. In view of the G = K AK decomposition (Proposition3.2.3) we want to understand
an integration of K-bi-invariant functions over G as an integration of their restrictions to
A over the torus A.
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G K ¢(at) (a,B)
SU(n + 1) U(n) miDeosM-1 | (5, _1,0)
SO(2n) SO(2n —1) cos(t) (n—3,n-3)
SO(2n +1) SO(2n) cos(t) (n—1,n—-1)
Sp(2n) | Sp(2n—2) x Sp(2) | el (2n —3,1)
Fy Spin(9) cos(2t) (7,3)
Spin(7) Go cos(3t) (2,2)
Go SU(3) cos(2t) (2,2)

Table 3.3: The fundamental spherical functions restricted to A =2 S! in coordinate a; <+

e't.

Proposition 3.4.9. There is a weight function D : A — C such that the following holds.
If f : G — C is K-bi-invariant then [, f(g)dg = [, f(a)|D(a)|da.

PROOF. The statement is classical in case (G, K) is a symmetric pair, see e.g. [Hel62l
Thm. X.1.19]. In the two cases (Spin(7),Gz) and (G2, SU(3)) the quotient space X =
G/K can also be written as X = G'/K’ with (G’, K’) the symmetric pair (SO(8),SO(7))
and (SO(7)/SO(6)) respectively. Since the orbits of K and K’ in X are the same we see
that the weight function for K\G/K is equal to the weight function for K'\G'/K'. O

3.4.10. The fundamental spherical functions in Table [3.3] correspond to the Jacobi poly-
nomials of degree one with parameters («, 3). One can also calculate the fundamental
zonal spherical function by explicitly calculating the matrix coefficient that corresponds
to the K-fixed vector in Vy_, .
mental zonal spherical function on the quotient A/(A N M) is equal to cos(t). To lift it

back to A we need to triple or double the periods since AN M has three or two elements

In the two non-symmetric cases we know that the funda-

respectively.
Theorem 3.4.11. Let ®,9' € EY. Define the pairing (-,-),.a : B4 x E'f — C by

<<I>,<1>'>u,A:/Atr((‘b(a))*q”(a))ID(a)Ida-

Then (-, )4 is an inner product on E'y. The restriction map ress : E* — E' is unitary
with respect to the inner products (-,-),.c (see (3.15)) and (-,-)u,a. This shows that the
basis {®h|a : N € PA(u)} of EY is orthogonal for (-,-),, 4.

Proor. By [3.3.24] and Proposition we see that (®,®'), ¢ = (®|a, P'|a)y,a for all
D, 0 € Br. O

3.4.12. The vector space Endy;(V},) is isomorphic to @VeP;}(u)EndM(VV)’ see Definition
The isomorphism is given as follows. Let b, : V,, — V), be a unitary M-equivariant
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embedding and let b}, denote its Hermitian adjoint. Define the maps
By : Endpr (V) = Enda(Vy) : T tr(b, o T o b,),

which are surjective for v € Py (). Together the maps {8, : v € P, (1)} give a linear
map £ : Enda(V,) = @ueP;;(u)EndM(VV) which is surjective by construction and injec-
tive by dimension count. Recall that d,(M) = dim Endps(V},) is the number of elements
in the bottom B, of the p-well (see Definition . Parametrize the standard basis
vectors of C%(M) by P (). This fixes an isomorphism

69”‘5131»+4(;L)]3r1(1M(Vl,) —y Qu(M)

The elements in End s (V),) are diagonal matrices that consist of blocks. For later purposes
we want to view these diagonal matrices as vectors without repetition. To this end, define
the map (-)"P by the following commutative diagram.

(-)"?

Endy (V) Cu(M)
@VGPI\JZ (#)EHdM(VV)

The inner product (T, 5) +— tr(7*S) that we discussed in corresponds via ()" to
the standard inner product on C% (M) that is C-linear in the second variable.

Let ® € EY. We denote by ®" : A — C%M) the composition of ® and (-)*. The
space of C%(M)_yalued functions on A is endowed with the inner product (F, F'),, ., =
J4(F(a), F'(a))|D(a)|da where {a — D(a)} is the weight function from Propositionm
We have (®, ®'),, 4 = (O, ®"P),, . Hence the map E; — (E%)"P given by composition
with ()"P is a unitary isomorphism of vector spaces. It is clear that (-)"P respects the
module structures.

3.4.13. Finally we say something about the degrees of the restricted spherical func-
tions. We have seen in Lemma m that elementary spherical functions ®4 restrict to
End s (V),)-valued Fourier polynomials ®§|4. In particular the entries of the Cln (M) _
valued functions (®4)"P are Fourier polynomials. The degrees of the polynomials are
determined as follows. Let H, € a denote the smallest non-zero element such that
expHa=1. Let N € Pg (the alternative set of dominant integral weights we discussed
in @) and consider a matrix element mi‘:w. Then the restriction m;}:w\ A is an element

in R(A) of degree < |N(Ha).

Proposition 3.4.14. Let p € F, let A = \(d,v) € PZ(u) for some v € Py;(u) and
d € N. Let N € PL(n) denote the corresponding weight in the (alternative) set of
dominant integral weights that we discussed in , The entries of ®X|4 are of degree
< |N(H,)| except for the entry that corresponds to the M -type v. The degree of the latter
entry, a +— mg\;(v)7bu(v)(a), is [N (Ha)l.
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PROOF. Let v/ € P;;(u) and let v € by (b,(V,/)) be non-zero. By Proposition m
M acts irreducibly of type v on the space V/\“,+. Write v as a sum of ac-weight vectors,
v =) vy. The degree of a — mﬁ:v(a) is [N (H )| if and only if vy, # 0, i.e. (v, V/{‘f) # 0.
So we need to show that (v, V/{‘f) # 0 if and only if v = /.

If (v, V>:‘,+) # 0 then v = v/, For the converse suppose that v = v/ and (v, VA“/+) =0.
Since any non-zero vector w € V/\“,+ is K-cyclic by Propositionwe have (w, by (Vy,)) #
0. But w only pairs non-trivially against vectors from the M-isotypical subspace of type
v, ba(by(V,r)). Hence (v, w) # 0 for some w € V)?+, a contradiction. O

3.4.3 Differential operators

3.4.15. In this subsection we study how the differential operators in D* relate to differ-
ential operators acting on the restricted spherical functions. More precisely, we calculate
the radial parts of the operators in D*. We use the results in [CM82] in which Casselman
and Mili¢i¢ calculate the radial parts for p-spherical functions for symmetric pairs of any
rank. It turns out that, using Lemma [3.4.17] for the rank one cases that we study, the
proofs in [CMS82] carry over mutatis mutandis to the non-symmetric examples.

3.4.16. We use the notations from The eigenspace for an element v € R (a) is
denoted by (gc),. An element «y gives rise to a character of A that we denote by €7. Let
pw € F and let 7 € K be of highest weight u. Let a € A and X € U(gc). We define
X% = Ad(a"!)X. Define the trilinear map B, : U(ac) x U(tc) x U(tc) — U(gc) by

B.(H,X,Y) = X°HY.
For Z € U(mc), we have B,(H,XZ,Y) = B,(H,X,ZY), so B, induces a linear map
I'y:Ulac) @ U(tc) @u(me) Ulke) = Ulge) : HO X @Y — X“HY.

We denote U(ac) ® U(tc) ®ume) U(tc) = A. Our first aim is to prove that I'y is an
isomorphism of vector spaces for a € A,eq = {a € A|Vy € R (a) : €7(a) # 1}.

Lemma 3.4.17. Let v € R (a) and let Z € (gc). Then there is a unique root vector
Z' € (gc) withy' € RS (a) such that Z + Z' = U € ¢c. Moreover, we have

1
e~ (a) — e 7(a) (
1

A = (U“ - e_”*/(a)U) . (3.24)

7 =

U*—e (a)U) (3.23)

PROOF. This follows from Lemma [2.2.8] The proof of the equations (.23} [3.24) follows
then from U = e~ (a)Z + ¢ (a)Z'. O

3.4.18. Recall from Lemma, that we denote the association gc — gc : Z — Z’ of
Lemma [3.4.17| by 6. The image of (I + 6) : nf — £ is the orthogonal complement of
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mc with respect to the Killing form and we denote it by qc. For any a € A, we have
gc = q¢ @ ac ® &c. Indeed, by Lemma [3.4.17| we have gc = q¢ + ac + £c and counting the
dimensions shows that the sum is direct.

Theorem 3.4.19. For a € Ayee, I'y : A — Ulgc) is an isomorphism of vector spaces.

PrOOF. This is clear from the theorem of Poincaré-Birkhoff-Witt applied to the decom-
position gc = q¢ @ ac @ € from O
3.4.20. Let R denote the algebra of functions on A that is generated by {e7, (1—e?7)~1:
v € RF (a)}. Fix a € Ayeq and define

ROA—=U(ge): f@X — fla)T(X).
We denote this map also by T',. We have the following result (see [CM82, Thm. 2.4]).

Theorem 3.4.21. For each X € U(gc) there exists a unique II(X) € R ® A such that
I,(II(X)) = X for every a € Apeg.

3.4.22. The map II : U(gc) — R ® A is crucial in calculating the radial parts of the
differential operators in D¥. Let us first explain what we mean by the radial part. In
subsectionwe studied the space E* that consists of certain End(V),)-valued functions
with transformation behavior . Let £# denote the space of smooth functions G —
End(V},) that satisfy (3.3). Let &'} denote the space of functions ®|4 with ® € . Then
Er C &r, Bl C € and (U(ge))® acts on E# as differential operators. The radial part of
a differential operator X € (U(gc))* is the operator £ — EX : ®|4 — (X P)|4.

3.4.23. Let ¢ : U(gc) — U(ge) denote the anti-automorphism induced by gc — gc :
X — —X. Define

&, Ultc) @ U(tc) —» Hom(Endy (V,), End(V,)) :
X QY)T)=7(X)oTor((Y)). (3.25)

Then §,(XZ®Y) = (X ® ZY) for all X,Y € U(fc) and Z € U(mg) which implies
that &, induces a linear map

& U(E) @ume) U(Ec) — Hom(Endy (V,), End(V;,))
that we also denote by &,,. Finally, define the linear map 7, =1 ® 1 ® £,
Nu:R® U(ac) @ U(te) QU (me) U(tc) > R U(ac) ® Hom(EndM(Vﬂ), End(VH))

and put I, =7, oIl : U(gc) =+ R®U(ac) ® Hom(End (V,), End(V,)). The elements in
R&U(ac) @ Hom(End s (V,,), End(V,,)) act as differential operators, transforming smooth
End ;s (V),)-valued functions on A,eg into End(V,)-valued functions on A,ez by the rule

(fOH®T)(F)=f-H(TF).

We call II,(X) the p-radial part of X € (U(gc))*, which is justified by the following
result.
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Theorem 3.4.24. For every ® € E* and X € (U(gc))' we have
(X )[4 = IL(X)P|a.

Moreover, the map 11, : (U(gc))* — R ® A® End(Enda(V,)) is a homomorphism that
factors through the quotient (U(gc))t — D* and we obtain an injective homomorphism
Dt — R ® U(ac) @ End(Endyy (V,,)).

PRrROOF. The first part of the statement is [CM82, Thm 3.1 and Thm. 3.3] and the proofs
go through for the two non-symmetric pairs mutatis mutandis. It is left to show that
the map II, has the ideal (U(gc))* N U(gc)I* as its kernel. Let X € (U(gc))te and
suppose that I1,(X) = 0. This implies that X®4(e) = 0 for all A € P} (u) and hence
that X € (U(gc))* NU(gc)I*. Conversely, if X € (U(gc))* NU(gc)I* and ® € E# then
X® = 0 because E# C L?(E") is dense, where L?(E*) is the Hilbert space completion of
E* with respect to (-, ). It follows that IT,(X)®|4 = 0 and this finishes the proof. [

3.4.25. The image of the injective homomorphism from Theorem [3:4.24] is an algebra
that we denote by

D = II,(D*) € R ® U(ac) ® End(Endyy (V,,)).

We denote the induced isomorphism II, : D* — D/;. In the symmetric case with g =0
we know that D = U(ac)" via the Harish-Chandra homomorphism, where W is the
Weyl group of Ry (a). In the more general case of Table we do not know of a global
description of D# other than an embedding D* C U(ac) ® Enda(V),), see [Dix96, Ch. 9].

3.4.26. The group W = Nk (A)/M acts on Ends(V),) via W xEndps(V,,) — Enda(V,,) :
w-S =7(n)S7(n)~* where n € Nx(A)\M. Now we have an action of W on R® U (ac) ®
End(Endas(V),)) defined point wise by

w- (f®H®T)(a)(S) = f(nan™") @ Ad(n)H ® 7(n) o T(r(n)~1S7(n)) o r(n)~ .

Consider the actions of M N A on R and End(Endy,(V,,)) given by m - f(a) = f(m™'a)
and (m - T)(S) = T(r(m)~! o S). These extend to an action of M N A on R @ U(ac) ®
End(Enda(V),)) by letting M N A act trivially on the second tensor factor. Note that
the natural action of M on the second factor is trivial anyway. We obtain an action of
W x (MNA)onR®U(ac)® End(Endas(V,)).

Proposition 3.4.27. D C (R ® U(ac) ® End(Endy (V)" * M4

PROOF. The algebra D acts faithfully on E’ so it is sufficient to show that (o-D)® = D®
forall ® € Eff and all 0 € W x (M NA). As W x (M N A) acts on E; it induces an
action on D} as follows. For 0 € W x (M N A) we have (cxD)® = o - (D(c~! - ®)) where
o - @ is the usual action. Upon writing D =Y f ® H® T it is easily checked that indeed
o-D=0%D. Since (6 x D)(®4|4) = D(®4|4) for A € P () we have o - D = D. O
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3.4.28. We close this subsection by noting that equations and can be used
to compute the radial part effectively. In fact, in [War72b, Prop. 9.2.1.11] we find an
expression for the p-radial part of the Casimir operator for the symmetric space cases.
‘We use the notation of Let © € 34, be the Casimir operator of order two normalized
as follows. Let hy C hc = ac @ ta,c denote the real form on which all roots in Ry, take
real values. So ho = ia @ ity;. Choose root vectors E, € (gc)a such that B(E,, E_,) =1
for all & € Ry,. Let {Hy,...,H,} be an orthonormal basis with respect to the Killing
form B and such that H; € ia. Then the Casimir operator € is of the form

Q= ZH2+ > E.E_,

a€Rg

and the action of 2 on an irreducible representation of highest weight A € Pg‘ is given
by the scalar (A, A\) + (A, pg) (see e.g. [KnaO2, Prop. 5.28]), where (-,-) is the pairing on
hy dual to the Killing form. Let A,. C Ry, denote the roots that are not perpendicular
to tarc with A, C A, the positive roots. Let 2y, denote the Casimir operator for M.
Then we have

Q=H?+Qun+ Z E,E_,
aEAne

and since E, € nf for @ € A, we can use (3.23), (3.24) to calculate the radial part. For
a € Ay let H, € ac denote the element such that o(Hy) = B(Ha, H1). Moreover, let
Y., denote the unique element in ¢¢ such that F, — Y, € (gc)—o. We get

g e*+e @
() = HE+7(6m) + 3, oM
aeAnC

F8 Y o (T (V) (V) (Va)e)

aGAnc

_3 Z (e” +@ a) S (T(Ya) e 7(Yiq))  (3.26)

QEAIC

where the bullet o indicates where to put the function ® € &Y.

3.5 Spherical polynomials

3.5.1 Spherical polynomials on G

3.5.1. Let 4 € F. We have seen in Proposition that the elementary spherical
functions @) satisfy recurrence relations. Given an elementary p-spherical function ®%
there exist unique polynomials ¢ , € C[¢] such that

N = Z QQ‘,V(@@‘;(O,V)’

VGPAJZI (p)
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see Corollary [3.3.18, This defines the map
rec : E* — E0 @ CWM) . ok s (qu)VEPE(M)' (3.27)

where the name “rec” refers to the recurrence relations. The image of an elementary
spherical function of type p under the map rec is denoted by rec(®%) = Q4. We investigate
the orthogonality measure for the space rec(E").

Definition 3.5.2. Define V* € E° @ End(C%()) by

(VA@)uar = tr (@0, (9)) @, (9))

3.5.3. The entries of (V#), ./ are indeed in E? by [3.3.23] Define the pairing (-, ), q.¢:
E° @ C% M) x FO @ (M) 5 C by

(@ Q) g = /G Q@) V*(9)Q'(g)dg. (3.28)

Proposition 3.5.4. The map rec : E* — E°@C%M) js an isomorphism of vector spaces
that respects the E°-module structure. The pairing {(,-),.q.c defines a Hermitian inner
product on the space E° @ End(C% M), Moreover, the map rec is unitary for (-, e
and (-, ) p.q.G-

PROOF. The map rec is linear and it respects the module structures by definition. To
show that rec is injective, let ® € E* and suppose that rec(®) = 0. We can express ®
as a finite sum of elementary spherical functions. These spherical functions are linearly
dependent by the assumption rec(®) = 0. Since no finite set of elementary spherical
functions is linearly dependent (because these correspond to characters of a commutative
algebra) we must have ® = 0. The map rec is surjective because it is E%linear and the
minimal elementary spherical functions CID‘;(O’V) are mapped to the constant functions that

generate E° @ C%(M) as an E%-module. Note that

@ e = [ 5 BP0 S 01 (000 |
- Z / 0L, (6()tr () (0) 0, (0)) e (0(0))do,
which is equal to (QX, Q) ,.q,c- It follows that rec is unitary. O

3.5.5. The space E° @ C% (M) is called the space of p-spherical polynomials. By Propo-
sition the space of p-spherical polynomials is isomorphic as E%-module to the space
of p-spherical functions. The Hermitian structure on E° @ C% (M) is governed by the
function g — V*#(g). The function V* is called the matrix valued p-weight function.
Note that the family {Q% : A € P& (u)} is an orthogonal family for (-,-), 4.c-
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3.5.6. The weight functions may be decomposed in blocks by conjugating with a certain
constant matrix. In the case (SU(2) x SU(2),diag), see where the commutant
{V#(g) : ¢ € G} is spanned by two elements. In the cases (SO(2n),SO(2n — 1)) the
commutant {V*(g) : ¢ € G}’ will in general not be one-dimensional because the theta-
involution interchanges the spin components of the occurring M-types. It is yet unclear
what the commutants are in the generality of Table

3.5.2 Spherical polynomials restricted to A

In this subsection we study the restriction map E° @ C% (M) — E%® C% M) The space
EY ® C%M) is an EY-module and the restriction map E° — EY is an isomorphism of
vector spaces that respects the module structures, see Proposition and Theorem
[3:4.11] Hence the restriction map

resy : B @ Cw(M) 5 E9 @ C% (M) (3.29)

is an isomorphism of vector spaces that respects the module structures. Define the pairing
(3 g EY® Cn(M) EY® C4 M) _, C by

(@@ g =/A(Q(a))*V“(a)Q’(a)ID(a)Ida- (3.30)

Lemma 3.5.7. The pairing (-, )u,q,4 defines a Hermitian inner product on EY QCu (M)
The map res 4 is unitary with respect to (-,-)uq.c ond (-, ) u.q,A-

PRrOOF. It is sufficient to check the identity (Q%, Q% )u.q.c = (@4, Q5/|4)u,q,4 Which
follows from a straightforward calculation. O

3.5.8. Another way of studying the space EQ ® C% M) is by means of the recurrence
relations to EYj. In we have seen that the restricted elementary spherical functions
of type p also satisfy recurrence relations. Hence we can express a restricted elementary
spherical function ®{|4 as an EY-linear combination of the d, (M) elementary spherical
functions (I)i(o,u
as in Corollary This defines the map

, v € Pyi(p). The coefficients that we obtain are ¢§ |4 with g , defined

recy : Bl — EQ @ CHM) |4 (5, 14),epi (- (3.31)

Proposition 3.5.9. The map recy : EYf — EY ® C%(M) s an isomorphism of vector
spaces. It respects the module structures and it is unitary for the inner products given by

and (737,

PROOF. The proof of recs being an isomorphism of vector spaces is similar to the
proof of rec being an isomorphism, see Proposition [3.5.40 The module structures are
clearly respected by recs. To see that rec is unitary we have to show the identity
(P14, PN | a)p,a = (QF|a, QY] 4) g4 Which is apparent from the definitions. O
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3.5.10. The restriction maps (3.21) and (3.29) and the maps given by the recurrence
relations (3.27)) and (3.31)) fit in the following commutative diagram.

EH rec EO° ® Cdr (M)

res A lresA

EZ - E% ® Cdr(M)

reca

The recurrence map recs can be understood in a different way. The recurrence relations
imply that a restricted spherical function ®4|4 can be written as a E9-linear combination
of the d,, (M) elementary spherical functions (I);L(Ow) with v € Pj;(1). In we have
seen that E'; is isomorphic to (E%)"P via composition with (-)"P. The isomorphism is
unitary and it respects the module structures. The map V7, : EY ® CM) (EY)"P is
defined by the following commutative diagram.

Eg $ Eg ® Cd/A,(M)

(-)“"l v

(EQ)™P

The map ¥7, is unitary and it respects the module structures. The notation suggests that
U7 is the pull back of a diffeomorphism. Theorem [3.5.12{shows that this is the case on a
dense open subset of A.

Definition 3.5.11. Define A, _icg = {a € A :det(V#(a)) # 0}. The set A, _ieq is called
the p-regular part of A.

Theorem 3.5.12. The set A,_,ex 95 open and dense in A. The restriction

U (BY PS5 B @Cct (D (3.32)

I Ap—reg n—reg
is gien by pointwise multiplication by the matriz ¥, (a) which has the vectors @’;(07y)(a)“p,

v E PAZ(,u) as its columns. In particular s induced by a diffeomorphism of the
(trivial) vector bundle A, eg x CM) 1o itself.

PRrROOF. Define ¥, : A — End(C%M)) point wise by the matrix ¥, (a) whose column
vectors are ((I)i(o,u))uP(a) with v € Pj (). The definition of the weight function V*
implies that V#(a) = (¥,(a))*¥,(a). The determinant of V#(a) is a polynomial in ¢(a)
of positive degree by Proposition As ¢ : A — C has only finitely many zeros on
A we see that A,_,e is open and dense in A. The construction of ¥, implies that on
A —reg We have the identity

U, (a)Q4(a) = (P5)"(a).

It follows that recs restricted to (Efgkreg)uP is given by
Q4(a) = ¥, (a)~H(25)"(a),
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which finishes the proof. O

3.5.13. The differential operators D € D, acting on E; give rise to differential operators
acting on (E%)"P. We denote the corresponding algebra by D" Let D"P € DH"P and
define

(T, D")Q = (V)" (D" (¥,(Q)))
We obtain a homomorphism ¥% : D4 — R ® U(ac) ® End(C% ™)), The algebra
R @ Ulac) ® End(C% (M) admits an action of W x (M N A) by letting it act trivially

on the third tensor factor and in the usual way on the first two tensor factors. A small
calculation shows that

UrDE C (R ® Ulag))V M4 @ End(CH (M), (3.33)

3.6 Full spherical polynomials

3.6.1 Construction

3.6.1. Let p € F and consider the isomorphism A : N x Py (1) — PZ (1), see . The
number of elements in Py (1) is d,,(M) and this is precisely the dimension of the vector
space in which the polynomials {QY}, ept take their values. It follows that the number
of polynomials Q of degree d is d,(M).

Definition 3.6.2. The matriz valued function Q' : A — End(C% (M), d € N is defined
point wise by the matriz Q' (a) whose column with index v € Py (1) is Qﬁf(d ) (a).

Note that {Q!}aen is a family of matrix valued functions on A for which the entries
are polynomials in ¢. To get a family of matrix valued polynomials on a compact interval
we have to perform a final operation.

Definition 3.6.3. Let u € F and let I = ¢(A) denote the image of the fundamental
zonal spherical function. The matriz valued function QY satisfies Q'j(a) = P} (¢(a))
where P} : A — End((Cd“(M)) is a uniquely determined matrix valued polynomial. We

call {P}}qen the family of matriz valued polynomials associated to the multiplicity free
triple (G, K, u).

3.6.2 Properties

3.6.4. The family of matrix valued polynomials associated to a triple (G, K, i) has several
nice properties. In particular, the members of the family satisfy a three term recurrence
relation, they are orthogonal with respect to a matrix valued inner product and they
are simultaneous eigenfunctions for a commutative algebra of differential operators with
matrices as eigenvalues. We address all these properties in this section.
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Proposition 3.6.5. The matriz valued polynomials satisfy a three term recurrence rela-
tion. More precisely, for every d € N there are three matrices Aq, By, Cq € End(C% (M)
such that

JTP; = P;+1Ad + P;Bd + P(QﬂlC’d (3.34)
holds for x € I. Moreover, the matriz Aq is invertible.

PRrROOF. We prove the equivalent recurrence relation

(bQZ = g_HAd + QgBd + Qﬁj_lCd (3.35)

which in turn is equivalent to a recurrence relation for the columns of the functions
{Q} e Pt () We have such a recurrence relation for the functions ®§, namely 1}
Applying the isomorphism ¥7 gives the desired recurrence relation for the functions Q.
To see that Ay is invertible note that af (XA 4+ Aspn) # 0. Moreover, if X' =, X\ + Agpn then
ay(X) = 0. Hence the matrices Aq are similar to lower triangular matrices with non-zero
entries on the diagonal. O

3.6.6. If p € C[¢] then [, p(a)|D(a)|lda = [, p(x)w(z)dz for some function w(z). If we
change the variable using a linear transformation ¢ : I — [—1, 1] then w(a) = (x —1)*(x+
1)# with «, 3 functions of the root multiplicities. We have indicated a and 8 in Table
9.0l

Definition 3.6.7. The entries of the weight function V* (see are polynomials in
¢. Define W € Clz] ® End(C% M) point wise by WH(é(a)) = VH(a)w(d(a)). Define

(-, Ywe : End(C% M) [z] x End(C%M))[2] — End(C% M),

(P, Pyyu = / Pla) W ()P (x)de.  (3.36)
I

Proposition 3.6.8. The pairing (-, )wu is a matriz valued inner product in the sense

of. The family { P} }aen is a family of matric valued orthogonal polynomials with

respect to (-, Y.

Proor. The weight function V*# is positive definite on A,,_eq, which implies that W* is
positive definite on a dense subset of I. This shows that (-, -)y« is a matrix valued inner
product. The orthogonality of the P} is clear from the definitions. O

3.6.9. The matrix valued function x — W*#(z) is called the weight function for the family
of matrix valued polynomials { P} }4en. If = 0 then the weight function reduces to w(z).
The variable x runs over the image of ¢|4 and if we rescale to the interval [—1, 1] we find
the Jacobi weights (y + 1)®(y — 1)#. The parameters o and 3 only depend on the pair
(G, K) and we have indicated them in Table for the various cases.

3.6.10. Finally, we discuss the differential operators. Recall from [3.5.13| that the vector
valued functions Q4 are simultaneous eigenfunctions of the algebra Wy D"
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Theorem 3.6.11. The algebra WDy can be pushed forward by ¢. Upon writing ¢(a) =
x, we obtain a homomorphism

¢, UrDH — Cla] ® C[d,] @ End(C¥™ ).
We denote the image ¢.(¥; DY) = D(W,,).

PROOF. The map ¢, exists because Wy D™ is W x (M N A)-invariant. Pushing forward
a priori gives a subalgebra of C(z) ® C[d,] ® End(C% (™)), But the algebra acts faith-
fully on the matrix valued polynomials P} from which it follows that the coefficients are
polynomials in z, i.e. D(W,) C Clz] ® C[9,] ® End(C% (M), O

3.6.12. The algebra D(W*) acts on End(C% M))-valued polynomials column wise. The
polynomials P} are simultaneous eigenfunctions for D(W*), whose eigenvalues are diag-
onal matrices that act on the right, i.e. for all D € D" and d € N there is a diagonal
matrix Ap 4 € End(C%(M)) such that DPY = P{Apq.

3.6.13. The algebra D(W*#) is defined as the algebra of differential operators that have
the polynomials {P/'} as eigenfunctions, see This means that for D € D(WH)
there are matrices {Ap 4 : d € N} such that DP} = P}Ap 4. Clearly D(W*) C D(W*").
However, in general we do not have equality. Indeed, in Proposition [£:.8:2]it is shown that
D(WH) contains non-commuting elements. A differential operator D € D(WH#) whose
eigenvalue is a diagonal matrix seems to be in D(W*). We cannot prove this because we
do not have control over the algebra \IIZ]D’;‘.

3.6.14. Let D € D(W,) and write D = Y_7_ a;0%. Then we see that dega; < i because
D has the sequence {P;}qen as eigenfunctions. In Theoremwe see that the Casimir
element € (U(gc))* of order two gives ¢, U411, a second order differential operator
of hypergeometric type in the sense of Tirao [Tir03]. It would be interesting to see whether
explicit expressions can be calculated in the other cases. This could help to calculate the
polynomials P} explicitly by describing their columns as vector valued hypergeometric
functions.

3.6.15. We can describe the restricted spherical functions globally on A as vector val-
ued functions that are polynomial in ¢. Locally on A,_,c; this amounts to applying a
diffeomorphism. But because we end up with smooth functions in ¢ we expect that Wy,
is regular on A,e;. This means that we expect ¥, (a) to be invertible on A,e,, i.e. that
the zero set of the determinant det ¥, (a) is the same as the set of critical points of ¢.
In the case (SU(2) x SU(2),SU(2)) we have observed this fact, see Corollary It is
important to have a better understanding of this matter.

3.6.3 Comparison to other constructions

3.6.16. One of the motivations of studying the construction of vector and matrix valued
polynomials is that we wanted to understand the results by Griinbaum, Pacharoni and
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Tirao in [GPT02] as a generalization of classical Jacobi polynomials. In [GPT02] the
spherical functions associated to the compact multiplicity free system (SU(3), U(2), PJ(Z))
are studied. In this subsection we indicate how the matrix valued orthogonal polynomials
{P{' : X € PZ(u)} compare to polynomials that are obtained by Griinbaum, Pacharoni
and Tirao.

Let G = SU(3), K = U(2) and fix u € P;-. Let 7 be an irreducible unitary K-
representation of highest weight p.

Definition 3.6.17. Denote by > : End(C3) — End(C?) the map

11 T12 T13
T11  T12
” T21 T22 T23 =
21 T22
Tr31 T32 T33

and define ®,, : G — End(V,) : g — 7(3¢(g)), where 7 : End(C?) — End(V,,) is the unique
holomorphic extension of T : GLay — GL(V),).

3.6.18. The function ®, is an auxiliary function that is used to neutralize the right K-
action as follows. @, is p-spherical and in fact, if p € ng then ®, is the elementary
spherical function of type p, see [GPT02, Thm. 2.10]. Let G = {g € G : det(x(g)) # 0}.
Note that G is a dense open subset of G and det(®,(g)) # 0 for g € G. Define

H{:G —End(V,):g— (I)&L(g)q)u(g)ilv A€ Pg(,u).

The functions HY satisfy

H{(gk) = H{(9), (3.37)
H{(kg) = r(k)H}(g)T(k)™" (3.38)

for all g € G and k € K. This shows, in view of G = KAK, that H{ is determined by its
restriction Hy , to A C G. Note that H}(A) C Enda (V).

The algebra U(gc)*® is isomorphic to 3g. ® 340, see [Kno90]. The algebra 34, is
generated by the elements Ay and Ajg that are specified in [GPT02, Prop. 3.1]. The
operators As, Az correspond to differential operators Kz,ﬁg that have the functions
H )\“ 4 as simultaneous eigenfunctions. The system of differential equations

{AHY y =y HY ,i=1,2and A € Pd(n)}

is solved using a circle of ingenious ideas. The solutions H f\L 4 turn out to be polynomials
in ¢.

To see how the functions HY , compare to the function QY we denote H{"™"" =
(HY 4)"P. The group M is a one-dimensional torus. In particular dim(V,) = 1 for all
v € Py, (). Identify Endps(V,) =V, via Endp(V;) <> V,.. This seems rather unnatural,
but in this way we get the identity of functions

O, HIP = 0 ,Qf (3.39)
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on A. In principle, indicates how to transfer the properties (orthogonality and
recurrence relations, differential equations) of the functions Q% to the functions H{'. The
calculation of the spherical functions of Griinbaum, Pacharoni and Tirao in [GPT02] by
solving a system of differential equations is now connected to our construction which is
mainly based on the recurrence relations, i.e. the decomposition of tensor products of
certain representations.
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Part 11

The Example (SU(2) x SU(2), diag)
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Chapter 4

Matrix valued orthogonal
polynomials related to

(SU(2) x SU(2), diag)

Abstract

The matrix valued spherical functions for the pair (K x K, K), K = SU(2), are stud-
ied. By restriction to the subgroup A the matrix valued spherical functions are diagonal.
For suitable set of representations we take these diagonals into a matrix valued function,
which are the full spherical functions. Their orthogonality is a consequence of the Schur
orthogonality relations. From the full spherical functions we obtain matrix valued or-
thogonal polynomials of arbitrary size, and they satisfy a three-term recurrence relation
which follows by considering tensor product decompositions. An explicit expression for
the weight and the complete block-diagonalization of the matrix valued orthogonal poly-
nomials is obtained. From the explicit expression we obtain right-hand sided differential
operators of first and second order for which the matrix valued orthogonal polynomials
are eigenfunctions. We study the low-dimensional cases explicitly, and for these cases
additional results, such as the Rodrigues’ formula and being eigenfunctions to first order
differential-difference and second order differential operators, are obtained.

4.1 Introduction

The connection between special functions and representation theory of Lie groups is a very
fruitful one, see e.g. [Vil68|, [VK93]. For the special case of the group SU(2) we know
that the matrix elements of the irreducible finite-dimensional representations are explicitly
expressible in terms of Jacobi polynomials, and in this way many of the properties of the
Jacobi polynomials can be obtained from the group theoretic interpretation. In particular,
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the spherical functions with respect to the subgroup S(U(1) x U(1)) are the Legendre
polynomials, and using this interpretation one obtains product formula, addition formula,
integral formula, etc. for the Legendre polynomials, see e.g. [GVS8S|, [HS94], [Hel00],
[Vil68], [VK93| for more information on spherical functions.

In the development of spherical functions for a symmetric pair (G, K) the emphasis
has been on spherical functions with respect to one-dimensional representations of K,
and in particular the trivial representation of K. Godement [God52] considered the
case of higher-dimensional representations of K, see also [GV8S|, [Tir77] for the general
theory. Examples studied are [Cam00], [vDP99], [GPT02], [Koo85], [Ped98]. However,
the focus is usually not on obtaining explicit expressions for the matrix valued spherical
functions, see Section [{.2] for the definition, except for [GPT02] and [Koo85]. In [GPT02]
the matrix valued spherical functions are studied for the case (U, K) = (SU(3),U(2)),
and the calculations revolve around the study of the algebra of differential operators for
which these matrix valued orthogonal polynomials are eigenfunctions. See also [GPTO01],
[GPT03| and [GPT04]. The approach in this paper is different.

In our case the paper [Koo85] by Koornwinder is relevant. Koornwinder studies the
case of the compact symmetric pair (U, K) = (SU(2) x SU(2),SU(2)) where the subgroup
is diagonally embedded, and he calculates explicitly vector-valued orthogonal polynomi-
als. The goal of this paper is to study this example in more detail and to study the
matrix valued orthogonal polynomials arising from this example. The spherical functions
in this case are the characters of SU(2), which are the Chebychev polynomials of the sec-
ond kind corresponding to the Weyl character formula. So the matrix valued orthogonal
polynomials can be considered as analogues of the Chebychev polynomials. Koornwinder
[Koo85)] introduces the vector-valued orthogonal polynomials which coincide with rows in
the matrix of the matrix valued orthogonal polynomials in this paper. We provide some
of Koornwinder’s results with new proofs. The matrix valued spherical functions can be
given explicitly in terms of the Clebsch-Gordan coefficients, or 3 — j-symbols, of SU(2).
Moreover, we find many more properties of these matrix valued orthogonal polynomials.
In particular, we give an explicit expression for the weight, i.e. the matrix valued or-
thogonality measure, in terms of Chebychev polynomials by using an expansion in terms
of spherical functions of the matrix elements and explicit knowledge of Clebsch-Gordan
coefficient. This gives some strange identities for sums of hypergeometric functions in
Appendix Another important result is the explicit three-term recurrence relation
which is obtained by considering tensor product decompositions. Also, using the explicit
expression for the weight function we can obtain differential operators for which these
matrix valued orthogonal polynomials are eigenfunctions.

Matrix valued orthogonal polynomials arose in the work of Krein [Kre71], [Kre49)
and have been studied from an analytic point of view by Durén and others, see [Dur97,
DG04, [DGO05al, [DG05D, [DLR04, G103l [DPS08, MPY01l vA07, [LRII, [Ger81l, [Ger82] and
references given there. As far as we know, the matrix valued orthogonal polynomials
that we obtain have not been considered before. Also 2 x 2-matrix valued orthogonal
polynomials occur in the approach of the non-commutative oscillator, see [TWO07] for

86
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more references. A group theoretic interpretation of this oscillator in general seems to be
lacking.

The results of this paper can be generalized in various ways. First of all, the ap-
proach can be generalized to pairs (U, K) with (Ug)® abelian, but this is rather restrictive
[Kno90]. Given a pair (U, K) and a representation ¢ of K such that [r|K : 6] <1 for all
representations 7 of G and 0|, is multiplicity free, we can perform the same construction
to get matrix valued orthogonal polynomials. Needless to say, in general it might be
difficult to be able to give an explicit expression of the weight function. Another option is
to generalize to (K x K, K) to obtain matrix valued orthogonal polynomials generalizing
Weyl’s character formula for other root systems, see e.g. [HS94].

We now discuss the contents of the paper. In Section [4.2| we introduce the matrix val-
ued spherical functions for this pair taking values in the matrices of size (20+1) x (20+1),
{ e %N. In Section we prove the recurrence relation for the matrix valued spherical
functions using a tensor product decomposition. This result gives us the opportunity to
introduce polynomials, and this coincides with results of Koornwinder [Koo85]. In Sec-
tion [4.4] we introduce the full spherical functions on the subgroup A, corresponding to the
Cartan decomposition U = KAK, by putting the restriction to A of the matrix valued
spherical function into a suitable matrix. In Section we discuss the explicit form and
the symmetries of the weight. Moreover, we calculate the commutant explicitly and this
gives rise to a decomposition of the full spherical functions, the matrix valued orthogonal
polynomials and the weight function in a 2 x 2-block diagonal matrix, which cannot be
reduced further. After a brief review of generalities of matrix valued orthogonal polyno-
mials in Section we discuss the even and odd-dimensional cases separately. In the
even dimensional case an interesting relation between the two blocks occur. In Section [£.7]
we discuss the right hand sided differential operators, and we show that the matrix valued
orthogonal polynomials associated to the full spherical function are eigenfunctions to a
first order differential operator as well as to a second order differential operator. Section
discusses explicit low-dimensional examples, and gives some additional information
such as the Rodrigues’ formula for these matrix valued orthogonal polynomials and more
differential operators. Finally, in the appendices we give somewhat more technical proofs
of two results.

4.2 Spherical Functions of the pair (SU(2) x SU(2), diag)

Let K =SU(2), U = K x K and K, C U the diagonal subgroup. An element in K is of
the form

k(aﬁ):( e g) o2+ 82=1, a,B€C. (4.1)

Let my := k(e®/2,0) and let T C K be the subgroup consisting of the m;. T is the
(standard) maximal torus of K. The subgroup T'x T C U is a maximal torus of U.

87



Chapter 4. MVOP I

Define
A ={(me,m_y) :0<t <4r} and M = {(my,my):0 <t <4r}.

We write a; = (my, m—;) and by = (m¢, my). We have M = Zg_ (Ax) and the decomposi-
tion U = K, A, K,. Note that M is the standard maximal torus of K.

The equivalence classes of the unitary irreducible representations of K are parama-
trized by K= %N . An element ¢ € %N determines the space

Hé = (C[xay]QZa

the space of homogeneous polynomials of degree 2¢ in the variables x and y. We view
this space as a subspace of the function space C'(C?,C) and as such, K acts naturally on
it via

k:p—pokt,

where k? is the transposed. Let

1!]; : (lL’,y) = <£2€ > xeijéjtj’ j: —E, —{+ ]-a"'ve_ ]-a‘e (42)
)

We stipulate that this is an orthonormal basis with respect to a Hermitian inner product
that is linear in the first variable. The representation T : K — GL(H?) is irreducible
and unitary.

The equwalence classes of the unitary irreducible representations of U are parama-
trized by U=KxK= IN X 1N An element (¢4, 45) € 1N X 1N gives rise to the Hilbert
space H 2 .= HO @ H 52 and in turn to the 1rredu01ble unitary representation on this
space, given by the outer tensor product

T2 (ky, ko) (Y5 @ %) = T (k) (51 @ T (k) (152).

The restriction of (T1*2, H4:2) to K, decomposes multiplicity free in summands of
type £ € %N with

|€1—£2‘§€§€1+€2 and {1 +4y — L € Z. (4.3)

Conversely, the representations of U that contain a given ¢ € %N are the pairs (¢1,4s) €
%N X %N that satisty 1' We have pictured this parametrization in Figure for
¢=3/2.

The following theorem is standard, see [Koo81].

Theorem 4.2.1. The space H* has a basis

{60512 : £ satisfies and |j| < £}
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Figure 4.1: Plot of the parametrization of the pairs ({1, £3) that contain ¢ upon restriction.

such that for every £ the map ﬁzl’zz . H' — H"" defined by 1/14 — ¢£1,£2 is a K-
intertwiner. The base change with respect to the standard basis {1/151 ® P j2} of H 2 s

given by
£y

C1,62 E E £,€2,¢
ti Ch,Jz,J 1/)]2’
Ji=—41 jo=—1L2

where the Cfll f;f are the Clebsch-Gordan coefficients, normalized in the standard way.
The Clebsch-Gordan coefficient satisfies C2 4 = 0 if jy + jo # 7.

J1,d2,7

Definition 4.2.2 (Spherical Function). Fiz a K-type £ € %N and let (01,45) € %N X %N
be a representation that contains ¢ upon restriction to K. The spherical function of type
€ € iN associated to ({1, 03) € AN x LN is defined by

o), U —End(H) : 2 (55“2) o Ttz (g) o B2, (4.4)

If @51’42 is a spherical function of type ¢ then it satisfies the following properties:

(1) @51,22@) = I, where ¢ is the identity element in the group U and I is the identity
transformation in HY,

(ii) @51,22(19'135152) = T%(k1)®¢(z)T (k) for all ky, ke € K, and x € U,

(iii) @ﬁhh( ) 0 (y) = [ xg(k_l)éfghb (xky)dk, for all z,y € U. Here & denotes the
character of T* and y, = (20 + 1)&,.

Remark 4.2.3. Definition 4.2.2] is not the definition of a spherical function given by
Godement [God52], Gangolli and Varadarajan [GV88] or Tirao [Tir77] but it follows from
property (iii) that it is equivalent in this situation. The point where our definition differs is
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essentially that we choose one space, namely End(H?), in which all the spherical functions
take their values, instead of different endomorphism rings for every U-representation. We
can do this because of the multiplicity free splitting of the irreducible representations.

Proposition 4.2.4. Let Endy (HY) be the the algebra of elements Y € End(H") such
that T*(m)Y = YT*(m) for all m € M. Then (1)51,22(14*) C Endp(H?). The restriction
of @ﬁhb to A, is diagonalizable.

PROOF. This is an observation [Koo85, (2.6)]. Another proof, similar to [GPT02, Prop.
5.11], uses ma = am for all a € A, and m € M so that by (2)

©f, ¢, (@) = T ()@, 4, ()T (m) ™"

The second statement follows from the fact that the restriction of any irreducible repre-
sentation of K, = SU(2) to M = U(1) decomposes multiplicity free. O The standard
weight basis is a weight basis in which @fl A |4, is diagonal. The restricted spherical
functions are given by

f1 2
i Z NoW4
(®, 1,(a), = > Z R (o (4.5)

Jji=—4{1 jo=—4L2

which follows from Definition [£.2.2] and Theorem [£.2.11

4.3 Recurrence Relation for the Spherical Functions

A zonal spherical function is a spherical function ‘1)2,52 for the trivial K-type £ = 0. We
have a diffeomorphism U/ K, — K : (k1, ko) K, — k:lkrgl and the left K,-action on U/K,
corresponds to the action of K on itself by conjugation. The zonal spherical functions
are the characters on K [Vil68] which are parametrized by pairs (¢1,¢3) with £; = £y
and we write o; = ®f ,. Note that ¢, = (=1)77/(20 + 1)=Y2Uy(cos t) by and
C’f”f’go = (=1)79+(2¢ + 1)~Y/2, where U, is the Chebyshev polynomial of the second
kind of degree n. The zonal spherical function ¢ 1 plays an important role and we denote
ithy o = ¢ 1. Any other zonal spherical function ¢,, can be expressed as a polynomial in
o, see e.g. [Vil68], [Vre76]. For the spherical functions we obtain a similar result. Namely,
the product of ¢ and a spherical function of type ¢ can be written as a linear combination
of at most four spherical functions of type /.

Proposition 4.3.1. We have as functions on U

L+% Lo+3

2
£1,L L1, 1,
- = Z Z ‘ag7;1722),€‘ pime (4.6)

my=[l1— 5| ma=[l—%|

. 01,0 .
where the coefficients aEéLiL),e are given by
(01,02) _ 01,02, %’%’O 51’%’7”1 fzaé,mz mi,ma,l
a(nL1,m2)7e - 2 : le,Jz,écihiz,ocjhil,m Oj27i2,n2 Cm,nz,z : (4'7)

J1,d2,01,42,m1,n2
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where the sum is taken over

. . ) 1 . 1
il < by, il st Jul<g, lel<g, |ml<m and |nof <mg. (48)

Moreover, a(el’fgl)ﬂ lat1/2).0 % 0. Note that the sum in 18 a double sum because of
Theorem .

Proposition should be compared to Theorem 5.2 of [PT04], where a similar
calculation is given for the case (SU(3),U(2)).
PROOF. On the one hand the representation 7% @ T2 can be written as a sum of at
most 4 irreducible U-representations that contain the representation 7 upon restriction
to K,. On the other hand we can find a ‘natural’ copy H’ of H’ in the space H %
H?2'% that is invariant under the K,-action. Projection onto this space transfers via «,
defined below, to a linear combination of projections on the spaces H in the irreducible
summands. The coefficients can be calculated in terms of Clebsch-Gordan coefficients
and these in turn give rise to the recurrence relation. The details are as follows.

Consider the U-representation T¢12 ® T3 in the space H162 @ H%3, By Theorem
F21] we have

£+3 Lo+%
o Hb ®H%’% N @ @ M
m1:|Z1——| m27|€2——|
which is a U-intertwiner given by
¢ ¢ 3 3
. 1 2 2 2
o (%1 ®¢j2> ®( L ® Vs, ) =
O+3% Lo+3
01,4 ,m 52727m2 m1
Z Z Z Z CJth,nl J2,12,n2 ® w
m1_|€1——| ni=-—-mi mg_\b——\ na=-—m2

Let #! c H"2 @ H2'2 be the space that is spanned by the vectors

{ €1,£2®¢%%._€< <€}
£, 0,0 SI=Er

The element qbél’éz ® ¢2’2 maps to

£y ity lat3g mi+ma
Ji=—l1 jo=—L2iy=—1L ip=—1 mi=[€; — 1| M1=—T1 my=|ly— | R2=—M2 p=|m1—ma| u=—p
C&,Zz, ;,;, lfl,;,ml f2727m2Cm1,m2,p mi,ma
J1,92,3 7 41,42,0 7 j1,i1,m1 T g2si2,n2 T n,n2,u TpLu

Note that u = ny +ns = j1 + 141 + j2 + i3 = J, so the last sum can be omitted. Also, since
« is a K,-intertwiner, we must have p = £. For every pair (mq,ms) we have a projection

[1""2 €2+2 el‘i‘% €2+%
e B @ e @@ e
mi=|l1— 5| ma=[l>—3| my=|1— 5| ma=[l—1|
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onto the f-isotypical summand in the summand H™*"™2. Hence

4
P (g @ 66 ) = Y Z Z Z Z Z

J1==l1 ja=—L2i1=—1 i=—1 mi=—mi na=—ma

04112105’5’ C’Zlyj:ml Z2’§’m2 mi,ma,l mi,ma
J1,J2,0 T11,82,0 7 J1,d1,m1 T g2y02,m2 T na,ne,d FLLj ’

The map P,""" o a is a K,-intertwiner so Schur’s lemma implies that

maq
051,52, 2;%;0 C?l;%ﬂnl C?%%;”"Zoml,mz',f
§ : : : 2 : 2 : z : 2 : J1,J2,7 1171270 Jisi1,m1 T j2,t2,me T ny,ne,j

==l jo=—L2 iy=—1 ir=—1 mi=—mi na=—my

(€1,£2)

(m1,m2),0?

is independent of j. Hence it is equal to a taking 7 = £. We have

01,0 33 (€1,62) ,
(d)l 2®¢g 2 = Z aﬂllljﬂz lelm2'

mi,mz
Moreover, the map
041/2 lo+1/2 L+3 Lo+3
P= 5 > PM™Moa:HM g HYE 5 (P P amm
mi=|01—1/2| ma=|€—1/2] mi=|01—1] mo=[0,—1]|

is a K,-intertwiner. To show that it is not the trivial map we note that the coefficient
(€1,£2)

(ol ot d)s is non-zero. Indeed, the equalities
1t+5.421T35),

it __(CDPT (46— ) {(zu 1)(01 + 1) (lo + € — jl)!} bz
IT2t (4 Ly + L+ 1)1A (b, Lo, £) (61 = ju)l(le = €+ jr)! 7

1,51t s 201 +1 J1—5.d1—% 201 + 1

where A(¢y, 45, ¢) is a positive function, can be found in [Vil68, Ch. 8] and plugging these

Eﬁif"f tot 1)t shows that it is the sum of positive numbers, hence it
2 2)

b,3.0+5 _ [61 i +1T/2 and Cfl,z,éﬁrz _ {51 —J1+ 1]1/2

into the formula for a
is non-zero.

We conclude that P is non-trivial, so its restriction to ! is an isomorphism and it
intertwines the K,-action. It maps K,-isotypical summands to K,-isotypical summands.
Hence a|H* = P|H*. Define

11
7@1752 HZ H£17€2 ® H%,% . ,(l)j@ — ¢21J,52 ® ¢5,62-
This is a K-intertwiner. It follows that

aoryiit = 3 gtz gmims (4.9)

(ml,mg) £ 4
mi,ma
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Lo
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Figure 4.2: Plot of how the tensor product T:3@T22 splits into irreducible summands.

Define the End(H e)—valued function
Ui g U= End(HY) s o ()" o (T @ TH3) () 097",

Note that ‘Dgl,ez (x) = w(m)@flb (z). On the other hand we have T/ @ T2z = a0
(@ml - Tml’mz) o a. Together with 1] this yields

(01,€2) é,[ R miy,m
he = D la( o (B0 )T o T 0 2,

miy,m2

Hence the result. O

In Figure [4.2{ we have depicted the representations (3, 1) ,3) with black nodes.
The tensor product decomposes into the four types ( % %,3 ) which are indicated
with the white nodes.

rojot

and (

=

Corollary 4.3.2. Given a spherical function (I)e s there exist 20 + 1 elements qz1 0y
je{—4,—L+1,...,0} in Clg] such that

@Y, 4, = Z 662 ® {0 2.00-0) 2 (4.10)
j=—0
The degree of qﬁ;{b is by + 0o — L.

Proor. We prove this by induction on 1 + 5. If {1 4+ €5 = £ then the statement is true
with the polynomials q(é k)/2,(0+k) /2 = = ;1. Suppose {1 + {5 > £ and that the statement

93



Chapter 4. MVOP I

holds for (¢}, £€,) with £ < 0] + ¢4, < {1 + {5. We can write ‘agﬁi,_fi)/j’h_l/z)|2(I)21’22 as

o fogla=g2g,
R TR R SR R W ] JIR S
Gi—502—3 2 GL—3l—5 2
- ‘a(€1,€2—1)7£| D@y 0—1 — |a’([1_1752_1),g| Dy, 14,1

by means of Proposition The result follows from the induction hypothesis and
(£1—1/2,6,—1/2) 0 0
(£1,62),¢ # 0.

Remark 4.3.3. The fact that these functions qflj ¢, are polynomials in cos(t) has also
been shown by Koornwinder in Theorem 3.4 of [Koo85| using different methods.

4.4 Restricted Spherical Functions

For the restricted spherical functions ®§ , : A, — End(H*) we define a pairing.

(@, W), = 2tr ( /A B(a) (¥(a))’ |D*<a>da) (4.11)

™

where D, (a;) = sin®(t), see [Hel62]. In [Koo85, Prop. 2.2] it is shown that on A, the
following orthogonality relations hold for the restricted spherical functions.

Proposition 4.4.1. The spherical functions on U of type £, when restricted to A, are
orthogonal with respect to . In fact, we have
(20+1)2
0,000, ,2,
(201 + 1)(265 + 1) "7 202

<‘I’Iél7427 <I>ﬁ,1 )AL= (4.12)

This is a direct consequence of the Schur orthogonality relations and the integral
formula corresponding to the U = K, A, K, decomposition.

The parametrization of the U-types that contain a fixed K-type ¢ is given by .
For later purposes we reparametrize by the function ¢ : Nx {—¢,... ¢} — %N X %N
given by

d+0+k d+0—k
((d,k)z( 5 , 5 )

This new parametrization is pictured in Figure For each degree d we have 2¢ + 1
spherical functions. By Proposition [£.2.4] the restricted spherical functions take their
values in the vector space End s (H*) which is 2/ 4 1-dimensional. The appearance of the
spherical functions in 2¢ 4+ 1-tuples gives rise to the following definition.

Definition 4.4.2. Fix a K-type £ € %N and a degree d € N. The function ® : A, —
End(H?) is defined by associating to each point a € A, a matriz ®4(a) whose j-th row is
the vector @f(d j)(a). More precisely, we have

(‘I’fl(a))p’q = (‘I)g(dw)(a))m for all a € A.. (4.13)
The function ®% is called the full spherical function of type £ and degree d.
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4.4. Restricted Spherical Functions

4

Figure 4.3: Another parametrization of the pairs (¢, fs) containing ¢; the steps of the
ladder are paramatrized by d, the position on a given step by k.

Let A’ be the open subset {a; € A, : t € wZ}. This is the regular part of A,. The
following Proposition is shown in [Koo85, Prop. 3.2]. In Proposition we prove this
result independently for general points in A, in a different way.

Proposition 4.4.3. The full spherical function ®§ of type £ and degree 0 has the property
that its restriction to A, is invertible.

Definition 4.4.4. Fix a K-type { € %N and a degree d € N. Define the function
QY : AL — End(H) : a — ®(a)(®f(a)) " (4.14)

The j-th row is denoted by Qf(dﬂ.)(a). Y is called the full spherical polynomial of type ¢
and degree d.

The functions QY and Qf(dm are polynomials because (Qfl)p’q = qg&p) (¢). The
degree of each row of Qg is d which justifies the name we have given these functions in
Definition 4.4

We shall show that the functions ® and QY satisfy orthogonality relations that come
from . We start with the <I>fl. This function encodes 2¢ + 1 restricted spherical
functions and to capture the orthogonality relations of we need a matrix valued
inner product.

Definition 4.4.5. Let ®, ¥ be End(H")-valued functions on A,. Define

(@, T) = 3/A ®(a) (U(a))* | D, (a)|da. (4.15)

™

Proposition 4.4.6. The pairing defined by is a matrix valued inner product. The
functions ®4 with d € N form an orthogonal family with respect to this inner product.
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PROOF.The pairing satisfies all the linearity conditions of a matrix valued inner product.
Moreover we have ®(a) (®(a))” |Dy(a)] > 0 for all a € A,. If (®,®) = 0 then &d* = 0
from which it follows that ® = 0. Hence the pairing is an inner product. The orthogonality
follows from the formula

By, Ug)), = (@, B = 6006 (26+1)"
(@ar WD)y = Petam P = 0 v gy D@+ 1= p D)
and Proposition [4.4.1 O
Define
Vi(a) = ®5(a) (®5(a))” |Du(a)l, (4.16)

with D, (a¢) = sin?t. This is a weight matrix and we have the following corollary.

Corollary 4.4.7. Let Q and R be End(H*)-valued functions on A, and define the matrix
valued paring with respect to the weight V* by

Qv = [ Q)V'(@) (Ria)" da. (417)
This pairing is a matriz valued inner product and the functions Q% form an orthogonal

family for this inner product.

The functions ® and QY being defined, we can now transfer the recurrence relations
of Proposition [£.3.1] to these functions. Let E;; be the elementary matrix with zeros
everywhere except for the (7, j)-th spot, where it has a one. If we write E; ; with [i| > ¢
or |j| > ¢ then we mean the zero matrix.

Theorem 4.4.8. Fiz { € %N and define the matrices Ay, By and Cyq by

l
_ ¢(d,k)
Ag = Z @ (ar1,h) e
k=—¢

2
Ey

¢ 2 2
¢(d;k), ¢(d,k
By = § : (’aggd,kln,e' B kg1 + ‘%Ed,k)—l),e’ Ek,k—1)7 (4.18)
k=—¢

4
_ Cak)
Ca= Y 1ag@ 1 k) ol B

k=—t
For a € A, we have
p(a) - ®h(a) = Aa®g, (a) + Ba®y(a) + Ca®y_y(a) (4.19)
and similarly
p(a) - Qyla) = AgQfy(a) + BaQg(a) + CaQg_y(a). (4.20)

Note Ay € GLap4+1(R).
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4.5. The Weight Matriz

PROOF. It is clear that (4.20) follows from by multiplying on the right with the
inverse of ®§. To prove we look at the rows. Let p € {—¢,—¢ +1,...,¢} and
multiply on the left by E, , to pick out the p-th row. The left hand side gives
o(a)E, ,®5(a) while the right hand side gives

d, d,
|aggdfi,p),z‘2Ep,pq>2+1(a) + |aggd’g)+1)’e|2Ep,p+1¢f;(a)+

d, d,
|aggd,£ll),z|2Em¢—1©fl(a) + |af;gdf)1,p),e|2Ep7p(I)§—1 (a).

Now observe that these are equal by Proposition and . This proves the result
since p is arbitrary. O

Finally we discuss some symmetries of the full spherical functions. The Cartan involu-
tion corresponding to the pair (U, K,) is the map 0(kq, ko) = (k2, k1). The representation
T4 and T%* o @ are equivalent via the map z/in ® 1/}?2 — 1/152 ® 1/1511. It follows that
9*@51752 = ¢£27£1. This has the following effect on the full spherical functions (I)fl from

Definition [L.4.2}
0* DY = JBY, (4.21)

where J € End(H*) is given by wf — z/ij. The Weyl group W(U, K,.) = {1, s} consists
of the identity and the reflection s in 0 € a,. The group W(U, K,) acts on A, and on the
functions on A, by pull-back.

Lemma 4.4.9. We have s*®} , (a) = J®} , (a) for all a € A.. The effect on the full
spherical functions of type £ is
s* P4 = L. (4.22)

PROOF. This follows from (4.5)) and the fact that

Ly ol ( q\b1+la—L Lol
J1,J2,7 _( 1) C_jlv_j’zv_j.

Proposition 4.4.10. The functions ®5 commute with J.

PROOF. The action of § and s, on A, is just taking the inverse. Formulas (4.21]) and
(4.22]) now yield the result. O

4.5 The Weight Matrix

We study the weight function V¢ : A, — End(H?) defined in (4.16)), in particular its
symmetries and explicit expressions for its matrix elements. First note that V¢ is real
valued. Indeed, V¢ commutes with .J,

JVi(a)J = J®5(a)J(Jh(a)])*|Di(a)| = @G(a)@5(a)*[Di(a)] = V(a), (4.23)

97



Chapter 4. MVOP I

since J* = J and J? = 1. This also shows that V is real valued,
VEia) = Via_y) = JV¥a))J = Vi(ay). (4.24)

Lemma 4.5.1. The weight has the symmetries V;fq = V:fp = pr,,q = qu,,p for
p,qg € {4, ..., 0}.

PrOOF. The first equallity follows since V*(a) is self adjoint by (4.16]) and real valued by
(4.24). Since V*(a) commutes with J we see that Vp{q =V! O Set

v'(ar) = ®5(a)Ph(a)” (4.25)

so that V¥(a;) = v%(a;)|Ds(as)| = v*(a;)sin?t. Note that for —¢ < p,q < £ the matrix
coeflicient

Ue(at)pﬂ =tr (@Zg#,z%p(at) ((pez%’g,?q(at)> ) (4.26)

is a linear combination of zonal spherical functions by the following lemma.

Lemma 4.5.2. The function U — C : =z — tr (@ﬁh&(x) (@ (x))*) is a bi-K-

mi,ma

invariant function and

min (¢, 4+mq,la+ms)

tr ((1)21,52 (a’t) (q)fnhmz (a’t))*) = Z cnUszn (COS t) (427)

n=max(|f1—m1|,|lz—mz2])

if 4 + my — (ba +ma) € Z and tr <<I>ﬁh€2 (at) (®hn, s (at))*) = 0 otherwise.

Proor. It follows from Property (2) that the function is bi-K-invariant, so it is natural
to expand the function in terms of the zonal spherical functions Us,, corresponding to the
spherical representations 7™, n € $N. Since T2 is equivalent to its contragredient
representation, we see that the only spherical functions occurring in the expansion of
tr (@ﬁh& () (®hs, s (:v))*) are the ones for which (n,n) € A = {(n1,n2) € N x IN:
Li+mi—n; € Z,|l1—mq| < ny < l+mq, [la—ma| < ng < l+ma} since the right hand side
corresponds to the tensorproduct decomposition 7142 @ T1:m2 = @(nl,ng)eA Trm2 gee
Proposition 4.3.1| and Figure 4.4 O

Given d,e € N and —¢ < p,q < ¢ we write ((d,p) = (41,%2), C(e,q) = (m1, ma). Then
we have

*

(@h(ar) (2F) (@), , = tr (@ (ar) (e gy(ar)) )

2
_ L1,L2,L ~mi,ma,l i(ja—j14i1—i2)t
= > (le,jz,jcil,iQ,j ) € , (4.28)

J5J15J25%1,%2
where the sum is taken over

7] <4, il <1, jol < la, in] <ma, ig] < mo,

98



4.5. The Weight Matriz

2
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2 e 4,3
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123 45 6 7 84

Figure 4.4: Plot of the decomposition of the tensor product T4% ® T>3 into irreducible
representations. The big nodes indicate the irreducible summands, the big black nodes
the ones that contain the trivial K,-type upon restricting.

satisfying j1 + jo = i1 + i = j. This equals
((I)fl(at) ((I)i(at)) ) = Z dil,b:mhmz,sei% (4'29)
’ |s|<min(£1+m1,lo+m2)

where )
0 _ £1,£2,8 ~my,ma,l
d&,fz,mhmz,s_ Z (le,jz,jcil,izyj ) ) (4'30)
J:J1,52,%1 %2

where the sum is taken over
71 <€, |l <tr, jo| <ALz, |ia] <mq, liz] < mag,

satisfying ji + jo = i1 +ia = j and jo — ji + 41 — ia = s. Since U,(cost) = et +
e~ =2t ... 4 et it follows from (4.29) and Lemma that we have the following
summation result.
Corollary 4.5.3. Let |s| < max(|¢; —mq], |¢a — ma|). Then dﬁh
of s.

Note that the sum in (4.30]) is a double sum of four Clebsch-Gordan coefficients, which
in general are 3Fy-series [VK93].

0a.myma,s S independent

L+q

We now turn to the case ¢; = 5
[451] the next theorem gives an explicit expression for the weight matrix.

HTP,@ = %,ml =29 my = %. Because of Lemma
Theorem 4.5.4. Let q—p <0 andqg+p <0. Forn=0,...,0+ q there are coefficients
ct(p,q) € Q=g such that
L+q
(V@) , = sin2(t) S ch (b @)Uses ptq—an(cos(t)) (131)

n=0
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where the coefficients are given by

_ 241 (=4 q)! (P—Oevgn _q)tran (20+2—n)n
l+p+1 (20)! l+p+2)r4g-n n! '
By ¢nitp+q(P:q) = cn(—g, —p) the expansion with (4.32) remains valid for ¢ < p.
PROOF. Since min(¢1 + my, ls + my) = £+ ZE2 and max(|¢; — my|, [lo — ma|) = 252 in
this case we find the expansion of the form as stated in . It remains to calculate
the coefficients. Specializing and writing

e (p,q) (4.32)

(64+m) /2, (0—m) /2,0 2 (it rmy2) Gt (2my2)
(le’j2’j ) = 04,51+72 (24) . (433)
L—j
we find
ep g
3 Pl
Vpq(cost) = Fij(p, q) exp(i(=2(i + j)t)) =
__ttp . L+g
=TT m T
€+pT+q min(HTq,r-&-HTp)
> > Ff_i(pg) | e, (4.34)
T:—(@-‘r%ﬂ) i:max(—HTq,r—HTp)
with

Fij(p.q) = <j n fgipp) /2) <z + (€E++qq)/ 2) )

min(7j+FTp,i+equ) ( t-p )( Ll—q )
Z —k—j+(¢—p)/2/ \k—i+({—q)/2 (4 35)
20 \2 ’ ’
k=max(—j— 52 i—52) (ka)

From this we can obtain the explicit expression of v%(a;), 4 in Chebyshev polynomials.
The details are presented in Appendix A. O

Proposition 4.5.5. The commutant

{(Vfa):a € AY ={Y € End(H") : V¥(a)Y = YV*(a) forallac A}
{v*(a) : a € A},

is spanned by the matrices I and J.

PROOF. By Proposition 4.4.10| we have J € {V%(a) : a € A,}'. It suffices to show that
the commutant contains no other elements than those spanned by I and J.

Let v*(a;) = szzo Un(cost)A,, with A,, € Matgg;1(C) by Theorem m Then for
B in the commutant it is necessary and sufficient that A, B = BA,, for all n. First, put
C = Ay. Then by Theorem [4.5.4/C) 4 = ( 2 )716p7_q. The equation BC' = C'B leads to

L+p
Cy - Cy_,C_
B — C—lBC — 4q, qB, e 9,—4 quB
p.q ( )p,q Cp,—p p,—q Cp,—pc—p,p p,q
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by iteration. Since Cy _, = Cp, _, if and only if p = q or p = —¢ we find B, , = 0 for
p # q or p # —q. Moreover, By, = B_, _, and B, _, = B_,,,.
Secondly, put ¢’ = Agy_;. Then, by Theorem we have

, 20 \ '/ 20 7!
C@qdmﬂg@f+b(€_p> <f+q> ’

so the non-zero entries are different up to the symmetries C), , =C", _ =C; ,=C", _ .

Now BC' = C’'B implies by the previous result B, ,C; , + B, ,C", , = C} Bqq+

Ozl)ﬁfoM' Take ¢ =1—p to find By, = Bi_pi1—p = Bp_1p—1 unless p=0orp =1,
and take ¢ = p— 1 to find By _p = Bi_pp—1 = Bp—1,1—p unlessp =0or p =1. In
particular, for ¢ € % + N this proves the result. In case £ € N we obtain one more
equation: Bgg = By, + Bi,—1. This shows that B is in the span of I and J. O

The matrix J has eigenvalues +1 and two eigenspaces H¢ and H i. The dimensions

are |[£+1/2] and [£+ 1/2]. A choice of (ordered) bases of the eigenspaces is given by
(0§ =t —0<j<0l—j€eZ} and {Y5+9";:0<j<ll—jeZ}. (4.36)

Let Y, be the matrix whose columns are the normalized basis vectors of (4.36). Conju-
gating V* with Y} yields a matrix with two blocks, one block of size [¢+ 1/2] x [£+1/2]
and one of size £+ 1/2] x [£+1/2].

Corollary 4.5.6. The family (Q%)a>o0 and the weight V* are conjugate to a family and
a weight in block form. More precisely

-1 [ QL _(ar) 0 1 V() 0
Y'Z Qﬁ(at)n - ( d 0 flnL(a't) > ) }/Z Ve(a/t)}/@ == ( 0 V_ﬁ(at) ) .

The families (Qg,i)dzo are orthogonal with respect to the weight Vf;. Moreover, there is
no further reduction possible.

PRrOOF. The functions Qfl can be conjugated by Y. Since the Qg commute with J we
see that the Y[lQﬁYg has the same block structure as Y[lVZYQ. The blocks of Y[lelYg
are orthogonal with respect to the corresponding block of Y[lVéYg. The polynomials
Qf}y_ take their values in the (—1)-eigenspace H® of J, the polynomials in,—&- in the
(41)-eigenspace HY of J. The dimensions are [¢+ 1/2] and [£+ 1/2] respectively.

A further reduction would require an element in the commutant {V*(a) : a € A,}'
not in the span of I and J. This is not possible by Proposition O

The entries of the weight v’ with the Chebyshev polynomials of the highest de-
gree 2¢ occur only on the antidiagonal by Theorem [£.5.4] This shows that the deter-
minant of v’(a;) is a polynomial in cost of degree 2¢(2¢ + 1) with leading coefficient
(—1)4+D) Hf):4 co(p, —p)2%* # 0. Hence v’ is invertible on A, away from the zeros
of its determinant, of which there are only finitely many. We have proved the following
proposition which should be compared to Proposition [£.4.3]
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Proposition 4.5.7. The full spherical function <I>€ is invertible on A, except for a finite
set.

In particular, Qg is well-defined in Definition 2| except for a finite set. Since Qf g is
polynomial, it is well-defined on A.
Mathematica calculations lead to the following conjecture.

Conjecture 4.5.8. det(v’(a;)) = (1 — cos? t)*(2¢+1) Hi:_e(?ecg(p, —p)).

Conjecture is supported by Koornwinder [Koo85, Prop. 3.2], see Proposition
Conjecture has been verified for ¢ < 16.

4.6 The matrix valued orthogonal polynomials associ-
ated to (SU(2) x SU(2), diag)

The main goal of Sections -4 and [4.5] was to study the properties of the matrix valued
spherical functions of any K-type associated to the pair (SU(2) x SU(2),diag). These
functions, introduced in Definition [£.2.2] are the building blocks of the full spherical
functions described in Definition We have exploited the fact that the spherical
functions diagonalize when restricted to the subgroup A. This allows us to identify each
spherical function with a row vector and arrange them in a square matrix.

The goal of this section is to translate the properties of the full spherical functions
obtained in the previous sections at the group level to the corresponding family of matrix
valued orthogonal polynomials.

4.6.1 Matrix valued orthogonal polynomials

Let W be a complex N x N matrix valued integrable function on the interval (a,b) such
that W is positive definite almost everywhere and with finite moments of all orders. Let
Maty (C) be the algebra of all N x N complex matrices. The algebra over C of all poly-
nomials in the indeterminate « with coefficients in Maty (C) is denoted by Maty (C)[x].
Let (-,-) be the following Hermitian sesquilinear form in the linear space Mat (C)[z]:

(P,Q) = /a b P(a)W (2)Q(z)"dx. (4.37)
The following properties are satisfied:
e (aP+bQ,R) = a(P,R) + b(Q, R), for all P,Q, R € Maty(C)[z], a,b € C,
o (TP,Q) =T(P,Q), for all P,Q € Maty(C)[z], T € Maty/(C),
o (P,
(

Q)Y =(Q, P), for all P,Q € Maty(C)z],

e (P,P) >0 for all P € Matx(C)[z]. Moreover if (P, P) = 0 then P = 0.
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Given a weight matrix W one constructs a sequence of matrix valued orthogonal
polynomials, that is a sequence {R,},>0, where R, is a polynomial of degree n with
nonsingular leading coefficient and (R,,, R,,) = 0 if n # m.

It is worth noting that there exists a unique sequence of monic orthogonal polynomials
{P,}n>0 in Maty(C)[z]. Any other sequence of {R, },>0 of orthogonal polynomials in
Matn (C)[z] is of the form R, (x) = A, P,(z) for some A4,, € GLy(C).

By following a well-known argument, see for instance [Kre71], [Kre49], one shows that
the monic orthogonal polynomials {P,,},>0 satisfy a three-term recurrence relation

xPp(2) = Poy1(x) + Bp(z)Py(z) + Cr Pr—1(x), n >0,

where Q_; = 0 and B,,, C}, are matrices depending on n and not on z.

There is a notion of similarity between two weight matrices that was pointed out in
[DGO5a]. The weights W and W are said to be similar if there exists a nonsingular matrix
M, which does not depend on z, such that W(a:) = MW (z)M* for all x € (a,b).

Proposition 4.6.1. Let {R, 1}n>0 be a sequence of orthogonal polynomials with respect
to W and M € GLN(C). The sequence {Rn2(x) = Ry 1(z)M~1},>0 is orthogonal
with respect to W = MWM*. Moreover, if {Pp1} is the sequence of monic orthogonal
polynomials orthogonal with respect to W then { P, o(x) = M Py, 1(x)M '} is the sequence
of monic orthogonal polynomials with respect to w.

Proor. It follows directly by observing that

)

/ Ry 2(2)W (2) R o(z)*da = / R (z) M~ W (2)(M~Y)* Ry 1 () dz:
= /Rn,l(:r)W(:r)Rm,l(ﬂc)*da: =0, ifn#m.

The second statement follows by looking at the leading coefficient of P, » and the unicity
of the sequence of monic orthogonal polynomials with respect to W. O A weight
matrix W reduces to a smaller size if there exists a matrix M such that

W1 (LU) 0

W(z) = M ( A Wz(x)> M*, forall z € (a,b),

where W7 and W, are matrix weights of smaller size. In this case the monic polynomials
{P,}n>0 with respect to the weight W are given by

P.(z) =M (P"’(l)(””) Pn;)(x)> M~ n>0,

where {P, 1}n>0 and {P, 2}n>0 are the monic orthogonal polynomials with respect to
W1 and Wy respectively.
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4.6.2 Polynomials associated to SU(2) x SU(2)

In the rest of the paper we will be concerned with the properties of the matrix orthogonal
polynomials 4. For this purpose we find convenient to introduce a new labeling in
the rows and columns of the weight V. More precisely for any ¢ € %Z let W be the
(20 + 1) x (20 + 1) matrix given by

V1—=22W(2)nm = V(Garccos s )—t4n,—t+m, n,m € {0,1,...,2¢}. (4.38)
It then follows from Theorem [L.5.4] that
(204 1) (2¢ — m)!m!

W(2)pm = (1 —2)7 (1 + )2

n+1 (20)!
> e R ), (439
=0 m—t .

if n <m and W(z)pn,m = W(x)m.n otherwise.
We also consider the sequence of monic polynomials {P;}4>0 given by

Pd(x)n,m = Tngd(aarccos$)—£+n,—é+m7 n,me {07 1. 2£}7 (440)

where T, is the leading coefficient of the polynomial Q4(Garccosz), Which is non-singular
by Theorem Now we can rewrite the results on Section [£.5] in terms of the weight
W and the polynomials P,.

Corollary 4.6.2. The sequence of matriz polynomials {Py(x)}aso is orthogonal with
respect to the matrix valued inner product

(P.Q) = / P@)W(2)Q)"dr

Theorem states that there is a three term recurrence relation defining the matrix
polynomials Q4. These polynomials are functions on the group A. We can use (4.40) to
derive a three term recurrence relation for the polynomials P;.

Corollary 4.6.3. For any { € %N the matrix valued orthogonal polynomials Py, are
defined by the following three term recurrence relation

de(x) = Pd+1($) + T;leTde(JJ) + T(;lCde_lPd_l(a:), (441)

where the matrices Aq, Bq and Cy are given in Theorem [{.4.8 and taking into account
the relabeling as in the beginning of this subsection.

4.6.3 Symmetries of the weight and the matrix polynomials

In this section we shall use the symmetries satisfied by the full spherical functions to
derive symmetry properties for the matrix weight W and the polynomials P;.
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For any n € N, let I,, be the n x n identity matrix and let .J,, and F;, be the following
n X n matrices

n—1 n—1
Jn = Z Binai, F,= Z(—l)iEm. (4.42)
1=0 1=0

For any n X n matrix X the transpose X' is defined by (X*);; = Xj; (reflection in the
diagonal) and we define the reflection in the antidiagonal by (X9);; = X,,_;.—;. Note
that taking transpose and taking antidiagonal transpose commute, and that

(XH? = (XN = X% = J,XJ,.

Moreover, (XZ)¢ = Z4X? for arbitrary matrices X and Z. We also need to consider the
(204 1) x (20 + 1) matrix Y defined by

Y:l(‘h_‘_é Jz.:,.é)’ifE:Qn—‘rl’ neN,

V2 —Ju% Ie+% 2
) L0 J (4.43)
Y=—| 0 V2 0]|,if¢eN.

V2 -Je 0 I

Proposition 4.6.4. The weight matriz W (z) satisfies the following symmetries
(i) W(z)t = W(z) and W(x)? = W(x) for all x € [-1,1]. Thus
T A W () Jopp1 = W(x),
for all x € [-1,1].
(i) W(—2z) = FopyaW (x)Fapqq for all x € [-1,1].
Here Fygqq is the (20 + 1) x (20 4 1) matriz given in ([{.42).

PROOF. The symmetry properties of W in (i) follow directly from Lemmam The proof
of (ii) follows from by using the fact that U, (—z) = (—1)"U,(z) for any Chebyshev
polynomial of the second kind U,,(z), so that W (—x), m = (=1)" "W, (2). O

The weight matrix W can be conjugated into a 2 x 2 block diagonal matrix. In
Corollary we have pointed out this phenomenon for the weight V. The following
theorem translates Corollary to the weight matrix W.

Theorem 4.6.5. For any { € %N, the matriz W satisfies
Wi(z)=YW(z)Y*t =
@ =vwiayt = ("0,
where Y is the matriz given by (4.43). Moreover if {Py1}a>o0 (resp. {Pi2}a>o) is a

sequence of monic matriz orthogonal polynomials with respect to the weight Wi (x) (resp.

Wa(x)), then

Py(z) = (Pd,(l)(x) P‘;) . d>0, (4.44)
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is a sequence of matrix orthogonal polynomials with respect to W. There is no further
reduction.

The case £ = (2n+1)/2, n € N, leads to weights matrices W of even size. In this case
W splits into two blocks of size £ + % In Corollary we prove that these two blocks
are equivalent, hence the corresponding matrix orthogonal polynomials are equivalent.
It follows from Proposition [£.6.4] (1) that there exist (n + 1) x (n + 1) matrices A(x)
and B(z) such that A(z)! = A(z) and
A(x)  B(x)
= 4.4
W(x) <B(:17)dt A(x)dt ’ ( 5)
for all z € [-1,1].
Corollary 4.6.6. Let { = (2n+1)/2, n € Z. Then
W1 (l’) 0
YW (2)Yt =
(@) ( 0 W)’
where
Wl(l’) = A(x) + B(l’)JnJrl, WQ(.’E) = Jn+1Fn+1W1(—{E)Fn+1Jn+1.
Here A(z) and B(x) are the matrices described in (4.39) and (4.45). Moreover, if
{Pa1}d>0 is the sequence of monic orthogonal polynomials with respect to Wi (zx) then
P(@) = (=1)"Jps1 Fog1 Pag (—) Fog1 o, (4.46)
is the sequence of monic orthogonal polynomials with respect to Wo(x).

PRrROOF. In this proof we will drop the subindex in the matrices J,,+1, Fr+1 and we will
use J and F instead. It is a straightforward calculation that for (n+ 1) x (n+ 1)-matrices
A, B C and D the following holds

v (A B> 1 <A + D + J(C + B¥) B-— Q4 (D% — A)J)

t—f
¢ p)¥ T3 J(D¥* —A)+C - B¥* D+ A% — (C + B%*)J

In particular for the weight function W we get
YW (z)Y' =

v <Bftg?ﬁ Azz;zﬁ) vt _ (A(:z:) + B(x)J 0 >

~

This proves that
Wi(x) = A(x) + B(x)J, Wa(z) = J(A(z) — B(x)J)J.

It follows from Proposition (2) that A(—z) = FA(x)F and B(—z) = FB(x)F.
Therefore we have

JFWy(—2)FJ = JEA(—2)FJ + FJB(—2)FJ = JA(z)J — JB(z) = Wy(x).

This proves the first assertion of the theorem.
The last statement follows from Proposition O
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4.7 Matrix Valued Differential Operators

In the study of matrix valued orthogonal polynomials an important ingredient is the
study of differential operators which have these matrix valued orthogonal polynomials
as eigenfunctions. In this section we discuss some of the differential operators that have
the matrix valued orthogonal polynomials of the previous section as eigenfunctions. The
calculations rest on the explicit form of the weight function .

4.7.1 Symmetric differential operators

We consider right hand side differential operators

D=> 0'Ffx), 0= = (4.47)
=0

in such a way that the action of D on the polynomial P(z) is
PD =) " 0'(P)(x)F;(x).
i=0

In [GTO7, Propositions 2.6 and 2.7] one can find a proof of the following proposition.

Proposition 4.7.1. Let W = W (x) be a weight matriz of size N and let {P,}n>0 be
the sequence of monic orthogonal polynomials in Maty (C)[z]. If D is a right hand side
ordinary differential operator as in (4.47) of order s such that

P,D=A,P,, foralln>0,
with A, € A, then _
F;=F(z)=Y 2/F}, F}€Maty(C),
j=0

s a polynomial of degree less than or equal to i. Moreover D is determined by the sequence
{An}nzo (l’ﬂd

A, = zs:[n]lF;(D), for allm >0,
i=0
where [n]; =n(n—1)---(n —i+1), [n]p = 1.

We consider the following algebra of right hand side differential operators with coeffi-
cients in Maty (C)[z].

D={D=> 0'F;: F; € Maty(C)z], deg F; < i}.

Given any sequence of matrix valued orthogonal polynomials {R,,},>¢ with respect to
W, we define

DW)={D €D : R,D =T,(D)R,, I'w(D) € Maty(C), for all n > 0}.
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We observe that the definition of D(W) does not depend on the sequence of orthogonal
polynomials { R, }r>0-

Remark 4.7.2. The mapping D ~ I',(D) is a representation of D(W) in C" for each
n > 0. Moreover the family of representations {I'y},>¢ separates the points of D(W).
Note that D(W) is an algebra.

Definition 4.7.3. A differential operator D € D is said to be symmetric if (PD,Q) =
(P,QD) for all P,Q € Maty(C)[z].

Proposition 4.7.4 ([GT07]). If D € D is symmetric then D € D(W).

The main theorem in [GTQ7] says that for any D € D there exists a unique differ-
ential operator D* € D(W), the adjoint of D, such that (PD,Q) = (P,QD*) for all
P,Q € Matn(C)[z]. The map D — D* is a #-operation in the algebra D(W') . Moreover
we have D(W) = S(W) & iS(W), where S(W) denotes the set of all symmetric opera-
tors. Therefore it suffices, in order to determine all the algebra D(W), to determine the
symmetric operators S(W).

The condition of symmetry in Definition [£.7.3|can be translated into a set of differential
equations involving the weight W and the coefficients of the differential operator D. For
differential operators of order 2 this was proven in [DG04, Theorem 3.1].

Theorem 4.7.5. Let W(x) be a weight matriz supported on (a,b). Let D € D be the
differential operator
D = 0°Fy(z) + OFy(z) + FY,

Then D is symmetric with respect to W if and only if

BW = WE,, (4.48)
2(FW) = WFf + F{W, (4.49)
(W) — (B, W) + FoW = WE, (4.50)
with the boundary conditions
Lgr;leg(x)W(x) =0, J:l_lglb(Fg(x)W(x))’ — F(x)W(z) =0. (4.51)

4.7.2 Matrix valued differential operators for the polynomials P,

As in the previous section, we will denote by {P,},>0 the sequence of monic orthogonal
polynomials with respect to the weight matrix W. We can write the weight as W(x) =
p(2)Z(x) where p(z) = (1 — )2 (1+)2 and Z(x) is the (20 + 1) x (20 + 1) matrix whose
(n,m)-entry is given by

m

= c(n7m7t)Un+m72t($)7
t=0
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if n <m and Z(x)n,m = Z(x)m,n otherwise.

Once we have an explicit expression for the weight matrix W we can use the symmetry
equations in Theorem to find symmetric differential operators. If we start with a
generic second order differential operator

D= ZaiFi(a:), Fi(z) = ijF;, F} € Maty(C),
; =

then the equations ([4.48), (4.49) and ([&.50) lead to linear equations in the coefficients F.
It is easy to solve these equations for small values of N using any software tool such as

Maple. We have used the general expressions for small values of IV to make an ansatz for
the expressions of a first order and a second order differential operator. Then we prove
that these operators are symmetric for all N by showing that they satisfy the conditions
in Theorem L.7.5

In the following theorem we show the matrix polynomials P,, satisfy a matrix valued
first order differential equation. This phenomenon, which does not appear in the scalar,
case has been recently studied in the literature (see for instance [CGO5], [Casl0]).

Theorem 4.7.6. Let E be the first order matrixz valued differential operator

o (;i;) Av(2) + Ao,

where the matrices A;(x) and Ay are given by

2L 20— 2 (- i
Al(il,') = <2£) Ei,i+1 - Zl’ <€> Ez - Z <2£> Ei,ifl,
0 0

i=0
20 (20 +2)(i — 20)
i=0
Then E is symmetric with respect to the weight W; hence E € D(W'). Moreover for every
integer n > 0,
Pp(z)E = A (E) Py (),

where

A (E) = Z; (n(ﬁf i) + (20 + 22)21 — 2€)> B,

PROOF. The proof of the theorem is performed by showing that the differential operator
E is symmetric with respect to the weight W. It follows from Theorem [£.7.5] with F» = 0,
that E is symmetric if and only if
W (z)A1(z)* + Ay ()W (x) =0, (4.53)
—(A1(2)W ()" + AW (z) = W (2)AG, (4.54)
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with the boundary condition

zlinﬂh Ay (x)W(x) = 0. (4.55)

The second statement will then follow from Propositions and
The verification of (4.53) and (4.54) involves elaborate computations, see Appendix
4Bl O

Theorem 4.7.7. Let D be the second order matriz valued differential operator

D=(1 —332)72 + (CZC) Bi(z) + Bo,

20 . . .
(4e+3)(@—20 . (2043)(i-20) 3\
E (2€ EZJJFl .’E—Z Ez + 20 Ez,zfl )

2¢ . .
(i — 20)(il — 202 — 5 — 3)
By = E;;.
0 Z 20 i

Then D is symmetric with respect to the weight W(x); hence D € D(W'). Moreover for
every integer n > 0,

P, (z)D = A, (D) P, (),

where

20 ) ) . 2 rp
A?L(D)=Z<n(n—1)—(%+3)€(l2€)+(Z%W2§£ 50 3)>E“.

i=0
PrOOF. The proof of the theorem is similar to that of Theorem [£.7.6] see Appendix
4Bl O

Corollary 4.7.8. The differential operators D and E commute.

PrOOF. To see that D and E commute it is enough to verify that the corresponding
eigenvalues commute. The eigenvalues commute because they are diagonal matrices. [

As we pointed out in Theorem for any ¢ € %N the matrix weight W and the
polynomials P, are (2¢ 4+ 1) x (2¢ + 1) matrices that can be conjugated into 2 x 2 block
matrices. More precisely

YW(2)Y" = (Wlo(x) W:)(x)>’ VP ()Y = (Pn’(l)(m) pn;)(x))’

where Y is the orthogonal matrix introduced in (4.43|) and W7, W5 are the square matrices
described in Corollary Here {P,,1}n>0 and {P, 2},>0 are the sequences of monic
orthogonal polynomials with respect to the weights W7 and W5 respectively.
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Proposition 4.7.9. Suppose £ = (2n + 1)/2 for some integer n, then E splits in (n +
1) x (n+ 1) blocks in the following way

~ [~ + D) E,
vevt—5- (" nr )
( By —(l+ 1))’

where
d\ ~ .
E1 = @ A1 (I’) + Ao,
d - -
Ey = T Foi1dnp1 A (=) Jns1 Frg1 + Fag1ng1AoIng1 Fogr

Here Fy 11, Joi1 are the matrices introduced in (4.42). The matrices A1 and Ay are given

n—1 . n .
20 — /—
Aq(z) = — E ( J Eipni1+w E ( 7 Z)Ei,n—ﬁ-
; i=0

n

; 20+ 1)
—F; i — E,n y
; gpin—il T T Bt

A=Y W Ein s

PROOF. The proposition follows by a straightforward computation. O

Proposition 4.7.10. Suppose £ € N, then we have Y EYt = E,

A A
F( Ote+n) 1(ta:) —(€+ 1) (g11) O(tx)
=)l - G S b
FEAl(x)FZ V2 OZXE Fng(x)Fg Vo —(f-i— 1)[@

where A1 and Ay are n X n matrices given by

AP UL P +x§“"'>E. ffiE |
1 = v 29 i 4—i—1 pars / i,0—1i e 20 i, 0—i+1;
-1
Ay = (£+1)(£_Z)Eu—i,
e )
=0
and the vectors vy, vi,vs € Ct are vy = (0,0,---,0),
2 1)v2 2 1)v2
v = (€+ )\/7a07"'a0 ) Vg = _(e_'_ )fa07"'a0 .
4 40+ 1)
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ProoOF. The proposition follows by a straightforward computation. O
Let us assume that ¢ = (2n + 1)/2 for some n € N so that the weight W and the
polynomials P, are matrices of even dimension. Proposition says that

P.(z)E = YA, Y'P,(z), n>0. (4.56)

A simple computation shows that

0 A,1
YAnYt = - 1)ia2n o )
¢+ )2+2+<An,2 O)

where A, 1 is a (n + 1) X (n + 1) matrix (depending on n) and
An,2 - Fn+1Jn+1An,1Jn+an+l~
It follows from (4.56]) that the following matrix equation is satisfied

<(£ —+ l)Pn,l(x) Pnﬁl(m)El ) o <(£ —+ l)Pn,l(x) An71Pn72(1‘) )
Pn’Q(.T)EQ —(6 + 1)Pn72(1') N An’QPn_yl(iU) —(E + 1)Pn72(1') '

Therefore the polynomials P, ; and P, s satisfy the following differential equations
PuiEr — Ay 1 P2 =0, (4.57)
Pn,2E2 - An,QPn,l = 0. (458)

Finally it follows from (£.57)), (4.58) and (4.46) that for every n > 0, the polynomial P, ;
is a solution of the following second-order matrix valued differential equation

PoiE1Ey — Ay 1Ay 2P 1 = 0.

We can also obtain a second order differential equation for P, .

4.8 Examples

The purpose of this section is to study the properties of the monic orthogonal polynomials
{P,}n>0 presented in Section for small dimension. For ¢ = 0, %, 1, %, 2, we show that
these polynomials are solutions of certain matrix valued differential equations. We will
show that the polynomials can be defined by means of Rodrigues’ formulas and we will

give explicit expressions for the three term recurrence relations.

4.8.1 The case ¢ = 0; the scalar weight

In this case the polynomials {P,},>o are scalar valued. The weight W reduces to the
real function
W(z)=(1-2)2(1+2)?, z¢cl[-1,1].

Therefore the polynomials P, are a multiple of the Chebyshev polynomials of the second
kind: P,(x) =2""U,(z), n € N.
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4.8.2 The case ( = %; weight of dimension 2

In this case the polynomials {P,},>0 are 2 x 2 matrices. The weight W is given by

2 2
<2x 2), x € [-1,1].

N[

W(z)=(1-2)3(1+2)

It is a straightforward computation that

(o) 0 111
YW(f”)Y—2< 0 (1—x)3(1+x)é>’ Y‘ﬂ(—l 1)'

Observe that Wy(z) = (1—2)2(142)2 and Wa(z) = (1—2)2(14)2 are Jacobi weights
and therefore we have

B 2"nl(n +2)! (3

'n! ' (13
Pn 1= #Pﬁ?’?)(x), Pn’z(,’I}) = (2n+2)' )

1
P, .’27 NENO,

where {PT(LO"B )}nZO are the classical Jacobi polynomials

Differential equations

By Theorem we have

%Pn(x) (:T i) + Po(a) (‘03 8) _ (_”0_3 2) Pu(a).

We can conjugate the differential operator E by the matrix Y to obtain

~ d 0 1+ 3 /-1 1
_ t_ [ =
E_YEY_(dx)<m—1 0)+2(1 —1>’
The monic polynomials

~ Pn 1(.%‘) 0
P,(x) =YP,(2)Y'= ’ , No,
@) @) ( 0 Pn,2($)> e
satisfy

ISn(x)E = Knﬁn(x), where IN\n(x) - <nfé§2 n:))i/%f) '

Now the fact that Ign(ac) is an eigenfunction of E is equivalent to the following relations
between Jacobi polynomials

d : 3. (13 3. (31
(1t a) = PED (@) + 5P (@) = (n+ 5P (@) =0,
UNERY 3 5(5.%) 3 (3.8
(1 x)den (z) + 2Pn () = (n+ 2)Pn () =0.
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4.8.3 Case ¢ = 1; weight of dimension 3

Here we consider the simplest example of nontrivial matrix orthogonal polynomials for
the weight W. The weight matrix W of size 3 x 3 is obtained by setting ¢ = 1. We have

1 1 3 3x 422 —1
W)=Q1-z)2(1+2)2 [ 3z 2*+2 3z (4.59)
422 -1 3z 3

We know from Theorem that the weight W (z) splits into a block of size 2 x 2 and
a block of size 1 x 1, namely

422 +2 3V2x 0
Y — Wi(x) 0 (1) e P
YW ()Y ( 0 W2(33)) (1—-2)2(1+x) 3\{)5 JQ 4(12932)

From Theorem the monic orthogonal polynomials P, (x) with respect to W (z) reduce

to
(00

where {P, 2},>0 are the monic polynomials with respect to Wi (z) and {P, 2},>0 are the
monic polynomials with respect to the weight Ws(x).

Remark 4.8.1. The weight W, is a multiple of the Jacobi weight (1 — x)%(1 + z)?
corresponding to @ = 3/2 and 8 = 3/2. The monic polynomials {P, 2},>0 are then a
multiple of the Gegenbauer polynomials

_ 2"nl(n 4+ 3)!

(3:8)
Pral®) ==, gy B @)

The first order differential operator

By Theorem we have that the monic polynomials P, are eigenfunctions of the
differential operator E. More precisely the following equation holds

J —x 1 0 -4 0 0 -n—4 0 0
o @) [ =3 0 L] +Pu(x)| 0 -2 0= 0 -2 0| Pu.(x).
0 -1 =z 0 0 0 0 0 n

Now we can conjugate the differential operator E by the matrix Y to obtain a differential
operator £ =Y EY!. The fact that the polynomials P, are eigenfunctions of E says that
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the polynomials ?n are eigenfunctions of E. In other words

d - 0 0 T N -2 0 2
Pu@) [0 0 L+ P[0 -2 0=
z —/2 0 2 0 -2
-2 0 n+2
0 -2 0 |P(x)
n+2 0 —2

We can now rewrite the equation above in terms of the polynomials P, ; and P, ».

2 Pi(a) (2) + Po(@) @ . <ngg> |

2

%Png(z) (z —V2)+ Poa2(x) (2 0)=(n+2 0)P,1(2).

Since P, 2 is a Gegenbauer polynomial, we see that the elements of the first row of P, o
can be written explicitly in terms of Gegenbauer polynomials.
Second order differential operators

In this subsection we describe a set of linearly independent differential operators that
have the polynomials P, ; as eigenfunctions.

Proposition 4.8.2. The matriz orthogonal polynomials {P, 1}n>0 satisfy
PoiDj = Ap(Dj)Pay, j=1,2,3,n>0,

where the differential operators D; are
d? d bx —4 10
Di=@2-1)(-— —
1= )<dm2)+(dx) (1 5:z:>+(0 0)’
Do (& m2—2x+i e —G) (40
2T \a?) 2 1 dr)\1 0 0 0/
Do (E) ([ 2w 874 (L) (8 2wy, (0 16
P \da?2 ) a2 =2 2 dr ) \6x —4 6 0/°

and the eigenvalues A; are given by

An(D1)=(n(n+4)+1 0 ))7 An(Dz)Z((n+2)2 0)7

0 n(n+4 0 0
B 0 8(n+2)(n+1)
An(Ds) = ((n+3)(n+2) 0 )

Moreover, the differential operators Dy, Do and D3 satisfy
D1Dy = DyD1, D1Ds3# D3sDy, DyDs+# D3sDs.
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Proor. The proposition follows by proving that the differential operators D;, j =1,2,3
are symmetric with respect to the weight matrix Wj. This is accomplished by a straight-
forward computation, showing that the differential equations (4.48)), (4.49), (4.50) and
the boundary conditions are satisfied. As a consequence of Remark the com-
mutativity properties of the differential operators follow by observing the commutativity
of the corresponding eigenvalues. O

Rodrigues’ Formula

Proposition 4.8.3. The matriz orthogonal polynomials {Py, 1(x)}n>0 satisfy the Ro-
drigues’ formula

Poa(z) =
(n)
1 422 +2 32z 2n  V2ne _
c|(1—gz?H2at (( ) )+< ng o 2 W Hx), (4.60)
[ 3V2r 2’ +2 —MIne
where

(—1)"272n"2(n + 2)(n + 3)ﬁ

‘= (2n+3)T(n + 2)

PROOF. The proposition can be proven in a similar way to Theorem 3.1 of [DG05h]. We
include a sketch of the proof for the sake of completeness. First of all, we recall that the
classical Jacobi polynomials P,Saﬁ )(x) satisfy the Rodrigues’ formula

P ) = CUN0 a1 4 ) F -yt o,

2

Let R(z) and Y,, be the matrix polynomials of degree 2 and 1

2 2n ny2z
R(z) = (45” +2 3‘/%), Y (x) = ( niz i ) ,

2 V2nx
3v2x a?+42 — Yz __n

so that the (4.60) can be rewritten as
1 (n)
P,i(z)=c [(1 —2%)2"" (R(x) + Yn(x))] W (x).

Then by applying the Leibniz rule on the right hand side of (4.60)), it is not difficult to
prove that

Poi(x) = cin(n— 11— 2)2t" (1 +2)2 """ (1 - 2) "2 (14 2) 2 R'(2)R(z) !
1

+en[(1—2)2 (14 2)2 ) D (1 —2)"2(1+2)" 2 (R (z) + Y'(2))R(z)~
+e(l—2)2 (A +2)7 WA —2) " (1 +2)" 2 ([ + Y (2)R

—~
8
~
|
—_
~—
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Now by applying the Rodrigues’ formula for the Jacobi polynomials we obtain
Poi(x) = 2'nl(—1)" [P (2)(I + Y (2)R(z) ")
33
— 11— 2)(1+2) P (@) (Y (@) + R (2))R(x) !
+ 11— 221+ 2)2P 27 (@) R (2)R(z) Y], (4.61)

00| §A

Now with a careful computation we can show that the expression above is a matrix
polynomial of degree n with nonsingular leading term. Using integration by parts it is
easy to show the orthogonality of P, ; and 2™, m = 0,1,...,n — 1, with respect to the
weight W7 . O

Three term recurrence relations

In Corollary we show that the matrix polynomials P, (z) of any size satisfy a three
term recurrence relation. The recurrence relation for the polynomials P, ; can then be
obtained by conjugating the recurrence relation for P, (z) by the matrix Y. The recurrence
coefficients are given in terms of Clebsch-Gordan coefficients and are difficult to
manipulate. For £ = 1 we can use the Rodrigues’ formula to derive explicit formulas
for the three term recurrence relation for the polynomials P, ;.

First we need to compute the norm of P, 1(z). The Rodrigues’ formula and
integration by parts lead to

(”+:13) 0
HPTL,lH2 =272y <(TLE)F ) (n+3)? ) ’

8(n+1)2

If {Pn.1}n>0 is a sequence of orthonormal polynomials with respect to W; with leading
coeflicients €1,,, then it follows directly from the orthogonality relations for the monic
polynomials that || P, 1> = Q,,1(Q})~!. The orthonormal polynomials P, ; with leading
coefficient

2201 (n41) 0
O — 7(n+3)
n 0 2" 2 (n41) |
VA(n+3)

satisfy the three term recurrence relation
2Pn(x) = Api1Pry1(x) + BpPr(x) + AL Pr_1(x),
where A, = Q,,_1Q, ! and
B, = Q,]coef. of 2" in P, 1 — coef. of 2™ in Pn+1,1]Q;1.

The coefficient of 2"~ in P, ; can by obtained from (4.61)). Now a careful computation
shows that

1 /_nn+3) 0 0 4
A, = 2 (n+1)(n+2) B, = (n+2)(n+3)
! 0 _nn+3) |7 " —_—1r 0 :
2(n+1)(n+2) 2(n+1)(n+4)
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Therefore the monic polynomials P, ; satisfy the three term recurrence relation
xPn,l(x) = PnJrl,l(-'L') + Bnpnl(x) + énPnfl,l(QT%

where

0 4 n(n+3) 0
N (n4+2)(n+3) ~ | 4(n+2)(n+1)
B, = 1 0 s Cp, = 0 n?(n+3)? .
2(n+1)(n+2) 4(n+2)2(n+1)2

4.8.4 Case ( = 3/2; weight of dimension 4

The weight matrix W of size 4 x 4 is obtained by setting ¢ = 3/2.

4 4z L(4a? — 1) 4dw(222 - 1)

W(z) = (1-a%)3 4z L4a2 +5) Sp(22247) a2 -1)
B 3(40® =1)  §o(20°+7)  §(42® +5) da
4z(222 —1)  5(42? —1) Ax 4

We know from Corollary that the weight W (x) splits in two blocks of size 2 x 2,
namely

W(z) =YW ()Y = <W10(”3) WQO(I)> ,

where

W1($)=4(1—33)1/2(1+3;)3/2 <2x2_2x+1 %(4;5_1) ) 7

14z —1)  L(22®+22+5)

and

Wa(x) = L FoWi(—x)FyJy,  where Fy = <<1) -01> and 2 = ((1J (1))

It follows from Corollary [4.6.6] that the monic orthogonal polynomials P, » with respect
to the weight W, are completely determined by the the monic orthogonal polynomials
P, 1 with respect to P, 2(x) = JaF2 P, 1(—2)F3J2. Therefore we only need to study the
polynomials P, ;.

Differential operators

In this subsection we describe a set of linearly independent differential operators that
have the polynomials P, ; as eigenfunctions.

Proposition 4.8.4. The matriz orthogonal polynomials { Py, 1}n>0 satisfy
anle:An(Dj)Pn,h j:172a33n207
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4.8. Examples

where the differential operators D; are
d? d\ (6z -3 2 0
D=1 (- —
1= )<dx2)+(dx) <—1 6x—2>+<0 0)’
2 2_1 _3 3 9
v () Gy 20 (@) (5 96 0)
d? -3z+3 922 -9z
D3 =|— 5
dr?2 ) \z*+xz—-2 3z-3

+ d -9 36z —18 n 0 18
dr ) \8xz + 4 -3 12 0)’
and the eigenvalues A; are given by

An(Dl):<n(n+5)+2 0 )), An(DQ):((n+3)(n+2) 0>’

0 n(n+5 0 0
B 0 In+2)(n+1)
An(Ds) = ((n+4)(n+ 3) 0 > ’

Moreover, the differential operators Dy, Do and D3 satisfy
D1Ds = D3Dy, D1D3 # D3D1, D3D3 # D3Ds.

Rodrigues’ Formula

The monic orthogonal polynomials {P, 1(z)},>0 satisfy the Rodrigues’ formula

1 3 ()
Poi(a) = c [(1 _ )B4 ) B R + mx))} Wil (@),

where
2P+ Bk )T
I(n+ %) ’

and

(222 -2z +1 +(4x —1)
R(x)_( Lz —1) 1222 +22+5))

Yn(x) _ < nL-‘rS 3(72‘4—3) (21: + 1)> .

3(7&1) (1—2z) *3(7:11)

Three term recurrence relations

The orthonormal polynomials P, 1(x) = || Py1]| 7 P,.1, with leading coefficient
22n+1(n+1)
0 7(n+4) 0
n = 0 9(n+1),/22n+1(n+2) | >

/7 (n+3)(n+4)
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satisfy the three term recurrence relation

TPn(z) = Ant1Pnt1(2) + BuPn(z) + AL Pr-1(2),

where

1 n(n+4) 0

An _ 2 (n+1)(n+3) i)
0 2(n+2)4/(n+1)(n+3)
0 3
_ 2¢/(n+1)(n+2)(n+3) (n+4)

By = 3 2

24/ (n+1) (n+2) (n+3) (n+4) (n+2)(n+3)

Therefore the monic polynomials P, 1(z) satisfy the three term recurrence relation
xpn,l = Pn—i—l,l + BnPn,l + C’nPn—l,ly

where

0 ( ) ) 4( T?)TLLS) 0
B 2(n+3)(n+4 A n n
B, = " %( )L Gu= 0 n2(n+4)2 :

1
2(n+1)(n+2) (n+2)(n+3) 4(n+1)(n+2)%2(n+3)

4.8.5 Case ¢ = 2; weight of dimension 5

In this subsection we consider the 2 x 2 irreducible block in the case ¢ = 2, where the
matrix weight W is of dimension 5. This case completes the list of all irreducible 2 x 2
blocks obtained by conjugating the weight W by the matrix Y.

The 2 x 2 block is given by

3
2

I:C2 X
Wi(z) = (1 — ) 410 )

3
Lt
( +x)2< 100 1622 +4

As before, we denote by {P, 1}, the sequence of monic orthogonal polynomials with
respect to Wi.

Differential operators

In this subsection we describe a set of linearly independent differential operators that
have the polynomials P, ; as eigenfunctions.

Proposition 4.8.5. The matriz orthogonal polynomials {P,,1}n>0 satisfy
anle:An(Dj)Pn,la j:172a33n207
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4.8. Examples

where the differential operators D; are
d?\ (2? -3z d\ (7 -3 5 0
D, = (2 2 el
? (d:ﬂ)(m —1)+<dx><2 o>+<0 0)’
: 1
1

and the eigenvalues A; are given by

An(Dl):<n(n+6)—3 0 ) An(DQ):((n+l)(n+5) 0>’

0 n(n + 6) 0 0
B 0 11—6(n+5)(n+4)
An(Ds) = ((n+2)(n+ 1) 0 )

Moreover, the differential operators D1, Dy and D3 satisfy

D1Dy = DyDy, D1D3 # D3D1, DyD3 # D3Ds.

Rodrigues’ Formula

The monic orthogonal polynomials {P, 1(z)},>0 satisfy the Rodrigues’ formula

)

(n)
Poi(a) = c [(1 03B R@) + mz))} Wil (@),

where
(172240 + 3)(n + D(n + H)VF

‘= (2n+5)(n+ 32) 7

and

$2 +4 10z _3n __ bnzx
R — , Y. — n+1 ntl |
(=) < 100 1627 + 4) @)= e g

Three term recurrence relations

The orthonormal polynomials P, 1(x) = || P,.1]| 7 P,,1 with leading coefficient

92n+2 V(42 (nt1) 0
0. — v/ m(n+4)(n+5)
" 0 on V2(n+1) |
7(n+5)
satisfy the three term recurrence relation

TPn(z) = Apt1Pnt1(x) + BpPr(z) + AL Pr_1(x),
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where
n(n+5) 0
A = 2\/(n+1)(n+2)(n+3)(n+4)
n — 0 v/ n(n+5) ’
(n+1)(n+4)
0 2
B — v/ (n+1) (n+2)(n+4)(n+5)
n

= ) 0
\/(n+1) (n+2) (n+4) (n+5)

Therefore the monic polynomials P, ;(x) satisfy the three term recurrence relation

xPn,l = Pn+1,1 + Bnpn,l + Ci’rLP'nfl,h

where
0 1 n2(n+5)2 0
Bn _ < X 2(n+1)(n+2)> 7én — (4(n+1)(n+2)(n+3)(n+4) (nt5) ) .
(n+4)(n+5) 0 0 4(n+1)(n+4)
Funding

This work was supported by the Katholieke Universiteit Leuven [research grant OT/08/33
to P.R.]; and the Belgian Interuniversity Attraction Pole [P06/02 to P.R.].

Acknowledgment We thank Mizan Rahman and Gert Heckman for useful discus-
sions.

4.A Transformation formulas

The goal of this appendix is to prove Theorem We use the standard notation for the
Pochhammer symbols and the hypergeometric series from [AAR99]. In the manipulations
we only need the Chu-Vandermonde summation formula [AAR99, Corollary 2.2.3] which

reads
—n,a (c—a)y
F 1) = ———. 4.62
(0 ) = o2
and Sheppard’s transformation formula for 5Fy’s [AAR99, Cor. 3.3.4] written as
- - n b n
k=0 '
" —n)p(a)pla+b—n—d—e+ 1)
Z(d —a)p—k(€—a)n—k (@l %l )i . (4.63)
k=0 '
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4.A. Transformation formulas

Proposition 4.A.1. Let { € %N and p,q € %Z such that |pl,|q| < £, L —p,l —q € Z,
qg—p<0andq+p<0. Let s €{0,...,L+ q} and define

es(p,q) = Zfs (6 : p) (ﬁ:i) Z_fs W (4.64)

2
n=0 m=0 (7n+n+s)

Then we have

et(p,q) =

20+1) (£—q)!(f+q)! HZ (Cpyera-r 2= Desg r(2+20—T)r

C+p+1)  (20) — (C+p+2)erq T

PROOF. First we reverse the inner summation using M =/¢ —p — s —m to get
l4+q—s l—p—s (L—p l—q
B C+p\[(l+q (a) (prfos)
espa) = ) ( . )(n+8 S A (4.65)
n=0 M=0 (e—p—M+n)
We rewrite the inner summation:
L—p—s ({—p l—q -1
o M—s {—q)! 20
S ) €0l () %)

¢ 2 20)! -
M=0 (lprMJrn) ( g) ¢ prn

4 s

€+p+s mMl+p—n+1)y
(—l+p—n)m

>

M=0

B(M) (4.66)

where B(IM) = ({—p—M +1),(p—q+ M+ s+ 1)p4g—s—n is a polynomial in M of
degree £+ g — s that depends on ¢,p, ¢,n and s. The polynomial B(M) has an expansion
in (—1)"(=M),,

L+q

=3 A (D =M. (4.67)

The coefficients A; = A:(¢, p, q,n, s) can be found by repeated application of the difference
operator Ay f = f(M +1) — f(M). Let AY, be its i-th power. We have

A% B = 4. (4.68)
© lm=o0
In other words,
L+q
B(M) = ;At (1) =M); with A, = Bu LB (4.69)
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We calculate (4.66)) by substituting (4.67) in it. Interchanging summations, the inner sum
can be evaluated using (4.62) (after shifting the summation parameter). We get

—p—s (l— 0 -
£ ( Mp) (Z—p—]q\/l—s) (6 - q)' s 20 !
(e O P yan) 7

l+q—s
=, (20— VepoLtpt9)lltp—ntDe o0

(76 +p - n)ﬁ—p—s

t=0

Substituting (4.70]) and (4.68) in (4.65) and simplifying gives

es(p,q) = W(—l)z_”_s(—ﬁ +p)s(—€ —q)sx
l+q—s At
Do P+ (=20 = Deposs(—Ltpts)h —E| X
t=0 IM=0

L+q—s
(0 —q—8)u(—L—p)a({ —p—M+1),
(P—q+s+M+1)pqs Z n(—L—p—t)(—L—p—M), '

n=0

(4.71)

The inner sum over n is a 3Fy-series, which can be transformed using (4.63|). Note that
the t-order difference operator can now be evaluated yielding only one non-zero term in

the sum over n. This gives

241 (=gl +q)!
es(p’q)_€+p+1 (20)!

l4+q—s
Zq: (-1)—** (A4 P)sttCH =gt s+ rrgs
=0 l4+p+2)st:(l+q—s—1)!

Reversing the order of summation using "= ¢+ q¢ — s — t yields

20+1) ((=9)'(t+q)

Z _
es(pq) = Cipi D) o
l+q—s
i (71)E+q7T P—=0e4q-T(2+20-T)p
T=0 (L+p+ 2)€+q_TT!
as was to be shown. -

PROOF. [Proof of Theorem [4.5.4] We already argued that there is an expansion in Cheby-
shev polynomials (4.31)). From (4.34) it follows that there are coefficients d%(p,q) such

that
20

vpglcost) = > d(p.g)e . (4.72)
r=— (€+pT+q)
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4.A. Transformation formulas

The coefficients d’(p, q) and ¢’ (p, q) are related by

l+q—(r+432)
dip,g)= Y,  cpa) (4.73)

n=0

Let g—p <0, ¢g+p <0andr > 57 and substitute r(s) = s+ 5% in . Comparing
this to (4.72]) shows

2 ) = Zi’:’s (e + p) (z + q) Zfs (f;”;)e (‘20 (a7

2
n=0 n n+s m=0 (m+n+s)
for s =0,...,£+ q. Now we use Proposition to show that d’(p, q) equals
tq—(r+452)

(20+1) (£—q)(¢+q) (0 Diyan(2+20—n),
(+p+1) (20)! DG Vi v ++p o (4.75)

n=0
for r =259, ... 0+ %. It follows that
20+1 (L—qg)(4 ! —/ _ 20+ 2 —
f+p+1 (20)! L+p+2)4g-n n!
This proves the theorem. O]

We can reformulate Proposition in terms of hypergeometric series.

Corollary 4.A.2. For N € N, a,b,c € Nsothat0 <a < N,0<b< N, and additionally
a<b, N<a+band0<c< N —b we have

c

3 (=)m (b+ Dm (b+ 1)
(N—a—c+1),,m(b—N),
I —b,N—a—b—c,N—b—m_q-LN_b_m+1.1
e N—-b—c+1,-b—m,—b—m ’
_ (le) zC: (—a)N—pn ()N (N +2 —n),
(Nfl;fc) (Nj\iggc) n=0 (N —a+ Q)N—b—n n!

m=0

The 4F3-series in the summand is not balanced. Note that the case s = 0 leads
to single sums, and the 4F5 boils down to a terminating o F; which can be summed by
the Chu-Vandermonde sum, so Corollary [{-A72] can be viewed as an extension of Chu-
Vandermonde sum .

The coefficients d’(p, q) of (4.34) with |r| < 252 are independent of r. Corollary
in case £ = {1 + ¢5 = mq1 + m9 can be stated as follows.
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Corollary 4.A.3. For N € N, a,b,c € N so that 0 < a < N, 0 < b < N, b <a,
a+b< N, and0<c< N —a—>b we have

(o) (V) i (=B (c+a—N)u(atct 1), (atect),
(V) = et Dalate—Npla+te—N),

—a,—a—c¢,N—a—c—n+1,N—a—-—c—n+1
X 4F3 i1
N—-a—-b—-c+1l,—a—c—n,—a—c—n

_ N+1 (N —12”: (—a)m (N —b+m +2)y_p (~1)™
 N—a+1\b — (N —a+2)m (b—m)! '
In particular, the left hand side is independent of ¢ in the range stated.

Different proofs of Corollaries using transformation and summation for-
mulas for hypergeometric series have been communicated to us by Mizan Rahman.

4.B Proof of the symmetry for differential operators

PROOF.[Proof of Theorem [4.7.6] In terms of p(z) and Z(z), the equations (4.53) and
(4.54]) are given by

0=Z(x)A1 ()" + A1 (x)Z(x), (4.77)

0=—Ai(z)Z(z) -

Ai(x)Z(z) — A1(2)Z' (z) + Ao Z(z) — Z(z) Ao. (4.78)

As a consequence of the properties of symmetry of the weight W, it suffices to verify the
conditions above for all the (n, m)-entries with n < m. Here we assume that n < m. The
case n = m can be done similarly. The first equation (4.77)) holds true if and only if

Zn,m—lAl (x)m,m—l + Z7l7’l’l’LA1 (x)m,m + Zn,m+1A1 (qf')m7m+1
+ anl,mAl(x)n,nfl + Zn,mAl((E)n,n + Zn+1,mA1(x)n,n+1 = 07

for all n < m. In order to prove the expression above we replace the coefficients of A
and Z in the left hand side and we obtain

m - {—m &
~ 57 Z c(n,m—1,0)Upym—ot—1(x) — — Zc(n,m,t) Z Uppm—ot(x)
t=0 t=0
2 —m T n —
+ 2£ Z c(n,m+ 1,t)Un+m 2t+1 ?ﬁ ZC ]. m, t n+m—2t— 1(.’£)
t=0 t=0
Z N — 20 —n
7 Zc (n,m,t) x Uptm—2t(x) + 57 Z e(n+1,m, ) Uptm—oty1(x).
t=0 t=0
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4.B. Proof of the symmetry for differential operators

By using the recurrence relation zU,(z) = 2U,_1(z) 4+ 2U,41(z) we obtain

=

- m n
[fﬁ c(n,m—1,t) — 2% c(n—1,m,t)—

t=0
20—n—m
EERZM i m,t)| Ui ()
20
m 20 —n
1,t
C(”? m + 3 ) + 2£

cln+1,m,t)—

20 —

20
20 —n—m
o 0(7% m, t)} Un+m72t+l($>

t=0
_ mc(n,m+ 1,m+1)—

n 2¢
+ {—%c(n,m—i— 1,m) — 57

%}#c(n, m,m)| Up—m—1(x)

A simple computation shows that the coefficient of U, _,,_1 in the expression above is

zero. Now by changing the index of summation ¢ we obtain

{%—m c(n,m+1,0) + %2; n c(n+1,m,0)—

20
20 —n—m
——,—— c(n,m, 0)| Ungms1(x)
20
[ om n 20—n—m
+ 2 [% c(n,m—1,t) — 270(11 —1,m,t) — Tc(n,m,t)

20 — 0 —
mc(n,m+l,t+1)+ 2£nc(n—|—1,m,t—|—1)—

20
2 —n —
% e(n,m, ¢ + 1)} Unsm—2t—1(x). (4.79)

Using the explicit expression of ¢(n,m,t) in (4.52) we obtain that (4.79) is given by

(m+1-t+n)(20—-m+1) 20—n-m
2(-m+1+t—n+20) 20

Z c(n,m,t)

t=0
(—n+1+20m+1—t+n) (20+1—t)(m+1)
20(—m+1+t—n+20) 20(t+1)
(20 —n—m)(m+1—t+n)(20+1-1¢) B
T g(*m+1+t7n+2f)(t+1) Un+m72t71(f5) =0,

(20+1—-t)(n+1)
20(t +1)

since the sum of the terms in the square brackets is zero. This completes the proof of

ETD).
127



Chapter 4. MVOP I

Now we prove (4.78). The (n, m)-entry of the right hand side of (4.78)) is given by

2(A1(2)Z(2))nm — (1 = 2%) (A1 (2) Z'(2))nm
+ (]- - )[(Ao)n,n - All(l')n,n - (AO)m,m]Zn,m7

Using (4.52)) we obtain
(1- x2)[(‘40)n,n - All( Jnn = (A0)m.m|Zn.m
" l(n—m Jr 1) — 9
=> " ey m, ) (1 — 22) U (). (4.80)
t=0
x(A1(x) Z {——c n—1,m,t)xUpim—ot—1(x)
t=0
{— 2% —
. " e(n,m, t) 22 Up ot (7) + 5 Detn+1,m,t) 2 Ungm—sis1(z)|  (4.81)
(1 —2%)(As () =3 [gpeln = Lm ) (1 =a*) Uy s (@)
t=0
{—n

C(na m, t) $<1 - 3’32) U7ll+m72t (.’IJ)—F

20 —n
5 cn+1,m,t)(1- ) U} pm—oer (@) (4.82)

Now we proceed as in the proof of the condition . In and ( we use the
three term recurrence relatlon for the Chebychev’s polynomlals to get I‘ld of the factors
z and 22. Equation (4 involves the derivative of the polynomials U. For this we use
the following 1dent1ty

(n+2)Up-1(z) — nUps1(x)

Un(e) = T ,

n>0, (U_;=0).

Finally we change the index of summation ¢ and we use the explicit expression of the
coefficients c¢(n, m,t) to complete the proof.

The boundary condition can be easily checked. O
PROOF. [Proof of Theorem We will show that the conditions of symmetry in Theorem
hold true. The first equation is satisfied because As(z) is a scalar matrix.
Equation can be written in terms of p(x) and Z(z) in the following way

(60— Bi(@))Z(x) + 2(® — 1)Z'(x) - Z(z) Bu()" = 0.
This can be checked by a similar computation to that of the proof of Theorem [£.7.6]
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4.B. Proof of the symmetry for differential operators

Now we give the proof of the third condition for symmetry. If we take the derivative
of (4.49)), we multiply it by 2 and we add it to (4.50) we obtain the following equivalent

condition
(W(x)B1(z)* — Bi(z)W(z)) — 2(W(z)By — BoW (z)) = 0. (4.83)

We shall prove instead that

W (z)By ()" — By(x)W(z) — 2 (/ W(x)dx) By — 2B, (/W@)d:;;) =0,

which is obtained by integrating (4.83) with respect to x. Then (4.83)) will follow by
taking the derivative with respect to x.
We assume n < m. The other cases can be proved similarly. We proceed as in the

proof of (4.77)) in Theorem to show that

(W(z)Bi(z)" = Bi(2)W (2))n,m
s (m—mn)(l+1) (402 —tm —In+50+3
= —rlo) Z e m ) — (+ t—n+20)(t+1) ) Unim-—2t-1(x)  (4.84)

-~

=0

On the other hand we have

- (2 ( / W(x)dx) By + 2B, ( / W(x)da:))mm

= Z {2c(n,m,t)((B0)m,m - (Bo)n,n)/p(x)Un+m,2t(x)d;E . (4.85)

t=0

It is easy to show that the following formula for the Chebyshev’s polynomials holds

[t = oo (52245 - 220 @ =)

Therefore we have that (4.85)) is given by

(BO)mym B (Bo)n7n) <C(77,, m’t + 1) — 1) Un+m—2t—1(z)

=0 (n+m — 2t) c(n,m,t)
_ “ (m—n) (L+1) (402 — m — fn+ 50+ 3)
= p(x) t; c(n,m,t) S e ——TY Untm—2t—1(z). (4.86)

Now (4.86) is exactly the negative of (4.84)). This completes the proof of the theorem. [

129






Chapter 5

Matrix valued orthogonal
polynomials related to

(SU(2) x SU(2), diag), IT

Abstract

In a previous paper we have introduced matrix valued analogues of the Chebyshev poly-
nomials by studying matrix valued spherical functions on SU(2) x SU(2). In particular
the matrix-size of the polynomials is arbitrarily large. The matrix valued orthogonal
polynomials and the corresponding weight function are studied. In particular, we cal-
culate the LDU-decomposition of the weight where the matrix entries of L are given in
terms of Gegenbauer polynomials. The monic matrix valued orthogonal polynomials P,
are expressed in terms of Tirao’s matrix valued hypergeometric function using the matrix
valued differential operator of first and second order to which the P,’s are eigenfunctions.
From this result we obtain an explicit formula for coefficients in the three-term recurrence
relation satisfied by the polynomials P,. These differential operators are also crucial in
expressing the matrix entries of P,L as a product of a Racah and a Gegenbauer poly-
nomial. We also present a group theoretic derivation of the matrix valued differential
operators by considering the Casimir operators corresponding to SU(2) x SU(2).

5.1 Introduction

Matrix valued orthogonal polynomials have been studied from different perspectives in
recent years. Originally they have been introduced by Krein [Kre7l], [Kre49]. Matrix
valued orthogonal polynomials have been related to various different subjects, such as
higher-order recurrence equations, spectral decompositions, and representation theory.
The matrix valued orthogonal polynomials studied in this paper arise from the represen-
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Chapter 5. MVOP II

tation theory of the group SU(2) x SU(2) with the compact subgroup SU(2) embedded
diagonally, see Chapter [4| for this particular case and Gangolli and Varadarajan [GVSS],
Tirao [Tir77], Warner [War72b| for general group theoretic interpretations of matrix val-
ued spherical functions. An important example is the study of the matrix valued or-
thogonal polynomials for the case (SU(3),U(2)), which has been studied by Griinbaum,
Pacharoni and Tirao [GPT02] mainly exploiting the invariant differential operators. In
Chapter [4] we have studied the matrix valued orthogonal operators related to the case
(SU(2) x SU(2),SU(2)), which lead to the matrix valued orthogonal polynomial analogues
of Chebyshev polynomials of the second kind U,, in a different fashion. In the current
paper we study these matrix valued orthogonal polynomials in more detail.

In order to state the most important results for these polynomials we recall the weight

function (4.39))

W(@)nm = m Z ar(m, n) Uptm—2t(2),
o (5.1)
a(m,n) = (2¢+1) (20 —m)m! (1)t (n—20)p_4 (2042 — 1),

n+1 (20)! (n+2)m—y !

if n > m and W(z)n,m = W(2)m.n otherwise. Here and elsewhere in this paper £ € 1N,
n,m € {0,1,---,2¢}, and U, is the Chebyshev polynomial of the second kind. Note
that the sum in actually starts at min(0,n +m — 2¢). It follows that W: [-1,1] —
Map41(C), W(z) = (W(m)n,m)% is a (20 + 1) x (2¢ + 1)-matrix valued integrable

n,m=0’
function such that all moments f_ll "W (z)dx, n € N, exist. From the construction
given in Section it follows W (x) is positive definite almost everywhere. By general
considerations, e.g. [GT0T], we can construct the corresponding monic matrix valued
orthogonal polynomials {P,}>2 ), so

1
(Py, Po)w = /_lpn(x)W(x) (P(2))" d2 = SpmHy, 0<H, € My 1(C) (5.2)

where H,, > 0 means that H, is a positive definite matrix, and P,(z) = > ,_, 2" Pp
with P’ € Myp41(C) and PP = I, the identity matrix. The polynomials P, are the
monic variants of the matrix valued orthogonal polynomials constructed in Chapter [4]
from representation theoretic considerations. Note that defines a matrix valued
inner product (-, -)y on the matrix valued polynomials. Using the orthogonality relations
for the Chebyshev polynomials U, it follows that

(20+1)2
n+1)(20—n+1)

which is in accordance with Proposition From Chapter [f] we can also obtain an
expression for H,, by translating the result of Proposition to the monic case in ((4.40)),
but since the matrix T4 in (4.40) is relatively complicated this leads to a complicated
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expression for the squared norm matrix H,, in . In Corollary we give a simpler
expression for H, from the three-term recurrence relation.

These polynomials have a group theoretic interpretation as matrix valued spherical
functions associated to (SU(2) x SU(2),SU(2)), see Chapter |4 and Section In par-
ticular, in Section we have shown that the corresponding orthogonal polynomials are
not irreducible, but can be written as a 2-block-diagonal matrix of irreducible matrix
valued orthogonal polynomials. Indeed, if we put J € My (C), Jpm = Optm,2¢ We have
JW (z) = W(z)J for all z € [—1,1], and by Proposition J and I span the commu-
tant {Y € Mo (C) | [Y,W(x)] =0V z € [-1,1]}. Note that J is a self-adjoint involution,
J? =1, J* = J. It is easier to study the polynomials P,, and we discuss the relation to
the irreducible cases when appropriate.

In this paper we continue the study of the matrix valued orthogonal polynomials and
the related weight function. Let us discuss in some more detail the results we obtain in this
paper. Some of these results are obtained employing the group theoretic interpretation
and some are obtained using special functions. Essentially, we obtain the following results
for the weight function:

(a) explicit expression for det(W (z)), hence proving Conjecture see Corollary
(b) an LDU-decomposition for W in terms of Gegenbauer polynomials, see Theorem

Part (a) can be proved by a group theoretic consideration, and gives an alternative proof
for a related statement by Koornwinder [Koo85|], but we actually calculate it directly
from (b). The LDU-decomposition hinges on expressing the integral of the product of
two Gegenbauer polynomials and a Chebyshev polynomial as a Racah polynomial, see
Lemma

For the matrix valued orthogonal polynomials we obtain the following results:

(i) P, as eigenfunctions to a second-order matrix valued differential operator D and a
first-order matrix valued differential operator E, compare Section see Theorem
[5-3:1] and Section [5.3}

(ii) the group-theoretic interpretation of D and E using the Casimir operators for
SU(2) xSU(2), see Section[5.7] for which the paper by Casselman and Mili¢i¢ [CM82]
is essential;

(iii) explicit expressions for the matrix entries of the polynomials P, in terms of ma-
trix valued hypergeometric series using the matrix valued differential operators, see

Theorem [5.4.5}

(iv) explicit expressions for the matrix entries of the polynomials P,L in terms of
(scalar-valued) Gegenbauer polynomials and Racah polynomials using the LDU-
decomposition of the weight W and differential operators, see Theorem |5.6.2

(v) explicit expression for the three-term recurrence satisfied by P,, see Theorem [5.5.3]
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In particular, (i) and (ii) follow from group theoretic considerations, see Section and
This then gives the opportunity to link the polynomials to the matrix valued hyper-
geometric differential operator, leading to (iii). The explicit expression in (iv) involving
Gegenbauer polynomials is obtained by using the LDU-decomposition of the weight matrix
and the differential operator D. The expression of the coefficients as Racah polynomials
involves the first order differential operator as well. Finally, in Theorem [4.4.8 we have
obtained an expression for the coefficients of the three-term recurrence relation where the
matrix entries of the coefficient matrices are given as sums of products of Clebsch-Gordan
coefficients, and the purpose of (v) is to give a closed expression for these matrices. The
case £ = 0, or the spherical case, corresponds to the Chebyshev polynomials U,,(x), which
occur as spherical functions for (SU(2) x SU(2),SU(2)) or equivalently as characters on
SU(2). For these cases almost all of the statements above reduce to well-known state-
ments for Chebyshev polynomials, except that the first order differential operator has no
meaning for this special case.

The structure of the paper is as follows. In Section [5.2] we discuss the LDU decom-
position of the weight, but the main core of the proof is refererred to Appendix In
Section [5.3| we discuss the matrix valued differential operators to which the matrix valued
orthogonal polynomials are eigenfunctions. We give a group theoretic proof of this result
in Section [5.7] In Section [£.7] we have derived the same operators by a judicious guess
and next proving the result. In order to connect to Tirao’s matrix valued hypergeometric
series, we switch to another variable. The connection is made precise in Section[5.4 This
result is next used in Section to derive a simple expression for the coeflicients in the
three-term recurrence of the monic orthogonal polynomials, improving a lot on the cor-
responding result in Theorem [£.4.8] In Section [5.6] we explicitly establish that the entries
of the matrix valued orthogonal polynomials times the L-part of the LDU-decomposition
of the weight W can be given explicitly as a product of a Racah polynomial and a Gegen-
bauer polynomial, see Theorem Some of the above statements require somewhat
lengthy and/or tedious manipulations, and in order to deal with these computations and
also for various other checks we have used computer algebra.

As mentioned before, we consider the matrix valued orthogonal polynomials studied in
this paper as matrix valued analogues of the Chebyshev polynomials of the second kind.
As is well known, the group theoretic interpretation of the Chebyshev polynomials, or
more generally of spherical functions, leads to more information on these special functions,
and it remains to study which of these properties can be extended in this way to the
explicit set of matrix valued orthogonal polynomials studied in this paper. This paper is
mainly analytic in nature, and we only use the group theoretic interpretation to give a
new way on how to obtain the first and second order matrix valued differential operator
which have the matrix valued orthogonal polynomials as eigenfunctions. We note that all
differential operators act on the right. The fact that we have both a first and a second
order differential operator makes it possible to consider linear combinations, and this is
useful in Section to link to Tirao’s matrix valued differential hypergeometric function
and Section in order to diagonalise (or decouple) a suitable matrix valued differential
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5.2. LDU-decomposition of the weight

operator. The techniques in Section [5.4] and Section [5.6] are based on the techniques
developed in [PRO8], [PT07], [Rom07], [RT06].

We finally remark that J.A. Tirao has informed us that I. Zurridn, I. Pacharoni and
J. Tirao have obtained results of a similar nature by considering matrix valued orthogonal
polynomials for the closely related pair (SO(4),SO(3)), see [Zur08|, along the lines of
[GPT02]. We stress that our results and the results by Zurridn, Tirao and Pacharoni
have been obtained independently.

Acknowledgement. We thank Juan A. Tirao for his suggestion on how to obtain
the first order differential operator from the Casimir operators in Section We also
thank Erik van den Ban for pointing out to one of us (MvP) the paper [CM82] and for
explaining the result of this paper. The work of Pablo Roméan on this paper was done
while employed by the Katholieke Universiteit Leuven, Belgium, through grant OT/08/33
of the KULeuven and grant P06/02 of the Belgian Interuniversity Attraction Pole.

5.2 LDU-decomposition of the weight

In this section we state the LDU-decomposition of the weight matrix W in . The
details of the proof, involving summation and transformation formulas for hypergeometric
series (up to 7Fg-level), is presented in Appendix Some direct consequences of the
LDU-decomposition are discussed. The explicit decomposition is a crucial ingredient in
Section [5.6] where the matrix valued orthogonal polynomials are related to the classical
Gegenbauer and Racah polynomials.

In order to formulate the result we need the Gegenbauer, or ultraspherical, polynomi-
als, see e.g. [AAR99], [Ism09], [KS9§]|, defined by

(@) :(2a)n P -n,n+2a 11— 4
Cy () o1 2 atl Tz ) (5.4)

The Gegenbauer polynomials are orthogonal polynomials;

1
/ (1 - 22)* 01 (@) 0 (2)dz =

_ (20), V7 T(a+ 1) s 7T (n + 2a) 212
n!(n+ a)T'(a) " T ()2 (n + a)nl

(5.5)

nm

Theorem 5.2.1. The weight matrix W has the following LD U-decomposition;
W(z)=+1-22L(z)T(z) L(z)!, =z€[-1,1],
where L: [—1,1] = Mag11(C) is the unipotent lower triangular matriz
0, k>m
= o !—l-(?ﬂk—;rll)?!k;lc’(fj’i)(x)’ h<m
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and T: [—1,1] = M+1(C) is the diagonal matriz

k 4 —
T(Q?)kk = Ck(g)(l — $2)k7 Ck(g) = 1 (((];2 4(»25)!—;21) (2€ ks k&;z;:)(zzg k)'

Note that the matrix-entries of L are independent of £, hence of the size of the matrix
valued weight W. Using

dF (a) k (a+k)
wcn ((E) =2 (Oé)k Cn—k (‘T)

we can write uniformly L(2)m,; = &l:)%_(;(i],ifl))', d;g;” (). In Theorem |5.6.2| we extend

Theorem but Theorem is an essential ingredient in Theorem [5.6.2

Since W (z) is symmetric, it suffices to consider the (n,m)-matrix-entry for m < n of
Theorem [5.2.1] Hence Theorem follows directly from Proposition using the
explicit expression for the weight W.

Proposition 5.2.2. The following relation

m

> arm, ) Unim-ae(@) = > Be(m,n) (1 = 2*)F O @)CS D (@)

t=0 k=0
with the coefficients ay(m,n) given by (5.1) and

(20 + K + 1)1 (2¢ — k)!
(20)! (20)!

m! n!

Tk1228(2k + 1
mtkt D) ek M2k D

Br(m,n) =

holds for all integers 0 < m <n <20, and all ¥ € %N.

Before discussing the proof we list some corollaries of Theorem First of all, we
can use Theorem to prove Conjecture see (a) of Section

Corollary 5.2.3. det(W(z)) = (1 — )23 T2 ex(6).

Remark 5.2.4. We also have another proof of this fact using a group theoretic approach
to calculate det(®g(x)), see Chapter 4| and Section for the definition of @y, and W
is up to trivial factors equal to (®g)(Po)*. This proof is along the lines of Koornwinder
[Koo85].

Secondly, using the matrix J € Map11(C), Jpm = Optm2e and W(z) = JW(z)J,
see Proposition [I.5.5] and Subsection [£.6.2] we obtain from Theorem [5.2.1] the UDL-
decomposition for W. For later reference we also recall JP, (x)J = P, (x), since both are
the monic matrix valued orthogonal polynomials with respect to W (z) = JW (z)J.

Corollary 5.2.5. W(z) = V1 — 22 (JL(z)J)(JT(z)J) (JL(m)J)t, x € [—1,1] gives the
UDL-decomposition of the weight W .
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5.2. LDU-decomposition of the weight

Thirdly, considering the Fourier expansion of the weight function W (cos#), and using
the expression of the weight in terms of Clebsch-Gordan coefficients, see (4.26)), (4.29)
and (4.30]), we obtain a Fourier expansion, which is actually equivalent to Theorem

Corollary 5.2.6. We have the following Fourier expansion

%(74)“% L qy(m =kt De(n k4 Dy (204 k+ D! (26— k)t

= (m+Dpgr (n+ Dpa (20)! (20)!
emintm)t(q _ g2ity2k b (k i:‘f'l 62it> <k m,k+1 e2it) _

n 20—n m 20—m n (2@ n) (m

l)(zf m) ey
]1 J2 i1 b2 ) pi((n—jitiz)—(m—iitiz))t
ZZ > > ®

j=0j1=0 j2=0 41=0 i2=0
Jitj2=J i1+i2=j

PROOF. In Subsections and the weight function W (cost) was initially defined as
a Fourier polynomial with the coefficients given in terms of Clebsch-Gordan coeflicients.
After relabeling this gives

n 20—n m 20—m )(2€ n) (;711) (2€7m

>3 % 3y e B
]

j=071=0 j2=0 =0 12=0 J
Jitj2=j i1+i2=j

= (L(cost)T(cost)L(cost)")

min(m,n)

Z Br(m,n) smzktC (k+ 1)(cost)C'fff,?(cost)

nm

where we have used to express the Clebsch-Gordan coefficients in terms of binomial
coeflicients.

Using the result [BK92, Cor. 6.3] by Koornwinder and Badertscher together with the
Fourier expansion of the Gegenbauer polynomial, see [BK92, (2.8)], [AAR99, (6.4.11)],
[Ism09, (4.5.13)], we find the Fourier expansion of sinkthf'k)‘) (cost) in terms of Hahn
polynomials defined by

B N) = 3F:
Qk(]aa7ﬁ7 ) 3 2( Oé+17—N

see [AARO9, p. 345], [Ism09, §6.2], [KS98, §1.5]. For A = 1 the explicit formula is

ik 1 —k)!
125:1: );;1 (1; ) sinktCT(Lk_H) cost) ZQk §:0,0,n)e!GI—mt
(2)k (2 +2)n—k =0 (5.7)

) . k—n,k+1 .
_ e—lnt(l _ tet)k o F ( n, K+ ;62115)

—n

using the generating function [KS98| (1.6.12)] for the Hahn polynomials in the last equal-
ity. Plugging this in the identity gives the required result. O
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In the proof of Proposition and Theorem [5.2.1] given in Appendix we use
a somewhat unusual integral representation of a Racah polynomial. Recall the Racah
polynomials, [AAR99] p. 344], [KS98| §1.2], defined by

—kk+a+B+1,—t,t+y+5+1 .1>

Rk(A(t);a7B77v5) = 4F3< (58)

a+1,8+6+1,v+1 ’

where A\(t) = t(t+v+d+1), and one out of a+ 1, S+ 5+ 1, v+ 1 equals —N with a
non-negative integer N. The Racah polynomials with 0 < k < N form a set of orthogonal
polynomials for ¢t € {0,1,---, N} for suitable conditions on the parameters. For the
special case of the Racah polynomials in Lemma the orthogonality relations are
given in Appendix [5.A]

Lemma 5.2.7. For integers 0 < t,k < m <n we have

1
| =2t @O @) Umsla) do =

. VAT 4 3) (k+ Do (5 + Dnse (—1)F (2 + 2)mmsnone (k + 1)1
(k+1) (m—Fk)! (n—k)! (n+m+1)!
Ri(A(t);0,0,—n —1,—m — 1)

Remark 5.2.8. Lemma can be extended using the same method of proof to

1
/‘u—x%wkﬁcﬁﬁ“kwcwf“kwcw> () do =

1 m— n+m—2t
(a+k4+1Dmp Ck+2a+2)p_i (—m+8—a—1)m_¢
(m — k)l (n —m)! (m —t)!
(B)n—tv/mal(a+k+2) P k—m,—m—-20—k—1t—m,B+n—t
MNa+n+m—1t+2) ams B—a—1—m,-m—an—m-+1

; 1) (5.9)

assuming n > m. Lemma corresponds to the case a = 0, § = 1 after using
a transformation for a balanced 4F3-series. Note that 4Fj5-series can be expressed as
a Racah polynomial orthogonal on {0,1,--- ,m} in case &« = 0 or 8 = « + 1, which
corresponds to Lemma We do not use in the paper, and a proof follows the
lines of the proof of Lemma [5.2.7 as given in Appendix

In Theorem [4.6.5] see Section [5.1] we have proved that the weight function W is not
irreducible, meaning that there exists Y € Ma;41(C) so that

W1 (l‘) 0

YW (z)Y' = ( 0 Wa(z)

) ., YY'=1=Y'Y (5.10)

and that there is no further reduction.
We can then obtain results by combining the reducibility and the LDU-decomposition.
E.g. assuming 2¢ 4+ 1 even and writing

v (@ 8) = (08 ) = ().
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with A, D diagonal and B, C antidiagonal, see Corollary l1(x), la(z) lower-
diagonal matrices and r(z) a full matrix, we can work out the block-diagonal structure
of YL(x)T(z)L(x)'Yt. Tt follows that the off-diagonal blocks being zero is equivalent to

(Aly (z)t1(z) + Br(z)ti(z)) (li(z) C* + ()" D") + Bly(x)t2(x)l2(z)' D' = 0. (5.11)

This can be rewritten as an identity for four sums of products of two Gegenbauer poly-
nomials involving the weight function and the constants in Theorem being zero. We
do not write the explicit results, since we do not need them.

5.3 Matrix valued orthogonal polynomials as
eigenfunctions of matrix valued differential oper-
ators

In Section [£.7] we have derived that the matrix valued orthogonal polynomials are eigen-
functions for a second and a first order matrix valued differential operator by looking
for suitable matrix valued differential operators that are self-adjoint with respect to the
matrix valued inner product (-,-)y. The method was to establish relations between the
coefficients of the differential operators and the weight W, next judiciously guessing the
general result and next proving it by a verification. In this paper we show that essentially
these operators can be obtained from the group theoretic interpretation by establishing
that the matrix valued differential operators are obtainable from the Casimir operators
for SU(2) x SU(2). Since the paper is split into a first part of analytic nature and a second
part of group theoretic nature, we state the result in this section whereas the proofs are
given in Section The Sections and depend strongly on the matrix valued
differential operators in Theorem [5.3.1

Recall that all differential operators act on the right, so for a matrix valued polynomial
P: R — Mpn(C) depending on the variable x, the s-th order differential operator D =

S oL Fy(x), Fi: R — My(C), acts by

(PD)(z) = T (x)Fi(x), PD: R — My(C)
i=0

dx? dz?
Fi(z). The matrix valued orthogonal polynomial is an eigenfunction of a matrix valued
differential operator if there exists a matrix A € My (C), the eigenvalue matrix, so that

where (diP (@), = d' P (z) is a matrix which is multiplied from the right by the matrix

PD = AP as matrix valued functions. Note that the eigenvalue matrix is multiplied from
the left. For more information on differential operators for matrix valued functions, see
e.g. |[GTO7], [Tix03].

We denote by Fj;; the standard matrix units, i.e. E;; is the matrix with all matrix
entries equal to zero, except for the (7, j)-th entry which is 1. By convention, if either ¢
or j is not in the appropriate range, the matrix F;; is zero.
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Theorem 5.3.1. Define the second order matriz valued differential operator

b-a-L 4 (d) (C—all) — 7
dz? dx
2¢ 20 20
C= > (2-i)Eijp1+ Y iBia, U=@0+3), V==> i20—i)Ey;
i=0 i=0 i=0

and the first order matriz valued differential operator

) 20 (20— i) 20 (0~ i) 2
BO = - ;:0 40 Ez i+1 + ;:0 20 En + ;:O @Ez i—1y
20 ) 20 .
~ (£ —1) ~ (204 2)(i —20)
By =-) Eis, A== "F,
' i=0 ¢ ’ i=0 —4¢ ’

PoD = Ay(D)P,, An(D) =) (-n(n—1)—n(20+3) +i(2( — i)) E;;,

20 . .
P = An(E)Pn, An(E) _ Z (n(g; 7) 3 (20 + 2iéz — 2[)) B,

and the operators D and E commute. The operators are symmetric with respect to W.

The group theoretic proof of Theorem is given in Section Theorem
has been proved in Theorems [1.7.6) and [£.7.7] analytically. The symmetry of the operators
with respect to W means that (PD,Q)w = (P,QD)w and (PE,Q)w = (P,QE)w for
all matrix valued polynomials with respect to the matrix valued inner product (-, -)w
defined in . The last statement follows immediately from the first by the results of
Griinbaum and Tirao [GT07]. Also, [D, E] = 0 follows from the fact that the eigenvalue
matrices commute. In the notation of [GT07] we have D, E € D(W), where D(W) is
the x-algebra of matrix valued differential operators having the matrix valued orthogonal
polynomials as eigenfunctions.

Note that E has no analogue in case £ = 0, whereas D reduces to the hypergeometric
differential operator for the Chebyshev polynomials U,.

The matrix-differential operator D is J-invariant, i.e. JDJ = D. The operator E is
almost J-anti-invariant, up to a multiple of the identity. This is explained in Theorem
and the discussion following this theorem. In particular, D descends to the cor-
responding irreducible matrix valued orthogonal polynomials, but E does not, see also

Section
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5.4 Matrix valued orthogonal polynomials as
matrix valued hypergeometric functions

The polynomial solutions to the hypergeometric differential equation, see , are
uniquely determined. Many classical orthogonal polynomials, such as the Jacobi, Her-
mite, Laguerre and Chebyshev, can be written in terms of hypergeometric series. For
matrix valued valued functions Tirao [Tir03|] has introduced a matrix valued hypergeo-
metric differential operator and its solutions. The purpose of this section is to link the
monic matrix valued orthogonal polynomials to Tirao’s matrix valued hypergeometric
functions.

We want to use Theorem in order to express the matrix valued orthogonal poly-
nomials as matrix valued hypergeometric functions using Tirao’s approach [Tir03]. In
order to do so we have to switch from the interval [—1,1] to [0,1] using z = 1 — 2u. We
define

Ro(u) = (—1)"27"Py(1 —2u),  Z(u) = W(1 - 2u) (5.12)

so that the rescaled monic matrix valued orthogonal polynomials R,, satisfy
1
Z(w) = W1 — 2u), / Ro(u)Z(w) R (0)* du = 222" H, . (5.13)
0

In the remainder of Section we work with the polynomials R,, on the interval [0, 1].
It is a straightforward check to rewrite Theorem [5.3.1

Corollary 5.4.1. Let D and E be the matriz valued differential operators

d? d d

where the matrices C, U, V, By, By and Ay are given by

oo _f: (2@2_ Dot i (212; 3 f: %Efl U= (20431,
=0 i=0 i=0
By = —i (%4; ) Eiiv1+ i (62_62) E; + i %KEMA
By = —i C ; Z)E

Then D and E are symmetric with respect to the weight W, and D and E commute.
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Moreover for every integer n > 0,

20
RyD = An(D)Rn,  Ap(D) = (—n(n—1) = n(20+ 3) +i(20 — ) Ey;,
=0

2/ . .
RyE =Ay(E)R,,  An(E)=)_ ("(6 e_ D @ 22)22 — 26)) E;;.
i=0

It turns out that it is more convenient to work with D, = D 4+ aF for o € R, so that
R, D, = A,(D,)R,, with diagonal eigenvalue matrix A, (Dy) = Ap(D) + aA,(E). By
[GTO07, Prop. 2.6] we have A, (D,) = —n? —n(U, — 1) — V,,. Since the eigenvalue matrix
A, (D,) is diagonal, the matrix valued differential equation R, D, = A,(D,)R, can be
read as 2¢ 4 1 differential equations for the rows of R,,. The i-th row of R,, is a solution
to

w(l —u)p” (u) + p'(u)(Co — uly) — p(u)(Vy +A) =0, A= (An(Da))..

(23

(5.14)

for p: C — C?*! a (row-)vector-valued polynomial function. Here C, = C + aBy,
Uy =U —aBy, V,, =V — ady using the notation of Corollary [5.4.1] Now (5.14)) allows
us to connect to Tirao’s matrix valued hypergeometric function [Tir03], which we briefly
recall in Remark [5.4.21

Remark 5.4.2. Given dxd matrices C, U and V we can consider the differential equation
2(1—2)F"(z) + (C—2U)F'(z) — VF(2) =0, z€C, (5.15)

where F': C — C? is a (column-)vector-valued function which is twice differentiable. It is
shown by Tirao [Tir03|] that if the eigenvalues of C' are not in —N, then the matrix valued
hypergeometric function o H; defined as the power series

UV ) 2 2
H 32 = - [Cv U7 V]l7
’ 1( ¢ ; il (5.16)

[C,UV]o=1, [C,UV]ig1=(C+i) ' (*+i(U-1)+V)[C,UV];

converges for |z| < 1 in My(C). Moreover, for Fy € C? the (column-)vector-valued

F(z) = oH; <U7V ;Z> Fy

function

C
is a solution to (5.15) which is analytic for |z| < 1, and any analytic (on |z| < 1) solution

to (5.15]) is of this form.

Comparing Tirao’s matrix valued hypergeometric differential equation (5.15)) with

(5.14) and using Remark we see that

UL VE+ X ¢ UL VE+ X K
p(u) = <2H1( ct ;U> Po) =P} (2H1( o ,u)) , (5.17)
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Py € C*+1, are the solutions to (5.14) which are analytic in |u| < 1 assuming that
eigenvalues of C? are not in —N. We first verify this assumption. Even though V,, and
U, are symmetric, we keep the notation for transposed matrices for notational esthetics.

Lemma 5.4.3. For every ¢ € %N, the matriz Cy, is a diagonalisable matriz with eigen-
values (25 + 3)/2, j € {0,...,2¢}.

PRrROOF. Note that C,, is tridiagonal, so that vy = fozo pn(N)en is an eigenvector for C,,
for the eigenvalue A if and only if

3 (20 —n)(20 + )

- (A= 5)%(/\) = prrl(/\)
B <(2€ o _472) e a)) Pa(N) + an_lm.

The three-term recurrence relation corresponds precisely to the three-term recurrence
relation for the Krawtchouk polynomials for N € N,

-n,—x 1

Kn(xapaN): 2F1< _N 7p>7 TL,J}E{O,L-",N},

see e.g. [AARI9 p. 347], [Ism09 §6.2], [KS98|, §1.10], with N = 2¢, p = %44(}“. The
Krawtchouk polynomials are orthogonal with respect to the binomial distribution for
0<p<l1,oraec(—2¢2¢), and we find

20+«

) E)
and the eigenvalues of C, are % +x, x € {0,1,---,2¢}. This proves the statement for
a € (—24,20).

Note that for a # +2¢, the matrix C,, is tridiagonal, and the eigenvalue equation is
solved by the same contiguous relation for the 5 F}-series leading to the same statement
for |a| > 2¢. In case @ = £2¢ the matrix Cyo is upper or lower triangular, and the
eigenvalues can be read off from the diagonal. O

In particular, we can give the eigenvectors of C, explicitly in terms of terminating
o F1-hypergeometric series, but we do not use the result in the paper.

So is valid and this gives a series representation for the rows of the monic
polynomial R,,. Since each row is polynomial, the series has to terminate. This im-
plies that there exists n € N so that [CL, U, VI + A,41 is singular and 0 # Py €
Ker ([Cgu Uéu ch + )‘]nJrl)'

Suppose that n is the least integer for which [CY,U!, V! + X,41 is singular, i.e.
[CE UL, VE+ N]; is regular for all i < n. Since

[CLLULVE+ Npg1 = (CL+n) ™" (P +n(U, = 1)+ VE+ N [CLUL VE+ Al (5.18)
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and since the matrix (C, + n) is invertible by Lemma [Co,Us, Voo + Alp41 is a
singular matrix if and only if the diagonal matrix

M) = (R®+n(UL— 1)+ VEi+ )
= (*+nUs —1)+Va+A) = A= Ay(Do) (5.19)

is singular. Note that the diagonal entries of M(\) are of the form A — A% (n), so that
M,,() is singular if and only if A = A§(n) for some j € {0,1,---,2¢}. We need that the
eigenvalues are sufficiently generic.

Lemma 5.4.4. Let « € R\ Q. Then (j,n) = (i,m) € {0,1---,2¢} x N if and only if
Af(n) = Af(m).

PROOF. Assume A} (n) = Af(m) and let (j,n), (i,m) € {0,1---,2¢} x N, then

a(20+4)

OzAg‘(n)—)\?(m):(m—n)(n+m+2+2€)+(j—i)< 57 —j—i-l—%).

(mfn)(zljfﬁzw) +j+i— %) which is rational.
Assume next that j = 4, then (m —n)(n+m+2+2¢) = 0. Since n,m,{ > 0, it follows
that n = m and hence (j,n) = (i, m). O
Assume « irrational, so that Lemma shows that M, ()\;"(m)) is singular if and
only if n = m. So in the series the matrix [C?,UL, V! + N,4+1 is singular and
[CL, UL, VE 4+ A; is non-singular for 0 < i < n. Furthermore, by Lemma we see

a? «

that the kernel of [C%, UL, V! + A|,,4+1 is one-dimensional if and only if A\ = \%(i), i €

[e2naNe?

{0,1,---,2¢}. In case A = A% (i) we see that (5.17) is polynomial for

If j # 4, then we solve for o = (2%4) (—

Py = [Cé7Ucthof+/\g(i)];lei

determined uniquely up to a scalar, where e; is the standard basis vector.
We can now state the main result of this section, expressing the monic polynomials
R,, as a matrix valued hypergeometric function.

Theorem 5.4.5. With the notation of Remark[5.4.9 the monic matriz valued orthogonal
polynomials are given by

t t oy t
(o), = (ot (V0o et v v )
a J

for all a € R.

Note that the left hand side is independent of a, which is not obvious for the right
hand side.
PROOF. Let us first assume that « is irrational, so that the result follows from the
considerations in this section using that the i-th row of R,,(u) is a polynomial of (precise)
degree n. The constant follows from monocity of R, so that (R, (u)); = u™.
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5.5. Three-term recurrence relation

Note that the left hand side is independent of o, and the right hand side is continuous
in . Hence the result follows for o € R. O
In the scalar case ¢ = 0 Theorem [5.4.5] reduces to

Ro(w) = (412 (T ),

2

(5.20)

which is the well-known hypergeometric expression for the monic Chebyshev polynomials,
see [AAR99, §2.5], [[sm09, (4.5.21)], [KS98, (1.8.31)].

5.5 Three-term recurrence relation

Matrix valued orthogonal polynomials satisfy a three-term recurrence relation, see e.g.
[DPS08], [GT07]. In Theorem we have determined the three-term recurrence rela-
tion for the closely related matrix valued orthogonal polynomials explicitly in terms of
Clebsch-Gordan coefficients. The matrix entries of the matrices occurring in the three-
term recurrence relation have been given explicitly as sums of products of Clebsch-Gordan
coeflicients. The purpose of this section is to give simpler expressions for the monic matrix
valued orthogonal polynomials using the explicit expression in terms of Tirao’s matrix
valued hypergeometric functions as established in Theorem

From general theory the monic orthogonal polynomials R, : R — My (C) satisfy a
three-term recurrence relation

uRp(u) = Rpt1(u) + XpRp(u) + Y Rp—1(u),

n >0, where R_; = 0 and X,,,Y,, € My41(C) are matrices depending on n and not on
z. Lemma should be compared to [DPS08| Lemma 2.6].

Lemma 5.5.1. Let {R, }n>0 be the sequence of monic orthogonal polynomials and write
R,(u) = Y p_o Rpu*, R} € My(C), and R? = I. Then the coefficients X,, Z, of the
three-term recurrence relation are given by

X, =R',-R'  Y,=R',-R'"l - X,R"

n—1 n—1-

PROOF. Let (-, -) denote the matrix valued inner product for which the monic polynomials
are orthogonal. Using the three-term recursion, orthogonality relations and expanding
the monic polynomial of degree n + 1 gives

(uR, — XpRy — YRy 1, Ry) = (Rpy1, Ry) = (W R, + RVHu™, R,).
By the orthogonality relations the left hand side can be evaluated as
(uRy — XpRy — YuRy_1, Ry) = (W', Ry) + Ry (u", Ry) — Xn(Rn, Ry)

and comparing the two right hand sides gives the required expression for X,, since
(Rp, R,) = (u™, Ry,) is invertible.
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The expression for Y,, follows by considering on the one hand

<URn - Xan - Yanflan71> = <Rn+1;Rn71>
= (W' Ry1) + RN U™, Ryo1) + R (WY Ryq).

while on the other hand the left hand side also equals

(W' Ry1) + Ry (u", Ry—y) + Ry _o(u" ™", Ryy)
- Xn<u 7Rn—1> X Rn 1<un717Rn—1> - Yn<Rn—1aRn—1>
and using the expression for X,, and cancelling common terms gives the required expres-
sion, since (R, _1, R,,_1) = (u"~ !, R,,_1) is invertible. O

In order to apply Lemma for the explicit monic polynomials in this paper we
need to calculate the coefficients, which is an application of Theorem [5.4.5

Lemma 5.5.2. Let {R,, }n>0 be the monic polynomials with respect to Z on [0,1]. Then

- Jn " n " on(20—3)
=Y ——Ej - SEij+Y " E;
n—1 A(n + ) J,J—1 9 + s 4(20—j +n) J,g+1

=0 =0

e 11U U 1
Bioe = 3 Bt 1 )n 17— 09 2 s v g)

j=0
Z —1)(352 —66]—2n2+n—4nZ)Eu
— 16(n+j)(i —2¢ —n) 7
" n(n—1)( " n(n—1)(20—5)(20—j—1)
— = E;
]z; (2£+n ) J+1+§322e jHn—1)204+n—j) 7

PROOF. We can calculate R _, by considering the coefficients of u"~! using the expres-
sion in Theorem This gives

n : o afN\1— t
( nfl)ij = (n_1)| ([0(27[];7‘/0’3+)‘n(z>]n*1[cé7U£uVof+>‘n(7’)]nlei)j

_ t
= n (Mo (@) T (CL = Des)
J
using the recursive definition of [CL, UL VE+ X()],.
Note that Mﬁ‘_l()\%(i)) is indeed invertible by Lemma for irrational a. The
explicit expression of the right hand side gives the result after a straightforward compu-
tation, since the resulting matrix is tridiagonal.

We can calculate R'_, analogously,
n (e afy o -1 t
(R _o)ij = n(n—1) (Mi_y(3a(0) ™ (Ch+n = 2)M_y (X)) ™ (Ch +n = er)

J
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5.5. Three-term recurrence relation

and a straightforward but tedious calculation gives the result. Note that R} _, is a five-
diagonal matrix, since it is the product of two tridiagonal matrices. O
Note that even though we have used the additional degree of freedom « in the proof
of Lemma the resulting expressions are indeed independent of «.
Now we are ready to obtain the coefficients in the recurrence relation satisfied by the
polynomials R,,.

Theorem 5.5.3. For any { € %N the monic orthogonal polynomials R, satisfy the three-
term recurrence relation

uR,(u) = Rpp1(u) + X, Rp(u) + Yy Ry—1(uw),

where the matrices X,,, Y, are given by

Y _ 7% i’E; i1 B N (20 —i)%E; i1
T Z A+ t+itl) 2 4204 n—i)(20+n—i+ 1)
20

2 2
Yn:Z ‘ .n(2£+n+l)' ' B,
— 16(n+d)(n+i+1)(20+n—39)(20+n—i+1) ~

ProOOF. This is a straightforward computation using Lemma and Lemma
The calculation of X, is straightforward from Lemma and Lemma In order
to calculate Y,, we need X, R,,_1. A calculation shows

20

.2 .
nj*(j —1)
X, R} E E; i
D T ) [ N R

2L nj(n+2j+1)
Z 5 Ejj-1+

n+j)(n+j+1)

—i?n(20 —i + 1) n
6(n+i)(n+i+1)20—i+1+n) 4

(20 —i)* (i + 1) -
1620 —i+1+n)(20—i+n)(n+i+ 1)
_i n(20 —i)(40 — 2 +n + 1)

820 +n—j)20+n—j+1) 7t
n(2f = j)*(20 -5 +1)
E.: .
+§::16(%_]"'”_1)(%_]"'”)(25—]4—714—1) J:J+2

Now Lemma and a computation show that Y,, reduces to a tridiagonal matrix. [
Now (5.12)) and Theorem m give the three-term recurrence

2 Py(2) = Poyi(z) + (1—2X,) Polz) + 4Y,Po_1(2) (5.21)
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for the monic orthogonal polynomials with respect to the matrix valued weight W on
[—1,1]. The case £ = 0 corresponds to the three-term recurrence for the monic Chebyshev
polynomials U,,. Note moreover, that lim,,_,, X, = % and lim,, . Y,, = %7 so that the
monic matrix valued orthogonal polynomials fit in the Nevai class, see [Dur99]. Note
the matrix valued orthogonal polynomials P, in this paper are considered as matrix
valued analogues of the Chebyshev polynomials of the second kind, because of the group
theoretic interpretation Chapter [4f and Section but that these polynomials are not
matrix valued Chebyshev polynomials in the sense of [Dur99, §3].

Using the three-term recurrence relation (5.21) and (5.2) we get

4V, H, 1 = /1 2P (2)W (z)Pr—1(x) de =

/ Po(@)W (2)(@Py 1 (x))dz = H, (5.22)

-1

analogous to the scalar-valued case. Since Hy is determined in (5.3) we obtain H,,.

Corollary 5.5.4. The squared norm matriz H,, is

()2 26+ 1)2,, g2
G+12 20— i+1)2m+it)(2l—itn+1)

T
H,))ii = 0;im
( )J J2
and JH,J = H,.

In Theorem[£.4.8|we have stated the three-term recurrence relation for the polynomials
Q% (a), a € A., see also Sectionof this paper. Apart from a relabeling of the orthonor-
mal basis the monic polynomials corresponding to QY are precisely the polynomials P,,
see for the precise identification

Pd(x)n,m = Tngd(aarccosx)—£+n,—é+m7 n,me {07 1,..., 2€}7 (523)
see also Section where Y4 in (5:23)) is the leading coefficient of Q.
Corollary 5.5.5. The polynomials Q°, as in Section satisfy the recurrence

¢(a) Q(a) = An Qpia(a) + BaQpla) + CoQp_i(a)

148



5.6. MVOP related to Gegenbauer and Racah

where

Ze: (n+1)(20 +n+2)

Eq.q;
2(0—q+n+1)({+qg+n+1)" "

4

Z (t—q+1)(t+q)
20 —q+n+1)(L+qg+n+1) "1

-1

L

(L+q+1)(L—q)
LD DT} —

q,9+1
q=—¢
/4

n(2l+n+1
CH:Z; : ( )

E,q
2(n+q+L+1)(n—qg+0+1) "9

PrROOF. We use A4, = YT, Y, 1, B, = T,(1 —2X,)YT,;!, C, = T,(4Y,)Y, !, and
Theorem to obtain the result from a straighforward computation. The matrices T,
are given by

({—g+Dn(l+q+1)n

T = 2”
(Tn)pg Opq nl (204 2),

(5.24)

which follows from [Koo85] (3.10), (3.16)] where we have to bear in mind that the poly-
nomials in [Koo85| differ from ours by an application of J. Note that Chapter [4| does not
give this value for Y,,. O

Recall from Theorem and that the matrix entries of the matrices A,,, B,
and C), are explicitly known as a square of a double sum with summand the product of
four Clebsch-Gordan coefficients, hence Corollary leads to an explicit expression for
this square.

5.6 The matrix valued orthogonal polynomials related
to Gegenbauer and Racah polynomials

The LDU-decomposition of the weight W of Theorem [5.2.1] has the weight functions of the
Gegenbauer polynomials in the diagonal T', so we can expect a link between the matrix
valued polynomials P, (x)L(x) and the Gegenbauer polynomials. We cannot do this via
the orthogonality relations and the weight function, since the matrix L also depends on
x. Instead we use an approach based on the differential operators D and E of Section
and because of the link to the matrix valued hypergeometric differential operator as in
Theorem [5.4.5| we switch to the matrix valued orthogonal polynomials R,, and x = 1—2u.
It turns out that the matrix entries of P,(x)L(z) can be given as a product of a Racah
polynomial times a Gegenbauer polynomial, see Theorem [5.6.2

We use the differential operators D and F of Corollary[5.4.1] and as in Section[5.4]it is
handier to work with the second-order differential operator D_9y = D —2(E. By Theorem
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[5.2.1] we have W (z) = L(z)T'(z)L(z)*, hence Z(u) = L(1 — 2u)T(1 — 2u)L(1 — 2u)*. For
this reason we look at the differential operator conjugated by M (u) = L(1 — 2u).

In general, for D = dd—;Fg (u) + L Fy (u) + Fy (u) a second order matrix valued differen-
tial operator, conjugation with the matrix valued function M, which we assume invertible

for all u, gives

d> d dM—1!
M~'DM = WM*FQMJF o (M‘1F1M+2 - F0M>
. dM—1! d2M—1
+ (M F0M+Tu F1M+7du2 FoM ).

Note that differentiating M ~*M = I gives dj\dgl =M1 =1 and similarly we find

% = —M_l‘?TAZ/IM_l + 2M_1%M_1%M_1. We are investigating the possibility
of M~'DM being a diagonal matrix valued differential operator. We now assume that
Fy(u) = u(l —u), so that M~ 1F,M = u(l — u). A straightforward calculation using
this assumption and the calculation of the derivatives of M ~! shows that M~ 1DM =

u(1 —u)j—; + %Tl + Ty with Ty and T matrix valued functions if and only if the following

equations (5.25)), ((5.26) hold:

dM d*M
M

Of course, Ty and 77 need not be diagonal in general, but this is the case of interest.

Proposition 5.6.1. The differential operator D = M ~'D_o,M is the diagonal differen-
tial operator

D—u(l—u)d—z—&- 4 Ty (u) + T
B du? du) " 0
where
1 2¢ 2¢
Ty (u) = §T11 —uTy, T} =) (2i+3)E,; Th=Y (2—i)@2+i+2)E;;
i=0 =0

Moreover, R,(u) = R,(u)M(u) satisfies
R.D = Ap(D) Ry, A, (D) = Ap(D) — 20 A, (E).

The proof shows that M ~'D,M can only be a diagonal differential operator for
a = —2/. Note that D is a matrix valued differential operator as considered by Tirao, see
Remark and [Tir03], and diagonality of D implies that the matrix valued hyperge-
ometric o Hp-series can be given explicitly in terms of (usual) hypergeometric series. In
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5.6. MVOP related to Gegenbauer and Racah

particular, we find as in the proof of Theorem that

Ve = (Rn(O))k

J

v (k) =An(D)rr, (5.27)

since the condition o(17}) ¢ —N is satisfied.

PRrROOF. Consider D, = D + aF, so that Fo(u) = u(1 — u) and the above considerations
apply and Fy(u) = Cy — ulU,, and Fy = —V,. We want to find out if we can obtain
matrix valued functions T and Tj satisfying , for this particular Fy, Fy and
M (u) = L(1 —2u). Since Fy is diagonal, and assuming that Ty, 77 can be taken diagonal
it is clear that taking the (k,[)-th entry of leads to

del dQMlel
w (T1>ll — u(l — U) du2

By Theorem [5.2.1| we have M;; = 0 for [ > k and for | < k

k L=k k4142
Mg (u) = (l) 2F1( 143 ;U>
2

(F0>kkMkl - = Mkl(TO)ll- (5.28)

so that (5.28)) has to correspond to the second order differential operator

,0
u(l—w) f"(u) + (c—(a+b+1)u) f'(u) —abf(u) =0, flu) = oFy (ac ;u) (5.29)
for the hypergeometric function. This immediately gives
3
(Tl)” =1+ 5 — (2l + 3)u, (To)” — (FO)kk: = kQ + 2k — (ZQ + 21)

Since (Fo)ix = (—Va)rk = —k* + (20 + 04(2@2))143 — a(2¢ + 2), this is only possible for
«a = —2/, and in that case

3
(T =1+ 5~ (20 + 3)u, (To)u = —1% — 21 +20(2¢ + 2). (5.30)

It remains to check that for a« = —2¢ the condition is valid with the explicit
values . For o = —2¢ the matrix valued function Fj is lower triangular instead of
tridiagonal, so that is an identity in the subalgebra of lower triangular matrices.
With the explicit expression for M we have to check that

3 M,
(5 + k) = u(d+2k) My — kM1 — 2u(1 — u) du’”

3
= Mu (5 +1—u(3+2D))
which can be identified with the identity

act+

(1 —2?%) .

(@) = (k+1+ )0 (@) — 2k — DO ().
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In turn, this identity can be easily obtained from [AS92] (22.7.21)] or from [Ism09, (4.5.3),

(4.5.7)]. O
Since R,, and M are polynomial, Proposition and the explicit expression for the

eigenvalue matrix in Corollary imply that (R,)x; is a polynomial solution to

u(l —u)f"(u) + (G + g) —u(2j +3)) f'(u) + (20— §)(2L + + 2)f (u)
— (~nln = 1) = n(2+3) + k(2L — k) + 2n(£ — k) — (20 +2)(k — 20)) ()

which can be rewritten as

.3 . . .
ul = u)f"(w) + (G +5) = w2 +3)) f'(0) = (G =k =n)(n+k+j+2)f(u) =0
which is the hypergeometric differential operator for which the polynomial solutions are

uniquely determined up to a constant. This immediately gives

(5.31)

i—k—n,n+k+j+2
Rn(u)kj = ij(n) 2F1 <] J u) .

its ’
for j —k —n <0 and Rp(u)r; = 0 otherwise. The case n = 0 corresponds to Theorem

and we obtain ¢;(0) = (];) It remains to determine the constants cx;(n) in (5.31)).
First, switching to the variable x, we find

(—=2)" cx; (n)mqﬂ” (@) (5.32)

R,
3
—~

8
~

~—
Co

Il
—~
T

8
~

h
—~

8
~

~—
=
Il

so that by (5.32) the orthogonality relations (5.2 and (5.5 give

20N (n+k)
5nm (Hn)k:l - (_2)n+m Z ck?j (n)Clj (m)cj (f)

Jj=0

(n+k—j) "
(27 +2)ntr—j
5 VAL(+3)
PR i k1) 1
Using the explicit value for ¢;(¢) as in Theorem and Corollary we find orthog-
onality relations for the coefficients cy;(n):

20N (n+k)
(Hn)kk 2—2n §nm = Z Ckj (’I’L)Ckerfn’j (m) X
j=0
GN? (2 +1) 20+ + D= (n+k —j)!
n+k+j+D)!(n+k+1)(20)2

(5.33)

Note that we can also obtain recurrence relations for the coefficients ¢y ;(n) using the
three-term recurrence relation of Theorem
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Theorem 5.6.2. The polynomials Ry, (u) = Ry (u)M (u) satisfy

Ru(Wi; = cro(n)(—1) (_if)(jgi_-f-k;)]n)]

7jaj+1’7k372€*n71 ]*k—n,n+k+]+2
aF3 ;1) 2F) .3 U
1,—k—n,-2¢ i+3

with Ryp(u)k; =0 for j —k—n >0 and

nl (20 +2),,
(k+ 1)y (20— k+ 1)

We view Theorem as an extension of Theorem but Theorem is in-
strumental in the proof of Theorem Since the inverse of M (u), or of L(x), does
not seem to have a nice explicit expression we do not obtain an interesting expression
for the matrix elements of the matrix valued monic orthogonal polynomials R, (u) or of
P, (z). Note also that the case £ = 0 gives back the hypergeometric representation of the
Chebyshev polynomials of the second kind U,, see .

Comparing with we see that we can view the 4F3-series in Theorem as a
Racah polynomial Ri(A(j); —2¢ —1,—k —n — 1,0,0), respectively Rgtn—m(A(j); —2¢ —
1,—k —n—1,0,0), see (5.8), where the N of the Racah polynomials equals 2¢ in case
20 < k+n and N equals k + n in case 2¢ > k + n. Using the first part of Theorem [5.6.2
we see that the orthogonality relations lead to

cro(n) = (=1)"47"

_on 20+ 1
(Hn)kk2 2 Onm = )2|Ck0(n)|2x

T s
2(n+k+1
20N (n+k)

(2 +1)(=20); (—n — k);
> @0+2);(n+k+2);

j=0

which corresponds to the orthogonality relations for the corresponding Racah polynomials,
see [AARO9, p. 344], [KS98| §1.2]. From this we find that the sum in (5.34) equals

5 L+Dntk+)
"2+ 1 +n—k)

Hence,

lero(n)|* = (Hp)re 272

L2+ k+1D)20+14n—Fk)
T (20 +1)2
(n!)2 (26—1—2)%

4—271
(k+1)220—k+1)2

(5.35)

using Corollary
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We end this section with the proof of Theorem [5.6.2] The idea of the proof is to
obtain a three-term recurrence for the coefficients cy;(n) with explicit initial conditions,
and to compare the resulting three-term recurrence with well-known recurrences for Racah
polynomials, see [AAR99], [Ism09], [KS98]. The three-term recurrence relation is obtained
using the first-order differential operator E and the fact that the R,, being analytic
eigenfunctions to D, are completely determined by the value at 0, see Remark
PROOF.[Proof of Theorem Since the matrix valued differential operators D and E
commute and have the matrix valued orthogonal polynomials R, as eigenfunctions by
Corollary we see that & = M~ EM satisfies

ERp = M(E)Ruy An(€) = A(E), ED = DE (5.36)

Moreover, in the same spirit as the proof of Proposition [5.6.1| we obtain

£ = (dd) Sy (u) + So(u),

24 24 .
(20+i+1) (20 — i)
$1(w) ;E% 1)(2i +1) “‘1_; o e (5.37)
20 .o . 20 ..
“(204+i+1 i(e+1)—4(0+1
Sale) = (120 32 S T B+ 3

1=0 =0

by a straightforward calculation.
Define the vector space of (row-)vector valued functions

V(M) = {F analyticat u =0 | FD = \F'},

and v: V(\) — C?*! F s F(0), is an isomorphism, see Remark and [Tir03)].
Because of (5.36]) we have the following commutative diagram

V) —5— vy
Q20+1 N C20+1

with N(A) a linear map. In order to determine N(\) we note that F € V(X) can be

written as, cf (5.27)),
T A —T, K
Fit = (o ()T ) FO))
2°1 j
so that %(0) = F(0)(A — To)(3T})~! by construction of the oH;-series, see Remark
Now (5.36) gives

N = (A —To)(2

5T1) 7 51(0) + So(0)
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acting from the right on row-vectors from C2*1.

By Proposition |5.6.1 we have that the k-th row ((Rn)kJ())jio of R,, is contained in
V(An(k)), see (5.27). On the other hand, the k-th row of R,, is an eigenfunction of £ for
the eigenvalue pp (k) = Ap(E)kk. Since V(((Rn)kj)jio) = (ck;j (n))?io we see that the
row-vector ¢, = (Cx; (n))?io satisfies cx N (A, (k)) = pn (k) ek, which gives the recurrence
relation

C(itk+nt)(i—k—n—1)(20—i+]1)
(2 +1)

Cri—1(n)
(i4+1)2(20 +i+2)
(2i+ 1)
= (=2n(f — k) + (20 + 2)(k — 20))cy.i(n), (5.38)

+(i(i4+1) — 40l +1))cgi(n) +

Ckir1(n)

with the convention ¢, _1(n) = 0. Note that ¢;;(0) = (l;) indeed satisfies (5.38). Com-
paring (5.38]) with the three-term recurrence relation for the Racah polynomials or the
corresponding contiguous relation for balanced 4 F3-series, see e.g. [AAR99, p. 344], [KS98
§1.2], gives

cnsn) = enaln)(-1p 2Ry (PRI R )

71 (20 +2), 1,—k —n,—20 ’

and cp;(n) =0 for j > k+n.

It remains to determine the constants cyo(n), and we have already determined their
absolute values in by matching it to the orthogonality relations for Racah polyno-
mials. From the three-term recurrence relation Theorem [(.5.3] we see that the constants
cj(n) are all real, so it remains to determine the sign of cxo(n). Theorem gives a
three-term recurrence for R, (u), and taking the (k, 0)-th matrix entry gives a polynomial
identity in w using . Next taking the leading coefficient gives the recursion

(20 — k)2

(n+k+2) . (n)
Ql+n—k)@+n—k+1) "0

ero(n+1) = — 302

cro(n) + 1
and plugging in cio(n) = sgn(cko(n))|cko(n)| and using the explicit value for |cxo(n)| gives

sgn(cpo(n+1)) (n+ D20 +n+2) =
—sgn(co(n))(n+k+2)(2l —k+n+1) +sgn(cpt+1,0(n)) (20 — k)(k + 1).

This gives sgn(cro(n)) = sgn(ckr1,0(n)) for the right hand side to factorise as in the
left hand side, and then sgn(cko(n + 1)) = —sgn(cko(n)). Since cx(0) = 1, we find
sgn(cko(n)) = (—1)™. O
Remark 5.6.3. Theorem [5.6.2| can now be plugged into the three-term recurrence re-
lation for R, of Theorem [5.5.3] and this then gives a intricate three-term recurrence

relation for Gegenbauer polynomials involving coefficients which consist of sums of two
Racah polynomials. We leave this to the interested reader.
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Remark 5.6.4. We sketch another approach to the proof of the value of cpo(n) by
calculating the value cg 2¢(n) in case k +n > 2¢ or ¢, ptx(n) in case k +n < 2¢. For
instance, in case k + n > 2¢ we have

(Rn(u)k,2e = (Ro(u)M ()20 = (Rn(u))k2e = (Rn(u))2e—k0

using that M is a unipotent lower-triangular matrix valued polynomial and the symmetry
JR,(u)J = R, (u), see Section Now the leading coefficient of the right hand side can
be calculated using Theorem and combining with 7 the value cg 2¢(n) follows.
Then the recurrence (5.38) can be used to find cxo(n).

5.7 Group theoretic interpretation

The purpose of this section is to give a group theoretic derivation of Theorem [5.3.1
complementing the analytic derivation of Section [£.7] For this we need to recall some of
the results of Chapter

5.7.1 Group theoretic setting of the matrix valued orthogonal
polynomials

In this subsection we recall the construction of the matrix valued orthogonal polynomials
and the corresponding weight starting from the pair (SU(2) x SU(2), SU(2)) and an SU(2)-
representation T¢. Then we discuss how the differential operators come into play and what
their relation is with the matrix valued orthogonal polynomials. The goal of this section is
to provide a map of the relevant differential operators in the group setting to the relevant
differential operators for the matrix valued orthogonal polynomials in Theorem [5.7.§
Let U = SU(2) x SU(2) and K = SU(2) diagonally embedded in U. Note that K
is the set of fixed points of the involution 6 : U — U : (z,y) — (y,x). The irreducible
representations of U and K are denoted by T and T* as is explained in Section
The representation space of T is denoted by H¢ which is a 2¢ 4+ 1-dimensional vector
space. If T¢ occurs in T% % upon restriction to K we defined the spherical function
@fllz in Definition as the T*-isotypical part of the matrix 7*2. Let A C U be the

subgroup
eit/2 0 c—it/2
A{at<( O e*’it/z >7( 0 6it/2 >),0§t<4ﬂ'}

and let M = Zg(A). Recall the decomposition U = KAK, [Kna02, Thm. 7.38]. The
restricted spherical functions <I>§M2| 4 take their values in Endy;(H’), see Proposition
Since Endps(H?) = C**! this allows allows us to view the restricted spherical
functions as being C?**1-valued. The parametrization of the U-representations that con-
tain 7* indicates how to gather the restricted spherical functions. Following Figure
we write (¢1,03) = ((d,h) with ((d,h) = (3(d+ £+ h),3(d+ ¢ — h)). Here d € N and
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5.7.  Group theoretic interpretation

he{—t,—+1,...,0}. We recall the definition of the full spherical functions of type ¢,
Definition 4.2

Definition 5.7.1. The full spherical function of type £ and degree d is the matriz valued
function ®4 : A — End(C**1) whose j-th row is the restricted spherical function ‘I’ﬁl)ez
with (¢1,42) = ((d, j).

The full spherical function of degree zero has the remarkable property of being invert-
ible on the subset A,y := {a:|t € (0,7) U (7,27) U (27,37) U (3m,47)}, which was first
proved by Koornwinder [Koo85, Prop. 3.2]. The invertibility follows also from Corollary
Let ¢ = <I>(1) /2,1/2 be the minimal nontrivial zonal spherical function of Section
Together with the recurrence relations for the full spherical functions with ¢, Proposition
this gives rise to the full spherical polynomials from Definition

Definition 5.7.2. The full spherical polynomial Qg : A — End(C**1) s defined by
Qg(a) = (PG(a))~@4(a).

The name full spherical polynomial comes from the fact that the Qf; are polynomials
in ¢. The full spherical polynomials Qg are orthogonal with respect to

(@Hw:AQ@W@me VE(ay) = (@8 (ar))* DL (ar) sin2 1,

see Corollary [£.4.7]

In Section we studied the weight functions V* extensively. It turns out that the
matrix entries are polynomials in the function ¢, apart from the common factor sint.
Upon changing the variable x = ¢(a) we obtain the following system of matrix valued
orthogonal polynomials.

Definition 5.7.3. Let RS :[0,1] — End(C2“*t!) be the polynomial defined by R5(¢(a)) =
QY4(a). The degree of RY is d. The polynomials are orthogonal with respect to

<RmW:/me%W@m,

-1
where W' is defined by W¥(¢(a))dé = V*(a)da.

The weight W*(z) from Definition is the same as the weight defined in
where we have to bear in mind that the basis is parametrised differently. The matrix
valued polynomials Rf; correspond to the family {P;}q>0 from Theorem by means
of making the RY monic. Given a system of matrix valued orthogonal polynomials as
in Definition [5.7.3] it is of great interest to see whether there are interesting differential
operators. More precisely we define the algebra D(W*) as the algebra of differential
operators that are self adjoint with respect to the weight W* and that have the Rg as
eigenfunctions. We define a map that associates to a certain left invariant differential
operator on the group U an element in D(W).
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Chapter 5. MVOP II

Before we go into the construction we observe that the spherical functions may also
be defined on the complexification A®, using Weyl’s unitary trick. Indeed, all the repre-
sentations that we consider are finite dimensional and unitary, so they give holomorphic
representations of the complexifications U and K.

A great part of the constructions that we are about to consider follows from Casselman
and Milici¢ [CM82], where the differential operators act from the left. In this section we
follow this convention, except that we transpose the results at the end in order to obtain
the proof of Theorem [5.3.1| where the differential operators act from the right.

Let U(u®) be the universal enveloping algebra for the complexification u® of the Lie
algebra u of the group U = SU(2) x SU(2). Let 6: U(u®) — U(u®) be the flip on simple
tensors extending the Cartan involution 6: su(2) xsu(2) — su(2) xsu(2), (X,Y) — (¥, X).
Recall £ = su(2) is the fixed-point set of 6. Let U (u(c)ec denote the subalgebra of elements
that commute with €€, Let 3 denote the center of U (£C).

Lemma 5.7.4. U(u(C)EC =33®3.

PROOF. From [Kno90, Satz 2.1 and Satz 2.3] it follows that U(u®)t" = 3 @4 (3@ 3)
where j C u® is the largest ideal of u® contained in €. Since j = 0 the result follows. [

Proposition 5.7.5. The elements of the algebra U(u(c)’EC have the spherical functions
@fl’zz as eigenfunctions. This remains true when we extend @51,42 to UC.

PROOF. See [War72bl Thm. 6.1.2.3]. The second statement follows from Weyl’s unitary
trick. O
The spherical functions @51762 have T*-transformation behaviour:

®f , (kruks) = T (k1) @, 4, (u)T* (k2) (5.39)

for all k1, ke € K and u € U, see Definition Let C(A) denote the set of continuous
(C-valued) functions on A. Casselman and Milici¢ [CM82] define the map

I, : Uw®)Y = C(A) ® U(a®) ® End(Endy (HY))
and prove the following properties [CM82, Thm. 3.1,Thm. 3.3].

Theorem 5.7.6. Let F: U — End(H*) be a smooth function that satisfies (5.39). Then
(DF)|4 = (D) (F|a) for all D € Uu®)*". Moreover, Il; is an algebra homomorphism.

We call II,(D) the T*-radial part of D € U(uc)éc. In particular we have

HZ(D)<(D£1,42‘A) = AED,Z1,£2¢§1,€2|A7 A€D7£17Z2 e C.

Upon identifying End s (H?) =2 C**+! we observe that we may view I1,(D) as a differential
operator of the End(C?*1)-valued functions that act on from the left. In particular, let
C(A, End(C2?*t1), T*) denote the vector space generated by the ®4,d > 0. The following
lemma follows immediately from the construction.
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5.7.  Group theoretic interpretation

Lemma 5.7.7. Let D € U(u(c)EC be self-adjoint and consider Iy(D) as a differential
operator acting on C(A,End(C?*t1), T from the left. Then II,(D) is self-adjoint for
<'7 '>VZ :

Definition 5.7.8. Let f: U(u(c)EC — D(W*) be defined by sending D to the conjugation
of the differential operator I1,(D) by ® followed by changing the variable v = ¢(a).

The map f : U (u(c)EC — D(W*) is an algebra homomorphism. It gives an abstract
description of a part of D(W*). Note that f is not surjective because in Proposition
we have found a differential operator that does not commute with some of the other.
However, the algebra U (u® t° is commutative by Lemma

By means of Lemma we know that U(u(c)EC has Q1 = Q¢ ® 1 and Qs = 1 ® Q¢
among its generators, where (¢ € 3 is the Casimir operator. In the following subsection
we calculate f(Qq +Q2) and f(Q; — Q2) explicitly. Upon transposing and taking Sultable
linear combinations we find the differential operators D and E from Theorem

5.7.2 Calculation of the Casimir operators

The goal of this subsection is to calculate f(€2) and f(€') where f is the map described
in Definition [5.7.8] and where Q = Q; + Qo and Q' = Q; — Q3. We proceed in a series of
six steps. (1) First we provide expressions for the Casimir operators Q and ' which (2)
we rewrite according to the infinitesimal Cartan decomposition defined by Casselman and
Milici¢ [CMB82] §2]. These calculations are similar to those in [War72bl Prop. 9.1.2.11]. (3)
From this expression we can easily calculate the T*-radial parts, see Theorem m The
radial parts are differential operators for End s (H*)-valued functions on A. At this point
we see that we can extend matters to the complexification A® of A as in [CM82) Ex. 3.7].
(4) We identify Endys (H*) =2 C**+! and rewrite the radial parts of step 3 accordingly. (5)
We conjugate these differential operators with & and (6) we make a change of variables
to obtain two matrix valued differential operators f(€2) and f(Q)). Along the way we keep
track of the differential equations for the spherical functions. Finally we give expressions
for the eigenvalues Ag and T'y of () and f(’) such that the full spherical polynomials
Qq are the corresponding eigenfunctions. Following Casselman and Mili¢i¢ [CM82, §2]
the roots are considered as characters, hence written multiplicatively.

(1). First we concentrate on one factor K = SU(2), with Lie algebra ¢ and standard
Cartan subalgebra t. The complexifications are denoted by £, € and we use the standard

1 0 1/0 1 1/0 0
H‘(o —1)’ Ea_2<0 0)’ Ea‘1_2<1 0>

for €. The Casimir of K is given by Q¢ = %Hz + 4{E,E\,—1+ + E,-1E,}. It is well-
known that the matrix-elements of the irreducible unitary representation T of SU(2) are
eigenfunctions of the Casimir operator Q¢ for the eigenvalue % (% + (), see e.g. [Kna02,
Thm. 5.28]. The roots of the pair (¢€¢ @ €€, t€ @ t©) are given by

R={(a,1),(a 1), (1,a),(1,a "}
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The positive roots are choosen as R = {(a, 1), (1,a~1)}, so that the two positive roots
restrict to the same root R(u®,a®) which we declare positive. The corresponding root
vectors are E, 1) = (Ea,0), etc. Define

E = (Ea,0)(Ea-1,0) + (Ea-1,0)(Eq,0).

Then we have Q; = 1(H,0)? + 4E and Qo = 6(¢2;). In particular, the spherical function
iy L0, 1S an elgenfunctlon of Q; for the eigenvalue (¢ + {;) for i = 1,2.
We have (H,0) = 3((H,—H)+ (H,H)) and (0, H) = 3((H,H) — (H,—H)) and from

this we find in U (u®)

Q:(h+92:iuLHf+iUi—HF+ME+ﬂE»
‘ (5.40)
O = 0~ 0y = J(H,~H)(H,H) + 4(E ~ 0(E)).

(2). Following Casselman and Mili¢i¢ [CM82) §2] we can express Q and ' according
to the infinitesimal Cartan decomposition of U(u®). Let 8 € R and denote Xz = Eg +
0(Ep) € tC. Denote Y@ = Ad(a™1)Y for a € A. In [CM82, Lemma 2.2] it is proved that
the equality
(1 - B(a)*) X5 = B(a) (B2 — B(a) Ep)

holds for all @ € A,.4. This is the key identity in a straightforward but tedious calculation
to prove the following proposition which we leave to the reader.

Proposition 5.7.9. Let a € A,.y and 3 € RT. Then

1 ) 9 o
%= 3 (UL A7 UL ED) = iy gay XA
X1371X§ + XﬁXﬁ—l + Xﬁ—lXﬁ — (ﬁ(a) +/8(a)71)(XgX571 + Xg 1Xﬁ)}—|—
lm(H —H). (5.41)
4 p(a) — B(a)~*
and
a a -1
o i
2
B(a) = Bl K61 Ko — X5 Xsm), (5:42)

The calculation of is completely analogous to [War72h, Prop. 9.1.2.11] and it
is clear that is invariant for interchanging B and 8~!. The expression in is
also invariant for interchanging 8 and S~ albeit that it is less clear in this case. In either
case the expressions and do not depend on the choice of 3 € R™.

(3). Following Casselman and Mili¢i¢ [CM82, §3] we calculate the T*-radial parts of
Q and Q. This is a matter of applying the map II; from Theorem [5.7.6]to the expressions
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and - At the same time we note that the coefficients in ) and - are

analytlc functions on A,.4. They extend to meromorphic functions on the complex1ﬁcat10n
AC of A which we identify with C* using the map

v s rmmaw = (2 2). (5 0)).

Under this isomorphism the differential operator (H, —H) translates to w-- d . To see this
let g : A® — C be holomorphic and consider (H, —H)g(a(w)) which is equal to

(H~H)g(a(u) = { fotatew) | =wittgon(w),

Following [CM82], [War72h] we find the following expressions for the T*radial parts of
Q and ;

IL(2) = 1—16 (wd‘if + i% % + in(H)%
- m {TY(Eo)T"(Eq-1) @ +T"(Eq-1)T"(Eq) o +
T (Ea)T* (Eq-1) + oT*(Eq-1)T*(Ea) } +
2% {TY(Eqs) @ T*(Eq—1) + T (Eq—1) ¢ T*(Eq)},  (5.43)

d 1w? + w2
——

a1 ¢
dw  4w? —w T (H)+

- E—— {TY(Bp-1) o TY(Eo) + T (Ey) @ T'(Ea1)} (5.44)

where the bullet (o) indicates where to put the restricted spherical function. The ma-

trices T*(E,) and T*(H) are easily calculated in the basis of weight vectors. Note that

TYE,-1) = JT'(E,)J. We give the entries of T*(E,) in the proof of Lemma
The following proposition is a direct consequence of Theorem and Proposition

0. (.0l

Proposition 5.7.10. The restricted spherical functions are eigenfunctions of the radial
parts of Q and &,

1
M()(2g 77 [ae) = (B + 0+ G+ )20 e,

1
() (@) = (0 + 6 — 65— L) e,
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(4). The spherical functions @éhzz restricted to the torus AC take their values in
Endys(H") and this is a 2¢ + 1-dimensional vector space. We identify

Endy (HY) — C**L .y s yUP

to obtain functions (<I>§1752| ac)"P. The reason for putting the diagonals up is that we
want to write the differential operators as differential operators with coefficients in the
function algebra on A with values in End(C?*1) instead of the way IT,(Q2) and IT,(Q’) are
defined. The differential operators that are conjugated to act on C**'-valued functions
are also denoted by (-)"P. The differential operators and that are defined
for End s (H*)-valued functions conjugate to differential operators ITy(£2)"? and TI,(Q’)"P
for C**1-valued functions. All the terms except for the last ones in and
transform straightforwardly.

Lemma 5.7.11. The linear isomorphism Endy;(H') — C**1 . D s D" conjugates
the linear map Endy (H®) — Endy (HY) : D+ T E,) DT (E,-1) to C*+1 — C2#+1 .
DU s C*DWP where C° € End(C?**1) is the matriz given by

p.J

ol — TUHDNC—j+1)0jp1, £<pj <L

Likewise, D+ T*(E,-1)DT*(E,) transforms to D"’ s JC*JD"?, where J is the anti-
diagonal defined by J;; = 6; —; with —€ < 14,7 < £.

PrOOF. Working with the normalized weight-basis as in [Koo85, §1] we see that T*(E,,)
is the matrix given by

C+it+1 [((—i—2)(0+i+2)
TY(EL)ij = 61 : -
(Ba)ij = diir1— \/(6—@—1)!(54—24—1)!

and TY(E,-1) = JT*(E,)J. The lemma follows from elementary manipulations. O
We collect the expressions for the conjugation of the differential operators (5.43)) and

(5.44]) by the linear map Y — Y"'P where we have used Lemma [5.7.11

1 d\> 1w4+w? d 1, /9
16 ( ) 107 —02Vae T gl
~ r e (T (Ba) T () + T (B )T (Ea) } +

w? +w? ¢ ¢

{Jcty —C'} . (5.46)
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5.7.  Group theoretic interpretation

The differential operators (5.45) and (5.46]) also act on the full spherical functions
éﬁ’t. Collecting the eigenvalues of the columns in @fi’t in diagonal matrices we obtain the
following differential equations:

Hg(Ql—FQQ)up(I)d = P4y, (547)
H@(Ql—ﬂg)up@d = d40, (5.48)

where (Ag)p; = 36,.5(d® + 5% +2d(€ + 1) + £(€ + 2)) and (Ty)p; = 36,,;7(¢ +d + 1). For
further reference we write

. &2 d
I (2 + Q)" = ag(w)w + al(w)% + ag(w), (5.49)
H(g(Ql — Qz)up = b1 (U))% + bo(’u)) (550)

(5). Recall from Definition that the full spherical polynomials Qg’t are obtained
from the full spherical functions <I)’ by the description Qz’t = (‘I’é’t)*l‘bz’t. We conjugate
the differential operators (5.45) and (5.46)) with ®y to obtain differential operators to

which the polynomials ()4 are eigenfunctions. We need a technical lemma.
Lemma 5.7.12. o Let o° : C* — End(C**Y) be the map given by o(w) = £(w? +
w=2)I + S* where S* is defined by (Se)pj =~ —=7)0p—j1— (L +37)0j—p1. Then

%w(w2 - w_z)%i’g’t(w) = & (w)ot (w). (5.51)

o Let v’ : C* — End(C2?*1) be the map given by

1 w? 14 w?
¥4 _ 14 14
where (UL,), = (—20+25)8; j41 + (20 +2))di41; and (Uﬁiag)ij — —2i6;;. Then
b (w)@5" (a(w)) = G* (a(w))v" (w). (5.52)

PROOF. The matrix coefficients of @g’t(a(w)) are given by

i _ = DHE+ DI =)+ p)!
((I)ﬁ (a(w)))p,; = (20)! x

min(¢—p,€—j) whr—20+2p+2i

r"l—p—r)(l—j—r)(p+ij+r)

(5.53)

r=max(0,—p—j)

see [Koo85 Prop. 3.2]. The matrix valued function by (w) is equal to the constant matrix
1T where T*(H);; = 26;;j. We can now express the matrix coefficients of the matrices
in equations and in Laurent polynomials in the variable w and comparing
coefficients of these polynomials shows that the equalities hold. O
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Definition 5.7.13. Define Q0 = (951 o I, ()" 0 B5" and Ay = (B5) L o I, (V)™ o
ot

Theorem 5.7.14. The differential operators Qy and A, are given by

o = L (wt 2+1{(€+1)( R N L LY

C T 16 \Yaw 4 W w2 — w2 dw 0
d

A[ = ’UZ(’LU)%—FFO.

PRrOOF. This is a straightforward calculation using the expressions and -7
bearing in mind that the coefficients are matrix valued. In both calculatlons the difficult
parts are taken care of by Lemma [5.7.12 O

(6). The elementary zonal spherical function CI)(% '3 is denoted by ¢ and we have
¢(a(w)) = 2(w? + w™?). In this final step we note that the differential operators
and A, are invariant under the maps w — —w and w — w~'. This shows that the
differential operators can be pushed forward by ¢ oa to obtain differential operators on C
in a coordinate z = ¢(a(w)). Using the identities wd (h 0 ¢)(w) = (w? —w 2K (¢(w)),
(W%)Q(hw)( )= (w’— *Z)Qh”(cb( (w ))H?( A (¢(a(w))) and (w? —w=?)? =

4(p(a(w))? — 1) we transform (5.54) and ( 1nt0

— 1 d\? 1 d
_ Lo a 1 ey @
Q = 4(2 1) (dz> +4{(2€+3)z+5}dz+/\0, (5.54)
—~ 1 d
A, = g(QzUﬁiag—i-Ufl)%—&-Fo. (5.55)

Recall that the End(C?*!)-valued polynomials Ré’t are defined by pushing forward
the End(C%**1)-valued functions Qfl’t over ¢ o a, see Definition m

Theorem 5.7.15. The members of the family {Rg’t}d>0 of End((C%“) valued polynomi-
als of degree d are eigenfunctions of the differential operators Qz and Ag with eigenvalues
Ay and Ty respecively. The transposed differential operators (Qg) and (Ag) satisfy

—A(Q) +2(2+0) = D, (5.56)
f%(&) (t+1)=F, (5.57)

where D and E are defined in Theorem 15.5.1]

PROOF. The only things that need proofs are the equalities of the differential operators.
These follow easily upon comparing coefficients where one has to bear in mind the different
labeling of the matrices involved in the two cases. O

Note that the differential operators D and QNg are invariant under conjugation by
the matrix J, where J; ; = d; ;. The differential operator A/Vg is anti-invariant for this
conjugation. The differential operator E does not have this nice property.
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5.A Proof of Theorem [5.2.1]

The purpose of this appendix is to prove the LDU-decomposition of Theorem We
prove instead the equivalent Proposition and we start with proving Lemma [5.2.
Note that the integral in Lemma is zero by (5.5)) in case t > m, since

O () U gm—2u ()

is a polynomial of degree n +2m — k — 2t <n — k.

We start by proving Lemma|5.2.7]in the remaining case for which we use the following
well-known formulas for connection and linearisation formulas of Gegenbauer polynomials,
see e.g. [AAR99, Thm. 6.8.2], [[sm09, Thm. 9.2.1];

[n/2]
Wi (v =B)k(Wn—k (B+n—2k
e =3 G (P72 o)
) ()0l ) = S (= 2k 0)(n ot m — 2kl o)y (5.58)
kz:% (n+m—k+a)k!

(a)nfk(a)mfk(2a)n+mfk (@) "
(1= R — RN )z 2

PROOF.[Proof of Lemma | We indicate the proof of Lemma so that the reader
can easily fill in the details. Calculating the product of two Gegenbauer polynomials as a
sum using the linearisation formula of and expanding the Chebyshev polynomial
Up+m—2t(x) = Cﬁgmﬁt(x) in terms of Chebyshev polynomials with parameter k + 1
using the linearisation formula of , we can rewrite the integral as a double sum
with an integral of Chebyshev polynomials that can be evaluated using the orthogonality

relations (5.5)) reducing the integral of Lemma to the single sum

min(t,m—k)

Z (k+1)r(k+ 1) n—t—r (k4 Dm—r—r(2k + 2)mtn—2k—r
rtm—k—r)!(n—k—r)(k+ 1) min—2k—r

r=max(0,t—k)
(mAn— k1 —20) (“K)kgg(ntm—t —k—r)! Val(k+3) .
(m4+n—k+1—r) (k—=t+r)!(kE+2)ntm-t-t—r (K+1)T(k+1)

Assuming for the moment that k& > ¢, so the sum is Zfi%(t’m_k). Then this sum can be

written as a very-well-poised 7 Fg-series

VAL(k+3)  (k+Dmk (k4 Dok 2k +2)min-2

GrOTk+1) m—F =k (k+t Dornor |
(—k)g—t (n+m —t —k)! r (7’1,7‘2,?"377"4,7"5,7’6,7‘7 .1)
(k=)0 (k+2)ntm—t—t = °\_ 51,592,583, 54, 85, 56 '

with rq :%(k‘—m—n—i—l),rg:k‘—l—l,rg:k—m,r4:k—n,7“5:k‘—m—n—l,r(;:
—t,r7 =t—m—-—n—1and 51 = %(k—m—n—l),sz =-—m,83=-—N,8,=—-mM—n—1,85 =
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k—t+1,s¢ = —n —m+ k + t. Using Whipple’s transformation [AAR99, Thm. 3.4.4],
[Bai64l, §4.3] of a very-well-poised 7Fg-series to a balanced 4F3-series, we find that the
7 Fs-series can be written as

(k—m—mn) (—t), P —k,k—&—l,—tﬂf—m—n—l.l
(k—t+1),(—m—-—n—1) "3 -n, —m, 1 )

Simplifying the shifted factorials and recalling the definition of the Racah polynomials
in terms of a balanced 4F3-series gives the result in case k > t.

In case k < t we have to relabel the sum, which turns out again to be a very-well-poised
7Fs-series which can be transformed to a balanced 4Fj3-series. The resulting balanced
4F5-series is not a Racah polynomial as in the statement of Lemma but it can be
transformed to a Racah polynomial using Whipple’s transformation for balanced 4Fs-
series [AAR99, Thm. 3.3.3]. Keeping track of the constants proves Lemma in this
case. O

As remarked in Section [5.2] Theorem [5.2.1] follows from Proposition [5.2:2] In order
to prove Proposition we assume «;(m,n) to be given by and we want to
find Br(m,n). Given the explicit expression for a;(m,n), we see that multiplying by
V1 — 22U, ym—o(z), integrating over [—1,1] and using Lemma we find

at(m,n)g = Zﬂk(m, n)Cr(m,n)Rk(A(t);0,0,—m — 1,—n — 1) (5.59)
k=0
where
Cutmm) = YELEE3) (ko D (k4 Do (Z1)* (26 5 Do (k4 1)

(k+1) (m—k)! (n—k)! (n+m+1)!

Using the orthogonality relations for the Racah polynomials, see [AAR99] p. 344], [KS98|
§1.2),

zm:(m +n+1—-2t) Rp(A(t);0,0,—m —1,—n—1) X

t=0

(m+1)(m+1) (m+2)k(n+2)k
(2k +1) (=m)r(=n)k

Ri(A(t);0,0,—m —1,—n — 1) = 6,

we find the following explicit expression for Sx(m,n)

Be(m,m) = 1 (2k +1) (=m)(=n)r
P T Chlmn) (n+ D)(m+ 1) (m+ 2)x(n + 2)%

m (5.60)
xS (m+n+1 - 20)Re(A(1);0,0,—m — 1, —n — 1)ay (m, n)g
t=0

Now Proposition [5.2.2] and hence Theorem follows from the following summation
and simplifying the result.
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Lemma 5.A.1. For/{ ¢ %N, n,m,k € N with 0 < k <m <n we have

n—%m L2042 1),

(m+n+1-2t)x

ﬁMS

ik 2O+ D 20—K) (n+1)

Ri(A();0,0,=m —1,—n — 1) = (=1) (20 +1)! m! (2¢ —m)!

PRrROOF. Start with the left hand side and insert the 4F3-series for the Racah polynomial
and interchange summations to find

k

(=k); (k+1); (n—20)y
z(:) gt it (=m); (=n); (n+ 2)m

j=

xtz:; %_1;1&7;3;) (- 2€t!— 1)t(m+n+1—Qt)(—t)j(t—m—n_1)j

Relabeling the inner sum ¢t = j 4 p shows that the inner sum equals

j (71777,7771)2]'
(20—n—m+1);

m—j

(=1

(—20—-1);(L+m+n—2j)

XZ - l—n—m:—j) (— 25—'1—|—])px

p:O n—m+1+j), p!
(1+1(=1=m—n+2§)), (~1 —m —n+2j),
Gl m-ntz), (l-m-n+t),

G=m)p(G—n)p the

G=m)pG—1)p Sum. can

and the sum over p is a hypergeometric sum. Multiplying by
be written as a very-well-poised 5 F}-series

%(—1—m—n+2j)72£—n—m+j+17j_”aj_m ’
(—m—n+2)my  (—m+1420),,_,
(—m—n+i+1+20m; (—m+j)m

by the terminating Rogers-Dougall summation formula [Bai64) §4.4].
Simplifying shows that the left hand side of the lemma is equal to the single sum

(n—20), m (—n —m)m,
mr2),, VM )
(24+1— Y i (k41); (=20 —1);
Z ]'J' (—20);

Jj=

which can be summed by the Pfaff-Saalschiitz summation [AAR99, Thm. 2.2.6], [Ism09,
(1.4.5)]. This proves the lemma after some simplifications. O
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5.B Moments

In this appendix we give an explicit sum for the generalised moments for W. By the

explicit expression
—-rr+2 1—x
e = (1) 2m (757G

2

+
[\

)k 2—k2n+k+2r(n +k+ %) F(%)
N T(n+k+3)

L+ 3)T(3) 2(—m+z,n+§ .1>

%,n+3

L(n+3)0(3) (—n),

= (r+1)2n*2 R R

using the beta-integral in the first equality and the Pfaff-Saalschiitz summation [AAR99,
Thm. 2.2.6], [Ism09, (1.4.5)] in the last equality. For m < n, the explicit expression (5.1)
gives the following generalised moments

' » 2T+ HTE) 20+ 1) (20— m)tm!
/_1(1—x) W (2)nm do = 2P T3 nil 20
% m—t (n B 2£)m—t (2€ +2-— t)t (7p)n+m—2t
;(—1) CEEI . (n+m—2t+ 1)—(;0 TR (5.61)

168



Bibliography

[AAR99]

[Ada96]

[AS92]

[Bai64]

[BK92]

[Bor91]

[Bou68]

[Brig7]

[BS79]

[Cam97]

G. E. Andrews, R. Askey, and R. Roy. Special functions, volume 71 of En-
cyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 1999.

J.F. Adams. Lectures on exceptional Lie groups. The University of Chicago
Press, Chicago 60637, 1996.

M. Abramowitz and I. A. Stegun. Handbook of mathematical functions with
formulas, graphs, and mathematical tables, volume 55 of National Bureau of
Standards Applied Mathematics Series. Dover, 1992.

W. N. Bailey. Generalized hypergeometric series. Cambridge Tracts in Math-
ematics and Mathematical Physics, No. 32. Stechert-Hafner, Inc., New York,
1964.

E. Badertscher and T. H. Koornwinder. Continuous Hahn polynomials of
differential operator argument and analysis on Riemannian symmetric spaces
of constant curvature. Canad. J. Math., 44(4):750-773, 1992.

A. Borel. Linear Algebraic Groups (second enlarged edition). Springer-Verlag
New York Inc., 1991.

N. Bourbaki. Eléments de mathématique. Fasc. XXXIV. Groupes et algébres
de Lie. Chapitre IV: Groupes de Coxeter et systemes de Tits. Chapitre V:
Groupes engendrés par des réflexions. Chapitre VI: systémes de racines. Ac-
tualités Scientifiques et Industrielles, No. 1337. Hermann, Paris, 1968.

M. Brion. Classification des espaces homogenes sphériques. Compositio Math.,
63(2):189-208, 1987.

M. Welleda Baldoni Silva. Branching theorems for semisimple Lie groups of
real rank one. Rend. Sem. Mat. Univ. Padova, 61:229-250 (1980), 1979.

R. Camporesi. The spherical transform for homogeneous vector bundles over
Riemannian symmetric spaces. J. Lie Theory, 7(1):29-60, 1997.

169



Bibliography

[Cam00)]

[CamO05a]

[CamO05b)

[Cas10]

[CGO5]

[Chi78]

[CM82]

[DGO4]

[DGO5a]

[DGO5b]

[Dix96]

[DKO0]

[DLR04]

R. Camporesi. Harmonic analysis for spinor fields in complex hyperbolic
spaces. Adv. Math., 154(2):367-442, 2000.

R. Camporesi. A generalization of the Cartan-Helgason theorem for Rieman-
nian symmetric spaces of rank one. Pacific J. Math., 222(1):1-27, 2005.

R. Camporesi. The Helgason Fourier transform for homogeneous vector bun-
dles over compact Riemannian symmetric spaces—the local theory. J. Funct.
Anal., 220(1):97-117, 2005.

M. M. Castro. Matrix polynomials satisfying first order differential equations
and three term recurrence relations. J. Comput. Appl. Math., 233(6):1491—
1498, 2010.

M. M. Castro and F. A. Griinbaum. Orthogonal matrix polynomials satisfy-
ing first order differential equations: a collection of instructive examples. J.
Nonlinear Math. Phys., 12(suppl. 2):63-76, 2005.

T. S. Chihara. An Introduction to Orthogonal Polynomials. Gordon and
Breach, Sci. Publ., Inc., 1978.

W. Casselman and D. Mili¢i¢. Asymptotic behavior of matrix coefficients of
admissible representations. Duke Math. J., 49(4):869-930, 1982.

A. J. Durdn and F. A. Griilnbaum. Orthogonal matrix polynomials satisfying
second-order differential equations. Int. Math. Res. Not., 10(10):461-484,
2004.

A.J. Durén and F. A. Griilnbaum. A characterization for a class of weight ma-
trices with orthogonal matrix polynomials satisfying second-order differential
equations. Int. Math. Res. Not., 23(23):1371-1390, 2005.

A. J. Durén and F. A. Griilnbaum. Structural formulas for orthogonal matrix
polynomials satisfying second-order differential equations. I. Constr. Approz.,
22(2):255-271, 2005.

J. Dixmier. Algébres enveloppantes. Les Grands Classiques Gauthier-
Villars. [Gauthier-Villars Great Classics]. Editions Jacques Gabay, Paris,
1996. Reprint of the 1974 original.

J. J. Duistermaat and J. A. C. Kolk. Lie groups. Universitext. Springer-Verlag,
Berlin, 2000.

A. J. Durdn and P. Lépez-Rodriguez. Orthogonal matrix polynomials. In
Laredo Lectures on Orthogonal Polynomials and Special Functions, Adv. The-
ory Spec. Funct. Orthogonal Polynomials, pages 13—44. Nova Sci. Publ., Haup-
pauge, NY, 2004.

170



Bibliography

[DPS08)

[Dur97]

[Dur99]

[Ger81]

[Ger82)

[God52]

[GPTO1]

[GPT02]

[GPTO3]

[GPT04]

[Grii03)]

[GT07]

[GVss]

[Hec82)

D. Damanik, A. Pushnitski, and B. Simon. The analytic theory of matrix
orthogonal polynomials. Surv. Approz. Theory, 4:1-85, 2008.

A. J. Duran. Matrix inner product having a matrix symmetric second order

differential operator. Rocky Mountain J. Math., 27(2):585-600, 1997.

A. J. Duran. Ratio asymptotics for orthogonal matrix polynomials. J. Approz.
Theory, 100(2):304-344, 1999.

J.S. Geronimo. Matrix orthogonal polynomials on the unit circle. J. Math.
Phys., 22:1359-1365, 1981.

J.S. Geronimo. Scattering theory and matrix orthogonal polynomials on the
real line. Circuits Systems Signal Process, 1:471-495, 1982.

R. Godement. A theory of spherical functions. I. Trans. Amer. Math. Soc.,
73:496-556, 1952.

F. A. Griinbaum, I. Pacharoni, and J. A. Tirao. A matrix-valued solution to
Bochner’s problem. J. Phys. A, 34(48):10647-10656, 2001. Symmetries and
integrability of difference equations (Tokyo, 2000).

F. A. Griinbaum, I. Pacharoni, and J. Tirao. Matrix valued spherical functions
associated to the complex projective plane. J. Funct. Anal., 188(2):350-441,
2002.

F. A. Griinbaum, I. Pacharoni, and J. A. Tirao. Matrix valued orthogonal
polynomials of the Jacobi type. Indag. Math. (N.S.), 14(3-4):353-366, 2003.

F. A. Griinbaum, I. Pacharoni, and J. A. Tirao. An invitation to matrix-
valued spherical functions: linearization of products in the case of complex
projective space Po(C). In Modern signal processing, volume 46 of Math. Sci.
Res. Inst. Publ., pages 147-160. Cambridge Univ. Press, Cambridge, 2004.

F. A. Griinbaum. Matrix valued Jacobi polynomials. Bull. Sci. Math.,
127(3):207-214, 2003.

F. A. Grinbaum and J. Tirao. The algebra of differential operators associated
to a weight matrix. Integral Equations Operator Theory, 58(4):449-475, 2007.

R. Gangolli and V. S. Varadarajan. Harmonic analysis of spherical functions
on real reductive groups, volume 101 of Ergebnisse der Mathematik und threr
Grenzgebiete [Results in Mathematics and Related Areas]. Springer-Verlag,
Berlin, 1988.

G. J. Heckman. Projections of orbits and asymptotic behavior of multiplicities
for compact connected Lie groups. Invent. Math., 67(2):333-356, 1982.

171



Bibliography

[Hel62]

[Hel00]

[HelO1]

[HNOO12]

[HS94]

[Hum81]

[Ism09]

[IW07]

[Jan03]

[KLS10]

[Kna02]

[Kno90]

[Koo81]

S. Helgason. Differential geometry and symmetric spaces. Pure and Applied
Mathematics, Vol. XII. Academic Press, New York, 1962.

S. Helgason. Groups and geometric analysis, volume 83 of Mathematical Sur-
veys and Monographs. American Mathematical Society, Providence, RI, 2000.
Integral geometry, invariant differential operators, and spherical functions,
Corrected reprint of the 1984 original.

S. Helgason. Differential geometry, Lie groups, and symmetric spaces, vol-
ume 34 of Graduate Studies in Mathematics. American Mathematical Society,
Providence, RI, 2001. Corrected reprint of the 1978 original.

X. He, K. Nishiyama, H. Ochiai, and Y. Oshima. On orbits in double flag
manifolds for symmetric pairs. arXiv:1208.2084, August 2012.

G. J. Heckman and H. Schlichtkrull. Harmonic analysis and special functions
on symmetric spaces, volume 16 of Perspectives in Mathematics. Academic
Press Inc., San Diego, CA, 1994.

J.E. Humphreys. Linear algebraic groups. Springer-Verlag, New York Inc.,
1975, 1981.

M. E. H. Ismail. Classical and quantum orthogonal polynomials in one vari-
able, volume 98 of Fncyclopedia of Mathematics and its Applications. Cam-
bridge University Press, Cambridge, 2009. With two chapters by Walter Van
Assche, With a foreword by Richard A. Askey, Reprint of the 2005 original.

T. Ichinose and M. Wakayama. On the spectral zeta function for the noncom-
mutative harmonic oscillator. Rep. Math. Phys., 59(3):421-432, 2007.

J. C. Jantzen. Representations of algebraic groups, volume 107 of Mathemat-
ical Surveys and Monographs. American Mathematical Society, Providence,
RI, second edition, 2003.

R. Koekoek, P. A. Lesky, and R. F. Swarttouw. Hypergeometric orthogonal
polynomials and their q-analogues. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 2010. With a foreword by Tom H. Koornwinder.

A. W. Knapp. Lie groups beyond an introduction, volume 140 of Progress in
Mathematics. Birkh&user Boston Inc., Boston, MA, second edition, 2002.

F. Knop. Der Zentralisator einer Liealgebra in einer einhiillenden Algebra. J.
Reine Angew. Math., 406:5-9, 1990.

T. H. Koornwinder. Clebsch-Gordan coefficients for SU(2) and Hahn polyno-
mials. Nieuw Arch. Wisk. (3), 29(2):140-155, 1981.

172



Bibliography

[Koo85]

KQTS]

[Kr79]

[Kra85]

[Kre49]

[Kre71]

[KS98]

[KvPR11]

[KvPR12]

[Lan95]

[Lan02]

[LepT71]

[LR99)

[Mik86]

[MPYO01]

T. H. Koornwinder. Matrix elements of irreducible representations of SU(2) x
SU(2) and vector-valued orthogonal polynomials. SIAM J. Math. Anal.,
16(3):602-613, 1985.

R. C. King and A. H. A. Qubanchi. The evaluation of weight multiplicities of
Go. J. Phys. A, 11(8):1491-1499, 1978.

M. Kramer. Spharische Untergruppen in kompakten zusammenhingenden
Liegruppen. Compositio Math., 38(2):129-153, 1979.

H. Kraft. Geometrische Methoden in der Invariantentheorie. Vieweg, Braun-
schweig, 1985.

M. Krein. Infinite J-matrices and a matrix-moment problem. Doklady Akad.
Nauk SSSR (N.S.), 69:125-128, 1949.

M. Krein. Fundamental aspects of the representation theory of hermitian
operators with deficiency index (m, m). AMS Translations, 2:75-143, 1971.

R. Koekoek and R. F. Swarttouw. The askey-scheme of hypergeometric or-
thogonal polynomials and its g-analogue. Technical report, Technical Univer-
sity Delft, 1998.

E. Koelink, M. van Pruijssen, and P. Roméan. Matrix valued orthogonal poly-
nomials related to (SU(2) x SU(2), diag). arxiv 1012.2719v2 (to appear in Int.
Math. Res. Not.), January 2011.

E. Koelink, M. van Pruijssen, and P. Romén. Matrix valued orthogonal poly-
nomials related to (SU(2) x SU(2), diag), II. arxiv 1203.0041v1 (submitted),
Februari 2012.

E. C. Lance. Hilbert C*-modules. Cambridge University Press, 1995.

S. Lang. Algebra (Revised third edition). Springer-Verlag New York, Inc.,
2002.

J. Lepowsky. Multiplicity formulas for certain semisimple Lie groups. Bull.
Amer. Math. Soc., 77:601-605, 1971.

P. Lopez-Rodriguez. Riesz’s theorem for orthogonal matrix polynomials. Con-
str. Approz., 15:135-151, 1999.

I. V. Mikityuk. Integrability of invariant Hamiltonian systems with homoge-
neous configuration spaces. Mat. Sb. (N.S.), 129(171)(4):514-534, 591, 1986.

F. Marcellan, M.A. Pinar, and H.O. Yakhlef. Perturbations in the nevai
matrix class of orthogonal matrix polynomials. Linear Algebra Appl., 336:231—
254, 2001.

173



Bibliography

[MS43]

[Ped97]

[Ped98]

[PROS]

[PT04]

[PT07]

[PTZ12]

[Rom07]

[RT06]

[RWOS]

[Spr09]

[Tir03]

[Tir77]

[VAOT]

[vDP99]

D. Montgomery and H. Samelson. Transformation groups of spheres. Ann. of
Math., 44:459-470, 1943.

E. Pedon. Analyse Harmonique des Formes Différentielles sur I’Espace Hy-
perbolique Réel. PhD thesis, Université Henri Poincaré (Nancy I), 1997.

E. Pedon. Analyse harmonique des formes différentielles sur I’espace hyper-
bolique réel. 1. Transformation de Poisson et fonctions sphériques. C. R. Acad.
Sci. Paris Sér. I Math., 326(6):671-676, 1998.

I. Pacharoni and P. Roman. A sequence of matrix valued orthogonal poly-
nomials associated to spherical functions. Constr. Approz., 28(2):127-147,
2008.

I. Pacharoni and J. A. Tirao. Three term recursion relation for spherical func-
tions associated to the complex projective plane. Math. Phys. Anal. Geom.,
7(3):193-221, 2004.

I. Pacharoni and J. A. Tirao. Three term recursion relation for spherical func-
tions associated to the complex hyperbolic plane. J. Lie Theory, 17(4):791—
828, 2007.

I. Pacharoni, J. A. Tirao, and I. Zurridn. Spherical functions associated to
the three dimensional sphere. arxiv 1203.4275, March 2012.

P. Romén. Andlisis arménico de funciones matriciales, en el plano hiperbdlico
complejo. PhD thesis, Universidad Nacional de Cérdoba, 2007.

P. Roméan and J. A. Tirao. Spherical functions, the complex hyperbolic plane
and the hypergeometric operator. Internat. J. Math., 17(10):1151-1173, 2006.

I. Raeburn and D. P. Williams. Morita equivalence and continuous trace C*-
algebras. American Mathematical Society, 1998.

T. A. Springer. Linear algebraic groups. Modern Birkhduser Classics.
Birkh&user Boston Inc., Boston, MA, second edition, 2009.

J. A. Tirao. The matrix-valued hypergeometric equation. Proc. Natl. Acad.
Sci. USA, 100(14):8138-8141 (electronic), 2003.

J. A. Tirao. Spherical functions. Rev. Un. Mat. Argentina, 28(2):75-98,
1976/77.

W. van Assche. Rakhmanov’s theorem for orthogonal matrix polynomials on
the unit circle. J. Approx. Theory, 146:227-242, 2007.

G. van Dijk and A. Pasquale. Harmonic analysis on vector bundles over
Sp(1,n)/Sp(1) x Sp(n). Enseign. Math. (2), 45(3-4):219-252, 1999.

174



Bibliography

[Vil68]

[VKTS]

[VK93]

[VreT6]

[Wal73]

[Wan52]

[War72a]

[War72b]

[Zur0g)]

N. Ja. Vilenkin. Special functions and the theory of group representations.
Translated from the Russian by V. N. Singh. Translations of Mathematical
Monographs, Vol. 22. American Mathematical Society, Providence, R. 1., 1968.

E.B. Vinberg and B.N. Kimelfeld. Homogeneous domains on flag manifolds
and spherical subgroups of semisimple lie groups. Functional Anal. Appl.,
12:168-174, 1978.

N. Ja. Vilenkin and A. U. Klimyk. Representation of Lie groups and special
functions. Vol. 1,2,3., volume 72, 74, 75 of Mathematics and its Applications
(Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1991,1993.

L. Vretare. Elementary spherical functions on symmetric spaces. Math.
Scand., 39(2):343-358 (1977), 1976.

N. R. Wallach. Harmonic analysis on homogeneous spaces. Marcel Dekker,
inc., New York, 1973.

H.-C. Wang. Two-point homogeneous spaces. Ann. of Math. (2), 55:177-191,
1952.

G. Warner. Harmonic analysis on semi-simple Lie groups. I. Springer-Verlag,
New York, 1972. Die Grundlehren der mathematischen Wissenschaften, Band
188.

G. Warner. Harmonic analysis on semi-simple Lie groups. II. Springer-Verlag,
New York, 1972. Die Grundlehren der mathematischen Wissenschaften, Band
189.

I.N. Zurridn. Funciones esféricas matriciales asociadas a la esfera tridimen-
sional. Master’s thesis, Universidad Nacional de Cérdoba, 2008.

175






Index

Ap—reg, [T1] Spherical pair,

E*, [65] Spherical weight, [31]

)\Spha @

p-well, Three term recurrence relation,

Two-point-homogeneous space, 22|
Borel-Weil theorem,
Bottom of the p-well, Weyl vector,

Classical pair, Zonal spherical function,

Compact multiplicity free system,
Compact multiplicity free triple,

Elementary spherical function, [61]

Family of matrix valued orthogonal polyno-
mials,

Full spherical functions, [04]

Full spherical polynomial,

Fundamental zonal spherical function, [63]

Gel'’fand pair,

Isogeny,

Matrix valued polynomials,
Matrix weight,

Multiplicity free system,
Multiplicity free triple,

Reductive spherical pair, [I§]
Relatively open face, [I9]

Similar,

Space of u-spherical functions,
Spherical G-variety,

Spherical function,

177






Samenvatting

Speciale functies zijn innig verbonden met groepentheorie. Een exponent van deze verbin-
ding vinden we in de Jacobipolynomen die voor sommige parameters gerealiseerd kunnen
worden als matrixcoéfficiénten op compacte Liegroepen. De eigenschappen die Jacobi-
polynomen kenmerken, zoals orthogonaliteit, het voldoen aan een drie-terms-recurrente
betrekking en het optreden als eigenfunctie van een zekere tweede orde differentiaalopera-
tor, kunnen we bewijzen door de polynomen te interpreteren als functies op een compacte
Liegroep.

De Liegroepen waarop we Jacobipolynomen kunnen realiseren als matrixcoéfficiénten
komen met een compacte ondergroep, het zijn de compacte rang één Gel’fandparen (G, K)
van samenhangende Liegroepen G en K. De constructie van de Jacobipolynomen berust
in wezen op de kenmerkende eigenschap van een Gel'fandpaar (G, K), namelijk dat de
triviale K-representatie ten hoogste één keer voorkomt in de ontbinding van de beperking
van iedere irreducibele G-representatie tot K.

In deel één van deze dissertatie formuleren we een definitie die de definitie van een
Gel’fandpaar veralgemeniseert. Een multipliciteitsvrij systeem (G, K, F) bestaat uit twee
compacte samenhangende Liegroepen K C G en een verzameling F' van dominante gehele
gewichten voor K waarvoor het volgende geldt: (1) F is de doorsnijding is van alle domi-
nante gewichten van K met een relatief open facet van de gesloten positieve Weylkamer
van K en (2) voor elke irreducibele K-representatie met hoogste gewicht in F' geldt dat
ze met multipliciteit ten hoogste één voorkomt in de ontbinding van de beperking van
iedere irreducibele G-representatie tot K.

We bewijzen dat voor een multipliciteitsvrij systeem (G, K, F') het paar (G, K) een
Gel’fandpaar is. We classificeren vervolgens alle multipliciteitsvrije systemen op equiva-
lentie na, waarvoor (G, K) een rang één Gel'fandpaar is. Dit levert een lijstje op van
zeven wezenlijk verschillende gevallen en onder deze zeven gevallen zijn vier families. Bij
ieder element uit de lijst geven we een beschrijving van de toegestane verzamelingen F' in
termen van de dimensie.

Vervolgens beschrijven we een constructie van een familie van matrixwaardige polyno-
men voor ieder drietal (G, K, ) waarbij 4 € F en (G, K, F') een multipliciteitsvrij systeem
met (G, K) een Gel'fand paar van rang één en waarbij G niet van type Fy isﬂ Deze con-

1Enkele dagen voor het ter perse gaan van dit proefschrift ontdekten we dat er voor dit geval nog meer
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structie veralgemeniseert die van families van Jacobipolynomen voor zekere parameters.
We leiden allerlei eigenschappen af voor deze families: de polynomen in de familie zijn
oplossingen van een matrixwaardige hypergeometrische differentiaalvergelijking (vanwege
de Casimir operator), de polynomen in een familie zijn orthogonaal ten aanzien van een
matrixwaardig inproduct (vanwege Schur orthogonaliteit) en de polynomen in de familie
voldoen aan een drie-terms-recurrente betrekking waarvoor we de coéfficiénten uit kunnen
drukken in Clebsch-Gordancoéfficiénten (de ontbinding van tensorproductrepresentaties).

In deel twee wordt het voorbeeld (G, K, i) uitgewerkt met G = SU(2) x SU(2), K de
diagonale inbedding van SU(2) in G en p eender welk dominant geheel K-gewicht. In dit
geval kunnen we allerlei specifieke verbanden leggen met (C-waardige) speciale functies.
Veel van deze verbanden zijn vooralsnog nog niet begrepen op het niveau van de groepen.

facetten zijn dan alleen {0}. Helaas was er niet genoeg tijd meer om de analyse op de nieuwe putten uit
te voeren.

180



Dankwoord

Met genoegen kijk ik terug op vier-en-een-half jaar promotieonderzoek aan de Radboud
Universiteit in Nijmegen. Er zijn veel mensen die ervoor hebben gezorgd dat ik met zoveel
plezier kan terugkijken en een aantal van hen wil ik hier noemen.

ERIK, jouw tomeloze positiviteit was op veel momenten precies wat ik nodig had. Je
hebt mij veel geleerd over de wiskunde, de wiskundewereld en het doen van wiskundig
onderzoek. Ik ben erg tevreden over onze samenwerking en over de speciale functie die jij
daarin bekleed hebt.

GERT, de vergezichten die jij voor mij hebt opgetekend in het wiskundige landschap
zijn voor mij altijd heel inspirerend geweest. In het afgelopen jaar zijn we steeds meer
in gaan zoomen en uiteindelijk zijn we op de bodem van de put beland, iets waar ik zeer
gelukkig mee ben.

PABLO, you have played an important role in my mathematical life during the past
four years. I am very happy that our work has been so fruitful and I hope to continue
working with you for many years to come. Also, you and SILVIA have been great hosts for
me and LORIIN during our stay in Cérdoba. I can look back on a wonderful two months
in Argentina.

During my research I have had valuable discussions with mathematicians from all
over the world, either written or over a cup of tea, which gave me new insights, new
ideas and the feeling that my research was appreciated. In particular I want to thank
PROF. M. BRION, PROF. R. CAMPORESI, PROF. T. KOORNWINDER and PROF. J. TIRAO.

MARTIIN en ROBIN, ik vind het leuk dat jullie mijn paranimfen willen zijn. Verder
dank ik alle vrienden en familieleden die mij in de afgelopen jaren gesteund hebben in
mijn werk, zonder precies te weten waar het inhoudelijk nu precies om te doen was.

Deze kroon op mijn werk in Nijmegen, lieve LORIJN, zie ik schitteren dankzij jou.
Bedankt voor alles en alles, je bent zo belangrijk voor me.

Utrecht, oktober 2012

181






Curriculum vitae

Maarten van Pruijssen was born on the 4th of June 1979 in Oosterhout, the Netherlands.
He grew up in Oosterhout where he attended the Monseigneur Frencken College to obtain
his VWO-diploma in 1999. Two years later he began the studies of mathematics at the
University of Utrecht. In 2008 he concluded his studies with a master thesis on a subject
in the field of complex geometry.

Between 2008 and 2012 Maarten did his Ph.D. research at the Radboud University
under the supervision of Erik Koelink and Gert Heckman. His focus migrated from
geometry to the areas of special functions and Lie theory, fields of interest of both of his
supervisors. During his studies Maarten co-organized several student seminars. He also
taught a course for freshmen on dynamical systems and he was teacher in several exercise
classes. He also participated in three summer schools and he reported on his research on
various occasions.

After finishing his Ph.D.-thesis Maarten spent two months as a guest researcher at
the University of Cérdoba as a guest of Pablo Réman.

183



	Introduction
	Orthogonal polynomials
	Realization as matrix coefficients
	The spectral problem
	The general construction in a nutshell
	Applications and further studies
	This dissertation

	I The General Framework
	Multiplicity Free Systems
	Introduction
	Multiplicity free systems
	Inverting the branching rule
	Module structure

	Matrix Valued Polynomials
	Introduction
	Multiplicity free triples
	Spherical functions
	Spherical functions and representations
	Recurrence relations for the spherical functions
	The space of spherical functions

	Spherical functions restricted to A
	Transformation behavior
	Orthogonality and recurrence relations
	Differential operators

	Spherical polynomials
	Spherical polynomials on G
	Spherical polynomials restricted to A

	Full spherical polynomials
	Construction
	Properties
	Comparison to other constructions



	II The Example (SU(2)SU(2),diag)
	MVOPs related to (SU(2)SU(2),diag), I
	Introduction
	Spherical Functions of the pair (SU(2)SU(2),diag)
	Recurrence Relation for the Spherical Functions
	Restricted Spherical Functions
	The Weight Matrix
	MVOPs associated to (SU(2)SU(2),diag)
	Matrix valued orthogonal polynomials
	Polynomials associated to SU(2)SU(2)
	Symmetries of the weight and the matrix polynomials

	Matrix Valued Differential Operators
	Symmetric differential operators
	Matrix valued differential operators for the polynomials Pn

	Examples
	The case =0; the scalar weight
	The case =12; weight of dimension 2
	Case =1; weight of dimension 3
	Case =3/2; weight of dimension 4
	Case =2; weight of dimension 5

	Transformation formulas
	Proof of the symmetry for differential operators

	MVOPs related to (SU(2)SU(2),diag), II
	Introduction
	LDU-decomposition of the weight
	MVOP as eigenfunctions of DO
	MVOP as MVHGF
	Three-term recurrence relation
	MVOP related to Gegenbauer and Racah
	Group theoretic interpretation
	Group theoretic setting of the MVOPs
	Calculation of the Casimir operators

	Proof of Theorem 5.2.1
	Moments

	Bibliography
	Index
	Samenvatting
	Dankwoord
	Curriculum Vitae


