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1 Introduction

You should call it “entropy” for two reasons: First, the function is already used in thermody-
namics under that name; second, and more importantly, most people don’t know what entropy
really is, and if you use the word “entropy” in an argument you will win every time.1

(John von Neumann to Claude Shannon, 1940)

The concept op entropy was introduced by Clausius (1865), which is one of the founding papers
of thermodynamics.2 This is done in his eq. (59), which reads dS = dQ/T (where Q is heat and
T absolute temperature).3 This is preceded by the comment that dQ/T is a ‘complete differential
of a quantity that only depends on the state of a body at a particular instant’, as opposed to a
dependence on some path towards that state (like heat and work, whose sum, energy, is also path-
independent and hence a ‘function of state’). A few pages later, Clausius writes the following:

Sucht man für S einen bezeichnenden Namen, so könnte man, ähnlich wie von der Grösse
U gesagt ist, sie sei der Wärme - und Werkinhalt des Körpers. Da ich es aber für besser
halte, die Namen derartiger für die Wissenschaft wichtiger Grössen aus den alten Sprachen
zu entnehmen, damit sie unverädert in allen neuen Sprachen angewandt werden können, so
schlage ich vor, die Grösse S nach dem Griechischen Worte � trop�, die Verwandlung,
die E n t r o p i e des Körpers zu nennen. Das Wort E n t r o p i e habe ich absichtlich
dem Worte E n e r g i e möglichst ähnlich gebildet, denn die beiden Grössen, welche durch
diese Wörter benannt werden sollen, sind ihren physikalischen Bedeutungen nach einander
so nahe verwandt, dass eine gewisse Gleichartigkeit in der Benennung mit zweckmässig zu
seinn scheint. (Clausius, 1867, p. 34).4

The end of this paper is very famous, expressing the (main) two laws of thermodynamics:5

1) D i e E n e r g i e d e r W e l t i s t c o n s t a n t.

2) D i e E n t r o p i e d e r W e l t s t r e b t e i n e m M a x i m u m zu.6

1Myron Tribus got this anecdote first-hand from Shannon in 1961 (Levine & Tribus, 1978, pp. 2–3).
2See Brush (1974, 1976, 2003), Truesdell (1980), von Plato (1994), Müller (2007), Uffink (2007), Emch & Liu

(2013), Weinberger (2013), Gaudenzi (2019), Saslow (2020), and Norton (2022) for history and analysis of thermo-
dynamics and 19th century statistical physics. Apart from entropy, the creation of thermodynamics also included the
introduction of the concept of energy in physics; see e.g. Smith (1998) for (especially) the British side, Wegener (2009)
for (especially) the German side, and Elkana (1974), Harman (1982), Coppersmith (2010), and Pitts (2021) in general.

3This idea originated in the work of Carnot (1824), which (with hindsight) is often seen as the beginning of
thermodynamics. Carnot described “heat engines” like a steam engine abstractly as devices in which incoming heat
Q1 is converted to work W and outgoing heat Q2 < Q1, so that W = Q1−Q2 (this was one of the roots of the later
idea of energy conservation, although Carnot himself mistakenly believed in the conservation of heat!). If Q1 comes in
from a reservoir at temperature T1 and Q2 leaves to a reservoir at some lower temperature T1, then according to Carnot
a maximally efficient (and hence reversible) machine has Q1

T1
= Q2

T2
(the irreversible case is Q1

T1
≤ Q2

T2
). Defining the

efficiency of the machine as W/Q1, this is therefore at best equal to 1− (T2/T1), so that T1 mus be high and T2 low.
4‘If one is looking for a descriptive name for S, one could, in a similar way to what has been said about the quantity

U , say that it is the heat and work content of the body. However, since I think it is better to take the names of such
important scientific terms from the old languages, so that they can be used without modification in all new languages, I
suggest that the term S be used after the Greek words � trop�, the transformation, the e n t r o p y of the body. I have
deliberately made the word e n t r o p y as similar as possible to the word e n e r g y , because the two quantities which
are to be named by these words are so closely related in their physical meanings that a certain similarity in the naming
seems appropriate.’ Edited translation by DeepL.com (free version). The page number is from the 1867 reprint.

5See Uffink (2002) and Roberts (2022) for a penetrating analysis of the second law.
61) ‘T h e e n e r g y o f t h e w o r l d i s c o n s t a n t.
2) T h e e n t r o p y o f t h e w o r l d t e n d s t o w a r d s a m a x i m u m.’
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The next important contribution to the concept of entropy was made by Boltzmann (1872),
which is one of the founding papers of kinetic gas theory; in particular, it contains the Boltzmann
equation.7 For us, the point is that already the Summary at the beginning contains the formula:

E =
∫

∞

0
f (x, t)

[
log
(

f (x, t)
x

)
−1
]

dx, (1.1)

where f (x, t) is the ‘number of molecules having energy x at time t’. This is the first occurrence of
the combination “pi log pi” (usually with a minus sign omitted by Boltzmann) that characterizes
practically all versions of entropy that deserve the name. Boltzmann introduced it as a tool for
proving irreversibility: what is now know as is H-theorem (after a later renaming of a simplified
version E to H) states that if f solves the Boltzmann equation, then E( f ) ‘can never increase but
must always decrease or remain constant.’ Of equal (or even greater) importance to the (hi)story of
entropy is Boltzmann (1877), in which he initiated the combinatorial and probabilistic approach to
entropy that also pervades the large deviations approach advocated in these notes.8 In particular,
it contains a “maximum entropy principle”, according to which ‘the most likely state’, identified
with an equilibrium state, is found by minimizing a (negative) entropy functional

M′ =
∫

∞

0
f (x) log f (x)dx, (1.2)

subjects to constraints n =
∫

∞

0 f (x)dx and L =
∫

∞

0 x f (x)dx that determine the total particle num-
ber and energy, respectively; here, as in Boltzmann (1872), f is still regarded as a probability
distribution function of singe-particle energy, but the expression has clearly been simplified com-
pared to (1.1) and later in the paper Boltzmann defines the entropy with the “usual” sign, this time
regarding f (x,y,z,u,v,w) as a function of position~x = (x,y,z) and velocity~v = (u,v,w).

Boltzmann left a huge heritage. We will not discuss his ideas on irreversibility here; in our
view these are predicated on the precise connection between the ‘Stosszahlansatz’ (molecular
chaos hypothesis) in the derivation of the Boltzmann equation, high probability (later called ‘typ-
icality’) as relied on in Boltzmann (1877), high entropy, chaos (as used both in the 19th century
in gas theory and in the 20th century in dynamical systems with sensitive dependence on initial
conditions), and randomness. We will take this up in a sequel to these notes in connection with
Kolmogorov’s ideas on both dynamical systems and algorithmic randomness.9

Gibbs (1902) is quite rightly seen as the beginning of modern statistical mechanics, or at least
as a new beginning after Boltzmann; their differences still remain to be fully sorted out and un-
derstood.10 Gibbs introduces the microcanonical, canonical, and grand canonical ensembles and,
without ever writing down an expression like

∫
ρ logρ , defines the entropy (in a certain ensem-

ble defined by a probability measure ρ on an N-particle phase space) as minus the average value
(under ρ) of what he calls the ‘index of probability’ logρ of ρ (also for other probabilities, for ex-
ample of thermodynamic phases).11 In its microscopic nature (being based on the probabilities of
microscopic states, i.e., complete specifications of N-particle positions and velocities) this differs
from Boltzmann’s approach in that Gibbs introduced what we now call fine-grained entropies.

7Further to footnote 2, Carcignani (1998), Darrigol (2018) and Uffink (2022) specifically concern Boltzmann.
8The formula “S = k logW” on Boltzmann’s grave in Vienna is not to be found in Boltzmann (1877) or indeed in

any of his writings; it was given by Planck (1906), §134, who also introduced “Boltzmann’s constant” k. However,
Boltzmann (1898), p. 172, gives a special case. See Hoyer (1980).

9For a first impression see Landsman (2023).
10Sklar (1993), Frigg (2008), and Myrvold (2021) are good starting points; see also Werndl & Frigg (2017), Frigg

& Werndl (2018), Wallace (2018), etc.
11‘the average index of probability with its sign reversed corresponds to entropy.’ (Gibbs, 1902, p. 50). The notation

ρ seems of later use; Gibbs (1902) always writes down explicit expressions for his probability measures.
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Boltzmann’s earlier entropies, on the other hand, are coarse-grained entropies, defined by the
probabilities of specific macroscopic states (like his distribution function f , which compresses
data about an astronomical number of particles into a single function). Finally, we just mention
that Gibbs (1902) proved the variational principles (1.16) and (1.18) below for the free energy and
the entropy, which corresponds to Theorems III and II in his Chapter XI, respectively.

Our next hero of entropy is Einstein (1910),12 who turned the Boltzmann–Planck formula

S = k log W (1.3)

on its head:

Das Boltzmannsche Prinzip kann durch die Gleichung

S = lgW +konst. (1)

formuliert werden. Hierbei bedeutet R die Gaskonstante, N die Zahl der Moleküle in einem
Grammolekül, S die Entropie, W ist die Größe, welche als die “Wahrscheinlichkeit” desjeni-
gen Zustandes bezeichnet zu werden pflegt, welchem der Entropiewert S zukommt.

Gewöhnlich wird W gleichgesetzt der Anzahl der möglichen verschiedenen Arten (Kom-
plexionen), in welchen der ins Auge gefaßte, durch die beobachtbaren Parameter eines Sys-
tems im Sinne einer Molekulartheorie unvollständig definierte Zustand realisiert gedacht wer-
den kann. Um W berechnen zu können, braucht man eine vollständige Theorie (etwa eine
vollständige molekular-mechanische Theorie) des ins Auge gefaßten Systems. Deshalb er-
scheint es fraglich, ob bei dieser Art der Auffassung dem Boltzmannschen Prinzip allein, d.h.
ohne eine vollständige molekular-mechanische oder sonstige die Elementarvorgänge vollstän-
dig darstellende Theorie (Elementartheorie) irgend ein Sinn zukommt. Gleichung (1) er-
scheint ohne Beigabe einer Elementartheorie oder - wie man es auch wohl ausdrücken kann -
vom phänomenologischen Standpunkt aus betrachtet inhaltlos. (. . . )

Trotzdem aber können aus (1) genaue Beziehungen über das statistische Verhalten eines Sys-
tems abgeleitet werden, und zwar in dem Falle, daß der Bereich der Zustandsvariabeln, für
welchen W in Betracht kommende Werte hat, als unendlich klein angesehen werden kann.
Aus Gleichung (1) folgt

W = konst.e
N
R S

Diese Gleichung gilt der Größenordnung nach, wenn man jedem Zustand Z ein kleines Gebiet,
von der Größenordnung wahrnehmbarer Gebiete, zuordnet. Die Konstante bestimmt sich der
Größenordnung nach durch die Erwägung, daß W für den Zustand des Entropiemaximums
(Entropie S0) von der Größenordnung Eins ist, so daß man der Größenordnung nach hat

W = e
N
R (S−S0)

Daraus ist zu folgern, daß die Wahrscheinlichkeit dW dafür, daß die Größen λ1, . . .λn zwis-
chen λ1 und λ1 +dλ1 . . . λn und λn +dλn liegen, der Größenordnung nach gegeben ist durch
die Gleichung

dW = e
N
R (S−S0)dλ1 . . .dλn

und zwar in dem Falle, daß das System durch die λ1, . . .λn (in phänomenologischem Sinne)
nur unvollständig bestimmt ist.13

12Einstein’s early work (i.e. before 1905) mainly concerned thermodynamics and statistical mechanics, and he
continued to work on these topics throughout his career. The canonical reference is The Collected Papers of Albert
Einstein, especially Volumes 1, 2, and 3, available online at https://einsteinpapers.press.princeton.edu.
See also Stachel et al., (1990), Klein et al. (1994), and Uffink (2006).

13Boltzmann’s principle can be expressed by the equation (1) : S = lgW + konst. where R is the gas constant, N

4

https://einsteinpapers.press.princeton.edu


Since he was the first to relate entropy to fluctuations, Einstein (1910) may be seen as the beginning
of large deviation (= large fluctuation) theory (Touchette, 2009; Jona-Lasinio, 2015).14

Continuing our entropic Hall of Fame: in the founding paper of information theory Shannon
(1948) asked how much “‘choice” is involved in the selection of an event’ that is drawn from a
finite space of events with probabilities p1, . . . , pn, or ‘how uncertain we are of the outcome’. His
answer is what is now called the Shannon entropy (which he attributes to Boltzmann):15

S2(p) :=−∑
a∈A

p(a) log2 p(a), (1.4)

where for the moment we follow Shannon in using the base-2 logarithm; we will later switch to
base-e. Apart from some heuristic motivation for the use of the logarithm (see below), Shannon
also gave an axiomatic characterization of (1.4), of which we give the following slightly different
and streamlined version, where Prob(A) denotes the set of all probability distributions on A:16

1. S2(p)≡ S2(p1, . . . , pn), where n = |A|, pi = p(ai), is continuous in the probabilities p(a).

2. If p(a) = 1/n for all a ∈ A, then g(n) := S2(1/n, . . . ,1/n) satisfies g(n+1)≥ g(n) for all n.

3. If p′ is obtained from p by omitting all events with zero probability, then S2(p′) = S2(p).

4. If r ∈ Prob(C), where C is finite like A, and we coarse-grain C =
⊔

a∈AUa into disjoint events
Ua ⊂C, with associated distribution p ∈ Prob(A) given by p(a) = ∑c∈Ua p(c), then

S2(r) = S2(p)+ ∑
a∈A

p(a)S2(r|a), (1.5)

where the conditional probability r|a∈ Prob(C) is given by (r|a)(c) = r(c|Ua), which equals
zero of c /∈Ua and equals r(c)/r(Ua) if c ∈Ua.

5. S2( 1
2 ,

1
2) = 1.

is the number of molecules in one gram-molecule, S is the entropy, W is the quantity customarily designated as the
“probability” of the state with which the entropy value S is associated. W is commonly equated with the number of
different possible ways (complexions) in which the state considered-which is incompletely defined in the sense of a
molecular theory by observable parameters of a system-can conceivably be realized. In order to be able to calculate
W , one needs a complete theory (perhaps a complete molecular-mechanical theory) of the system under consideration.
Given this kind of approach, it therefore seems questionable whether Boltzmann’s principle by itself has any meaning
whatsoever, i.e., without a complete molecular-mechanical or other theory that completely represents the elementary
processes (elementary theory). If not supplemented by an elementary theory or–to put it differently–considered from
a phenomenological point of view, equation (1) appears devoid of content. (. . . ) Nevertheless, it is possible to derive
exact relationships concerning the statistical behavior of a system from equation (1) in cases where the range of the
state variables for which W has values for the kind under consideration can be regarded as infinitely small. It follows
from equation (1) that W = konst. exp((N/R) · S). This equation is valid to an order of magnitude if each state Z is
assigned a small region of the order of magnitude of perceptible regions. The order of magnitude of the constant is
determined by taking into account that for the state of maximum entropy (entropy S0) W is of the order of magnitude
one, so that we then have, with order-of-magnitude accuracy, W = exp((N/R) · (S− S0)). From this we can conclude
that the probability dW that the quantities λ1, . . .λn lie between λ1 and λ1 +dλ1 . . . λn and λn +dλn is given, in order
of magnitude, by the equation dW = exp((N/R) · (S−S0))dλ1 . . .dλn in the case when the system is determined only
incompletely (in the phenomenological sense) by λ1, . . .λn.

14Einstein’s argument is not probabilistic but empirical in nature: as the above quotation makes clear, he is dissat-
isfied with the Botlzmann–Planck formula (1.3) for the entropy because in practice one may not know the microscopic
theory from which to compute W in sufficient detail, whereas if one knows the entropy phenomenologically, it gives
information about the microscopic theory.

15Shannon (1948) gives no reference but mentions ‘Boltzmann’s famous H theorem.’ Guizzo (2003) and Gleick
(2011) are histories of information theory.

16Shannon tacitly assumed that S2(p) is defined by the same formula for any A. Khinchin (1957) made this explicit.
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Exercise 1 Prove (1.4) satisfies conditions 1–4, and that conversely 1–4 imply (1.4).

Taking C = A×B and Ua = {a}×B, the probability distribution p ∈ Prob(A) in (1.5) is now the
marginal of r ∈ Prob(A×B), that is, p(a) = ∑b∈B r(a,b), whereas q|a ∈ Prob(B) is given by

(q|a)(b) = r(a,b)/p(a), (1.6)

provided that p(a) > 0; if p(a) = 0 then the term p(a)S2(q|a) in the sum over a is omitted. If A
and B are probabilistically independent, i.e., r = p× q in the sense that r(a,b) = p(a)q(b), then
q|a = q, and (1.5) states that S2 is additive on independent probabilities,17 that is,

S2(r) = S2(p)+S2(q). (1.7)

For general r ∈ Prob(A× B) with marginals p ∈ Prob(A) (given above) and q ∈ Prob(B), i.e.,
q(b) = ∑a∈A r(a,b), the Shannon entropy (1.4) is merely subadditive, in that

S2(r)≤ S2(p)+S2(q). (1.8)

Exercise 2 Prove that Shannon’s entropy (1.4) satisfies (1.8).

What else does (1.4) mean? Taking a flat distribution p = f , defined by

f (a) := 1/|A|, (1.9)

one obtains
S2( f ) = log2 |A|, (1.10)

which is a poor man’s version of Planck’s formula (1.3); for the rich man’s version see §5 from
(5.19) onwards. In the further special case where |A|= 2k, so that S2( f ) = k, the Shannon entropy
(1.4), degenerating into (1.10), states the minimal number of bits necessary to encode the elements
a ∈ A (or, equivalently, the minimal number of yes-no questions one needs to ask to figure out
which element the opponent has in mind in a systematic procedure not relying on guesswork and
luck). The general case is covered by Shannon’s noiseless coding theorem, which, we will discuss
as Theorem 6.3 in these notes. For now, the theorem roughly speaking states that

I2(a) = log2(1/p(a)) (1.11)

is close to the length `(C(a)) of the code-word C(a) in some optimal binary coding C : A→ 2∗ of
A, and hence S2(p) is the average length of such code-words.18 Here 2∗ =

⋃
N∈N 2N is the set of

all finite binary strings; 2N is the set of binary strings of length N, and N= {0,1,2, . . .}. Thus

S2(p) = 〈I2〉p (1.12)

17But this requirement could not replace the stronger axiom (1.5), since mere additivity on independent probabilities
would allow the (base-2) Rényi entropy S(α)(p) = (1−α)−1 log2(∑a∈A p(a)α ), where 0 < α < ∞ and α 6= 1; in the
limit α → 1 one recovers S. Khinchin (1957) showed that (up to a multiplicative constant) p 7→ S2(p) is the unique
function of p ∈ Prob(A), where A is a finite set, that: (i) is defined by the same formula for any A; (ii) is symmetric (i.e.
permutation-invariant in its arguments p(a1), . . . , p(a|A|); (iii) is maximal on flat distributions (1.9); (iv) does not change
if probability zero events are added; and (v) satisfies (1.5) for C = A×B and Ua = {a}×B. A third axiomatization, due
to Faddeev (1956), is: (i) S2 is symmetric; (ii) if A = 2 = {0,1} and p = p(0), then p 7→ S2(p,1− p) is continuous and
positive at least at one point; (iii) h(n+1)(p1, . . . , pn−1, pn, pn+1) = h(n)(p1, . . . , pn−1, p′n)+ p′nh(2)(pn/p′n, pn+1/p′n),
where p′n := pn + pn+1 and for clarity we have added the number of arguments of h. This is also a special case (and
hence a weakening) of Shannon’s coarse-graining axiom, where, if C = {c1, . . . ,cn,cn+1}, we take A = {1, . . . ,n} with
U1 = {c1}, . . . ,Un−1 = {cn−1},Un = {cn,cn+1}, so that in the above notation we have p′n = p(cn)+ p(cn+1), etc. See
Aczél & Daróczy (1975) for a detailed discussion, and more recently also Klir (2006), §3.2.2.

18See e.g. Cover & Thomas (2006), §5.4. Of course, the equality `(C(a)) = I2(a) can only be satisfied if p(a) = 2−m

for some integer m ∈ N. Otherwise, one can find a code for which `(C(a)) equals the smallest integer ≥ I2(a).
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is the average length of code-words under an optimal code, as determined by (A, p), p ∈ Prob(A).
Here and in what follows we denote averages or expectation values of functions f : A→ R by

〈 f 〉p := ∑
a∈A

p(a) f (a), (1.13)

and likewise for general probability spaces. The quantity (1.11), which as we have seen was
already used by Gibbs (1902), may also be interpreted as a quantification of the surprise brought
by an outcome a∈ A upon sampling a probability space (A, p). The idea is that the surprise should
be great if the outcome is unlikely, suggesting a “surprise function” s(a)∼ 1/p(a). But one likes
this function to be additive on pairs of independent events, which rather suggests the information
function (1.11). Thus S2(p) is also the “average surprise” inherent in p. In particular, if p(a) = 1
for some a ∈ A then S2(p) = 0, and indeed there is no surprise at all since the outcome is certain
to be a. On the other hand, eq. (1.9) turns out to maximize the average surprise.

Before turning to our last champion of entropy (i.e. Kolmogorov), we briefly explain the con-
nection between Shannon’s entropy (1.4) and Gibbsian thermodynamics and statistical mechan-
ics,19 still in the finite case (we switch to the base-e logarithm, as usual in physics). For good
reasons we write Ω for the finite set previously called A, change to the usual base e logarithm and
hence define the entropy of a probability distribution p ∈ Prob(Ω) as as

S(p) :=− ∑
ω∈Ω

p(ω) log p(ω). (1.14)

For any function U : Ω→ R we define the partition function Z(U) and free energy F(U) by

Z(U) := ∑
ω∈Ω

e−U(ω); F(U) :=− log Z(U), (1.15)

respectively. In its simplest form, the variational principle of thermodynamics then states that

F(U) = inf
p∈Prob(Ω)

{〈U〉p−S(p)}, (1.16)

where the infimum is actually achieved uniquely (so it is a minimum) by the Gibbs distribution

pU(ω) =
1

Z(U)
e−U(ω). (1.17)

Conversely, the entropy may be recovered from the free energy by

S(p) = inf
U
{〈U〉p−F(U)}, (1.18)

where the infimum (actually a minimum) is taken over all functions U : Ω→ R. Thus entropy (as
a function of probability distributions p) and free energy (as a function of “energy” U) are dual to
each other with respect to a (“Fenchel”) transformation we will later describe in some more detail.

In physics one writes U = βH, where β > 0 is a constant, related to the temperature by
β = 1/T , and for a given Hamiltonian H writes F(β ) = F(βH)/β , and similarly pβ := pβH , i.e.,

pβ (ω) :=
1

Z(β )
e−βH(ω); Z(β ) := ∑

ω∈Ω

e−βH(ω) = e−βF(β ). (1.19)

19This is a special case of what is called thermodynamic formalism (Ruelle, 2004; Beck & Schlögl, 1993; Viana,
1997; Viana & Oliveira, 2016, Ch. 12). See §11 of these notes for a brief summary.
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Computing the minimum in (1.16) using (1.13) and (1.4) by straightforward calculus gives

F(β ) = 〈H〉pβ
−T S(pβ ), (1.20)

which is a version of the equation “F = E − T S” familiar from equilibrium thermodynamics,
except for the fact that In thermodynamics entropy is a function of energy u ∈ R rather than
probability p ∈ Prob(Ω). To distinguish thermodynamics entropy from Shannon’s entropy we
denote the former by SC (in honour of Clausius). From a modern perspective we may define SC by

SC(u) = sup
p∈Prob(Ω)

{S(p) | 〈H〉p = u}; (1.21)

see Theorem 8.1. The constraint 〈H〉p = u can be satisfied for some p ∈ Prob(Ω) if and only if

Emin ≤ u≤ Emax, (1.22)

where Emin and Emax are the minimum and maximum values of H, respectively; if not, we put
S(u) =−∞ (which is justified by the property sup /0 =−∞). If u = Emin or u = Emax, then SC(u) =
0. If Emin < u < Emax, then there exists a unique β ∈R for which 〈H〉pβ

= u, cf. (1.19), and hence
the supremum in (1.21) is in fact a maximum. For this value of β , seen as β (u), we then obtain

SC(u) = β (u−F(β )). (1.23)

This matches (1.20) in the sense that SC(u) = S(pβ ) at the value of β just defined, and hence a
posteriori justifies the definition (1.21). Eq. (1.23) and hence eq. (1.21) may then be rewritten as

SC(u) = inf
β∈R
{β (u−F(β ))}. (1.24)

It follows that the counterpart of the (Fenchel) dual expression (1.16) then reads

βF(β ) = inf
u∈R
{βu−Sc(u)}; (1.25)

provided that β > 0, one could simply write this as F(β ) = infu∈R{u−T Sc(u)}, where T = 1/β .
This tacitly supposed a flat prior (1.9). For an arbitrary prior q ∈ Prob(Ω), replace (1.14) by

Sq(p) := S(p)+ ∑
ω∈Ω

p(ω) logq(ω) =−D(p‖q), (1.26)

where the right-hand side is the relative entropy or Kullback–Leibler distance (or divergence):20

D(p‖q) := ∑
ω∈Ω

p(ω) log
(

p(ω)

q(ω)

)
. (1.27)

This is defined as stated provided q(ω) = 0 implies p(ω) = 0 (i.e., p� q, or: p is absolutely
continuous w.r.t. q); if not, we put D(p‖q) = ∞. Note that

S f (p) =−D(p‖ f ) = S(p)− log |Ω|. (1.28)

Furthermore, (1.15) and (1.19) are replaced by

Zq(U) := ∑
ω∈Ω

q(ω)e−U(ω) = 〈e−U〉q; Zq(U) :=− log Zq(U); (1.29)

pβ (ω) :=
1

Zq(β )
q(ω)e−βH(ω); Zq(β ) := 〈e−βH〉q = e−βZq(β ). (1.30)

As a bridge to Kolmogorov and to this course in general, consider the following diagram:

20The original reference is Kullback & Leibler (1951). This entropy was rediscovered by Jauch & Baron (1972).
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aQ-1

a…

a2

a1

a0

0 1 2 3 4 5 6 7 8 9 … … … N-1

Here N ∈N∗= {1,2,3, . . .} is some large natural number (we will often consider the limit N→∞),
whereas Q = |A| ∈ {2,3, . . .} is the cardinality of a given finite set A = {a0, . . . ,a|A|−1}. Unlike, N,
the case of small |A| is already interesting (even |A|= 2). As already mentioned for A= 2= {0,1},
AN is the set of all functions σ : N→ A, where N = {0,1, . . . ,N−1} as usual in set theory. Such a
function is also called a string over A, having length `(σ)≡ |σ |= N. We write either σ(n) or σn

for its value at n ∈ N, and may write σ as σ0σ1 · · ·σN−1. In particular, if A = 2 = {0,1}, then σ is
a binary string. Thus a (binary) string σ is finite, whereas a (binary) sequence s is infinite. The set
of all binary sequences is denoted by 2N, and likewise AN consists of all functions s : N→ A . For
s ∈ AN, we write s|N for s0s1 · · ·sN−1 ∈ AN , to be sharply distinguished from sn ≡ s(n) ∈ A.

This diagram has at least four interpretations, of which we have already seen the first two:

• In statistical mechanics à la Boltzmann (1877), N is the number of (distinguishable) parti-
cles in a gas, and a ∈ A labels some property a single particle may have. For example, for
non-interaction particles one may think of a ∈ A as a label of their energy Ea ∈ R. Spin
chains also fall under this formalism, where a ∈ A labels some internal degree of freedom at
site n. In statistical mechanics σ ∈ AN is called a microstate of the gas (or spin chain, etc.).

• In information theory as created by Shannon (1948), N is the number of letters drawn from
an alphabet A by sampling a given probability distribution p ∈ Prob(A), the space of all
probability distributions on A. So each “microstate” σ ∈ AN is a word with N letters.

• In dynamical systems à la Kolmogorov (1958), see §2 for details, consider a partition

X =
⊔

a∈A

Ua (1.31)

of the phase space or configuration space X of each particle, so that Ua ⊂ X and different
subsets Ua (called cells of the partition) are disjoint (this is expressed by the symbol

⊔
). If

(X ,Σ,P) is a probability space (where Σ⊂P(X) is the σ -algebra on which the probability
measure P is defined),21 each Ua is measurable (i.e. Ua ∈ Σ) and typically the cells Ua need
neither be mutually disjoint nor exhaust X , as long as P(Ua∩Ub) = 0 whenever a 6= b and
P(
⋃

aUa) = 1. If we also have a measurable map T : X → X , a microstate σ ∈ AN describes
the coarse-grained trajectory of a single particle that started at time t = n = 0 at some point
x∈Uσ(0), then hopped to T x∈Uσ(1), . . . , on to T nx∈Uσ(n) at t = n, etc., till time t = N−1.

• In probability theory, our diagram displays a (truncated) sample path of a discrete-time
stochastic process. This will be explained in §3. It incorporates the previous interpretations.

21We use the inclusion symbol ⊂ as what is often called ⊆, so that Σ⊂P(X) allows Σ = P(X).
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The aim of this course is to introduce relevant concepts to entropy in the relatively simple
setting of the above diagram, with special attention to the above interpretations.22 As recognized
by Boltzmann, Einstein, Shannon, and Kolmogorov, the origin of entropy lies in probability theory.
From the point of view of our diagram, a natural point of entry lies in the following objects:

LN : AN → Prob(A); LN(σ) =
1
N

N−1

∑
n=0

δσn ; (1.32)

TN : Prob(A)→P(AN); TN(p) := {σ ∈ AN | LN(σ) = p}, (1.33)

where, for any a ∈ A, the point measure δa ∈ Prob(A) gives δa(B) = 1 if a ∈ B and δa(B) = 0 if
a /∈ B, where B⊂ A. Here LN is called the empirical measure and TN is called the type class. The
former reads the configuration of squares in our diagram and computes the corresponding relative
frequency (seen as a probability) that some square enters a∈ A. The latter starts from a probability
distribution on A and assembles all microstates whose empirical probability equals the given one.
A key idea of this course lies in the specific way the Shannon entropy (1.4) appears as a limit:

S(p) = lim
N→∞

1
N

log2 |TN(p)|. (1.34)

Similarly, adding a prior q ∈ Prob(A), the relative entropy (1.27) appears in a certain limit:

inf
p∈U

D(p‖q) =− lim
N→∞

1
N

logqN(LN ∈U), (1.35)

where U ⊂ Prob(A) is open, and qN is the (Bernoulli) probability measure on AN induced by q.
If q ∈ U , then the left-hand side vanishes and this forces qN(LN ∈ U)→ 1, consistent with the
(weak) law of large numbers LN → q. But if q /∈U , then infp∈U D(p‖q)> 0 and (1.35) states that
qN(LN ∈U) exponentially decays in N. This is a basic result in the theory of large deviations.

Historically, the oldest example of a large deviation result was Cramér’s theorem (1938).23

Let (Xn) be R-valued i.i.d. random variables, which for simplicity we here take to be given by
some function E : A→R so that Xn : AN →R with Xn(σ) = E(σn), distributed via qN ∈ Prob(AN)
for some prior q ∈ Prob(A), that is, P(Xn ∈ B) = qN({σ ∈ AN | XN(σ) ∈ B)}), for B⊂ R. Then

SN :=
1
N

N−1

∑
n=1

Xn, (1.36)

is a real random variable, defined on the same probability space AN (we still take A finite). Then:

1. The average SN → µ ≡ 〈E〉q is described by the weak law of large numbers:

∀ε>0 lim
N→∞

qN(−ε ≤ SN−µ ≤ ε) = 1. (1.37)

2. The O(N−1/2) fluctuations of SN−µ follow from the central limit theorem:

lim
N→∞

qN
(

a√
N
≤ SN−µ ≤ b√

N

)
=

1√
2πσ2

∫ b

a
dxe−x2/2σ2

, (1.38)

where σ2 = 〈E2〉q−〈E〉2q is the variance of X1 (i.e. of E) and hence of any Xn.

22For most results we also state more general versions for the case where A is no longer finite but compact and
metrizable, or even Polish, that is, metrizable such that the resulting space is complete and separable (for compact
spaces metrizability and separability are equivalent). Our proofs are mainly restricted to the finite case, though.

23The original source is Cramér (1938), but the version of Theorem 8.5 goes back to Chernoff (1952).
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3. The O(1) or “large” fluctuations, then, are described by Cramér’s theorem:

lim
N→∞

1
N

logqN(a≤ SN−µ ≤ b) =− inf
x∈[µ+a,µ+b]

Iq(x), (1.39)

where the rate of this exponential decay Iq is defined by a “maximum entropy principle”

Iq(x) := inf{D(p‖q) | p ∈ Prob(A),〈E〉p = x}. (1.40)

It is interesting to quote one of the masters of modern probability theory here:

Important Note

I want you to know that beyond the law of large numbers and the central limit theorem, there
is no, so to speak philosophically correct refinement. (McKean, 2014, p. 51)

But Cramér’s theorem (which McKean covers!), and more generally large deviation theory, seems
to undermine this view. Even short of this theorem, we can prove a special case of (1.39), namely
in the case where the Xn are not only i.i.d. but also Gaussian = normal:24 In the standard case for
simplicity,25 SN is also normal, still with mean µ = 0 but with variance σ = 1/N.

Exercise 3 Prove that for any δ > 0 we have

lim
N→∞

1
N

log(qN(SN ≥ δ )) =−δ
2/2, (1.41)

so that the ‘large fluctuations’ qN(SN ≥ δ ) exponentially decay like exp(−Nδ 2/2).

This course explains the concept of entropy in the context of such asymptotic results, which
culminate in two key results, called Sanov’s theorem and (as we have just seen) Cramér’s theorem.
On the basis of these results we also discuss the abstract and general theory of large deviations,
covering for example key theorems by Varadhan and by Gärtner and Ellis, which we then apply to
statistical mechanics (a different application, appropriate for a course in computer science, would
be coding theory à la Shannon, of which we only review the most basic results). This closes the
historical circle, since statistical mechanics historically speaking emerged from thermodynamics,
which gave rise to the birth of entropy in the first place).26 This mainly involves a combination
of combinatorics, probability theory, and analysis. The latter in turn often relies on convexity,
whose basic theory we review in the appendix. Working on these notes the author increasingly
got the impression that a serious understanding of this field also requires introductions to Markov
chains as well as to ergodic theory; indeed, ergodic theory is the real source of various laws of
large numbers in probability theory, and also lies behind one of the key theorems on entropy,
namely the Shannon–McMillan–Breiman theorem, see (5.41). This, in turn, led to the inclusion of
a chapter on Kolmogorov–Sinai (also called metric) entropy of dynamical systems, which not only
beautifully fits into our list of possible interpretations of our diagram above, but also is inseparable
from ergodic theory. The limiting procedure used to define this particular entropy also gives a nice
relationship with the so-called “thermodynamic limit” in statistical mechanics.

Finally, we relied on numerous sources, listed in the bibliography, but especially recommend:
Austin (2017); Cover & Thomas (2006); Dembo & Zeitouni (1998); Dorlas (2021); Ellis (1995);
Georgii (2011); McKean (2014); Rassoul-Agha & Seppäläinen (2015); Viana & Oliveira (2016).

24This is taken from Dembo & Zeitouni, §1.1.
25The general case is P(Xn ∈ [a,b]) = (2πσ2)−1/2 ∫ b

a dx exp(−(x−µ)2/2σ2); the standard case is µ = 0, σ = 1.
26It is actually thermodynamics that “emerges” from statistical mechanics!
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2 Entropy in dynamical systems

Kolmogorov (1958) introduced the third way of looking at our diagram in the Introduction:27

• A dynamical system (in the probabilistic sense we use) is a triple (X ,P,T ), where (X ,P)≡
(X ,P,Σ) is a probability space (we suppress the σ -algebra Σ whenever possible), and

T : X → X (2.1)

is a measurable (but not necessarily invertible) map, required to preserve P in the sense that

P(T−1B) = P(B), (2.2)

for any measurable B ⊂ X (B ∈ Σ). Here T−1(B) := {x ∈ X | T (x) ∈ B}; if T is invertible,
this set coincides with the image {T−1(x) | x ∈ B} of B under the inverse map T−1 : X → X .

Now suppose we have a partition (1.31) of X . Then σ ∈ AN is a coarse-grained path of a
single particle (rather than a configuration of N particles, as in the previous point), such that

T nx ∈Uσ(n) (n = 0,1, . . . ,N−1,σn ∈ A). (2.3)

Hence our particle starts at x ∈Uσ(0) at t = 0, moves to T x ∈Uσ(1) ⊂ X at t = 1, etc., and at time
t = N−1 finds itself at T N−1x ∈Uσ(N−1). Thus a partition (1.31) defines a map

ξ : X → AN; ξ (x)n = a ∈ A iff T nx ∈Ua (n ∈ N). (2.4)

Hence a fine-grained path (x,T x,T 2x, . . .) ∈ XN is coarse-grained to ξ (x) ∈ AN, which in turn may
be truncated to give a map ξN : X → AN defined by ξN(x) = ξ (x)|N ∈ AN , where ξ (x)|N ∈ AN is
the restriction of ξ ∈ AN to N ⊂ N. A key role will be played by the (unilateral) shift

S : AN→ AN; (Ss)n := sn+1 (n = 0,1, . . .), (2.5)

because this map satisfies the intertwiner relation

S◦ξ = ξ ◦T. (2.6)

To see this, we note that by definition of S we have S ◦ ξ (x)n = a iff ξ (x)n+1 = a, which by
definition of ξ is the case iff T n+1x ∈Ua. On the other hand, ξ ◦T (x)n = a iff T n(T x) ∈Ua. But
T n(T x) = T n+1x, which proves (2.6). Here is an almost trivial but instructive example.

Exercise 4 Take X = AN with time-evolution T = S and partition (Ua)a∈A defined by

Ua = {s ∈ AN |U0 = a}. (2.7)

Show that ξ = id, that is, ξ (s) = s for all s ∈ AN.

Thus the given triple (X ,P,T ) is coarse-grained by a new triple (AN,P′,S), where

P′(B) = P(ξ−1B). (2.8)

27See Sinai (1989) and more generally Charpentier, Lesne, & Nikolski (2007) for Kolmogorov’s closely related
contributions to dynamical systems, entropy, and ergodic theory. Relevant textbooks include for example Collet &
Eckmann (2006), Castiglione et al. (2008), and Viana & Oliveira (2016).
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If ξ were injective, then, spectacularly, nothing would be lost in coarse-graining. This property
is quite rare, but it is (almost by construction) the case for the doubling map TD : [0,1)→ [0,1),

TD(x) = 2x (0≤ x < 1/2); TD(x) = 2x−1 (1/2≤ x < 1), (2.9)

so that TD(x) takes the fractional part of 2x. Perhaps surprisingly (because of the factor 2), this
map preserves Lebesgue measure µL, acting as the probability measure on X = [0,1) in charge.
The key is that TD is not invertible. To show this, one only needs to check (2.2) for intervals.28

Exercise 5 For 0≤ a < b < 1, show that µL(T−1
D [a,b]) = µL([a,b]) = a−b.

In terms of the binary expansion

x =
∞

∑
n=0

sn2−(n+1), (2.10)

the doubling map TD corresponds to the unilateral shift (2.5) on 2N. There are two cases:29

1. if 0≤ x < 1/2, which corresponds to s0 = 0, then

TD(x) = 2x = 2 ·
∞

∑
n=0

sn2−(n+1) =
∞

∑
n=0

sn2−n =
∞

∑
n=1

sn2−n =
∞

∑
n=0

sn+12−(n+1) =
∞

∑
n=0

(Ss)n2−(n+1).

2. If 1/2≤ x < 1, which corresponds to s0 = 1, then s0 also disappears.

Exercise 6 Show this.

In other words, if we write T ′D : 2N→ 2N for the transfer of the doubling map TD : [0,1)→ [0,1)
to 2N via (2.10), then T ′D = S. We use this fact to show that if we use the partition {U0,U1} of [0,1)
given by U0 = [0,1/2) and U1 = [1/2,1), then the infinite coarse-grained path ξ (x) ∈ 2N equals

ξ : [0,1)→ 2N; ξ (x) = s, (2.11)

where s is defined by (2.10). To see this, first look at the partition {U ′0,U ′1} of 2N where, cf. (2.7)

U ′i = {s ∈ 2N | s0 = i}; (i = 0,1). (2.12)

Clearly, x ∈Ui iff s ∈U ′i for i = 1,2. Then ξ ′ : 2N→ 2N, defined as in (2.4) by the property

ξ
′(s)n = i ∈ {0,1} iff Sns ∈Ui, (2.13)

is the identity, since for n= 1 the condition Ss∈Ui means that (Ss)0 = s1 = i, and likewise Sns∈Ui

means sn = i. Transporting this back to [0,1) gives (2.11).30

A slightly more subtle example where ξ is a bijection is given by the tent map

Tt : [0,1)→ [0,1); Tt(x) = 1−|2x−1|, (2.14)

that is, Tt(x) = 2x for 0≤ x < 1/2 and Tt(x) = 2−2x if 1
2 ≤ x < 1. This map also preserves µL.

28Turning these special cases into a proof requires, for example, the following theorem: Let R ⊂ Σ be an algebra,
that is, a subset Σ ⊂P(X) that contains X and is closed under complementation A\B and unions A∪B (and hence
under intersections A∩B). Let R also contains an increasing sequence (Bn) such that X =

⋃
n Bn. If P(T−1B) = P(B)

for all B ∈ R, then P(T−1B) = P(B) for all B ∈ Σ. See for example Dajani & Kalle, (2021), Theorem 1.2.1.
29More precisely, this is true provided dyadic rationals in [0,1) are mapped to finite binary sequences (i.e., those

ending with infinitely many zeros). Binary expansions are not unique; dyadic rationals (i.e. numbers in [0,1) with a
finite binary expansion, = fractions of the kind m ·2−n for m,n∈N∗ subject to 0 < m < 2n), have two binary expansions,
e.g. 1/2 = 2−1 = ∑

∞
n=2 2−n. If x is a dyadic rational we should take the s ∈ 2N with infinitely many zeros at the end.

This is clear from (2.9), since every dyadic rational eventually ends up at x = 0 and stays there.
30Continuing the previous footnote: this map ξ is not quite a bijection, but it is a bijection up to the set of dyadic

rationals in [0,1), which has Lebesque measure zero. Alternatively, one could omit elements of 2N that end with an
infinite string of 1’s (these are precisely the binary sequences that superfluously represent dyadic rationals).
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Exercise 7 Show this.

The situation is similar to the doubling map, but with a twist: seen as a map

T ′t : 2N→ 2N (2.15)

via the binary expansion (2.10) of x, for s0 = 0, corresponding to x ∈ [0,1/2), we have

T ′t = T ′D = S. (2.16)

But if s0 = 1 and hence x ∈ [1/2,1), we have

T ′t (s)n = s′n+1 := 1− sn+1. (2.17)

Exercise 8 Show this.

This gives a formula for the map
ξt : [0,1)→ 2N, (2.18)

relative to the same partition {U0,U1} as for the doubling map, defined recursively:

ξt(x)0 = s0; ξt(x)n = sn (ξt(x)n−1 = 0); ξt(x)n = s′n (ξt(x)n−1 = 1). (2.19)

This is once again a bijection (up to the dyadic rationals, which may be taken out without loss).

There are invertible 2d versions of both maps, both called the Baker’s map. The 2d counterpart
of the doubling map is the so-called unfolded Baker’s map.31 Here (2.9) is extended by

X = [0,1)× [0,1);

TB(x,y) = (2x,y/2) (0≤ x < 1/2); TB(x,y) = (2x−1,y/2+1/2) (1/2≤ x < 1). (2.20)

This map consists of three stages, visible if we divide the square into two equal columns:32

1. Each column is compressed vertically by a factor 1/2.

31The 2d extension of the tent map is given by T (x,y) = (2x,y/2) for 0 ≤ x < 1/2 and T (x,y) = (2−2x,1− y/2)
for 1/2 ≤ x < 1. Here also ξ : X → 2Z is an isomorphism, differing from the one in the main text for the unfolded
version by a twist, as for the tent map. This is called the folded Baker’s map.

32We follow Shields (1996), §I..2.b, almost verbatim, and also steal two of his pictures, viz. Figure I.2.4 and I.2.5.
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2. Each compressed column is subsequently stretched horizontally by a factor 2;

3. The right rectangle is finally placed on top of the left one (is this really what bakers do?).

16  CHAPTER I. BASIC CONCEPTS. 

Proof The equivalence of the first two follows from the fact that if T -1  B c B and C = 
n>0T-n B, then T -1 C = C and ,u(C) = ,u(B). The proofs of the other equivalences 
are left to the reader. 

Remark 1.2.2 
In the particular case when T is invertible, that is, when T is one-to-one and for 

each measurable set C the set T C is measurable and has the same measure as C, the 
conditions for ergodicity can be expressed in terms of the action of  T,  rather than T-1 . 
In particular, an invertible T is ergodic if and only if any T-invariant set has measure 0 
or 1. Also, note that if T is invertible then UT is a unitary operator on L 2 . 

A stationary process is ergodic, if the shift in the Kolmogorov representation is 
ergodic relative to the Kolmogorov measure. As will be shown in Section 1.4, to say 
that a stationary process is ergodic is equivalent to saying that measures of cylinder sets 
can be determined by counting limiting relative frequencies along a sample path x, for 
almost every x. Furthermore, a shift-invariant measure shift-invariant measures. Thus 
the concept of ergodic process, which is natural from the transformation point of view, 
is equivalent to an important probability concept. 

I.2.b Examples of ergodic processes. 
Examples of ergodic processes include i.i.d. processes, irreducible Markov chains and 

functions thereof, stationary codings of ergodic processes, concatenated-block processes, 
and some, but not all, processes obtained from a block coding of an ergodic process by 
randomizing the start. These and other examples will now be discussed. 

Example 1.2.3 (The Baker's transformation.) 
A simple geometric example provides a transformation and partition for which the 

resulting process is the familiar coin-tossing process. Let X = [0, 1) x [0, 1) denote the 
unit square and define a transformation T by 

{ (2s, t/2)  if S  <1/2  T (s, t) = (2s — 1, (t ±  1)/2) it s>  1/2. 

The transformation T is called the Baker's transformation since its action can be described 
as follows. (See Figure 1.2.4.) 

1. Cut the unit square into two columns of equal width. 

2. Squeeze each column down to height 1/2 and stretch it to width 1. 

3. Place the right rectangle on top of the left to obtain a square. 

      

• 
T w 

• 
T z 

  

• 
Tz 

 

• 
Tw 

 

      

Figure 1.2.4 The Baker's transformation. By either calculation or visualization, it follows that TB preserves 2d Lebesgue measure. Short of
defining chaos, this is arguably the most chaotic map known: if all points in the columns

U0 = {(0≤ x < 1/2,0≤ y < 1)}; U1 = {(1/2≤ x < 1,0≤ y < 1)} (2.21)

are marked red and blue, respectively, then the two colours look completely mixed after a dozen or
so steps.33 The simplest coarse-graining already gives an isomorphism with the shift map, albeit
it the two-sided or bilateral version: instead of 2N we now use 2Z, carrying a shift map

S : 2Z→ 2Z; (Ss)n := sn+1 (n ∈ Z). (2.22)

We now use the binary expansion (2.10) of x, and a relabeled binary expansion for y:

y =
∞

∑
n=0

s−(n+1)2
−(n+1). (2.23)

Thus (x,y) corresponds to a single sequence s ∈ 2Z, and it is easy to show that under this corre-
spondence the map (2.20) is exactly the bilateral shift (2.22).

Exercise 9 Show this.

Consequently, the (unfolded) Baker’s map is essentially the same as the bilateral Bernoulli
shift (2.22). Using Z instead of N, we replace the subset N ≡ {0,1, . . . ,N−1} ⊂ N by

ΛN := {−N, . . . ,0, . . . ,N}, (2.24)

and in its wake replace AN by AΛN = {σ : ΛN → A}, here with A = {0,1}, and replace (2.4) by

ξ : X → AZ; ξ (x)n = a ∈ A iff T nx ∈Ua (n ∈ Z), (2.25)

which may be truncated to ΛN so as to obtain the finite-time coarse-grained path

ξΛN (x) = ξ (x)|ΛN ∈ AΛN . (2.26)

Applying this to the Baker’s map (2.20) via the partition (2.21) leads to the conclusion that the
map ξ in (2.25), with A = {0,1} and X = [0,1)× [0,1), is a bijection, so that coarse-graining is
lossless. To see this, one again starts with the bilateral shift (2.22), with corresponding partition

U ′0 = {s ∈ 2Z | s0 = 0}; U ′1 = {s ∈ 2Z | s0 = 1}, (2.27)

and repeats the arguments for the doubling map almost verbatim.

33See for example the movie on https://en.wikipedia.org/wiki/Baker’s_map.
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Returning to the general story: Kolmogorov’s idea was to refine the partition (1.31), written as

π = {Ua,a ∈ A}; X =
⋃

a
Ua; P(Ua∩Ub) = 0 (a 6= b); P(∪aUa) = 1, (2.28)

to a finer partition πN , defined for all N ≥ 1, by

π
N = {Uσ ,σ ∈ AN}; (2.29)

Uσ :=
N−1⋂

n=0

T−nUσn =Uσ0 ∩T−1Uσ1 ∩·· ·∩T−(N−1)UσN−1

= {x ∈ X | x ∈Uσ0 ,T x ∈Uσ1 , . . .T
N−1x ∈UσN−1}, (2.30)

i.e. the set of all x whose coarse-grained path ξN(x) up to time N−1 corresponds to σ ∈ AN ; here
T 0 = idX so that π1 = π . Note that σ ∈ AN is just a label identifying such a coarse-grained path,
which itself is given by the sequence (Uσ0 ,Uσ1 , . . .UσN−1) of elements of the partition π in which
the particle resides at time n ∈ {0,1, . . . ,N− 1}. The set Uσ is empty for those σ ∈ AN that (for
given map T ) are not in the image of the map ξN : X → AN . Such labels σ should be omitted in
AN , so that in general πN corresponds to some subset of AN . Here are (the) two extreme cases:

1. If T = idX , i.e., T (x) = x, then Uσ 6= /0 iff σn = a for all n∈ {0,1, . . . ,N−1}, for some a∈ A.

2. If T = S for X = AN, with partition Ua = {s ∈ AN | s0 = a}, then all σ occur, since

Uσ = [σ ] = {s ∈ AN | s|N = σ}. (2.31)

We also display a few partitions for the Baker’s map (also forward in time), starting with (2.27):

1 
0 
1 
0 

1 

0 

Ti' 

I 
I 

0 1 1 0 1 
I 
I 
. 

T -1 1)1  n Po  n T Pi  n T2  Po  

T -I P v P v T'P v T 2P 

P 
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The Baker's transformation T preserves Lebesgue measure in the square, for dyadic 
subsquares (which generate the Borel field) are mapped into rectangles of the same area. 
To obtain the coin-tossing process define the two-set partition P = {Po, PO by setting 

(6) 
 

Po = {(s, t): s < 1/2}, P1 = {(s, t): s _?: 1/2}. 

To assist in showing that the (T ,P)-process is, indeed, the binary, symmetric, i.i.d. 
process, some useful partition notation and terminology will be developed. 

Let P = {Pa : a E A} be a partition of the probability space (X, E, ii). The dis-
tribution of P is the probability distribution ftt(Pa), a E Al. The join, P v Q, of two 
partitions P and Q is their common refinement, that is, the partition 

P v Q = {Pa  n Qb: Pa E P , Qb E Q} • 

The join AP(i)  of a finite sequence P (1) , P (2) , ... , P(k)  of partitions is their common 
refinement; defined inductively by APO )  = (vrP (i) ) y p(k). 

Two partitions P and Q are independent if the distribution of the restriction of P to 
each Qb E Q does not depend on b, that is, if 

[t(Pa n Qb) = 12 (Pa)11 (Qb),Va, b. 

The sequence of partitions {P (i) : i > 1} is said to be independent if P (k+ i)  and v1P (i) 
 are independent for each k? 1. 

For the Baker's transformation and partition (6), Figure 1.2.5 illustrates the partitions 
P,  TP ,T 2P , 7-1 P , along with the join of these partitions. Note that T 2P partitions 
each set of T -1 7,  v P v TT into exactly the same proportions as it partitions the entire 
space X. This is precisely the meaning of independence. In particular, it can be shown 
that the partition TnP is independent of vg -1  PP , for each n > 1, so that {T i P} is an 
independent sequence. This, together with the fact that each of the two sets P0 , P1 has 
measure 1/2, implies, of course, that the (T, 2)-process is just the coin-tossing process. 

T 2p 
 

T -1 P 

Figure 1.2.5 The join of P, TP, T2P, and 7— '1'. 

In general, the i.i.d. process ii, defined by the first-order distribution j 1  (a),  a E A, is 
given by a generalized Baker's transformation, described as follows. (See Figure 1.2.6.) 

Within the image of ξN , ξN(x) ∈ AN bijectively corresponds to the subset UξN(x) ∈ πN . If for
any partition γ we write γ(x) for the element of γ containing x, then our notation implies that

π
N(x) =UξN(x). (2.32)

Like ξ regarding AN, each ξN defines a probability PN ∈ Prob(AN) induced by P ∈ Prob(X), i.e.

PN(σ) = P(Uσ ), (2.33)
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so that PN(ξN(x)) is the probability of the truncated coarse-grained path ξN(x). This suggests
(base-e)notions of information and entropy, as follows. First, for any finite measurable partition γ

of (X ,P), suppressing our fixed X in the notation we define information and entropy by, cf. (1.14),

IP(γ) := ∑
C∈γ

1C log(1/P(C)) =−∑
C∈γ

1C log P(C); (2.34)

HP(γ) := 〈IP(γ)〉P =−∑
C∈γ

P(C) logP(C). (2.35)

Note that IP(γ) is a (measurable) function on X , so that γ is not its argument but a label, and

IP(γ)(x) =− log P(γ(x)). (2.36)

In particular, we have

IP(π
N)(x) =− log P(πN(x)) =− logP(UξN(x)) =− logPN(ξN(x)); (2.37)

HP(π
N) = 〈IP(π

N)〉P =− ∑
σ∈AN

P(Uσ ) logP(Uσ ) =− ∑
σ∈AN

PN(σ) logPN(σ) = S(PN), (2.38)

where S(PN) is the Shannon–Boltzmann entropy (1.14) of the probability space (AN ,P(AN),PN).
For any two finite partitions γ and β of X we similarly introduce the conditional information

and conditional entropy of γ given β by

IP(γ|β ) :=− ∑
C∈γ,B∈β

1C∩B logP(C|B); (2.39)

HP(γ|β ) := 〈IP(γ|β )〉P =− ∑
C∈γ,B∈β

P(C∩B) logP(C|B), (2.40)

where P(C|B) = P(C∩B)/P(B) as usual, provided P(B)> 0. Clearly, for all x ∈ X ,

IP(γ)(x)≥ 0; IP(γ|β )(x)≥ 0; HP(γ)≥ 0; HP(γ|β )≥ 0. (2.41)

The fact that the set of all partitions of some given set (or measure space) X form a lattice plays a
major role in the study of entropy. If γ and β are partitions of X , we define γ ≤ β if for all C ∈ γ

there is B ∈ β such that C⊂ B. In that case γ is called a refinement of β (for example, the partition
γ of a unit square into four equal squares of size 1/2 is a refinement of its partition β into two equal
columns).34 This partial order has suprema ∨ and infima ∧ (making it a lattice); we only need

γ ∧β = {C∩B |C ∈ γ,B ∈ β}. (2.42)

For example, in our dynamical system (X ,P,T ) we have T−nπ = {B⊂ X | T n(B) ∈ π} and

π
N = ∧N−1

n=0 T−n
π =

N−1⋂

n=0

T−n
π = {Uσ ,σ ∈ AN}, (2.43)

cf. (2.30), where N ≥ 1; we omit those σ ∈ AN for which Uσ = /0. If M ≥ N, then πM ≤ πN .

Lemma 2.1 1. For any two partitions γ,β of X we have

HP(β |γ)≤ HP(β ); (2.44)

HP(γ ∧β ) = HP(γ)+HP(β |γ), (2.45)

and hence

HP(γ ∧β )≤ HP(γ)+HP(β ). (2.46)
34Most literature writes β ≤ γ in this case, but our notation makes (2.43) look better since ∧ resonates with ∩. On

the other hand, we will have HP(γ)≥ HP(β ) if γ ≤ β , which would look better with the opposite ordering convention.
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2. If γ ≤ β , then HP(γ)≥ HP(β ) as well as HP(β |γ) = 0; and for any third partition α ,

HP(α|γ)≤ HP(α|β ). (2.47)

3. For the information functions we have

IP(γ ∧β ) = IP(γ)+ IP(β |γ). (2.48)

Exercise 10 Prove parts 1 and 2. Hint: for (2.44) use Jensen’s inequality (A.4). �

For example, in the unit square example (with Lebesgue measure) where β consists of two
columns and γ of four equal “quarter-squares”, we have HP(γ) = 2 whilst HP(β ) = 1. Intuitively,
if partition γ refines partition β and hence has more blocks, then revealing the location of a particle
by specifying the block of γ it is in provides more information than revealing the corresponding
black of β ; and hence γ should have more entropy than β . Similarly, in dynamical systems,
if M > N then knowing a coarse-grained path from time t = 0 till time t = M− 1 gives more
information than knowing it only until time t = N−1, so that HP(π

M)≥ HP(π
N).

We now show that HP(π
N) as defined in (2.38) has a limit

hP(π) := lim
N→∞

1
N

HP(π
N). (2.49)

The key to its existence is the subadditivity property

HP(π
M+N)≤ HP(π

N)+HP(π
M), (2.50)

which follows from Lemma 2.1. To see this, for 0≤ k ≤ N−1 extend the notation (2.43) to

π
N
k := ∧N−1

n=k (T
−n

π) =
N−1⋂

n=k

(T−n
π), (2.51)

so that e.g. πN
0 = πN and π

N+1
1 = T−1πN . Eqs. (2.35) and (2.2), and subsequently (2.46), give

HP(π
N+M
M ) = HP(π

N); ⇒ (2.52)

HP(π
M+N) = HP(π

N ∧π
M+N
N )≤ HP(π

N)+HP(π
M+N
N ) = HP(π

N)+HP(π
M). (2.53)

Lemma 2.2 (Fekete) If (aN) is a subadditive sequence in R+ in the sense that aM+N ≤ aM +aN ,
then limN→∞(aN/N) exists (its value may be ∞) and equals infN(aN/N).

Exercise 11 Prove this lemma (you may look at the internet or elsewhere!).

There is an interesting alternative formule for (2.49), namely, using the notation (2.51),

HP(π) = lim
N→∞

HP(π|πN
1 ). (2.54)

First, the limit exists, because for M >N the partition πM
1 is obviously finer than πN

1 (i.e. πM
1 ≤ πN

1 ),
so that HP(π|πM

1 )≤HP(π|πN
1 ) by (2.47). Moreover, by definition (2.39) we have IP(γ|β )≥ 0 and

hence HP(γ|β ) ≥ 0 by (2.40), so that the sequence (HP(π|πN
1 ))N is non-increasing and bounded

below, so that it converges. This implies (nontrivially) that its limit equals its Césaro limit, that is,

lim
N→∞

HP(π|πN
1 ) = lim

N→∞

1
N

N

∑
j=1

HP(π|π j
1). (2.55)

Eq. (2.54) then follows immediately from another nontrivial formula, viz.

HP(π)+
N−1

∑
j=1

HP(π|π j+1
1 ) = HP(π

N). (2.56)
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Exercise 12 Prove this by induction.

Definition 2.3 The Kolmogorov–Sinai (or metric) entropy of the dynamical system (X ,P,T ) is

h(X ,P,T ) := sup
π

hP(π), (2.57)

where the supremum (which may be infinite) is taken over all finite measurable partitions of X.

Here the right-hand side tacitly depends on T via (2.49) and (2.30). The reason this lofty quantity
is often accessible lies in the crucial Kolmogorov–Sinai theorem:

Theorem 2.4 If π is a finite partition of X whose refinements πN generate the σ -algebra Σ, i.e.,

Σ = σ

(
∞⋃

n=0

T−n
π

)
= σ({πN ,N ∈ N∗}), (2.58)

on which the probability measure P was defined in the first place, then

h(X ,P,T ) = h(π). (2.59)

We omit the proof, which is very technical, see e.g. Viana & Oliveira, Theorem 9.2.1. But the idea
is simple: the assumption in the theorem means that as N→ ∞ the refinements πN of π generate a
maximally refined measurable partition of X : the cells of πN could not eventually go beyond the
elements of the given σ -algebra Σ. By Lemma 2.1.2, entropy increases under refinement and hence
a maximally refined partition should have maximal entropy, reaching the supremum in (2.57).

The first nontrivial case where this entropy could be computed from Theorem 2.4 was the
unilateral shift (2.5), which gives the same result as the Bernoulli shift, i.e. the same map S but
now defined on double-sided sequences s ∈ AZ instead of AN. In the latter case, the Bernoulli
measure pN on AN with prior p ∈ Prob(A) is extended to a probability measure pN on AN. The
latter measure is defined on the σ -algebra generated by the cylinder sets

[σ ]N := {s ∈ AN | s|N = σ}= σAN, (2.60)

where σ ∈ AN and N ∈ N, so that [σ ]N ⊂ AN is the set of all half-sided sequences with initial
segment σ , and s|N = σ means s(n) = σ(n) for all n ∈ N = {0, . . . ,N−1}. We then define pN by

pN([σ ]N) := pN(σ), (2.61)

uniquely extended to the σ -algebra Σ generated by these cylinder sets. See chapter 3 for more
information. Similarly, σ ∈ A[−N,N] defines [σ ]N = A−NσAN, the set of all sequences in AZ with
middle segment σ . The probability measure pZ is then defined analogously on the σ -algebra
generated by these cylinder sets, where N ∈ N∗ and σ ∈ A[−N,N]. Sinai (1959) found that:

h(AN, pN, S) = h(AZ, pZ, S) = S(p) :=−∑
a∈A

p(a) log p(a). (2.62)

To see this, let X = AN, P = pN, and T = S, cf. (2.5); the double-sided case is similar. Define

Ua := [a]1 = {s ∈ AN | s0 = a}, (2.63)

which gives the starting partition π = {Ua}a∈A of AN, cf. (2.29) - (2.28). It follows that

Uσ = [σ ]N ; π
N = {[σ ]N ,σ ∈ AN}, (2.64)

cf. (2.30). Therefore, π is such that (2.58) and hence (2.59) holds. Now finish:

Exercise 13 Prove (2.64) and on that basis derive the key step in the proof of (2.62), namely

HpN(π
N) = NS(p). (2.65)

Finally, use this result with (2.49) and (2.59) to derive (2.62).
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3 Markov chains

The fourth and most general interpretation of our diagram is that it provides a representation of
discrete-time stochastic processes. This approach again goes back to Kolmogorov (1933).

A stochastic process is a function X of two variables t ∈ T and ω ∈Ω, where (Ω,Σ,P) is some
probability space and Xt(ω) ∈ At , where (At ,Σ

′
t) is an appropriate measure space and each

Xt : Ω→ At (3.1)

is measurable. In what follows we assume (At ,Σ
′
t) = (A,Σ′) to be independent of t. The simplest

cases have discrete time, that is, T =N (the one-sided case) or n ∈ Z (two-sided), and Xn : Ω→ A,
where (Ω,Σ,P) is a probability space and A is finite. In those cases, the Kolmogorov representation
theorem discussed below states that without loss of generality one may assume that:

Ω = AN or Ω = AZ; Xn(s) = sn; s : N→ A or s : Z→ A. (3.2)

Our diagram then displays a (truncated) sample path of a discrete-time stochastic process. This
theorem relies on Kolmogorov’s extension lemma (and is often conflated with it). It takes no extra
effort to discuss these theorems for arbitrary index sets T and quite general state spaces (A,Σ′),
which for us are “at worst” Polish spaces.35 The reader may just think of finite A with Σ′ =P(A).
As usual, AT consists of all functions s : T → A. We define first the “right” σ -algebra:36

Definition 3.1 The cylindrical σ -algebra F on AT is the smallest σ -algebra that makes the coor-
dinate functions (= evaluation maps) s 7→ s(t) from AT to A measurable for all t ∈ T .

Equivalently (as follows from the definition of measurability of functions between measure spaces),37

for each B∈ Σ′ and t ∈ T the so-called cylinder set [B]t := {s∈ AT | s(t)∈ B}must be measurable,
so that F is the σ -algebra generated by these cylinder sets.38 Alternatively, for any finite subset
F ⊂ T we define FF ⊂P(AT ) as the σ -algebra generated by the (“rectangular”) cylinder sets

[
∏
t∈F

Bt

]

F

:= {s ∈ AT | ∀t∈Fst ∈ Bt}=
{

s ∈ AT | s|F ∈∏
t∈F

Bt

}
(Bt ∈ Σ

′, t ∈ F). (3.3)

Then F is the σ -algebra generated by all FF (F ⊂ T finite). This is useful, if only because of:

Theorem 3.2 Any probability measure P on F is uniquely determined by its values on
⋃

F FF ,
and even by its values on all cylinder sets (3.3), where F ⊂ is finite and Bt ∈ Σ′ (t ∈ F).

35See e.g. Dudley (1989), §8.2 and 12.1, or Klenke (2020), §14.1. In the most general setting (Dudley, 1989,
Theorem 12.1.2; Klenke, 2020, Theorem 14.39) each measure space (At ,Σ

′
t) is merely supposed to be isomorphic

to some Borel set in R. This includes all so-called standard measure spaces (this means isomorphic to: [0,1] with
Lebesgue measure, or a finite or countable set of atoms, or a disjoint union of both) and hence also all Polish spaces.

36Likewise, the canonical (= product) topology on AT , where (A,O) is a topological space and T is just a set, is the
coarsest (= smallest) topology that makes all coordinate functions continuous. This is the topology in which, famously,
by Tychonoff’s theorem AT is compact whenever A is compact (for any T !).

37If (X1,Σ1) and (X1,Σ2) are measure spaces, f : X1→ X2 is measurable if for each B ∈ Σ2 we have f−1(Σ2) ∈ Σ1.
38Any collection of subsets S ⊂P(X) of X generates a σ -algebra Σ(S) on X , namely the smallest σ -algebra on

X (i.e., in P(X)) that contains S; thus Σ(S) is just the intersection of all σ -algebras on X that contain S, and this is
non-empty because P(X) obviously contains S and is a σ -algebra. We say that Σ(S) is the σ -algebra generated by S.

The best-known example is the Borel σ -algebra, which is generated by some topology on X . In fact, the cylindrical
σ -algebra F on AT is a special case of this, using the product topology (which has the same basis).
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Since
⋃

F FF is an algebra, the first part follows from the Carathéodory extension theorem,39 but
the very useful second part does not.40 If we (tacitly) define the appropriate σ -algebra Σ′F on AF as
the one from Definition 3.1, with T  F , we may also define more general cylinder sets in AT by
replacing the rectangular sets ∏t∈F Bt in (3.3), by arbitrary sets B ∈ Σ′F . Then FF simply consists
of all [B]F , where B ∈ Σ′F ; in particular, this is already a σ -algebra.

This simplifies if A is finite with Σ′ = P(A): for any σ ∈ AF , define

[σ ]F := {s ∈ AT | ∀t∈F(s(t) = σ(t))}= {s ∈ AT | s|F = σ}. (3.4)

Then it is easy to see that FF is the σ -algebra generated by all such sets, and, invoking Theorem
3.2, any probability measure P on F is uniquely determined by its values on the sets [σ ]F .

If also T = N, one may even restrict attention to the sets F = N = {0,1, . . . ,N− 1} ⊂ N and
ensuing cylinder sets (2.60), with σ -algebras FN generated by these [σ ]N , since both

⋃
F FF and⋃

N FN contain the following elementary cylinder sets which by Definition 3.1 also generate F :

[a]n := {s ∈ AN | sn = a}, n ∈ N, a ∈ A. (3.5)

In fact,
⋃

N FN consists of all finite unions of the sets [σ ]F (and is an algebra).41 The simplest
example of this construction is A = 2 = {0,1} and P = pN for any p ∈ Prob(2), cf. (2.61).

Exercise 14 For f (0) = f (1) = 1/2, show that the binary expansion (2.10) induces an isomor-
phism of probability spaces (where µL is Lebesgue measure defined on the usual Borel sets B):42

(2N,F , fN)∼= ([0,1],B,µL). (3.6)

Let us return to Theorem 3.2. Note that AF is not a subset of AT , but that there are natural maps

πF : AT → AF ; πF(s) = s|F ; (3.7)

πGF : AG→ AF ; πGF(σ) = σ|F , (3.8)

where F ⊂G⊂ T , in which F and G are always finite in what follows, although the maps πGF are
defined more generally. It is clear from (3.7) that any P ∈ Prob(AT ) induces pF ∈ Prob(AF) via

pF := π
−1
F P, (3.9)

for each F ⊂ T . For B ∈ Σ′F , e.g. the rectangular set ∏t∈F Bt as in (3.3), eq. (3.9) gives

pF(B) = P([B]F) = P(s|F ∈B). (3.10)

For example, for A finite, T = N, F = N and B = {σ} with σ ∈ AN , eq. (3.10) simply reads

pN(σ)≡ pN({σ}) = P([σ ]N). (3.11)

39See e.g. Klenke (2020), Theorem 1.41. Carathéodory’s theorem states that if a σ -algebra Σ is generated by
an algebra R ⊂ Σ (see footnote 28), then any countably additive set function on R taking values in [0,∞] (i.e. any
premeasure) uniquely extends to a measure on Σ; this trivially implies that P is uniquely determined by its values on R.

40See Klenke (2020), Theorem 14.12.
41See footnotete 28 for the definition of al algebra of subsets.
42This is false in topology, where 2N is a Cantor space! The proof requires a generalization of the theorem in

footnote 28. Let (X1,Σ1,P1) and (X2,Σ2,P2) be probability spaces (or more generally just measure spaces), let R2 ⊂ Σ2
be a generating semi-algebra for Σ2, that is, /0 ∈ R2; if A,B ∈ R2 then A∩B ∈ R2; and if B ∈ R2 then X\B is a countable
disjoint union of elements of R2; and R2 generates Σ2. Also assume that R2 contains an increasing sequence (Bn) such
that X2 =

⋃
n Bn. Then: if f : X1→ X2 a map that satisfies f−1(B) ∈ Σ1 and P1( f−1(B)) = P2(B) for each B ∈ R2, then

f is measurable and P1( f−1(B)) = P2(B) for each B ∈ Σ2. See e.g. Dajani, & Kalle (2021), Theorem 12.3.1.
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In general, since πF = πGF ◦πG if F ⊂ G⊂ T , the (pF) satisfy the consistency condition

pF = π
−1
GF pG. (3.12)

The Kolmogorov extension lemma turns the consistency condition (3.12) on its head:

Lemma 3.3 (Kolmogorov) If a family of probabilities (pF) satisfies (3.12), pF ∈ Prob(AF ,Σ′F),
there is a unique probability measure P on (AT ,F ) that induces the given family (pF) via (3.9).

The idea of the proof is deceptively simple: the cylinder sets [B]F , where B ∈ Σ′F , form an algebra⋃
F FF in P(AT ), and one defines P on this algebra by reading (3.10) from right to left; this move

is of course only valid if the consistency condition (3.12) holds. Since F is by definition equal to
the σ -algebra generated by

⋃
F FF , the Carathéodory extension theorem does the rest provided P is

countably additive on
⋃

F FF . This is the difficult technical part we omit; some extra assumptions
on (A,Σ′), which so far was completely arbitrary, are needed for this step (e.g., being Polish).43

Exercise 15 1. Show that for finite A and T = N the consistency condition (3.12) implies

pN(σ) = ∑
a∈A

pN+1(σa), (3.13)

for all N ∈ N, σ ∈ AN and a ∈ A, where σa ∈ AN+1 is the string defined by

(σa)n = σ(n)≡ σn (n = 0, . . . ,N−1; (σa)N = a. (3.14)

2. Show that a family (pN) that satisfies (3.13), is equivalent to a single function p : A∗→ [0,1],
where A∗ =

⋃
N∈N AN is the set of all finite A-valued strings, including A0 consisting of the

empty string ε , that satisfies p(σ) = ∑a∈A p(σa) and p(ε) = 1.

3. Using Lemma 3.3, show that such a function p (or the equivalent (pN) in part 1) already
uniquely determines a probability measure P ∈ Prob(AN) that returns the pN via (3.11).

Theorem 3.4 (Kolmogorov) Let (Xt)t∈T be a stochastic process taking values in (for example) a
Polish state space (A,Σ′), so that Xt : Ω→ A for some probability space (Ω,Σ,P). Then without
loss of generality one may realize the process as evaluation maps X ′t on (AT ,F ), that is,

X ′t : AT → A; X ′t (s) = st ; s : T → A, (3.15)

with a probability measure P′ ∈ Prob(AT ,F ) that returns the joint probabilities of the (Xt) via

P(Xt ∈ Bt , t ∈ F) = P

([
∏
t∈F

Bt

])
= P′(X ′t ∈ Bt , t ∈ F), (3.16)

for each finite F ⊂ T and (Bt)t∈F , (Bt ∈ Σ′), with ensuing ∏t∈F Bt ∈ Σ′F , cf. (3.3).

Here the symbolic notation P(Xt ∈ Bt , t ∈ F) stands for P({ω ∈ Ω | ∀t∈F(Xt(ω) ∈ Bt)}), and
likewise P′(X ′t ∈ Bt , t ∈ F) abbreviates P′({s ∈ AT | ∀t∈F(st ∈ Bt)}).
Proof. For each finite F ⊂ T , define pF ∈ Prob(AF ,Σ′F) via a little variation on (3.10),44 namely

pF

(
∏
t∈F

Bt

)
:= P(Xt ∈ Bt , t ∈ F). (3.17)

A technical argument then shows that this has a unique extension to pF ∈ Prob(AT ,Σ′F).
45

43Since each pF is given as a probability measure, we know that P is countably additive on each FF , which as we
already mentioned is a σ -algebra, but this is not enough for countable additivity on the in ite union

⋃
F FF . The proof

is even difficult for A finite and T = N, which case is spelled out by Calude (2002), Theorem 1.7.
44The difference between (3.17) and (3.10) lies in the fact that the latter defines pF via P ∈ Prob(AT ), whereas in

the former we are given P ∈ Prob(Ω) and attempt to construct P′ ∈ Prob(AT ) from this P, namely via (3.17).
45See Klenke (2020), Theorem 14.12.(iii).
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Exercise 16 Show that the ensuing family (pF) satisfies the consistency condition (3.12).

Lemma 3.3 then gives us the required distribution P′, upon which (3.16) follows from (3.10). �
For finite A and T =N, eqs. (3.16) - (3.17) simply comes down to, for each N ∈N and σ ∈ AN ,

P(X0 = σ0, . . . ,XN−1 = σN−1) = P(s|N = σ) = P([σ ]N) = pF(σ). (3.18)

We look at the following special cases (with A always finite), where as usual, provided P(C)>
0, conditional probabilities are defined

P(B|C) =
P(B,C)

P(C)
. (3.19)

• In the original description, the (Xn) are independent iff any finite subset is independent (with
respect to P). In particular, for each n ∈ N, a ∈ A and σ = (σ0, . . . ,σN−1) ∈ AN ,

P(XN = a|X0 = σ0, . . . ,XN−1 = σN−1) = P(XN = a). (3.20)

In the Kolmogorov model (3.20) means that

P(sN = a|s|N = σ)≡ P(sN = a|s0 = σ0, . . . ,sN−1 = σn−1) = P(sN = a). (3.21)

• The (Xn) are identically distributed (i.d.) if P(XN = a) is independent of N and hence equal,
for all N ∈ N, to p(a) for some p ∈ Prob(A), and i.i.d. if they are both independent and
identically distributed. In that case,46

P = pN. (3.22)

• In the next step of generality, the (Xn) form a Markov chain if, in the original model,

P(XN = a|X0 = a0, . . . ,XN−1 = aN−1) = P(XN = a | XN−1 = aN−1), (3.23)

or, similarly to (3.21), in the Kolmogorov model, for all N ∈ N, a ∈ A, and σ ∈ AN ,

P(sN = a|s|N = σ) = P(sN = a|sN−1 = σN−1), (3.24)

• A Markov chain is stationary iff P(XN = a | XN−1 = b) does not depend on N, so that

P(X0 = a0,X1 = a1, . . . ,XN = aN) = P(XM = a0,XM+1 = a1, . . . ,XM+N = aN) (3.25)

for all M > 0. We may then conveniently introduce transition probabilities by

Pab := P(XN+1 = b | XN = a) = P(X1 = b | X0 = a). (3.26)

This is a stochastic matrix, in that all entries are non-negative and

∑
b

Pab = 1 (3.27)

for each a. In a stationary Markov chain P(Xn = a) is independent of n, and we write

p(a)≡ pa := P(Xn = a) = P(X0 = a). (3.28)

For example, for P = pN we have Pab = pb for all a.
46This may be seen as a repeated sampling of (A, p), where Xn is the n’th try. If (X ,P,T ) is a dynamical system and

f : X → R or f : X → A is a random variable, then the process Xn = f ◦T n is i.d. (since T preserves P) but not i.i.d.
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Exercise 17 1. Show that in a stationary Markov chain (with finite state space A):47

P(XN = b | X0 = a) = (PN)ab; (3.29)

P(X0 = a0,X1 = a1, . . . ,XN−1 = aN−1,XN = aN) = pa0Pa0a1 · · ·PaN−1aN ; (3.30)

P(X1 = b,X2 = c) = pbPbc; (3.31)

∑
a

paPab = pb. (3.32)

2. Conversely, show that any stochastic matrix (Pab) plus some probability distribution
p ∈ Prob(A) that satisfies (3.32) defines a stationary Markov chain via (3.30).

Stationarity also implies that if p(a) = 0 for some a ∈ A, then any occurrence Xn = a has
zero probability, so that we may remove a from A. In what follows we therefore assume
that p(a)> 0 for each a ∈ A. As a check on (3.32), we already noted that for the i.i.d. case
P = pN we have Pab = pb, so that (3.32) reduces to ∑a pa pb = pb.

• The existence of a left-eigenvector p of a given stochastic matrix (Pab) is guaranteed by the
Perron–Frobenius theorem, but this is not enough to conclude p ∈ Prob(A). In the cleanest
case, which is central to both ergodic theory and large deviation theory, (Pab) is irreducible:

Definition 3.5 1. A stationary Markov chain is called irreducible if for all a,b ∈ A there is
N ∈ N such that P(XN = b|X0 = a)> 0.

2. Equivalently, its stochastic matrix (Pab) (and generally a matrix with nonnegative real en-
tries) is irreducible if for all a,b ∈ A there is N ∈ N such that (PN)ab > 0.

3. And this is equivalent to existence, for all a,b ∈ A, of indices (a0, . . . ,aN) with a0 = a and
aN = b such that Paiai+1 > 0 for each i = 0, . . . ,N−1.

Exercise 18 1. Prove that these criteria are indeed equivalent.

2. Is a Markov chain defined by the i.i.d. case P = pN irreducible?

In studying the relationship between irreducibility, ergodicity and large deviations later on the
following well-known linear algebra theorem will be used; but it also clarifies Definition 3.5.

Theorem 3.6 (Perron–Frobenius) Let (Pab) be an irreducible real matrix with each Pab ≥ 0.

1. The matrix (Pab) has a unique nondegenerate real eigenvalue ρ with the property that any
corresponding left eigenvector p has strictly positive entries pa > 0.

2. If the matrix (Pab) is stochastic, then ρ = 1, and we may normalize its eigenvectors p to
achieve p ∈ Prob(A); the stationarity condition (3.32) then holds by construction.

3. For every strictly positive vector v ∈ R|A| (i.e. va > 0 for each a), and arbitrary b ∈ A,

lim
N→∞

1
N

log

(
∑
a∈A

va(PN)ab

)
= logρ. (3.33)

47Physicists: be warned that repeated indices are not summed unless there is an explicit sumation sign!
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4. The corresponding (one-dimensional) spectral projection E(ρ) for ρ is given by

E(ρ)
ab = lim

N→∞

1
N

N

∑
n=1

ρ
−nPn

ab (3.34)

In particular, in the irreducible stochastic case p ∈ Prob(A) is given for arbitrary a ∈ A by

pb = lim
N→∞

1
N

N

∑
n=1

Pn
ab. (3.35)

5. If there exists M > 0 such that PM
ab > 0 for all a,b ∈ A (in which case (Pab) is irreducible),48

then the Césaro limit in (3.35) may be replaced by the ordinary limit

pb = lim
N→∞

(PN)ab. (3.36)

6. Conversely, if (Pab) is stochastic then the limit (3.35) exists; if the resulting vector p:
(i) lies in Prob(A) and (ii) solves (3.32), then (Pab) is irreducible.

For example, in the i.i.d. case P = pN we have Pab = pb for all a, so that P2 = P and hence the
limit in (3.35) equals p. The ensuing Markov chain is irreducible provided pa > 0 for each a ∈ A.

An interesting stationary irreducible Markov chain that is not i.i.d. is the Ehrenfest urn model.49

This model has A = {0,1, . . . ,M}, so that a ∈ A is a number 0 ≤ m ≤ M, seen as the number of
balls (or fleas) on one of two urns (or dogs), labeled U1 (the other is called U0). The random vari-
able Xn describes the number of balls in U1 a time n (so that if Xn = m, then M−m is the number
of balls in U0). The transition probabilities are given by:

Pm,m−1 :=
m
M

(m≥ 1); Pm,m+1 :=
M−m

M
(m < M); Pmn = 0 (n 6= m±1). (3.37)

The idea is that at each time step n some ball is randomly and fairly chosen from the set of M balls,
and is then moved to the other urn. If U1 contains m balls the probability that the chosen ball is in
U1 is m/M, in which case the total number of balls in U1 after the jump equals m−1. Conversely,
the probability that the chosen ball is in U0 equals 1− (m/M), and after its jump to U1 the total
number of balls in U1 is m+1. For example, for M = 4 the transition probability matrix equals

(Pmn) =




0 1 0 0 0
1/4 0 3/4 0 0
0 1/2 0 1/2 0
0 0 3/4 0 1/4
0 0 0 1 0



. (3.38)

Check that this matrix is indeed stochastic: each row adds up to unity, cf. (3.27). Irreducibility is
easy to see without any computation from part 1 of Definition 3.5: one simply imagines possible
transfers needed to get from any number of balls on U1 to any other number. The key result is that
the stationary probability p ∈ Prob(M) is given by the binomial distribution

pm = 2−M
(

M
m

)
, (3.39)

48We have PM
ab > 0 for all a,b for some M > 0 iff (Pab) is irreducible and aperiodic, i.e., for each a ∈ A we have

d(a) := gcd{k ∈ N∗ | Pk
aa > 0}= 1. In the presence of irreducibility, d(a) = 1 needs to be checked just for a single a.

49This model was introduced by Ehrenfest & Ehrenfest (1907ab) in order to explain Boltzmann’s views on the
second law of thermodynamics, a topic to which we shall return. The literature on the Ehrenfest model (not to speak of
its wider context) is huge; Bricmont (2022), §8.7.1, is a good starting point.
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which is the probability distribution if the balls were randomly distributed over the two urns in the
first place. If M is even, the value m = M/2 has the highest probability and for large M all values
far away are increasingly unlikely.

Exercise 19 Prove (3.39).

There is also a finer version of the Ehrenfest model, in which A = 2M and each a ∈ A gives the
detailed distribution of the balls (i.e., its microstate): a state a now specifies ak ∈ {0,1} for each
k = 0, . . .M−1, which means that ball number k is in urn ak. We now have Pab > 0 iff bk = ak for
all k except for one value k′ (so that the jump flips the bit ak′), in which case Pab = 1/M. Since
for each b there are M microstates a that differ from b by exactly one bit, this matrix duly satisfies
(3.27). For the same reason the stationary probability p ∈ Prob(2M) is given by the flat one, i.e.,

pa = 2−M for each a ∈ 2M. (3.40)

Exercise 20 Show that (3.40) satisfies (3.32).

Finally, in the Kolmogorov model stationarity is equivalent to shift-invariance of P, that is,

P(S−1(B)) = P(B) (3.41)

for any cylinder (or measurable) set B ⊂ AN, where the shift map was defined in (2.5). In the
one-sided case Ω = AN the shift S is not invertible, but in the two-sided case Ω = AZ it is, and
the shift map extends to a Z-action on AZ, where Z is seen as a group in the usual way (that is,
for n ∈ Z and s ∈ AZ we define n · s := Sn(s)). Either way, we enter the realm of ergodic theory,
which is the study dynamical systems (X ,P,T ) that satisfy (2.2) and the measure-preserving map
T : X → X is ergodic (relative to P). For us, ergodic theory is useful both as a tool for deriving
the strong (and hence the weak) law of large numbers (which is the beginning of large deviation
theory), and as a method for studying chaotic dynamical systems (in connection with entropy).

4 Ergodic theory

Ergodic theory goes back to Boltzmann in his work on statistical mechanics, but the corresponding
mathematical theory was primarily developed by Birkhoff (senior) and von Neumann.50 From a
probabilistic point of view, we already saw that if (X ,P,T ) is a dynamical system and f : X →R s
a random variable, then the process Xn = f ◦T n is i.d. but not i.i.d. The pointwise ergodic theorem
below then generalizes the strong law of large numbers from i.i.d. to i.d. variables, at some price:

Definition 4.1 Let (X ,P,T ) be a dynamical systems, i.e. a probability space (X ,P) with measure-
preserving map T : X → X. This map is ergodic if T−1(B) = B implies P(B) = 0 or P(B) = 1.

Note that the logical structure is: ∀B∈Σ((T−1B = B)→ (P(B) = 0∨P(B) = 1)), and hence non-
ergodicity is equivalent to the existence of some B ∈ Σ for which T−1(B) = B and 0 < P(B)< 1.
Up to measure zero sets, P(B) = 0 means that B = /0, whereas P(B) = 1 means that B = X , so that
ergodicity essentially means that the only nontrivial T -invariant subset B⊂ X is X .

By iteration of the antecedent, Definition 4.1 implies that (X ,P,T ) is ergodic iff T−nB = B
for all n ∈ N implies P(B) = 0 or P(B) = 1. In T is invertible, it gives rise to a Z-action on X
via n · x := T nx (where Z is seen as an additive group). From that point of view, ergodicity is
equivalent to: All Z-invariant sets B satsisfy P(B) = 0 or P(B) = 1.

50See Halmos (1958), von Plato (1994) and Moore (2015) for some history of ergodic theory. For the theory itself
we recommend Tao (2007) and in more detail and polish Dajani & Kalle (2021) for student-friendly first introductions,
and Viana & Oliveira (2016) for a full meal. Walters (1982) is intermediate and still useful.
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Exercise 21 Show that ergodicity is equivalent to any of the following properties:51

1. T−1(B)⊂ B implies P(B) = 0 or P(B) = 1.

2. T−1(B)⊃ B implies P(B) = 0 or P(B) = 1.

3. P(T−1(B)∆B) = 0 implies P(B) = 0 or P(B) = 1.

The simplest nontrivial examples of ergodic systems are given by certain operations on the torus

T := {z ∈ C | |z|= 1}, (4.1)

parametrized by z= exp(ix), and equipped with normalized Lebesgue measure (i.e. Haar measure)

dP(z) =
dz

2πiz
; dP(x) =

dx
2π

, (4.2)

so that P(T) = 1. The following result is similar to the doubling map and the tent map.

Exercise 22 Show that Lebesgue measure on T (which is the group-theoretic Haar measure) is
invariant under rescaling by an integer p 6= 0.

The cases of interest are irrational rotations and scalings, where α ∈ [0,2π) and p ∈ Z∗:

Rα : T→ T; z 7→ eiαz; x 7→ x+α mod2π (x ∈ [0,2π); (4.3)

Mp : T→ T; z 7→ zp; x 7→ px mod2π (4.4)

Proposition 4.2 (T,P,Rα) is ergodic iff α/(2π) is irrational, and (T,P,Mp) is ergodic iff |p| ≥ 2.

Although this can be proved directly from Definition 4.1,52 it is instructive to give an analytic
proof based on a reformulation of ergodicity that will often be used.
Proposition 4.3 Let (X ,P,T ) be a dynamical system. The following conditions are equivalent,
and hence (X ,P,T ) is ergodic iff any of these conditions hold:

1. For all measurable B⊂ X: If T−1(B) = B, then P(B) = 0 or P(B) = 1.

2. For all f ∈ L2(X ,P): If f (T x) = f (x) P-a.e., then f is constant P-a.e.

3. For all f ∈ L1(X ,P): If f (T x) = f (x) P-a.e., then f is constant P-a.e.

4. For all measurable f : X → R: If f (T x) = f (x) P-a.e., then f is constant P-a.e.

5. There exists no nontrivial convex decomposition (the trivial case being P1 = P2 = P)

P = tP1 +(1− t)P2, (4.5)

where t ∈ (0,1) and P1 and P2 are also T -invariant probability measures.53 That is,

P ∈ ∂eProbT (X). (4.6)
51Recall that for us ⊂ means ⊆, and that the symmetric difference of B,C ⊂ X is B∆C := (B\C)∪ (C\B).
52See e.g. Shields, Prop. I.2.14. His proof relies on Kronecker’s theorem: the orbit (RN

α )N∈N is dense in T iff α is
irrational. This was also Boltzmann’s original intuition about ergodicity.

53Here the space Prob(X) of all probability measures on X is seen as a convex set, see Definition A.20. If X is
compact, the so is Prob(X) (in the weak or vague topology), so that its closed subspace ProbT (X) of all T -invariant
probability measures is also a compact convex set. Within the triple (X ,P,T ), we here vary P rather than T .
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Here ProbT (X) is the set of T -invariant probability measures on X , and we take the Lp-spaces to
consist of real-valued, but could equally well use C instead of R.

Proof. The implication 4→ 3 is trivial, and 3→ 2 follows from easy functional analysis:

Exercise 23 Prove 3→ 2 by showing that L2(X ,P)⊂ L1(X ,P) for probability measures P.

The real idea is in the implications 2→ 1 and 1→ 4, which rely on three simple facts:

1. 1B ◦T = 1T−1B.

2. 1T−1B = 1B P-a.e. iff T−1B = B (up to P-measure zero).

3. 1B is constant P-a.e. iff P(B) = 0 or P(B) = 1.

This gives the implication 2→ 1 (see exercise). The implication 1→ 4 contains a technical part
we omit, and an easy part based on the above facts. The easy part concerns the case f = ∑i ci1Bi .
The technical part (see e.g. Walters, 1982, Theorem 1.6) is that since f is measurable, it may be
approximated by such (finite) sums, and the easy part survives this approximation procedure.

Exercise 24 Prove the above facts, and from these, prove 2→ 1 as well as the easy part of 1→ 4.

We prove 5→ 1 contrapositively (so we prove ¬1→¬5). If P is not ergodic (¬1), by Definition
4.1 there is is B⊂ X such that 0 < P(C)< 1. But this implies ¬5, since we may put:

P = tP1 +(1− t)P2; t := P(B); P1(C) := P(C|B); P2(C) := P(C|Bc). (4.7)

The converse 1→ 5 relies on a lemma of independent interest (with a luxury bonus part).54

Lemma 4.4 If P,Q ∈ ProbT (X) with Q ergodic, then P� Q iff P = Q. If P is ergodic, too, then
either P = Q or P⊥ Q in that there is a measurable B⊂ X such that P(B) = 1 and Q(B) = 0).

Exercise 25 Prove this lemma.

Since (4.5) implies that P1� P and P2� P, the first part of the lemma gives 1→ 5. �

The equivalence 1↔ 5 just proved is interesting even in the trivial case T = idX , i.e., T (x) = x.
Since every B∈ Σ then satisfies T−1B = B, a probability measure P is ergodic iff P(B) = 0 or 1 for
any B ∈ Σ. According to criterion 5, this should be equivalent to P ∈ ∂eProb(X). For example:55

Exercise 26 Let X be finite with Σ = P(X). Show that ∂eProb(X) ∼= X via δx↔ x (i.e., the map
x 7→ δx from X to Prob(X) is injective, takes values in ∂eProb(X), and is surjective onto this image).

We now prove condition 2 of Proposition 4.3 for the irrational rotation (4.3).56 Any f ∈ L2(T)
has a Fourier series, so that, realizing L2(T) as L2([0,2π],dx), we have

f (x) = ∑
n∈Z

cneinx; f (Rαx) = ∑
n∈Z

cnein(x+α). (4.8)

54 Recall that for any two measures P,Q on the same σ -algebra Σ ⊂P(X) we say that P is absolutely continuous
w.r.t. Q, written P�Q, iff Q(B)= 0 implies P(B)= 0 for B∈Σ. In that case the Radon–Nikodym derivative ρ = dP/dQ
exists, with the defining property

∫
X dP f =

∫
X dQρ f for any Σ-measurable function f : X → R (or even R∪{∞}).

55Here δx is the measure defined by δx(B) = 1 if x ∈ B and δx(B) = 0 if x /∈ B. This is true more generally for
locally compact Hausdorff spaces X with Borel structure, but it cannot be true for general measure spaces: for example,
if Σ = { /0,X} there is just one element P ∈ Prob(X), so that ∂eProb(X) = Prob(X) is also a point, irrespective of X .

56We follow Shields, end of §I.2.b and Viana & Oliveira, §4.2.1.
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Then f (Rαx)= f (x) a.e. implies that exp(inα)= 1 for all n∈Z for which cn 6= 0. If α /∈ 2πQ, then
exp(inα) = 1 implies n = 0 Hence the Fourier series only has a constant term f (x) = c0 a.e. (note
that the equality signs in (4.8) are a.e.), so that (T,P,Rα) is ergodic. On the other hand, if α ∈ 2πQ,
say α = 2π(p/q) for p,q ∈ Z∗, then clearly there are many n 6= 0 such that exp(inα) = 1, namely
all integral multiples of q/p. In that case f is not constant, and hence (T,P,Rα) is not ergodic. �

Exercise 27 Prove (similarly) that condition 2 holds for Mp iff |p| ≥ 2.

For P = pN or P = pZ (i.e. the i.i.d. case) the shift map is ergodic. This follows from from a
more general result for stationary Markov chains (Theorem 4.7), but it is instructive to also prove
it from a different stronger result. Both to this end and for other purposes, we define some stronger
properties than ergodicity but which, when they hold, are nonetheless often easier to prove:

Definition 4.5 A dynamical system (X ,P,T ) is called:

• mixing if for each measurable C,D⊂ X we have

lim
n→∞

P((T−nC)∩D) = P(C)P(D); (4.9)

• weakly mixing if for each measurable C,D⊂ X we have

lim
N→∞

1
N

N−1

∑
n=0
|P((T−nC)∩D)−P(C)P(D)|= 0. (4.10)

• ‘ergodic’ if for each measurable C,D⊂ X we have

lim
N→∞

1
N

N−1

∑
n=0

P((T−nC)∩D) = P(C)P(D). (4.11)

Eq, (4.9) means that for large n the events T−nC and D become independent (relative to P). These
definitions (in connection with chaos) are part of the ergodic hierarchy. The implication: mixing
⇒ weakly mixing follows from Analysis, since convergence implie Césaro convergence.

Exercise 28 Prove the implications: weakly mixing⇒ ‘ergodic’⇒ ergodic.

In fact, ‘ergodicty’ is equivalent to ergodicity.57, but the converse implication requires the weak
ergodic theorem (see below). The irrational rotation (4.3) is ergodic but not even weakly mixing:
taking small intervals for C,D one sees that limn→∞ P((T−nC)∩D) may not even exist, since it
continues to jump between zero and nonzero values that do not converge to zero. Positively:

Proposition 4.6 For any p ∈ Prob(A), the dynamical system (AN, pN,S), cf. (2.5), is mixing, and
hence ergodic. This also holds for the two-sided case (Bernoulli shift), where N is replaced by Z.

Proof. It can be shown that it is enough to verify (4.9) for all generators of the σ -algebra Σ on
which P is defined.58 So let C = [σ ]L and D = [τ]M, for some σ ∈ AL and τ ∈ AM. Since

S−n[σ ]L = {s ∈ AN | sn = σ0,sn+1 = σ1, . . . ,sn+L−1 = σL−1}; (4.12)

[τ]M = {s ∈ AN | s0 = τ0,s1 = τ1, . . . ,sM−1 = τM−1}, (4.13)

57Eq. (4.10) implies (4.11), since |N−1
∑

N
n=1 f (n)−a|= |N−1

∑
N
n=1( f (n)−a)| ≤ N−1

∑
N
n=1 | f (n)−a|.

58See Viano & Oliveira, 2016, Lemma 7.1.2.
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for n > M we simply have

(S−nC)∩D = {s ∈ AN | s0 = τ0, . . . ,sM−1 = τM−1,sn = σ0, . . . ,sn+L−1 = σL−1}. (4.14)

Thus P = pN gives P((S−nC)∩D) = P(C)P(D) already for n > M. Likewise for N Z. �

This is a special case of the following elegant result.

Theorem 4.7 Assuming P ◦ S−1 = P, the (one-sided or two-sided) shift map on (AN,P,S) or
(AZ,P,S) is ergodic iff P comes from an irreducible stationary Markov chain.

We just sketch the proof of ergodicity from irreducibility.59 Using (4.14), for k > 0 we find

P((S−M−kC)∩D) = P(S−M−kC|D)P(D)

= P(sM+k = σ0, . . . ,sM+k+L−1 = σL−1|s0 = τ0, . . . ,sM−1 = τM−1)P(D)

= P(sM+k = σ0, . . . ,sM+k+L−1 = σL−1|sM−1 = τM−1)P(D)

= P(sM+k = σ0, . . . ,sM+k+L−1 = σL−1)P(sM+k = σ0|sM−1 = τM−1)P(D)

= P(sM+k = σ0, . . . ,sM+k+L−1 = σL−1)Pk+1
τM−1σ0

P(D) =

= Pk+1
τM−1σ0

Pσ0σ1 · · ·PσL−2σL−1P(D). (4.15)

Since M is fixed for given D, cf. (4.13), from (3.35) we then obtain

lim
N→∞

1
N

N−1

∑
n=0

P((S−nC)∩D) = lim
N→∞

1
N

N+M

∑
n=M+1

P((S−nC)∩D) = lim
N→∞

1
N

N

∑
k=1

P((S−M−kC)∩D)

= lim
N→∞

1
N

N

∑
k=1

P(D)Pk+1
τM−1σ0

Pσ0σ1 · · ·PσL−2σL−1 = P(D)pσ0Pσ0σ1 · · ·PσL−2σL−1 = P(D)P(C), (4.16)

where, since P is assumed irreducible, we used (3.35). This proves (4.11) and hence ergodicity.60

Using some additional assumptions, one can prove the existence of invariant measures (and
thence of ergodic measures). Theorem 4.9 below relies on some topology on the set Prob(A) of all
probability measures on A. Let A be a compact metrizable space, or more generally a Polish space.
The weak topology on Prob(A) is most easily defined by stating what convergence in this topology
means; anticipating the fact that (for the kind of spaces A just mentioned) the weak topology will
be metrizable, it is enough to define what convergence of sequences means.61

Definition 4.8 For a sequence (pn) in Prob(A) we say that pn→ p weakly in Prob(A) iff
∫

A d pn f → ∫
A d p f for each f ∈Cb(A).

It turns out that if A is compact and metrizable, then so is Prob(A) in this topology, and if A
is Polish, then so is Prob(A).62 The Portmanteau theorem gives various equivalent criteria for
pn→ p weakly, such as: pn(B)→ p(B) for any measurable B⊂ A for which p(B−\B̊) = 0.

59We follow Shields (1996), Example I.2.8; see Viana & Oliveira (2016), Theorem 7.2.8 for the converse.
60There is also a criterion for mixing, which we will not use and hence state without proof (see Viana & Oliveira,

2016, Theorem 7.2.11). It (evidently) uses a strengthening of irreducibility, namely aperiodicity: this means that there
is N ∈N such that (PN)ab > 0 for all a,b ∈ A; whereas irreducibility meant that for all a,b ∈ A there is N ∈N such that
(PN)ab > 0, cf. Definition (3.5). A stationary Markov chain, then, is mixing iff its stochastic matrix is aperiodic.

61The official way would be to either use nets or define the weak topology directly, namely by saying that it is
generated by the ε-balls U f ,x,ε := {p ∈ Prob(A) | |∫A d p f − x| < δ}, where f ∈ Cb(A), x ∈ R and ε > 0. Dembo &
Zeitouni, Appendix D, and Rassoul-Agha, Appendix B.4, are useful summaries of probability theory on Polish spaces.

62A metric on Prob(A) returning the weak topology is the Lévy–Prohorov metric dP. For any F ⊂ A, in terms
of a metric d that makes A Polish, and any ε > 0, define Fε := {a ∈ A | ∃b∈F : d(a,b) < ε} = ⋃

a∈F Bε (a), where
Bε (a) = {b ∈ A | d(a,b)< ε}. Then dP(p,q) := inf{ε > 0 | ∀F⊂A,Fclosed : p(F)≤ q(Fε )+ ε}.
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For a finite set A all this simplifies considerably. Let A∗ = { f : A → R} ∼= R|A with the
usual (Euclidean) topology, so that Prob(A) ⊂ A∗ inherits this topology, in which it is closed
and bounded, and hence compact. This topology is equivalent with the weak topology.

Theorem 4.9 (Krylov–Bogoliubov) If X is a compact metric space (with Borel structure),63 then
ProbT (X) is not empty, and neither is its extreme boundary ∂eProbT (X) of ergodic measures.

Proof. The second claim follows from the first via Theorem A.25 (Krein–Milman), since if X is
compact and metrizable, then Prob(X) is a compact convex space (in the weak∗ = weak = vague
topology).64 The first claim follows from the fact that for any P ∈ Prob(X) the sequence (PN)N ,

PN =
1
N

N−1

∑
n=0

T−nP, (4.17)

has an accumulation point (since Prob(X) is compact), which is necessarily T -invariant.65 �

It is an interesting question if there is a unique ergodic measure:

Exercise 29 1. Let X = [0,1] with T (x) = x2. What is ∂eProbT (X)?

2. Same question for T (x) = 1− x.

3. For any X, what is or what are the ergodic measure(s) for T (x) = x?

Under the same assumption (i.e. X compact metric) both Prob(X) and ProbT (X) are (Choquet)
simplices. These generalize the familiar n-simplices ∆n, see (A.48), which may defined as ∆n =
Prob(n), where n is any set with n elements.

Definition 4.10 A (Choquet) simplex is a convex compact metrizable space K (in a locally convex
vector space) in which any element is, in a suitable unique sense, a limit of a sequence consisting
of finite convex sums of extremal boundary points (i.e., points in ∂eK). More precisely: each x ∈ K
is the barycenter of a unique probability measure µ supported on ∂eK, and this in turn means that

x =
∫

∂eK
dµ(y)y, (4.18)

or, equivalently, µ( f ) = f (x) for all affine continuous functions on K.

To see that this captures the intuitive idea of a barycenter, take K = [0,1], so that ∂eK = {0,1},
and x ∈ [0,1]. Then

µ = (1− x)δ0 + xδ1; µ( f ) = (1− x) f (0)+ x f (1). (4.19)

For any affine function f (y) = ay+b this indeed gives µ( f ) = f (x). Here µ is unique (for given
x), as befits a simplex. But the following compact convex set is not a simplex:

B3 := {(x1,x2,x3) ∈ R3 | x2
1 + x2

2 + x2
3 ≤ 1} (4.20)

Exercise 30 Show that ∂eB3 = ∂B3 = S2 := {(x1,x2,x3) ∈ R3 | x2
1 + x2

2 + x2
3 = 1}, and give an

example of some x ∈ B̊3 with more than one µ ∈ Prob(S2) whose barycenter is x.

63Equivalently, X is compact and separable. Among the compact spaces this is the non-pathological case.
64See e.g. Denker, Grillenberger, & Sigmund (1976), Proposition (2.8), or Walters (1982), §6.2.
65See e.g. Denker, Grillenberger, & Sigmund (1976), Theorem (3.6).
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A finite-dimensional simplex is affinely isomorphic to some ∆n, where ∂e∆n consists of all
unit vectors in Rn, but if X is infinite surprising examples may occur. The strangest of these is
the Poulsen simplex, in which ∂eK is dense in K. This is the case already in the simple example
K = ProbT (T), where T is the unit circle in C and T is the doubling map T (z) = z2 (though this
is not at all simple to prove). Another example will be given in §10.5. Up to affine isomorphism,
there is just one Poulsen simplex (i.e., a Choquet simplex with the said property).66 The theory
of simplices (i.e. Choquet theory) gives the cleanest path to the decomposition theory of invariant
probability measures into ergodic ones, which comes down to the theorem that (for X compact and
metrizable) the set ProbT (X) of T -invariant probability measures on X is a Choquet simplex, so
that according to the theory just summarized each P ∈ ProbT (X) is the barycenter of a probability
measure supported on the set ∂eProbT (X) of ergodic probability measures on X .

We now discuss the ergodic theorem, which comes in two versions (funnily, ergodicity is not
assumed in either of these; but if it is assumed the ergodic theorem is considerably sharpened):67

Theorem 4.11 Let (X ,P,T ) a dynamical system, let f ∈ L1(X ,P), and consider the sum

fN(x) :=
1
N

N−1

∑
n=0

f (T nx). (4.21)

Then limN→∞ fN = f ∗ for some T -invariant function f ∗ ∈ L1(X ,P), in both of the following senses:

1. fN(x)→ f ∗(x) pointwise for P-a.e. x ∈ X (Birkhoff’s pointwise ergodic theorem);

2. fN → f ∗ in L1; and if f ∈ L2, fN → f ∗ in L2 (von Neumann’s mean ergodic theorem).68

Exercise 31 Show that L1-convergence (part 2) implies

〈 f ∗〉P ≡
∫

X
dP f ∗ =

∫

X
dP f ≡ 〈 f 〉P. (4.22)

For experts in probability theory we also mention an interesting feature of the limit f ∗. Let ΣT

consists of the T -invariant sets in the σ -algebra Σ on which P is defined, cf. (2.2). Then

f ∗ = EP( f | ΣT ). (4.23)

Recall that if Σ0⊂ Σ is a sub-σ -algebra of some σ -algebra Σ on X , and f : X→R is Σ-measurable,
then the conditional expectation EP( f |Σ0) is the unique Σ0-measurable function on X that satisfies

∫

B
dPEP( f | Σ0) =

∫

B
dP f , (4.24)

for each B ∈ Σ0 (here uniqueness is up to other possibilities that coincide with some given choice
P-a.e.). Thus EP( f | Σ0) is a coarse-grained version of f . For example, let X = 2N with P = fN,
and Σ generated by the cylinder sets, as usual. Now take N ∈ N and take ΣN to consist of all
sets [σ ]N = {s ∈ 2N | s|N = σ}, where σ ∈ 2N . Then EP( f | ΣN)(s) cannot depend on the ‘tail’
coordinates sM for M ≥ N. Since f is Σ-measurable, for given s ∈ 2N the value f (s) can only
depend on s|M for some M < ∞ (which depends on s), and for the conditional expectation we find

EP( f | ΣN)(s) = f (s) (N ≥M);

EP( f | ΣN)(s) = 2N−M
∑

τ∈2M−N

f (s|Nτ) (N < M). (4.25)

66Simon (2011), Chapters 10 and 11, is an introduction to Choquet theory. Example 9.7; For the Poulsen simplex
see Lindenstrauss, Olsen, & Sternfeld (1978); Gelfert & Kwietniak (2018); and Simon (2011), Example 9.7.

67von Neumann’s ergodic theorem even holds in Lp for all 1≤ p < ∞, cf. Walters (1982), Corollary 1.14.1.
68For finite measure spaces L2-convergence implies L1 convergence, cf. Exercise 23.
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As a special case, take f = 1C for any C ∈ Σ and specialize the conditional expectation to

P(C | Σ0) := EP(1C | Σ0), (4.26)

so that for each B ∈ Σ0 we have
∫

B dPP(C | Σ0) = P(B∩C).

Exercise 32 Show that if also Σ0 = {X , /0,B,X\B}, with 0 < P(B)< 1 then

P(C|B) = P(B∩C)/P(B) (x ∈ B); P(C | Σ0)(x) = P(C|X\B) (x ∈ X\B). (4.27)

Before proving Theorem 4.11, we note that it combines with ergodicity to give:

Corollary 4.12 If (X ,P,T ) is ergodic and f ∈ L1(X ,P), then f ∗(x) = 〈 f 〉P for P-a.e. x ∈ X, i.e.,

lim
N→∞

1
N

N−1

∑
n=0

f (T nx) =
∫

X
dP f . (4.28)

Exercise 33 Prove this. Hint: show that f ∗(T x) = f ∗(x) P-a.e. and use Proposition 4.3.3.

This corollary was Boltzmann’s idea: time average = space average , in that the average of f
over a “generic” trajectory in time equals its average over X . Of course, asking this for “every”
function f requires such trajectories to exhaust X , at least in some (measure-theoretic) sense.69

For each x ∈ X the point measure δx on X is defined by δx(B) = 1 if x ∈ B and δx(B) = 0 if
x /∈ B; as functionals of Cb(X) we have δx( f ) = f (x). Since weak convergence Pn→ P in Prob(X)
is defined by Pn( f )→ P( f ) for each f ∈Cb(X), eq. (4.28) may be restated as follows:

Corollary 4.13 If (X ,P,T ) is ergodic, then, weakly in Prob(X) for P-a.e. x ∈ X,

lim
N→∞

1
N

N−1

∑
n=0

δT nx = P. (4.29)

Indeed, each term in the sum on the left is a random variable

X → Prob(X); x 7→ δT nx, (4.30)

and since δT nx ∈ Prob(X), for each N also the convex combination

PN(x) := N−1
N−1

∑
n=0

δT nx (4.31)

is in Prob(X). Eq. (4.29) then states that PN(x)→ P, weakly in Prob(X) for P-a.e. x ∈ X . A nice
way of looking at (4.29), read the other way round, is to write it as

P(B) = τ(x,B) := lim
N→∞

1
N
|{n ∈ {0,1, . . . ,N−1} | T nx ∈ B}|, (4.32)

so that the probability of B ∈ Σ is equal to the sojourn time of a generic path in B (i.e. the fraction
of time a particle on such a path spends in B).

69Eq. (4.28) was essentially Boltzmann’s “ergodic hypothesis”, stated in the context of average values of physi-
cal observables f in equilibrium states–notably in the microcanonical ensemble, which involves a hypersurface X of
constant energy in phase space, with flat prior P.
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In our favourite case X = AN, T = S, with P◦S−1 = P, the evaluation map at n = 0, i.e.,

X0 : AN→ A, X0(s) = s0, (4.33)

canonically induces a map X−1
0 between probabilities, viz.

X−1
0 : Prob(AN)→ Prob(A); X−1

0 P(B) = P({s ∈ AN | s0 ∈ B}) = P(X0 ∈ B). (4.34)

Since (δSns)0 = δsn , the image of N−1
∑

N−1
n=0 δSns under (4.34) is the empirical measure (or type)

LN(s) =
1
N

N−1

∑
n=0

δsn , (4.35)

where δsn ∈ Prob(A) is a point measure on A (since sn ∈ A). For fixed N, this is a random variable

LN : AN→ Prob(A); s 7→ LN(s), (4.36)

whose value LN(s) depends only on s|N ∈ AN . It is easy to show (from the Portmanteau theorem)
that X−1

0 is weakly continuous,70 so that, for any S-invariant P ∈ Prob(AN), (4.29) implies that

lim
N→∞

LN(s) = p; p(a) := P(X0 = a), (4.37)

for P-almost every s ∈ AN, provided that (AN,P,S) is ergodic. The simplest situation where we
know this to be the case is the i.i.d. probability P = pN for some prior p ∈ Prob(A), cf. Proposition
4.6. Note that the p in (4.37) is now simply the given p in P = pN. As we shall see shortly,
eq. (4.37) implies the strong law of large numbers, which therefore follows from the (pointwise)
ergodic theorem. But it holds more generally than for i.i.d. Eq. (4.37) and Theorem 4.7 give

Proposition 4.14 Let p ∈ Prob(A) be the unique stationary probability in an irreducible station-
ary Markov chain with finite state space A, i.e. p(a) = P(X0 = a), cf. Theorem 3.6. Then

lim
N→∞

LN(s) = p, (4.38)

for P-almost every sequence s ∈ AN (realizing the chain in the Kolmogorov model).

Corollary 4.15 Given an injective function E : A→ R, define random variables

SN : AN→ R; SN(s) :=
1
N

N−1

∑
n=1

E(sn). (4.39)

If P ∈ Prob(AN), where P◦S−1 = P, defines an irreducible stationary Markov chain, then

P
(

lim
N→∞

SN = 〈E〉p
)
= 1 ⇔ SN → 〈E〉p (P− almost surely), (4.40)

where p ∈ Prob(A) is the unique stationary probability of the Markov chain, cf. Theorem 3.6.
In particular, this is true if if the Xn are i.i.d. by p (and hence P = pN).

70See footnote 139, which gives Pn→ P weakly in Prob(AN) iff Pn(B)→ P(B) for all cylinder sets [σ ]N , σ ∈ AN .
Taking N = 1 gives weak continuity of X−1

0 .
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This follows from Proposition 4.14 by taking the average of E on both sides of (4.38). First,

〈E〉LN(s) = ∑
a∈A

1
N

N−1

∑
n=0

δsn(a)E(a) =
1
N

N−1

∑
n=0

∑
a∈A

δsnaE(a) =
1
N

N−1

∑
n=1

E(sn) = SN(s), (4.41)

whereas on the right-hand side this averaging trivially gives 〈E〉p. This averaging is weakly con-
tinuous by definition of the weak topologies on Prob(AN) and Prob(A), and hence, with more ado,
the restriction to finite sets A so far may be lifted; any “reasonable” measure space works.

The case of repeated sampling from a probability space (A, p) is worth spelling out: for any
measurable function E : A→ R with finite mean 〈E〉p, we have

lim
N→∞

1
N
(E(s1)+ · · ·+E(sN)) = 〈E〉p ≡

∫

A
d pE, (4.42)

for pN-almost all s∈ AN. For f = 1B (with B⊂ A measurable), eq. (4.42) gives, for pN-a.e. s∈ AN,

τ(s,B) := lim
N→∞

1
N
|{n ∈ {0,1, . . . ,N−1} | sn ∈ B}|= p(B). (4.43)

Thus one may verify (but not: define!) the probabilities p from long-term frequencies in a long
series of observations. These need not even be independent! It is enough if they form an irreducible
stationary Markov chain. Looking at the sampling as a path in time, (4.43) is once again a formula
for the sojourn time τ(s,B); i.e. the average time spent in B during a journey s, cf. (4.32).71

Although weaker than the strong law, the weak law of large numbers is often more useful:72

Theorem 4.16 If random variables (Xn) taking values in A⊂ R are i.i.d. by p ∈ Prob(A), then

lim
N→∞

pN

(∣∣∣∣∣
1
N

N−1

∑
n=0

Xn−〈X0〉p
∣∣∣∣∣< δ

)
= 1, (4.44)

for all δ > 0, provided 〈|X0|〉p < ∞. If in addition 〈X2
0 〉p < ∞, then one has the explicit bound

pN

(∣∣∣∣∣
1
N

N−1

∑
n=0

Xn−〈X0〉p
∣∣∣∣∣≥ δ

)
≤ Varp(X0)

Nδ 2 . (4.45)

Here we could have written pN instead of pN (and the i.i.d. assumption could also be relaxed). Eq.
(4.44) can be proved either from the strong law,73 or from Theorem 4.11.2 below,74 or, if it applies
(i.e. for finite variance), from (4.45). The latter follows in turn from Chebyshev’s inequality

p(|X−〈X〉p| ≥ δ )≤ Varp(X)/δ
2, (4.46)

and the fact that i.i.d. gives

Varp

(
N−1

N−1

∑
n=0

Xn

)
= N−1Var(X0). (4.47)

71Eq. (4.43) also gives convergence of the Monte Carlo method for computing volumes µ(B) of subsets B ⊂ A =
[0,1]d (and hence also integrals). In its simplest form: use a random generator to provide N · d elements of [0,1] and
hence N elements (d-tuples) of [0,1]d ; count the number of points in B, divide this number by N, and let N→ ∞. The
result is (almost surely) µ(B).

72Here Varp(X) := 〈X2〉p−〈X〉2p is the variance of a random variable X with law p, as usual.
73See e.g. Klenke (2014), Remark 5.13, based on Fatou’s lemma.
74If (4.44) fails there is δ > 0 such that for each M there is N > M for which P(| fN − f ∗|) ≥ δ ) ≥ δ . This blocks

convergence fN → f ∗ in L1 (or in any Lp, 1≤ p < ∞). Given Theorem 4.11.2, this is a proof by contradiction of (4.44).
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Proof of Theorem 4.11.1. All proofs are long and technical, but the following version at least
has a clear structure.75 One might have the special case of the Strong Law of Large Numbers
(SLLN) for a coin toss in mind, cf. Theorem 4.7 and Corollary 4.15. We then have

X = 2N; P = pN; x = x0x1 · · · (xn ∈ {0,1}); T xn = xn+1; f (x) = x0; (4.48)

f (T nx) = xn;
1
N

N−1

∑
n=0

f (T nx) =
1
N

N−1

∑
n=0

xn;
∫

X
dP f = 〈x0〉P = p = p(1). (4.49)

Let f ∈ L1(X ,P). Without loss of generality we may assume that f ≥ 0 (i.e. f (x) ≥ 0 for
all x), since the statement of the theorem (involving pointwise limits and integrals) is linear in f ;
otherwise we write f = f+− f− with f± ≥ 0 and apply the proof to f± separately. For x ∈ X ,

fN(x) :=
1
N

N−1

∑
n=0

f (T nx); f (x) := lim inf
N→∞

fN(x); f (x) := lim sup
N→∞

fN(x) (4.50)

always exist (the lim sup may be ∞, but since f ∈ L1 we may exclude this value by taking out a
measure-zero set from X if necessary; for a coin toss this is unnecessary since fN(x) ∈ [0,1]). Our
aim is to prove that for P-almost every x ∈ X we have

f (x) = f (x), (4.51)

since in that case the limit itself exists for P-almost every x ∈ X , i.e.

f ∗(x) := lim
N→∞

fN(x) = f (x) = f (x). (4.52)

Eq. (4.51) will follow from the inequalities (whose derivation, then, is the burden of the proof)
∫

X
dP f ≥

∫

X
dP f ≥

∫

X
dP f . (4.53)

For these imply
∫

X dP( f − f )≤ 0, which together with the pointwise inequalities f (x)− f (x)≥ 0,
which are a trivial consequence of the definitions of lim sup and lim inf, yields (4.51) P-a.e..
Moreover, knowing (4.51) and using (4.53) once again, gives (4.22). Finally, T -invariance of f ∗

is, once it exists, also obvious from (4.50) and (4.52). Therefore, all we still need is (4.53).
We start with the second inequality in (4.53). As already mentioned, by removing a measure

zero set we may assume that f (x)< ∞. For any ε > 0 and M ∈ N, define the set

XM := {x ∈ X | fM(x)≥ f (x)(1− ε)}. (4.54)

Then XM ⊂ XM+1. By definition of lim sup, for any x for which f (x)< ∞ there is M > 0 such that

fM(x)≥ f (x)(1− ε), (4.55)

so that ∪M∈NXM = X . Hence for any 0 < δ < 1 we can find M such that

P(XM)≥ 1−δ . (4.56)

75We follow (and simplify) a proof along the lines of a proof of Hopf’s ergodic theorem by Kamae & Keane (1997)
as presented in Dajani & Kalle (2021), §3.1. Hopf’s ratio ergodic theorem states that if f ,g ∈ L1(X ,P) such that

g(x) ≥ 0 and ∑
∞
n=0 g(T nx) = ∞, then the ratio r(x) := limN→∞

∑
N−1
n=0 f (T nx)

∑
N−1
n=0 g(T nx)

exists P-a.e., is T -invariant, and satisfies
∫

X dP f =
∫

X dPrg. For g = 1X this recovers Birkhoff’s ergodic theorem. See also Keane (2005).
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To clarify the idea of this part of the proof, we assume that there is an M such that P(XM) = 1, and
in addition that if x∈XM, then also T kx∈XM for all k. In that case, for any k, since T k ◦T n = T k+n,

k+M−1

∑
n=k

f (T nx) =
M−1

∑
n=0

f (T k+nx) = M fM(T kx)≥M f (x)(1− ε). (4.57)

Lemma 4.17 For any M ∈ N: If (an) are non-negative real numbers such that for any k ≥ 0,

k+M−1

∑
n=k

an ≥ c ·M, (4.58)

for some constant c≥ 0, then for all N > M we have

N−1

∑
n=0

an ≥ c · (N−M). (4.59)

Exercise 34 Prove this lemma.

Consequently, eqs. (4.50) and (4.57) give

fN(x) =
1
N

N−1

∑
n=0

f (T nx)≥ N−M
N

f (x)(1− ε) = f (x)(1− ε)+O(1/N). (4.60)

Since the measure P is T -invariant, i.e.
∫

X dP(x) f (T nx) =
∫

X dP(x) f (x), eq. (4.60) gives
∫

X
dP f ≥ (1− ε)

∫

X
dP f +O(1/N). (4.61)

Letting N→ 0 and then ε → 0 gives the second inequality in (4.53). This is the main idea.
We now refine the argument so that the two simplifying assumptions are unnecessary; but we

first present it for the case that f is bounded.76 In that case we pick a number

L > ‖ f‖∞ := sup
x∈X
| f (x)|. (4.62)

and replace f by F , defined by F(x) = f (x) if x ∈ XM and F(x) = L if x /∈ XM. For given n, in case
that T nx ∈ XM we have

k+M−1

∑
n=k

F(T nx) =
k+M−1

∑
n=k

f (T nx), (4.63)

so we have the bound (4.57). If T nx /∈ XM some of the terms in the sum equal L, but since L > f (x)
we also have this bound. Hence

1
N

N−1

∑
n=0

F(T nx)≥ (1− ε) · f (x)+O(1/N); (4.64)

⇒
∫

X
dPF ≥ (1− ε)

∫

X
dP(x) f (x)+O(1/N), (4.65)

76This proof also works if f is essentially bounded, since the removal of a set of measure zero reduces the proof to
the bounded case. The P-almost everywhere nature of the claim in Theorem 4.11 is not jeopardized by this removal.
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by Lemma 4.17. Using (4.56), which implies P(X\XM)< δ , we also have
∫

X
dPF =

∫

XM

dPF +
∫

X\XM

dPF =
∫

XM

dP f +LP(X\XM)≤
∫

XM

dP f +Lδ . (4.66)

Combining (4.65) and (4.66) with the fact that F = f on XM gives
∫

X
dP f ≥

∫

XM

dP f ≥
∫

X
dPF−δL≥ (1− ε)

∫

X
dP(x) f (x)−Lδ +O(1/N). (4.67)

We now let N→ ∞, δ → 0, ε → 0 in this order, and again obtain the second inequality in (4.53).
Finally, in the general case where f is not bounded (or even essentially bounded), at first we

take L > 0 to be arbitrary (but think of it as large, eventually letting L→∞) and replace (4.54) by

X ′M := {x ∈ X | fM(x)≥min{ f (x),L} · (1− ε)}. (4.68)

We still have X ′M ⊂ X ′M+1 and ∪MX ′M = X , so that for any 0 < δ < 1 there is M such that (4.56)
holds. Using the same F as before, and using the same arguments we now obtain the inequalities

∫

X
dPF ≥ (1− ε)

∫

X
dP(x) min{ f (x),L}+O(1/N); ⇒ (4.69)

∫

X
dP f ≥ (1− ε)

∫

X
dP(x) min{ f (x),L}−Lδ +O(1/N). (4.70)

We then let N→ ∞, δ → 0, ε → 0, and finally L→ ∞, which replaces min{ f (x),L} by f (x).
The proof of the first inequality in (4.53) is similar. It relies on the following:

Lemma 4.18 Let f ∈ L1(X ,P). For each ε > 0 there is δ > 0 such that for all measurable B⊂ X:

P(B)< δ ⇒
∫

B
dP | f |< ε. (4.71)

Proof (by contradiction). The negation of the claim states that there exists ε > 0 such that for each
δ > 0 there is a B with P(B) < δ and

∫
B dP | f | ≥ ε . Hence there is a sequence (BN) such that

P(BN)→ 0 whilst
∫

BN
dP | f | ≥ ε for all N. Consider the sequence (1BN | f |) in L1(X ,P). This is

obviously dominated by | f | ∈ L1(X ,P), so that by dominated convergence,

lim
N→∞

∫

X
dP1BN | f |=

∫

X
dP lim

N→∞
1BN | f |= 0, (4.72)

since limN→∞ 1BN = 0 P-a.e. But
∫

X dP1BN | f |=
∫

BN
dP | f | ≥ ε , so we have a contradiction. �

We still assume f ≥ 0. The role of XM in the previous part of the proof is now played by

YM := {x ∈ X | ∃m≤M( fm(x)≤ f (x)(1+ ε
′))}; (4.73)

with fM(x) instead of ∃m≤M fm(x) we would not have YM ⊂ YM+1, which is the case for (4.73).
Therefore, if we pick ε > 0 and ε ′ > 0, and for the former find δ > 0 from Lemma 4.18, we can
find M is such that P(X\YM)< δ , cf. (4.56). Since f is bounded below by 0, we define G(x) = f (x)
if x ∈ YM and G(x) = 0 if x /∈ YM, so that G≤ f . For any k we therefore obtain from (4.73) that

k+M−1

∑
n=k

G(T nx)≤M · f (x)(1+ ε
′), (4.74)
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and hence by an obvious adaptation of Lemma 4.17 we find that for all N > M we have

1
N

N−1

∑
n=0

G(T nx)≤ f (x)(1+ ε
′)+O(1/N); ⇒

∫

X
dPG≤ (1+ ε

′)
∫

X
dP(x) f (x)+O(1/N);

⇒
∫

X
dP f =

∫

YM

dP f +
∫

X\YM

dP f =
∫

YM

dPG+
∫

X\YM

dP f

≤
∫

X
dPG+

∫

X\YM

dP f ≤ (1+ ε
′)
∫

X
dP(x) f (x)+

∫

X\YM

dP f +O(1/N)

≤ (1+ ε
′)
∫

X
dP(x) f (x)+ ε +O(1/N), (4.75)

where we used Lemma 4.17. Letting N → ∞, then ε → 0, and then ε ′→ 0 turns (4.75) into the
first inequality in (4.53), written in the opposite way. �

Proof of Theorem 4.11.2. We give two proofs. The first,77 ahistorical proof derives part 2 from
part 1 and works in any p-norm, 1≤ p < ∞. If f is (essentially) bounded, then so is each fN , and
since | fN(x)− f ∗(x)|p → 0 pointwise P-a.e. by part 1, the bounded convergence theorem gives
f → f ∗ in Lp(X ,P). If f ∈ Lp is not bounded (think of p = 1, X = [0,1] with Lebesgue measure,
and f (x) = 1/

√
x), for any ε > 0 one can nonetheless find g ∈ L∞ (so that also g ∈ Lp, since P is

finite) such that ‖ f −g‖p < ε/4, and find sufficiently large N such that ‖gM+N −gN‖p < ε/2 for
all M. Then one shows that ( fN) is a Cauchy sequence in Lp by the usual ε-elegance:

‖ fM+N− fN‖p≤‖ fM+N−gM+N‖p+‖gM+N−gN‖p+‖gN− fN‖p < ε/4+ε/2+ε/4= ε. (4.76)

Second, von Neumann’s mean ergodic theorem (part 2) historically preceded Birkhoff’s (part
1), and indeed L2-convergence is considerably easier (and more elegant) to prove than pointwise
convergence. The main technique of the proof is the use of the so-called Koopman operator

UT : L2(X ,P)→ L2(X ,P); UT f := f ◦T, (4.77)

which by T -invariance of P is an isometry,78 in that it satisfies

〈UT f ,UT g〉= 〈 f ,g〉, (4.78)

where 〈 f ,g〉 :=
∫

X dP(x) f (x)g(x) is the inner product in L2(X ,P). A key role will be played by

HT := ker(UT −1H) = { f ∈ L2 |UT f = f} ⊂ L2(X ,P)≡ H, (4.79)

where 1H is the unit operator on H. Being the kernel of a continuous (i.e. bounded) linear operator,
HT is a closed linear subspace of H. We now compute its orthogonal complement H⊥T , consisting
of all g ∈ L2 such that 〈g, f 〉= 0 for all f ∈ HT . The following observation is crucial to this end:

Exercise 35 Show that UT f = f iff U∗T f = f .

For any bounded operator A : H→H we have ker(A∗)⊥ = ran(A)−, where the bar denotes closure.
For A =UT −1H , by the exercise we have ker(A∗) = ker(A) and hence ker(A)⊥ = ran(A)−, i.e.,

H⊥T = ran(UT −1H)
− = {UT g−g,g ∈ L2}−. (4.80)

Trivially,
f = pT f +(1H − pT ), (4.81)

77See Walters (1982), Corollary 1.14.1, for details.
78this means that U∗TUT = 1H . But UT is unitary only if T is invertible.
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where pT : H→ HT is the orthogonal projection defined by

pT f = f ( f ∈ HT ); pT f = 0 ( f ∈ H⊥T ), (4.82)

Since (1H− pT ) f ∈H⊥T , if we ignore the closure in (4.80) for the moment there is g ∈H such that

f = pT f +UT g−g. (4.83)

By definition of fN , see (4.21), we have

(pT f )N = pT f ; (UT g−g)N =
1
N
(UN

T −1H)g. (4.84)

Hence

‖ fN− pT f‖2 =
1
N
‖UN

T g−g‖2 ≤
1
N
‖UN

T −1H‖‖g‖2 ≤
1
N
(‖UN

T ‖+‖1H‖)‖g‖2 ≤
2
N
‖g‖2, (4.85)

by the triangle inequality for the operator norm ‖ · ‖, and the fact that ‖U‖ = 1 for any (nonzero)
isometry U . It follows that ‖ fN− pT f‖2→ 0, so that fN → pT f in L2. �

The proof identifies f ∗ = limN fN as pT f , at least in L2 (where orthogonal projections are defined).

Exercise 36 Finish the proof by taking the closure in (4.80) into account; this affects (4.83).

Finally: Proof of (4.24). Since f ∗ is T -invariant and hence ΣT -measurable, EP( f ,ΣT ) is a
candidate for f ∗. We therefore need to check (4.24), i.e., for each B ∈ ΣT we should have

∫

B
dP f ∗ =

∫

B
dP f . (4.86)

This follows from the pointwise ergodic theorem applied to f ·1B. By T -invariance of B we have

( f ·1B)
∗ = f ∗ ·1B, (4.87)

so that (4.22) gives (4.86) and hence, by (P-a.e.) uniqueness, (4.23). �
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5 Asymptotic properties of entropy

After this extensive preparation we finally turn to our main topic! There will be lots of estimates!

• We already defined the type or empirical measure LN , cf. (4.35). For fixed σ ∈ AN we have

LN(σ) :=
1
N

N−1

∑
n=0

δσ(n); LN(σ) ∈ Prob(A). (5.1)

But note that LN(σ) ∈ ProbN(A) ⊂ Prob(A), where ProbN(A) consists of all “quantized”
probability distributions p : A→ [0,1], namely those for which p(a)≡ pa = ma/N for some
ma ∈ {0,1, . . . ,N}, with ∑a∈A ma = N. Hence LN is a priori a function LN : AN → Prob(A),
but it may (and will) often be regarded as a function LN : AN→ Prob(A) given by (5.1) in
which σ ∈ AN is simply replaced by s ∈ AN; in that case LN(s) clearly depends on s|N only.

• In the opposite direction, the type class TN(p)⊂ AN of p ∈ Prob(A) is

TN(p) := {σ ∈ AN | LN(σ) = p}. (5.2)

Thus TN is a function TN : Prob(A)→P(AN), with TN(p) = /0 if p /∈ ProbN(A).

In kinetic gas theory (cf. the Introduction), Boltzmann (1879) looked at N particles each of which
could be in some state a ∈ A, so that σ ∈ TN(p) is a specific way of putting na = N pa particles in
state a ∈ A, for each a ∈ A. He famously computed the cardinality of TN(p): if p ∈ ProbN(A), then

|TN(p)|= N!
∏a∈A(N pa)!

=
N!

∏a∈A na!
. (5.3)

Here is a group-theoretical way to see this. First, TN(p) is not empty because p ∈ ProbN(A).
Pick som σ ∈ TN(p). Then any σ ′ ∈ TN(p) can be obtained from σ by a permutation π of the N
particles, that is, σ ′ = σ ◦π . Define an equivalence relation ∼ on the permutation group SN on N
symbols by π ∼ π ′ iff σ ◦π = σ ◦π ′. Then

|TN(p)|= |SN/∼ |= |SN/Sσ |= |SN |/|Sσ |, (5.4)

where Sσ = {π ∈SN | σ ◦π = σ} is the stabilizer of σ . This gives (5.3), since

|SN |= N!; |Sσ |= ∏
a∈A

na!. (5.5)

Exercise 37 Provide your own purely combinatorial derivation of (5.3).

This formula leads to an archetypical limit formula for (base-e) Shannon’s entropy (1.4):

S(p) :=−∑
a∈A

p(a) log p(a); (5.6)

S(p) = lim
N→∞

1
N

log |TN(pN)|, (5.7)

for any p ∈ Prob(A) and any sequence (pN) such that pN ∈ ProbN(A) and pN → p (weakly).

Exercise 38 Prove (5.7) from Stirling’s formula:79

log(n!) = n log(n/e)+O(logn). (5.8)
79The usual form is n!≈ nne−n

√
2πn.
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We also have a more precise estimate for finite N, which at once implies (5.7), and much more:

(N +1)−|A| · eNS(p) ≤ |TN(p)| ≤ eNS(p), (5.9)

provided of course that p ∈ ProbN(A). Let us note that one may also write (5.9), as

eNS(p)−o(N) ≤ |TN(p)| ≤ eNS(p), (5.10)

where the o(N) term is a positive function f (N), depending on |A| but not on p, such that
limN→∞ f (N)/N = 0. Indeed, from (5.9) we have f (N) = |A| log(N + 1). To get some feeling
for this, note that AN , of which TN(p) is a subset, has |A|N elements, so that

(N +1)−|A| · eN(S(p)−log |A|) ≤ |TN(p)|
|A|N ≤ eN(S(p)−log |A|). (5.11)

The fraction in the middle is f N(σ ∈ TN(p)), where f is the flat prior on A, i.e., f (a) = |A|−1. In
view of (1.28) we also recognize the relative entropy (1.27), which now takes the form

D(p‖q) := ∑
a∈A

p(a) log
(

p(a)
q(a)

)
if p� q; (5.12)

D(p‖q) := ∞ otherwise, (5.13)

where, at least in the case that A is finite considered here, the ‘absolute continuity’ p� q means
that q(a) = 0 implies p(a) = 0, in which case the corresponding term in (5.12) is zero. This
condition holds for q = f , in which case we have, cf. (1.28),

D(p‖ f ) =−S(p)+ log |A|, (5.14)

so that (5.11) may be rewritten as

(N +1)−|A| · e−ND(p‖ f ) ≤ f N(LN = p)≤ e−ND(p‖ f ), (5.15)

where f N(LN = p) = f N(σ ∈ TN(p)) is short for f N({σ ∈ AN | LN(σ) = p}).

Proposition 5.1 (Gibbs inequality) We have D(p‖q)≥ 0 with equality D(p‖q) = 0 iff p = q.

Exercise 39 Prove this from Jensen’s inequality (A.4) with f (x) =− logx, F(a) = q(a)/p(a), and
P = p, assuming p� q,

Hence eq. (5.15) shows that the probability f N that LN(σ) = p 6= f is exponentially small as
N→ ∞, whereas f N(σ ∈ TN( f ))→ 1 as N→ ∞. This is our first large deviations result!

But we need not use f , and can generalize (5.15). If σ ∈ TN(p), then, as a simple exercise,

qN(σ) = e−N(S(p)+D(p‖q)), (5.16)

for any p,q ∈ Prob(A) such that p� q, where we still assume that p ∈ ProbN(A). Therefore,

qN(LN = p) = ∑
σ∈TN(p)

qN(σ) = |TN(p)|e−N(S(p)+D(p‖q)). (5.17)

Using (5.9) in this equality we see that S(p) drops out, so that (5.15) generalizes to

(N +1)−|A| · e−ND(p‖q) ≤ qN(LN = p)≤ e−ND(p‖q). (5.18)

42



Exercise 40 Prove eq. (5.16).

The estimate (5.9) - (5.10) also allows us to compute the asymptotics of the Boltzmann–Planck
entropy (1.3). A sensible probabilistic interpretation of this formula (putting k = 1) seems to be

S(N)
B (p|q) = logqN(LN = p), (5.19)

where p ∈ ProbN(A) is a given macrostate and q ∈ Prob(A) is a prior (which Boltzmann took to
be flat, see below). Eq, (5.18) then immediately gives

sB(p|q) := lim
N→∞

S(N)
B (pN |q)

N
=−D(p‖q), (5.20)

where, as in (5.7), p ∈ Prob(A) is arbitrary and (pN) is any sequence such that pN ∈ ProbN(A) and
pN → p (weakly). For the flat prior (1.9), eq. (5.14) yields

sB(p| f ) = S(p)− log |A|. (5.21)

Boltzmann (1877) himself interpreted the “W” in (1.3) as W = |TN(p)|. We therefore write

S̃(N)
B (p) := log |TN(p)|; s̃B(p) := lim

N→∞

S̃(N)
B (pN)

N
, (5.22)

and, straight from (5.7), see that Boltzmann’s entropy (asymptotically) coincides with Shannon’s:

s̃B(p) = S(p). (5.23)

Proof of (5.9). Upper bound: we have D(p‖p) = 0, so that (5.16) becomes, still for σ ∈ TN(p),

pN(σ) = e−NS(p). (5.24)

We use (5.24) in the following computation:

pN(TN(p)) = ∑
σ∈TN(p)

pN(σ) = ∑
σ∈TN(p)

e−NS(p) = |TN(p)|e−NS(p), (5.25)

and combine this with the property pN(∆)≤ 1 for any ∆⊂ AN . Hence |TN(p)|e−NS(p) ≤ 1, which
gives the upper bound in (5.9). The lower bound uses the estimate, for any p,q ∈ ProbN(A),

pN(TN(q))≤ pN(TN(p)). (5.26)

This may be unsurprising, but it is actually hard to prove (see below). We also use the fact that

|ProbN(A)| ≤ (N +1)|A|, (5.27)

which follows because in the probabilities p(a1)= k1/N, . . . , p(a|A|)= k|A|/N comprising ProbN(A)
each ki can only take N +1 possible values (i.e. ki ∈ {0,1, . . . ,N}). Also, trivially,

AN =
⋃

p∈ProbN(A)

TN(p). (5.28)

Using (5.26), (5.27), (5.28), and (5.25), we obtain the lower bound in (5.9):

1 = pN(AN) = pN


 ⋃

q∈ProbN(A)

TN(q)


= ∑

q∈ProbN(A)
pN(TN(q))≤ ∑

q∈ProbN(A)
pN(TN(p))

= |ProbN(A)|pN(TN(p))≤ (N +1)|A|pN(TN(p)) = (N +1)|A||TN(p)|e−NS(p). (5.29)
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To prove (5.26), we compute

pN(TN(q)) = ∑
σ∈TN(q)

pN(σ) = ∑
σ∈TN(q)

∏
a∈A

p(a)Nq(a) = |TN(q)|∏
a∈A

p(a)Nq(a) (5.30)

=
N!

(Nqa1)! · · ·(Nqa|A|)!
∏
a∈A

p(a)Nq(a), (5.31)

where we used (5.16) with p and q swapped, and (5.3) with p q. Therefore,

pN(TN(p))
pN(TN(q))

= ∏
a∈A

(
(Nqa)!
(N pa)!

· pN(pa−qa)
a

)
. (5.32)

The inequality (m!/n!)≥ nm−n then yields (5.26). �

Exercise 41 Prove this inequality and supply the ensuing final step towards (5.26).

The use of probabilities p ∈ ProbN(A) was inconvenient in stating (5.7) and (5.20). This may
resolved by working with a buffer around ProbN(A): motivated by (5.24), for any δ > 0 we define

T E
N,δ (p) := {σ ∈ AN | e−N(S(p)+δ ) ≤ pN(σ)≤ e−N(S(p)−δ )}, (5.33)

so that at least we have TN(p)⊂ T E
N,δ (p). The key facts about T E

N,δ (p) are:

lim
N→∞

pN(T E
N,δ (p)) = 1; (5.34)

(1−δ )eN(S(p)−δ ) ≤|T E
N,δ (p)| ≤ eN(S(p)+δ ), (5.35)

wherethe upper bound is true for any N, whereas the lower bound holds for sufficiently large N.
Eq. (5.34) is a “weak” form of the Asymptotic Equipartition Property (AEP), of which (5.41)
below will be a“ strong” form. Eq. (5.35) follows from (5.34), which we will prove shortly.
Consequently, for given p ∈ Prob(A) and small δ > 0, for large N the set AN splits into two parts:

• T E
N,δ (p), which by (5.35) has about eNS(p) members, i.e. a fraction e−ND(p‖ f ) of the total, cf.

(5.14), which by (5.33) all have approximately the same probability e−NS(p), cf. (5.33).

• Its complement, which even as a whole has negligible probability because of (5.34).

The AEP is spectacular if p 6= f : in that case D(p‖ f ) > 0 and hence the strings in the first class
form an exponentially small fraction which nonetheless carry almost all of the probability!

Eq. (5.34) follows from Theorem 4.16 by taking Xn(s) = log p(sn) (which are i.i.d.). Then

〈Xn〉pN = ∑
λ

pN(Xn = λ ) ·λ = ∑
a∈A

p(a) log p(a) =−S(p); (5.36)

{
s ∈ AN |

∣∣∣∣∣
1
N

N−1

∑
n=0

Xn(s)−〈X0〉p
∣∣∣∣∣< δ

}
=

{
s ∈ AN |

∣∣∣∣∣
1
N

N−1

∑
n=0

log p(sn)+S(p)

∣∣∣∣∣< δ

}

=

{
s ∈ AN |

∣∣∣∣∣
1
N

log
N−1

∏
n=0

p(sn)+S(p)

∣∣∣∣∣< δ

}
=

{
s ∈ AN |

∣∣∣∣
1
N

log(pN(s|N))+S(p)
∣∣∣∣< δ

}

= {σ ∈ AN | σ ∈ T E
N,δ (p)}= T E

N,δ (p), (5.37)

so that (4.44) is the same as (5.34).
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The proof of the upper bound in (5.35) is almost trivial: by definition (5.33) we have

1 = pN(AN)≥ pN(T E
N,δ (p)) = ∑

σ∈T E
N,δ (p)

pN(σ)≥ |T E
N,δ (p)|e−N(S(p)+δ ). (5.38)

The proof of the lower bound in (5.35) relies on (5.34), which for δ > 0 gives M = M(δ ) such that

pN(T E
N,δ (p))> 1−δ , (5.39)

for all N > M. A similar computation to the one just given then yields the lower bound in (5.35):

1−δ < pN(T E
N,δ (p)) = ∑

σ∈T E
N,δ (p)

pN(σ)≤ |T E
N,δ (p)|e−N(S(p)−δ ). (5.40)

There is also a strong version of (5.34), called the Shannon–McMillan–Breiman theorem:

lim
N→∞

1
N

log pN(s|N) =−S(p), (5.41)

for pN-almost all s ∈ AN. This removes the δ -buffer T E
N,δ (p) around TN(p) and states that the

remarkable formula (5.24), originally proved for σ ∈ TN(p), is asymptotically generic.
Eq. (5.41) is a special case of what in ergodic theory is still called the Shannon–McMillan–

Breiman theorem. Recall the setting of (probabilistic) dynamical systems, where we start with a
partition (2.28) of some probability space X , which is subsequently refined to (2.29). The latter
partition πN of X then gives rise to the entropy (2.38). As we see from (2.35), this entropy is the
average of the information function IP(π

N), see (2.37), w.r.t. P. The SMB theorem shows that as
N→ ∞ one may replace this average by judiciously chosen pointwise values of IP(π

N):80

Theorem 5.2 If (X ,P,T ) is ergodic with finite partition (2.28), then for P-almost every x ∈ X,

hP(π) = lim
N→∞

1
N

IP(π
N)(x), (5.42)

where πN(x) is the cell of the partition πN that contains x, cf. (2.43).

Exercise 42 Show that (5.41) is a special case of (5.42).

Proof of Theorem 5.2. Consider the function IP(π
N). Recalling (2.51), for N > 1 we abbreviate

fN := IP(π|∧N−1
n=1 T−n

π) =−∑
A∈π

∑
B∈πN

1

1A∩B log
(

P(A∩B)
P(B)

)
, (5.43)

cf. (2.39). A nontrivial measure-theoretic argument shows that the sequence ( fN) has a limit

f (x) = lim
N→∞

fN(x) (5.44)

80The problem of explicitly characterizing such points (as opposed to just saying ‘for P-almost every x ∈ X’) occurs
throughout ergodic theory, starting of course with the pointwise ergodic theorem (Theorem 4.28), of which Theorem
5.2 is a highly nontrivial corollary. This problem will to some extent be solved in terms of algorithmic randomness
theory.
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pointwise P-a.e.81 This is the function we now apply the pointwise (Birkhoff) ergodic theorem to
(in the last line below), as well as the dominated convergence theorem. Using (2.40) and (2.54),

hP(π) = lim
N→∞

HP(π|πN
1 ) = lim

N→∞

∫

X
dPIP(π|πN

1 ) = lim
N→∞

∫

X
dP fN =

∫

X
dP lim

N→∞
fN

=
∫

X
dP f = lim

N→∞

1
N

N−1

∑
n=0

f (T nx), (5.45)

for P-almost every x ∈ X . To relate this to Theorem 5.2, we iterate (2.48) and use the property

IP(T−1
π)(x) = IP(π)(T x), (5.46)

which follows from (2.2), to compute

IP(π
N) = IP(∧N−1

n=0 T−n
π) = IP(∧N−1

n=1 T−n
π ∧π) = IP(∧N−1

n=1 T−n
π)+ IP(π|∧N−1

n=1 T−n
π)

= IP(∧N−2
n=0 T−n

π)◦T + fN = IP(∧N−2
n=1 T−n

π ∧π)◦T + fN

= IP(∧N−2
n=1 T−n

π)◦T + IP(π|∧N−2
n=1 T−n)◦T + fN

= IP(∧N−3
n=0 T−n

π)◦T 2 + fN−1 ◦T + fN = · · ·=
N−1

∑
n=0

fN−n ◦T n, (5.47)

where f1 := IP(π) by convention (here the dots replace a routine proof by induction). This is not
quite the same as the right-hand side of (5.45); the proof is finished by showing that P-a.e.,

lim
N→∞

1
N

N−1

∑
n=0

( f (T nx)− fN−n(T n(x)) = 0. (5.48)

This may be unsurprising in view of (5.44), but the argument is very technical and we omit it.82 �

6 Entropy and (very basic) coding theory

The AEP has interesting consequences for coding (or data compression). A binary code of AN (for
some finite alphabet A) is an injective map C(N) : AN → 2∗. Given some probability distribution
p(N) on AN , the average length (i.e. number of bits) of a codeword is given by

〈`(C(N))〉p(N) := ∑
σ∈AN

p(N)(σ)`(C(N)(σ)). (6.1)

We restrict ourselves to memoryless sources; this means that AN is distributed by pN for some
p ∈ Prob(A). A simple possibility is to choose a code C : A→ 2∗ and extend this to AN by

CN(σ) :=C(σ0) · · ·C(σN−1). (6.2)

In that case the average length (6.1) is given by

〈`(C(N))〉pN = N ∑
a∈A

p(a)`(C(a)) = N〈`(C)〉p. (6.3)

81See e.g. Dajani & Kalle, §9.4. The point is to rewrite IP(α|β ) as conditional expectation with respect to the
σ -algebra σ(β ) generated by the partition β , namely IP(α|β )(x) = −∑A∈π 1A(x) logEP(1A|σ(β )). This gives the
pointwise limit function as f (x) = IP(π|σ(∪∞

n=1T−nπ)).
82See Dajani & Kalle, §9.4.
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Another possibility is to encode AN using some list (perhaps based on listing A). This requires
approximately log2(|A|N) = N log2(|A|) bits (which is exact if |A| is a power of two). This gives

lim
N→∞

1
N
〈`(C(N)

naive)〉pN = log2(|A|) = S2( f ), (6.4)

cf. (1.10). But if p 6= f we can do better if we use the AEP. Encode the elements of AN by:83

1. Encoding elements of T E
N,δ (p) ⊂ AN naively via some list. By (5.35) this subset has ≈

eNS(p) = 2NS2(p) elements and hence this requires NS2(p)+2 bits: one extra bit since S2(p)
may not be an integer and we incorporate δ > 0, and another extra bit to add a prefix 0
indicating that we have a string in T E

N,δ (p).

2. Likewise encoding the complement AN\T E
N,δ (p), adding a prefix 1. Taking AN as an upper

bound of the size of AN\T E
N,δ (p), this takes NS2( f )+2 = N log2(|A|)+2 bits, cf. (1.10).

Call this coding C(N)
δ

, for some δ > 0. We may estimate the average codeword length in C(N)
δ

by

〈`(C(N)
δ

)〉pN = ∑
σ∈AN

pN(σ)`(C(N)
δ

(σ)) = ∑
σ∈T E

N,δ (p)

pN(σ)`(C(N)
δ

(σ))+ ∑
σ /∈T E

N,δ (p)

pN(σ)`(C(N)
δ

(σ))

≤ ∑
σ∈T E

N,δ (p)

pN(σ) ·NS2(p)+ ∑
σ /∈T E

N,δ (p)

pN(σ) ·NS2( f )+O(1)

≤ pN(T E
N,δ (p)) ·NS2(p)+ pN(AN\T E

N,δ (p)) ·NS2( f )+O(1)

≤ N(S2(p)+δS2( f ))+O(1), (6.5)

where for the last inequality we used the weak LLN (5.39), or rather its equivalent version

pN(AN\T E
N,δ (p))≤ δ , (6.6)

which is valid for sufficiently large N. In the limit one has a clean result

lim
δ→0

lim
N→∞

1
N
〈`(C(N)

δ
)〉pN ≤ S2(p). (6.7)

On the other hand, the very definition of the coding scheme C(N)
δ

gives the inequalities

〈`(C(N)
δ

)〉pN = ∑
σ∈T E

N,δ (p)

pN(σ)`(C(N)
δ

(σ))+ ∑
σ /∈T E

N,δ (p)

pN(σ)`(C(N)
δ

(σ))≥ ∑
σ∈T E

N,δ (p)

pN(σ)`(C(N)
δ

(σ))

≥ ∑
σ∈T E

N,δ (p)

pN(σ) ·NS2(p) = pN(T E
N,δ (p)) ·NS2(p)≥ (1−δ ) ·NS2(p), (6.8)

where we used the weak law of large numbers (5.39). Hence (6.7) may be supplemented with

lim
δ→0

lim
N→∞

1
N
〈`(C(N)

δ
)〉pN ≤ S2(p), (6.9)

so that
lim
δ→0

lim
N→∞

1
N
〈`(C(N)

δ
)〉pN = S2(p). (6.10)

83We follow Cover & Thomas, §3.2.
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Compared with (6.4), since S2(p) ≤ S2( f ) with equality iff p = f we see that (unless p = f ) the
improved coding C(N)

δ
considerably compresses the average length of long messages.84

This argument illustrates Shannon’s noiseless coding theorem. We only discuss this theorem
for codings of the type (6.2), so that we only need to talk about codes C : A→ 2∗. Finally, we only
consider prefix codes (also called instantaneous codes), which are defined as follows.

Definition 6.1 1. If σ ,σ ′ ∈ 2∗ (or σ ∈ 2N) we say that σ ′ is a prefix of σ , written σ ′ ≺ σ , if
σ = σ ′τ for some τ ∈ 2∗ (or τ ∈ 2N).

2. A subset S⊂ 2∗ is a prefix set if no σ ′ ∈ S is a prefix of any σ ∈ S.

3. A map C : A→ 2∗ is a prefix code if it is injective and {C(a),a ∈ A} is a prefix set in 2∗.

In other words, in a prefix code C, for any a,b ∈ A there is no τ ∈ 2∗ such that C(b) = C(a)τ .
Prefix codes are the best example of uniquely decodable codes, cf. Cover & Thomas, Chapter 5.

Lemma 6.2 (Kraft inequality) 1. Any prefix subset S⊂ 2∗ satisfies

∑
σ∈S

2−`(σ) ≤ 1. (6.11)

2. Consequently (since C(A)⊂ 2∗ is a prefix set), for any prefix code C : A→ 2∗ we have

∑
a∈A

2−`(C(a)) ≤ 1. (6.12)

3. Conversely, for any (at most countable) set A and subset {`a}a∈A of N that satisfies

∑
a∈A

2−`a ≤ 1, (6.13)

there exists a prefix code C : A→ 2∗ for which the codeword lengths satisfy

`(C(a)) = `a. (6.14)

Proof. Recall the cylinder set [σ ]`(σ) = {s ∈ 2N | s|`(σ) = σ}. Since S is a prefix set,

[σ ]`(σ)∩ [σ ′]`(σ ′) = /0 (6.15)

whenever σ 6= σ ′ (check this!). In terms the flat prior f on 2 = {0,1}, i.e. f (0) = f (1) = 1/2 and
the ensuing Bernoulli measure fN on 2N, we have fN([σ ]`(σ)) = 2−`(σ), and hence

∑
σ∈S

2−`(σ) = ∑
σ∈S

fN([σ ]`(σ)) = fN
(

∑
σ∈S

[σ ]`(σ)

)
≤ fN(2N) = 1. (6.16)

Exercise 43 Prove the converse, that is, prove part 3 of Lemma 6.2.85

84The universal nature of S2(p) is confirmed if one tries to construct a similar coding based on some alternative
subset Bδ ⊂ AN for which limN→∞ pN(Bδ ) = 1, cf. (5.34), so that for large N one can again achieve pN(Bδ )> 1−δ , cf.
(5.39), which is the key to (6.8). Since for any probability space (X ,P) and A⊂X and B⊂X such that P(A)> 1−ε1 and
P(B) = 1−ε2 one has P(A∩B)> 1−ε1−ε2; to see this, note that P(A∩B) = P(A)−P(A\B) and P(A\B)≤ P(X\B) =
1−P(B). We therefore obtain P(T E

N,δ (p)∩Bδ )> 1−2δ , so that for small δ > 0 the set Bδ is (probabilistically) similar
to T E

N,δ (p) and we are back to the previous situation. See Cover & Thomas, Theorem 3.3.1.
85See e.g. Cover & Thomas, Theorem 5.2.1, or Austin, Lecture 3, Theorem 4.1.
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Theorem 6.3 1. Any prefix code satisfies 〈`(C)〉p ≥ S2(p), cf. (6.3).

2. There exists prefix codes C that satisfy

S2(p)≤ 〈`(C)〉p ≤ S2(p)+1. (6.17)

In the rare cases where p(a) = 2−k(a) for some integer k(a) ∈ N, codes exist for which

`(C(a)) = I2(a), (6.18)

for each a ∈ A; this is the only way to achieve 〈`(C)〉p = S2(p), cf. Cover & Thomas, §5.4. Thus
the information I2(a) in a is roughly the length of the codeword C(a) in an optimal coding C. This
should of course also apply if we take (AN , pN ,CN) instead of (A, p,C). Indeed, we have

S2(pN) =− ∑
σ∈AN

pN(σ) log2 pN(σ) = NS2(p), (6.19)

and combining this with (6.3) we see that Theorem 6.3 consistently describes both the first and
the second case. Of course, taking (AN ,P(N),C(N)) for (A, p,C) one is not restricted to the choices
P(N) = pN and C(N) =CN : hence Theorem 6.3 also covers general sources and “block codes”.
Proof. Part 1 is an exercise. Part 2 follows by construction: for the Shannon code CS, order

A = (a1, . . . ,a|A|); p(ak)≥ p(ak+1), (6.20)

and take CS(ak) to be the first dI2(ak)e bits from the binary expansion of ∑
k−1
l=1 p(al). Then trivially

`(CS(a)) = d−I2(a)e , (6.21)

i.e. the smallest integer larger than or equal to I2(a) =− log2(pa), cf. (1.11). This gives the bound

〈`(CS)〉p ≤ S2(p)+1. (6.22)

Exercise 44 Prove Theorem 6.3.1. Hint: Jensen’s inequality for the convex function x 7→− log2(x).

The Shannon code is mainly of theoretical interest; in practice other codes C are used with

〈`(C)〉p ≤ 〈`(CS)〉p. (6.23)

The famous Huffman code achieves the lowest possible value of 〈`(C)〉p among all prefix codes.

Exercise 45 Look up and describe this code.

7 Large deviations: Sanov’s theorem

The inequalities (5.18) lead to our first result in large deviation theory, called Sanov’s Theorem
(from 1957). This theorem describes fluctuations of the random variables (LN). We keep A finite.
Initially defined by (5.1) as a function LN : AN → Prob(A), we now regard each LN as a function

LN : AN→ Prob(A); LN(s) =
1
N

N−1

∑
n=0

δs(n), (7.1)

whose value LN(s) obviously only depends on s|N . Like its original version, LN is a convex sum
of probability distributions (or measures) on A and hence is a probability distribution on A itself.
We then have a strong law of large numbers, in which convergence in Prob(A) is defined weakly:
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Proposition 7.1 For any q ∈ Prob(A), as N→ ∞ we have LN(s)→ q for qN-almost every s ∈ AN.

Proof. This follows from the usual strong law of large numbers (SLLN) for i.i.d. R-valued random
variables.86 For each a ∈ A separately, define δ

(a)
n : AN→{0,1} by δ

(a)
n (s) := δs(n)a. Then

qN(δ (a)
n = 1) = qN({s ∈ AN | δ (a)

n (s) = 1}) = qN(sn = a) = q(a), (7.2)

any by definition of qN the δ
(a)
n are also independent with respect to qN, so that they are i.i.d. with

distribution Pq(1) = q(a). Defining L(a)
N : AN→ [0,1] by L(a)

N = 1
N ∑

N−1
n=0 δ

(a)
n , the SSLN gives

lim
N→∞

L(a)
N (s) = 〈δ (a)

n 〉Pq = 0 ·Pq(δ
(a)
n = 0)+1 ·Pq(δ

(a)
n = 1) = q(a), (7.3)

for qN-almost every s ∈ AN. But clearly L(a)
N (s) = (LN(s))(a), so that (LN(s))(a)→ q(a) for each

a ∈ A and hence LN(s)→ q weakly, for qN-almost every s ∈ AN. �

Sanov’s theorem describes the (exponentially small) probability of “large” or O(1) fluctuations
of LN (i.e. deviation from its mean q) for large N, in contrast to “small” or O(1/

√
N) fluctuations,

which are described by the central limit theorem. The main actor in the theorem is the relative
entropy (5.12), seen as a function of p for some given prior q ∈ Prob(A). For the moment we
maintain our standing assumption that A is a finite set. To emphasize this, we henceforth write

Dq(p) := D(p‖q). (7.4)

Hence the domain DDq := {p ∈ Prob(A) | Dq(p)< ∞} of the function Dq : Prob(A)→ [0,∞] con-
sists of all p ∈ Prob(A) for which p� q. Further to Proposition 5.1, we have:

Proposition 7.2 The function p 7→ D(p‖q) is strictly convex and continuous on its domain.87

The first part follows from strict convexity of x 7→ x logx for x≥ 0. Continuity of Dq follows, since
the function x 7→ x logx is continuous for x ≥ 0, so that by its definition (5.12), Dq is just a finite
sum of continuous functions.88 �

For any function I : X → [−∞,∞] and B⊂X , here given by X = Prob(A), we write

I(B) := inf
x∈B

I(x). (7.5)

We apply this notation to X = Prob(A) and I(p) = Dq(p), where q ∈ Prob(A) is a parameter.

Theorem 7.3 Let A be a finite set and q ∈ Prob(A) a prior. Define the empirical measures LN :
AN→ Prob(A) by (7.1). Then for any (weakly measurable) subset B⊂ Prob(A) one has

−Dq(B̊)≤ lim inf
N→∞

1
N

logqN(LN ∈ B)≤ lim sup
N→∞

1
N

logqN(LN ∈ B)≤−Dq(B−). (7.6)

Here B̊ is the interior of B and B− is its closure with respect to the weak topology on Prob(A). In
particular, if B⊂ Prob(A) satisfies Dq(B̊) = Dq(B−), then (7.6) implies the more palatable limit

lim
N→∞

1
N

logqN(LN ∈ B) =−Dq(B). (7.7)

Since for finite A the function p 7→ Dq(p) is continuous on its domain DDq (i.e. the subset of
Prob(A) where it is finite), the stated hypothesis for (7.7) is satisfied if B⊂ (B̊)− ⊂DDq .

86The result remains valid for Polish spaces A by taking fixed Borel sets B⊂ Prob(A) instead of single elements of
A, or by using Sanov’s theorem below.

87Moreover, the function (p,q) 7→ D(p‖q) is jointly convex, but this will not be used.
88Continuity on the interior of the domain already followed from Proposition A.6.
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Exercise 46 Show that (7.6) is equivalent to

lim sup
N→∞

1
N

logqN(LN ∈ F)≤−Dq(F) (F ⊂ Prob(A) closed); (7.8)

lim inf
N→∞

1
N

logqN(LN ∈U)≥−Dq(U) (U ⊂ Prob(A)open). (7.9)

Eq. (7.6) or eqs. (7.8) - (7.9) is called a large deviation principle (LDP). There are good reasons
for the careful way this principle is stated:

Exercise 47 Find examples where (7.7) is false if the stated assumptions are not satisfied:

1. For general (A,q), give some B for which the limit in (7.7) does not exist.

2. For A = {0,1} and q(0) = 0, give some B⊂ (B̊)− for which Dq(B̊) = ∞ and Dq(B−)< ∞.

To see what is going on, first assume that q ∈ B−. Then Dq(B) = 0 by Proposition 5.1, and
hence qN(LN ∈ B)→ 1 or qN(LN ∈ B)→ 1 from (7.11), as we already knew from the law of large
numbers. But if q /∈ B, then (7.7) states that the “large fluctuation” qN(LN ∈ B) is exponentially
improbable, with rate function Dq(B), i.e.

qN(LN ∈ B)≈ e−NDq(B), (7.10)

where the meaning of ≈ is defined by (7.7); the point is that Dq(B)> 0 whenever q /∈ B−.

Proof of Theorem 7.3. The inequalities that imply the theorem are, for each B⊂ Prob(A),

e−NDq(B̊)−o(N) ≤ qN(LN ∈ B)≤ e−NDq(B−)+o(N). (7.11)

The upper bound in (7.11) follows from the upper bound in (5.18), viz.

qN(LN ∈ B) = ∑
p∈B∩ProbN(A)

qN(LN = p)≤ ∑
p∈B∩ProbN(A)

e−NDq(p)

≤ |B∩ProbN(A)|e−NDq(B) ≤ (N +1)|Ae−NDq(B) = e−NDq(B)+o(N), (7.12)

where we used (5.27). Since infx∈B− I(x)≤ infx∈B I(x) for any I and B, and hence

Dq(B−)≤ Dq(B) ⇒ exp(−NDq(B))≤ exp(−NDq(B−)), (7.13)

because x 7→ exp(−x) is decreasing, we obtain the upper bound in (7.11).
The lower bound follows by taking ε > 0 and finding p ∈ Ů such that

Dq(p)< Dq(Ů)+ ε; (7.14)

this is possible by the definition of inf, cf. (7.5). Furthermore, for any p ∈ Prob(A) we can find a
sequence (pN) in ProbN(A) with ‖p− pN‖1 = O(1/N), and since Ů is open there is a (large) M
such that pN ∈ Ů for all N > M. Then the lower bound in (5.18) gives

qN(LN ∈U)≥ qN(LN = pN)≥ e−NDq(pN)−o(N) ≥ e−N(Dq(Ů‖q)+ε)−o(N), (7.15)

in which we let ε → 0. This completes the proof of the first inequality in (7.11), and hence of
(7.11). Taking B = F closed then gives (7.8), whilst B =U open yields (7.9).

Finally, if Dq(B̊) = Dq(B−), taking F = B− in (7.8) and U = B̊ in (7.9) gives (7.7). �
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Theorem 7.3 in fact implies the SLLN, i.e. LN → q pointwise qN-a.e. To see this, take δ > 0
and let Bδ (q) be the open δ -ball in Prob(A) centered at q (with respect to some metric). Let
CN ⊂ AN be the event LN /∈ Bδ (q), i.e. LN ∈ Bδ (q)c. Since Dq(Bδ (q)c) > 0 by construction, eq.
(7.7) guarantees that ∑

∞
N=1 P(CN)< ∞, so that by the Borel–Cantelli lemma qN-a.e. s ∈ AN lies in

only finitely many CN . Hence for each δ > 0 and qN-a.e. s ∈ AN we have limN→∞ LN(s) ∈ Bδ (q),
so that limN→∞ LN(s) = q almost surely. This argument in quite general, so that the large deviation
principle (when it applies) not only refines but also implies the strong law of large numbers.

We now generalize the previous material to Polish spaces A; one advantage of working with
such spaces A is that Prob(A), equipped with the weak topology, is also Polish.

For p,q ∈ Prob(A), the Kullback–Leibler divergence or relative entropy is now defined as

Dq(p) :=
∫

A
dq

d p
dq

log
(

d p
dq

)
=
∫

A
d p log

(
d p
dq

)
if p� q; (7.16)

Dq(p) := ∞ otherwise, (7.17)

where d p/dq is the Radon–Nikodym derivative, which exists because in (7.16) we assume p� q
(that is, q(B) = 0 implies p(B) = 0 for any measurable B⊂ A). Here are the basic facts.89

1. Proposition 5.1.1 remains true.

2. In contrast to the finite case, the function p 7→ Dq(p) may no longer be continuous on its
domain (i.e. the subset of Prob(A) where it is finite), but it is at least lower semicontinuous.

Returning to Sanov’s theorem, let (Xn) be i.d.d. random variables taking values in some Polish
space A, with distribution q ∈ Prob(A), once again seen as a “prior”. Let

LN =
1
N

N−1

∑
n=0

δXn ; (7.18)

be the empirical measure; in the Kolmogorov model, Xn : AN → A and (7.18) reduces to (7.1).
Sanov’s theorem then holds also for Polish space: the statement of Theorem 7.3 is the same.90

We now compute the Fenchel transform of the function p 7→ Dq(p) for fixed q. To get into
the setting of Definition A.9 we extend Dq to the space M (A) of all finite singed Borel measures
on A, seen as a Banach space in its role of the dual space of Cb(A) with supremum-norm. Neither
topology will actually be used; what matters is the duality

〈p, f 〉=
∫

A
d p f = 〈 f 〉p. (7.19)

With Prob(A)⊂M (A) this extension is defined by:

Dq(p) :=
∫

A
d p log

(
d p
dq

)
if p ∈ Prob(A) and p� q

Dq(p) := ∞ otherwise (7.20)

For any f ∈Cb(A), define the “partition function” and the “pressure” by

Zq( f ) := 〈e f 〉q =
∫

A
dq(a)e f (a); Πq( f ) := logZq( f ), (7.21)

89See for example Simon (2011), Chapter 16, or Rassoul-Agha, §5.1.
90See e.g. Rassoul-Agha & Seppäläinen, 2015, §5.2, or Dembo & Zeitouni, §6.2.
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respectively, so that Zq( f ) = eΠq( f ). Assuming A is Polish, we have a clean case of Fenchel duality:

Dq(p) = sup
f∈Cb(A)

{〈 f 〉p−Πq( f )} (Dq = Π
∗
q); (7.22)

Πq( f ) = sup
p∈Prob(A)

{〈 f 〉p−Dq(p)} (Πq = D∗q); (7.23)

in (7.23) we may take the supremum over all p ∈M (A), since in view of (7.20) non-probability
measures p ∈M (A)\Prob(A) do not contribute to the supremum. Let us note that (7.22) follows
from (7.23) plus Theorem A.10, which applies because of Proposition 5.1, which as we noted
also applies to Polish spaces A. Conversely, (7.23) follows from (7.22) and Theorem A.10, plus
Lemma 7.4 below. Thus (7.22) and (7.23) are equivalent and only one needs to be proved.

Lemma 7.4 The function f 7→Πq( f ) on Cb(A) is convex and lsc (in norm).

Exercise 48 Prove convexity of Πq( f ) from Hölder’s inequality.

Lower semicontinuity of Πq follows from Fatou’s lemma, which states that for any continuous (or
even lsc) function F : R→ [0,∞] and weakly convergent sequence Pn→ P in Prob(R) we have

lim inf
n→∞

∫

R
dPn F ≥

∫

R
dPF. (7.24)

For f ∈Cb(A) the probability q ∈ Prob(A) induces a unique probability P ∈ Prob(R) such that

Πq( f ) = log
∫

A
dq(a)e f (a) = log

∫

R
dP(x)ex, (7.25)

viz. P(B) = q( f−1(B)), where B⊂R is (Borel) measurable. Likewise, fn determines Pn. If fn→ f
in Cb(A), then Pn→ Pn weakly in Prob(R), whence Fatou’s lemma with F(x) = exp(x) gives

liminf
n

Πq( fn) = liminf
n

log
∫

R
dPn(x)ex ≥ log

∫

R
dP(x)ex = Πq( f ), (7.26)

using also continuity and monotonicity of log. Then (A.9) makes Πq lower semicontinuous. �

For finite A, eq. (7.22) can be proved by direct computation, as follows. This is very instructive.
A function f ∈Cb(A) is now simply an |A|-tuple x = (xa), and similarly p ∈M (A) is an |A|-tuple
p = (pa); for p ∈ Prob(A) we of course need p(a)≥ 0 and ∑a p(a) = 1, which also applies to the
given prior q = (qa). Eq. (7.22) then comes down to

Dq(p) = sup
x∈R|A|

{g(x)}; g(x) := ∑
a

xa pa− log∑
b

qbexb , (7.27)

where Dq(p) = D(p‖q) as given by (5.12) - (5.13). To prove that supx g(x) = Dq(p), first assume
that p ∈ Prob(A) and that p� q, which now means that qa = 0 implies pa = 0. In this case we try
to compute the supremum by extremizing g, hoping to find a maximum. Indeed, we try to solve

∂g(x)
∂xa

= pa−
qaexa

∑b qbexb
= 0, (7.28)

which gives pa = qaexa/∑b qbexb , from which x can be partly solved. If qa > 0 this gives

xa = log(pa/qa)+ log

(
∑
b

qbexb

)
, (7.29)
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whilst qa = 0 simply returns our assumption pa = 0. Either way, a fortunate cancellation gives

g(x) = ∑
a∈A

p(a) log
(

p(a)
q(a)

)
(7.30)

at the value x of x where (7.28) holds. If q(a) = 0, then p(a) = 0 and the corresponding term in
the sum vanishes. This is also the case of p(a) = 0 whilst q(a) > 0. To find out if g assumes a
maximum at the extremum x, we compute the Hessian at x as

∂ 2g(x)
∂xa∂xb

=−δab + pa pb. (7.31)

This matrix is negative-semidefinite,91 and hence x is a maximum of g, so that (7.27) follows.

• If p ∈ Prob(A) but p� q fails, then there is some a for which q(a) = 0 and p(a) > 0. In
that case (7.28) has no solution and g(x)→ ∞ as xa→ ∞, making supx g(x) infinite.

• Similarly, if p /∈ Prob(A), there are two cases:

1. If at least one pa < 0 then obviously (7.28) has no solution for that value of a (since
qa ≥ 0), and once again g(x)→ ∞, but this time for xa→−∞.

2. If all pa ≥ 0 but ∑a pa 6= 1, then (7.28) has no solution either, since if it had one, then

∑
a

pa = ∑
a

qaexa

∑b qbexb
= 1. (7.32)

For pedagogical contrast, instead of (7.22) we now prove (7.23) for general Polish spaces A.92

Eqs. (7.16) - (7.17) imply that the supremum in (7.23) may equally well be taken only over
those p ∈ Prob(A) for which p� q, so that by the Radon–Nikodym theorem there is g := d p/dq
in L1(A,q), with g≥ 0 and

∫
dq g =

∫
d p = 1. Hence eq. (7.23), the one to be proved, becomes

log
∫

A
dqe f = sup

g∈L1(A,q),g≥0,
∫

dqg=1

{∫

A
dqg( f − logg)

}
. (7.33)

We prove ≤ and ≥ to give =. Taking g = e f /
∫

A dqe f in the curly brackets on he right-hand side
gives the left-hand side, which proves ≤. Conversely, Jensen’s inequality (A.4) for − log gives

log
∫

A
dqe f ≥ log

∫

A
dq1g>0 g · e

f

g
= log

∫

{a∈A|g(a)>0}
d p

e f

g
≥
∫

{a∈A|g(a)>0}
d p( f − logg). (7.34)

Since d p = dqg, this gives ≥ in (7.33), which given the proof of ≤ above is now proved. As
explained above, this gives (7.23), and hence also (7.22). �

To finish this chapter we add some information about the relative entropy D(p‖q), largely via
exercises. This does not use large deviation theory, but it sheds light on D in a different way and
is useful in both mathematical physics and in information theory (philosophically, these fields do
not overlap). For simplicity we just discuss the case where p and q are defined on a finite set.93

91Its negative Mab = δab− pa pb is diagonally dominant, i.e. for each a we have |Maa| ≥ ∑b 6=a |Mab|; indeed we
have equality for each a, since |Maa|= Maa = pa− p2

a and ∑b 6=a |Mab|= pa ∑b 6=a pb = pa ∑b pb− p2
a = pa− p2

a. Since
it is also symmetric with non-negative diagonal entries (as pa ≥ p2

a for 0≤ pa ≤ 1), M is positive semi-definite.
92We follow Dembo & Zeitouni, Lemma 6.2.13. See also Rassoul-Agha & Seppäläinen, Theorems 5.4 and 5.6.
93We mainly follow Cover & Thomas (2006), §§2.2–2.5.
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If A = B×C, then p ∈ Prob(A) gives rise to marginals r ∈ Prob(B) and s ∈ Prob(C) via:94

r(b) := ∑
c∈C

p(b,c); s(c) := ∑
b∈B

p(b,c). (7.35)

These give rise to the product probability measure q = r× s on B×C, and we expect that D(p‖q)
contains information about the probabilistic (in)dependence of B and C under p. Indeed, we have:

D(p‖r× s) = S(r)+S(s)−S(p), (7.36)

where S is the usual entropy (1.14), so

S(p) =− ∑
b∈B,c∈C

p(b,c) log p(b,c); S(r) =−∑
b∈B

r(b) logr(b); S(s) =−∑
c∈C

s(c) logr(c).

(7.37)

If X : Ω→ B and Y : Ω→ C are random variables with distributions r ≡ PX ∈ Prob(B) and s ≡
PY ∈ Prob(C), respectively, and joint distribution p≡ PX ,Y ∈ Prob(B×C), so that r(b) = P(X = b),
s(c) = P(Y = c), and p(b,c) = P(X = b,Y = c), where P∈ Prob(Ω) is the probability that induces
all the others, then, writing S(X) =−∑b∈B P(X = b) logP(X = b), etc., eq. (7.36) is written as

D(PX ,Y‖PX ×PY ) = S(X)+S(Y )−S(X ,Y ). (7.38)

Note that Propositon 5.1, i.e., D(PX ,Y‖PX ×PY )≥ 0, then gives subadditivity of the entropy, i.e.,

S(X ,Y )≤ S(X)+S(Y ). (7.39)

Introducing the conditional entropy S(Y |X), or equivalently S(s|r), via, equivalently,

S(Y |X) :=−∑
b∈B

P(X = b) ∑
c∈C

P(Y = c|X = b) logP(Y = c|X = b)

=− ∑
b∈B,c∈C

P(X = b,Y = c) logP(Y = c|X = b); (7.40)

S(s|r) :=− ∑
b∈B,c∈C

p(b,c) log
(

p(b,c)
r(b)

)
, (7.41)

we find that

S(X ,Y ) = S(X)+S(Y |X); S(p) = S(r)+S(s|r), (7.42)

which turns (7.36) and (7.38) into

D(p‖r× s) = S(s)−S(s|r) = S(r)−S(r|s); (7.43)

D(PX ,Y‖PX ×PY ) = S(Y )−S(Y |X) = S(X)−S(X |Y ). (7.44)

Exercise 49 Derive (7.36) or (7.38), and (7.42).
94For Borel spaces A: Looking at (probability) measures p on A as functionals on Cb(A) via expectation values,

i.e., p( f ) = 〈 f 〉p :=
∫

A d p f , we simply have r(g) = p(g) for g ∈Cb(B), seen on the right-hand side as a function on A
(officially as the pullback π∗1 g under the projection π1 : B×C→ B), and likewise s(h) = p(h) for h ∈Cb(C).
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8 Large deviations: Cramér’s theorem

The next major result in large deviation theory is Cramér’s theorem (originally from 1938). We
first discuss this theorem for finite A, in which case it is a corollary of Sanov’s theorem 7.3.95 Pick
an injective “energy” function E : A→ R and define a stochastic process

Xn : AN→ R; Xn(s) = E(sn), (8.1)

with average SN := N−1
∑

N−1
n=1 Xn, as in (1.36). The SLLN states that for any q ∈ Prob(A) and qN-

almost every s ∈ AN, we have SN(s)→ 〈E〉q as N→ ∞, where 〈E〉q := ∑a∈A q(a)E(a). Cramér’s
theorem describes the probability of large deviations from 〈E〉q.

Theorem 8.1 For any injective function E : A→ R, prior q ∈ Prob(A), and measurable C ⊂ R,

−Iq(C̊)≤ lim inf
N→∞

1
N

logqN(SN ∈C)≤ lim sup
N→∞

1
N

logqN(SN ∈C)≤−Iq(C−), (8.2)

where, writing 〈E〉p = ∑a∈A p(a)E(a) as usual, Iq is defined by the constrained optimization

Iq(x) := inf{Dq(p) | p ∈ Prob(A),〈E〉p = x}; (8.3)

Iq(x) := ∞ if no p ∈ Prob(A) with 〈E〉p = x exists. (8.4)

Furthermore, Iq(C) := infx∈C Iq(x) as before.96

Moreover, the rate function Iq is alternatively given as a Fenchel transform

Iq(x) = sup
t∈R
{xt−Πq(t)} (Iq = Π

∗
q) (8.5)

of the “pressure” Πq(t) corresponding to the given “energy” function E : A→ R, defined by

Πq(t) := log Z̃q(t); Z̃q(t) := 〈etE〉q = ∑
a∈A

q(a)etE(a). (8.6)

Both Iq and Πq are convex and lsc (Πq is even continuous), and hence are also related by

Πq(t) = sup
x∈R
{xt− Iq(x)} (Πq = I∗q ). (8.7)

Finally, Iq(x) ∈ [0,∞] and Iq has a unique minimum Iq(µ) = 0 at x = µ := 〈E〉q.

Similarly to Sanov’s theorem one may replace (8.2) by the pair

lim sup
N→∞

1
N

logqN(SN ∈ F)≤−Iq(F) (F ⊂ R closed); (8.8)

lim inf
N→∞

1
N

logqN(SN ∈U)≥−Iq(U) (U ⊂ Ropen). (8.9)

To see what is going on, we first study the case A = {0,1}, E(a) = a, and q = f . In that case,

I f (x) = (1− x) log(1− x)+ x logx+ log2 (x ∈ [0,1]); (8.10)

I f (x) = ∞ (x /∈ [0,1]). (8.11)

This function is plotted in the graph below.97

95We roughly follow Dembo & Zeitouni, §2.1.2.
96Eq. (8.4) follows from (8.3) if we agree that inf /0 = ∞). Let S ⊂ [−∞,∞]. Then z = infS iff: (1) ∀s∈S(z ≤ s); (2)

∀w((∀s∈S(w ≤ s))→ w ≤ z). Now ∀s∈SF(s) is an abbreviation of ∀s(s ∈ S→ F(s)). If S = /0, then s ∈ S is false and
hence any implication of it is true, so (1) is always true. Likewise, in (2) the antecedent ∀s∈S(w≤ s) is always true, and
so to make (2) true the conclusion w≤ z must be true for all w. This forces z = ∞, i.e. inf /0 = ∞. Similarly, sup /0 =−∞.

97The picture is copied from Olivieri & Vares, (2004), p. 4; the I in the picture is our I f .
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1.1 Cramér–Chernoff theorem on R 5

x
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Figure 1.1

interior. The function I is continuous in the open interval (0, 1), I (x) = I (1 − x)

for 0 ≤ x ≤ 1, and it is strictly increasing in (1/2, 1) (see Figure 1.1). In particu-
lar, I (x) = 0 iff x = 1/2, and for any ε > 0

µn
(
[0, 1] \ (1/2 − ε, 1/2 + ε)

)
≈ e−nI (1/2+ε).

The previous example, a very simple application of the Stirling formula, can
be thought of as a particular case of the following: let X1, X2, . . . be independent
and identically distributed (i.i.d.) real random variables on some probability space
(", A, P). Let µn be the law of the sample average X̄n := n−1 ∑n

i=1 Xi . If X1

is integrable and m = E X1, the classical weak law of large numbers tells us that
µn(R \ (m − ε, m + ε)) = P(|X̄n − m| ≥ ε) tends to zero as n → +∞, for any
ε > 0. With proper conditions on the tails of the distribution of X1, we again ex-
pect exponential decay of µn

(
R \ (m − ε, m + ε)

)
, for any given ε > 0, and we

may hope to get something like (1.1) for a large class of sets A; the goal is to
compute the rate, in the sense of logarithmic equivalence. This classical situation
was treated by Cramér in 1937 (cf. [69]) for distributions with an absolutely con-
tinuous component, providing ‘exact’ asymptotics, and extended to the general
case by Chernoff in 1952 [61] in the sense of logarithm equivalence. The result,
as stated and proven by Chernoff, is the following.

Theorem 1.1 (Cramér–Chernoff) Let X1, X2, . . . be i.i.d. real random variables
with common law µ, and consider the sample average X̄n = n−1 ∑n

i=1 Xi . Let µ̂

denote the moment generating function of µ, i.e. µ̂(ζ ) = E eζ X1 for ζ ∈ R, and
define:

Iµ(x) = sup
ζ∈R

(ζ x − log µ̂(ζ )), (1.10)

1. It is easy to check that (8.10) - (8.11) follows from (8.3) - (8.4). We know (or compute) that

D f (p) =−S(p)+ log2, (8.12)

cf. (5.14), where S(p) is given by (1.26) as usual. Since p ∈ Prob(2) is given by p(1)≡ p ∈
[0,1], so that p(0) = 1− p, we obtain

D f (p) = (1− p) log(1− p)+ p log p+ log2. (8.13)

We also have 〈E〉p = p in (8.3), so that provided x ∈ [0,1], the set of all p ∈ Prob(s) for
which 〈E〉p = x has a single element p = x. Hence (8.3) becomes (8.10). For x /∈ [0,1], the
set just mentioned is empty . Recalling that inf /0 = ∞, we infer that (8.4) gives (8.11).

2. We also show that (8.5) yields (8.10) - (8.11), which is more difficult. We compute

Π f (t) = log
(

p(0)e0 + p(1)et)= log( 1
2 +

1
2 et) =− log2+ log

(
1+ et) ; (8.14)

I f (x) = sup
t∈R
{xt−Π f (t)}= log2+ sup

t∈R

{
xt− log(1+ et)

}
. (8.15)

From this, proving (8.10) - (8.11) is largely a matter of straightforward calculus:

Exercise 50 Consider the function fx(t) := xt− log(1+ et). Prove the following cases:

• For x∈ (0,1) the function t 7→ fx(t) has a unique maximum at t = t(x), at which value:

fx(t(x)) = (1− x) log(1− x)+ x logx. (8.16)

• For x = 0 our function assumes no maximum but has a finite supremum, given by

sup
t∈R
{− log

(
1+ et)}=− inf

t∈R
{log

(
1+ et)}=− lim

t→−∞
log
(
1+ et)= 0. (8.17)
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• Similarly for x = 1: no maximum but a finite supremum, this time given by

sup
t∈R
{t− log

(
1+ et)}= lim

t→∞
(t−

(
1+ et)) = 0. (8.18)

• For x /∈ [0,1], the function t 7→ fx(t) has neither extrema nor asymptotes, and

sup
t∈R
{ fx(t)}= ∞. (8.19)

3. The general properties of Iq claimed in the theorem are easily checked for I f : for example,
I f is clearly convex on all of R and continuous on (0,1), which is the interior of its domain
DI f (defined as the set of points where I f takes finite values). At the boundary points 0,1
of DI f our function I f is discontinuous but still lower semicontinuous (lsc), since it jumps
to a higher value ∞. As argued in Appendix A, for convex functions the natural continuity
condition is lower semicontinuity and so the natural combination is “convex + lsc”, as for
rate functions like Iq, or “minus” these properties namely “concave + upper semicontinuous
(usc)”, as is the case for entropies like S =−D f + log2, cf. (8.12).

4. In this case, Theorem 8.1 is a special case of Theorem 7.3. To see this, note that

SN(s) = (LN(s))(1), (8.20)

where we recall that like p ∈ Prob(2) above, we also have LN(s) ∈ Prob(2), which like p
is entirely defined by its value at a = 1. Hence SN ∈ C (for some C ⊂ R) is the same as
LN(1) ∈C, which by Theorem 7.3 is controlled by D f (C) = infp∈C{D f (p)}. But clearly,

inf
p∈C
{D f (p)}= inf{D f (p) | p = x,x ∈C}= inf

x∈C
inf{D f (p) | p = x}

= inf
x∈C

inf{D f (p) | 〈E〉p = x}= inf
x∈C

I f (x) = I f (C), (8.21)

since we already noted that 〈E〉p = p in our case (the general case is actually similar).

Exercise 51 Repeat this entire analysis for an arbitrary prior q ∈ Prob(2).

Before proving Theorem 8.1, we study (8.3) a bit more.98 We assume q(a)> 0 for each a∈ A. Let

E− := min
a

E(a); E+ := max
a

E(a). (8.22)

For β ∈ R, define qβ ∈ Prob(A) by

qβ (a) :=
q(a)e−βE(a)

Zβ

; Zβ := ∑
b∈A

q(b)e−βE(b). (8.23)

We extend these probabilities to β ±∞ as follows. Let a± ∈ A be the elements for which E± =
E(a±); these are unique since E was assumed to be injective. We then define q±∞ ∈ Prob(A) by

q±∞(a∓) = 1. (8.24)

One may also obtain these by taking the limit β →±∞ in (8.23).

98The following theorem and proof are taken from Austin, Lecture 11. See also Borwein & Zhu, §4.7.
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Proposition 8.2 For each x ∈ [E−,E+] there exists a unique β (x) ∈ [−∞,∞] such that the infimum
in (8.3), is a unique minimum at p = qβ (x). Moreover, the value of Iq is given by

Iq(x) = Dq(qβ (x)) =−βx− logZβ (E− < x < E+); (8.25)

Iq(E±) = Dq(q∓∞) =− logq(a∓∞) (x = E±); (8.26)

Iq(x) = ∞ (x /∈ [E−,E+]). (8.27)

Note also that qN(SN ∈C) = 0 whenever C∩ [E−,E+] = /0, even for finite N. Eqs. (8.25) and (8.2)
merely imply this for N→∞, but it makes (8.25) less surprising than it may appear. For 0< β <∞

we write β = 1/T , Dq(qβ ) =−S, x =U , and logZβ =−βF . Eq. (8.25) then gives the free energy

F =U−T S. (8.28)

If in view of Proposition 8.2 we write the second member of the Fenchel duality (7.22) - (7.23) as

− logZq(−βE) = inf
p∈Prob(A)

{β 〈E〉p +Dq(p)}, (8.29)

where Zq is defined by (7.21), and notice that Zq(−βE) equals Zβ in (8.23), we conclude that not
only the constrained infimum but also the unconstrained one (8.29) is attained at p = qβ .
Proof of Proposition 8.2. The case x = E± is left to the reader. Assume E− < x < E+. Since
〈E〉qβ

→ E± as β →∓∞ by Laplace or directly, the desired value of β for which

〈E〉qβ
= x (8.30)

exists by continuity of β 7→ 〈E〉qβ
and the intermediate value theorem. Eq. (8.25) then follows

from a simple computation based on (8.23) and (5.12). To prove uniqueness of the minimizer qβ ,
first note from (5.13) that a possible other minimizer p ∈ Prob(A) must satisfy p� q and hence
p� qβ , so that the Radon–Nikodym derivative f (a) = p(a)/qβ (a) (which for finite A is just a
quotient) exists. Then, by (5.12), we obtain

Dq(p) = Dqβ
(p)+Dq(qβ ), (8.31)

where we used the constraint 〈E〉p = x under which p is supposed to minimize Dq(p), and (8.25).
By Proposition 5.1 we conclude that Dq(p)≥ Dq(qβ ) with equality iff p = qβ . �

Exercise 52 Prove (8.31) for E− < x < E+. Also, prove the theorem for x /∈ (E−,E+).

We also note that Iq is continuous on (E−,E+). If C ⊂ (C̊)− ⊂ [E−,E+], then (8.2) implies

lim
N→∞

1
N

logqN(SN ∈C) =−Iq(C). (8.32)

The existence and uniqueness part of the Proposition 8.2 is a special case of the following:99

Proposition 8.3 Let A be a Polish space. If C ⊂ Prob(A) is closed and convex and satisfies

Dq(C) = Dq(C̊)< ∞, (8.33)

there is a unique p ∈C that minimizes Dq(p) within C. For the conditional probability measures
PN ∈ Prob(Prob(A)) defined by PN(B) := qN(LN ∈ B | LN ∈C) (i.e. PN = qN(· |C)) we have

lim
N→∞

PN = δp (8.34)

exponentially fast, in that for any weak nbhd U ∈ Op(Prob(Prob(A))) there is b > 0 such that

pN(Uc)≤ e−bN . (8.35)
99We omit the proof; see Dembo & Zeitouni, Theorem 3.3.3, or Rassoul-Agha, §5.3.
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Proof of Theorem 8.1. We re-express the average SN in terms of the empirical measure (7.1):

〈E〉LN(σ) = ∑
a∈A

LN(σ)(a)E(a) =
1
N ∑

a∈A

N−1

∑
n=0

δσnaE(a) =
1
N

N−1

∑
n=0

E(σn) =
1
N

N−1

∑
n=0

Xn(σ)

= SN(σ), (8.36)

i.e. SN(σ) is the expectation of E in LN(σ) ∈ Prob(A). Hence for every subset C ⊂ R we have

SN ∈C iff LN ∈ B := {p ∈ Prob(A) | 〈E〉p ∈C}. (8.37)

Similarly to (8.21), we observe that, by basic set theory and the definition of an infimum,

{p ∈ Prob(A) | 〈E〉p =C}= {p ∈ Prob(A) | 〈E〉p = x, x ∈C}; (8.38)

inf{Dq(p) | p ∈ Prob(A),〈E〉p ∈C}= inf
x∈C
{Dq(p) | p ∈ Prob(A),〈E〉p = x}. (8.39)

The idea of the proof is that we know from Sanov’s theorem how the asymptotics of qN(LN ∈ B)
is controlled by the rate function Dq via (7.6) with (7.5). From (8.37) and (8.39) we have:

Dq(B) = inf
p∈B
{Dq(p)}= inf{Dq(p) | p ∈ Prob(A),〈E〉p ∈C}

= inf
x∈C
{Dq(p) | p ∈ Prob(A),〈E〉p = x}= inf

x∈C
Iq(x) = Iq(C). (8.40)

Hence (8.2) follows from (7.6), except for the complication that the equations do not just contain
B and C but also their interiors and closures. This calls for some additional topological reasoning.
For example, since p 7→ 〈E〉p is (weakly) continuous, if B ⊂ Prob(A) corresponds to C ⊂ R via
(8.37), then C is open if B is open and hence (8.9) follows from (7.9). The derivation of (8.8) from
(7.8) needs some more care and follows from the detailed properties of Iq as stated.

The equivalence between (8.3) and (8.5) is a central feature of large deviation theory and
statistical mechanics. It is a special case of Fenchel–Rockafellar duality, but we first sketch a
direct proof. This is based on the Fenchel transform (7.22) and the Lagrange multiplier method
for computing a constrained extremum like (8.3). As in (7.27), for finite A eq. (7.22) simply reads

Dq(p) = sup
y∈R|A|

{
∑
a

ya pa− log∑
b

qbeyb

}
. (8.41)

Furthermore, because of (7.20) we may take the infimum in (8.3) over all p : A→ R instead of all
p ∈ Prob(A), i.e. we may forget the conditions p(a) ≥ 0 and ∑a p(a) = 1. Calling the Lagrange
multiplier t, the constrained extremum in (8.3) is therefore found (if it exists) by minimizing

(p, t) 7→ Dq(p)− t
(

∑
a

Ea pa− x
)
= sup

y∈R|A|

{
∑
a
(ya− tEa) · pa− log∑

b
qbeyb

}
+ tx. (8.42)

Minimizing with respect to p by naively putting ∂/∂ pa of the above expression to zero gives
ya = tEa, which clears the first term after the sup. Substituted into the second term, it also gives

∑
b

qbeyb = 〈etE〉q. (8.43)

Minimizing with respect to t returns the constraint ∑a Ea pa = x, but if we write this second mini-
mization as inft , we see at once that Iq as defined in (8.3) equals Iq as stated in (8.5).

There was some handwaving in the above argument. A real proof of the equality of (8.3) and
(8.5) is based on Fenchel–Rockafellar duality, cf. Theorem A.18 and Corollary A.19:100

100See Borwein & Zhu, Theorem 4.7.1.
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Proposition 8.4 For a Banach space X, let f : X → (−∞,∞] be lsc and convex, and T : X → Rd

linear and continuous. If x ∈ Rd lies in the interior (or the core) of T (D f ), then

inf
p∈X
{ f (p) | T p = x}= sup

t∈Rd
{〈t,x〉− f ∗(T ∗t)}. (8.44)

and the supremum is even a maximum (i.e. it is attained). Here f ∗ is the Fenchel transform of f .

This applies to (8.3) since as noted before we may replace p ∈ Prob(A) by p : A→ R. Hence in
Proposition 8.4 we may take X = R|A|, f = Dq, d = 1, and T : R|A|→ R defined by

T p = 〈E〉p = ∑
a

Ea pa. (8.45)

Then f ∗ : X∗ = R|A|→ (−∞,∞] is given by D∗q = Πq, see (7.23), and T ∗ : R→ R|A| is given by

T ∗t = tE, (8.46)

because 〈T ∗t, p〉 := 〈t,T p〉 gives ∑a pa(T ∗t)a = t ∑a Ea pa, and hence (T ∗t)a = tEa. Note that

Πq(tE) = Πq(t), (8.47)

with abuse of notation, where the left-hand side is defined in (7.21) whilst the right-hand side
comes from (8.6). Thus the equality in (8.44) is almost the equality between (8.3) and (8.5);
except that (8.44) is only stated for x ∈ int(T (D f )). Assuming once again that qa > 0 for all a ∈ A
for simplicity, we have D f = Prob(A) and hence

T (D f ) = [E−,E+]; int(T (D f )) = (E−,E+). (8.48)

• Eq. (8.44) therefore establishes the equality between (8.3) and (8.5) for all x ∈ (E−,E+).

Extending this analysis to x /∈ (E−,E+) is similar to the case A = 2, E(a) = a, q = f :

• For the boundary points x = E± we first recall that E± = E(a±). If x = E−, the constraint
〈E〉p = E− can only be satisfied by p(a−) = 1, so that Dq(p) =− logq(a−). But this is also
the supremum of (8.49) for x = E−, which is reached as t→−∞. The constraint 〈E〉p = E+

can only be satisfied by p(a+) = 1, so that Dq(p) =− logq(a+); which is the supremum of
(8.49) for x = E+, but this time as t→ ∞.

• For x > E+ or x < E− we have, using (8.3), Iq(x) = inf /0 = ∞. But using (8.5) we also find
Iq(x) = ∞ by an argument similar to the one between (7.31) and (7.33):

Exercise 53 Show that for x > E+ or x < E− the function

t 7→ tx−Πq(t) = tx− log∑
a

qaetEa (8.49)

has no maximum and that its supremum is infinite.

Finally, the general properties of Iq and Πq easily follow: we have Iq(x)≥ 0 by (8.3) and Proposi-
tion 5.1, convexity and lsc of Iq follow from (8.5). Convexity and lsc of Πq will be proved more
generally in Theorem 8.5 below, upon which (8.7) follows from Theorem A.10. �

We now turn to a more general (though still one-dimensional) form of Cramér’s theorem:
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Theorem 8.5 Let (Xn) be i.i.d. R-valued random variables distributed by q ∈ Prob(R) such that

Z̃q(t) := 〈etX1〉q < ∞ (8.50)

for each t ∈ R,101 so that also µ := 〈X1〉q < ∞. Define the “pressure”

Πq(t) := log Z̃q(t) (8.51)

and its full and partial Fenchel transforms I(±)q : R→ [0,∞] (cf. Appendix A) as

Iq(x) = sup
t∈R
{xt−Πq(t)}; I+q (x) = sup

t≥0
{xt−Πq(t)}; I−q (x) = sup

t≤0
{xt−Πq(t)}. (8.52)

1. Each I(±)q is convex and lsc, and Iq has a unique minimum Iq(µ) = 0 at x = µ .

2. The function Πq is also convex and lsc (even continuous), and is related to Iq by

Πq(t) = sup
x∈R
{xt− Iq(x)}. (8.53)

3. The averages (1.36) satisfy an LDP that can be expressed in the following equivalent ways:

lim
N→∞

1
N

logqN(SN ≥ x) =−I+q (x) (x ∈ R); (8.54)

lim
N→∞

1
N

logqN(SN ≤ x) =−I−q (x) (x ∈ R); (8.55)

lim
N→∞

1
N

logqN(SN ≥ x) =−Iq(x) (x≥ µ); (8.56)

lim
N→∞

1
N

logqN(SN ≤ x) =−Iq(x) (x≤ µ). (8.57)

The point is that the functions I(±)q are computable from Πq(t). The more general LD property

lim
N→∞

1
N

logqN(SN ∈ B) =−Iq(B), (8.58)

for subsets B ⊂ R for which Iq(B̊) = Iq(B−), cf. (7.7), follows from this, but is not usually stated
as part of Cramér’s theorem. For example, this condition holds if B⊂ D̊Iq is an open interval, since
in that case Iq is continuous on B by Proposition A.6. Eq. (8.58) then follows from the claimed
properties of Iq, plus the inference from (8.56) that Iq is increasing for x ≥ µ , and similarly, by
(8.57) is decreasing for x≤ µ . Theorem 8.5 also implies statements à la (7.8), (7.9), and (7.7).

Proof.102 We will prove (8.54). The others then follow, as we now show. Jensen for the convex
function x 7→ ex gives Z̃q(t) ≥ etµ , so that for t ≤ 0 and x ≥ µ one has Z̃q(t) ≥ etx and hence
xt−Πq(t)≤ 0. For t = 0 one has x ·0− Z̃q(0) = 0. Hence the supremum supt∈R in (8.52) must be
reached for t ≥ 0. This shows that Iq(x) = I+q (x) for x≥ µ , which yields (8.56) given (8.54).

Next, changing Xn to −Xn gives

− lim
N→∞

1
N

logqN(−SN ≥−x) = sup
t∈R
{−xt−Πq(−t)}= sup

t∈R
{xt−Πq(t)}= Iq(x), (8.59)

101This assumption can be relaxed, see Cerf & Petit (2010) and Rassoul-Agha, §2.4, but it simplifies the proof.
102There is no simple proof of Cramér’s theorem. The one below combines ideas from Cerf & Petit (2010) and

Rassoul-Agha, §2.4, and despite its length is felt to be pedagogical since it is largely built from “canonical” arguments
that often recur in large deviation theory. See also Den Hollander (2000), §I.3, and Olivieri & Vares (2004).
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valid for −x ≥ 〈−X1〉q = −µ , i.e. x ≤ µ . Hence (8.57) follows from (8.56), with the same rate
function. The derivation of (8.55) from (8.54) is quite similar.

We continue with a proof of the basic properties of Iq that are claimed.

1. Positivity of I(±)q follows from the fact that Πq(0)= log1= 0, so that t 7→ xt−Πq(t) assumes
the value zero in any case, so that its supremum over t must be Iq(x)≥ 0.

2. Convexity and lsc of the I(±)q follow because these functions are defined as (partial) Fenchel
transforms, see Definition A.9 and following text (briefly: they are convex and lsc because
they are suprema of affine–hence convex–and continuous–hence lsc–functions).

3. Jensen for the convex function x 7→ ex gives 〈etX1〉q ≥ et〈X1〉q = etµ and hence Πq(t)≥ tµ for
all t, so that µt−Πq(t)≤ 0 and hence Iq(µ) = supt{µt−Πq(t)} ≤ 0. Hence Iq(µ) = 0 by
point 1. This local minimum is a global minimum since I is convex, see Proposition A.7. It
is also unique: the minimum value Iq(µ) = 0 is assumed for t = 0, and if (first) x > µ , then
since Π′q(0) = µ and t 7→ Πq(t) is continuous (even C1), for sufficiently small t we have
Π′q(t) < x. Hence if we define gx(t) := xt−Πq(t), we have g′x(t) = x−Π′q(t) > 0 and so
gx(t)> gx(0) = 0. Consequently, Iq(x) = supt gx(t)> 0. Similarly, if x < µ , then Π′q(t)> x
so that g′x(t)< 0 for small t, so that again gx(t)> 0 and hence Iq(x)> 0. All in all, we have

Iq(µ) = 0; Iq(x)> 0 (x 6= µ). (8.60)

4. The function t 7→ Πq(t) := log Z̃q(t) is convex and continuous (and hence lsc), and so by
Fenchel duality (Theorem A.10), the same is true for Iq as defined by sing (8.52).

Continuity of Z̃q and hence of log Z̃q follows from Lebesgue monotone convergence: write

Z̃q(t) =
∫

R
dq(x)etx. (8.61)

Convexity of log Z̃q follows from Hölder’s inequality, as in Exercise 48, but do it again:

Exercise 54 Prove convexity of log Z̃q.

It remains to prove (8.54), which we do through the following steps:

1. We show that the following limit exists for all x ∈ R and defines a convex lsc function:

I+q : R→ [0,∞]; I+q (x) :=− lim
N→∞

1
N

logqN(SN ≥ x). (8.62)

2. We will separately prove the inequalities

Πq(t)≥ sup
x∈R
{tx− I+q (x)}; (8.63)

Πq(t)≤ sup
x∈R
{tx− I+q (x)}, (8.64)

for t ≥ 0. This gives
Πq(t) = sup

x∈R
{tx− I+q (x)} (t ≥ 0). (8.65)

3. Corollary A.17, which is necessary because Theorem A.10 does not quite apply, then gives

I+q (x) = sup
t≥0
{tx−Πq(t)}. (8.66)
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Combining (8.66) with (8.62), eq. (8.54) follows. In order to derive (8.62), we need a lemma:

Lemma 8.6 The sequence aN =− logqN(SN ≥ x) is subadditive, i.e. aM+N ≤ aM +aN .

Proof This eventually follows from the obvious implication, cf. (1.36),

1
N

N−1

∑
n=0

Xn ≥ x,
1
M

N+M−1

∑
n=N

Xn ≥ x ⇒ 1
N +M

N+M−1

∑
n=0

Xn = SN+M ≥ x. (8.67)

Since the two events on the left are independent because the Xn are i.i.d., and for the same reason

qN
(

1
M

N+M−1

∑
n=N

Xn ≥ x

)
= qN

(
1
M

M−1

∑
n=0

Xn ≥ x

)
= qN(SM ≥ x), (8.68)

eq. (8.67) implies
qN(SN ≥ x) ·qN(SM ≥ x)≤ qN(SN+M ≥ x). (8.69)

Since qN(SN ≥ x) = qN(SN ≥ x) ect., this gives aM+N ≤ aM +aN , because

− logqN+M(SN+M ≥ x)
N +M

≤ − logqN(SN ≥ x)− logqM(SM ≥ x)
N +M

≤− 1
N

logqN(SN ≥ x)− 1
M

logqM(SM ≥ x). (8.70)

Lemma 2.2 then shows that the limit in (8.62) exists for all x ∈ R (possibly ∞) and equals

I+q (x) = inf
N

1
N

log
(

1
qN(SN ≥ x)

)
. (8.71)

In particular, I+q (x) = ∞ iff qN(SN ≥ x) = 0 for all N; for N = 1 this gives (for later use):

DI+q = {x ∈ R | q(X1 ≥ x)> 0}. (8.72)

Another consequence of (8.71) we will have occasion to use is that for any N ≥ 1,

qN(SN ≥ x)≤ e−NI+q (x). (8.73)

Convexity of Iq : R→ [0,∞] follows from the special case

I+q ( 1
2(x+ y))≤ 1

2(I
+
q (x)+ I+q (y)), (8.74)

which is proved by the same trick that proved subadditivity; this time, the relevant implication is

1
N

N−1

∑
n=0

Xn ≥ x,
1
N

2N−1

∑
n=N

Xn ≥ y ⇒ 1
2N

2N−1

∑
n=0

Xn = S2N ≥ 1
2(x+ y). (8.75)

Since I+q is increasing by (8.62), Lemma A.5 gives convexity of I+q .
We now show that I+q is lsc. Since the function x 7→P([x,∞)) is usc for any probability measure

P on R, for finite N the function x 7→ 1/qN(SN ≥ x) is lsc. We would be ready if the infimum in
(8.71) were a supremum, cf. Proposition A.8, but life it isn’t so simple and we need a direct
argument. Eq. (8.71) implies that if q(X1 ≥ x) > 0 for all x ∈ R, then DI+q = R and we are ready
by Proposition A.6. If not, define x0 := inf{x ∈ R | q(X1 ≥ x)> 0)}. Then:

• either DI+q = (−∞,x0) and we are again ready by Proposition A.6;
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• or DI+q = (−∞,x0] and hence D̊I+q = (−∞,x0). On the latter, I+q is finite, because (8.71) for
N = 1 implies that I+q (x0) ≤ log(1/q(X1 ≥ x0)), and by assumption q(X1 ≥ x0) > 0. The
remark after (8.71) gives I+q (x) = ∞ for all x > x0, and hence lsc of I+q follows once more.

This completes step 1. We now start step 2 by proving (8.63). This follows from a basic inequality
in probability theory, which is called either Chebyshev’s inequality or Markov’s inequality:

Lemma 8.7 (Chebyshev–Markov) For any real-valued random variable X distributed by P, any
real-valued non-decreasing function f on (at least) the range of X, and any s ∈ R with f (s)> 0,

P(X ≥ s)≤ 〈 f (X)〉P
f (s)

. (8.76)

Exercise 55 Prove this.

The best-known application is the weak law of large numbers, which follows by taking |X | instead
of X and f (x) = x2 just defined on R+, where it is indeed non-decreasing, so that if 〈X〉P < ∞,

P(|X−〈X〉P| ≥ ε)≤ Var(X)

ε2 , (8.77)

where Var(X) := 〈|X−〈X〉P|2〉P = 〈X2〉−〈X〉2P. For i.i.d. (Xn) we then take SN for X , and since

Var(SN) = Var(X1)/N, (8.78)

for all ε > 0 we obtain P(|SN−µ| ≥ ε)→ 0 and hence P(|SN−µ|< ε)→ 1 as N→∞, cf. (1.37).
For our proof of (8.63) we use Lemma 8.7 with f (x) = etx for t ≥ 0, so that for s ∈ R,

P(X ≥ s)≤ e−st〈etX〉P, (8.79)

sometimes called the exponential Chebyshev inequality. Since the (Xn) are i.i.d., we have

〈etNSN 〉qN = 〈et ∑
N−1
n=0 Xn〉qN = 〈etX1〉Nq . (8.80)

Therefore, eqs. (8.50), (8.51), and (8.79) give

Πq(t) = log〈etX1〉q =
1
N

log〈etNSN 〉qN ≥ 1
N

log
(
etNxqN(SN ≥ x)

)
= tx+

1
N

log
(
qN(SN)

)
, (8.81)

where we took X = NSN and s = Nx in (8.79). From (8.71) we then obtain (8.63).
The converse inequality (8.64) will first be proved for t = 0, where it is an equality:

sup
x∈R
{−I+q (x)}= sup

x∈R
sup
N≥1
{N−1 logqN(SN ≥ x)}= 0 = Πq(0), (8.82)

since qN(SN ≥ x) reaches its supremum 1 as x→−∞ for any N and log is increasing.
To prove (8.64) for t > 0 we rely on another recurrent theme, namely Laplace’s method:103

Lemma 8.8 Let I ⊂ R be a bounded interval. If S : I→ R is lower semicontinuous, then

lim
N→∞

1
N

log
∫

I
dxeNS(x) = sup

x∈I
S(x). (8.83)

103See Dorlas, Theorem 19.1, for a nice proof, or Theorem 9.5 and its corollary (9.14) below
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For simplicity we assume X1 is bounded,104 say −K ≤ X1 ≤ K for some K > 0, which gives the
same bound for SN (uniformly in N). First, for t > 0 we estimate

−tNe−tNK + 〈etNSN 〉 ≤ tN
∫ K

−K
dxetNxe−NI+q (x), (8.84)

where the averaging brackets were brought inside using Fubini’s theorem, we noted that

〈1SN≥x〉qN = qN(SN ≥ x), (8.85)

and then used (8.73). Combining this with the first step in (8.81) gives, with S(x) := tx− I+q (x),

Πq(t) =
1
N

log〈etNSN 〉 ≤ 1
N

log(tN)+
1
N

log
(∫ K

−K
dxeNS(x)+ e−tNK

)
. (8.86)

Letting N→ ∞ (recalling that t > 0) and then K→ ∞ and using Lemma 8.8 gives (8.64). �

Exercise 56 Prove (8.84).

9 Large deviations: General theory

The theorems of Sanov and Cramér were the first large deviation principles (LDP). These involve:

• A sequence (XN) of random variables XN ∈X , where X is some some regular topological
space, and XN is distributed by PN ∈ Prob(X ). This is short for XN : Ω→X (or more
generally: XN : ΩN →X ), where Ω (or ΩN) carries a probability measure P (or PN) so that
for (measurable) B⊂X we then have PN(B) = P(XN ∈ B) (or PN(B) = PN(XN ∈ B).

– For Sanov, XN is the empirical measure LN : AN→ Prob(A), see (7.1) and (7.18), and
PN comes from the Bernoulli measure qN on AN, given some prior q ∈ Prob(A).

– For Cramér, XN is SN : AN → R, see (1.36) and (8.1), with distribution PN similarly
determined by the Bernoulli measure qN on AN.

• A lsc (but not necessarily convex) rate function I : X → [0,∞].105 Lower semicontinuity
implies that for any s ∈ [0,∞) the set {x ∈X | I(x)≤ s} is closed; if it is also compact for
all s, then I is called tight or good. This is normally the case.106

– For Sanov this is the relative entropy (5.12) - (5.13), and generally (7.20). For finite A
it is easy to see that I = Dq is tight; in general this requires functional analysis.107

– For Cramér this is the function defined by (8.3), which is also tight.108

104See Cerf & Petit, page 928, for the unbounded case.
105Lower semicontinuity can be imposed without loss of generality: if I : X → [0,∞] satisfies (9.3), then the maximal

lsc function Ĩ majorized by I, obtained or defined by Ĩ(x) = liminfy→x I(y), also satisfies (9.3), see Rassoul-Agha, §2.2.
Convexity does not always hold, but in our examples it usually does.

106X is usually Polish, in which case compact sets are closed, and hence a tight rate function is automatically lsc.
107See the comments preceding Theorem 7.3 for the topology on Prob(A). For finite A, the space Prob(A) ⊂ A∗ is

compact. For given prior q ∈ Prob(A) the subset DDq = {p ∈ Prob(A) | p� q} is closed in Prob(A) and hence is also
compact: for if pn � q, then q(a) = 0 enforces pn(a) = 0; if pn → p weakly this implies p(a) = 0. Furthermore, by
Proposition 5.1.2, the function Dq is continuous on its domain DDq , so that the set {p ∈ Prob(A) |Dq(p)≤ s} is closed
and hence compact. This is also true in general (i.e. if A is Polish), but with a very technical proof; see Dembo &
Zetouni, Lemma 6.2.12. The key result from functional analysis used in the proof is the Eberlein–Smulian theorem.

108For finite A this follows from Theorem 9.4 below.
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• Estimates on the asymptotic properties of PN , which may be given either in the form:109

lim sup
N→∞

1
N

logPN(F)≤−I(F) (F ⊂X closed); (9.1)

lim inf
N→∞

1
N

logPN(U)≥−I(U) (U ⊂X open), (9.2)

where for B⊂X we define I(B) := infx∈B I(x); or in the equivalent form, for any B⊂X :

−I(B̊)≤ lim inf
N→∞

1
N

logPN(B)≤ lim sup
N→∞

1
N

logPN(B)≤−I(B−), (9.3)

where B̊ and B− are the interior and closure of B, respectively. Here PN(XN ∈ B)≡ PN(B).

Exercise 57 Show that (9.1) - (9.2) and (9.3) are equivalent.

Definition 9.1 If these bullets apply, we say that (X ,XN ,PN , I), or (X ,PN , I), satisfies an LDP.

Further properties of the rate function I like convexity of tightness will be mentioned explicitly. If

I(B̊) = I(B−), (9.4)

which is a condition on both B and I, eq. (9.3) obviously implies the direct estimate

lim
N→∞

1
N

logPN(B) =−I(B). (9.5)

Proposition 9.2 The rate function in an LDP is unique, and is given by

I(x) = sup
U∈Ox(X )

{− lim inf
N→∞

1
N

logPN(U)}, (9.6)

where Ox(X ) is the set of open neighbourhoods of x.

Proof. Since x ∈U , eq. (9.2) immediately gives

I(x)≥ inf
y∈U

I(y) = I(U)≥− lim inf
N→∞

1
N

logPN(U). (9.7)

Taking the supremum over all U ∈ Ox(X ) gives ≥ after I(x) in (9.6). Conversely, take t < I(x)
and use Lemma A.4 to find V0 ∈ Ox(X ) such that t < I(y) for all y ∈V0. Since X is regular one
can separate x and the closed set F = {x ∈X | I(x) ≤ t} by open sets, say V1 3 x and V2 ⊃ F ,
respectively, i.e. V1 ∩V2 = /0. Let W = V0 ∩V1. Now V c

2 = X \V2 is closed and W ⊂ V c
2 , so also

W− ⊂V c
2 . By construction I(x)> t on V c

2 , and so I(x)> t on W−. Hence (9.1) gives

sup
U∈Ox(X )

{− lim inf
N→∞

1
N

logPN(U)} ≥ − lim inf
N→∞

1
N

logPN(W )

≥− lim inf
N→∞

1
N

logPN(W−)≥− lim sup
N→∞

1
N

logPN(W−)

≥ I(W−) = inf
x∈W−

I(x)≥ t. (9.8)

Thus y≥ t is true for all t < s := I(x). Hence y≥ s, which proves ≤ after I(x) in (9.6). �

109See Theorems 7.3 and 8.1 for Sanov and Cramér, respectively.
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Proposition 9.3 If (X ,XN ,PN , I) satisfies an LDP with tight rate function I:

1. The zero set I−1({0})⊂X is compact and nonempty.

2. If B−∩ I−1({0}) = /0 for some measurable set B⊂X , then

lim
N→∞

PN(B) = 0. (9.9)

Exercise 58 Prove part 1.

Proof of part 2. If B− ∩ I−1({0}) = /0, then I(B−) > 0: if infx∈B− I(x) = 0, then this infimum
would equal infx∈B−∩Ks I(x) for any s > 0, and since B−∩Ks is compact and I is lsc the infimum is
attained at some x ∈ B−, contradicting the assumption on B. Then (9.3) enforces (9.9). �

To go beyond the two cases we have discussed, which mathematically are based on i.i.d. vari-
ables and physically describes non-interacting particles, we now discuss some general techniques
and results. One of these, which implicitly was already used in deriving Cramér’s theorem from
Sanov’s, is the powerful contraction principle, which creates a new LDP from a given one.110

Theorem 9.4 Let f : X → Y be a continuous map between Hausdorff spaces, and suppose
(X ,XN ,PN , I) satisfies an LDP with tight rate function I. Then (Y , f ◦XN ,PN ◦ f−1,J), with

J(y) := inf
x∈X | f (x)=y

I(x) (y ∈ range( f )); J(y) = ∞ (y /∈ range( f )), (9.10)

satisfies an LDP, again with a tight rate function.

Proof. Eqs. (9.1) - (9.2) transfer from (XN) to (YN = f ◦XN) almost by definition, since continuity
of f guarantees that for B′ ⊂ Y open/closed also B = f−1(B′)⊂X is open/closed. For example,

lim sup
N→∞

1
N

log(PN ◦ f−1(F ′))≤ I( f−1(F ′)) = inf
x∈X |x∈ f−1(F ′)

I(x) = inf
x∈X | f (x)∈F ′

I(x)

= inf
x∈X | f (x)=y,y∈F ′

I(x) = inf
y∈F ′

J(y) = J(F ′), (9.11)

where F ′ ⊂ Y is closed, and similarly for U ′ ⊂ Y open. Now, for s ∈ R, we claim that

{y ∈ Y | J(y)≤ s}= f ({x ∈X | I(x)≤ s}). (9.12)

Assuming this for the moment, the argument of f is a compact set because I is tight. Since the
continuous image of a compact set is compact, eq. (9.12) makes the set on the left-hand side
compact, so that J is tight and hence also lsc. To prove (9.12) we write it as A = B. Then y ∈ B
iff there is x ∈X such that f (x) = y and I(x)≤ s, whereas y ∈ A iff infx∈X | f (x)=y I(x)≤ s. Hence
B⊂A. For the converse inclusion, first note that only those y contribute to A for which J(y)<∞, so
that f−1({y}) is non-empty, and closed by continuity of f and the fact that singletons in Hausdorff
spaces are closed. Suppose y ∈ A and y /∈ B. Then I(x)> s for all x ∈ f−1({y}). But consider

Kn := {x ∈ f−1({y}) | I(x)≤ s+1/n}, (9.13)

which is compact because I is tight and f−1({y}) is closed. The assumptions y∈A and y /∈B imply
that infinitely many Kn are nonempty. Since the Kn are nested, the intersection of the nonempty

110We combine Dembo & Zeitouni, §4.2.1, and Rassoul-Agha, §3.1. The latter also gives a more general result: even
if I is not tight (Y , f ◦XN ,PN ◦ f−1, J̃) satisfies an LDP, where J̃ is the maximal lsc function majorized by J.
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Kn is not empty, so there is an x ∈ f−1({y}) with I(x) ≤ s, contradicting I(x) > s. Hence y ∈ A
implies y ∈ B, i.e. A⊂ B, and with the earlier B⊂ A we conclude that A = B, which is (9.12). �

Let us rehearse how this applies to the theorems of Sanov and Cramér: in the former (Theorem
7.3) we have X = Prob(A) and XN = LN , and in the latter (Theorem 8.1) we have Y = R and
XN = SN . For given E : A→ R, the function f : Prob(A)→ R is given by f (p) = 〈E〉p.

Another way to generate a new LDP from an old one is Varadhan’s theorem:

Theorem 9.5 Let (X ,XN ,PN , I) satisfy an LDP with X Polish and I tight.

1. For F : X →R continuous and bounded from above,111 we have “Laplacian” asymptotics

lim
N→∞

1
N

log
∫

X
dPN(x)eNF(x) = sup

x∈X
{F(x)− I(x)}. (9.14)

2. Given the (PN), the following perturbed probability measures on X ,

dQN(x) =
1

ZN
dPN(x)eNF(x) ZN =

∫

X
dPN(x)eNF(x) (9.15)

satisfy an LDP on X with rate function

IF(x) := I(x)−F(x)− inf
y∈X
{I(y)−F(y)}= I(x)−F(x)+ sup

x∈X
{F(x)− I(x)}. (9.16)

if the distribution PN of XN : ΩN →X originates in PN ∈ Prob(ΩN), then by definition

〈eNF〉PN =
∫

X
dPN(x)eNF(x) = 〈eNF(XN)〉PN =

∫

ΩN

dPN(ω)eNF(XN(ω)). (9.17)

Note that steepest descent method for fixed probability measures is a special case: if PN is
independent of N we have I(x) = 0 and hence (9.14) reproduces the usual Laplacian asymptotics

lim
N→∞

1
N

log
∫

X
dP(x)eNF(x) = sup

x∈X
{F(x)}. (9.18)

Proof. Wlog we assume F ≤ 0 (if F ≤ K, replace F by F−K). For i = 1, . . . ,n2, define

Gi :=
{

x ∈X | − i
n
≤ F(x)≤− i−1

n

}
. (9.19)

Each Gi is closed, F varies at most by 1/n within each Gi, and F ≤−n on G = X \∪i Gi. Thus
∫

X
dPN(x)eNF(x) ≤∑

i
PN(Gi)eNF∗(Gi)+PN(G)e−nN ≤ nmax

i
{PN(Gi)eNF∗(Gi)}+ e−nN

≤ (n+1)max{e−nN ,max
i
{PN(Gi)eNF∗(Gi)}}, (9.20)

where F∗(Gi) := supx∈Gi
F(x), analogous to I(B)≡ I∗(B) = infx∈B I(x). Eq. (9.1) then gives

lim sup
N→∞

1
N

log
∫

X
dPN(x)eNF(x) ≤max{−n, sup

x∈X
{F(x)− I(x)+1/n}}. (9.21)

111Various weaker but more contrived conditions suffice. For example, limsupN→∞
1
N log

∫
X dPN(x)eγNF(x) < ∞ for

some γ > 1, or limM→∞ limsupN→∞
1
N log

∫
F(x)≥M dPN(x)eNF(x)−∞. (Rassoul-Agha, §3.2; Dembo & Zeitouni, §4.3).
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Exercise 59 Prove this.

Letting n→ ∞ gives

lim sup
N→∞

1
N

log
∫

X
dPN(x)eNF(x) ≤ sup

x∈X
{F(x)− I(x)}. (9.22)

To prove a lower bound, take x0 ∈X and δ > 0 arbitrary, with ensuing open set

Uδ (x0) := {x ∈X | F(x)> F(x0)−δ}, (9.23)

which is nonempty since x0 lies in it. This time using (9.2), we estimate

lim inf
N→∞

1
N

log
∫

X
dPN(x)eNF(x) ≥ F(x0)− I(x0)−δ . (9.24)

Since this true for any x0 ∈X and δ > 0, we obtain

lim inf
N→∞

1
N

log
∫

X
dPN(x)eNF(x) ≥ sup

x∈X
{F(x)− I(x)}, (9.25)

which together with (9.22) implies (9.14). A similar proof yields (9.16): the term I(x)−F(x)
comes from PN and F(x), whilst the supremum comes from ZN , exactly as in (9.14). �

Exercise 60 Prove (9.24).

In a stronger version of Varadhan’s theorem,112 the assumption that F is bounded is replaced by
the mere existence of some constant α > 0 such that

sup
N

(∫

X
dPN(x)eαNF(x)

)1/N

< ∞. (9.26)

This version has a corollary to the effect that under additional assumptions the rate function is a
Fenchel transform. Assume that Y is a (real) topological vector space in separating duality with
X , and in (9.14) take F(x) = 〈y,x〉 for y ∈ Y , where 〈·, ·〉 is the pairing between X and Y .

Corollary 9.6 Let (X ,XN ,PN , I) satisfy an LDP with X Polish and I convex,113 and assume

sup
N

(∫

X
dPN(x)eN〈y,x〉

)1/N

< ∞ (9.27)

for all y ∈ Y . Then the pressure Π : Y → (−∞,∞] defined by

Π(y) := lim
N→∞

log

((∫

X
dPN(x)eN〈y,x〉

)1/N
)

= lim
N→∞

1
N

log
∫

X
dPN(x)eN〈y,x〉, (9.28)

exists and is convex and lsc, and one has a Fenchel duality I = Π∗ and Π = I∗. This remains true
if the LDP holds on a closed convex subset C ⊂X and I is extended to X by I(x) = ∞ on X \C .

Exercise 61 Compute the pressure Π(y) in out two familiar special cases:

112See e.g. Rassoul-Agha, §3.2.
113Recall that our rate functions are lsc by definition.
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1. For Sanov’s theorem, taking Y = C(A) for compact (metrizable) A (or finite A if you like)
and X = M (A), the space of signed measures on A with subspace C = Prob(A).

2. For Cramèr’s theorem, taking X = Y = R.

In both cases, subsequently rederive the rate functions from the above Corollary.

Bryc’s theorem is a converse to Varadhan’s theorem. A sequence of probability measures (PN)
on X is called exponentially tight if for each 0 < s < ∞ there a compact set Cs ⊂X such that

lim sup
N→∞

1
N

logPN(X \Cs)<−s. (9.29)

This suggests that for large N the probability PN is concentrated on a compact set. It can be shown
that if X is Polish and we have an LDP with tight rate function, then this function is automatically
tight (Agha-Rassoud, Theorem 2.21). But Bryc’s theorem works in the opposite direction.

Theorem 9.7 Let (PN) be an exponentially tight sequence of probability measures on a Polish
space X . Suppose that for each F ∈Cb(X ) the following limit exist:

P(F) := lim
N→∞

1
N

log
∫

X
dPN(x)eNF(x) < ∞. (9.30)

Then (X ,PN , I) satisfies an LDP with exponentially tight (and hence tight) rate function

I(x) := sup
F∈Cb(X )

{F(x)−P(F)}. (9.31)

We will not use this result and therefore omit the proof; see Rassoul-Agha, §3.3, or Dembo &
Zeitouni, §4.4. If F is a linear function (in which case it typically cannot be bounded), eq. (9.31)
looks like a Fenchel transform. This situation is covered by the important Gärtner–Ellis theorem,
which similarly gives existence of an LDP on the basis of the existence of a partition function.114

Theorem 9.8 Let (PN) be a sequence of probability measures on X = Rd such that the limit

Π(t) := lim
N→∞

1
N

log
∫

Rd
dPN(x)eN〈t,x〉 (9.32)

exists and is finite for each t ∈Rd as well as differentiable in t. Then (Rd ,PN , I), with rate function

I(x) = sup
t∈Rd
{〈t,x〉−Π(t)} (I = Π

∗) (9.33)

satisfy an LDP in which I is convex and tight; in fact, differentiability is only needed for (9.2).

Once again, if the distribution PN of XN : ΩN → Rd originates in PN ∈ Prob(ΩN), then
∫

Rd
dPN(x)eNtx = 〈eN〈t,XN〉〉PN . (9.34)

Theorem 9.8 generalizes Cramér: if d = 1, PN = qN , and XN = SN as in Theorem 8.5, then

〈eN〈t,XN〉〉PN = 〈etE〉Nq , (9.35)

so that N disappears from (9.32), no limit is needed, and hence Π(t) = Πq(t), cf. (8.6).

114We only give a version using strong assumptions, following Ellis (1995), Theorem 5.1. See Rassoul-Agha, §12.2,
and Dembo & Zeitouni, §2.3 and §4.5.3, and den Hollander (2000), §V.2, for weaker assumptions and complete proofs.
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Exercise 62 Also rederive Sanov’s theorem for finite A from Theorem 9.8.

All this suggests that the proof of Theorem 9.8 is even more difficult than the proof of Theorem
8.5. This is indeed the case, and hence we only give a heuristic sketch of a somewhat convincing
argument in d = 1, in which we also assume that Π(t) is twice differentiable.115

First, introduce the probability measures

dPt
N(x) := dPN(x) ·

eNtx
∫
Rd dPN(y)eNty

N→∞≈ dPN(x) · eN(tx−Π(t)), (9.36)

where the alleged approximation is based on the existence of (9.32). Second, using the assumption
that Π is differentiable and computing naively (i.e. as a physicist) we find

dΠ(t)
dt

= lim
N→∞

∫
dPt

N(x)x = lim
N→∞
〈XN〉Pt

N
; (9.37)

d2Π(t)
dt2 = lim

N→∞
N(〈X2

N〉Pt
N
−〈XN〉2Pt

N
) = lim

N→∞
N ·VarPt

N
(XN). (9.38)

Therefore, if we also assume the existence of d2Π(t)/dt, eq. (9.38) suggests that VarPt
N
(XN) ∼

1/N, just like for averages of i.i.d. variables, so that the usual proof of the weak law of large
numbers (rehearsed after Lemma 8.7) also applies here and yields that for each ε > 0,

lim
N→∞

Pt
N(|XN−〈XN〉Pt

N
|< ε) = 1. (9.39)

A formal computation (justified by the Radon–Nikodym theorem) therefore gives, for x0 ∈ R,

PN(XN ∈ (x0− ε,x0 + ε)) =
∫ x0+ε

x0−ε

dPN(x) =
∫ x0+ε

x0−ε

dPt
N(x)

dP(
Nx)

dPt
N(x)

≈
∫ x0+ε

x0−ε

dPt
N(x)e−N(tx−Π(t))

≈ e−N(tx0−Π(t))Pt
N(XN ∈ (x0− ε,x0 + ε)). (9.40)

Now consider I(x) = supt∈R{tx−Π(t)}, cf. (9.33). If dΠ(t)/dt = x has a solution t = t0, then,
since (9.38) shows that d2Π(t)/dt2 ≥ 0, the function t 7→ tx−Π(t) has at least a local maximum
at t = t0; but since the function in question is concave,116 this maximum is even global, so that

t0x−Π(t0) = sup
t∈R
{tx−Π(t)}= I(x). (9.41)

So if we now take x0 = dΠ(t)/dt in (9.40), then using (9.37) and (9.39) we obtain

lim
N→∞

1
N

logPN(XN ∈ (x0− ε,x0 + ε)) =−I(x). (9.42)

A generous use of (9.6) then shows that I(x) as defined by (9.33) is the rate function of an LDP. In
fact, a rigorous version of this argument only proves the lower bound (9.2); the upper bound (9.1)
follows from the exponential Chebyshev inequality, analogously to the proof of Cramér’s theorem.

The simplest application of the Gärtner–Ellis theorem beyond i.i.d. variables is to Markov
chains, see Definition 3.5 and surrounding text.117 Using the Kolmogorov model, we realize

115Partly taken from Touchette (2009), Appendix C. The change of measure argument also occurs in rigorous proofs.
116The proof that t 7→Π(t) is convex is practically the same as in Theorem 8.5; the limit N→∞ preserves convexity.
117Our presentation closely follows Dembo & Zeitouni, §3.1.
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a real-valued stochastic process (Xn) with finite state space A via (8.1), given some (injective)
“energy” function E : A→ R (one could also embed A⊂R straight away). Assume the (Xn) form
an irreducible homogeneous Markov chain with corresponding irreducible stochastic matrix Pab
giving the transition probabilities, with Perron–Frobenius eigenvalue ρ (see Theorem 3.6). Then

P(t)ab := PabetE(b) (9.43)

is also an irreducible stochastic matrix, which has a unique Perron–Frobenius eigenvalue ρ(t).

Theorem 9.9 The “average energy” SN := 1
N ∑

N−1
n=1 Xn satisfies an LDP with tight rate function

I(x) := sup
t∈R
{xt− logρ(t)}; I = (logρ)∗. (9.44)

Proof. By Theorem 9.8 we are ready if we can show that

lim
N→∞

1
N

log〈eNtSN 〉P = logρ(t), (9.45)

where the expectation value is with respect to the probability measure P on AN defining the given
Markov chain. Using (3.30) we may therefore compute

〈eNtSN 〉P = ∑
a0

p(a0)etE(a0)P(t)N−1
a0aN−1

. (9.46)

Exercise 63 Prove this.

Eq. (9.45) therefore follows from Theorem 3.6, i.e. (3.33). Finally, since again by Theorem 3.6
the special eigenvalue ρ(t) is a non-degenerate root of the characteristic polynomial of P(t) it is
clear from (9.43) that ρ(t) and hence logρ(t) exists for all t ∈ R and is C1 in t. �

Exercise 64 Check that Theorem 9.9 implies Theorem 8.1.

Theorem 9.9 thus being a generalization of Cramér’s theorem from i.i.d. variables to certain
Markov chains, Sanov’s theorem can equally well be generalized in the same direction. For finite
A this can be done from Theorem 9.9 (and hence ultimately from the Gärtner–Ellis theorem),
which we first need to generalize from R to Rd ; this is easily done with practically the same
proof (indeed, Theorem 9.8 was already stated for Rd). Instead of E : A→ R we now work with
E : A→ Rd , we have x ∈ Rd and t ∈ Rd , in (9.43) we replace tEb by 〈t,E(b)〉, where 〈·, ·,〉 is
the standard inner product in Rd (rather than some expectation value), and similarly, in (9.44) we
replace xt by 〈x, t〉. We take d = |A| and embed Prob(A) in Rd by arbitrarily ordering the elements
a∈ A as (a1, . . . ,ad) and hence identifying p∈ Prob(A) with (p(a1), . . . , p(ad))∈Rd . Then define

E(a) = δa ∈ Prob(A)⊂ Rd ; E(a1) = (1,0, . . . ,0), . . . ,E(ad) = (0, . . . ,0,1), (9.47)

that is, E(ai) is just the unit vector ei in Rd ; the labeling a ∈ A has been changed to i ∈ {1, . . . ,d}.
Hence Xn : AN→ Rd is given by Xn(s) = δs(n), so that SN = LN with LN(s) ∈ Rd .

Theorem 9.10 For finite A, let (AN,P) with P∈ Prob(AN) and random variables (sn : AN→A) de-
fine an an irreducible homogeneous Markov chain with transition probabilities Pab. The empirical
measures (LN) satisfy an LDP with tight rate function IP : Prob(A)→ [0,∞] given by

IP(p) = sup
u�0

{
d

∑
j=1

p j log
(

u j

(uP) j

)}
. (9.48)
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Here u� 0 means that ui > 0 for each i, ad we write p j = p(a j) as well as (uP) j = ∑i uiPi j.

Proof. By Theorem 9.9 and (9.47), which gives 〈t,E(a j)〉 = t j, we obtain an LDP for large
deviations from this average with tight rate function

IP(p) = sup
t∈Rd
{〈p, t〉− logρ(t)}, (9.49)

where ρ(t) is the Perron–Frobenius eigenvalue of the matrix (where i, j = 1, . . . ,d = |A|)

P(t)i j = Pi jet j . (9.50)

As an exercise, let us recover the rate function I(p) = Dq(p) in Theorem 7.3, cf. (5.12) - (5.13). In
the i.i.d. case with prior q ∈ Prob(A), here given as q ∈Rd via its components qi = q(ai), we have

Pi j = q j; P(t)i j = q jet j . (9.51)

The second matrix has an eigenvector u(t) with components ui(t) = qieti (no sum) and eigenvalue

λ (t) = ∑
i

qieti . (9.52)

Since u� 0 (in the sense that ui > 0 for each i), we can use (3.33) to compute ρ(t), yielding

ρ(t) = λ (t). (9.53)

Our earlier result (7.22), proved around (7.27), then gives IP = Dp.
To avoid confusion we denote IP as defined in (9.49) by I′P and hence need to show that IP = I′P.

For arbitrary but fixed p, we take an arbitrary u� 0 and show that the point t ∈ Rd defined by

t j = log
(

u j

(uP) j

)
(9.54)

leads to ρ(t) = 1 and hence logρ(t) = 0 (to see that t j is well defined, a simple corollary of the
definition of an irreducible stochastic matrix is that u� 0 implies uP� 0). This gives

〈p, t〉− logρ(t) = 〈p, t〉=
d

∑
j=1

p j log
(

u j

(uP) j

)
. (9.55)

Hence (9.49) gives I′P(p)≥ ∑
d
j=1 p j log

(
u j

(uP) j

)
, and since u was arbitrary (9.48) implies

I′P(p)≥ IP(p). (9.56)

Finally, uP(t) = u, as is easily checked from (9.54), and so using v = u in (3.33) gives ρ(t) = 1.
Conversely, fix t ∈ Rd and take u� 0 to be the left eigenvector of P(t) (in Theorem 3.6 u is

unfortunately called p). Using (9.48), (9.50), uP(t) = ρ(t)u, and ∑ j p j = 1, we find

IP(p)≥
d

∑
j=1

p j log
(

u j

(uP) j

)
=−

d

∑
j=1

p j log
(
(uP) j

u j

)
= ∑

l
p jt j−

d

∑
j=1

p j log
(
(uP(t)) j

u j

)

= 〈p, t〉− logρ(t). (9.57)

Since t was arbitrary, we may take the supremum over all t ∈ Rd to obtain IP(p)≥ I′P(p). �
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10 Applications to statistical physics

In view of the role of entropy in large deviation theory it should be no surprise that (so far) the
main applications to physics have been to statistical physics and thermodynamics.118

10.1 Back to Boltzmann

To connect with the physics literature, for finite A, let us return to the Boltzmann entropy (5.19) -
(5.20), This definition works, but as noted earlier, it requires an approximating sequence pN → p
with pN ∈ ProbN(A), which is inconvenient. But this can be avoided if we redefine sB via

s′B(p|q) := lim
δ→0

lim
N→∞

logqN(TN,δ (p))
N

, (10.1)

where TN,δ (p), like (5.33), is an even simpler δ -buffer around TN(p) as defined by (5.2), given by

TN,δ (p) := {σ ∈ AN | ‖LN(σ)− p‖< δ}, (10.2)

where, at least for for finite A, any norm on R|A| may be used, such as the the `1-norm

‖ f‖1 := ∑
a∈A
| f (a)|. (10.3)

Instead of (5.10), we then obtain

eNS(p)−o(N) ≤ |TN,δ (p)| ≤ eN(S(p)+∆(δ ))+o(N), (10.4)

where the notation ∆(δ ) means that for any ε > 0 there exist δ > 0 such that ∆(δ )< ε . From this,
one infers that (10.1) in the limit coincides with (5.20), in that

sB(p|q) = s′B(p|q) =−D(p‖q). (10.5)

The derivation of (10.5) is similar to (5.20), where of course (10.4) replaces (5.9). To prove the
upper bound in (10.4), we use (5.27), the upper bound in (5.9) or (5.10) with p q, and the fact
that by continuity of p 7→ S(p) the bound ‖p−q‖1 < δ implies |S(p)−S(q)|< ∆(δ ), so that

|TN,δ (p)| ≤ eN(S(p)+∆(δ ))+o(N). (10.6)

Exercise 65 Prove this.

To obtain the lower bound in (10.4), find a sequence (qN) in ProbN(A) with ‖p−qN‖= O(1/N),
so that for N > (1/δ ) we obtain, using the lower bound in (5.10),

|TN,δ (p)|= ∑
q∈ProbN(A):‖p−q‖<δ

|TN,δ (q)| ≥ |TN,δ (qN)| ≥ eNS(qN)−o(N). (10.7)

But as above, |S(qN)−S(p)|= ∆(δ ) = ∆(1/N) = o(1), so that N∆(1/N) = o(N).
In the same spirit, given an (injective) “energy” function E : A→ R and associated random

variable SN : AN → R defined by (4.39), we define the Clausius entropy sC relative to a prior
q ∈ Prob(A) as a function of u ∈ R (which in thermodynamics is the energy density) by

sC(u|q) := lim
δ→0

lim
N→∞

logqN(EN,δ (u))
N

; (10.8)

EN,δ (u) :=
{

σ ∈ AN | |SN(σ)−u|< δ
}
. (10.9)

118See also Ellis (1985, 1995), Pfister (2002), Touchette (2009), Rassoul-Agha (2015), Dorlas (2021), etc.
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We can compute this entropy from Theorem 8.1, notably from (8.32), which gives

sC(x|q) =−Iq(x), (10.10)

where the rate function Iq is given by (8.3) - (8.4) or, equivalently, by (8.5).

Exercise 66 Prove this, making a case distinction x ∈ (E−,E+), x = E±, and x /∈ [E−,E+].

Combined with eqs. (10.5) and (10.10), Theorem 8.1 implies that the Boltzmann entropy (10.1),
or equivalently (5.23), and the thermodynamic Clausius entropy (10.8) are related by

sC(x|q) = sup
p∈Prob(A)

{sB(p|q) | 〈E〉p = x}. (10.11)

The simplest example is probably a baby model of a paramagnet, consisting of N→ ∞ frozen
non-interacting spin- 1

2 particles.119 The dimension of space does not matter. An external magnetic
field splits the ground state energy (taken to be zero for simplicity) and hence gives rise to two
energy levels ±ε per particle. Hence the microstates are σ ∈ 2N . In Theorem 8.1 we take

A = {0,1}; q = f ; E(0) =−ε; E(1) = ε, (10.12)

i.e. q(0) = q(1) = 1
2 , so that in (8.6) we have

Z̃ f (t) = 1
2

(
etε + e−tε)= cosh(tε); Π f (t) = logcosh tε). (10.13)

A computation starting from (8.5) quite similar to the one leading to (8.11) gives

I f (x) = sup
t∈R
{tx− logcosh(tε)}

= 1
2(1+ x/ε) log(1+ x/ε)+ 1

2(1− x/ε) log(1− x/ε) (x ∈ [−ε,ε]);

= ∞ (x /∈ [−ε,ε]). (10.14)

Exercise 67 Prove this.

The corresponding (Clausius) entropy is given by (10.10), but to make it positive one adds a
constant log |A| = log2 as explained between (5.21) and (5.23); under the flat prior on A this
corresponds to counting the number of states in AN instead of using their probability. Thus we put

s(u) :=−I f (u)+ log2 =−1+u
2

log
(

1+u
2

)
− 1−u

2
log
(

1−u
2

)
, (10.15)

where we switched from x to u, as usual in thermodynamics, and taken ε = 1, so that (10.15) is
valid verbatim for u∈ (−1,1), and by taking limits also for u=±1; if u /∈ [−1,1], then s(u) =−∞.
Here is what the entropy (as a function of energy) looks like:120
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Inserting this into equation (21.9) we find

I(x) =
1

2

⇣
1 +

x

✏

⌘
ln
⇣
1 +

x

✏

⌘
+

1

2

⇣
1 � x

✏

⌘
ln
⇣
1 � x

✏

⌘
. (21.12)

Using equation (21.5) in (21.3), we obtain finally

s(u) = lim
�!0

lim
N!1

kB

N
ln ⌦�(E)

= kB ln 2 + lim
�!0

lim
N!1

kB

N
ln P (uN 2 (u � �, u + �))

= kB ln 2 � kBI(u)

=
kB

2

h
2 ln 2 �

⇣
1 +

u

✏

⌘
ln
⇣
1 +

u

✏

⌘
�
⇣
1 � u

✏

⌘
ln
⇣
1 � u

✏

⌘i
(21.13)

in accordance with equation (19.10).
Figure 21.1 shows the graph of s(u) and figure 21.2 shows s as a function

of the temperature.

Figure 21.1 The entropy of a paramagnet.

REMARK 21.1: Negative temperatures.
Note that the temperature computed in equation (19.11) can be negative. This
happens if u > 0, that is, if the majority of the spins is in the upper energy
state +✏. This is of course an idealization. In fact all physical systems have
an unbounded spectrum, that is there is no maximum energy level, and this
means that the temperature can only be positive. Nevertheless, this model can
be a useful representation even in the case of negative temperatures because
the situation described by negative temperatures can actually be achieved. It is
called population inversion and is the mechanism according to which lasers
operate. In a way it is better to consider the negative temperature region as a
continuation of the high-temperature region: as the temperature increases the
number of spins in the upper energy state increases and at T = +1 it equals

119See Dorlas (2021), Chapters 19–21.
120Figure copied from Dorlas (2021), Figure 21.1, page 139.
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Bypassing Theorem 8.1, eq. (10.15) may also be derived directly from the (re)definition

s(u) := lim
N→∞

1
N

log |EN(uN)|;

EN(uN) = {σ ∈ AN | SN(σ) = uN}; SN(σ) =
1
N

N−1

∑
n=0

E(σn), (10.16)

with σn ∈ {0,1} and E(0) =−1, E(1) = 1, and (uN) is a sequence converging to u ∈ (−1,1) such
that uN = SN(σ) for some σ ∈ AN , i.e.,

uN =
2M−N

N
(10.17)

for some M = 0, . . . ,N (so that M spins are in state σ = 1 with energy +1 and N−M spins are in
σ = 0 with energy −1). Hence

|EN(uN)|=
(

N
M

)
. (10.18)

To compute s(u) we use the following version of Stirling’s formula, see also (5.8):121

lim
N→∞

(
1
N

log(N!)− logN
)
=−1. (10.19)

To do so, we use a clever rearrangement by adding and subtracting the same terms, as follows:

1
N

log
(

N
M

)
=

1
N

log
(

N!
M!(N−M)!

)
=

1
N

log(N!)− logN−M
N

(
1
M

log(M!)− logM
)

− N−M
M

(
1

N−M
log((N−M)!)− log(N−M)

)

−M
N

log
(

M
N

)
− N−M

N
log
(

N−M
N

)
. (10.20)

Using M/N = (1+uN)/2 and (N−M)/N = (1−uN)/2, as well as (10.19) and uN→ u, we obtain

lim
N→∞

1
N

log
(

N
M

)
=−1+0+1− 1+u

2
log
(

1+u
2

)
− 1−u

2
log
(

1−u
2

)
= s(u), (10.21)

which recovers (10.15). See also the discussion after (10.10). Restoring ε then gives

s(u) =−1+(u/ε)

2
log
(

1+(u/ε)

2

)
− 1− (u/ε)

2
log
(

1− (u/ε)

2

)
. (10.22)

Eq. (10.22) implies all thermodynamics properties of this baby paramagnet. In the absence of heat
we have du = T ds and hence the (inverse) temperature T is given by T−1 = ds/du, yielding

1
T

=
1

2ε
log
(

ε−u
ε +u

)
; u =−ε tanh

(
ε

T

)
. (10.23)

This also allows us to compute the magnetization m as a function of T , since for finite N we have

m =
N−M) ·µ +M · (−µ)

N
=−µ

ε
uN , (10.24)

see (10.17), which of course is now given by uN = ε ·(2M−N)/N. Here µ is the magnetic moment
of the spins. Combining (10.23) and (10.24) we obtain the well-known formula

m = µ tanh
(

ε

T

)
. (10.25)

121We closely follow Dorlas (2021), Chapter 19.
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10.2 Non-interacting models

Here is a different approach to the non-interacting systems just studied. We now replace the
product probability qN on AN (for some q ∈ Prob(A)) by a probability distribution of the kind

PN,β (σ) =
1

ZN(β )
e−βHN(σ); ZN(β ) := ∑

σ∈AN

e−βHN(σ), (10.26)

where β > 0 and HN : AN → R is a function defined “uniformly” for each N. What this means
depends on the kind of interaction, as explained below. In any case, the “pressure”, defined as

p(β ) = lim
N→∞

1
N

logZN(β ), (10.27)

should exist, and with it the “free energy” f (β ) :=−p(β/β , so that, in our earlier sense of ≈,

ZN(β )≈ eN p(β ) = e−Nβ f (β ). (10.28)

In the simplest case, which encompasses both no interaction and so-called mean-field interactions,
we take an injective function E : A→ R as before, with associated average SN : An→ R defined
by (4.39), and a further function h : [E−,E+]→ R, where E± were defined in (8.22). This h is
typically the restriction of some polynomial h : R→ R (abusing notation), and we finally put

HN : AN → R : HN = Nh(SN). (10.29)

The simplest nontrivial example is then given by

h(x) = x; h(SN) = SN ; HN(σ) =
N−1

∑
n=0

E(σn). (10.30)

In this case the partition function and the pressure are easily computed (do it!) as

ZN(β ) =

(
∑
a∈A

e−βE(a)

)N

; p(β ) = log

(
∑
a∈A

e−βE(a)

)
. (10.31)

Indeed, the right-hand side of (10.27) is independent of N and no limit is needed.
We know from Cramér’s theorem 8.1 how to compute the probability of the fluctuations of the

energy h(SN) with respect to qN , in which case we also have laws of large numbers to the effect
that h(SN)→ 〈h(SN)〉q is various ways, at least for linear functions h. But in statistical physics we
need the probability of the fluctuations of h(SN) with respect to PN,β , and as we shall see, already
for quadratic functions h there may not even be a straightforward large of large numbers.

In the linear case (10.30) there are two ways to proceed, of which the first one is a bit easier.

1. We derive a LDP from the Gärtner–Ellis theorem 9.8 with d = 1 and for XN = SN . In (9.32)
we substitute (9.34) with ΩN = AN and P= PN,β . In terms of (10.31) this gives

Π(t) = lim
N→∞

1
N

log〈eNtXN 〉PN = lim
N→∞

1
N

log〈eNtSN 〉PN,β

= lim
N→∞

1
N

log

(
1

ZN(β )
∑

σ∈AN

e−N(β−t)SN(σ)

)
= p(β − t)− p(β ). (10.32)

Theorem 9.8 therefore applies: the random variables XN = SN satisfy a LDP w.r.t. PN,β with
convex (and tight) rate function IE : R→ [0,∞], given as a Fenchel transform
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IE(u) = sup
t∈R
{tu−Π(t)}= sup

t∈R
{tu− p(β − t)}+ p(β ) = βu+ p(β )− inf

t∈R
{tu+ p(t)}. (10.33)

2. Alternatively, we may combine Cramér’s Theorem 8.1 and part 2 of Varadhan’s Theorem
9.5. In Varadhan’s theorem we take PN to be the probability measure on X =R induced by
SN : AN → R from the flat prior f N on AN , where f (a) = 1/|A| for each a ∈ A as usual and
hence f N(σ) = |A|−N for σ ∈ AN (so that Cramér’s Theorem applies), and also put:122

F(x) =−βx. (10.34)

Exercise 68 The aim of this exercise is to establish the desired LDP for the SN w.r.t. PN,β .

1. Similarly to (9.34), show that the probability measure QN on R defined in (9.15) with (10.34)
equals the distribution of SN : AN → R induced by the probability measure PN,β on AN .

2. Show that (9.15) and (10.26) are related by

ZN =

(
ZN(β )

|A|

)N

. (10.35)

3. Show that Π f (t) as defined in (8.6) with q = f is related to p(β ) in (10.27) by

Π f (t) = p(−t)− log |A|. (10.36)

4. According to Theorem 8.1 and especially (10.36), the (SN) satisfy a LDP with respect to
PN = f N with rate function I f (u) = Π∗f (u). Combine this with Theorem 9.5.2, especially
with (9.16) where I = I f , to prove the LDP stated above, with IF in (9.16) given by IF = IE ,
as in (10.33). Hint: use Fenchel duality (A.19) to compute the infimum in (9.16).

The equilibrium properties of the system are found by minimizing IE(u), which as we saw in
(10.33), or indeed from the general setup, is a function of β . If IE is convex, as is the case here, it
has a unique minimum at some energy u = u(β ) =−p′(β ).

Exercise 69 The simplest physically relevant example is a model for paramagnetism, in which

A = {0,1}; E(0) =−ε; E(1) = ε. (10.37)

Show that p(t) = logcosh(tε), and consequently, that IE(u) = I f (u)+βu+ p(β ), where

I f (x) = sup
t∈R
{tx− logcosh(tε)} (10.38)

= 1
2(1+ x/ε) log(1+ x/ε)+ 1

2(1− x/ε) log(1− x/ε) (x ∈ [−ε,ε]);

= ∞ (x /∈ [−ε,ε]). (10.39)

Computing u(β ) =−p′(β ), for which the previous expression is irrelevant, conclude that

u(β ) =−ε tanh(βε). (10.40)

Using (10.24), this recovers (10.25). Hence the approaches in §10.1 and 10.2 are consistent; this
is a special case of the equivalence of the micro-canonical ensemble and the canonical ensemble.

122Note that SN takes values in [E−,E+], so that F : [E−,E+]→ R, which is bounded. Hence Theorem 9.5 applies.
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10.3 The Curie–Weiss model

Mean-field models are defined by taking some polynomial h : R→ R in (10.29). They may also
be defined on Zd , but they are insensitive to the dimension d and may as well be defined on Z or
N straight away. We only treat the case where A = {0,1} with E(0) =−1 and E(1) = 1. It is then
easier to work with A = {−1,1} and E(a) = a. In that case, our SN in (4.39) just comes down to

SN(σ) =
1
N

N−1

∑
n=0

σn. (10.41)

The Curie–Weiss model is defined by the function

h(x) =−( 1
2 Jx2 +Bx), (10.42)

where B ∈ R and J > 0 are constants. In other words, we have

HN(σ) =−N( 1
2 JSN(σ)2 +BSN(σ)) =− J

2N

N−1

∑
m,n=0

σmσn−B
N−1

∑
n=0

σn. (10.43)

The Curie–Weiss model is an approximation to the Ising model (to be discussed later), in which
for any given site x ∈ Zd the pair interaction of σx with its nearest neighbours is approximated by
the an interaction with the “block spin” SN that averages the value of all other spins.

A finite-volume ground state is a minimizer σ ∈ AN of HN , denoted by σ (0) (we suppress the
role of N in this notation). 123 For B = 0, it is clear that either σ

(0)
n = 1 for all n, or σ

(0)
n =−1 for

all n; we denote these by σ
(0)
± , respectively. This is an example of spontaneous symmetry breaking

(SSB), in that the Zs-symmetry of the the Hamiltonian HN given by σ 7→ −σ is not respected by
the ground state; what does happen is that this symmetry maps σ

(0)
+ to σ

(0)
− and vice versa. For

B 6= 0 the spins align with the sign of B, i.e. the ground state is unique and given by σ
(0)
+ if B > 0

and by σ
(0)
− if B < 0. In those cases the Hamiltonian itself already breaks the Z2 symmetry, which

maps SN to −SN (this is called explicit as opposed to spontaneous symmetry breaking).
If more generally we define a state of the model as a probability measure on AN , so that PN,β

is a state without further ado and σ± should be identified with the point measures δσ± ≡ δ±, then
since AN is just a finite set, it is easy to see that we have the (weak) limits

lim
β→∞

PN,β = δ0 := 1
2(δ++δ−) (B = 0); (10.44)

lim
β→∞

PN,β = δ+ (B > 0); (10.45)

lim
β→∞

PN,β = δ− (B < 0); (10.46)

lim
β→0

PN,β = f N (all cases). (10.47)

123The concept of a state was arguably first introduced in the context of thermodynamics (by Sadi Carnot),124 and
generally denotes a specification of the “relevant” facts of the matter about some physical system at some given time
(and hence the concept of a state is predicated on the concept of “now”, mistaken as this may well be). These facts
ideally give a complete description of the system, such as the momentary positions and velocities (or momenta) of all
particles in a gas; we earlier used the term microstates for this. An example is the exact configuration σ ∈ AN . As in
the main text, a special case of a microstate is a ground state for some given Hamiltonian HN ; this is just some σ that
minimizes HN (and as such may or may not be unique). For the same (lattice) systems, macrostates are for example
the empirical measures LN or the averages SN (of spin or energy, etc.); in thermodynamics one typically chooses just
a small number of parameters, such as the pressure, volume, and temperature of a gas. As a compromise between
microstates and macrostates, Boltzmann and Gibbs saw states as probability measures on for example AN (and more
generally on the set of microstates of the system). And this, of course, is what the PN,β are examples of. Microstates
σ ∈ AN are actually special cases of probability measures on AN , since the former defines a point measure δσ .
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Here f is the flat prior on {−1,1}. Neither the zero temperature limit state (10.44) nor its infinite
T counterpart (10.44) breaks the Z2 symmetry; as a limit of the symmetric states PN,β the former
could not do so, and it is remarkable that for h 6= 0 the latter even restores the symmetry!

What happens at 0 < β < ∞ and at N → ∞? To answer this, we note that SN is an order
parameter for the Z2 symmetry, in that its expectation value vanishes in symmetric states and is
non-zero in asymmetric states. For example,

〈SN〉δ± =±1; 〈SN〉δ0 = 0; 〈SN〉PΛ,β
= 0. (10.48)

So we study the random variables (SN) as N → ∞, not even knowing if a law of large numbers
applies! Fortunately, this is a clean application of Theorem 9.5.2, which gives:

Proposition 10.1 The random variables (SN) satisfy an LDP w.r.t. the distribution induced by PN,β

with Hamiltonian (10.43), with lsc (and tight) but not necessarily convex rate function

ICW (x) = I0(x)+βh(x)−C (x ∈ [−1,1]); ICW (x) = ∞ (x /∈ [−1,1]) (10.49)

I0(x) = 1
2((1− x) log(1− x)+(1+ x) log(1+ x)); C = inf

y∈R
{I0(y)+βh(y)}. (10.50)

Consequently, there are three cases, where QN is the probability measure of SN on its range
[−1,1]⊂ R induced by the probability distribution PN,β on AN (cf. Theorem 9.5):125

• B = 0 and β ≤ J−1 (i.e. T ≥ J): ICW has a unique minimum ICW (x0) = 0 at x0 = 0, and

lim
N→∞

QN = δ0. (10.51)

this is equivalent to SN → 0 as in the weak law of large numbers, i.e., for all ε > 0,

lim
N→∞

QN(SN ∈ (−ε,ε)) = 1. (10.52)

• B = 0 and β > J−1 (i.e. T < J): the model has a phase transitions in the sense that the rate
function ICW has two degenerate minima ICW (x±) = 0 at x± = m±(β ) 6= 0 and hence

lim
N→∞

QN = 1
2(δm+(β )+δm+(β )). (10.53)

• B 6= 0 and arbitrary β and J: same as the first case, except that now the unique minimum
ICW (x0) = 0 lies at some at x0 = m(β ,B) 6= 0, so that limN→∞ QN = δm(β ,B).

Proof. We see from (10.84) and (10.43) that SN is distributed according to QN as defined in (9.15),
with PN the flat prior on {−1,1}N and F(x) = − 1

2 Jx2−Bx. Therefore, taking into account the
switch from A = {0,1} to A = {−1,1}, from (8.10) - (8.11) and (9.16) we obtain (10.49) - (10.50).
Tightness of the rate function ICW is clear from the fact that I0 is lsc, F is even continuous, and
the domain [−1,1] of I0 and hence of ICW is compact (so that its closed subsets are compact). It is
easiest to find the following results by plotting I0 and F , and using the fact that for x ∈ (−1,1),

I′CW (x) = 1
2 log

(
1+ x
1− x

)
−β (Jx+B); I′′CW (x) =

1
1− x2 −βJ, (10.54)

so that I′CW (x) = 0 iff one of the most famous equations in mean field theory holds, namely

x = tanh(β (Jx+B)). (10.55)
125The limits (10.51) and (10.53) are taken in the weak topology of Prob(R) w.r.t. the Borel structure. We state

without proof that for β ≤ J−1 we also have SN → 0 strongly with respect to the Gibbs measure on AN induced by the
finite-size probability measures PN,β . On the other hand, for β > J−1 there is neither a weak nor a strong LLN!
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• For 0 < βJ ≤ 1 and any B ∈ R, eq. (10.55) has a unique solution (which is x = 0 for B = 0
and whose sign otherwise equals the sign of B), which minimizes ICW . See figure.126

• For βJ > 1 and B = 0 one finds two solution x± of (10.55), related by x− =−x+, at each of
which I′′CW (x±)> 0, and hence ICW has two degenerate minima (and no maxima).

• For βJ > 1 and B 6= 0 there may be up to three solutions of (10.55); the number depends on
the relative size of J and B; e.g. for B� J there are three zeros. But only the one with the
same sign as B (which always exists) corresponds to an absolute minimum of ICW .

46 3. Large deviations and asymptotics of integrals
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Figure 3.1. The Curie-Weiss rate function. Top plots have � > J�1

while bottom plots have �  J�1. Top left to right: h = 0, 0 < h <
h0(J, �), and h > h0(J, �). Bottom left to right, h = 0 and h > 0. The
case h < 0 is symmetric to that of h > 0.

By Exercise 3.9, LDP(µn, n, ICW) holds with rate function

(3.9)
ICW(z) = IBER(z) � 1

2J�z2 � �hz � c

where c = inf
z

{IBER(z) � 1
2J�z2 � �hz}.

In rate functions ICW and IBER, CW stands for Curie-Weiss model and BER
stands for Bernoulli distribution.

To understand limits of Sn/n under �n we find the minimizers of ICW.
Critical points satisfy I 0CW(z) = 0 () (3.7). We collect the calculus in
the next exercise. See Figure 3.1 for plots of ICW. Recall the definitions of
m(�, h) and m(�, ±) in Theorem 3.14.

Exercise 3.17. Prove the following.

(a) If h 6= 0, then ICW is uniquely minimized at z = m(�, h).

(b) If h = 0 and J�  1, then ICW is uniquely minimized at z =
m(�, 0) = 0.

(c) If h = 0 and J� > 1, then ICW is minimized by m(�, ±).

Here are the limits of the distribution of Sn/n. Existence of limit (3.6)
and claim (i) of Theorem 3.14 follow from this because Sn/n is bounded, so
a weak limit of its distribution implies the limit of its expectation.

Theorem 3.18. The following holds.

Exercise 70 Prove these properties.

The remaining claims then follow from the LDP. In the first case (i.e. B 6= 0 etc.), eq. (9.1) gives

lim sup
N→∞

1
N

logQN(SN /∈ (m(β ,B)− ε,m(β ,B)+ ε))≤−I0((−∞,m(β ,B)− ε]∪ [m(β ,B)+ ε,∞])

< 0, (10.56)

since ICW (m(β ,B) = 0 is the unique minimum of ICW ≥ 0 and ICW is continuous on [−1,1] (since
I0 and F both are). Hence QN(SN /∈ (m(β ,B)− ε,m(β ,B)+ ε))→ 0, which implies (10.52). The
equivalence between (10.52) and (10.51) follows from the Portmanteau theorem.127

In the second case (i.e. B = 0 and βJ > 1), similar reasoning from (9.1) gives

lim
N→∞

QN(SN ∈ ((m+(β )− ε,m+(β )+ ε)∪ (m−(β )− ε,m−(β )+ ε))) = 1. (10.57)

126Copied from Rassoul-Agha, page 47, Figure 3.1.
127See Definition 4.8. This theorem applies because clearly ∂ ((m(β ,B)−ε,m(β ,B)+ε)) = {m(β ,B)−ε,m(β ,B)+

ε} and since ε > 0 we have δm(β ,B)({m(β ,B)− ε,m(β ,B)+ ε}) = 0.
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The Portmanteau theorem then gives weak convergence of QN to some convex combination of the
point measures δm±(β ); upon which the Z2 symmetry of QN forces (10.53). �

Note that the rate function ICW is not convex if Jβ > 1, i.e., when there is a phase transition.
Proposition 10.1 describes fluctuations in the average magnetization SN , which is enough to

determine the phase structure of the model, as stated. It is also interesting (and easy) to study
energy fluctuations in the Curie–Weiss model. As both a step towards this and as a goal in itself,
we note that in our model the pressure defined in (10.27) and hence the free energy exist and are
computable via Theorem 9.5. Writing s0 =−I0, cf. (10.50), we obtain

p(β ) := lim
N→∞

1
N

logZN(β ) =− inf
x∈[−1,1]

{I0(x)+βh(x)}= sup
x∈[−1,1]

{s0(x)−βh(x)}, (10.58)

where, according to (10.31), ZN is given by

ZN(β ) = ∑
σ∈AN

e−βNh(SN). (10.59)

Theorem 9.4 now applies, because in our model the energy is a function of the spins whose rate
function we know. Since p(β ) is minus the constant C in (10.50), see also (9.16), we obtain:

Proposition 10.2 The random variables (hN) satisfy an LDP as N→ ∞, with tight rate function

IE(u) = inf
x∈[−1,1]

{I0(x)+βh(x) | h(x) = u}+ p(β ). (10.60)

Hence for the corresponding entropy sE(u) :=−IE(u) we obtain

sE(u) = sup
x∈[−1,1]

{s0(x) | h(x) = u}− (βu+ p(β )). (10.61)

As in the previous section, we may alternatively compute IE via Theorem 9.8; this once agin gives
(10.33), where this time p(β ) is given by (10.58).

Exercise 71 Carry this out and show that the rate function computed from (9.16) equals the one
obtained from (9.33); in other words, that (10.33) with (10.58) coincides with (10.60) with (10.50).

10.4 Local Gibbs measures

Implicitly, the two sections above were our first serious encounter with the canonical ensemble
in classical statistical mechanics, which gives a systematic way to describe equilibrium states of
classical spin systems (and also of continuous systems, which will not be treated in these notes) and
the associated fluctuations of important physical quantities such as the energy. The mathematical
formalism for this is provided by the theory of Gibbs measures, which (eventually on the basis
of work by Gibbs around 1900) was developed in the 1960s by Dobrushin, Lanford, Ruelle, and
others.128 The following two aspects of this theory may be separated:

1. The definition of equilibrium states in infinite volume, based on the assumption that in finite
volume such states are described by the canonical ensemble.

2. The study of large deviations of (notably) the energy in such states (which replace Bernoulli
measures in this respect), and the identification of the role of entropy and free energy.

128See for example Simon (1993), Keller (1998), Ruelle (2004), and Georgii (2011); the latter also describes the link
with large deviations, as do Rassoul-Agha & Seppäläinen (2015). See Georgii (1993) for a turbo treatment.

83



We start with the first point. We often generalize N to Zd (where d = 1,2,3, . . .) and in what
follows Λ⊂ Zd is always finite. For our introductory treatment it is even enough to take one of:

N⊃ Λ = ΛN := {0, . . . ,N−1}, (10.62)

Zd ⊃ Λ = ΛN := {x = (x1, . . . ,xd) ∈ Zd | |xi| ≤ N, i = 1, . . . ,d}, (10.63)

so that the number of points |ΛN | in ΛN is given by |ΛN |= N in the first case and

|ΛN |= (2N +1)d (10.64)

in the second. For Zd , all large deviation theory so far then remains valid if we replace N by |ΛN |
whenever some quantity is scaled by N or 1/N. With A a finite set, as before, we often write

Ω := AZd
; ΩΛ := AΛ, (10.65)

and similarly Ω = AN. Hence ΩΛ is finite and is equipped with the σ -algebra P(ΩΛ). Measure
theory on Ω is based on the cylindrical σ -algebra F . We give the definition for Zd , but the
adaptation to N should be obvious. Recall that ωx : Ω→ A is the evaluation map s 7→ s(x).

Definition 10.3 Let A be a finite set.129

1. F is the smallest σ -algebra Ω for which the evaluation maps ωx are measurable (with
respect to the maximal σ -algebra P(A) on A) for all x ∈ Zd .

2. For finite Λ⊂ Zd , FΛ is the smallest σ -algebra for which ωx is measurable for all x ∈ Λ.

3. For finite Λ⊂ Zd , TΛ is the smallest σ -algebra making all maps ωx with x /∈Λ measurable.

4. The tail σ -algebra T is defined by T :=
⋂

Λ TΛ.

Equivalently, the “local” σ -algebra FΛ consist of all cylinder sets

[∆]Λ := {ω ∈Ω | ω|Λ ∈ ∆} (∆⊂ AΛ), (10.66)

where ω|Λ : Λ→ A is the restriction of ω : Zd → A to Λ. The the “quasi-local” σ -algebra F is
generated by

⋃
Λ FΛ, where Λ runs over all finite subsets of Zd . For finite A we have a bijection

P(AΛ)∼= FΛ ∆↔ [ω|Λ ∈ ∆]. (10.67)

Hence FΛ is a finite σ -algebra, generated by “atoms” (i.e. its smallest mutually disjoint elements)

[σ ] := {ω ∈Ω | ω|Λ = σ}; (σ ∈ AΛ), (10.68)

in the sense that FΛ consists of all unions and intersections of these atoms. A function f : Ω→R
is FΛ-measurable iff it is constant on each atom [σ ], which means that f (ω) is independent of the
values of ω : Zd → A outside Λ. In that case, for any (probability) measure on FΛ we have130

∫
dP f = ∑

σ∈AΛ

P([σ ]) f (σ), (10.69)

129The definition is the same for Polish A, except that P(A) below is replaced by the Borel σ -algebra on A.
130This follows from integration theory. An integral

∫
Ω

dP(ω) f (ω) for some Σ-measurable function f : Ω→ [0,∞]
is defined as the supremum over all finite sums ∑i ciP(Bi), where 0≤∑ci1Bi ≤ f and Bi ∈ Σ, which may be taken to be
disjoint. If Σ is finite, then it contains disjoint atoms Ai whose union is Ω. In that case f = ∑i ci1A1 exactly and hence∫

dP f = ∑i ciP(Ai), where ci equals the constant value of f on Ai. Note that any finite σ -algebra is a power set.
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where we slightly incorrectly write f (σ) for the constant value f (ω) at any ω ∈ [σ ]. Then:
A given physical theory is then specified by a family of (fixed) local Hamiltonians

HΛ : AΛ→ R. (10.70)

It is desirable to separate Λ from the “theory” that specifies the dynamics. This can indeed be
done in two cases, of which we already discussed mean-field theories. The second case is meant
to describe local interactions, as follows. A systematic way to coherently write down a large class
of Hamiltonians HΛ for different regions Λ comes from the concept of a potential:131

Definition 10.4 A potential Φ = (ΦM)M is a set of FM-measurable functions

ΦM : Ω→ R (10.71)

indexed by the set of all finite subsets M ⊂ Zd , such that:

1. ΦM only depends on s|M (so that we may also write ΦM : AM → R).

2. Φ is translation-invariant in the sense that ΦM+x = ΦM ◦θx for each x ∈ Zd , where

θx : Zd → Zd ; θx(y) = x+ y. (10.72)

3. Φ satisfies the summability condition

‖Φ‖ := ∑
0∈M⊂Zd

sup
σ∈Ω

|ΦM(σ)|< ∞. (10.73)

In many realistic models (like the Ising model) the sum in (10.73) only has a finite number of
terms, so that the condition is automatically satisfied. Mean-field models have no potential.

In the simple case of free boundary conditions, the local Hamiltonians are then given by

HΛ : AΛ→ R; HΛ ≡ Hfree
Λ = ∑

M⊂Λ

ΦM. (10.74)

Other boundary conditions will be studied later. In view of (10.71) it would be more precise to
write HΛ : Ω→R in (10.74), too, and then observe that because of condition (a) in Definition 10.4
indeed HΛ only depends on s|Λ. The archetypical example is the Ising model, in which the spins
take values in A = {−1,1} and the potential is given by

Φ{x}(σ) =−Bσx; Φ{x,y}(σ) =−Jσxσy (if ‖x− y‖1 = 1); ΦM = 0 (otherwise), (10.75)

where B ∈ R (representing a possible external magnetic field) and J > 0 (in the ferromagnetic
case) are constants, and ‖x− y‖ = 1 means that x and y are “nearest” neighbours, since the ‖ · ‖1
norm on Rd ⊃ Zd is used (so “diagonal” neighbours are excluded). Thus

HΛ =−J ∑
x,y∈Λ,‖x−y‖1=1

σxσy−B ∑
x∈Λ

σx. (10.76)

In statistical mechanics these (fixed) Hamiltonians are combined with a (variable) temperature

kBT = β
−1, (10.77)

131We (unusually) allow the empty set M = /0, so that constants may be added to the Hamiltonian via Φ /0.
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where kB is Boltzmann’s constant taken to be unity in what follows, such that the Bernoulli mea-
sures qΛ on AΛ (and in the limit on AN etc.) are replaced by the local Gibbs measures

PΛ,q,β ({σ}) :=
1

ZΛ(β )
qΛ(σ)e−βHΛ(σ) (σ ∈ AΛ); (10.78)

ZΛ,q(β ) := ∑
σ∈AΛ

qΛ(σ)e−βHΛ(σ). (10.79)

The resemblance between (10.84) and Proposition 8.2, especially eq. (8.23), is striking.132 We
also introduce the global pressure ΠΛ,q(β ) and free energy FΛ,q(β ) by

ΠΛ,q(β ) := logZΛ,q(β ); FΛ,q(β ) :=−β
−1

ΠΛ,q(β ), (10.80)

so that

ZΛ,q(β ) = e−βFΛ,q(β ). (10.81)

In case of a flat prior q = f on A (i.e. f (a) = 1/|A| for each a ∈ A), also each microstate σ ∈ ΩΛ

is a priori equiprobable, with probability

f Λ(σ) = 1/|ΩΛ|= |A|−|Λ|. (10.82)

The Gibbs measure (10.79) modifies this equiprobability via the Boltzmann factor e−βHΛ(σ), but
of course at β = 0, i.e. T = ∞, we recover (10.82). Thus (high) temperature introduces (high)
randomness; we will analyze this idea in more detail later on in connection with chaos. It is
customary to omit the factor f Λ in the above expressions, so that, writing PΛ,q,β = PΛ,β etc.,

PΛ,β ({σ}) =
1

ZΛ(β )
e−βHΛ(σ); (10.83)

ZΛ(β ) = ∑
σ∈AΛ

e−βHΛ(σ) = eΠΛ(β ) = e−βFΛ(β ) (10.84)

We recall that the relative entropy and the Shannon entropy are defined by

DQ(P) = ∑
σ∈ΩΛ

P(σ) log
(

P(σ)

Q(σ)

)
; (10.85)

SΛ(P) =− ∑
σ∈ΩΛ

P(σ) logP(σ), (10.86)

where ΩΛ is finite! For the flat prior Q = f Λ we infer from (10.82) that these are related by

D f Λ(P) =−SΛ(P)+ |Λ| log |A|. (10.87)

The following result is a special case of (7.23), in which we replace A by AΛ, q by qΛ, and f by
−βHΛ, but it is instructive to state and prove it directly:

132Dorlas (2021), Chapter 24, and others even justify the local Gibbs measures on this basis. Physically speaking
Proposition 8.2 describes non-interacting particles; a very large system of interacting particles may be divided into N
large subsystems whose components interact with each other whilst boundary interactions between the various subsys-
tems may be neglected. Looking at each subsystem as a particle, eq. (8.23) suggests (10.84).
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Proposition 10.5 For any finite Λ⊂ Zd , HΛ : ΩΛ→ R, β ∈ R, and q ∈ Prob(A), we have

ΠΛ,q(β ) =− inf
P∈Prob(ΩΛ)

{β 〈HΛ〉P +DqΛ(P)}, (10.88)

where the infimum is a minimum that is uniquely attained at P = PΛ,q,β . The flat prior q = f gives

ΠΛ(β ) = sup
P∈Prob(ΩΛ)

{SΛ(P)−β 〈HΛ〉P}, (10.89)

where the supremum is uniquely attained at the Gibbs measure P = PΛ,β , cf. (10.84).

For β > 0, eqs. (10.88) and (10.89) evidently give the thermodynamical formulae “F = E−T S”:

FΛ,q(β ) = inf
P∈Prob(ΩΛ)

{〈HΛ〉P +β
−1DqΛ(P)}; (10.90)

FΛ(β ) = inf
P∈Prob(ΩΛ)

{〈HΛ〉P−SΛ(P)}. (10.91)

Thus at nonzero temperature Gibbs measures minimize the free energy, much as ground states (see
below) minimize the energy at zero temperature. Compare also (5.12).

Exercise 72 Prove Proposition 10.5.

As a special case Proposition 8.2, in which we simply replace A by AΛ and E by HΛ, we see:

Proposition 10.6 For any U ∈ (minσ HΛ(σ),maxσ HΛ(σ)) there is a unique β ∈ R such that

〈HΛ〉PΛ,β
=U ; (10.92)

SΛ(PΛ,β ) = sup{SΛ(P) | P ∈ Prob(ΩΛ),〈HΛ〉P =U}. (10.93)

Proof. Also here a direct proof is instructive (though unnecessary). The function β 7→ ΠΛ(β ) is
smooth (in the finite system at hand it is even analytic), with first and second derivatives

d
dβ

ΠΛ(β ) =−〈HΛ〉PΛ,β
;

d2

dβ
ΠΛ(β ) = VarPΛ,β

(HΛ)≥ 0, (10.94)

cf. footnote 72, with equality near the end iff HΛ is constant (in which case the proposition is true
in an empty way). Thus the continuous function β 7→ 〈HΛ〉PΛ,β

is strictly decreasing. Hence

lim
β→−∞

〈HΛ〉PΛ,β
= max

σ
HΛ(σ)); lim

β→∞

〈HΛ〉PΛ,β
= min

σ
HΛ(σ)), (10.95)

from which the first claim follows. To prove (10.93), we now fix β at the value yielding (10.92)
for given U ∈ R, and use the variational principle (10.89) to estimate for any P with 〈HΛ〉P =U :

SΛ(P)−βU = SΛ(P)−β 〈HΛ〉P ≤ SΛ(PΛ,β )−β 〈HΛ〉PΛ,β
= SΛ(PΛ,β )−βU, (10.96)

where in the last step we used (10.92). Hence SΛ(P)≤ SΛ(PΛ,β ), whence (10.93). �

The point is now to study the limit Λ→ N or ‘Λ↗ Zd in a suitable sense (here taken to be
Λ = ΛN and N → ∞), hoping to see for example phase transitions through lack of uniqueness of
limiting measures, and other interesting phenomena. If these limits exist, a key role is played by

p(β ) = lim
N→∞

1
|ΛN |

logZΛN (β ); f (β ) := lim
N→∞

1
|ΛN |

FΛN =− p(β )
β

, (10.97)

called the pressure and the free energy, respectively. It is hard to miss the formal analogy with (the
Gärtner–Ellis) Theorem 9.8, which indeed will be explored in what follows (see e.g. §10.3).
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10.5 Global Gibbs measures

We define global Gibbs measures as extensions of the local expressions (10.79) or (10.84) to
Ω = AZd

, where for simplicity we still assume that A is finite (but the formalism is much more
general).133 The main feature will be that such extensions are not necessarily unique.

We first include boundary conditions in (10.74) and (10.84). As before, Λ is a finite sublattice
of Zd . Fix η ∈ Ω. For any Λ and σ ∈ AΛ, define ω = ση ∈ Ω by ω(x) = σ(x) for x ∈ Λ and
ω(x) = η(x) for x /∈ Λ (some people therefore write ση|Λc instead of ση ; our notation is easier
provided we only write ση iff it is clear that σ ∈ AΛ and we realize that within the expression ση

we interpret η as η|Λc). Given a potential Φ (see Definition 10.4) and some Λ, extend (10.74) to

Hη

Λ
(σ) = ∑

M∩Λ6= /0
ΦM(ση), (10.98)

i.e. the sum includes all finite M ⊂ Zd that overlap with the given Λ. For example, for the Ising
model we may have x ∈ Λ, ‖x− y‖= 1, but y /∈ Λ, so that (10.75) includes terms −Jσxηy, which
are absent from (10.74). Here one may think of η(x) =±1 for all x. Then introduce probabilities

Pη

Λ,β (σ) :=
1

Zη

Λ
(β )

e−βHη

Λ
(σ) (σ ∈ AΛ); Zη

Λ
(β ) = ∑

σ∈AΛ

e−βHη

Λ
(σ) = e−βFη

Λ
(β ); (10.99)

Pη

Λ,β (B) := ∑
σ∈AΛ|ση∈B

Pη

Λ,β (σ) =
1

Zη

Λ
(β )

∑
σ∈AΛ

1B(ση)e−βHη

Λ
(σ) (B ∈F ). (10.100)

The expression Pη

Λ,β (σ) only depends on σ ∈ AΛ and η|Λc (with Λc := Zd\Λ), since Hη

Λ
(σ) and

hence also Zη

Λ
(β ) only depend on η|Λc . For later use, note that Pω

Λ,β ({ση}) equals Pη

Λ,β (σ) iff
η = ω outside Λ, and vanishes otherwise. Using (10.74), we symbolically use “η = free” to mean

Pfree
Λ,β (σ) :=

1
Zfree

Λ
(β )

e−βHfree
Λ

(σ); Zfree
Λ (β ) = ∑

σ∈AΛ

e−βHfree
Λ

(σ). (10.101)

In the following definition Φ and β (which is often absorbed into Φ or HΛ) are fixed (although the
dependence on Φ is suppressed in the notation). The tail σ -algebra TΛ that will appear was defined
in Definition 10.3, and the ensuing conditional expectation was recalled in general in (4.26).

Definition 10.7 A probability measure Pβ ∈ Prob(Ω) is a Gibbs measure at inverse temperature
β ∈ R iff for all finite Λ⊂ Zd and B ∈F (i.e. the cylindrical σ -algebra on Ω = AZd

) we have

Pβ (B |TΛ)(ω) = Pω

Λ,β (B), (10.102)

for Pβ -almost each ω ∈Ω, or, equivalently (given the definition of a conditional expectation):

Pβ (B) =
∫

Ω

dPβ (ω)Pω

Λ,β (B). (10.103)

Eq. (10.102) or (10.103) is called the DLR-equation (after Dobrushin, Lanford, and Ruelle, who
proposed it). This looks obscure. One simplification arises if we take B = [σ ]Λ for some σ ∈ AΛ.

133Georgii (2011) and Friedli & Velenik (2018) are excellent introductions to Gibbs measures; for a very useful
summary see also Van Enter, Fernández, & Sokal (1993). All these authors use the formalism of specifications, which
we avoid, at some cost to the generality of our treatment and at greater cost, unfortunately, to the proofs we give.
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In that case the condition σω ∈ B holds for arbitrary ω ∈ Ω, and since for given σ ∈ AΛ the
expression Pω

Λ,β ([σ ]) = Pω

Λ,β (σ) only depends on ωΛc (as already noted), eq. (10.103) reads

Pβ ([σ ]) = π
−1
Λ

Pβ (σ) =
∫

ΩΛc
dPΛc(ω)Pω

Λ,β (σ), (10.104)

with PΛc = π
−1
Λc Pβ ); the mere existence of some probability measure PΛc on ΩΛc for which (10.104)

holds, for each finite Λ⊂ Zd and σ ∈ΩΛ, is equivalent to the conditions in Definition 10.7.134

Another special case that may clarify the meaning of (10.103) is B = {ση} for fixed σ ∈ΩΛ

and η ∈Ω, but unfortunately, like for any point, Pβ (B) = 0 in that case. To remedy this, we replace
Zd by a finite sublattice Λ′ ⊂ Zd that contains Λ (i.e., Λ⊂ Λ′), and replace condition (10.103) by

PΛ′(B) = ∑
ω∈Ω

Λ′

PΛ′(ω)Pω

Λ,β (B). (10.105)

If we now put B = {ση}, where now η ∈ ΩΛ′ , we see from (10.100) that only terms in which
ω|Λ′\Λ = η contribute to the sum in (10.105), which therefore comes down to

P(Λ′)
β

(ση) = ∑
ω∈Ω

Λ′ |ω|Λ′\Λ=η

P(Λ′)
β

(ω)Pη

Λ,β (σ). (10.106)

Using the elementary conditional expectation P(B |C) = P(B∩C)/P(C), this is the same as:135

P(Λ′)
β

(ω|Λ = σ | ω|Λ′\Λ = η) = Pη

Λ,β (σ). (10.107)

In words: the conditional probability that ω coincides with σ on Λ given its value η outside Λ

equals the local Gibbs probability of σ for the Hamiltonian with boundary condition η .

Exercise 73 In the above situation:

1. Using (10.98), where HΛ′ has free boundary conditions (so η = “free”), that the difference
HΛ′(ση)−HΛ(ση) is independent of σ ∈ AΛ for any η .136

2. Use this independence to show that eq. (10.107) is solved by

P(Λ′)
β

(ω) =
1

ZΛ′
e−βH

Λ′ (ω) (ω ∈ AΛ′); ZΛ′ = ∑
ω ′∈AΛ′

e−βH
Λ′ (ω). (10.108)

3. Now assume that Λ′ ⊂ Zd , and show that (10.98) satisfies the independence condition in
point 1 for any boundary condition η ′ ∈Ω (not to be confused with η in ση).

4. Use this fact to show that eq. (10.107) is solved by P(Λ′)
β

= Pη ′

Λ′,β .

Although (10.107) is only valid for finite Λ′ (as otherwise P(Λ′)
β

(ω|Λ′\Λ = η) = 0), the point is that:

A global Gibbs measure is defined by specifying conditional probabilities for all finite sublattices
Λ of Zd and boundary conditions outside these sublattices in the form of local Gibbs measures.

134See Ruelle (2004), §1.5.
135The left-hand side is short for P(Λ′)

β
(B |C) with B = {ω ∈ΩΛ′ | ω|Λ = σ} and C = {ω ∈ΩΛ′ | ω|Λ′\Λ = η}.

136Note that the independence condition in point 1 is reasonable (except in mean-field models), since HΛ′(ση)−
HΛ(ση) contains the interactions between spins in Λ′\Λ, which are given by η .
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Another way to (re)write (10.102) - (10.103) is to realize that each Λ⊂ Zd induces a factorization

Ω
∼=−→ΩΛ×ΩΛc ; ω 7→ (ω|Λ,ω|Λc), (10.109)

where Λc = Zd\Λ. Any two measures µ1,µ2 on measure spaces X1,X2 induce a product measure
µ1×µ2 on the Cartesian product X1×X2 by extending µ1×µ2(B1×B2) := µ1(B1)µ2(B2), where
Bi ⊂ Xi (assumed measurable).137 Any positive measurable function f : X1×X2 → R+ induces
a further measure f · (µ1× µ2) on X1×X2. In this construction, take Λ ⊂ Zd finite, X1 = ΩΛ,
X2 = ΩΛc , µ1 = δΛ (i.e. the counting measure δΛ(σ) = 1 for each σ ∈ ΩΛ), µ2 = π

−1
Λc P for some

P ∈ Prob(Ω), where πΛc : Ω→ΩΛc is projection onto the second coordinate, and finally

f = PΛ,β PΛ,β (ω) = P
ω|Λc

Λ,β (ω|Λ), (10.110)

cf. (10.99) and subsequent comment. The DLR-equation (10.102) or (10.103) then comes down to

Pβ = PΛ,β · (δΛ×π
−1
Λc Pβ ). (10.111)

Warning:138 The local Gibbs measures Pη

Λ,β are not the marginals π
−1
Λ

Pβ of some global Gibbs
measure Pβ , not even for free boundary conditions, and not even of some other local Gibbs measure

Pη ′

Λ′,β for some finite Λ′ ⊃ Λ. Thus although in principle a global Gibbs measure Pβ could be
defined by its marginals, as in the Kolmogorov extension lemma 3.3, in practice such a definition
is useless since these marginals can only be computed or known otherwise if we already know Pβ .

Having said this, local Gibbs measures do converge to global ones! Here is the situation:139

Theorem 10.8 Fix a potential Φ and an inverse temperature β ∈ R.

1. For any boundary condition η ∈ Ω, or a free boundary condition in which Hη

Λ
is given by

(10.74), the sequence (Pη

ΛN ,β
)N of local Gibbs measures on ΩΛN has a subsequence that

converges to some global Gibbs measure Pβ in the following sense: for any finite Λ and
from sufficiently large N such that Λ⊂ ΛN onwards we have, cf. (3.8),

π
−1
Λ

Pβ = lim
N→∞

π
−1
ΛNΛ

Pη

ΛN ,β
. (10.112)

In particular, there exists a limit Gibbs state for free boundary conditions, denoted by Pfree
β

.

2. The set G (βΦ) of all (global) Gibbs states is the closed convex hull of these limit states.140

3. The set G (βΦ) is a nonempty compact convex subspace of Prob(Ω).

4. The extreme boundary ∂eG (βΦ) consists of all P ∈ G (βΦ) that are trivial on T .

5. The extreme boundary ∂e(G (βΦ)∩ProbZ
d
(Ω)) consists of all P ∈ G (βΦ) that are trivial

on I (and hence are ergodic Gibbs measures); in other words, we have

∂e(G (βΦ)∩ProbZ
d
(Ω)) = G (βΦ)∩∂eProbZ

d
(Ω). (10.113)

137See e.g. Dudley (1989), §4.4.
138We owe this comment to Friedli & Velenik (2018), pp. 269–270.
139See Ruelle (2004), Theorem 1.9; Georgii (2011), Theorems (14.5) and (14.15); Rassoul-Agha (2015), Theorem

7.24; We use the weak topology on Prob(Ω) for convergence of measures, see Definition 4.8. The Portmanteau theorem
is very useful here, since for Ω = AZd

we have Pn→ P weakly iff Pn(B)→ P(B) for any cylinder sets B ⊂ Ω. Indeed,
in the product topology on Ω cylinder sets are clopen and hence satisfy B−\B̊ = /0, so that P(B−\B̊) = 0 for any P.

140Like ProbT (X) for compact metrizable X , the set G (βΦ) is a simplex, see Definition 4.10.
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Recall that T is the tail σ -algebra, cf. Definition 10.3. The invariant σ -algebra I and the last
claim in general will now be explained.141 So far, we just defined ergodicity in the setting of
dynamical systems (X ,P,T ), where (X ,Σ,P) is a probability space and T : X → X is measurable.
But if T is invertible this amounts to a Z-action on X , given by n : x 7→ T nx. A more abstract
setting of ergodic theory is then given by measurable G-actions on a measure space, which we
always take to be a probability space (X ,Σ,P), in which P is G-invariant.142 We take G = Zd and
its action on Ω = AZd

the shift action induced by the left-action (10.72) of Zd onto itself, i.e.,

(y ·ω)x := ωx+y. (10.114)

Cf. the shift (2.5), which (defined on AZ) is a special case; but we also consider general compact
metrizable spaces Ω, with the ensuing Borel structure Σ. This class of spaces overlaps with AZd

provided A is compact and AZd
carries the product topology (in which it is compact by Tychonoff’s

theorem).143 We say that a measurable set B ∈ Σ is G-invariant iff x ·B = B for all x ∈ G, where

x ·B = {x ·ω,ω ∈ B}. (10.115)

These G-invariant measurable sets form the invariant σ -algebra I , and clearly measurable func-
tions are G-invariant iff they are I -measurable. Instead of Definition 4.1 we say that the G-action
is ergodic iff B ∈I implies P(B) = 0 or P(B) = 1. Proposition 4.3 then remains valid if we re-
place f (T x) = f (x) by f (x ·ω) = f (ω) for all x∈G. For compact Ω it is enough to require this for
all continuous functions f , so that the G-action is ergodic iff any G-invariant function f ∈C(Ω)
is constant, where G-invariance now means that f (x ·ω) = f (ω) for all x ∈ G. We only state the
ergodic theorem, in a form suggested by (4.23), for G = Zd acting on Ω = AZd

:144

Theorem 10.9 Let Ω be compact metrizable space equipped with both a Zd-action and a Zd-
invariant probability measure P. For any f ∈ L1(Ω,P), the limit

f ∗(ω) := lim
N→∞

1
|ΛN | ∑

x∈ΛN

f (x ·ω) (10.116)

exists pointwise P-a.e. and equals a G-invariant function f ∗ ∈ L1(Ω,P), given by

f ∗ = EP( f |I ). (10.117)

In particular, if the G-action is ergodic, then for P-almost every ω ∈Ω we have

lim
N→∞

1
|ΛN | ∑

x∈ΛN

f (x ·ω) =
∫

Ω

dP f , (10.118)

141For our purposes Mackey (1974) is a nice introduction to the relevant parts of ergodic theory.
142This more abstract setting is not more general than the previous one, since T need not be invertible and hence

may not define a group action. In the abstract setting one requires G to be amenable (and a priori locally compact).
This means that every continuous G-action on a compact metrizable space Ω has an invariant probability measure, and
may also be defined by the property that for any compact subset K ⊂ G and δ > 0 there is a Borel set B ⊂ G with
compact closure such that µ(B∆(K ·B))< δ µ(B), where µ is the (left) Haar measure on G. Every compact group and
every locally compact abelian group is amenable (but there are others). In the ergodic theorem sequences of the type
ΛN ⊂ Zd are replaced by so-called Følner sequences, defined as compact subsets BN ⊂ G that (at least for sufficiently
large N) have the above property µ(BN∆(K ·BN))< δ µ(BN) for every compact K ⊂ G and δ > 0.

143For any set T and any space A the product topology on Ω = AT is the coarsest topology that makes all evaluations
map AT → A, ω 7→ ωx, continuous; it is generated by the cylinder sets (like the σ -algebra F ). For T = Zd the product
topology is metrizable, for example by the metric d(ω,ω ′) := λ− inf{‖x‖,x∈Zd ,ωx 6=ω ′x}, where ‖x‖ := maxi=1,...d{|xi|}
or any other norm, and any λ > 1, with the convention or theorem that inf /0 = ∞ as usual, so that d(ω,ω) = 0. For
d = 1 and A = {0,1, . . . , |A|−1} an inequivalent metric that nonetheless gives the same topology would be d′(ω,ω ′) =
∑

∞
n=−∞ λ−|n||ωn−ω ′n|, again for any λ > 1. See Katok & Hasselblatt (1995), §1.9.
144See Georgii (2011), Theorem 14.A8. For more general (amenable) groups and spaces see Lindenstrauss (2001).
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or, equivalently, for P-almost every ω ∈Ω as weak convergence of probability measures,

lim
N→∞

1
|ΛN | ∑

x∈ΛN

δx·ω = P. (10.119)

Even for finite A the case Ω = AZd
is rich enough to give rise to a strange structure of the compact

convex set K = ProbZ
d
(Ω) of invariant probability measures on Ω: it is always a Poulsen complex,

in the sense that ∂eK is (weakly) dense in K (which for finite Ω would be unheard of).145

Here is an example of this phenomenon, for d = 1 and A = {0,1}, so that, seen as a dynamical
system (Ω,P,T ), the map T is the shift map T = S, (2.5), now defined for all n ∈ Z. For some
given S-invariant P ∈ ProbS(Ω), we construct ergodic probability measures PN ∈ ∂eProbS(Ω) such
that PN→ P (weakly). This construction is based on writing Z as a disjoint union, for given N > 0,

Z=
⊔

k∈Z
Ik; Ik := [k(2N +1)−N,k(2N +1)+N], (10.120)

so that each blok Ik in the partition has length 2N +1. This in turn induces a decomposition

{0,1}Z =×k∈Z{0,1}Ik . (10.121)

Given P ∈ ProbS(Ω), for fixed N > 0 we then define PΛN ∈ Prob(ΩΛN ), with ΛN = [−N,N] and
ΩΛ = AΛ, as usual, i.e. by PΛN (σ) = P([σ ]) = P({ω ∈Ω |ω|ΛN = σ|ΛN}) for any σ ∈ΩΛN . Noting
that ΛN = I0 , we then transfer PΛN to any ΩIk by translation, that is, define

P(k,N)
Ik

(σ ′) = PI0(S
k(2N+1)

σ
′), (10.122)

where σ ′ ∈ΩIk and hence Sk(2N+1)σ ′ ∈ΩI0 . Finally, define our measures PN on Ω via

PN :=
1

2N +1

N

∑
n=−N

S−nQN ; QN =×k∈ZP(k,N)
Ik

. (10.123)

The reason for this move is that the product measure QN is not S-invariant, but merely periodic, in
that S2N+1QN = QN by construction (translation by an block I0 of length 2N +1).

Exercise 74 Prove that PN is S-invariant.

Since “limN→∞[−N,N] = Z”, it is natural that PN→ P. A proof uses the fact that ∪MFΛM is dense
in C(Ω), and so to prove PN → N weakly it suffices that |PN( f )−P( f )| → 0 for all M and all
f ∈FΛM (whose elements are continuous!). Indeed, for N > M one shows that

|PN( f )−P( f )| ≤ 2 · 2M+1
2N +1

‖ f‖∞. (10.124)

The proof that PN is ergodic (cf. Definition 4.1) relies on a nice lemma (of we we only need half):

Lemma 10.10 Let (X ,P,T ) a dynamical system with X compact and T invertible, and consider

fΛN (x) :=
1

2N +1

N

∑
n=−N

f (T nx), (10.125)

for f ∈ L2(X ,P). Then P is ergodic iff for all f in a dense subspace of L2(X ,P) we have

lim
N→∞
〈| fΛN |2〉P = |〈 f 〉P|2. (10.126)

145See Georgii (2011), Theorem (14.12), and Simon (2011), Example 9.7, reviewed below. See also Definition 4.10.
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Exercise 75 Prove this lemma, and then check that (10.126) with P PN holds.

Using (10.123) then gives limL→∞〈 f 2
ΛL
〉PN = 〈 f 〉2PN

, which is (10.126). Since M was arbitrary and
∪MFΛM is dense in L2(Ω,P′) for any probability measure P′ defined on the cylindrical σ -algebra
generated by the FΛM , PN is ergodic by Lemma 10.10. Since PN → P and P ∈ ProbS({0,1}Z) was
arbitrary, we have shown that the compact convex set ProbS({0,1}Z) is a Poulsen simplex!

As in the local case, the unbiased Bernoulli measure P = fZ
d

is a Gibbs measure at β = 0 (i.e.
T = ∞). To see this, take Λ′ ⊂ Zd finite, and a generic cylinder set defined by η ′ ∈ AΛ′ :

B = [η ′] := {ω ∈Ω | ω|Λ′ = η
′} ∈FΛ′ . (10.127)

Then on the Ansatz P0 = fZ
d

the left-hand side of (10.103) equals

fZ
d
([η ′]) = ∏

x∈Λ′
q(η ′x) = ∏

x∈Λ′
|A|−1 = |A|−|Λ′|. (10.128)

Now we make a (logically unnecessary but pedagogically useful) case distinction:

1. If Λ∩Λ′ = /0, then Pω
Λ,0([η

′]) = 1, since

Zω
Λ (0) = |AΛ|= |A||Λ| (10.129)

in (10.99), whilst the second sum over σ in (10.100) also includes all σ ∈ AΛ. The right-
hand side of (10.103) therefore equals

∫

ω
Λ′=η ′

d fZ
d
(ω) = fZ

d
([η ′]) = |A|−|Λ′|. (10.130)

2. If M := Λ∩Λ′ 6= /0, then (10.129) of course remains true, but this time the second sum over
σ in (10.100) is constrained to those σ ∈ AΛ that satisfy σω ∈ [η ′], which implies

σx = η
′
x (x ∈M); ωx = η

′
x (x ∈ Λ

′\M). (10.131)

By the first equation the second sum in in (10.100) has only |AΛ\M| = |A||Λ|−|M| terms, so
that

Pω
Λ,0([η

′]) =
1

Zω
Λ
(0) ∑

σ∈AΛ|σω∈[η ′]
e0 =

|A||Λ|−|M|
|A||Λ| = |A|−|M|. (10.132)

The second equation in (10.131), which the reader should verify from the explanation pre-
ceding (10.98), implies that the integral over ω on the right-hand side of (10.103) is con-
strained to ω ∈ Λ′\M, and hence equals |A|−(|Λ′|−|M|) times the result of (10.132), so that
we obtain ∫

Ω

dPβ (ω)Pω

Λ,β ([η
′]) = |A|−(|Λ′|−|M|) · |A|−|M| = |A|−|Λ′|, (10.133)

and once again we see that P0 = fZ
d

is a Gibbs measure. Note that case 1 follows from 2.

Stationary Markov chains also fall under this scope, at least under a condition that is even
stronger than irreducibility, namely strict positivity (Pab > 0) of all transition probabilities (3.26)
(and finite A). In view of Theorem 3.6 this gives a unique stationary probability P ∈ Prob(AN)
such that the underlying stochastic process has joint probabilities (3.30). Realizing the process on
Ω = AN (cf. Theorem 3.4), which we now interpret as a spin chain, the pair potential defined by

Φn,n+1(σ) :=− logPσ(n),σ(n+1); ΦM = 0 (M 6= {n,n+1}), (10.134)
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turns out to have a unique global Gibbs measure at β = 1, which equals P. This only works if the
Markov chain in question is indexed by n ∈ Z instead of n ∈N, which extension can trivially (and
uniquely) be achieved by exploiting stationarity, cf. (3.26): we add random variables Xn also for
n < 0 and define the ensuing “new” joint probabilities bu putting, assuming m > 0 and k >−m,

P(X−m = a−m, . . . ,Xk = ak, . . .) := P(X0 = a−m, . . . ,Xk+m = ak, . . .). (10.135)

Short of proving this,146 we just verify that P as given by (3.30) satisfies the DLR-equation
(10.103), and even this we only do in a special case (which clearly shows what is going on):
we take

B = (X0 = a0, . . . ,XN = aN)≡ {ω ∈Ω | X0(ω) = a0, . . . ,XN(ω) = aN}, (10.136)

and take Λ = ΛM = {−M, . . . ,M} for some M > N, cf. (10.62). The constraint σω ∈ B that
appears in (10.103) with (10.100) then amounts to σn = an for n = 0, . . . ,N, and no constraint on
ω at all. In computing (10.100) we therefore sum only over σ−M to σ−1 and over σN+1 to σM.
Using (10.100), (10.134), and (10.98) we find

∑
σ∈AΛM |σω∈B

e−Hω
ΛM

(σ)
= PM+1

ω−M−1a0
Pa0a1 · · ·PaN−1aN PM−N+1

aNωM+1
; (10.137)

Zω
ΛM

(1) = ∑
σ−M ,...,σM

Pω−M−1σ−M · · ·PσMωM+1 = P2M+2
ω−M−1ωM+1

. (10.138)

To obtain (10.137) it may be useful to note the intermediate step where the left-hand side equals

∑
σ−M ,...,σ−1;σN+1,...,σM

Pω−M−1σ−M Pσ−Mσ−M+1 · · ·Pσ−1a0Pa0a1 · · ·PaN−1aN PaNσN+1 · · ·PσMωM+1 .

Hence for B in (10.136), Λ = ΛM (M > N), β = 1, and Φ from (10.134) the r.h.s. of (10.103)
equals

∫

Ω

dP1(ω)Pω
ΛM ,1(B) = Pa0a1 · · ·PaN−1aN

∫

Ω

dP1(ω)
PM+1

ω−M−1a0
PM−N+1

aNωM+1

P2M+2
ω−M−1ωM+1

. (10.139)

We are checking that (10.103) holds for P1 = P, the probability measure for the given Markov
chain. Thus we put P1 = P in (10.139) and use the fact that stationarity of the Markov chain
implies that the right-hand side of (10.139) is independent of M (as long as M > N). We may
therefore let M→ ∞, and use (3.36) from Theorem 3.6 (which applies because we assumed that
Pab > 0). After some further analysis (of the second expression below) which we omit,147 this
gives

PM+1
ω−M−1a0

→ p(a0);
PM−N+1

aNωM+1

P2M+2
ω−M−1ωM+1

→ p(ωM+1)

p(ωM+1)
= 1. (10.140)

Thus (10.139) equals p(a0)Pa0a1 · · ·PaN−1aN , which by (3.30) equals P(B). We conclude that P1 = P
satisfies (10.103) and hence is a Gibbs measure.

146See e.g. Keller (1998), §5.4, Rassoul-Agha (2015), Example 7.21, or Brémaud (2020), Theorem 10.1.9.
147See Keller, Proof of Theorem 5.4.1.
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10.6 Large deviations and Fenchel duality for translation-invariant measures

We now extend Proposition 10.5 and the closely related duality (7.22) - (7.23) to infinite systems.
This is technically difficult and we just outline the main steps and ideas.148 In the next subsection
we then give a large deviations perspective on these results, generalizing Sanov’s theorem and
Cramér’s theorem to Gibbs measures. This theory has achieved a remarkable degree of perfection.

The relative entropy is a good place to start. In the context of ergodic theory (and Theorem 10.8
shows that Gibbs measures do fit this context), the original definition (7.16) - (7.17) is problematic
in view of Lemma 4.4: for if p in this definition is ergodic and q is T -invariant (or, in the Gibbs
context, Zd-invariant as we often assume), then Dq(p) is either zero (if q = p) or infinite (if q⊥ p).
Fortunately, this can be remedied by a limit construction, which also clarifies the relationship
between the relative entropy and the Kolmogorov–Sinai entropy.

For a general measure space (Ω,Σ) we fix a prior Q ∈ Prob(Ω); if Ω = AZd
(with Σ = F ) this

will initially be the prior Q = fZ
d

induced by the flat prior q = f on A, and later will be a Gibbs
measure. Since we need to vary–and therefore explicitly include–the σ -algebra Σ on which P and
Q are defined, we restore our original notation D(P‖Q), cf. (7.4), and add Σ as a suffix. Thus:

DΣ(P‖Q) :=
∫

Ω

dP log
(

dP
dQ

)

Σ

if P� Q on Σ; (10.141)

DΣ(P‖Q) := ∞ otherwise, (10.142)

where P and Q are defined on Σ, and also the Radon–Nikodym derivative dP/dQ is defined with
respect to Σ and hence must be measurable for Σ. For example, if Ω = AZd

(for finite A) and
Σ = FΛ, in which case we write DΛ for DFΛ

, for general Q ∈ Prob(AZd
) and P� Q we have

(
dP
dQ

)

FΛ

(ω) =
P([ω|Λ])
Q([ω|Λ])

; (10.143)

DΛ(P‖Q) = ∑
σ∈AΛ

P([σ ]) log
(

P([σ ])

Q([σ ])

)
, (10.144)

cf. (10.68) for [σ ], which also implies the notation [ω|Λ] = {ω ′ ∈ AZd | ω ′|Λ = ω|Λ} used here.

Exercise 76 Prove (10.143) from (10.69) and the definition of the Radon–Nikodym derivative149

And similarly for any measure space (Ω,Σ) whose underlying σ -algebra Σ is generated by a
finite (measurable) partition of Ω. And even in general, we may write:150

DΣ(P‖Q) = sup
Π

∑
U∈Π

P(U) log
(

P(U)

Q(U)

)
, (10.145)

where the supremum is taken over all finite Σ-measurable partitions Π of Ω. Compare (2.57)!
Of course, for fixed Σ this refined relative entropy has the properties stated in Proposition

5.1.1. and is lsc, but it now acquires an additional monotonicity property if we vary Σ:

Proposition 10.11 If Σ1 ⊂ Σ2 are σ -algebras on Ω, then DΣ1(P‖Q)≤ DΣ2(P‖Q).

148Details may be found in Keller (1998), Chapter 5; Ruelle (2004), Introduction and Chapters 3 and 4; Gerorgii
(2011), Chapter 15; Rassoul-Agha (2015), Chapters 7 and 8.

149See footnote 54.
150See Georgii (2011), §15.1.
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Since DΣ will be a negative entropy, see eg. (10.153) below, and/or its earlier (and also later)
identification as a rate function, and Σ1 ⊂ Σ2 means that the information in Σ2 is finer (greater)
than the information in Σ1 (think of the extreme case Σ1 = {Ω, /0}), this proposition states that the
entropy of less information is greater than entropy of more information, as expected.

Exercise 77 Before proving this proposition and applying it to statistical mechanics, let us show
its power in a different context, namely the one discussed at the end of chapter 7. So let

Ω = A = B×C, (10.146)

for finite sets B and C for simplicity, let Σ1 consist of all sets ∆×C, where ∆ ⊂ B, and let Σ2 =
P(Ω). Thus Σ1 is the coarsest σ -algebra on Ω that makes all functions that just depend on the
first coordinate b∈B measurable, where Σ2 makes all functions on Ω measurable. Let p∈ Prob(A)
have marginals r ∈ Prob(B) and s ∈ Prob(C), see (7.35), and likewise let q ≡ p′ ∈ Prob(A) have
marginals r′ ∈ Prob(B) and s′ ∈ Prob(C). Suppose that p� q.

1. Explain the relationship between p restricted to Σ1 and r (and likewise for p′ and r′).

2. Show that (d p/d p′)Σ1 = π∗1 (dr/dr′)P(B), where π1 : B×C→ B is projection onto the first
coordinate, and hence for g : B→ R the pullback π∗1 g : B×C→ R is just π∗1 g(b,c) = g(b).

3. Infer that DP(B)(r‖r′)≤ DP(B×C)(p‖p′), or D(PX‖QX)≤ D(PX ,Y‖QX ,Y ), cf. (7.38).

4. Prove this property also without invoking Proposition 10.11.

Proof of Proposition 10.11. The proof relies on switching between dP/dQ defined with respect to
Σ2 and w.r.t. Σ1. Denoting the former by ν2 and the latter by ρ1, they are related by

ρ1 = EQ(ρ2 | Σ1), (10.147)

as can be checked from the definitions of the Radon–Nikodym derivative and the conditional
expectation, cf. footnote 54 and (4.24), respectively. Eq. (10.147) leads to the identity

DΣ1(P‖Q) = 〈ϕ(ρ1)〉Q = 〈ϕ ◦EQ(ρ2 | Σ1)〉Q, (10.148)

in terms of the (strictly) convex function ϕ(x) = x logx. Jensen for conditional expectations gives

〈ϕ ◦EQ(ρ2 | Σ1)〉Q ≤ 〈EQ(ϕ ◦ρ2 | Σ1)〉Q = 〈ϕ(ρ2)〉Q = DΣ2(P‖Q), (10.149)

where we used (4.24). �

Exercise 78 Show that (10.143) satisfies (10.147) with Σ1 = FΛ1 and Σ2 = FΛ2 for Λ1 ⊂ Λ2.

We now relate this to the Kolmogorov-style entropies for dynamical systems defined in §2, we
first generalize the latter to Zd-actions T on the given space Ω, assuming P to be Zd-invariant.151

Given a partition π = {Ua,a ∈ A} of X , cf. (2.28), for any finite sublattice Λ⊂ Zd , e.g. the rectan-
gles ΛN in (10.63), instead of (2.30) we now refine π to

π
Λ = {Uσ ,σ ∈ AΛ}; Uσ :=

⋂

x∈Λ

T−xUσx . (10.150)

151Using the letter T may be confusing but actually clarifies the analogy. Seen as a name of a Zd-action on Ω (called
X in §2), we have a measurable map T : Zd×Ω→Ω satisfying the axioms of a group action; we write xω for T (x,ω).
If T : X→ X is a map as in §2, now written T : Ω→Ω, and T is invertible, the ensuing Z-action is given by xω = T xω .
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In d = 1, Λ = {0, . . . ,N−1} reproduces (2.30). On the other hand, take Ω = AZd
with Zd-action

(xω)y = ωx+y, (10.151)

and take π to be the “canonical” partition of AZd
with elements

Ua = {ω ∈ AZd | ω0 = a}. (10.152)

If we write DΛ(P)≡ DFΛ
(P‖ fZ

d
), it follows from (2.35) and (10.141) that

DΛ(P) =−HP(π
Λ)+ |Λ| log |A|, (10.153)

cf. (1.28). To see this, note that the elements of πΛ consist of the cylinder sets

[σ ] = {ω ∈ AZd | ω|Λ = σ}, (10.154)

where σ runs through AΛ, so that

HP(π
Λ) =− ∑

σ∈AΛ

P([σ ]) logP([σ ]). (10.155)

The Radon–Nikodym derivative in (10.141) by definition must be FΛ-measurable and satisfy

P(B) =
∫

B
dQ(ω)

dP
dQ

(ω), (10.156)

for any B ∈FΛ, i.e. for any cylinder set [σ ] as in (10.154). By (10.143), for Q = fZ
d

this equals

dP
dQ

(ω) =
P([ω|Λ])
Q([ω|Λ])

= |A||Λ|P([ω|Λ]), (10.157)

cf. (10.143). Since P� fZ
d

for any P, we may use (10.141). Since P is defined on FΛ, we obtain:

DΛ(P) =
∫

Ω

dP(ω) log
(
|A||Λ|P([ω|Λ])

)
= |Λ| log |A|+

∫

Ω

dP(ω) logP([ω|Λ])

= |Λ| log |A|+ ∑
σ∈AΛ

P([σ ]) logP([σ ]) = |Λ| log |A|−HP(π
Λ). (10.158)

This is just (10.153) and closes our intermezzo on Kolmogorov’s entropy, although the following
lemma (on our way to the thermodynamic limit) is similar to Kolmogorov’s inequality (2.46).152

Lemma 10.12 For Ω = AZd
, P ∈ Prob(Ω), any prior Q = qZ

d
, and any finite Λ1,Λ2 ⊂ Zd one has

DΛ1(P‖Q)+DΛ2(P‖Q)≤ DΛ1∪Λ2(P‖Q)+DΛ1∩Λ2(P‖Q). (10.159)

Exercise 79 Prove this lemma.

This lemma (with Λ1∩Λ2 = /0) makes the following adaptation of Fekete’s lemma relevant:153

152We follow Georgii (2011), Proposition (15.10).
153Lemma 2.2 has the inequality in the opposite direction and has an infimum where Lemma 10.13 has a supremum.

Indeed, the former applies to the Kolmogorov–Sinai entropy, which is the negative of the relative entropy to which the
latter applies, cf. (10.153).
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Lemma 10.13 Suppose we have numbers aΛ ∈ [0,∞] indexed by rectangles Λ ⊂ Zd , i.e. finite
sublattices of the form Λ = ∏

d
i=1[mi,ni] with mi,ni ∈ Z (and intervals taken in Z), that:

1. satisfy aΛ1 +aΛ2 ≤ aΛ1+Λ2 whenever Λ1∩Λ2 = /0;

2. are translation-invariant in the sense that aΛ+x = aΛ for all x ∈ Zd .

Then limN→∞ aΛN/|ΛN | exists in [0,∞], and equals supΛ aΛ/|Λ|, taken over all rectangles.154

Proof.155 Take C < supΛ aΛ/|Λ|, so there exists some Λ such that aΛ/|Λ| > C. For given N, fill
ΛN with as many translates of Λ as possible, say kN copies, so that

lim
N→∞
|ΛN |/kN |Λ|= 1. (10.160)

Using this property, iterating properties 1 and 2, and the property kN |Λ| ≤ |ΛN | then gives

sup
Λ

aΛ

|Λ| ≥ lim inf
N→∞

aΛN

|ΛN |
= lim inf

N→∞

aΛN

kN |ΛN |
≥ aΛ

|Λ| >C. (10.161)

Letting C→ supΛ aΛ/|Λ| gives liminfN→∞

aΛN
|ΛN | = supΛ

aΛ

|Λ| , and trivially we also have

lim sup
N→∞

aΛN

|ΛN |
≤ sup

Λ

aΛ

|Λ| ; lim sup
N→∞

aΛN

|ΛN |
≥ lim inf

N→∞

aΛN

|ΛN |
= sup

Λ

aΛ

|Λ| . (10.162)

Hence liminfN→∞

aΛN
|ΛN | and limsupN→∞

aΛN
|ΛN | both equal supΛ

aΛ

|Λ| ; hence they are equal to each other,

so that limN→∞

aΛN
|ΛN | exists and equals their common value supΛ

aΛ

|Λ| . �

Proposition 10.14 For Q = qZ
d

and any translation-invariant P ∈ ProbZ
d
(AZd

) the expression

dQ(P) := lim
N→∞

DΛN (P‖Q)

|ΛN |
(10.163)

exists and equals the supremum of DΛ(P‖Q)/|Λ| over all rectangles Λ. Furthermore:

1. The function P 7→ dQ(P) is lsc and affine.

2. For any c≥ 0 the level sets {P ∈ ProbZ
d
(AZd

) | dQ(P)≤ c are compact.

We call dQ(P) the mean relative entropy (over the lattice Zd). So far we defined it only for
translation-invariant probability measures P ∈ ProbZ

d
(AZd

), but if necessary dQ may be extended
to all P ∈ Prob(AZd

) or even all P ∈C(AZd
)∗ by complementing (10.163) with

dQ(P) = ∞; (P /∈ ProbZ
d
(AZd

)). (10.164)

The existence of the limit in (10.163) follows at once from Lemmas 10.12 and 10.13. The limit
function dQ(·) being lsc follows from the fact each approximant is lsc and the limit being a supre-
mum. This property remains valid if we add (10.164). It is surprising, however, that dQ(·) is not
just convex, like its approximants, but even affine.

Exercise 80 Prove concavity of P 7→ dQ(P). (i.e. the oppositie inequality to convexity).

154See (10.63) for the definition of the special rectangles ΛN .
155See Rassoul-Agha, page 86, or Georgii (2011), Lemma (15.11).
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We omit the technical proof that its level sets are compact.156 �

The function dQ appears as the rate function in a version of Sanov’s theorem.157 This originally
applied to the case Ω = AN, cf. Theorem 7.3, and described large fluctuations of the empirical
measure (7.1), which lies in Prob(A). This is easily generalized to Ω = AZd

, in which case we put

LN(ω) =
1
|ΛN | ∑

x∈ΛN

δω(x), (10.165)

and for a given prior Q = qZ
d

we then have LN(ω)→ q for Q-a.e. ω ∈Ω, weakly in Prob(A). The
function Dq is then the rate function for large fluctuations of LN around its limit value q.

A LDP for probability measures on AZd
instead of A starts from the empirical field

RN(ω) :=
1
|ΛN | ∑

x∈ΛN

δω◦θx , (10.166)

where (ω ◦ θx)y := ωx+y, cf. (10.72), which takes values in Prob(Ω). Since the Zd-action on
Ω = AZd

is ergodic, if A is compact (so that Ω is compact in its canonical product topology) the
(generalized) ergodic theorem (10.119) then gives weakly for qZ

d
-a.e. ω ∈Ω,

lim
N→∞

RN(ω) = qZ
d
. (10.167)

Unfortunately, RN(ω) depends on values of ω outside ΛN and hence is not FΛN -measurable.
Moreover, it is not translation invariant. Both issues are remedied at one stroke, as follows.

First, restrict ω to ΛN and then extend ω|ΛN : ΛN → A from ΛN to all of Zd by making it
periodic: that is, we fill up Zd with copies of ΛN by writing z = (z1, . . . ,zd) ∈ Zd uniquely as
z = x+ y with x ∈ ΛN and yi = ki · (2N +1) for i = 1, . . . ,d and ki ∈ Z, and defining

ωN(z) := ω(x). (10.168)

This only depends on ω|ΛN and hence gives the duly FΛN -measurable periodized empirical field

R̃N(ω) :=
1
|ΛN | ∑

x∈ΛN

δωN◦θx . (10.169)

By the Portmanteau theorem, PN → P weakly in Prob(Ω) iff PN(B)→ P(B) in R for any cylinder
set B ∈FΛ (see footnote 139). Since |RN(ω)(B)− R̃N(ω)(B)| → 0,158 eq. (10.167) gives

lim
N→∞

R̃N(ω) = qZ
d
. (10.170)

We are now in a position to state Sanov’s theorem for lattices (where A is Polish):159

Theorem 10.15 The periodized empirical field (10.169) on Ω = AZd
with a prior Q = qZ

d ∈
Prob(Ω) for some q ∈ Prob(A), satisfies a LDP with tight rate function I = dQ.

156See Georgii (2011), Proposition (15.14), or Rassoul-Agha, Proposition 6.8.
157We follow Rassoul-Agha, Theorem 6.13. The result is valid for general Polish spaces A (keep finite A in mind).
158If B∈FΛ then, since ω(x+y) = ωN(x+y) whenever x+y∈ΛN , for fixed x∈ΛN we have δω◦θx(B) = δωN◦θx(B)

provided x+ y ∈ ΛN for all y ∈ Λ. The points x ∈ ΛN for which this fails (i.e. for which there is some y ∈ Λ for which
x+ y /∈ ΛN ) mus lie within a distance diam(Λ) of the boundary of ΛN and hence the number of such points divided by
|ΛN | goes to zero as N→ ∞. The ensuing convergence |RN(ω)(B)→ R̃N(ω)(B)| → 0 is even uniform in ω .

159The ergodic theorem leading to (10.167) and (10.170) require A to be compact, but Theorem 10.15 does not.
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We omit the proof, which is very lengthy even by the standards of large deviation theory.160

Our next job is the construction of an infinite-volume limit of the pressure for some potential
Φ, see Definition 10.4 (we have included translation invariance in the definition).

Proposition 10.16 For a general prior Q = qZ
d

and β ∈ R, the pressure defined by

πq(βΦ) := lim
N→∞

1
|ΛN |

logZη

ΛN ,q(β ); (10.171)

Zη

Λ,q(β ) :=
〈

e−βHη

Λ

〉
Q
= ∑

σ∈AΛ

qΛ(σ)e−βHη

Λ
(σ), (10.172)

where Hη

Λ
in (10.98), exists, is finite, and is independent of the boundary condition η ∈Ω.

Here free boundary conditions, with Hamiltonian (10.74), are included. See also (8.6) and (10.99),
and (10.79). For a flat prior q = f one usually omits qΛ(σ) = |A|−|Λ| from (10.172), so that

π(βΦ) := lim
N→∞

1
|ΛN |

log ∑
σ∈AΛN

e−βHη

ΛN
(σ)

= π f (βΦ)+ log |A|. (10.173)

Proof. We prove this proposition for pair potentials with finite range and free boundary conditions;
the general case involves some more limiting arguments but is based on the same idea.161 Thus

HΛ(σ) = ∑
x∈Λ

Φ{x}(σx)+ ∑
y∈Λ,‖x−y‖≤R

Φ{x,y}(σx,σy), (10.174)

where R < ∞, ‖ · ‖ is any norm on Rd (restricted to Zd), and Φ{x,y} depends on x− y only (since
Φ is translation-invariant). In particular, the sum in (10.73) is finite and the Ising model (10.75)
clearly falls within this class. For simplicity we put β = 1 and take the flat prior, so that we use

HΛ = ∑
M⊂Λ

ΦM; ZΛ = ∑
σ∈AΛ

e−HΛ(σ); π(Φ) = lim
N→∞

1
|ΛN |

logZΛN . (10.175)

Take N ∈ N∗ and the ensuing cube ΛN , see (10.63), so that |ΛN | = (2N + 1)d . Then for any
n ∈N∗ pick n disjoint cubes Ck(N) = ∏

d
i=1[mi,ni] (k = 1, . . . ,n), with equal sides ni−mi = 2N+1

for each i = 1, . . . ,d. Their union ∪n
k=1Ck(N) has volume |∪n

k=1 Ck(N)|= n(2N +1)d . Then

lim
N→∞

(
1
|ΛN |

logZΛN −
1

|∪n
k=1 Ck(N)| logZ∪n

k=1Ck(N)

)
= 0, (10.176)

uniformly in n. For N1,N2 ∈N∗ the region ΛN1N2 consists of n1 = Nd
2 copies of ΛN1 , suitably trans-

lated to become disjoint (and similarly it consists of n2 = Nd
1 copies of ΛN2). Since convergence

in (10.176) is uniform in n, for any ε > 0 can find N0 such that for all N1 ≥ N0 and any (fixed) N2,
∣∣∣∣

1
|ΛN1 |

logZΛN1
− 1
|ΛN1N2 |

logZΛN1N2

∣∣∣∣< ε/2, (10.177)

160See Georgii (2011), Theorem (15.45) or Rassoul-Agha, Theorem 6.13. We follow the former in stating the theorem
just for the periodized empirical field and not for the empirical field (10.166). The latter states it for both RN and R̃N
using the same rate function dQ defined by (10.163) - (10.164), but this is suspicious for RN , since the samples RN(ω)

are not translation invariant. Although the limit measure qZ
d

is translation invariant, fluctuations around this limit for
finite N need not be, and yet dQ gives these zero probability because of (10.164). This is only appropriate for R̃N , since
each sample R̃N(ω) is translation invariant and hence R̃N cannot fluctuate into non-translation invariant measures.

161We follow Dorlas (2021), based on unpublished lectures by N.M. Hugenholtz (in which however the factor Rd in
(10.182) is missing). See Ruelle (2004), Theorem 3.4, Georgii (2011), Theorem (15.30), or Rassoul-Agha, Proposition
6.14, for the general case. The special case of the Ising model is also instructive, see Friedli & Velenik (2018), §3.2.1.
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and likewise with N1 and N2 swapped. By a standard ε/2 argument, for N1,N2 ≥ N0,
∣∣∣∣

1
|ΛN1 |

logZΛN1
− 1
|ΛN2 |

logZΛN2

∣∣∣∣< ε. (10.178)

Exercise 81 Prove this.

Hence (|ΛN |−1 logZΛN )N is a Cauchy sequence in R, which must converge, namely to π(Φ).
It remains to prove (10.176). The idea is that the boundary interactions between the cubes in

the union ∪n
k=1Ck(N) divided by the volume vanish in the limit, whilst the interactions within the

cubes cancel the first term in (10.176). To make this precise, we decompose the energy as

H∪n
k=1Ck(N)(σ) =

n

∑
k=1

HCk(N)(σ)+
n

∑
k,l=1,l 6=k

Ikl(σ); (10.179)

Ikl(σ) = ∑
x∈Ck(N),y∈Cl(N),‖x−y‖≤R

Φ{x,y}(σx,σy). (10.180)

Recalling that Φ{x,y} depends on ‖x− y‖ only, the finite expression

M(x) := ∑
y∈Zd ,‖x−y‖≤R

max
σxσy∈A

{|Φ{x,y}(σx,σy)|} (10.181)

in fact does not depend on x, so M(x) = M. For fixed k, now count the number of pairs (x,y)
for which x ∈Ck(N) and ‖x− y‖ ≤ R, so that certainly all y ∈Cl(N), l 6= k with ‖x− y‖ ≤ R are
included, as required by (10.179) - (10.180). For simplicity assume R∈N. For any cube CL whose
sides have length L� R there are at most Ld− (L−2R)d points x ∈CL within a distance R from
the boundary of CL; the others cannot interact with points outside CL. Each of the former points
can interact with at most Rd points y /∈CL. With L = 2N +1 in our case, this implies the bound.

∣∣∣∣∣
n

∑
l=1,l 6=k

Ikl(σ)

∣∣∣∣∣≤ Rd(Ld− (L−2R)d)M. (10.182)

Using the inequality Ld− (L−2R)d ≤ 2dRLd−1, this gives
∣∣∣∣∣

n

∑
k,l=1,l 6=k

Ikl(σ)

∣∣∣∣∣≤ 2ndRd+1(2N +1)d−1M. (10.183)

Furthermore, translation invariance gives

∑
σ∈A∪

n
k=1Ck(N)

e−∑
n
k=1 HCk(N)(σ) = (ZΛN )

n. (10.184)

Exercise 82 Prove this.

Combining all of this, and recalling that

|∪n
k=1 Ck(N)|= n(2N +1)d = n|ΛN |, (10.185)

we obtain ∣∣∣∣
1
|ΛN |

logZΛN −
1

|∪n
k=1 Ck(N)| logZ∪n

k=1Ck(N)

∣∣∣∣≤
2dRd+1M

2N +1
, (10.186)
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since the n in (10.183) cancels the n in (10.185) whilst the (2N+1)d−1 in (10.183) combines with
the (2N +1)d in (10.185) to leave the factor (2N +1)−1 in (10.186). This proves (10.176). �

Having infinite-volume versions of the entropy and pressure, respectively, we also seek an
infinite-volume version of the Fenchel duality (7.22) - (7.23). The main issue is to figure out the
infinite-volume analogue of the term 〈 f 〉P in (7.23), and its relationship to Φ. To this end, define

fΦ : Ω→ R; fΦ := ∑
0∈M⊂Zd

ΦM

|M| , (10.187)

where M is finite. For example, for the Ising model (10.75) we have

fΦ(σ) =−J ∑
x∈Zd ,‖x‖1=1

σxσ0−Bσ0. (10.188)

For any P ∈ ProbZ
d
(AZd

) and boundary condition η ∈Ω (including η = free) we then have:162

〈 fΦ〉P = lim
N→∞

1
|ΛN |
〈Hη

ΛN
〉P, (10.189)

Thus fΦ is the average energy per site, as already suggested by the definition. Confusingly, this
object leads some authors to define the local Hamiltonians with free boundary conditions by

H ′Λ := ∑
x∈Λ

fΦ ◦θx, (10.190)

cf. (10.72), which may not coincide with (10.74), although for the Ising model it does. However,163

lim
N→∞

1
|Λ|‖H

η

ΛN
−H ′ΛN

‖∞ = 0, (10.191)

and hence in studying the energy as N→∞ one may use any expression; this is the key to (10.189).
Similarly, using fΦ instead of Φ gives rise to an alternative versions of the pressure, namely

π
′
q( f ) := lim

N→∞

1
|ΛN |

logZ′ΛN ,q( f ); (10.192)

Z′Λ,q( f ) :=
〈

e∑x∈Λ f◦θx
〉

Q
= ∑

σ∈AΛ

qΛ(σ)e∑x∈Λ f◦θx(σ). (10.193)

where f ∈Cb(Ω) (i.e. f ∈C(Ω) if Ω is compact). Fortunately, it can be shown that

πq(Φ) = π
′
q(− fΦ). (10.194)

We return to Fenchel duality.164 In terms of the pressure π ′q, a version close to (7.22) - (7.23) is

dQ(P) = sup
f∈C(Ω)

{〈 f 〉P−π
′
q( f )}; (10.195)

π
′
q( f ) = sup

P∈ProbZ
d
(Ω)

{〈 f 〉P−dQ(P)}, (10.196)

162See Georgii (2011), Theorem (15.23). This is even true for sequences (ηN) of boundary conditions.
163See Rassoul-Agha, Lemma 8.2, for a more detailed statement and proof of (10.191).
164Here we assume that A is finite, in which case f : Ω→ R is continuous iff it is quasi-local, i.e., a sup-norm-limit

of local functions, which in turn are defined as the functions f that are FΛ-measurable for some finite Λ⊂ Zd , which
is the case if f = π∗

Λ
fΛ for some fΛ : ΩΛ→ R (so that f (ω) only depends on ω|Λ); local functions are continuous.
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where recall that dQ(P) has only been defined for translation-invariant probabilities P∈ProbZ
d
(Ω),

cf. Proposition 10.14, where evidently also Q= qZ
d ∈ ProbZ

d
(Ω) for any prior q∈ Prob(A). Hence

πq(βΦ) =− inf
P∈ProbZ

d
(Ω)

{β 〈 fΦ〉P +dQ(P)}; (10.197)

or, in terms of the entropy s(P) :=−d fZd (P) and the free energy f (T ) =−T π f (Φ/T ) and T > 0,

f (T ) = inf
P∈ProbZ

d
(Ω)

{〈 fΦ〉P−T s(P)}. (10.198)

Proof of (10.195) - (10.196). These imply all other versions. The key is Corollary 9.6, in which
we replace N by Zd and hence N by |ΛN | as appropriate, and take X =C(Ω)∗ with closed convex
subspace ProbZ

d
(Ω), and Y =C(Ω). The underlying LDP comes from Theorem 10.15 and we do

not need to assume (9.27) since we already proved that the pressure exists. Moreover, we note that

∑
x∈ΛN

f ◦θx = |ΛN |〈 f 〉RN , (10.199)

so that the partition function (10.193) may be rewritten accordingly:

Z′ΛN ,q( f ) =
〈

e∑x∈ΛN f◦θx
〉

qZd =
〈

e|ΛN |〈 f 〉RN

〉
qΛN

=
∫

Prob(Ω)
dPN(x)e|ΛN |〈y,x〉, (10.200)

where PN is the probability measure on Prob(Ω) induced by RN : Ω→ Prob(Ω) and furthermore

qZ
d ∈ Prob(Ω); y = fΦ ∈C(Ω); x = RN ; 〈y,x〉= 〈y〉x. (10.201)

To complete the justification for invoking Corollary 9.6, we resolve the tension between Theorem
10.15 using the periodized empirical field R̃N , whereas the definition of the pressure (10.172) with
(10.199) uses the empirical field RN . The argument between (10.169) and (10.170) implies that

π
′
q( f ) = lim

N→∞

1
|ΛN |

log
〈

e∑x∈Λ f◦θx
〉

Q
= lim

N→∞

1
|ΛN |

log
〈

e|ΛN |〈 f 〉RN

〉
Q

= lim
N→∞

1
|ΛN |

log
〈

e|ΛN |〈 f 〉R̃N

〉
Q
, (10.202)

so that in (10.200) we may replace RN by R̃N , and in its wake replace PN by the probability measure
P̃N on Prob(Ω) induced by R̃N : Ω→ Prob(Ω). Thus (10.195) - (10.196) is a special case of the
dual pair I = Π∗ and Π = I∗ in Corollary 9.6, with I = dQ and Π = π ′q. �

10.7 Large deviations and variational principle for Gibbs measures

In this section our goal is to explain the remarkable relationships between the topics in the title; we
omit most proofs.165 To be on the safe side we assume that A is compact and metrizable,166 and
as usual we write Ω = AZd

, as well as ProbZ
d
(Ω) for the (compact convex) space of translation-

invariant probability measure on Ω (in the weak topology). Also, G (βΦ) is the (convex compact)

165The Bibliographical Notes to Chapter 15 of Georgii (2011) contain credits for these results. Briefly, the key
variational principle is due to Dobrushin and to Lanford & Ruelle, whereas the large deviation results originate with
Lanford, Ellis, and others, including also Georgii (1993) himself. References for this chapter are Keller (1998), Ruelle
(2004), Georgii (2011), and Rassoul-Agha (2015).

166Most results are valid for more general Polish spaces, or even more generally, see especially Georgii (1993, 2011).
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set of all (global) Gibbs states for given potential Φ at inverse temperature β , based on the flat prior
Q = fZ

d
(the results are easily generalized to more general priors Q = qZ

d
, though). The structure

of this set was outlined in Theorem 10.8. In particular, the unique Gibbs measure Pfree
β

from part
1 of Theorem 10.8 is translation invariant and plays the role of a reference Gibbs measure.167

The following equivalence of quite different things is one of the main results of the theory.168

Theorem 10.17 Let P ∈ ProbZ
d
(Ω). The following statements are equivalent:

1. P ∈ G (βΦ).

2. P attains the infimum in (10.197), so that, in terms of the entropy s(P) :=−d fZd (P),

π f (βΦ) =−β 〈 fΦ〉P + s(P). (10.203)

3. d(P‖Pfree
β

) = 0.

4. d(P‖Pβ ) = 0 for all translation-invariant Gibbs measures Pβ ∈ G Zd
(βΦ).

This theorem is an infinite-volume version of Proposition 10.5, with the vast difference that in
finite volume the (local) Gibbs measure for free boundary conditions is unique; each different
boundary condition comes with its own version of Proposition 10.5. In infinite volume (global)
Gibbs measures need not be unique, but according to the above theorem they all lead to the same
pressure (as we had already seen), and, perhaps more unexpectedly, they all have zero mean rela-
tive entropy “distance” to the reference Gibbs measure Pfree

β
. More generally, it can be shown that

d(P‖Pβ ) =−s(P)+β 〈 fΦ〉P +π f (βΦ), (10.204)

for any P ∈ ProbZ
d
(Ω) and translation-invariant Gibbs measure Pβ ∈ G (βΦ), for some given

potential Φ. Since the right-hand side of (10.204) is independent of the choice of Pβ ∈ G (βΦ),
the equivalence between statements 2 and 4 in Theorem 10.17 already follows. We also see that

d(P′
β
‖Pβ ) = 0 (10.205)

for any two translation-invariant Gibbes measures (as always, defined for the same potential Φ).
Eq. (10.204) follows from the finite-volume case plus limiting arguments.169 For simplicity

we take Pβ = Pfree
β

. Using (10.101), (10.141), (10.144), and (10.74), for finite Λ⊂ Zd we have

DΛ(P‖Pfree
β

) =−SΛ(P)+β 〈Hfree
Λ 〉PΛ

+ logZfree
Λ (β ), (10.206)

where for σ ∈ AΛ we put

PΛ(σ) := P([σ ]); SΛ(P) :=− ∑
σ∈AΛ

PΛ(σ) logPΛ(σ). (10.207)

Using (10.189), (10.194), (10.172), and of course Proposition 10.14, we obtain (10.204).

Exercise 83 Prove (10.206).

167It may or may not be the only element of G (βΦ).
168See Ruelle (2004), Theorem 4.2; Rassoul-Agha, page 127; Georgii (2011), Theorems (15.30) and (15.39).
169See Rassoul-Agha, Theorem 8.3.
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We now turn to large deviations, first of the periodized empirical field R̃N , and then of the
energy. Theorem 10.15 describes the fluctuations of R̃N against a prior (and hence limit value)
Q = qZ

d
. Continuing the story (10.204), using a Gibbs measure as prior (etc.) similarly gives:170

Theorem 10.18 For any prior Pβ ∈ G Zd
(βΦ), the periodized empirical field (10.169) satisfies a

LDP with tight rate function I(P) = d(P‖Pβ ); this function is the same for all Pβ ∈ G Zd
(βΦ).

The last claim is evident from (10.204), according to which we could equivalently have defined

I(P) =−s(P)+β 〈 fΦ〉P +π f (βΦ). (10.208)

This shows that whereas for a flat prior Q = fZ
d

the rate function was essentially minus the Shan-
non entropy s(P), changing the prior to a Gibbs measure Q = Pβ induces some extra terms that
are of course determined by the potential Φ, like Pβ itself. The zeroes of I(P) form the compact
convex space G Zd

(βΦ) of translation-invariant Gibbs measures, which may be degenerate.
Using the contraction principle (Theorem 9.4) we also obtain a LDP for the energy.171 Com-

pared to Cramér’s Theorem 8.1, the random variables SN in (1.36) and (8.1) are now replaced by

hN :=
Hη

ΛN

|ΛN |
, (10.209)

see (10.98), although because of (10.189) the functions hN = fΦ give the same result.

Theorem 10.19 For any prior Pβ ∈ G Zd
(βΦ), the energies (hN) satisfy a LDP with rate function

IE : R→ [0,∞]; IE(u) = inf{I(P), P ∈ ProbZ
d
(Ω) | 〈 fΦ〉P = u}, (10.210)

with IE(u) = ∞ if no P exists with 〈 fΦ〉P = u. Furthermore, IE is convex and tight, and we have

IE(u) = sup
t∈R
{tx−π f ((β − t)Φ)}+π f (βΦ) =− inf

t∈R
{π f (tΦ)+ tu}+βu+π f (βΦ). (10.211)

Finally, the unique zero of IE lies at u = 〈 fΦ〉Pβ
.

This is similar to Proposition 10.2 and Exercise 71, and similar comments apply: we may rewrite

IE(u) = sβ (u)− seq(u); sβ (u) = seq(u(β ))+β (u−u(β )), (10.212)

where seq(u) is the first term on the right-hand side of (10.211), identified with the equilibrium
entropy at a temperature β (u) uniquely determined by u via

〈 fΦ〉Pβ (u) = u, (10.213)

whilst
seq(u(β )) = π f (βΦ)+β 〈 fΦ〉Pβ

, (10.214)

cf. (10.203), in which we write 〈 fΦ〉Pβ
= u(β ); in contrast with (10.213), this time the energy u(β )

is determined by the inverse temperature β , rather than the other way round. Thus

IE(u(β )) = 0, (10.215)

170See Georgii (2011), Theorem (15.45), for a proof.
171Theorem 10.19 is a special case of Corollary (15.48) in Georgii (2011).
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confirming the last claim in Theorem 10.19. All in all, we may interpret −IE = seq− sβ as a
nonequilibrium entropy, normalized so that it vanishes at the equilibrium (energy) value of its
argument, given the background Gibbs measure at given T−1 = β .

We close this chapter with a very general and powerful large deviation result, due to Kifer
(1990). Here (Ω,F ,Q) is a probability space, X is a compact metric space, and

ζN : Ω→ Prob(X) (10.216)

is a sequence of random variables. Here one may think of the following special cases:

• Ω = AN, X = A, and ζN = LN (the empirical measure), see (5.1);

• X = Ω = AZd
and ζN = RN , as in (10.166), or ζN = R̃N as in (10.169);

• X = Ω with continuous (or Borel) map T : X → X and the occupational measure, cf. (4.29),

ζN(x) :=
1
N

N−1

∑
n=0

δT nx. (10.217)

For any f ∈C(X) one then defines the partition function and pressure by

ZN( f ) :=
〈

erN〈 f 〉ζN

〉
Q
=
∫

Ω

dQ(ω)erN
∫

X dζN(ω) f ; (10.218)

πQ( f ) := lim
N→∞

1
rN

logZN( f ), (10.219)

where rN is a suitable rate like rN =N or rN = |ΛN |, and the existence of the limit must be assumed:

Theorem 10.20 (Kifer) If the pressure (10.219) exists and is finite for each f ∈C(X), then:

1. The map f 7→ π( f ) is convex and continuous from C(X) with sup-norm to R, and gives rise
to a Fenchel dual pair (in which the conjugate IQ : Prob(X)→ [0,∞] is convex and lsc):

IQ(P) = sup
f∈C(X)

{〈 f 〉P−πQ( f )}; (10.220)

πQ( f ) = sup
P∈Prob(X)

{〈 f 〉P− IQ(P)}. (10.221)

2. The LDP upper bound (9.1) holds with rate function (10.220), that is, for closed F ⊂
Prob(X),

lim sup
N→∞

1
rN

logQ(ζN ∈ F)≤−I(F). (10.222)

3. Under further assumptions the corresponding lower LDP bound (9.2) also holds.172

Proof. We just prove the fairly easy upper bound.173 The case I(F) ≤ 0 is trivial, since the left-
hand side of (10.222) is ≤ 0. Suppose 0 < I(F)< ∞. Pick ε > 0. Then

F ⊂ {P ∈ Prob(X) | IQ(P)> IQ(F)− ε}=
⋃

f∈C(X)

Γε( f ). (10.223)

172These assumptions are: there exists a countable set of functions ( fn) in C(X) with dense linear span S, each with
‖ fn‖∞ = 1, such that any element f ∈ S gives rise to a unique P ∈ Prob(X) for which the supremum in (10.221) is
attained (such a probability measure may be called an equilibrium state for f ).

173We follow Kifer (1990). His proof of the lower bound is prohibitively difficult and unsuitable for a course.
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Exercise 84 Prove this.

Hence the open sets Γε( f ) cover F , and since F (being a closed subset of the weakly compact set
Prob(X)) is compact, it has a finite subcover (Γε( fa))a∈A. Using (10.223) and (8.76) gives

Q(ζN ∈ F)≤ ∑
a∈A

Q(Zn ∈ Γε( fa)) = ∑
a∈A

Q({ζN ∈ Prob(X) | 〈 fa〉ζN > πQ( fa)+ IQ(F)− ε})

≤ ∑
a∈A

e−rN(πQ( fa)+IQ(F)−ε)〈erN〈 fa〉ζN 〉Q = e−rN(IQ(F)−ε)
∑
a∈A

e−rNπQ( fa)ZN( fa). (10.224)

Taking (1/rN) times the logarithm of this inequality and taking limsupN→∞ makes the very last
two terms cancel in view of (10.221), leaving −(IQ(F)− ε). Letting ε → 0 then gives (10.222).

The case I(F) = ∞ is similar; instead of Γε( f ) we now take

Γ
N( f ) := {P ∈ Prob(X) | 〈 f 〉P−πQ( f )> N}, (10.225)

and likewise show that F ⊂⋃ f∈C(X) ΓN( f ). The same argument gives−N instead of−(IQ(F)−ε),
and so letting N→ ∞ gives limsupN→∞

1
rN

logQ(ζN ∈ F)≤−∞, hence =−∞. �

11 Thermodynamic formalism

The above theory is a special case of what is called thermodynamic formalism. The goal of this for-
malism is to unify statistical mechanics with the theory of dynamical systems, especially chaotic
ones. We already saw some such connections, especially via Kolmogorov’s approach to dynamical
systems and the ensuing concept of (Kolmogorov–Sinai) entropy, but the thermodynamic formal-
ism takes this a step further by defining entropy and pressure in a topological (as opposed to a
measure-theoretic) context. As in the case of statistical mechanics, these gives rise to a concept
equilibrium states via a variational principle.174 Although the theory works for general Zd-actions,
we here restrict ourselves to d = 1 and hence assume we have a topological space X , assumed to
be compact and metrizable to be on the safe side,175 and a continuous map T : X → X . This map
gives rise to a (semigroup) action N×X → X by (n,x) = T nx; if T is invertible (with continuous
inverse) this gives a (group) action Z×X → X , since in that case we may also take n < 0 (of
course, for subsets B⊂ X the set T−nB is defined also for non-invertible T ).

The first object is the topological entropy. This is defined like the Kolmogorov–Sinai entropy
(2.57), except that we now start with a finite open cover X =

⋃
aUa by sets

α = {Ua,a ∈ A} (11.1)

instead of a finite measurable partition of X ; and, for any open cover γ = {Ci, i ∈ I} of X (so that
X =

⋃
iCi), in the absence of some given probability measure P, simply assign the same probability

P(Ci) = 1/|γ| (11.2)

174Canonical texts include Keller (1998) and Ruelle (2004). Viana & Oliveira (2016) also contains an introduction.
The setting of statistical mechanics is recovered by taking X = Ω = AZd

, on which Zd acts by translation, cf. (10.114).
175Some technical arguments also require T to be expansive, in the sense that there exists δ > 0 such that if

d(T nx,T ny)≤ δ for all n, then x = y, where d is a metric on X (this is a step towards chaos).

107



to each element Ci of the cover.176 Thus parallel to (2.35), (2.49), and (2.57) we put

H(γ) :=−∑
C∈γ

P(C) logP(C) = log |γ|; (11.3)

h(α) := lim
N→∞

1
N

H(αN); h(X ,T ) := sup
α

h(α), (11.4)

where for given initial open cover γ the refinements γN are defined as in (2.43), and the supremum
is taken over all finite covers of X (the arguments for existence of the limit and the supremum are
practically the same as for the measure-theoretical case). The first key result, then, is

h(X ,T ) = sup
P∈Prob(X)

h(P,X ,T ), (11.5)

where h(P,X ,T ) is the Kolmogorov–Sinai entropy (2.57). This may be understood from the idea
that the flat probability measure (11.2) maximizes the entropy and hence cannot be improved upon.

We now define the topological pressure. For f ∈C(X) and any finite open cover (11.1), put

ZN( f ,α) := inf
γ⊂αN

{
∑
C∈γ

sup
x∈C

e∑
N−1
n=0 f (T nx)

}
; π( f ,α) := lim

N→∞

1
N

logZN( f ,α), (11.6)

where the infimum is taken over finite subcovers γ of αN . It then turns out that every sequence
(αn) of open covers whose diameter goes to zero as n→ ∞ has the same limit,177 so that we put

π(X ,T, f ) := lim
n→∞

π( f ,αn). (11.7)

This defines the topological pressure of X (as a topological space) relative to f ∈C(X). Note that

π(X ,T,0) = h(X ,T ), (11.8)

since ZN(0,α) = |αN |. Topological pressure and minus metric entropy are then Fenchel dual:

π(X ,T, f ) = sup
P∈ProbT (X)

{〈 f 〉P +h(X ,P,T )}; (11.9)

h(X ,P,T ) =− sup
f∈C(X)

{〈 f 〉P−π(X ,T, f )}= inf
f∈C(X)

{π(X ,T, f )−〈 f 〉P}, (11.10)

provided P 7→ h(X ,P,T ) is finite and usc on P ∈ ProbT (X). In (11.9) one may equivalently take
the supremum over the ergodic T -invariant probability measures only. Combined with (11.8), eq.
(11.5) is the special case f = 0 of (11.9). As in statistical mechanics, a measure P ∈ ProbT (X)
that attains the supremum in (11.9) is called an equilibrium state. Such states exist because X and
hence Prob(X) are compact; using some further assumptions one may even define Gibbs states.
Kifer’s Theorem 10.20 provides a large deviations perspective on the duality (11.9) -(11.10).

The example of a Markov chain in §10.5 also suggests vast generalizations.178 Any stochastic
process indexed by N or Z with a finite state space A, seen in the Kolmogorov representation,
defines a generalized one-dimensional spin system with local “Hamiltonians”

HF(σ) =− log pF(σ), (11.11)

176This assumes that α has no subcover of smaller cardinality. In general one should pass to such a minimal subcover
α ′ ⊂ α , and define H(α) = log |α ′|.

177The diameter of a finite cover is the supremum of the diameter of its elements, defined by the metric.
178See for example Beck & Schlögl (1993).
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cf. (3.16), where F ⊂ N (or Z) is finite; if we allow the value HF = ∞ this even makes sense if
pF(σ) = 0. One may also introduce a parameter β ∈ R and define new probabilities

pF,β (σ) :=
1

ZF(β )
e−βHF (σ); ZF(β ) := ∑

σ∈AF

e−βHF (σ). (11.12)

Introducing β may be a useful too in studying the probabilities pF and hence the overall probability
P ∈ Prob(AN); for example, letting β → 0 flattens the probability distribution, whereas for β →∞

only the largest probabilities (corresponding to the smallest values of HF ) survive. One then has
the entire formalism of thermodynamics at one’s disposal. This strategy turns out to be especially
useful in the study of (certain) chaotic dynamical systems.

12 Entropy and Kolmogorov randomness

Since entropy is closely related to randomness, it is no surprise that the most sophisticated concept
of randomness known to date, namely Kolmogorov randomness, aka algorithmic randomness, is
related to entropy.179 Kolmogorov’s problem (of which his new notion of randomness was sup-
posed to be a solution), which was noticed already by Laplace and perhaps even earlier proba-
bilists, was that, specializing to a 50-50 Bernoulli process for simplicity, any binary string σ of
length N has probability P(σ) = 2−N and any (infinite) binary sequence x has probability P(x) = 0,
although say σ = 0011010101110100 looks much more random than σ = 111111111111111. In
other words, their probabilities say little or nothing about the randomness of individual outcomes.

Imposing statistical properties helps but is not enough to guarantee randomness. We first
explain this in base 10. We call a real number x ∈ [0,1] Borel normal if in its decimal expansion

x = lim
N→∞

N

∑
n=0

sn10−n−1, (12.1)

where sn ∈ 10 = {0,1, . . . ,9}, and hence s ∈ 10N, each decimal string σ ∈ 10∗ has (asymptotic)
frequency 10−`(σ) in s, so that each digit 0, . . . ,9 occurs 10% of the time (`(σ) = 1), each block
00 to 99 occurs 1% of the time (`(σ) = 2), etc. 180 More precisely and more generally, in any base
b = {0, . . . ,b−1}, a b-valued sequence s ∈ bN is Borel normal if for any b-valued string σ ∈ b∗,

lim
N→∞

1
N
|{n ∈ N | s|n ∈ b∗σ}|= b−`(σ), (12.2)

and hence x∈ [0,1] is Borel normal in base b if the b-valued sequence s∈ bN in its b-ary expansion

x = lim
N→∞

N

∑
n=0

snb−n−1 (12.3)

179This section is mainly based on Cover & Thomas (2006), chapter 14. The standard reference for algorithmic ran-
domness of stringsis Li & Vitányi, (2008), of which §8.6 discusses some connections with entropy. See also Grünwald
& Vitányi (2003). Algorithmic randomness of sequences is the main topic of Calude (2002) and Downey & Hirschfeldt
(2010), but this is a matter of emphasis: all three books discuss both strings and sequences (we repeat our convention
that a string σ is finite row of bits or letters from some finite alphabet, whereas a sequence s is an infinite one). For first
introductions Grünwald & Vitányi (2008) and Dasgupta (2011) are recommended. The pointwise results in the main
text are more advanced; see Towsner (2020) for a survey and original references. Franklin & Porter (2020) is a recent
survey of various aspects of algorithmic randomness. The place of algorithmic randomness in a broader spectrum of
theories of randomness is discussed for example in Porter (2012), Eagle (2019), and Landsman (2020). For the history
of the subject see van Lambalgen (1987), Porter (2012), as well as the ‘History and References’ sections at the end of
each chapter in Li & Vitányi, (2008).

180The literature on Borel normality is large. Khoshnevisan (2006) is a nice introduction.
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is Borel normal in the above sense (this may depend on b!).181 For example, for b = 10 consider

0.123456789101112131415161718192021222324252629 . . .

0.235711317192329313741434753596167717379838997 . . . (12.4)

The first is Champernowne’s number, which just lists all positive integers, whereas the second is
the Copeland–Erdös number, which lists all primes.182 Both are Borel normal!

Exercise 85 Prove that Champernowne’s number is Borel normal.

Once you know the pattern behind these numbers, it is obvious how they continue. What about

0.30927562832084531584652001027797235612923012605863 . . .? (12.5)

This looks really random, but these are the first few digits of π after the first million ones! Without
this information, no one would recognize their origin. Unlike the previous two numbers, the
decimal expansion of π is merely conjectured to be Borel normal, but this has been empirically
verified in billions of decimals, so let us assume it is. Thus Borel randomness cannot be a good
notion of randomness, since all three numbers can be generated by short formulae or algorithms,
and on any reasonable intuition about randomness, this means that they can’t be random. We may
also argue that these numbers are computable, which seems the very opposite to being random.

Kolmogorov’s paradoxical idea was to define randomness through computability! Roughly
speaking, his idea was that a string σ is random iff the shortest computer program p that computes
σ is about the length of σ itself (in which case p must simply store σ in its memory and print it):

An object O is random iff the shortest computable description of O is O itself.

This idea apparently exceeds the world of binary strings, although it is limited to objects for which
one has a notion of computability. Indeed, adding computable, or at least some other definition of
what is meant by a “description” is essential in view of Berry’s paradox:

The Berry number is the smallest positive integer that cannot be described in less than eighteen
words.

The paradox, then, is that on the one hand this number must exist, since only finitely many integers
can be described in less than eighteen words and hence the set of such numbers must have a lower
bound, while on the other hand Berry’s number cannot exists by its own definition. This is, of
course, one of innumerable paradoxes of natural language (like the liar’s paradox).

To make this idea precise we assume basic familiarity with the theory of computation, or at
least with the concept of a Turing machine, or at the very least with computers and computer
programs. A Turing machine T is nothing but a particular physical model of a computer, which in
turn may be seen as a computable (partial) function f : D f → N, whose domain D f ⊂ N consists
of all n ∈ N for which f (n) ∈ N is defined. Using some (computable) bijection N ∼= 2∗ we may
identify n ∈ N as the binary code of a computer program p run by T , in which case n ∈ D f iff
T terminates (or “halts”) on the corresponding program p (written T (p)↓) and produces f (n) or
T (p) as its output; using the same (or some other) bijection also on this end, we may and will
consider T (p) to be a binary string, now written as σ ∈ 2∗. Thus T (p) = σ and we consider the

181The b-ary expansion of x ∈ [0,1] is unique unless x = p/bk for some k > 0 and p ∈ N satisfies 0 < p < bk. But
rationals are not Borel normal anyway, so this lack of uniqueness does not jeopardize the definition.

182These numbers are supposed to have an infinite number of digits, so that we precede them by 0. to get a finite real.
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Kolmogorov complexity of binary strings.183 For technical reasons,184 we assume that the codes
p of all programs for which T halts (i.e. produces an output T (p) = σ ) form a prefix set; as before,
this means that if T (p)↓ and T (q)↓ for p,q ∈ 2∗, then p cannot be a prefix of q (or vice versa).

As in the usual case, one can prove that there are universal prefix Turing machines U , in the
sense that for any prefix Turing machine Tn (based on some computable enumeration (Tn) of all
prefix Turing machines) one has Tn(p) = U(〈n, p〉), where 〈·, ·,〉 is some computable map from
N×2∗ into a prefix subset of 2∗. We often omit “prefix” in what follows, but it is always meant.

Definition 12.1 Let U be a universal prefix Turing machine.

1. The Kolmogorov complexity of σ ∈ 2∗ (relative to U) is given by

KU(σ) := min{`(p),U(p) = σ} (12.6)

2. The conditional Kolmogorov complexity of σ ∈ 2∗ (relative to U) is given by

KU(σ | `(σ)) := min{`(p),U(〈`(σ), p〉) = σ}. (12.7)

How do these definitions depend on the choice of the universal prefix Turing machine U?

Proposition 12.2 For any two universal prefix Turing machines U,V there is a constant C(U,V )∈
N such that for all σ ∈ 2∗ we have

|KU(σ)−KV (σ)|<C(U,V ), (12.8)

and similarly (for a different constant for the conditional Kolmogorov complexity.

Proof (sketch). First assume V is merely a (prefix) Turing machine (so not necessarily universal,
like U). Then any program pV for V that produces σ , i.e., V (pV ) = σ , can be transferred to U via a
program qU,V on U that simulates V , so that pU = q(U,V )pV with length `(pU) = `(qU,V )+`(pV )
produces σ via U . Hence KU(σ) ≤ KV (σ)+ `(qU,V ) uniformly in σ . If V is also universal this
works the other way round, too, and one obtains (12.8) with C(U,V ) = qU,V +qV,U . �

In view of this it is common practice to omit the label U and just talk about the Kolmogorov
complexity K(σ) of strings σ , which, then, is defined up to a σ -independent constant. As such,
we may define a string to be c-random (relative to U) for some c ∈ N if

KU(σ)≥ `(σ)− c. (12.9)

This is a useful criterion for strings whose length far exceed the U-dependent constant c, and
hence it enables us to define randomness of sequences independently of U :

Definition 12.3 A sequence s ∈ 2N is random if there is a constant c ∈ N such that for all N > 1,

K(s|N)≥ N− c. (12.10)

More precisely, one should say that for any universal prefix Turing machine U there is a constant
c(U) such that KU(s|N)≥N−c(U), but the point is that although the (minimum) value of constant
c(U) does depend on U , by Proposition 12.2 the existence of such a constant does not. Definition
12.3 (and its reformulation by Martin-Löf that we shall not discuss here) forms the basis of the the-
ory of algorithmic randomness. To get an idea about this definition, as well as about Kolmogorov
complexity in general, we analyze the case of strings in some more detail.

183One may equally well look at integers or strings over some finite alphabet A.
184Namely: (1) a good relationship with coding theory, and (2): a smooth extension of the theory from strings to

sequences. Briefly, if T (p) = σ we may regard p as a code-word for σ , i.e. C(σ) = p, which is decoded by T , and so a
prefix Turing machine produces a uniquely decodable code.
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Proposition 12.4 There are constants c,c′ such that, for all σ ∈ 2∗,

K(σ)≤ `(σ)+2log2 `(σ)+ c; (12.11)

K(σ | `(σ))≤ `(σ)+ c′. (12.12)

Proof (sketch). In the worst case, storing σ costs `(σ) bits. This is preceded by some σ -
independent general printing instruction of length c. But the set of all σ ∈ 2∗ should be turned
into a prefix set, for otherwise the programs p thus constructed do not form a prefix. A simple
(but expensive) way to accomplish this is to double each digit in σ and close with 01 (for exam-
ple, σ = 1010 becomes 1100110001), which is then read as a stop sign. This doubling act costs
2 log`(x) extra bits, which, absorbing the extra two bits 01 in c, gives (12.11).

If `(σ) is given to U , we could use the same map 〈·, ·,〉 : N×2∗→ 2∗ (whose image is a prefix
set) that was mentioned before Definition 12.1; this would effectively incorporate `(σ) into the
printing instruction. Hence the need for the above move disappears.185 �

Combining (12.9), (12.10), and (12.11), we see that s is random if K(s|N)≈ N as N→ ∞, and
more precisely,186 one can show that s is random iff

N +O(1)≤ K(s|N)≤ N +K(N)+O(1), (12.13)

where K(N) is defined as in (12.6) but now with N ∈N instead of σ ∈ 2∗ as the output. Like K(σ),
this makes sense up to a U-dependent but N-independent constant, which disappears into the O(1)
terms. Conistency with (12.11) comes from the estimate K(N) ≤ 2log2 N + c, which is obvious:
if the program p is given the length `(N)≈ log2 N of the binary expansion N then at worst it needs
to store these bits (giving it a length log2 N), and if not, providing `(N) takes another log2 N bits.
In fact, the upper bound in (12.13) “wins”,187 since it can also be shown that s is random iff:

lim
N→∞

(K(s|N)−N) = +∞. (12.14)

Similarly, a string σ is random if K(σ) ≈ `(σ), at least for long strings. On the other hand,
long strings that are computable from short programs have K(σ) ≈ log2(`(σ)), since the length
of σ plus some short instructions are sufficient for some efficient program p to compute it. Also,

|{σ ∈ 2∗ | K(σ)< k}|< 2k, (12.15)

since we may simply count the number of programs p of length `(p)< k to be ∑
k−1
n=0 2n = 2k−1.

On the other hand, the total number of strings σ of length `(σ) ≤ k is 2k+1− 1 (this is just the
previous number plus 2k), and hence only a fraction 2k−1

2k+1−1 < 1/2 (which for large k of course
approaches 1/2) of these strings can be described in a way that saves just one bit! More generally,
the fraction of strings of length `(σ)≤ k that can be described saving at least n bits is 2k−n+1

2k+1−1 < 2−n.
Hence the large majority of strings is random, and the same is true for sequences:188

Theorem 12.5 (Martin-Löf) Almost every sequence s ∈ 2N is random with respect to fN.

185Using a more efficient (recursive) coding of `(σ), one may improve the term 2log2 `(σ) to log∗2 `(σ), where, for
n ∈ N, one defines log∗2 n = log2 n+ log2 log2 n+ log2 log2 log2 n+ · · · , where the last term is the last possible positive
term (e.g. log∗2 7 has the above three terms); but this makes no difference to the relevant asymptotics.

186See Li & Vitányi, (2008), page 220.
187See Calude (2002), Theorem 6.38 (attributed to Chaitin).
188See Calude (2002), Theorem 6.31. This is proved using Martin-Löf’s own reformulation of randomness.
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Here f is the flat prior on A = 2 and fN is the associated Bernoulli probability measure on 2N.
If we define x ∈ [0,1] to be random iff the sequence s in its binary expansion (2.10) is random, it
follows from Exercise 14 that almost every x ∈ [0,1] is random with respect to Lebesgue measure.
Borel already proved this for Borel normality in 1909, and Theorem 12.5 implies his result:189

Proposition 12.6 1. A random sequence is Borel normal in any base.

2. A random sequence contains any string infinitely often.

3. A random sequence s satisfies the strong law of large numbers, in the sense that

lim
N→∞

1
N

N−1

∑
n=0

sn = 1. (12.16)

The second part follows from the first, as is easily proved by contradiction. So does the third,
but we will prove it directly after we have introduced the appropriate technique. In any case, we
see a considerable improvement over the usual strong law of large numbers (SLLN): whereas the
latter merely states that (12.16) is true for fN-almost every sequence 2 ∈ 2N, Proposition 12.6.3
explicitly identify sequences for which (12.16) holds, namely the random ones; and Theorem 12.5
adds that, consistent with the usual SLLN, these form a subset R of 2N of probability fN(R) = 1.

On the other hand one may wonder how “explicit” this identification is:190

Theorem 12.7 (Chaitin) If s ∈ 2N is random, then any consistent and sufficiently comprehensive
mathematical theory T (like ZFC) can compute only finite many digits of s.

This excludes defining a random number by somehow listing its digits, but some can be described
by a formula. The most famous example is Chaitin’s number Ω, or more precisely ΩU ,191 which
is the halting probability of some fixed universal prefix Turing machine U , given by

ΩU := ∑
σ∈2∗|U(σ)↓

2−`(σ). (12.17)

There is also an analogue of this theorem for random strings:192

Theorem 12.8 For any consistent and sufficiently comprehensive mathematical theory T (like
ZFC) there is a constant C ∈ N such that T cannot prove any sentence of the form K(σ) > C
(although infinitely many such sentences are true), and as such T can only prove (Kolmogorov)
randomness of finitely many strings (although infinitely many strings are in fact random).

189For details and proofs see Calude (2002), Corollary 6.32 in §6.3 and almost all of §6.4.
190More precisely, if s ∈ 2N is random, only finitely many true statements of the form: ‘the n’th bit sn of s equals its

actual value’ (i.e. 0 or 1) are provable in T . See Calude (2002), Theorem 8.7, which is stated for Chaitin’s Ω but whose
proof holds for any random sequence. As in Gödel’s theorems, one also assumes that T is formalized as an axiomatic-
deductive system in which proofs could in principle be carried out mechanically by a computer. See Chaitin (1987) for
his own presentation and analysis of his two incompleteness theorems, i.e. our theorems 12.7 and 12.8. Raatikainen
(1998) also gives a detailed presentation of the second theorem, including a critique of Chaitin’s ideology.

191There exists a U for which not a single digit of ΩU can be known, see Calude (2002), Theorem 8.11.
192The proof is based on the existence of a computably enumerable (c.e.) list T= (τ1,τ2, . . .) of the theorems of T ,

and on the fact that after Gödelian encoding by numbers, theorems of any given grammatical form can be computably
searched for in this list and will eventually be found. In particular, there exists a program p such that p(n) halts iff
there exists a string σ for which K(σ) > n is a theorem of T . If there is such a theorem the output is p(n) = σ ,
where σ appears in the first such theorem of the kind (according to the list T). By definition of K(·), this means that
K(σ) ≤ |P|+ |n|. Now suppose that no C as in the above statement of the theorem exists. Then there is n ∈ N large
enough that n > `(p)+ |n| and there is a string σ ∈ 2∗ such that T proves K(σ) > n. Since T is consistent and hence
sound (i.e., it only proves true theorems) this is actually true, which gives a contradiction between K(σ)> n>`(p)+ |n|
and K(σ)≤ `(p)+ |n|; this contradiction can be made more dramatic by taking n such that n >> `(p)+ |n|. Note that
this proof shows that a proof in T of K(σ)> n (if true) would also identify σ .
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At last, we now turn to the connection between Kolmogorov complexity and entropy! So far,
we only have the resources to understand the following result for A = 2, but we state the general
result. To this end we do note that for finite sets A one may extend Kolmogorov complexity K(σ)
to σ ∈ A∗, for example by using a computable bijection A∗ ∼= 2∗ (since both are ∼= N).

Theorem 12.9 For any finite set A and prior p ∈ Prob(A), and any integer N > 0, we have

S2(p)≤ 1
N ∑

σ∈AN

pN(σ)K(σ | N)≤ S2(p)+
(|A|−1) log2 N

N
+O(1/N), (12.18)

so that
lim

N→∞

1
N ∑

σ∈AN

pN(σ)K(σ)≡ lim
N→∞

1
N
〈K〉pN = S2(p). (12.19)

In other words, for large N the “average” complexity 〈K〉pN of strings in AN goes like NS2(p),
which for A = 2 and the flat prior p = f is just N (since S2( f ) = 1), as we already knew.

Eq. (12.19) follows from (12.18) in view of the fact that K(σ | N)−K(σ) = O(log2 N), as
explained in the proof of Proposition 12.4; hence (12.19) also holds for K(σ | N) instead of K(σ).

Proof. Theorem 6.3 suggests looking at a program p = pσ reaching the minimum in (12.7)
as an encoder of σ , so that `(pσ ) = K(σ | N) is the length C(σ) of the codeword. That this
suggestion is correct follows by noting that,193 being a subset of the prefix set of all p, the shortest
σ -producing programs pσ thus defined form a prefix set in 2∗ and hence their lengths satisfy

∑
σ∈AN

e−`(pσ ) = ∑
σ∈AN

e−K(σ |N) ≤ 1, (12.20)

i.e. the Kraft inequality. The lower bound in (12.18) then follows from the lower bound in (6.17).
We prove the upper bound first for A = 2. In that case it follows from the estimate

K(σ | N)≤ NS2

(
1
N

N−1

∑
n=0

σn

)
+ log2 N + c. (12.21)

Granting this for the moment, we take the expectation value of this inequality under pN and use
Jensen’s inequality for the concave function S2, followed by 〈σn〉pN = 〈σ0〉p = p. This gives

∑
σ∈AN

pN(σ)S2

(
1
N

N−1

∑
n=0

σn

)
≤ S2

(
1
N

N−1

∑
n=0

∑
σ∈AN

pN(σ)σn

)
= S2

(
1
N

N−1

∑
n=0

p

)
= S2(p). (12.22)

To derive (12.21), take σ ∈ 2N and let k = ∑
N−1
n=0 σn, so that σ contains k copies of 1. Storing k in

a program p (that knows N) takes log2 k ≤ log2 N bits. There are
(

N
k

)
binary strings of length

N with k copies of 1, which may be listed in some computable way. Identifying σ from these

possibilities by its list number requires p to also store this list number, which is at most
(

N
k

)

and hence this takes at most log2

(
N
k

)
bits. Hence the length of p is at most

`(p)≤ log2 N + log2

(
N
k

)
+ c′. (12.23)

Eq. (12.21) then follows from the upper bound in (5.9), see exercise below. �

193Note that we use Lemma 6.2 with A AN , a σ , and p pN .
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Exercise 86 Explain that for A = 2 we have |TN(k/N)|=
(

N
k

)
. On this basis, extend the proof

to finite sets A: instead of the number 1
N ∑

N−1
n=0 σn =

k
N , which defines an element p ∈ Prob(2) via

p(1) = k/N, use the empirical measure (5.1), and instead of
(

N
k

)
, use |TN(k/N)|, cf. (5.2).

Theorem 12.9 describes the asymptotics of the average Kolmogorov complexity of strings. The
pointwise ergodic theorem (in a computable context) eventually leads to a pointwise version of
(12.19) for sequences.194 We first extend the notion of randomness for sequences s ∈ AN to ran-
domness with respect to a prior p ∈ Prob(A) and associated Bernoulli measure pN (as we will see,
the original definition then corresponds to the flat prior p = f ). We refine Definition 12.3 to:195

Definition 12.10 A sequence s ∈ AN is p-random if there is c ∈ N such that for all N > 1,

K(s|N)≥− log2 pN(s|N)− c. (12.24)

For A = 2 and p = f this recovers (12.10), since f N(σ) = |A|−N for all σ ∈ AN . For general
(finite) A and p = f , one has K(s|N) ≥ N log2(|A|)− c, which is also correct since N log2(|A|) is
the length of σ ∈ AN measured in bits (as opposed to: A-valued digits). It is also interesting to
notice that even in the original case A = 2 and p = f , we could have stated Definition 12.3 in the
form (12.24), which shows that even though Kolmogorov randomness at first sight appears to be
an entirely non-probabilistic concept, the flat prior p = f is somehow lurking in the background.

Definition 12.11 A real x ∈ R is computable if there is a computable function f : N→ Q such
that for each n ∈ N,

x ∈
[

f (n)−1
n

,
f (n)+1

n

]
. (12.25)

A probability distribution p ∈ Prob(A) is computable if each p(a) ∈ [0,1] is a computable real.

Theorem 12.12 For all computable probabilities p∈ Prob(A) and all p random sequences s∈AN,

lim
N→∞

1
N

K(s|N) = S2(p). (12.26)

This is similar in spirit to the Shannon–McMillan–Breiman theorem (5.41). The result can be
clarified via the Asymptotic Equipartition Property, see (5.34) and subsequent text, which suggests
that if s is p-random, then s|N lies in the generic set whose elements all have probability

pN(s|N)≈ e−NS(p) = 2−NS2(p), (12.27)

so that (12.24) gives K(s|N)≥ NS2(p)− c. This gives the lower bound in (12.18), but now point-
wise. The upper bound was proved (for general A, as in the exercise) by replacing the empirical
measure LN(σ) ∈ Prob(A) by its average p, which also works for σ = s|N and p-random s.

194See Towsner (2020) and Landsman (2023),and references therein.
195Experts will notice that our term “p-random” conflicts with the use of “1-random” etc. elsewhere.
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A Convexity

The concept of convexity pervades thermodynamics and associated theories of entropy.

Definition A.1 Let X be a vector space.

1. A subset C⊂ X is convex if for any x,y∈C we also have λx+(1−λ )y∈C for all λ ∈ (0,1)
(in other words, the straight line segment between x and y entirely lies in C).

Equivalently, for any finite set of probabilities (pi)i∈I , i.e. pi ≥ 0 and ∑i pi = 1, any any set
(xi)i∈I of points in D f (i.e. as many points as there are probabilities), we have ∑i∈I pixi ∈C.

2. Let C ⊂ X be convex and f : C→ (−∞,∞] = R∪{∞} some function taking values in the
(semi-) extended reals. The domain D f of f is D f = {x ∈C | f (x)< ∞}.

3. Such a function f is called convex if for all x,y ∈D f and λ ∈ (0,1) we have

f (λx+(1−λ )y))≤ λ f (x)+(1−λ ) f (y). (A.1)

It is strictly convex if this holds with strict inequality < instead of ≤.

4. A function g : [−∞,∞) is (strictly) concave if f =−g is (strictly) convex,

Exercise 87 Show that f is convex iff its epigraph epi( f ) is convex, where

epi( f ) := {(x, t) ∈D f ×R | f (x)≤ t}. (A.2)

If C is convex and f : C→ (−∞,∞] is convex, then by (A.1) it follows that D f is convex. Iterating
(A.1) shows that f is convex iff for all (pi) as in point 1 (second part), and all (xi) in D f , we have

f

(
∑

i
pixi

)
≤∑

i
pi f (xi). (A.3)

The is a special case of Jensen’s inequality, which briefly reads f (〈F〉P)≤ 〈 f ◦F〉P, that is,

f
(∫

X
dPF

)
≤
∫

X
dP f ◦F. (A.4)

This applies to probability spaces (X ,P), functions F ∈ L1(X ,P) where F(X)⊂ I ⊂ R, and mea-
surable convex functions f : I→ R: If f is strictly convex we have equality iff F is constant P-a.e.
Proofs are everywhere. Taking X = {x1, . . . ,x|I|}, P(xi) = pi, and F(x) = x reproduces (A.3).

For differentiable functions convexity is easy to establish, here are some results:196

Proposition A.2 1. If I ⊂ R is an interval, and then f : I→ R is C1, then f is convex iff f ′ is
nondecreasing on I, and strictly convex iff f ′ is strictly increasing on I.

2. In particular, if f is C2 then f is convex iff f ′′(x)≥ 0 on I.

3. If U ⊂ Rd is open and convex and f : U → R is C1, then f is convex iff for all x,y ∈U,

〈∇ f (x)−∇ f (g),x− y〉 ≥ 0. (A.5)
196See e.g. Borwein & Vanderwerff, §2.2.1. There are deeper results than those stated here if continuous differentia-

bility is weakened to Gâteaux or Fréchet differentiability.
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4. In particular, if f is C2 then f is convex iff ∇2 f (x)≥ 0 for all x ∈U and h ∈ Rd .

Here ∇2 f (x) is the Hessian at x, which in the C2 case is simply the matrix with entries ∂ 2 f/∂xi∂x j.
Rate functions I in the theory of large deviations are typically convex whereas their negatives,

entropies S = −I, are concave. The so-called relative entropy p 7→ D(p‖q) is actually a rate
function and so it is convex (even jointly as a function of (p,q)); see (5.12), (7.16), and Theorem
7.3. Relative entropies actually take the value ∞. For example, for a fair coin toss with p(1) = x
(and hence p(0) = 1−x) and q(1) = 1/2 (and hence q(0) = 1/2) we may see D(p‖q) as a function
x 7→ I(x) on X =C = R, given by, see also (8.11).

I(x) = (1− x) log(1− x)+ x logx+ log2 (x ∈ [0,1]; (A.6)

I(x) = ∞ (x /∈ [0,1]). (A.7)

The most natural continuity property for a convex functions is lower semicontinuity (lsc):

Definition A.3 We call f : X → (−∞,∞] lower semicontinuous (lsc) if for each t ∈ R the set

f−1((−∞, t]) = {x ∈ X | f (x)≤ t} (A.8)

is closed in X.

Equivalently, the epigraph epi( f ) is closed in X ×R, so that f is convex and lsc iff epi( f ) is
convex and closed. There also exists a purely topological characterization (or definition) of lower
semicontinuity:

Lemma A.4 1. A function f : X → (−∞,∞] is lower semicontinuous iff for each x ∈ X and
each t < f (x) there is an open neighbourhood U of x such that t < f (y) for all y ∈U.

2. For metric spaces,197 this is the case iff for any convergent sequence xn→ x one has

lim inf
n→∞

f (xn)≥ f (x). (A.9)

See Penot, Proposition 2.10. Informally, lower semicontinuity means continuity with the possible
exception that if f suddenly jumps, the jump must be upwards, as in f :R→R defined by f (x) = 0
if x≤ 0 and f (x) = 1 if x > 0. Here is an efficient way to check if an lsc function on R is convex:

Lemma A.5 For some interval C ⊂ R, let f : C→ (−∞,∞] be lsc or increasing (i.e. monotone
non-decreasing). Then f is convex iff

f ( 1
2 x+ 1

2 y)≤ 1
2 f (x)+ 1

2 f (y) for all x,y ∈C. (A.10)

Thus (A.1) only needs to be checked for λ = 1
2 . See Simon (2011), Proposition 1.4, for the lsc

case. The proof iterates (A.10), which gives (A.1)for all dyadic λ ∈ (0,1), upon which lsc gives
it for all λ ∈ (0,1). If f is increasing, assume that C ⊂ R+ (it is easy to adapt the proof to other
cases). Approximate some non-dyadic 0 < λ < 1 from both above and below by dyadic rationals,
i.e., dn < λ < d′n, with dn→ λ and d′n→ λ . Since λx+(1−λ )y)< d′nx+(1−dn)y, we have

f (λx+(1−λ )y))≤ f (d′nx+(1−dn)y))≤ d′n f (x)+(1−dn) f (y)→ λ f (x)+(1−λ ) f (y). (A.11)

Proposition A.6 If X =Rd and f : C→ (−∞,∞] is convex, then f is continuous (and even locally
Lipschitz) on D̊ f (i.e. the interior of D f ). This remains true if X is a possibly infinite-dimensional
Banach space, under the additional assumption that f is continuous at some point in D f .

197This is even true for general topological spaces if sequences are replaced by nets. Se Penot, Lemma 2.2.
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See BV, Theorem 2.1.12, Proposition 4.1.4; Penot, Propositions 6.2, 6.4; Dorlas, Theorem 7.1.

Proposition A.7 Let X be a Banach space, C ⊂ X a convex subset, and f : C→ (−∞,∞] convex.

1. Any local minimum of f is also a global minimum.

2. If in addition f is lsc and C is compact, then f has a local and hence global minimum.

See BV, Theorem 1.2.2 plus the usual Weierstrass theorem.198

If X is a normed space (as we often assume), a (continuous) affine function on X is defined as

`(φ ,r) : X → R; `(φ ,r)(x) := φ(x)+ r; (φ ∈ X∗,r ∈ X). (A.12)

For example, if X = Rd we take φ ∈ Rd with φ(x) = 〈φ ,x〉 (the Euclidean inner product). More
generally, (A.12) makes sense if X is a topological vector space and another vector space Y consists
of all continuous linear functionals ϕ on X ; also in that case one often writes 〈φ ,x〉 for φ(x).

Affine functions are clearly convex and continuous functions are evidently lsc.

Proposition A.8 Let f : X → (−∞,∞].

1. If f is the supremum of a nonempty family of continuous affine functions on X, then either
f is identically equal to ∞ or D f 6= /0 and f is convex and lsc.

2. Conversely, if D f 6= /0 and f is convex and lsc, then f is the supremum of a family ( fγ) of
continuous affine functions, namely the ones that are majorized by f . That is:

f = sup{`(φ ,r) | φ ∈ Y,r ∈ X , `(φ ,r) ≤ f}. (A.13)

3. The supremum of any family ( fγ) of convex lsc functions fγ : X → (−∞,∞] is convex lsc.

See Penot, Theorem 6.2 and Proposition 2.11; BV, Lemma 1.2.1; Simon, Theorem 5.15. One can
of course also try (A.13) for arbitrary functions f : X → (−∞,∞]. This gives the convex envelope

f∗ : = sup{`(φ ,r) | φ ∈ Y,r ∈ X , `(φ ,r) ≤ f}
= sup{g | g≤ f ,g convex and lsc, Dg 6= /0} ≤ f , (A.14)

which in general differs from f ; but if f is convex and lsc with D f 6= /0, we clearly have f∗ = f ,
and epi( f∗), which in general equals the closed convex hull co(epi( f )), coincides with epi( f ).199

Definition A.9 Let X be a normed space with dual X∗ and let f : X→ (−∞,∞] be any function.200

The Fenchel transform (also called the Legendre or Fenchel–Legendre transform) of f is

f ∗ : X∗→ (−∞,∞]; f ∗(φ) := sup
x∈X
{φ(x)− f (x)}. (A.15)

198Weierstrass–any continuous real-valued function on a compact space K has a maximum and a minimum–is a
combination of (i): any lsc function on K has a minimum; and (ii): any usc function on K has a maximum.

199The convex hull co(S) of any subset S of a vector space Y is the smallest convex set in Y that contains S; this set
exists and equals the intersection of all convex subsets of Y that contain S. If Y is a topological vector space, then the
closed convex hull co(S) is the closure of co(S).

200One may replace X∗ by any topological vector space is separating duality with X .
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One may again think of X =Rd ∼= X∗, with pairing via the inner product. Since f ∗ is a supremum
of continuous affine functions, by Proposition A.8 it is either identically equal to ∞, or convex and
lsc with D f ∗ 6= /0. The second case therefore applies iff f majorizes some affine function, because
Definition A.9 implies that for φ ∈ X∗ and hence (φ ,r) ∈ X∗×R we have

(φ ,r) ∈ epi( f ∗) ⇔ `(φ ,r) ≤ f , (A.16)

where the ≤ is pointwise. Hence there is a pair (φ ,r) ∈ X∗×R such that `(φ ,r) ≤ f iff there exists
some φ ∈ X∗ for which f ∗(φ) < ∞. This leads to a nice geometric interpretation of the Fenchel
transform, most easily visualized for X = X∗ = R, so that φ(x) = φx. If f ∗(φ)< ∞, the definition
(A.15) implies that φ(x)− f (x)≤ f ∗(φ) for all x ∈ X , and hence

φ(x)− f ∗(φ)≤ f (x), (A.17)

for all x. By definition of a supremum, f ∗(φ) is therefore the smallest number r ∈ R such that
φ(x)− r≤ f (x) for all x. In case that φ(x)≤ f (x) for all x, f ∗(φ) is therefore the smallest number
such that the graph of x 7→ φ(x) in X ×R moved upward by − f ∗(φ) just touches the graph (or
epigraph) of f . If φ(x) > f (x) for some x, then f ∗(φ) is the smallest number such that the graph
of x 7→ φ(x) moved downward by f ∗(φ) just touches the graph of f . See also Dorlas, Figure 7.2.

Exercise 88 Prove (i.e. compute) the following examples in X = R (we write y instead of ϕ):

1. f (x) = ex  f ∗(y) = y logy− y for y > 0, f ∗(y) = 0 for y = 0, and f ∗(y) = ∞ for y < 0.

2. f (x) = − logx for x ∈ (0,∞) and f (x) = ∞ otherwise  f ∗(y) = −1− log(−y) for y ∈
(−∞,0) and f ∗(y) = ∞ otherwise.

3. f (x)= p−1|x|p with p> 1 on R f ∗(y)= q−1|y|q on R for the conjugate q (p−1+q−1 = 1).

4. f (x) = −p−1xp with p < 1 on [0,∞) and f (x) = ∞ otherwise  f ∗(y) = −q−1(−y)q for
y ∈ (−∞,0) and f ∗(y) = ∞ otherwise (again for the conjugate value of q).

5. What is f ∗(y) for f (x) = |x|?

Note that seemingly strange signs are chosen so as to make f (and hence f ∗) convex and lsc.

Theorem A.10 Let f : X → (−∞,∞] with D f 6= /0 and also suppose that D f ∗ 6= /0.201 Then

f ∗∗|X = f∗. (A.18)

Consequently, f ∗∗(x)≤ f (x) for all x ∈ X, and if f is convex and lsc (so that f∗ = f ), then

f ∗∗|X = f . (A.19)

Here the double transform f ∗∗ is by construction defined on X∗∗, which contains X as a subspace
under the injection x ↪→ x̂, where x̂ ∈ X∗∗ is defined by x̂(φ) = φ(x). Thus we have

f ∗∗(x̂) = f ∗∗|X (x) = sup
φ∈X∗
{φ(x)− f ∗(φ)}, (A.20)

which we simply write as f ∗∗(x). In the more general case discussed above, just replace X∗ by Y .

201So this is the case iff f majorizes some affine function.
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Proof. Since φ(x)+ r ≤ f (x) for all x is the same as −r ≥ f ∗(φ), eq. (A.14) comes down to

f∗(x) = sup{φ(x)+ r | φ ∈ Y,r ∈ X ,−r ≥ f ∗(φ)}= sup
φ∈X∗
{φ(x)− r | r ∈ X ,r ≥ f ∗(φ)}

= sup
φ∈X∗
{φ(x)− r | r = f ∗(φ)}= sup

φ∈X∗
{φ(x)− f ∗(φ)}= f ∗∗(x), (A.21)

since any r > f ∗(φ) can only lower φ(x)− r compared to φ(x)− f ∗(φ) and will therefore not
contribute to the supremum, whereas r < f ∗(φ) is excluded by the constraint r ≥ f ∗(φ). �

Proposition A.11 (Fenchel–Young inequality) Let X be a normed space and let f : X→ (−∞,∞]
be convex. Then for any x ∈D f and φ ∈ X∗ we have

f (x)+ f ∗(ϕ)≥ φ(x), (A.22)

with equality iff φ ∈ ∂ f (x), where the subdifferential ∂ f (x)⊂ X∗ is defined by

∂ f (x) := {φ ∈ X∗ | ∀x′∈X(φ(x′)−ϕ(x)≤ f (x′)− f (x))} ( f (x)< ∞); (A.23)

∂ f (x) := /0 ( f (x) = ∞). (A.24)

Proof. The inequality is the same as (A.17). Hence equality holds iff f (x)+ f ∗(ϕ)≤ φ(x), which
by definition of f ∗ is the case iff for all x′ ∈ X we have f (x)+φ(x′)− f (x′)≤ φ(x). �

The subdifferential (defined also if f is not convex) is an important concept; it plays the role
of the derivative when the latter may not exist. For example, let f (x) = |x| on R. Then

∂ f (x) = {−1} (x < 0); ∂ f (0) = [−1,1]; ∂ f (x) = {1} (x > 0). (A.25)

This example generalizes as follows to normed spaces: if f (x) = ‖x‖, then

∂ f (0) = {φ ∈ X∗ | ‖φ‖ ≤ 1}; ∂ f (x) = {φ ∈ X∗ | ‖φ‖= 1,φ(x) = ‖x‖} (x 6= 0). (A.26)

The subdifferential may also be (nontrivially) empty: a textbook example is the convex lsc function

f : R→ (−∞,∞]; f (x) =−
√

1− x2 (−1≤ x≤ 1); f (x) = ∞ (x /∈ [−1,1]). (A.27)

Then clearly ∂ f (x) = f ′(x) = {x/
√

1− x2} for x∈ (−1,1) but ∂ f (x) = /0 not only for x /∈ [−1,1]),
which is true by definition, but even within its domain at x =±1.

Proposition A.12 A function f : X→ (−∞,∞] on a normed space X attains a local minimum (and
hence a global minimum if f is convex) iff 0 ∈ ∂ f (x).

This is clear from the definitions. If f is C1(R) then simply ∂ f (x) = f ′(x). For an analogous result
in higher dimension one needs the concept of a Gâteaux derivative:202

Definition A.13 A function f : X → (−∞,∞] on a normed space X is Gâteaux differentiable at
x ∈D f if the following limit exists for all x′ ∈ X and defines (the Gâteaux derivative) f ′(x) ∈ X∗:

f ′(x) : x′ 7→ lim
t→0

f (x+ tx′)− f (x)
t

. (A.28)

202See e.g. Penot, §6.2.2., or Borwein & Vanderwerff, §4.2, etc.
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Proposition A.14 If f : X→ (−∞,∞] is convex, as well as Gâteaux differentiable at x ∈D f , then

f ′(x) ∈ ∂ f (x). (A.29)

If under the same assumptions x is in the interior of D f , then ∂ f (x) contains a single element:

∂ f (x) = { f ′(x)}. (A.30)

Conversely, if f is convex, as well as continuous at x ∈ D f , then (A.30) holds iff f is Gâteaux
differentiable at x.

See Penot, Theorem 6.3 and Corollary 6.5, and Borwein & Vanderwerff, Fact 4.2.4 and Corollary
4.2.5. Here are some more properties of convex functions on R.

Proposition A.15 If I ⊂ R is an open interval abd f : I→ R is convex then f is differentiable al-
most everywhere on I (more precisely: the set of I where f ′(x) does not exist is at most countable).

See Penot, Proposition 6.7.

Proposition A.16 (Three-slope inequality) 1. If I ⊂ R is an open interval (possibly I = R)
and f : I→ (−∞,∞] is convex, then for all x,y,z ∈D f for which x < y < z we have

f (y)− f (x)
y− x

≤ f (z)− f (x)
z− x

≤ f (z)− f (y)
z− y

. (A.31)

2. Moreover, both the right (+) and left (-) derivatives

f ′±(x) =± lim
h↓0

f (x±h)− f (x)
h

(A.32)

exist and are finite at each x ∈ I and are increasing, with f ′−(x)≤ f ′+(x).

3. For any λ ∈ [ f ′−(x), f ′+(x)] and all y ∈ I we have

f (y)≥ f (x)+λ (y− x). (A.33)

See BV, Fact 2.1.1, Theorem 2.1.2, and Corollary 2.1.3. No. 3 obviously follows from 1 and 2.

Corollary A.17 If f : R→ (−∞,∞] is convex, lsc, and increasing,203 and we know that

p(t) = sup
x∈R
{xt− f (x)} (A.34)

only for all t ≥ 0, for some given (necessarily lsc convex) function p, then

f (x) = sup
t≥0
{xt− p(t)}. (A.35)

Proof. We have
F(x) := sup

t≥0
{xt− p(t)}= sup

t≥0
inf
y∈R
{(x− y)t + f (y)}. (A.36)

Then F(x) ≤ f (x) by taking y = x. Conversely, since f is increasing we have λ ≥ 0 in (A.33),
which gives F(x)≥ f (x). �

The following result (more specifically its corollary) forms the ultimate explanation of the
equality between the two different expressions (8.3) and (8.5) for the rate function in Cramér’s
theorem, and more generally is a very abstract form of maximum entropy principles.204

203By “increasing” we always mean monotone non-decreasing, and likewise for “decreasing”.
204Good sources are Borwein & Vanderwerff, §4.4.2, Borwein & Zhu, §4.4, and Penot, §6.3. Borwein c.s. assume

that X and Y are Banach spaces, but completeness is not used in the proof and indeed Penot, Theorem 6.18, just assumes
normed spaces like we do. Dohmatob (undated) also provides a nice (but unfortunately unfinished) introduction.
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Theorem A.18 ( Fenchel–Rockafellar duality) Let X and Y be normed spaces, and let

f : X → (−∞,∞]; g : Y → (−∞,∞]; T : X → Y (A.37)

be two convex lsc functions, and a bounded linear operator, respectively. Define

p := inf
x∈X
{ f (x)+g(T x)}; (A.38)

d := sup
ϕ∈Y ∗
{−g∗(−ϕ)− f ∗(T ∗ϕ)} (A.39)

to be the so-called primal and dual optimization problems. Then

p≥ d, (A.40)

and if either T (D f ) contains a point of continuity of g, or int(Dg−T (D f )) contains 0, then

p = d. (A.41)

Before proving this, let us derive a crucial consequence for the theory of entropy:

Corollary A.19 For f and T as in Theorem A.18, and any y ∈ Y , we have

inf
x∈X
{ f (x) | T x = y} ≥ sup

ϕ∈Y ∗
{ϕ(y)− f ∗(T ∗ϕ)}, (A.42)

with equality under the additional assumption y ∈ int(T (D f )).

Proof of Corollary A.19. Take g = ι{y} in Theorem A.18, where, for any subset S⊂ Y we define

ιS : Y → (−∞,∞]; ιS(y) = 0 (y ∈ S); ιS(y) = ∞ (y /∈ S). (A.43)

Its Fenchel transform is easy to compute, viz. 1∗S(ϕ) = supy∈S{ϕ(y)}, so for S = {y} we obtain

1∗{y} : Y ∗→ (−∞,∞]; 1∗{y}(ϕ) = ϕ(y). (A.44)

The term g(T x) in (A.38) then obviously becomes the constraint T x = y on the left-hand side of
(A.42), whereas the term−g∗(−ϕ) in (A.39) comes down to ϕ(y) on the right-hand side of (A.42).

Finally, since obviously Dι{y} = {y}, the condition 0 ∈ int(Dg− T (D f )) in Theorem A.18
becomes the assumption y ∈ int(T (D f )) in the second claim of Corollary A.19. �

Proof of Theorem A.18. For (A.40), we note that g∗∗(x)≤ g(x) (see Theorem A.10) and hence:

p≥ inf
x∈X
{ f (x)+g∗∗(T x)}= inf

x∈X
sup
φ∈Y ∗
{ f (x)+φ(T x)−g∗(φ)}

≥ sup
φ∈Y ∗

inf
x∈X
{ f (x)+φ(T x)−g∗(φ)}

= sup
φ∈Y ∗

inf
x∈X
{ f (x)−T ∗φ(x)−g∗(−φ)}

= sup
φ∈Y ∗

inf
x∈X
{−(T ∗φ(x)− f (x)+g∗(−φ))}

= sup
φ∈Y ∗
{−g∗(−φ)− sup

x∈X
{(T ∗φ(x)− f (x)}}

= sup
ϕ∈Y ∗
{−g∗(−ϕ)− f ∗(T ∗ϕ)}= d. (A.45)
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For the equality (A.41), we first note that if p = −∞, then p ≥ d forces p = d and we are ready.
We may therefore assume that p 6=−∞, in which case we introduce an auxiliary function

h : Y → [−∞,∞]; h(y) := inf
x∈X
{ f (x)+g(T x+ y)}. (A.46)

The additional assumptions stated above (A.41) are used to show that ∂h(0) 6= /0; we omit this
highly technical part of the proof.205 Granting this, there exists −φ ∈ ∂h(0) and hence, by defini-
tion of the subdifferential, h(0)≤ h(y)+φ(y) for all y ∈ Y . Hence for all y ∈ Y we have:

p≤ inf
x∈X
{ f (x)+g(T x+ y)+φ(y)}

⇒ ∀x∈X ,y∈Y p≤ f (x)+g(T x+ y)+φ(y)
y y−T x
=⇒ ∀x∈X ,y∈Y p≤ f (x)−T ∗φ(x)− (−φ(y)−g(y))

infy
=⇒∀x∈X p≤−(T ∗φ(x)− f (x))−g∗(−ϕ)

infx=⇒ p≤− f ∗(T ∗φ)−g∗(−ϕ)
supφ

=⇒ p≤ d, (A.47)

where we repeatedly used “− inf = sup−” and (A.15). �

Definition A.20 The (extreme) boundary ∂eK of a convex set K consists of all points v ∈ K
satisfying the following condition:

if v = tw+(1− t)x for certain w,x ∈ K and t ∈ (0,1), then v = w = x.

Elements v ∈ ∂eK of the boundary are called extreme points of K.

Here the simplest case is the simplex ∆n, defined for all n≥ 1 by

∆n = {x ∈ Rn+1 | xi ≥ 0,∑
i

xi = 1}. (A.48)

This is the set Prob(Xn+1) of all probability distributions on a set Xn+1 of cardinality n+1, and

∂e∆n = {~e1, . . . .~en+1}, (A.49)

where (~e1, . . . .~en+1) is the standard basis of Rn+1 (i.e.,~e1 = (1,0, . . . ,0), etc.). Beware of surprises:
for K =∆n the extreme boundary ∂eK therefore consists of the vertices of K, whereas its faces form
the geometric boundary. More generally:

Proposition A.21 Any finite set X is isomorphic to the boundary ∂eProb(X) through x 7→ Px.

Exercise 89 Prove this.

The simplest example is X = {0,1}, so that Prob(X) ∼= [0,1] by mapping the distribution p ∈
Prob(X) to p(1). Since one may directly verify that ∂e[0,1] = {0,1}, under the above isomorphism
one therefore has ∂eProb(X)∼= {0,1}. Analogously, ∂e(0,1) = /0, so that the boundary of a convex
set may apparently be empty. Hence we see that one remarkable ingredient of Proposition A.21
lies in the claim that the convex set Prob(X) actually has a (nonempty) boundary! This is the case

205See Lemma 4.3.1 in Borwein & Zhu. It would be helpful of this step could be simplified.
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because it is compact, see below. And if ∂eK is nonempty, the problem arises whether some point
v ∈ K of a compact convex set K may be written as a convex sum (or, more generally, an integral)
of extreme points of K, and if so, to what extent this extremal decomposition

v = ∑
i∈I

tivi, ti ≥ 0, ∑
i

ti = 1, vi ∈ ∂eK, (A.50)

which for simplicity has been assumed to be a finite sum here, is unique. Without proof, we state
a general result of finite-dimensional convexity theory, called Caratheodory’s Theorem:

Theorem A.22 If K is a nonempty compact convex subset of Rn, then ∂eK 6= /0, and each point of
K is a convex sum of at most n+1 points in ∂eK.

If K = ∆n, then this sum generically has n+1 points and is unique. Probabilistically:

Proposition A.23 If X is finite, then any probability measure P ∈ Prob(X) may be written in a
unique way as a finite mixture of extreme probability measures, viz.

P = ∑
x∈X

txPx. (A.51)

Proof Take tx = P({x}). To see that this decomposition is unique, use Proposition A.21, i.e.
∂eProb(X)∼= X , in (A.50) to force I = X and apply both sides of (A.51) to δx. �

Here are some results for the general case, assuming that X is compact.

Theorem A.24 Let X be a compact Hausdorff space. Then we have a homeomorhism

X ∼= ∂eProb(X); x 7→ δx. (A.52)

Here δx is the (probability) measure defined by δx(B) = 1 iff x ∈ B and δ (x(B) = 0 iff x /∈ B. If
measures are seen as functionals on C(X) via integration, that is,

ϕ( f ) =
∫

X
dµ f , f ∈C(X), (A.53)

the measure δx corresponds to the functional f 7→ f (x).
The convex hull co(X) of a subset X of a vector space is defined as the set of all convex sums

tx+(1− t)y, where t ∈ (0,1) and x,y ∈ X ; this is the smallest convex set containing X .

Theorem A.25 (Krein-Milman) Let V be a real normed vector space with dual V ∗, and let K be
a convex subset of V ∗ that is compact in the w∗-topology. Then ∂eK 6= /0, and each point of K lies
in the w∗-closure of the convex hull of ∂eK. In other words,

K = (co(∂eK))−. (A.54)

124



References
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tifiques et Industrielles 736, 5–23. Reprinted in Harald Cramér, Collected Works II, ed. Martin-Löf,
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