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Abstract

This report describes the states of indistinguishable particles by using
the representation theory of the symmetric group. The main research
question is why in reality there only seem to be boson and fermion states
for indistinguishable particles, while mathematically speaking there also
are the so called parastatistics as theoretical possibilities. To this effect
the last chapter proposes an argument against these parastatistics similar
to the one given by Alexander Bach (1997), which is based upon the
(im)possibility of extending n particle states to n + m particle states.
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1 Introduction

Around 1925 physicists came to realize that something like indistinguishable
particles existed [1]. The assumption of indistinguishability led, for example, to
a successful derivation of the entropy of a quantum system [3] (which is a mea-
sure of the number of possible states of a system), which illustrates the physical
relevance of the concept of indistinguishablility.

The effect of indistinguishability on the entropy is illustrated by the follow-
ing example: When one assumes two particles to be distinguishable, one can
label them for example as red and blue. In this case there are, as shown in figure
1, four ways to distribute these particles over two separate boxes: Particles red
and blue in the box on the left, particles red and blue in the box on the right,
particle red in the left and particle blue in the right or particle red in the right
and blue in the left. However, when we assume the particles to be indistinguish-
able we cannot label the particles. this means that there is no difference between
the last two possibilities for the two distinguishable particles. We therefore only
find the three possible ways to distribute the particles over the two boxes pic-
tured in figure 1: Two in the box on the right, two in the box on the left or one
in each. The fact that in the case of indistinguishable particles we find fewer
possibilities then in the distinguishable case now causes the entropy to decrease.

Figure 1: Distinguishable case (above) and Indistinguishable case (below).

This reasoning has a direct physical consequence. Namely, in the case of dis-
tinguishable particles the probability of finding both particles in a separate box
is one in two (under the assumption hat each distinguishable confiquration is
equally probable), whereas in the case of indistinguishable particles there is a
one in three probability.

In quantum theory the idea that there is no way to distinguish between two
identical particles leads to the following well-known (but incorrect) argument
about the state of n indistinguishable particles [9]:

We know that a state of n distinguishable particles, of which the first is in the
state 11, the second in the state ¥ etc., can be written as a linear combination
of elementary tensorproducts of these states:

V1 QY @+ @ Y. (1)



We write v(o) for the operator that permutes the n particles (permuting the
entries of the tensor product), according to 0. We find that the most general n
particle in which each each paritcle is in a certain state 1; is given by:

=3 Av(0)th @Y @ ® . (2)

oES,

For a state of n indistinguishable particles we now we argue that since the
particles are indistinguishable the physical properties should not change when
we permute two particles. From this we conclude that the state 1 should remain
the same after a permutation, hence for a permutation of two particles o we
find:

v(o) = A, (3)

with A an arbitraty phase. Since permuting two particles twice is not permuting
at all we argue that \ in equation (3) should satisfy A> = A\ and so should be
1 or —1. If we require the state (wave-function) 1 to be normalized we find
two solutions for the wavefunction . For the plus sign we find the boson state,
which is symmetric for the permutation of two particles:

¢=%ZU(U)¢1®¢2®'“®¢W (4)

€S,

Whereas for the minus sign we find the fermion state, which is antisymmetric
for the permutation of two particles:

e DI S CLCUE T (5)

oES

This reasoning, however, is not as clean as it may appear at first sight. The
statement that the physical properties should remain the same when two parti-
cles are permuted is by definition right. However, the conclusion that therefore
v(o) = 1 is false. Instead, the conclusion should be that the outcome of all
observables of n indistinguishable particles should remain the same. That is to
say that the equality,

Vo (U] aly) = @lv(e™ av(o) [¥), (6)

should hold for each operators a belonging to an observable of n indistinguish-
able particles. This means that the observables should intertwine with the action
of a permutation, so:

v(ic™Hav(o) = a, (7)

should hold for all for allowed observables, leaving the statement of equation
(3) empty.



To find the true states of indistinguishable particles [2] we should now find all
possible states for the subset of all allowed observables Ay, for n indistin-
guishable particles, which is by definition the subset of operators that satisfy
equation (7).

In contrast to most introductions to quantum theory this alternative reason-
ing takes the observables as a starting point instead of the states. This may
seem to be unconventional, but in physics one should reason from what one can
observe. One should first determine what the observables are and hereafter find
the possibilities for states to behave under these observables, and not the other
way around.

Chapter 2 will give an introduction to the formalism of quantum theory with
as a starting point a certain set of allowed operators A that commute with a
certain symmetry (unitary group representation). Using the well-known repre-
sentation theory of the symmetric/permutation group [14] reviewed in chapter
3, chapter 4 derives the possible states on this set of allowed operators for in-
distinguishable particles. This set of states will appear to have a much wider
range than only the boson and fermion states.

This leads to the question why it is that we only see boson and fermion states
in physics. Chapter 5 tries to answer this question by looking at the way that
a n particle state can be seen as a marginalised /extended n + m particle state.
It appears that the boson and fermion states are the only states that behave
‘nicely’ under adding and removing particles, as first suggested by A. Bach [7].

We analyse the marginalisation and extension by putting the set of operators
of n indistinguishable particles Agym, in a chain of the operators belonging to
the set of operators of n + m indistinguishable particles:

o CAsymn s C Asymnr € Asymn, € Asymnyy C Asymps €00 (8)
in which Agym,,_,. ignores the states ¢y, ¥n—1 -+, ¥n_m+1, whilst on the other
hand Agym,, ., acts on extra states ¥n 1, ¥ny2,  * , Vngm-

This paper assumes that the reader is familiar with linear algebra and rep-
resentation theory. In principle it should be readable without any knowledge of
quantum theory, but in practice it might be helpful.



2 The algebraic formalism of quantum theory

This chapter defines and characterizes the basic concepts of quantum theory
(without equation of motion), namely: observables, states, pure states and tran-
sitions, in a way fit for the discussion of indistinguishable particles to come.

2.1 Observables
2.1.1 Definition

An algebra A of operators (sometimes called a *-algebra) on a Hilbert space H
is defined by the following properties:

A C B(H),

acA—=a* e A,

a,be A—abe A, (9)
abeAand e C—a+Abe A,

Ie A

2.1.2 Definition

Given such an algebra of operators .4 we define the subset of observables as the
set of hermitian elements of A,

Ap ={a € Ala=a*}. (10)

2.1.3 Remark

Throughout this paper we will assume that the Hilbert space H is of the form
®Q"C™ for certain n,m € N. This automatically implies that H is finite-
dimensional, so that B(H) simply consits of all linear maps a: h — H.

2.1.4 Remark

An algebra of operators is automatically a vector space and the invertible ele-
ments of an algebra form a group. This also means that a subalgebra Ay C A;
is a linear subspace of A; and that the invertible elements of A5 are a subgroup
of the invertible elements of A;.

2.1.5 Definition

We say that an observable a € Ay, is finer than b € A4, if all eigenspaces of a are
contained in the eigenspaces of b. a € A, is a maximal measurement if there is
no finer operator in Ay,

2.1.6 Remark

Since dim(H) is finite each opperator can be refined to a maximal measurement..

2.1.7 Definition

The eigenspaces of the maximal operators of A are called the minimal eigenspaces

of A.



2.1.8 Lemma

When a € A;, we can write
n
a= Z Ai P, (11)
i=1

with A\; € R and the P; a projections on mutualy perpendicular minimal eigenspaces-
paces of A.

Proof:
This Lemma is simply the basic spectral theorem.

2.1.9 Definition

We call equation (11) a spectral decomposition of a.

2.1.10 Theorem

A set of operators on H is an algebra if and only if it is a set of intertwiners for
a certain unitary representation u 4 of a group G on H.

Proof:

Given a group G that acts on the space H. All operators in the set of all in-
tertwiners of this action satisfy the properties in equation (2.1.1) and therefore
form an algebra.

Now we prove the converse. We write the set of operators that commute with all
operators in A as A’ and denote the set of operators that again commute with
all operators in A’ as A”. The subset u_4 of unitary operators of A’ is a group.
This group induces a representation on H by simply applying the operator itself.
The set of intertwiners of this representation is now exactly A", which coincides
with A by the bicommutant theorem of van Neumann [16]. This means that if
we take the group to be u 4, the unitary operators in A" with the construction
above, the algebra A indeed consists of all intertwiners of u 4.

2.1.11 Remark

All sets of observables are the hermitian intertwiners of a certain symmetry
u_4. This result will be used throughout this paper to describe observables and
states.

2.1.12 Definition

Two irreducible subspaces U and U’ are called equivalent when there exists a
non-zero intertwiner ¢ between the two spaces. Two vectors ¢ € U and ¢’ € U’
are called equivalent when an intertwiner ¢ exists such that: ¢(¢) = 1)'.

2.1.13 Definition

Write X for some set of mutually perpendicular irreducible subspaces of the
representation u 4, {U;}, for wich H = @I ,U,.



2.1.14 Lemma
Any a € Ay, can be written as:

a= Z Au Py, for a certain X. (12)
UeX

Proof:

Since a € A, we have that a is an intertwiner of u 4 and so we find by applying
Schur’s Lemma [8] and the spectral decomposition from equation (11), that for
all irreducible subspaces U of u.4:

aly =Y NPilv = Aully. (13)
i=1

For equation (13) to hold for all U we find that a should be of the form described
in equation (12).

2.1.15 Remark

Lemma 2.1.14 states that the minimal eigenspaces of an algebra A are the
irreducible subspaces of u 4.

2.1.16 Lemma

The projections Py on irreducible subspaces of a representation u are intertwin-
ers of u.

Proof:

We write 1) = 11 + 1o, with ¢, € U and 105 € U+. We know that U' is an in-
variant subspace since U is irreducible. So we know that u(g)ys € UL and thus
Pyu(g)pa = 0. We also know that u(g)yy € U and thus Pyu(g)yr = u(g)ys.

Hence we can write:

u(g)Pup = u(g) Py (1 + b2) = u(g)yr = Puu(g) (1 + ¢2) = Puu(g)y. (14)
So Py is an intertwiner.

2.1.17 Proposition
The set Ay, is the set:

{ > APule R} . (15)

veX



Proof:

From Lemma 2.1.14 we know that all operators are of this form. On the other
hand we know from Lemma 2.1.16 we know that Py is an intertwiner of u .4
and so Py € A. Now we conclude that all elements in the set of equation (15)
are in the algebra, since A is a vector space. Because the elemenst in the set
of equation (15) are hermitian, since the subspaces are mutually perpendicular,
they are also contained in A;,. This proves that the set in equation (15) coincides
wiht Ay,

2.2 States
2.2.1 Definition

A state w is a functional: A, — R, with the following properties:

w(l) =1,
2 (16)
w(a®) = 0.
2.2.2 Remark
We use the so called Bra-ket notation in which:
[|¥|] =1, a norm one vector.
|v)) = 1, the vector. (17)

(| = 9™, the dual/conjugate vector.

2.2.3 Lemma

Any functional on Ay can be written as:

w(a) = Z)\z‘ Vil a i) (18)

Proof:

Any functional on an algebra of operators is linear in all entries of a matrix rep-
resentation of these operators. This means that all functionals can be written
as follows:

wla) =3 NijWilaly;), Aij€C. (19)
i=1j=1

Since a is hermitian we find that:

>3 s tilaligh = 303 v (wilalus) + wlalv:) )

i=1 j=1

n n 1
=553 Aoy (s + vl alui ) — (il al — il alvs) ).
i=1 j=1
(20)
Making the subsitution ¢’ = 1; + 1); we can write equation (20) in the form of
equation (18).

10



2.2.4 Definition

A density operator is an operator that satisfies:

Tr(p) =1
(p) 1)
Vyen (Y pl) 20
2.2.5 Proposition
All states can be written as:
wp(a) = Tr(ap), with p a hermit density operator. (22)

Proof:
Equation (18) can be written in a more illuminating form:

n

wla) =Y X (¥lalv;) =Tr (Z Ai [¥i) (il a) = Tr(pa), (23)
i=1

i=1
with .
p=>Nilw) (Wi (24)
i=1
Since w is a state we know by definition that equation (16) holds this implies:
Tr(p) = Tr(pl) = 1

(Wl plw) =T (plo) 01 ) =T (19) 012 0 (25)

Hence equation (21) holds. Futhermore equation (24) shows p to be hermit.

2.2.6 Remark

When we call a density operator p a state, we refer to the functional w as given
in equation (22). When we call a projection P a state we refer to the state
p= ﬁP. When in turn we call a linear subspace U a state we refer to the
state corresponding to the projection Py on this space.

2.2.7 Definition

For a € A, the value w(a) is called the expectation value and w(a?) is called
the mean squared value of the observable a. The experession w(a?) — w(a)? is
therefore the variance of the observable.

2.2.8 Lemma

The variance defined in Definition 2.2.7 is positive.

11



Proof:
The variance is given by:

w(a®) —w(a)® = w ((a — w(a)l)?). (26)

Where we used Definition 2.2.1 to say w(I) = 1. If we now substitute b =
(a—w(a)l) and again use Definition 2.2.1 to say w(b?) > 0, we see that equation
(26) and hence the variance is positive.

2.3 Pure states
2.3.1 Lemma

When {¢; | 1 <i < n} is a certain set of equivalent vectors as defined in defini-
tion 2.1.12 we find that ¢ = >"" | \;¢); generates again an irreducible subspace.
In other words taking the span of the vectors that are the outcome of a certain
group element applied to v is an irreducible linear subspace equivalent to the
one from which the 1; originateted.

Proof:
This is clear since the vectors 1; are equivalent with respect to the group action.

2.3.2 Lemma

For all unitvectors v in an irreducible subspace U of uy4 and a € A the values

(Wlalp), (27)

coincide.

Proof:
We use the spectral decompositionfrom equation (12) of a to rewrite equation
(27) as:

W@lalg) =" pu (W] Pule) (28)

Uex
Since we know from Lemma 2.1.16 that Py is an intertwiner we can conclude
from Schurs lemma that: Pyy = Ay, with ¢, a norm one vector equivalent
to 1; under the group action. So using the fact that P2 = P}, = Py we can
continue equation (28):

S s (17 ) (Rolo) )= 30wt 1) = X i (29)

veXx veX veXx

The right hand side of equation (29) is independent of the 1 € U and therefore
the same for all vectors within the same irreducible subspace.

2.3.3 Proposition
The set of all distinct states on an algebra A is the set:

{ZMUPU|,with ZuUzlandeEO}. (30)

veX veXx

12



Proof:
We know from Lemma 2.2.3 that each functional can be written as:

w(a) = Z)\i Vil a i) (31)

We can write each ; in equation (31) as a sum of vectors that lie in irreducible
subspaces to obtain:

Z)\i <Z wii | a Zﬂj¢¢,j> =
i=1 j=1 j=1
Z Z Xt (i 5 @l j) Z Z Z Aibjpgr (Wi,

i=1 j=1 i=1j=1j'#j

(32)

altijr) -

with all ¢; ; in an irreducible subspace U; ;. Equation (32) splits in the right
diagonal part and the right cross-term part. It follows from Lemma 2.3.2 that
instead of writing (v; ;| a|v; ;) we could just as well use another ¢ in the same
irreducible subspace U; ; as v; ;. In particular we could choose an orthonormal
basis 91,45, %2,4,5, "+ »¥k,i,; of U j, and write for each individual diagonal term
of equation (32):

1< 1
(Yiglalbij) == ; Yuiglalvig) = WTT(PUi,ja)- (33)

3

Now we consider the cross-terms. Let us restrict ourselves to one term in the sum
over the cross-terms: (1; j| a|t; ;). If we now use the spectral decomposition of
a we find for these individual terms:

D v (Wil Pu i) = Y vu (i PE) (P |4 ) (34)

veX veX

Since Py is an intertwiner we either find Py = sy’ with ¢’ € U equivalent
to 1, or zero. So we can continue equation (34) as follows:

Z VuKki,uk2,U <7//§,j,U| |wz{,j’,U>' (35)

veX

The innerproduct does not depend on U, since the vectors 1/1’ ;v with the same
i and j are equivalent and so are all 1/1 U for the same 1 and j. We may
therefore asume the inner product in equatlon (35) to be C; ;, and continue as
follows:
Z VU/fl,UHQ,UOi,j- (36)
Uex

13



Now we can choose two equivalent vectors 11 and 2, respectively, in the ir-
reducible subspace of ; ; and ; ;7. We have: (1| Py |¢2) = k1ukeuy and
therefore can continue equation (36) as:

Ci
Cij vy (1] Pu [2) = 2’] (Y1 + 2| a1 + 1)
Uex (37)

— (U alvn) — (el alye),
where ¥, and 1 respectively lie in the irreducible subspaces U; and Us, and,

as seen in Lemma 2.3.1, ¢ = 11 + 12 also lies in an irreducible subspace say Us.
Now we can rewrite equation (37) as we did in equation (33):

Cl‘,j
; mTr(PUla). (38)

This Means that the left-terms in equation (32) can as well as the diagonal
terms (as seen in equation (33)) be written as a linear combination of terms
of the form of equation (38). Since p is hermit and therefore can be writen as
a linear combination of projections on perpendicular eigenspaces, this implies
that every functional can be written as in equation (30).

2.3.4 Theorem

The set of all states on Aj, is a convex set with as extreme points the states Py .

Proof:
First we proof the set of states to be convex that is to show that each functional
on the line between two states is again a state. That is to say:

Awy + (1 — /\)WQ, (39)

is a state for all A € [0,1]. It is easily verified that the functional in equation
(39) satisfies the required condition in equation (16).

When p = ZUC Au Py with two Ay, and Ay, non-zero we also know from
equation (30) that both should also be smaller then one since the sum should
be one. We find that ther exists an € > 0 such that 0 < Ay, £ € < 1 and
0 < Ay, £ € < 1. Henc we find that p lies on the line between the states:

Z v Py + ()\U1 — E)IDU1 + (/\U2 + 6)PU2

UGX\{Ul,Uz}

and (40)
Z AvPy + ()‘Ul + 6)-PUl (>‘U2 ()‘Uz - E)PUT

UeX\{U.,Uz}

and is therefore not an extreme point.

Now consider a certain projection on an irreducible subspace Py.. We write
for Py:

Py = Z v Py (41)
UeX

14



Because of Proposition 2.1.17 Py € A so we may apply the state of equation
(41) to this observable Pys. Taking the trace with Py of the left hand side of
equation (41) results in one and so taking the trace of Py, with the right hand
side should also result in one. This can only hold if Ay = 1 and therefore all
othere \yy = 0. Meaning that the equality of equation (41) can only hold if the
right hand side is equal to Pys and hence this is an extreme point.

2.3.5 Definition

We call the extreme points of the set of states the pure states.

2.3.6 Corollary

As an immediate consequence of Theorem 2.3.4 we find that the pure states
are in bijective correspondance with the projections on irreducible subspaces
for Uy.

2.3.7 Corollary

We also find from the result of Lemma 2.3.2 that all projections on subspaces
of irreducible subspaces are also pure states (namely the same pure state as the
projection on the whole irreducible subspace).
2.3.8 Definition
If we write the decomposition of w in pure states:

w= > APy (42)

Uex

We call the \y the weight of Py in the decomposition of w. If Py has a weight
Ay > 0 it is said to be contained in the decomposition.
2.3.9 Remark

Note that the weight Ay in which Py is contained in the decomposition of a
certain state should ba a real number between zero and one to satisfy equation
(21).

2.3.10 Proposition

A state w is pure if and only if there is a maximal operator a € A}, as defined
in Definition 2.1.5 for which the variance is zero.

15



Proof:
We can write for the spectral decomposition of @ and a?:

a = Z )\UPU,

veX

02 = Z )\%JPU,

veX

(43)

where all Ay difer. The variance of the observable a for the state ), ex: Au Py
is zero if and only if:

w(a)? = w(a?)
(T‘I‘( Z rI‘I‘?;[/J/)PUI Z)\UPU>> :TI‘< Z T%PU/ Z )\%]PU>

UeXx’ UeX Urex’ Uex .
2
AU/ ) 2 < )\U/ >
g Te(py) Tt =2 Tr(Py Py
(Uze;( UU;{,<TT(PU,) (PyPyr) ) Uze;( U U;{, Te(Py) (PyPyr)
(44)

If we write Cy for the outcome of the sum over the U’ we can write the equality
of equation (44) as follows:

2
<Z )\UCU> =) A\ Cu. (45)
Uex Uex

We know from remark 2.3.9 that Cy should be a positive number and the sum
over this Cy should be one, hence the equality can hold if and only if there is
only one Cy that is non-zero And this is the case if and only if

X (), g

is zero for all but one U, say only non-zero for U;. This implies that we should

have that >, c Tr?}g;/) = ’I‘r(}’UI)PU This means that the state should be

Py, , which is a pure state.

1.

2.3.11 Example

If we assume no symmetry that is to say we have the algebra of intertwiners
of representation of the group is {e} which is I. We find, since all operators
intertwine with the identity, that A, is the set of all hermitian operators on
H. The irreducible subspaces of this representation are all one dimensional
subspaces, Cty. The set of pure states is therefore:

{Py|veH} (47)

2.4 Transitions
2.4.1 Definition

We define the set of pure states J(a) belonging to an operator a as all states P;
that are projections on minimal eigenspaces contained in the spectral decompo-
sition of a.

16



2.4.2 Definition

States are functionals on operators but the operators also act on the states.
Namely, a acts on a state p as follows:

a:{w} = {f:J(a) = [0,1]}
ap) = (48)
f(3) = Te(Pip)
2.4.3 Proposition
The function a(w) = f defined by an operator a as in Definition 2.4.2 is a prob-
ability distribution on J(a).

Proof:
First we verify that f(j) is positive for all j € J(a). By writing P; = > [¢:) (¢4,
for some orthonormal vectors v;, we find:

1) =)= T @ ! (49)

Since we know form Proposition 2.2.5 that (| p|¢)) > 0 we find f(j) to be
positive.

Now we prove that Z;’L:I f(j) = 1. Because a is hermitian the minimal eigenspaces
are mutually perpendicular and so:

S nf() = ET (Pjp)z T ; Pp| =1 (ﬂp): W) =1 (50)

j=1

2.4.4 Definition

We call a(p)(j) the probability of a transition from the state p to the state P;
after applying an observable a:

a(p)(j) = plp = P;). (51)
A transition p — P; is said to be possible if P(p — P;) is non-zero for a certain
observable a € Aj;, and impossible if the probability is zero for all observables
a € Ap.
2.4.5 Definition
When the transition to P; occurs after conducting the observable a we call the
A; in the spectral decomposition of a the outcome of the observable.

2.4.6 Remark

The probability that a state p, that contains Py in its decomposition with weight
Ay, transits to the pure state Py after applying the observable Py is exactly
the weight \y.

17



2.4.7 Lemma

Two inequivalent irreducible subspaces are perpendicular.

Proof:

Since Py is an intertwiner we find from schurs lemma that Py|y is zero if
U £ U'. Therefore PyU’ = 0, hence U L U’.

2.4.8 Corollary

We find from Lemma 2.4.7 that if H = @] ,U; all irreducible subspaces U
are genarated by a 1 that is a linear combination of equivalent vectors in the
irreducible subspaces U; ~ U. In other words we find that the new constructed
irreducible subspaces in Lemma 2.3.1 are all irreducible subspaces.

2.4.9 Proposition

When a system is in a state U a transtition to a state U’ is possible (non-zero
probability) if and only if U ~ U".

Proof:
Recall from Definition 2.4.4 that the probability for a transition is given by:
1
U—U)=—==Tr(PyPy |. 52
pl ) Tr(Py) r( v U) 52)

When the two subspaces are inequivalent and therfore by Lemma 2.4.7 perpen-
dicular this probability is zero and therefore impossible.

When two spaces are equivalent, we can take two equivalent vectors ¢ € U and
' € U’ and construct the irreducible subspace U” generated by %(@/} + ),

as was done in Lemma 2.3.1. This U” is non-perpendicular to both U and U’,
thus Tr(Py Py~ ) and Tr(Py: Py ) are non-zero. Hence a transition via the state
Py has a non-zero probability and is therefore possible.

2.5 Marginalisation & extension
2.5.1 Definition
Given a chain of algebras in which the previous is contained in the others:
A1l C A C A3 C - (53)

A i-step marginalisation of the algebra A, is a projection M? that projects A,
on the linear subspace A,,_;. The marginalisation of a state w to a marginal state
M} (w) is defined as the functional w restricted to the operators in M%(A,,) =
A,_;. A pure state is said to have a pure i-step marginalisation if the state is
also pure when restricted to A,,_;.

2.5.2 Definition

An i-step extension of a state w € A, is a state E!(w) = w’ € A, such that:
w = M}(w'"). An i-step extension of a pure state is called a pure extension if it
is pure on A, ;.

18



2.5.3 Remark

In contrast to a marginalisation an extension is, in general, not unique.

2.5.4 Definition

A pure state w on A, is called expandable through the chain of algebras in
equation (53), if all i-step marginalisations are pure and there exist pure i-step
extensions for all 7. The chain of pure states via which a state expands is called
the path of the expansion.
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3 Representation theory of the symmetric group

This chapter summerizes the representation theory of the permutation group,
which is essential for the theory of indistinguishable particles.

3.1 Representation of the symmetric group
3.1.1 Definition

We define the representation v of S,, on ®"H by permuting the vectors within
the entries according to o. When we apply v(0) to ¥ = Y1 @ 2 ® « - @ 1, we
permute each vector ¢; € H in the i’th entry of ¢ to the entry o (7).

3.1.2 Example
v(1,2)1h3 @ 11 @ thy = h1 @ b3 ® 1y (54)

3.1.3 Definition

Construct Hg, C ®@"H as follows: Take n arbitrary unit vectors in H: 1,19, -+ , ¥n.
Now construct Hg, as the linear space generated by the representation v of S,
defined in Definition 3.1.1 starting with 1 @ Yo ® - -+ ® ¥y,

If the vectors 1,9, -+ ,1, are linearly independent, wel call the set:

@)1 @2 @ @Yy, | 0 € S}, (55)
the standard basis of Hg,, .

3.1.4 Definition

We call the vectors 1,9, -+ , 1, from which Hg, is constructed in definition
3.1.3. The individual vectors.

3.1.5 Definition

Another group action w of S, on Hg, can be defined on the standard basis
vectors defined in Definition 3.1.3 as follows:

w(o)h @Y @ @ Pk = Vo (s) @ Vo) @ @ Yo (i) (56)

This automatically defines a group action on all vectors in Hg,,.

3.1.6 Example
u(1,2)3 @ Y1 @ Py = 13 @ 1Py @ 11 (57)
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3.1.7 Lemma

If the n vectors chosen in Definition 3.1.3 are linearly independent, the rep-
resentations u and v of S,, are the (unitary equivalent) right and left regular
representations on Hg, respectively.

Proof:
Hg, is the vector space with as a basis:

{u(@)r @2 ® - @Yy |0 €S} ={e, |0 € S,}
()1 @Yy @ @Y, |0 € Sy} ={ds | 0 €S}

u and v now act on this space as:

U(Jl)ea = €50,

59
'U(O'/)do- = do.o./—l, ( )

which make it the right and left regular representation.

3.1.8 Corollary

We conclude from Lemma 3.1.7 that the representations u and v are unitary
equivalent, since an isomorphism ¢ is given by:

¢(es) = dor (60)

3.1.9 Lemma

The group actions v and u of S, on Hg, commute. This means that each u(o)
is an unitary intertwiner on Hg, for the v representation of S, and vice versa.

Proof:
This follows from the fact that relabeling the entries does not affect the relabel-
ing of the states within these entries.

3.2 Irreducible subspaces of the regular representation
3.2.1 Definition

Let A1 be a partition of n, that is, \y = (k1, ke, -, k), k1 Z ke = -+ 2 K
and Y k; = n. This defines a new partition Ay = (¢1,¢2,-++ ,¢) of n by ¢; =
#{kj € A1 | k; —i > 0}. One can picture these two partitions by a diagram of
n boxes with decreasing length of rows, called a tableau. Here A; indicates the
length of each row and A, indicates the length of the columns.
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3.2.2 Example

Figure 2: Young tableau beloning to A1 = (5,4,1) and Ay = (3,2,2,2,1).

3.2.3 Definition

We call the number of boxes of a tableau the size of a tableau.

3.2.4 Definition

When we fill a tableau of size n defined in Definition 3.2.1 with the numbers
1,2---,n, we call it a Young diagram Y; of form t. We construct the vector
vy, € Hg, belonging to a Young diagram Y;, with ¢ of size n, by placing the
entries of the n-fold tensor product with 1,19, -+ , 1, chosen in section 3.1.3,
in the in the same order the the numbers 1,2--- ,n occur in Y; from left to
right and from top to bottom. On the other hand, we construct Y ; the Young
diagram Y; belonging to a standard basis vector ¢ of Hg,_ defined in Definition
3.1.3 by placing the numbers 1,2,---  n in the boxes from right to left and
from top to bottom in the same order as the vectors ¥, s, - -+ , %, occur in the
tensorpoduct.

3.2.5 Example

Let Y be the Young diagram:

1] 3
2
We then find:
Yy =P @ Y3 ® Pa. (61)

Vice versa we would regain Y from 1y if we set ¢ to be the triangle.

3.2.6 Definition

Each Young diagram Y; defines two subgroups of S,, (depending on Y;). Let
K be the subgroup of S, that only permute numbers in the same row of the
Young diagram and let G be the group that permutes the numbers in the same
columns. This defines two projections:

Py = #LK 3 u(o), (62)

ceK

22



Pg = # Z sgn(o)u(o). (63)

ceG

Write:
Py = Ay Pg Pk, (64)

in which Y stands for the Young diagram defining the subgroups K and G and
Ay 1s scalar that renormalizes.

3.2.7 Example

For example, let Y again be:

Then we find:

Py (1 @12 @3) = %(7#1 R1h2 @ Y3+ 1P @11 D3 — 3 DY @11 — Y @P3RY1).
(65)

3.2.8 Definition
We denote the linear span:

L {waw | ¥ a standard basis vector of Hg, and ¢ of size n} , (66)
by Us.

3.2.9 Theorem

The set of all Uy, contains all inequivalent irreducible subspaces of Hg, . If all
vectors 11, s, - - - , ¥y, that define Hg are linearly independent, then all U, are
mutually inequivalent and all irreducible subpsaces of \S;, occur.

Proof:
We show that the set of all Uy is precisely the set of inequivalent irreducible
subspaces of the regular representation. In case that i1, -+ , 1, are indepen-

dent this is Hg, . The general case can be obtained from this result.
First of all we note that Py, ,1 generates Uy:

U(U)PYW?ﬁ = u(U)PGPKw = PYu,(a)w,tu(U)w = Pszytwl- (67)

The 9’ of equation (67) are all standard basis vectors of Hg,, therefore these
vectors in equaiton (67) span the whole space Uy.
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We now use an operator k¢, beloning to a standard basis vector ¢ of Hg, and
a tableau ¢. This Ky acts as follows on a standard basis vector ¢’ of Hg, .
It first applies the Pk, defined in Definition 3.2.6, with K’ the subgroup that
preserves the elements in the row of Yy ;. Secondly, it applies the Pz, defined
in section 3.2.6, with G the subgroup that preserves the elements in the column
of Yy ;. The first thing that we note about sy is that it is completely defined
by linear combinations of u(c), hence:

Kyt (X) C X, for all invariant subspaces X. (68)

Now we will show that the image of £y is the linear span of the vector Py, 1.
If K’ would contain a permutation (4, j) that is also contained in G, the function
Kyt would take it to zero, since G antisymmetrizes the ¢ and j and K’ sym-
metrizes ¢ and j. This means that if the result would be non-zero, K’ can only
contain one element per column of Yy, ;. We also have that K has cycle lengths
that are equal to the partition A\; defined by the tableau ¢. Since G permutes
elements within the columns, this implies that there is an operator

T= l_Iu(cri)7 with all o; € G, (69)

=1

for which 7K" = K with K the subgroup defined by Yy ;. But this means that
Py = £ Pk. It follows that:

Ky = P Pgy = +Py, . (70)

This implies that Py, 9’ is either zero or equals +Py, 1. Since Py, ,1) gener-
ates the irreducible subspace U; we obtain from equation (68) that

U C X or Uy LX. (71)

This implies that U; does not contain a strict invariant subspace X, therofore
U; is irreducible.

We now show that the U; are distinct. When two Young diagram Y; and Yy
have different forms (¢ # t'), there have to be two numbers i and j occurring in
the same column of Y; and in the same row of Yy (or the other way around).
This implies that there are for all Py, ¢y, and ny// ’(ﬂyfl/ ther are ¢ and j such that
we find that one is symmetric under u(i, j) and the other antisymmetric. This
implies that one can not find an intertwiner and hence that all U; are mutually
inequivalent.

We can also show that these U; are all non-equivalent subspaces.The number
of subspaces U; is the number of partitions of n, which in turn is the number
of conjugate classes of S,, and therefore the number of inequivalent irreducible
subspaces of S,,. A more detailed proof can be found in [4] and more about the
conjugacy classes of S, can be found in [8].

3.2.10 Definition

When some irreducible subspace of S, is equivalent to U, we denote it by Urp.
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3.2.11 Corollary

Because of Theorem 3.2.9 every irreducible subspace equals some Ur.

3.2.12 Definition

A Young diagram in which the numbers are increasing in each row as well as in
each column is called a standard Young diagram.

3.2.13 Lemma

The linear span of {Py,vy, | Y; standard} equals U;. If the 91,49, - 1, in
section 3.1.3 were chosen to be independent, this set would ba a basis for Uy;.

Proof:
The proof of this well-known result is quite elaborate and can be found in [15].

3.2.14 Proposition

If the vectors in Definition 3.1.3 are linearly independent, Hg, can be decom-
posed as a direct sum of irreducible subspaces isomorphic to the U; defined
in Definition 3.2.8 with multiplicity equal to the number of standard Young
diagrams of form ¢, that is,

HSn = Dstandard YtUT' (72)

Proof:

This follows from using the results of Lemma 3.2.13 and Theorem 3.2.9 and
the fact that the regular representation contains all irreducible subspaces with
multiplicity equal to the dimension of the irreducible subspace.

3.2.15 Remark

If the n vectors in Proposition 4.1.1 were not linearly independent then Hg,
can still be decomposed into irreducible subspaces isomorphic to the Uy, but the
multiplicity of these spaces is in general not given by the number of standard
Young diagrams of that form.

3.2.16 Example

If 41,99, 93 are linearly independent, the representation u on Hg, is the regular
representation of the group Ss. Hg, can therefore be decomposed as the direct
sum of subspaces equivalent with the U; corresponding to the three possible
tableaux belonging to the partitions of 3, with multiplicity equal to the dimen-
sion of the subspace:

L] [
I
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The tableau with only one row and the tableau with only one column have
one and the triangular tablau has two possibilities to fill it with 1,2, 3 to make
it a standard Young diagram. This means by applying Lemma 3.2.13 that the
multiplicity of U; with ¢ the tableau with only one column or row is one and for
t the triangular tableau it is two.

3.3 Representation of subgroups
3.3.1 Definition

The representations u and v of S,, on Hg induc unitary representations u and
v of S,,_1, respectively, simply by restricting to the subgroup S,_1 C 5, of
elements that leave the number n fixed. The same goes for S,,_s, S,,_3, etc.

3.3.2 Theorem

Each space Ur as defined in Definition 3.2.10 contains an irreducible subspace
U of S,—1 at most once and exactly once if and only if for the two partitions A
and X', as defined by the tableau ¢ and ¢ ,we have X' = (ky,--- , ki —1,- -+ , kp),
with A = (ky, - ki, kn)-

Proof:

We prove the claim for U;. The case for general Ur follows from the fact that
Ur ~ U;. If one can omit the last entry in the i’th row to obtain a tableau #’,
we definie an operator ¢,; on the basis vectors { Py, 9y, | Y; standard} defined in
Definition 3.2.13. If we write Y’ for the tableau given by Y; with the last box
in the i’th row removed, ¢; acts on the standard basis vectors as:

Py ipys iff n stands in the i'th row,
¢i Py, by = (73)
0 iff n does not stand in the 7’th row.

It is not hard to see that ¢; respects the action of all u(c), with o € S,,_;. We
therefore find that ¢; is an intertwiner of the representation of the group S,_1.
We also know a basis of the image of ¢;: {Py 1y | Y’ of the form t'}, which is
Uy . Therefore, U; contains a subspace that is equivalent to the subspace Uy.

To prove that U; is exactly the direct sum of all these Uy with multiplicity
one, we show that the dimension of the subspaces Uy combined is the same as
the dimension of U;. From Lemma 3.2.13 we know that this can be done by
comparing the number of standard Young diagrams of form ¢ with the sum of
the numbers of standard Young diagrams of the forms ¢, which are all possible
tableaux obtainable from ¢ by removing a box.
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To show that these two are equal notice that the number of all standard Young
diagrams of form ¢ is the sum over all places in which the number n can stand
of all possiblilities to futher fill in the tableau to a standard Youngdiagram
starting with the number n in this box. The number of ways to futher fill in
a tableau with the number n in a certain box equals the number of standard
Youngdiagrams of a tableau ¢’ that is ¢ with the box in which the number n
stands is removed. This implies that the number of standard Youngdiagrams of
all ¢’ is equal to the number of standard Youngdiagrams of t.

3.3.3 Remark

Theorem 3.3.2 is equivalent to the following statement: an irreducible subspace
Ur of S, contains an irreducible subspaces Up: of S,_; at most once, and
exactly once if and only if ¢’ is obtained from ¢ by removing one box of ¢.

3.3.4 Remark

The containment of the representation of the subgroup as described in Theorem
3.3.2 can be pictured as in figure 3.3.4, in which each upward arrow means:
"being contained in’.

o {7
\_/ \I/Hj\/E

mi\/F\/ﬁ
an d
N

t
0

Figure 3: containment of subrepresentations [13]
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3.3.5 Definition

To each upward path from () to a certain tableau ¢ in figure 3.3.4, we can
assign the unit vector in Ur that simultaneously lies in all irreducible subspaces
corresponding to the tableaux on this path.

3.3.6 Proposition

The vectors that correspond to all paths upwards to a certain tableau ¢ form an
orthonormal basis for Ur.

Proof:

When 7 and 5 in H correspond to two different paths upward to ¢, the path
of 11 passes through at least one n-sized tableau through which the path of 5
does not pass. This means that /7 is contained in a subspace that is inequivalent
and therefore perpendicular to the subspace in which 5 lies. We also have that
the number of upward paths is equal to the number of standard Young diagrams
of form ¢. This means that the set in question is an orthonormal basis.

3.3.7 Definition

We call the basis consisting of the vectors in Proposition 3.3.6 the Yamanouchi
basis of Ur.
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4 Indistinguishable particles

This chapter uses the theory described in chapter 2 and chapter 3 to derive the
pure states and marginal pure states of indistinguishable particles.

4.1 States of indistinguishable particles
4.1.1 Definition

We define the algebra of n indistinguishable particles Agsym, to be the subset
of all operators that act on @™ H that commute with the representation v of .S,
defined in definition 3.1.1.

v(ieHNav(o) = a > a € Agym. (74)

4.1.2 Remark

Definition 4.1.1 has constructed an algebra that is ivariant for a permutation of
paritcles v(o).

4.1.3 Lemma

We can write Eqyn 1 B(®"H) = Agym,,, as the conditional expectation onto
the subalgebra Ay, as follows:

1
Egym(a) Z3, Z (o~ Hav(a) (75)
oceS,
Proof:
It is easily verified that Ey,, is norm one since Ejy,,(I) = 1. It is also not too
hard to show that Egym = Fgym. This implies that E,,, is indeed a conditional

expectation. We now need to show that Ey,, indeed maps onto Agy,. We find
for every intertwiner, a, of v:

1

Esym(a) = Ty

> v(eHav(o) =

oEeS,

We also find that each E,,,(a) is an intertwiner:

1Sn Z ’U((O’O’l)il)aU(UU,) = Esym(a)' (77)

g€Sy

U(O’lil)Esym(a)v(a’/) =

#

This proves that the map Egy, is indeed onto Agym,, -

4.1.4 Theorem

All pure states of n indistinguishable particles with certain individual vectors
are given by the irreducible subspaces Up from definition 3.2.10

29



Proof:
This is simply applying Corollary 2.3.6 and Theorem 3.2.9.

4.1.5 Remark

From now on for simplicity we wil restrict ourselves to states the are irreducible
subspaces contained in a certain Hg,, .

4.1.6 Example

Following Remark 4.1.5 we will for example discard the pure state that projects
on:

V1 @ Y2+ 12 @Y1 + Y3 Qs + Y4 QY3 ¢ Hg,,, (78)

with ; in irreducible subspaces of d. But we do consider:
Y1 @ P2+ P2 @Yy C Hg,. (79)

4.1.7 Remark

We can obtain the case of equation (78) by considering the linear combination
of two vectors of the form of equation (79). In general all states can be seen to
be linear combinations of states within certain Hg,. Meaning that results can
be generalized from Hg, to the whole @™ H.

4.2 Some properties of pure states
4.2.1 Definition

A state Ur corresponding to a tableau t that has only one row is is called
bosonic. A state that corresponds to the tableau that has only one column
is caledl fermionic. The remaining pure states are called parastatistic. For a
further classification of parastatistics see [11] and [12].

4.2.2 Remark

The fermion and boson states are the only states that are also pure for distin-
guishable particles (A = B(Q"H)).

Proof:

The analysis of the number of standard Young diagrams gives that the only
one-dimensional irreducible subspaces are given by the one row and one col-
umn tableaux. As seen in Example 2.3.11 these are the only states in which
distinguishable particles without a symmetry can be.
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4.2.3 Example

We can continue Example 3.2.16 to find the inditinguishable states of 3 particles
with the three linearly independent individual vectors vy, 2 and 3. It can
be seen from Lemma 2.3.1 that there an infinite number of ways to choose
the two irreducible subspaces that correspond to the triangle and only one for
the tableau with only one row/column. This means that we find one state
corresponding to the tableau with only one row, one state corresponding to the
tableau with only one column and infintely many states corresponding to the
triangular tableau.

4.2.4 Lemma

The bosonic and fermionic states for n indistinguishable particles with specified
individual vectors are unique.

Proof:

The bosonic and fermionic states correspond with a projection on a one di-
mensional subspace. Since the regular representation contains each irreducible
subspace as often as its dimension we find that Hg, contains the given irre-
ducible subspace at most once and therefore is uniquely defined.

4.2.5 Proposition

Indistinguishable particles in a state Ur can transit to another state Ups if and
only if t =t/

Proof:
Realizing that Up ~ Uy if and only if ¢ = ¢/, this is just a reformulation of
Proposition 2.4.9.

4.2.6 Proposition

If n particles are in a state Ur C Hg, and t is a tableau with ¢ columns, then
one can have a maximum of ¢ equal individual vectors.

Proof:

Assume there more than ¢ individual vectors were the same. We prove that the
state Up, in which ¢ has ¢ columns, is the subspace {0}. The representations u
and v are equivalent on Hg,, so we could just as well prove that the irreducible
subspace U; ~ Ur of the representation u is {0}.

Having more then ¢ equal individual vectors means that we have chosen the
vectors in Definition 3.1.3 such that ¢y = 1y = -+ = g41. If t only has ¢
columns, two of the numbers 1,2,--- ;¢ + 1 will occur in the same column, say
¢ and j. This means that the vector in Ur corresponding with this Young di-
agram should be minus one times itself when w(é,j) is applied. On the other
hand, v; = 9; would imply that the vector should remain the same under this
permutation. So this vector is zero. This implies that Uy only contains the zero.
Though Ur = {0} does not have the required trace 1 propery of Definition 2.2.1,
since Ppoy(I) = 0, therefore this is not a state.
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4.2.7 Remark

For the case of a fermionic state, one obtains the Pauli exclusion principle [9]
from Proposition 4.2.6.

4.3 Marginal states
4.3.1 Definition
Define the subset M (Agym, ) of operators of Ay , as all operators of the form:

m

> Eym (a Ra,® - QI®---® a> with ¥, ja;, ¢, = 0.  (80)
i=1

4.3.2 Definition

Call the hilberts space H' C ®™H the linear space that is the direct sum of the
linear spaces of the form:

Yy @Yy @CPy @ - @Yy, (81)

with 1, occuring in one of the entries of the tensor product.

4.3.3 Lemma

M (Asym,,) as defined in Definition 4.3.1 is an algebra that acts on the space H’
defined in Definition 4.3.2

Proof:

It is easily verified that all a € M(Agym,,) map all vectors in H’ to a vector
in H'. We now only need to show that the set M (Agym, ) satisfies the four
properties on an algebra stated in definition 2.1.1. Only the third point is non-
trivial. We need to verify that ab € M(Asym, ) when a,b € M(Agyn,, ). This
composition is the sum of terms of the following form:

(@i, ®ai, @ QL © - ®a;,) (b, @b, ®--- QL @--- @ bj,) (82)

If | = k equation (82) has the required form to be in the algebra. If k # [ then if
one evaluates this operator for an arbitrary vector ¢» € H’ it returns zero, since
we have a;,b;,9, = 0 for all 7,j,¢. This means that the operator in egaution
(82) is zero on H' and therefore in the algebra. Now the general case follows
from taking the sum of terms of equation (82).

4.3.4 Definition

We call the algebra M (Asym, ) from Definition 4.3.1 the marginal algebra men-
tioned in Definition 2.5.1 with respect to v,. The algebra can be further
marginalized by putting in an extra identity and ignoring v, —1.

4.3.5 Lemma

The identity I in equation (80) can be chosen to be in the last entry.
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Proof:
We show that an arbitrary operator with the identity in the i’th entry is the
same as a certain operator with the identity in the last entry:

ZEsym<ai1"'®H®"'®ain>

i=1

:i 1 ZU(U—l) ai, QL@ ®a;, |v(o)
i:l#S” K "

ocES,

=3 g5 3 o i (@10 o, Jolimn(@) s
i=1 " seS,

:Z#IS Z 'U(O'/_l)<ai1"‘®ain®"'®H)U(JI)
i=1 "

o'€Sn
:ZESym<ai1"'®ain®"'®ﬂ>~
i=1

4.3.6 Lemma

The space M (Asym, ) is precicely given by operators of the form:
1< ,
== j Dw(i 84
a=— ;U(l7n)(a ®@ Do(i, n), (84)
where @’ € Ay, , acting on @1k,
Proof:

From Lemma 4.3.5 we know that the identity can be chosen in the last entry.
Now applying Fs,,, and separating S,_1 and S, \S,—1 gives:

Eoym | D05 ®aj, @+ @1 | =
=1
’ (85)

#g Z + Z v(e™h) Zaj1®aj2®-~-®1[ v(o).

0€Sn—1  0E€SR\Sn-1

Realizing that elements of S, \S,_1 consist of the elements of S,,_; composed
with a permutation of the form (i,n), with i # n and that (n,n)S,—1 = Sp—1,
we can rewrite equation (85) as,

i;v(im)#;n_l Ue;ﬁ v(o™t) jz::lajl ®aj, ® -1 | v(o)v(i,n). (86)

Since the sum over S,,_; and the multiplication by #Si—l projects on Agym,,_,,
we obtain an operator a’ € Agym, ,. Finally, we find:

1
- Z v(i,n)(a’ @ D (i,n),with @’ € Agym,_, on @ . (87)

1<i<n
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On the other hand we find that if o’ € Agym, , that the operator stated in
equation (84) is indeed in the algebra Agym,, -
4.3.7 Proposition

the algebra M (Agym, ) is isomorphic to Agym, ,. In the sense that there is a
bejective map ¢ that satisfies:

o M(Asymn) - Asymnfl

o(a)p(b) = H(ab) (88)

Proof:
We use Lemma 4.3.6 that all opperators in M (Asym,, ) have the form of equation
(84) this gives us the following isomorphism:

o : M(,Asymn) — Asymn 1

¢ (:L Z U(i, n)(al ® ]I)U(’L, ’I'L)) —da (89)

i=1

Since Lemma 4.3.6 states that a’ € Agym, ,, ¢ is well defined. Futhermore it
is easily verified that ¢ is indeed bijective.

Keeping the argument made for equation (82) in mind we find that:
liv (a' ® T)v(i,n) lzn:v(z n) (b @ Dv(i,n)
"= i , ,
( Z (a'V @ T)u(i, )) .

Which proves that ¢(a)p(b) = ¢(abd).

(90)

3\'—‘

4.3.8 Definition

Inspired on Proposition 4.3.7 we call the marginalisation M of Ay, a marginal-
isation to n — 1 particles.

4.3.9 Theorem

The pure states of M (Agym,, ) are given by the projections on subpaces of the
form U’ @ Ct,,, with U’ an irreducible subspace of S, _1. So for all pure states

w:
1
w(a) = ——Tr| aPy- . 91
(@) Tr(Purgcy,) < U®Cw") o)
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Proof:
Because of Lemma 4.3.6 we know that a functional on a € M (Agym, ) can be

. ’ . .
regarded as a functional on the % in the expression:

a= % Z v(i,n)(a’ @ Dv(i,n). (92)
1=1

As was shown in Theorem 4.1.4, the pure states on the a’ which form the
set Agym,_, acting on @™~y are given by projections Py on irreducible
subspaces of S,_1. The only thing we have to show is that the functionals
defined in equation (91) are precicely these pure states on the a’. This follows

from the fact that ¢, should be in the last entry to give a non-zero outcome:

L (Z o(i,n)(@ ® T n)Pmcwn)

Tr(Puecy,) \i=

1

= T ") Py .
n - Tr(Pugcy, ) r((a 1) U®Cw">

(93)

Now we realize that since 1), is bound to be in the last entry, we could just as
well omit the last entry. This gives the desired pure state:

1 1

Wﬂ (na’PU/> . (94)

4.3.10 Remark

As we could have expected, the states on M (Asym, ) are precicely the states on
Asym,, ., since M(Agym,,) = Asym,,_,-

4.3.11 Definition

When we call Upr with t' a n — 1 sized tableau a state on M (Agyn,, ), we refer
to the state Py, gcy, in Theorem 4.3.9.
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5 DMarginalisation & extension

In this chapter we calculate the marginal states and conclude with the expand-
abillity or non-expandabillity of the pure states.

5.1 Marginalisation of the states
5.1.1 Definition

We write P; for the projection of ®"”H on the space:
@"'H @ Cy);. (95)

5.1.2 Lemma

The projection P; defined in Definition 5.1.1 is an intertwiner of the represen-
tation v of S,,_1 on "1 H.

Proof:

The operator P,, leaves the first n — 1 entries fixed or takes the vector to zero,
depending on where ,, occurs in the tensorproduct. So this projection is an
intertwiner.

5.1.3 Lemma

If Py is the projection on some irreducible subspace U’ € ®*H of S,,_1, we
find
PPy Py = Ay Py, with U” ~ U’ and U” € @™ ' H @ Cy);. (96)

Proof:
We use the orthonormal Yamanouchi basis 11,1, -+ , 1y, of U’ defined in Def-
inition 3.3.7 to write

1 m
PoPyi Py = Py — ; |9i) (5] Pn (97)

Now we recall that P, is an intertwiner of S,,_1 by Lemma 5.1.2. This means
that P,t; = Ays1pl, with ¢ vectors in an equivalent subspace U” that behave
in the same way under the group action of v. Because the Yamanouchi basis is
completely defined by the group action we recover the Yamanouchi basis of U”.
Therefore we can continue equation (97) as follows:

1 m
N — > [0) (] = A P .
=1

Here U” C @"~1H @ Ct,,, because one ends in equation (97) with applying P,
on the left, which is the projection on this space. By renaming /\?], as Ay, the
claim follows.
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5.1.4 Proposition

When U C Hg, the marginal state of Py on M (Agym, ) has the following form
in terms of the pure states given in Theorem 4.3.9:

Z \u+ Py, with U’ irreducible for S,,_; and U’ = U” € " 1H @ Ci,,.
U'cU
(99)

Proof:
Using Lemma 4.3.6, we find:

on 0) = gy (o)

1 1 - y / .
m’]} (PUn 1 v(i,n)(a ®]I)v(z,n)>

=1

1

= m ZTr v(i,n)Pyo(i,n)(ad ® H) (100)

nTrPU ZTr Py (a )

-~ T )”Df(P PyP,(a ®]1))

n

T™(Py) Tr(PnPUPna)

We now use Theorem 3.3.2 to write Py as the sum of all inequivalent (and
therefore perpendicular) irreducible subspaces of S,,_1:

n
Tr(P )P Py P, = By > P.PyP,. (101)

Finally, from Lemma 5.1.3 we know that this can be written as

> Ao PUu with U" = U, (102)
U'cu

where Py are pure states on M (Agym,, )-

5.1.5 Corollary

In view of Theorem 3.3.2 it follows from Proposition 5.1.4 that the state Ups
can only be contained in the decomposition M,(Ur), when t' can be obtained
from ¢ by removing a box.
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5.1.6 Corollary

When t' can be obtained from ¢ by removing a box, there is no U correspond-
ing to the tableau t' contained in the decomposition of M, (Ur) if and only if
Ul L @"'H @ Ct, for the Uy, C Ur

Proof:

It follows from Proposition 5.1.4 that the expression PnPU/T/Pn in Proposition
5.1.4 would be zero if it were perpendicular and non-zero if it were not perpen-
dicular.

5.1.7 Remark

A vector ¢ € U is perpendicular to ®" ' H ® Ct, if and only if we can write
1 in the following manner as a linear combination of the standard basis vectors
defined in Definition 3.1.3:

=D Av(0)h @12 @ - ® Cily, (103)

oES,

with A, zero whenever v, is in the last entry of the the tensor product.

5.1.8 Corollary

The proof of Proposition 5.1.4 describes how to write a marginal state in terms
of the pure states on M (Asym, ,) The general case follows by taking linear
combinations of these pure states U, namely:

M.(w)=M.| > MPu|= > MM(P). (104)
UCHsn UCHSTL

5.2 Expandability of the pure states

5.2.1 Lemma

Every state has an i-step extension.

Proof:

This is clear, as we can extend every functional w on a finite dimensional lin-
ear subspace M (Asym, ) C Asym,, to a functional w’ on the whole Agy,, . For
example by choosing w’ equal to w on all ¥ € M(Agym,, ) C Asym, and zero on

Y € M(Agym,, )+ These two sets form the whole algebra Ay, since it is finite
dimensional. Repeating this argument ¢ times gives an i-step extension.
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5.2.2 Proposition

A pure state has a pure i-step extension (not necessarily unique).

Proof:
It follows from Proposition 5.2.1 that for every marginal state Py there is a
certain mixture of pure states ), Ay Py that marginalizes to this state:

Pyr = M, (Z )\UPU> = > MM (Py). (105)

UCH UCH

This can only be a pure state if all M (Py) marginalize to Py,. But this means
that each Py contained in the decomposition is a pure extension of Py/. Re-
peating this argument ¢ times gives a pure ¢-step extension.

5.2.3 Lemma

If n particles are in the bosonic/fermionic state then marginalizing to a state
with n — 1 particles once again gives a bosonic/fermionic state.

Proof:

If n particles are in a bosonic/fermionic state their state corresponds with a
tableau that only has one row/column. The only tableaux t’ that can be ob-
tained from this tableau by removing one box is again the row/column tableau
with n — 1 boxes. This implies that the only irreducible subspace of S,,_1 con-
tained in the irreducible subspace of S,, corresponding to the one row/column
is again the one row/column, this time with n — 1 boxes. So in the light of
Proposition 5.1.4, marginalizing a bosonic/fermionic state again results in a
bosonic/fermionic state.

5.2.4 Remark

We find from Lemma 5.2.3 that the bosonic/fermionic state has a pure i-step
extension that is again the bosonic/fermionic state, since the i-step marginali-
sation of this the bosonic/fermionic state delivers the bosonic/fermionic state.
As is shown explicitly in [10] one can also extend the bosonic/fermionic state
to a state that corresponds to a triangular state. This gives rise to at least
four paths that expand through the whole chain of algebras. The branch of all
bosonic states, the brach of all fermionic states and the paths from the one par-
ticle state to the two sized bosonic/fermionic state to the triangular and from
there on a path of pure extensions that is by Proposition 5.2.2 guaranteed to
exist.

5.2.5 Lemma

For each t and ¢’ there exist states Up on Agym, and Up on M(Asym, ), with
the following property: Ur is contained in the decomposition of M, (Ur) if and
only if ' can be obtained from ¢ by removing one box.
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Proof:
We recall from Corollary 5.1.5 that a certain state Ups is contained in the
decomposition of M, (Ur) if and only if ¢’ is obtained from ¢ by removing a box
and P,UL,, with Uy, ~ U}, C U7, is non-zero. So we need to prove that there
is a subspace Ur that contains an U7, for which P,U. is non-zero. To this end
we use the P; defined in Definition 5.1.2, for which we know that ) ;" | P; is the
identity. We find that there is a j for which we have that P;Uy, is non-zero, for
U, C Ul. Now using the representation u of S,, from Definition 3.1.5 we know
that there is a j such that: P,u(j,n)Ul, is non-zero. We know from Lemma
3.1.9 that u(j,n) is a unitary intertwiner, so u(j,n)U% is still an irreducible
subspace corresponding to t. We now take the state Ur we were looking for to
be:

Ur = u(j,n)Uf. (106)

This irreducible subspace contains the subspace u(j,n)Ul., just constructed to
satisfy:
Pou(j,n)Ufp # 0. (107)

Hence we we know that there is a subspace Ur: contained in the decomposition
of the marginal state M, (Ur), with Ur as in equation (106).

5.2.6 Lemma

For each non-rectangular tableau ¢ there exists a subspace Ur, such that the
pure state Ur does not marginalize to a pure state.

Proof:

Since t is non-rectangular, there are at least two distinct tableaux ¢', ¢/ that
can be obtained from t by removing a box. We can now use Lemma 5.2.5 to
the effect that there are at least two states U} and U} such that the decom-
position of M, (U%.) contains Ups and the decomposition M, (U}) contains Upr .
If these marginal states are not pure there is nothing left to show, so we as-
sume the states M, (U}) and M, (U}) to be pure. Take two equivalent vectors
' € UL and ¢" € UJl and take Ur to be the irreducible subspace generated by
%(W +4"). The state Ur now marginalizes to a mixture of pure states that

contains both Urs and U, with weights %
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5.2.7 Theorem

In view of Definition 2.4.9 the fermionic and bosonic states are the only states
that only allow transitions to states that are expandable through the entire
chain of algebras:

Agym: C Asyms C Asyms C -+ . (108)

Proof:

We know From Proposition 2.4.9 that a bosonic/fermionic state can only have
a transition to another bosonic/fermionic state, and from Lemma 5.2.3 and Re-
mark 5.2.4 we know that all these bosonic/fermionic states expand through the
whole chain of algebras. We now show that a parastatistic allows a transition to
a non-expandable state. Let Ur be a n-particle state, with ¢ not the row or col-
umn (in other words not the bosonic or fermionic state). If ¢ is non-rectangular
we know from Lemma 5.2.6 that there is a state U}, such that M(U}) is not
pure. This means that U}, cannot be expanded throug the whole chain of al-
gebras. Since Ul ~ Up, we know from Proposition 2.4.9 that a transition to
this state is possible. If ¢ would be rectangular, then a one-step marginalisation
of this state would give a state corresponding to a non-rectangular tableau, on
which one can again apply the argument for non-rectangular tableaux.
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6 Conclusion

From Theorem 5.2.7 we find a property that distinguishes the bosonic and
fermionic states from the parastatistics. When we consider n electrons, these
particles are actually in an entangled state with all electrons in the universe.
One might expect that therefore a pure n particles state can always be seen as
a pure n = m particle state, for an arbitrary m € N. This is indeed the case for
the bosonic and fermionic states, however this fails if one allows parastatistics.
A parastatistic state always allows a transition to a state that is not expandable
and therefore cannot be seen as a pure state for all n + m particles.

Remark 5.2.4 yields to the existence of at least two expandable parastatistic
states for n > 2 indistinguishable particles. This means that the argument
against parastatistics is not as strong as found in [7], which claims that each
parastatistic state is not one-step extendable to a pure state, which is in con-
tradiction with Proposition 5.2.2.

A question that this paper leaves unanswered is whether or not for each path
upwards from () in figure 3, exists a pure state that expands via this path.

Furthermore are the bosonic and fermionic states the only states that can stay
in the same symmetry type when one extends or marginalizes a state, namely
fully symmetric or antisymmetric. A parastatistic state always marginalizes or
extends to a state of another symmetry type. One always disturbs the symme-
try type by adding or removing particles.

The equation of motion in quantum theory is not treated in this paper. If
we would include it, we find that the hamiltonian has to be, as all other observ-
ables, an intertwiner of v. This means that the equation of motion respects the
action v(c), so the symmetry type Ur of a state should be conserved in time.
Meaning that introducing the equation of motion would not chage that much,
it will only cause the individual vectors of the particles to gradually change in
time, but not the permutation symmetry. The only thing one has to realize in
this case is that the conditions on 1,9, -+ ,1, have to be verified for each
time to seprately. It may for example occur that the states of the individual
particles come to overlap after a certain amount of time and hence a marginal-
isation to n — 1 particles gets impossible.

As a final remark it may be pointed out that the content of this paper is actually
very general, it can easily be used to analyse other phenomena. If one is dealing
with a situation with a certain symmetry (for example rotational) one should
take the algebra the intertwiners of this action. Secondly, one should proceed
to find the irreducible subspaces of this symmetry, as done in chapter 3 for S,
and conclude that the pure states are given by the projections on these spaces,
similar to chapter 4.
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