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RADBOUD UNIVERSITY

Abstract

Master of Science

The Kadison-Singer property

by Marco STEVENS

For a C*-subalgebra A C B(H) states on B(H) restrict to states on A. Conversely, any
state on A can be extended to a state on B(H). If all pure states on an abelian subalgebra
A have a unique extension to B(H), we say that A has the Kadison-Singer property. We
give a complete classsification of abelian subalgebras with the Kadison-Singer property in
the case of a separable Hilbert space, incorporating and simplifying the recent proof of the
famous Kadison-Singer conjecture by Marcus et al.



Preface

Before writing this master thesis, | had never worked on such a big research project. Many
things were new for me: from working with my own notation to making connections between
different books and articles. Since so many things have been new for me, | have learned
quite some things as well.

Most importantly, | have gained a new perspective on the individuality of a mathematician.
| have always thought that doing mathematics is a very individual business. Truly under-
standing concepts, theorems and proofs requires a personal effort. Verification of a given
proof is also a personal breakthrough: the 'Eureka-feeling’ of “It’s correct!" only goes as far
as one's own mind.

However, for the development of mathematics, mathematicians need each other. The
progress of mathematics would not be possible if every mathematician had to reinvent him-
or herself. First of all, no one would get a proper education in mathematics and secondly,
every book and article uses other books and articles as a reference. But more importantly:
we can use each other as sparring partners.

This phenomenon is already visible in a group of first year mathematics students: they work
together to solve exercises and by doing so, together they are able to learn much more
than they would by themselves. However, later, for example during a master’s program,
students specialize themselves and there are less fellow students to collaborate with. There
is less room for discussion of ideas and mathematics becomes more of an individual business.
Especially when writing a master thesis, doing mathematics becomes an individual affair.
Of course, as a part of a proper education every student should show that he is able to finish
such a big project by him- or herself and quite frankly, | have enjoyed this myself. | am
glad and thankful that my supervisor, Klaas Landsman, allowed me to find my own way of
attacking the problem described in this thesis, while always being supportive and open to
answering questions.

However, | do advocate more collaboration when projects are not meant to be as strictly
personal as a master thesis. In my opinion, working together in a social environment is a
big part of human nature and we are only human, after all.

Marco Stevens
October 2015
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Introduction

In 1959, Richard Kadison and Isadore Singer published the article ‘Extensions of pure
states’ ([11]) where they formulated the following question: given a Hilbert space H and a
maximal abelian subalgebra A of the operator algebra B(H), does every pure state on A
extend to a unique pure state on B(H)? In their article, they showed that this question
was only open for one algebra: /*°(N), considered as a subalgebra of B(¢?(N)), realized via
the multiplication operator. They were not able to answer the question for this algebra, but
believed the answer was negative.

This question became known as the Kadison-Singer conjecture. It took 54 years before
Adam Marcus, Daniel Spielman and Nikhil Srivastava proved ([14]) that in fact the
question had a positive answer for the algebra ¢>°(N). For this, they used another
conjecture that was formulated in 2004 by Nik Weaver ([24]), which was already known to
imply the Kadison-Singer conjecture. In order to prove Weaver's conjecture, Marcus,
Spielman and Srivastava proved two major results involving random variables with matrix
values.

In this text, we embed the Kadison-Singer conjecture in the classification of abelian
subalgebras with the Kadison-Singer property. In chapter 1, we introduce the concept of
pure state extensions by means of a concrete example, namely within the context of a
matrix algebra with the algebra of diagonal matrices as a subalgebra. For this finite
dimensional case, we can describe states and pure states explicitly and show that any pure
state on the diagonal matrices can be uniquely extended to a pure state on the whole
matrix algebra.

In chapter 2, we generalize the concept of states on matrix algebras to states on
C*-algebras. Compared to chapter 1, the role of the matrix algebra is played by the
operator algebra B(H), where H is some Hilbert space, and the subalgebra of diagonal
matrices is replaced by some abelian C*-subalgebra A C B(H). Then again, we pose the
question: does every pure state on the subalgebra extend uniquely to a pure state on the
whole operator algebra? If it does, we say the subalgebra has the Kadison-Singer property.
In the rest of the text, we try to classify all abelian subalgebras with the Kadison-Singer
property. In chapter 3, we show that an abelian subalgebra with the Kadison-Singer
property is necessarily maximal abelian. At this point, we can appreciate the question of
Kadison and Singer in its natural context. In the same chapter, we also give three main
examples of maximal abelian subalgebras: the discrete, continuous and mixed subalgebra.
Here, the discrete subalgebra can be seen as the proper generalization of the algebra of
diagonal matrices.

These three examples are all subalgebras of an operator algebra B(H ), where H is
separable. In chapter 4 we show that we only have to consider these examples when

1



Introduction. 2

considering separable Hilbert spaces, since for these Hilbert spaces, every maximal abelian
subalgebra A C B(H) is unitarily equivalent to one of these three examples. We prove this
using the arguments used by Kadison and Ringrose ([19]), which are based on the concept
of minimal projections.

In chapter 5, 6, and 7, we complete the classification of abelian subalgebras with the
Kadison-Singer property in the separable case. First of all, in chapter 5 we introduce the
concept of ultrafilters and show that we can construct the Stone-Cech compactification of
discrete spaces using ultrafilters. We use this in chapter 6, to show that the continuous
subalgebra does not have the Kadison-Singer property, based on the work of Joel
Anderson([1]). As a consequence of this, the mixed subalgebra does not have the
Kadison-Singer property either.

By then, it is clear that Kadison-Singer conjecture is the only question left in order to
complete the classification. In chapter 7, we first discuss the results of Marcus, Spielman
and Srivastava. After that, we prove Weaver's theorem and use this to prove the
Kadison-Singer conjecture. For this, we use the adaptation of these results as formulated
by Terence Tao ([23]).

In the appendices, we give some extra material. Appendices A and B provide background
knowledge, where appendix A contains a broad range of preliminaries and appendix B is
focussed on functional analysis and operator algebras. Appendix C contains some further
results that rely on concepts introduced in the main text, but that are at the same time
also needed to prove some results there. They are not included in the main text
themselves, since they would only distract from the main results there. Finally, in appendix
D, we have included some notes and remarks on the main text. Especially, in section |5 we
give a survey of the use of existing literature and we discuss in what way we have improved
upon these sources.



Chapter 1

Pure state extensions in linear
algebra

In this chapter we introduce the concept of a pure state extension by means of a concrete
example: we consider the matrix algebra

M := M, (C),
for some fixed n € N. We often denote an element a € M by

a="aile) (e,
Z‘?j

where {e;} is the standard basis of C™ and we use the shorthand notation |z) (y| for the
operator which satisfies |z) (y| (2) = (y, z)z. This means that a;; is the element in the i-th
row and j-th column of the matrix a. Furthermore, we consider the diagonal matrices

D :={a € M|a;; =0 if i # j},

which form a unital subalgebra of M.

The algebra M also has a *-operation that is an involution, defined by:
a* =) ajile:) (el
i?j
We call a* the adjoint of a. Note that D is also closed under this operation.

1.1 Density operators and pure states

M is not merely an algebraic object; it also has its defining action on C™, which is a vector
space with a natural inner product (z,y) = Y, Z;y; (i.e. we take the standard inner product
that is linear in the second argument). Using this, we can define a special class of matrices.

Definition 1.1. a € M is called positive if for each = € C™ we have (z,ax) > 0. We
write this condition as a > 0.

Now we can define our main object of study: states.

3



Chapter |T| Pure state extensions in linear algebra 4

Definition 1.2. A state on M is a linear map f : M — C that is positive, meaning that
f(a) >0 for all @ > 0, and unital, i.e. f(1) = 1. The set of all states on M is denoted by
S(M), which we call the state space of M.

In turns out that all states on M are of a specific form. To make this more precise, we
need two more definitions.

Definition 1.3. The trace of a matrix a € M is defined as Tr(a) = >_; aj;.
Lemma 1.4. 1. Tr(ab) = Tr(ba) for all a,b € M
2. For any basis {v;} of C", we have Tr(a) = >, (vi, av;)
Proof. 1. Tr(ab) = Y ;(ab)ii = > Dok @ikbri = Do >; briaik = Y (ba) ke = Tr(ba).

2. Note that by definition, Tr(a) = >_,(e;, ae;). For another basis {v;} there is a

*

unitary u € M, i.e. uu* = u*u = 1, such that ue; = v; for all i. Then:

Z(vi,avl) = Z(uei, aue;) = Z(ei,u*auei) = Tr(u*au) = Tr(auu™) = Tr(a),

where we used part 1 of this lemma.

There is a connection between states on M and so-called density operators.

Definition 1.5. A density operator p € M is a positive operator that satisfies Tr(p) = 1.
We write D(M) for the set of all density operators in M.

Theorem 1.6. There is a bijective correspondence between states f on M and density
operators p € M, given by f(a) = Tr(pa) for all a € M.

Proof. We prove that S(M) = D(M) as sets. We construct ® : S(M) — D(M) via
O(f) =Y pijle) lesl
]

where p;; = f(|e;) (ei]).
To see that ® is well defined, note that

Tr(@(f)) = Zf(’€i> (eil) = f(z lei) (&) = f(1) =1
and for z € C", say = = >, cie;,

(o, ®(f)) = S ey (o6, ®(f)es) = Y iesfleg) deil) = F(1a) (al) > 0,

which means that ®(f) is indeed a density operator.
Next, define ¥ : D(M) — S(M) by

Y(p)(a) = Tr(pa)



Chapter |T| Pure state extensions in linear algebra 5

for all a € M.

To see that W is well defined, first note that ¥(p)(1) = Tr(p) = 1. Next, let p € D(M)
and a € M positive. Then p has a spectral decomposition

p=">_ pilv) (vil,
i
for some orthonormal basis (v;), where all p; > 0. Since a is positive,
a=7_ Njlui) (v,
i?j
with all A;; > 0. Then pa = =, ; piXij [vi) (v, so

Vip)(a) = Trlpa) = S piki 2 0

so U(p) is positive, and hence a state. Now, note that

U(2(f))(a) = Tr(®( = Tr(( me lei) (e;]) Zalk ler) (exl))
= praﬂ = Zaﬂf (lej) (eil) = Z%z le5) (€il)
= f(a),

meaning that ¥ o & = Id.
Next,
(W (p))ij = W(p)(lej) (eil) = Tr(plej) (eil) = (e, pes) = pij,
meaning that ® o U = Id. Hence, D(M) = S(M) as sets, and writing ¥(p) = f the given
formula f(a) = Tr(pa) holds. O

Note that S(M) and D(M) have more structure than that of a set, since they are also
convex. A function f: A — B between two convex sets is called affine if it preserves the
convex structure, i.e. if f(tx + (1 —t)y) =tf(x)+ (1 —t)f(y) for all t € [0,1] and

z,y € A. Note that the bijection in theorem is an affine function.

For a convex set C, a point ¢ € C' is called extreme if for any ¢;,co € C and t € (0,1)
such that ¢ = teg + (1 — t)cy we have ¢ = co = ¢. The set of extreme points of a convex
set C is called the extreme boundary of C, often denoted as 9.C.

Since S(M) is a convex set, we can consider its boundary, which plays a crucial role in our
discussion. For the elements in this boundary, i.e. the extreme points of S(M), we have a
special name.

Definition 1.7. A state f € S(M) is called a pure state if it is an extreme point of S(M).

To determine the pure states on M, we use the following lemma.

Lemma 1.8. Suppose that C' and D are convex sets and that there is an affine
isomorphism between them. Then 0.C is isomorphic to 0.D.
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Proof. Suppose that the map ¢ : C' — D is an affine isomorphism. First of all, we claim
that ¢(0.C) C 9.D.

To see this, first note that ¢! is an affine isomorphism as well. Now suppose z € 9,C and
t €10,1], a,b € D such that ¢(z) = ta+ (1 —t)b. Then

z=¢ tta+ (1 —t)b) =tp L(a)+ (1 —t)opL(b).

Then, since x € 0.C, = ¢~ *(a) = ¢~1(b), but then also ¢(z) = a = b, so ¢(z) € d.D.
Hence ¢(9.C) C 0.D, so by the same token ¢~1(9.D) C 9.C, whence ¢ maps 9.C
bijectively to 0.D. Therefore 9.C and 0.D are isomorphic. ]

We can now give an explicit description of the pure states on M.

Corollary 1.9. There is a bijective correspondence between pure states f on M and
one-dimensional projections |1¢) (1|, such that f(a) = (1, at)) for all a € M.

Proof. By theorem we know that S(M) corresponds bijectively to D(M) via the
formula f(a) = Tr(pa). Since this formula is affine and the pure states on M are exactly
deS(M), we only need to determine 9. D(M), by lemma (L.

Suppose that p € 9. D(M) and determine its spectral decomposition p = >, p; |vi) (vi].
Then since p is positive and has unit trace, we know that the {v;} are orthonormal, all

pi > 0and >, p; = 1. Clearly, all p; € [0,1].

Now suppose that there is a j € {1,...,n} such that p; € (0,1). Then there must be a

k # j such that p;, € (0,1) as well. Then there is a € > 0 such that [p; —€,p; + €] C [0,1]
and [p; — €, pi + €] C [0,1]. Now define

pi—€ 1=
ri=94 pite i=k
and
pite ti=j
G =< pi—€ i=k

By construction, p1 := ;i |vi) (vi| and p2 := >, i |vs) (vi| are density operators too, and
p= %m + %pg. However, p1 # p # pa, so p is not an extreme point of D(M).
Contradiction, since p € 9. D(M) by assumption. Therefore, all p; € {0,1}. Combined
with >, p; = 1, this gives a unique j such that p; =1 and p; = 0 for all k # j. But then,
p = |vj) (vj], so we see that every extreme point of D(M) is indeed a one-dimensional
projection.

It is clear that every one-dimensional projection is positive and has unit trace, so every
one-dimensional projection is clearly a density operator. Now take a one-dimensional
projection p = |¢) (1|, i.e. a unit vector 1. Suppose that there are p;,ps € D(M) and a

t € (0,1) such that p =tp; + (1 — t)p2.
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Clearly, we have (¢, ptb) = 1. If we write p; in its spectral decomposition
p1 = >_; Di|vi) (vi|, where the {v;} are orthonormal, all p; > 0 and }_, p; = 1, we see that:

(W, o) = opl( )P <3 pi =1,

by the Cauchy-Schwarz inequality.
By the same token, (¢, patp) < 1. Therefore,

L= (i, ) = tth, pr) + (L — ) (W, po) < L+ (1— 1) = 1.

Therefore, we must have (¢, p19) = 1, so for all j such that p; # 0, we have

|(1,v;)|> = 1. Since ¢ is a unit vector and {v;} is an orthonormal set, this means that
there is a unique j such that p; # 0 and ¢ = zv; with z € C such that |z| = 1.

But then necessarily p; =1 and p1 = |v;) (vj| = |[¢) (¢¥| = p. Likewise, ps = p, so indeed,
p is an extreme point.

So 0. D(M) consists exactly of the one-dimensional projections. Now, under the
correspondence of theorem (1.6}

fla) =Tx(|[) (Wla) = (b, [¢) [¢) ap) = (b, av)),

by evaluating the trace using an orthonormal basis with ¢ as one of the basis vectors. [

In the same fashion we can also define (pure) states on D and derive their specific forms.
Note that for a € D the notion of positivity when considering it as an element of M, i.e.
(x,azx) > 0 for all x € C™, is equivalent to saying that all a;; > 0.

Definition 1.10. A state on D is a linear function f : D — C that is positive and unital,
meaning that f(a) > 0 for all @ > 0 and f(1) = 1. The set of all states on D is denoted by
S(D) and is called the state space of D.

In our discussion about the the specific form of states on D, we need (to repeat) the
notion of a probability distribution on finite sets.

Definition 1.11. A probability distribution on a finite set X is a map p: X — [0, 00)
such that > p(x) = 1. The set of all probability distributions on X is denoted by Pr(X).

Note that a probability distribution p on X is equivalently defined as a map p: X — [0, 1]
such that > p(z) = 1.

Theorem 1.12. There is a bijective correspondence between states f on D and probability
distributions p on {1,...,n} such that f(a) =Y, p(i)a;; for all a € D.

Proof. We want to show that S(D) = Pr({1,...,n}) as sets.
Define ® : S(D) — Pr({1,...,n}) by

(f)(k) = f(lex) (exl)
for all k. Then since f is a state, each ®(f)(k) is positive. Furthermore,

S () = 3 flleq) () = (X lea) teil) = (1) = 1.

i
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so ®(f) is indeed a probability distribution. Next, define ¥ : Pr({1,...,n}) = S(D) by
= > p(i)ai
i
Since all p(7) are positive, it is clear that W(p) is positive too. Furthermore,
= pli) =
i
so U(p) is indeed a state. Now note that

Z(I) au Zazzf ’67, 62’ Za“]ez 62’ )

showing that ¥ o & = Id.

Furthermore,

®(W(p))(k) = ¥(p)(lex) (exl) ZP (lex) (ex|)ii = p(k),

whence ® o ¥ = Id.

f( )= p( )aZZ holds for every a € D. 0

Next, we note that just like in the case of M, the state space S(D) is in fact a convex set,
just like Pr({1,...,n}). Hence we can again determine the boundary of S(D) and call it
the pure state space of D. Once, again, these pure states have a specific form.

Corollary 1.13. For every pure state f on D there is ani € {1,...,n} such that
f(a) = ay; for all a € D.

Proof. By theorem [1.12) we know that the states on D correspond to Pr({1,...,n}), and
by lemma @] we then know that we only have to determine the boundary of
Pr({1,...,n}). If we show that these are exactly those probability distributions that have
a unique j such that p(j) =1 and p(k) = 0 for all k # j, we are done.

So, suppose that p € 9.Pr({1,...,n}). By definition of a probability distribution, we have
p(j) € 10,1] for all j. Suppose that p(j) € (0,1) for some j. Then there must be a k # j
such that p(k) € (0,1) as well. Then there is a € > 0 such that

[p(j) — &, p(j) + €] C[0,1]

and
[p(k) — €, p(k) + ¢ € [0,1].

By the same reasoning as in the proof of corollary [1.9] p is not an extreme point.
Contradiction. Hence there is no j such that p(j) € (0, 1), so all p(j) € {0,1}. Therefore,
there is a unique j such that p(j) = 1 and p(k) = 0 for all k # j.

Now suppose p is a probability distribution such that there is a unique j such that p(j) =1
and p(k) =0 for all k = j. Then suppose there is a ¢t € (0,1) and r,q € Pr({1,...,n})
such that p = tr 4+ (1 — t)q. Suppose that r(j) # 1. Then r(j) < 1, since all 7(k) > 0 and
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w7(k) =1. Then ¢(j) > 1, which is a contradiction. Hence r(j) = 1. Likewise,
( ) = 1. Then, since r,q € Pr({1,...,n}, (k) = 0= q(k) for all k # j. Therefore
p=q=r and p is an extreme point. ]

1.2 Extensions of pure states

We have now established the ingredients to get to the main point of this chapter. By
definition of the state spaces, it is clear that when restricting a state on M one obtains a
state on D. The question we can now ask ourselves is whether this restriction determines
the original state completely, i.e. whether we can uniquely extend a state on D to a state
on M. It turns out that it does when we consider pure states, as formulated in the
following theorem.

Theorem 1.14. For every pure state f on D there is a unique pure state g on M that
extends f.

Proof. Let f be a pure state on D. By corollary we know that there is a
i€ {1,...,n} such that f(a) = a;; for all a € D.
Now simply define the linear function g : M — C by

g(a) = ai

for all a € M. Then clearly, g(a) = a;; = (e;,ae;) > 0 for all a > 0, so g is positive.
Furthermore, g is obviously unital, so g is a state that extends f.

Suppose that ¢’ is another pure state that extends f. Then by corollary [1.9] there is a
1 € C™ such that ¢'(a) = (¢, avp) for all a € M.

Let us write ¢ = >4 cxex. Then, since |eg) (ex| € D for all k:
lexl” = g'(lex) (ex]) = F(lex) (ex]) = dun
Therefore, 1) = c;e;, with |¢;| = 1. Then for any a € M,
g'(a) = (¢, ah) = Geilei, ae;) = |cil*ay = aii = g(a),

so g’ = g, and g is the unique pure state extension of f. O






Chapter 2

State spaces and the Kadison-Singer
property

In chapter 1 we discussed the extension of pure states from the algebra of diagonal
matrices D to the algebra of matrices M. In this chapter, we formulate the question
whether this is possible in a much broader setting. Instead of M we consider B(H) for
some Hilbert space H, and instead of D we consider abelian C*-subalgebras A of B(H).
Having again defined (pure) states, we will likewise ask the question whether a unique
extension property holds. This property is the so-called Kadison-Singer property.

2.1 States on C*-algebras

Using the notion of positivity as introduced in definition [B.21} we can define states.

Definition 2.1. Let A be a unital C*-algebra. A state on A is a linear map f: A — C
that is positive (i.e. f(a) > 0 for all @ > 0) and unital (i.e. f(1) =1). The set of all states
on A is denoted by S(A) and is called the state space of A.

The condition of being positive has a very important consequence for states.

Proposition 2.2. Suppose A is a unital C*-algebra and f € S(A). Then
sup{|f(a)| : a € 4, [|a] =1}

is finite, i.e. S(A) C A*.

Proof. First suppose that sup{|f(a)| : ||la|]| = 1,a > 0} is infinite. Then there is a sequence
{an}nen such that |f(ay)| > 2", ay, >0 and ||a,| =1 for all n € N. Then

a=Y "2 "a, exists and is positive too. Then, by linearity, 1 < f(27"a,,) for all n € N.
Hence we have
N N
N < Z f2"ay,) = f(z 27"%ap) < f(a),
n=1 n=1

i.,e. N < f(a) for all N € N. This is a contradiction, so
M :=sup{|f(a)| : ||a|| = 1,a > 0} is finite.

11
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Now let a € A be an arbitrary element such that ||a|| = 1. Then a can be written as
a=Y1_oi*a) where all a; >0 and ||ax|| < 1 by proposition Therefore,

3 3 3
\ﬂ@hﬂﬂiﬁ%wﬂzﬁjﬁﬂwﬂS}]mmﬂﬁ%p§4M,
k=0 k=0 k=0 k
i.e. sup|q=1/f(a)| is finite too. O

When considering states, the following result is often useful.

Lemma 2.3. Suppose A is a C*-algebra and f € S(A). Then the map

A? — C, (a,b) — f(a*D)

is a pre-inner product and hence for every a,b € A we have |f(a*b)| < f(a*a)'/2f(b*b)'/2.

Proof. Since f is positive, this is immediate from corollary [A.2] and the Cauchy-Schwarz
inequality for pre-inner products. O

This has the following corollary:

Corollary 2.4. Suppose A is a unital C*-algebra and f € S(A). Furthermore, let a € A.
Then f(a*) = f(a).

Proof. We use lemma to see that f(a*) = f(a*1) = f(1*a) = f(a). O

Since every state is bounded by proposition [2.2] we can consider its norm. Using this, we
can give a different characterization of states.

Proposition 2.5. Suppose that H is a Hilbert space and A is a unital C*-subalgebra of
B(H). Furthermore, let f : A — C be a bounded functional such that f(1) = 1. Then f is
positive (and hence a state) iff || f|| = 1.

Proof. First suppose that f is positive. Since |[1]| =1, || f|| > |f(1)| = 1.
Now let @ € A such that [|a]| = 1. Then, using lemma 2.3

[f(@)? = 1f(1a)]* < f(1*1) f(a"a) < F) | fIlla*al = ||£]]

Therefore,

IF1I* = sup [f(a)]* < [If]I,

llafl=1
whence ||f]| < 1. So ||f]| = 1.
For the converse, suppose that ||f|| = 1. Let a € A be self-adjoint and let n € Z.
Since f(a) € C, we can write f(a) = a+ i3, with «, 3 € R. Furthermore, denote
¢ = |la?||
Then:

[Fla+inD)]2 < [ f|2lla+ in1 | = [[(a+inl)*(a + in1)]
— [l(a — in1)(a + in1)]| = [la® + n1]
< @]+ n?[11]| = ¢+ n
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Moreover,
[fa+inD)? = [f(a) +inf(1)]? = |a+if +in* = o® + (8 +n)* = o® + 8% + 260+ n”.
Collecting this, we obtain the inequality:

o® 4 B2 +26n +n? < c4n’

Rewriting this, we obtain:
28n < ¢ —a? — 2.

If B # 0, then we obtain for every n € Z:

_ 2 2
n < cza =9 B ,
< 283
which is a contradiction since the right hand side is independent of n. Hence 8 = 0, so
f(a) =a, ie. f(a) is real.
Now let @ > 0, a # 0 and write b = ﬁ Since a is self-adjoint, b is self-adjoint and

||b]] = 1. We claim that 1 — b is positive. To see this, let z € H and compute:
(@,(1 = b)z) = (z,2) — (2,bz) > |l«|* — llz[lllox]| > =] — [bll]«]* > 0.

So, indeed 1 — b is positive and hence also self-adjoint. Since 0 <1 — b < 1 we also have
|I1 —0b|]| <1. Then:

L= f(0) = f(1) = f(b) = f(1 = b) < |[F(L = B)] < [[fIII[L =Bl <1,

whence f(b) > 0. Then also f(a) = ||a||f(b) > 0. Since we obviously also have that
f(0) >0, f is positive. O

Since all states on a unital C*-algebra A are bounded by proposition , S(A) inherits the
weak*-topology from A* (see section [B.1)). With respect to this topology, S(A) has an
important property.

Proposition 2.6. Let A be a unital C*-algebra. Then S(A) C A* is a compact Hausdorff
space.

Proof. We first claim that S(A) C A* is closed with respect to the weak*-topology. To see
this, suppose that {f;} is a net of states converging to a certain f € A*. By the definition
of the weak*-topology, this means that f(a) = lim f;(a) for all a € A.

So, certainly, when taking a = 1, it follows that f(1) = lim f;(1) = lim 1 = 1, since every
fi is a state. Furthermore, if a > 0, then f;(a) > 0 for every i, so f(a) = lim f;(a) > 0 as
well. So, indeed, f € S(A), i.e. S(A) is closed with respect to the weak*-topology on A*.
Now, by the Banach-Alaoglu theorem (see theorem [B.1]), the closed unit ball A} of A* is
compact with respect to the weak*-topology and by proposition S(A) C Aj. Hence
S(A) is closed with respect to the relative topology on A7, which is a compact space.
Hence S(A) is compact with respect to the relative topology and therefore with respect to
the weak*-topology.
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Next, to see that S(A) is Hausdorff, suppose f,g € S(A) such that f # g. Then there is
an a € A such that f(a) # g(a). Therefore, § :=|f(a) — g(a)| > 0. Now consider

U= B(f,a, %) NS(A) and V = B(g,a, %) N S(A). Then both U,V C S(A) are open and
feU, ge V. Furthermore, h € U NV implies

o 90

£(a) = 9(a)| < |f(a) — h(a)| + h(a) - gla)| < § +5 =&,

which is a contradiction. Hence U NV = (). Therefore, S(A) is Hausdorff. O

2.2 Pure states and characters

Just like in chapter 1, we note that S(A) is convex for every unital C*-algebra A.
Therefore, we can again consider its boundary 0.S(A) and call this the pure state space
of A. It turns out that in the case that A is abelian, the pure states are exactly the
characters (see definition . To prove this, we first need an equivalent definition of
pure states in terms of positive functionals.

Lemma 2.7. Suppose H is a Hilbert space and A C B(H). Furthermore, suppose
f€S(A). Then f € 0.S(A) if and only if for all g : A — C such that 0 < g < f we have
g =tf for somet € [0,1].

Proof. Suppose f € 0.5(A) and g : A — C such that 0 < g < f. Since 1 > 0, then
0<g(1) < f(1)=1

Now, there are a few cases. First of all, suppose g(1) = 0. Then let a € A be positive.
Then by lemma , 0< ﬁ < 1, whence 0 < a < ||a||1. Therefore,

0 < g(a) < g(llall1) = [[allg(1) = 0.

Since every b € A can be written as b = Zi:o ikby, for some by, > 0, g(b) = 0 for every
be A, ie g=0.

As a second case, suppose g(1) = 1. Then f —g >0 and (f — g)(1) =0, so by the same
reasoning as in the first case, f —¢g =0, ie. g=f.

Lastly, there is the case 0 < g(1) < 1. In this case, define the functionals

g1 = #ﬁ)(f —g) and g3 = Wll)g. Then clearly, g1 and g are both positive and

g1(1) = g2(1) =1, so g1, 92 € S(A). Furthermore,

1-gM)gr+9(V)g2=f—-g+g=f

and f € 9.5(A), so g1 = g2 = f. Therefore, g = g(1)g2 = g(1) f.

In all cases, we see that g = ¢g(1)f, and g(1) € [0, 1].

For the converse, suppose that for all g : A — C such that 0 < g < f thereisa t € [0,1]
such that g = tf. Then suppose that hi, he € S(A) and s € (0,1) such that

f=shi+ (1 —s)ha. Then f —shy = (1 —s)ha >0, s0 0 < sh; < f. Hence, there is a

t € [0,1] such that shy = tf. However, s = shi(1) =tf(1) =t, so hy = f. Then also
ho = f,so f € 0.5(A). O
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Now we can come to our main point; the pure states are exactly the characters, which are
defined as in definition [B.27] In chapter 1, we already saw that every pure state on D was
of the form f(a) = a;;, which is clearly multiplicative on the diagonal matrices, i.e.
0.5(D) C Q(D). Therefore, the following theorem can be seen as a generalization.

Theorem 2.8. Suppose H is a Hilbert space and let A C B(H) be an abelian unital
C*-algebra. Then 0.5(A) = Q(A).

Proof. First let f € 0.S(A). Let a,c € A and first suppose that 0 < ¢ < 1. Now let b € A
such that b > 0.

Then ¢ =d*d, 1 — ¢ = uw*u and b = v*v for some ¢, u,v € A. Therefore,
be = v*vd*d = d*v*vd = (vd)*vd > 0

and
b—bc=>b(l—c)=vvu*u=u"v"vu = (vu)vu >0,
so 0 < be <b.

Now define g : A — C by g(z) = f(zc) for all z € A. Combining the fact that f > 0 and
the above observation that bc > 0 for all b > 0, we see that g > 0.

Furthermore, for b > 0, b > bc and hence (f — g)(b) = f(b) — f(bc) = f(b—bc) > 0, so
g < f. Now using lemma 2.7 we know that g = ¢f for some ¢ € [0, 1]. Now

flac) = g(a) = tf(a) = tf(1)f(a) = g(1) f(a) = f(c)f(a) = f(a)f(c).

If we now drop the requirement that 0 < ¢ <1, we observe that we still have
c= Zz Oikck for some ¢, > 0, by proposition
Then ¢ = 323 i¥|| x| 1S e and 0 < ”C <1 by lemma , whence

3 3
flac) = £(@ Y Fleellrin) = 3 i* el Flag)
k=0 k=0
3 3
= Z zkHcka(a)f( C:H) = f(a)f(z kHCkH ||Ck||)
k=0 k=0

= f(a)f(c),

i.e. feQ(A), since f(1) =1 and hence f # 0. Therefore 9.5(A) C Q(A).
For the converse, suppose ¢ € Q(A). Then ¢(1) =1 by lemma Furthermore, for
a € A, by lemma [B.30]

e(a*a) = e(a")e(a) = c(a)e(a) = le(a)]® > 0,

so ¢ > 0. Since c is also linear, ¢ € S(A).

Now we claim that in fact ¢ € 0.S(A). To see this, suppose that ¢t € (0,1) and

c1,¢2 € S(A) such that ¢ = tcy + (1 — t)co. Furthermore, suppose that a = a* € A. Then
c1(a) € R, since ¢; > 0 and ¢1(a)? = |e1(1%a)|> < c1(1*1)c1(a*a) = c1(a?). Likewise,
c2(a)? < ez(a?).
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Since ¢ is a character, we can compute:

=tey(a®) + (1 —t)ea(a®) — (ter(a) + (1 — t)ea(a))?

=ter(a?) + (1 —t)ea(a?) — t2e1(a)? — (1 —t)2ez(a)? — 2t(1 — t)ey(a)ea(a)
> ter(a)? + (1 —t)ea(a)? — t2cr(a)® — (1 —t)2ca(a)? — 2t(1 — t)ey(a)cz(a)
= (t —t*)c1(a)® + 1) ey

i.e. ci(a) = c2(a) for all a = a* € A. Therefore, for any b € A, b = a; + iay with
a; = aj,az = a3 € A, whence ¢;(b) = c2(b) by linearity. Therefore ¢; = c2 = ¢ and
c € 0:.5(A). O

The above theorem is remarkable, since the algebra B(H) for a Hilbert space H of
dimension at least 2 does not even admit any characters:

Proposition 2.9. Let H be a Hilbert space of at least dimension 2. Then
Q(B(H)) =0.

Proof. Suppose ¢ € Q(B(H)) and let {e;}icr be an orthonormal basis of H. Let i € I. By
assumption, there is a j € I such that j # i. Now let a = |e;) (e;] and b = |e;) (e;]. Then
a? =0, so c(a)? = c¢(a?) = ¢(0) = 0, whence c(a) = 0. Likewise, c(b) = 0.
Now, |e;) (e;| = ab, so

c(lei) (ei]) = c(ab) = c(a)c(b) = 0.

Since i € I was arbitrary,

(1) = (Y le) {eil) = 3 elles) {eil) = 0.

iel icl

Then for any z € B(H), ¢(z) = ¢(x1) = ¢(z)c(1) =0, so ¢ =0, i.e. ¢ is not a character.
This is a contradiction. So Q(B(H)) = 0. O

Theorem [2.8| also has the following corollary.

Corollary 2.10. Suppose A is an abelian unital C*-algebra. Then 0.S(A) is compact
Hausdorff with respect to the weak®-topology.

Proof. Since 0.S(A) C S(A) and S(A) is Hausdorff, we know that 9.S(A) is Hausdorff
too. In fact, we only need to show that Q(A) = 9.5(A) is closed in S(A), since S(A) is
compact by theorem To prove this, we show that U := S(A) \ Q(A) is open in S(A).
For this, suppose f € U. Then there are a,b € A such that f(a)f(b) # f(ab). Since every
element of A can be written as a sum of positive elements (see proposition we know
that we can then assume that a and b are positive.

Now, since A is abelian we then also know that ab is positive. Hence f(a),f(b) and f(ab)
are positive numbers. Suppose that f(a)f(b) > f(ab) and define
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d = f(a)f(b) — f(ab) > 0. Next, define g1 = W. Using this, define
¢ = min{ey, f(a), f(b)} > 0.
Then, take g € B(f,a,e) N B(f,b,e) N B(f,ab,e) N S(A). Then we have

9(a)g(b) — g(ab) > glab) > (f(a) — )(F(B) — &) — (f(ab) + <)
— f(@)f(b) — f(ab) — £(f(a) + F(B) + 1) + &2
> 5 —e(f(a) + f(B) + 1)
>5—6=0,

i.e. g(a)g(b) # g(ab). Hence g € U. A similar argument works if f(a)f(b) < f(ab). Hence
U is open. Therefore, 0.S(A) = Q(A) C S(A) is closed and hence a compact Hausdorff
space. ]

2.3 Extensions of pure states

Recall that our goal is to generalize the concept of the extension of pure states from the
algebra of diagonal matrices D to the algebra of all matrices, M. We have already
generalized D C M to A C B(H) for a Hilbert space H and an abelian unital
C*-subalgebra A. In this case it is important to note that the pure states on A are in fact
characters. These cannot be extended to characters on all of B(H), since the latter do not
exist. However, they might be extended to states on all of B(H). The question whether
this is possible is the one we are interested in.

Definition 2.11. Let H be a Hilbert space and A an abelian unital C*-subalgebra of
B(H). Furthermore, let f € S(A). We define the set of extensions of f to be:

Ext(f) ={g € S(B) : gla = f}.

In chapter 1 we showed that for the case H = C™ and A = D, for each f € 0.5(D) the
set Ext(f) N 0.S(M) consists of exactly one element, i.e. every pure state on D extends
to a unique pure state on M. This motivates the following definition.

Definition 2.12. Let H be a Hilbert space and A an abelian unital C*-subalgebra of
B(H). We say that A has the first Kadison-Singer property if for every f € 9.5(A),
Ext(f) N 0.S(B(H)) consists of exactly one element.

We may also drop the requirement that the unique extension must be pure. Then we
obtain another property.

Definition 2.13. Let H be a separable Hilbert space and A an abelian unital
C*-subalgebra of B(H). We say that A has the second Kadison-Singer property if for
every f € 0.5(A), Ext(f) consists of exactly one element.

A priori, it is unclear whether the first Kadison-Singer propery implies the second, since
Ext(f) might contain more elements than Ext(f) N 0.S(B(H)). Likewise, the one
element in Ext(f) might not be in 9.S(B(H)), whence the second Kadison-Singer
property might not imply the first.
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However, it turns out that the first and second Kadison-Singer property are in fact
equivalent. To prove this, we first need a lemma and note that for every f € S(A), Ext(f)
is a convex set, whence we can consider its boundary.

Lemma 2.14. Let H be a separable Hilbert space and A an abelian unital C*-subalgebra
of B(H). For every f € 0.5(A) we have the following identity:

8, Ext(f) = Ext(f) N 8.5(B(H)).

Proof.  C : It is clear that 0. Ext(f) C Ext(f). To see that d. Ext(f) C 0.5(B(H)),
suppose that g € 0. Ext(f) and hy,he € S(B(H)), t € (0,1) such that

g =thy + (1 —t)ho.

Let k1 and ko be the restrictions of h; and ho to A, respectively. Then, clearly, kq
and ks are both states on A and we have f = tk; + (1 — t)k2. Since f is a pure
state on A, this means that k1 = ko = f.

Therefore, hy, ho € Ext(f), and since g € 0. Ext(f), this means that g = hy = hao.
Therefore g € 0.5(B(H)).

Hence 0. Ext(f) C Ext(f) N 0.S(B(H)).

I

: Suppose that g € Ext(f) N 0.S(B(H)) and t € (0,1) and hq, he € Ext(f) such
that g = thy + (1 — t)ha. Then also hy, hy € S(B(H)) and since g € 9.S(B(H)) we
then have hy = hg = g. Therefore g € 0. Ext(f).

O

We can now come to the main theorem of this section: the equivalence of the first and
second Kadison-Singer property.

Theorem 2.15. Let H be a Hilbert space and A an abelian unital C*-subalgebra of B(H).
Then A has the first Kadison-Singer property if and only if it has the second
Kadison-Singer property.

Proof. Suppose A has the first Kadison-Singer property and let f € 9.S(A). Then, by
assumption Ext(f) N 0.S(B(H)) consists of exactly one element, so by lemma [2.14]

0e Ext(f) consists of exactly one element.

Now, note that Ext(f) is convex and is a closed subset of the compact set S(B(H)).
Therefore, Ext(f) is convex and compact and the Krein-Milman theorem (B.4)) can be
applied to it, i.e. Ext(f) = co(de Ext(f)). However, 9. Ext(f) consists of exactly one
element, whence co(0, Ext(f)) consists of exactly one element. Therefore, Ext(f)
contains exactly one element, and A has the second Kadison-Singer property.

For the converse, suppose that A has the second Kadison-Singer property and let

f € 0eS(A). Then Ext(f) contains exactly one element, so J. Ext(f) = Ext(f) and hence
0e Ext(f) consists of one element as well. By lemma then Ext(f) N 0.S(B(H))
consists of one element, i.e. A has the first Kadison-Singer property. O

By the above theorem, we can drop the adjectives ‘first’ and ‘second’ and just speak of one
property.
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Definition 2.16. Let H be a Hilbert space and A an abelian unital C*-subalgebra of
B(H). Then we say that A has the Kadison-Singer property if it has either (and hence
both) the first or second Kadison-Singer property.

From now on, the main goal of this text is to classify the examples of a Hilbert space H
and an abelian unital C*-subalgebra A C B(H) that have the Kadison-Singer property.

2.4 Properties of extensions and restrictions

The Kadison-Singer property concerns two parts; existence and uniqueness. The following
theorem shows that the first is never an issue.

Theorem 2.17. Let H be a Hilbert space and A a unital abelian C*-subalgebra of B(H).
Furthermore, let f € S(A). Then Ext(f) # 0.

Proof. f € S(A), so by proposition |fIl = 1. Since A C B(H) is a linear subspace,
there is a functional g : B(H) — C that is an extension of f and ||g|]| = || f]| = 1, by the
Hahn-Banach theorem (see theorem [B.2).

Since 1 € AC B(H), g(1) = f(1) = 1. Using proposition in the reverse direction, it
follows that g € S(B(H)). Therefore, g € Ext(f), i.e. Ext(f) # 0. O

Now that we know that an extension always exists, we only have to focus on uniqueness
when we want to answer the question whether a given algebra has the Kadison-Singer
property. By the following proposition, we know more about an extension in the case it is
unique. For this, we use the notion of state-like functionals, which is introduced in

definition [C13]

Proposition 2.18. Suppose H is a Hilbert space and suppose that A C B(H) is a unital
abelian C*-subalgebra. Furthermore, let f € 0.S(A) such that Ext(f) = {g}. Then for
each self-adjoint a € B(H),

g(a) =sup{f(b): b€ A,b< a}.
Proof. First suppose a € A. Then a € A and a < a, so
gla) = f(a) < sup{f(b):be A,b<a}.

Furthermore, for any b € A such that b < a, f(b) < f(a) = g(a), since f is positive.
Therefore, sup{f(b) : b € A,b < a} < g(a). Combined, this indeed gives

g(a) =sup{f(b): b€ Ab<a}.

Next, suppose a ¢ A. Then note that A 4+ Ca is a self-adjoint linear subspace of B(H)
that contains the unit. Then define

a=sup{f(b):be A b<a},
and, using this, define h: A+ Ca — C, by

r+ da— f(x)+ .
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Note that this is well defined, since z + Aa = y + pa for some z,y € A and A, p € C
implies (u —ANa=xz—y € A, sou— =0, sincea g A. Therefore, u =X and z = y.

Now, h is obviously linear and

h((x 4+ Aa)*) = h(z* + Aa) = f(z*) + da = f(z) + A\a = h(x + Aa),

so h preserves adjoints. Next, we want to show that A is positive on the positive elements
of A+ Ca. So, suppose that z + Aa > 0.

If A\ =0, then x >0, so h(z + Aa) = f(z) > 0. If A >0, then x > —)\a, so —A"lz <a
and — A1z € A, so f(—)\_lx) < «. Therefore,

h(z + Aa) = f(z) + da = Ma — f(=2"1z)) > 0.

Finally, if A < 0, then —A\~!z > a, so f(—A"'x) > f(b) for every b € A such that
b<a< —\"'z. Therefore, f(—A"1z) > a. So certainly,

h(xz + Xa) = f(z) + da = -A(f(=2"'z) —a) > 0.

Therefore, h is positive on the positive elements of A 4+ Ca, i.e. h is a state-like functional
(see definition [C.13). Therefore, by theorem [C.14} h extends to a state-like functional k on
B(H). However, state-like functionals on a C*-algebra are clearly states, so k € S(B(H)).
Furthermore, for z € A C A+ Ca, k(z) = h(z) = f(z), i.e. k € Ext(f) = {g}. Therefore,
since a € A+ Ca,

g(a) = k(a) = h(a) = a =sup{f(b) : b€ A,b < a}. O

In studying extensions of pure states, it is also useful to understand the reverse direction:
restriction. For this, we have the following lemma.

Lemma 2.19. Suppose A is a C*-algebra and C C A a C*-subalgebra. Then the
restriction map

d:S(A) = SC), f— flo,

is continuous.

Proof. Note that the state spaces S(A) and S(C) are endowed with the weak*-topology
(see section [B.1)). Therefore, let f € S(C), c€ C and € > 0, i.e. let B(f,c,e) C S(C) be
an arbitrary subbase element. We prove that ®~(B(f,c,e)) C S(A) is open.

To do this, let g € @~ 1(B(f,c,¢€)). Then |®(g)(c) — f(c)| < €, so there is a § > 0 such
that |®(g)(c) — f(c)] < e — 0. Then let h € B(g,c,d). Then

®(h)(c) = f()] < |2(h)(c) — @(g)(c)] + [@(g)(c) — f(c)|
< |h(c) —g(c)| +e—9¢
<d+e—90

:5‘7

whence h € @1 (B(f,c,¢)). Therefore, B(g,c,8) C @1 (B(f,c,¢)), i.e. @ HB(f,c,¢))
is open. Hence @ is continuous. ]



Chapter 3

Maximal abelian C*-subalgebras

In chapter 2 we introduced the Kadison-Singer property and declared our main goal to be
classifying Hilbert spaces H and abelian unital C*-subalgebras A C B(H) that have this
property. In this chapter we show that in order to satisfy the Kadison-Singer property, the
subalgebra A needs to be maximal. Next, we will discuss some important examples of such
maximal abelian C*-subalgebras.

3.1 Maximal abelian C*-subalgebras

For a fixed Hilbert space H, we can consider all unital abelian C*-subalgebras of B(H) and
collect them in C(B(H)). For every element of A € C(B(H)), we can ask ourselves
whether A has the Kadison-Singer property with respect to B(H). It turns out that only
maximal elements of C(B(H)) can possibly have the Kadison-Singer property with respect
to the canonical partial order < on C'(B(H)) given by inclusion, i.e. for

Ay, Ay € C(B(H)) we have A; < Ay iff A; C As. Since it would only be tedious to use
the symbol <, we just use the inclusion symbol C to denote the partial order.

Since (C(B(H)), <) is now a partially ordered set, we can consider its maximal elements.

Definition 3.1. Suppose H is an Hilbert space and A; € C(B(H)). Then A; is called
maximal abelian if it is maximal with respect to the partial order 'C" on C'(B(H)), i.e. if
Ay C Ay for some Ay € C(B(H)), then necessarily A; = As.

Maximal abelian elements of C(B(H)) have a very nice description in terms of the
commutant.

Definition 3.2. Suppose X is an algebra and S C X is a subset. We define the

commutant of S to be
S":={r € X| sx =xs Vs €S},

i.e. the set of all z € X that commute with all of S.

We denote the double commutant of a subset S of an algebra X by S” := (S’)’ and
likewise S”" = (S")".

Lemma 3.3. Suppose X is an algebra and S, T C X are subsets. Then:

1. SC S iffS is abelian.
21
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2.IfSCT, thenT' C S'.
3. 5Cgs.
4.5 =29".

Proof. The proofs of the first three properties are trivial. For the last property, observe
that S’ C (S")” = S by the third property, and by combining property 2 and 3 one has
S/// — (S//)/ C S/- D

We can now give a description of maximal abelian subalgebras in terms of the commutant.

Proposition 3.4. Suppose A is a subalgebra of B(H ), for some Hilbert space H. Then
the following are equivalent:

1. Ae C(B(H)) and A is maximal abelian;
2. A=A

Proof. Suppose A € C(B(H) is maximal abelian. Since A is abelian, A C A’.

Now let b € A’ and let C' be the smallest C*-subalgebra of B(H) that contains A and b.
Then since b commutes with all of A, C is abelian and unital, since 1 € A C C. Therefore,
C e C(B(H)) and A C C. However, A was assumed to be maximal, whence C' = A.
Hencebe C=Aand A’ C A, so A’ = A.

For the converse, suppose that A = A’. First notethat 1 € A’ = A and A C A/, so

A e C(B(H)). Now suppose that C' € C(B(H)) such that A C C. Then C is abelian, so
C CC'"CA = A, whence A = C and A is maximal. d

The above proposition justifies dropping the adjective 'unital’ when we defined maximal
abelian subalgebras.

We now come to the main result in this chapter: only maximal abelian subalgebras can
possibly have the Kadison-Singer property.

Theorem 3.5. Suppose that H is a Hilbert space and that A € C(B(H)) has the
Kadison-Singer property. Then A is maximal abelian.

Proof. Suppose C' € C'(B(H)) such that A C C. We will show that the pure state spaces
0.5(C) and 9.S(A) are isomorphic. To do this, first construct the map:

®:0,5(C) = 0.5(A), fr fla

Since the pure states are exactly the characters on an abelian C*-subalgebra (see theorem
and f|4 is therefore a non-zero restriction of a character, f|4 € Q(A) = 9.S(A) for
all f € 0.5(C). Therefore, @ is well defined.

For any g € 0.S(A), we know that Ext(g) contains exactly one element. Denote this
element by g. Using this, we can construct the following map:

U 9.5(4) = 0.5(0), g+ gl
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To show that this map is well defined, let g € 9.5(A). Note that g is a state on B(H),
and g|c is therefore a state on C, since positivity and unitality are clearly preserved under
restriction. Now write h = g|¢ and suppose h = thy + (1 — t)hy for some t € (0,1) and
hi,hy € S(C). By theorem [2.17| we can find k1 € Ext(h1) and ka € Ext(hs). Then

k1|4 = hi|a and ka4 = ha|a, so

gzg‘A:h‘A:thl‘A—i-(l—t)hﬂA Ztk1’A+(1—t)k2’A.

However, g € 0.S(A), so ki|a = ko|la =g, i.e. k1,k2 € Ext(g). So k1 =ka =7.

Then hy = ki|c = glc = h and likewise hg = h, i.e. h € 9.5(C), as desired.

The only thing left to show is that ® and ¥ are each other’s inverse. First, let g € 9.5(A).
Then (® o ¥)(g) = gla = g, since g € Ext(g). Hence ® o ¥ = Id.

Next, let f € 9.5(C). Choose h € Ext(f), which exists by theorem 2.17] Then certainly

h € Ext(f|4). However, by assumption Ext(f|4) contains exactly one element, so
h = f|a. Hence

—~—

(Wo@)(f) = (fla)le = hle = f,

since h € Ext(f). Therefore, ¥ o ® = Id.

Hence @ : 0.5(C) — 0.5(A) is a bijection. It is also continuous by lemma [2.19| By
corollary we know that 9.5(C) and 9.5(A) are both compact Hausdorff, so by lemma
® is in fact a homeomorphism. Therefore, ® induces an isomorphism

O : Cp(8e5(A)) — Co(8.5(C))

given by ®*(F)(f) = F(2(f))-
Using the Gelfand representation (theorem |B.31)) twice, i.e. using the isomorphisms

Ga: A= Co(Q(A)) = Co(0:5(A)), (Gala))(f) = f(a)

and

Go: C = Go(0)) = Co(0:5(0)), (Gele)(f) = f(e),

we can construct an isomorphism F' = G61 o ®* o G 4 such that the following diagram
commutes:

A 1 00(0.5(4))

|7 [+

C -9 Cy(8.5(0))
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We now claim that F is in fact given by the inclusion map i : A — C. To see this, let
a€ Aand f € 0.5(C). Then:

(2" 0 Ga)(a))(f) =

Hence ®* o G4 = G o1, so indeed i = G(}l o ®* oG4 = F. So the inclusion map
i: A — Cis an isomorphism, i.e. A= C.

Therefore, A is maximal abelian. O

Thus, in our search for a classification of subalgebras with the Kadison-Singer property, we
now merely have to focus on maximal abelian subalgebras.

3.2 Examples of maximal abelian C*-subalgebras

It is time to give some key examples of maximal abelian C*-subalgebras, since these are the
only ones that can possess the Kadison-Singer property. In chapter 1 (theorem we
proved that D C M has the Kadison-Singer property. Together with theorem [3.5 this
implies that D C M is maximal abelian. However, for the sake of completeness, we give a
direct proof of this fact.

Proposition 3.6. D C M is maximal abelian.

Proof. Since D is abelian, D C D'.
Now suppose a & D. Then there are i,j € {1,...,n},i # j, such that a;; # 0.

Now note that:

(e (|ei) {eil a)es) = az; # 0
(€i, (ale;) (ei])ej) =0

Hence |e;) (ei| a # ae;) (ei], whereas |e;) (e;| € D, so a ¢ D'. So D' C D.
Therefore D = D', and D C M is maximal abelian. O

For infinite-dimensional separable Hilbert spaces, examples of maximal abelian
C*-subalgebras become more involved.

3.2.1 The discrete subalgebra

One of the most important examples of a Hilbert space is the space /2(N), defined as

CN)={f:N=C| > |f(n)f < oco}.

neN
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This space has a natural inner product

g9)=>_ f(n)g(n)

neN

which makes ¢2(N) a Hilbert space. ¢?(N) is separable because the functions {4, }nen
defined by d,,(m) = d,,, form a countable basis.

We can also consider the bounded functions on N, given by

£(N) = (£ :N = C | sup |f(m)| < o0},

It is clear that ¢°°(N) is an abelian algebra under pointwise operations. Defining the
adjoint operation pointwise as f*(n) = f(n), £°°(N) becomes a C*-algebra in the norm

1flloc = sup |f(n)].
neN

We can now define a very important map: the multiplication operator.

Proposition 3.7. The map M : (*(N) — B(¢*(N)), f — My, defined by
(My())(n) = f(n)p(n),
is a well-defined norm-preserving injective *~-homomorphism.

Proof. First we check that the map is well defined, i.e. that M; € B(¢*(N)) for each
f € °(N). Let f € £*°(N) and ¢ € (*(N). Note that

IMp(o)* = D _1(My(o =Y [F)Plem)P? < IIF1% D _lom)1* = [ fllZllel?,
neN neN neN
i.e.
My (D) < NI flloollol-

Hence My € B(¢*(N)) and || M¢|| < || f|loo- Furthermore, for every n € N, ||4,|| = 1, and
(M7(65,))(m) = F(m)dum, 50 [ My(8,)]| = |F(m)]. So for every n € N, [f(n)] < | M.
Therefore, we also have || f|loc < || M| and hence || f|loo = ||Mf||. So, M is a well-defined
norm-preserving map.

For injectivity, suppose that f, g € £°°(N) such that M; = M,. Then for any n € N,
f(n) = Mz (0p)(n) = My(6,)(n) = g(n). Hence f = g, since n € N was arbitrary.

By the following computations it follows that M is a homomorphism:

Myp49(9)(n) = (Af + 9)(n)d(n) = Af(n)p(n) + g(n)d(n)
= AMj(9)(n) + My(¢)(n) = (AMy + My)(¢)(n);

Myo()(n) = (fg)(n)p(n) = f(n)g(n)o(n) = f(n)My(6)(n)
= My(My(¢))(n) = (My o My)(¢)(n).



Chapter |§| Maximal abelian C*-subalgebras 26

To see that M preserves the *-operation, compute:

(¢, My« (1)) = D> dp(n)My-(4p)(n) = > ¢(n)f(n)¢(n)

neN neN
=D Ms(9)(n)ib(n) = (M (9), ¥).
neN
So, indeed, My« = (M;y)*.
Hence M is a well-defined norm-preserving injective *-homomorphism. O

By the above proposition we can identify ¢*°(N) with the subalgebra M (¢*°(N)) of
B(£%(N)). We will tacitly use this identification.

Proposition 3.8. The subalgebra (>°(N) C B(¢%(N)) is maximal abelian.

Proof. ¢>°(N) is abelian, so ¢>°(N) C ¢>°(N)'.
Now let T € ¢>°(N)’. Define f: N — C by

[f()]F = (T@a)) () < Y ((T(6))(m)* = IT(6)]1* < ||T>-
meN
Therefore, sup, | f(n)| < ||T], i.e., f € £°(N).
Now take ¢ € /2(N). Then for any n,m € N we have:

(M5n (¢))(m) = 5nm¢(m) = (b(n)(snm = ¢(n)5n(m)7

i.e. Ms, (¢) = ¢(n)dy, for all n € N.
Therefore, for all n € N:

T(¢)(n) = (M5, T)(¢))(n) = (TMs,)(#))(n)
= o(n)(T (o)) (n) = ¢(n) f(n) = (M ())(n),

where we used the fact that 7' € ¢°°(N)’ and hence commutes with M, .

So, T(¢) = M¢(6), but ¢ € £2(N) was arbitrary, so T = My € £>°(N). So

(>*(N) C £>°(N). Therefore {*(N) = (*(N)’, so £>*(N) C B(¢?*(N)) is maximal

abelian. O

There is considerable similarity between the case D C M that we treated in chapter 1 and
¢ (N) C B(£?(N); the latter can be viewed as the infinite-dimensional version of the first.
We can make this observation more precise by rewriting the case D C M in a suitable
fashion.

To do this, for every n € N write n = {1,...,n} and define

fn) = {f:n—C}.
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Note that in comparison with the infinite case, in this case it does not matter whether we
take all functions (like we did now), or the square-summable functions (which would give
?%(n)) or the bounded functions (¢*°(n)), since these are all the same.

Furthermore, we can endow ¢(n) with a canonical inner product

(f.9)=">_ F(k)g(k)

ken

which makes ¢(n) a Hilbert space. As a Hilbert space, ¢(n) is clearly isomorphic to C"
under the canonical isomorphism

tn) = C", fr=(f(1),..., f(n)).

This isomorphism induces an isomorphism between operators on ¢(n) and operators on C",
explicitly given by

p: B(l(n)) = Mn(C), ¢(T)ij = (T(5;))(%)-

Just as in the infinite-dimensional case, we can define a multiplication operator
M :l(n) = B(l(n)), f > My, My(d)(m) = f(m)d(m)

Since we are now dealing with the finite case, there is no question whether this map is well
defined, since all linear operators are automatically bounded. We can virtually copy the
proof of proposition and hence identify ¢(n) with M (¢(n)) C B(¢(n)).

We can now come to the main point: the diagonal matrices, as discussed in chapter 1,
exactly correspond to the multiplication operators.

Proposition 3.9. Suppose n € N. The restriction of the isomorphism
¢ : B(l(n)) — My (C) to £(n) gives an isomorphism between {(n) and D,,(C).

Proof. Suppose f € £(n), then note that ¢ was given by

Hence
p(My)ij = (My(85))(2) = 0;(i) f(i) = 650 f (2),
S0 o(My)i; = 0if i £ j, 50 p(My) € Dy(C).
Next, let N € D, (C) and note that there is an explicit inverse 1 of , given by

D(M)(f)(m) = My f (k).
k

So, since N € D, (C), (N)(f)(m) = Ny f(m) = My(f)(m), with g € £(n) given by
g(m) = Ny, Therefore ¢(N) = M, € {(n).

So, indeed, the restriction of ¢ gives an isomorphism between ¢(n) and D, (C). O

Summarizing, we see that the finite-dimensional case and the infinite-dimensional case are
not that different. Therefore, we introduce one general description. Let ¥y denote the
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cardinality of N and write g = N. The expression '1 < j < X' means either 'j € N or
7 = Ng" This can be made more precise by adding a maximal element R; to the totally
ordered set N.

Definition 3.10. Let 1 < j < No. Then A,(j) is the subalgebra £>°(j) C B({*(j)) that
acts on the Hilbert space £2(j) via the multiplication operator. We call A4(j) the discrete

subalgebra of cardinality ;.

Note that we have used the identification £(j) = ¢?(j) = £°(j) for j € N. Discrete
subalgebras provide key examples of maximal abelian subalgebras and will play a major role
in our further discussion.

3.2.2 The continuous subalgebra

Another important example of a maximal abelian subalgebra is non-discrete. As an
introduction to this example, we consider all measurable functions from [0, 1] to C:

F(0,1):={f:]0,1] - C | f is measurable},

where we use the standard Lebesgue measure 1 on [0, 1]. We define a relation ~ on
7(0,1) by
f~g = p{zel0,1]: fx) # g(x)}) = 0.

We sometimes denote the latter condition as pu(f # g) = 0. It is clear that ~ is an
equivalence relation on F(0, 1), so we can define:

F(0,1) := F(0,1)/ ~ .

We denote equivalence classes in F'(0,1) by [f], where f € F(0,1) is a representative.
F(0,1) is an algebra under the canonical operations A[f] + [g] = [\f +g] and [f][g] = [f9].

Lemma 3.11. The function

I : F(0,1) = [0,00], [f] — |f (2)]?dx

is well defined.

Proof. All we need to do is show that if [f] = [g], then I2([f]) = I2([g]), i.e. the definition
of I is independent of the choice of representative. However, if [f] = [g], then

wu(f # g) =0, so there is an A C [0, 1] such that f(z) = g(z) for all z € X \ A and

u(A) =0, so:

S o N 2
J f@Pa= [ @t = [ lg@Pae= [ o)

So, indeed, I>([f]) = I2(]g]), i.e. I2 is well defined. O

Using this lemma, we can define a new space, which we call the space of
square-integrable functions:

L*(0,1) := {yp € F(0,1) | I1(¥)) < oc}.
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One of the most important results of basic functional analysis is that L?(0,1) is a Hilbert
space with respect to the inner product ( , ), given by:

(1f), g]) = /[O gt

The equivalence relation ~ is necessary in the construction of L?(0,1) in order for the
inner product on L?(0,1) to be positive definite. Note that the norm induced by this inner
product satisfies [|¢|> = Iz(x)).

There is a certain kind of analogy between L?(0, 1) and ¢?(N), by replacing sums by
integrals. Just as in the case of /2(N) one could again want to define the space of bounded
functions. Because we are dealing with equivalence classes of functions, we need to define
this properly: we put

L>*(0,1):={y € F(0,1) | 3f € : sup |f(z)| < oo}.

z€[0,1]

This is called the space of essentially bounded functions, coming with a natural norm:
1)) = }gg{k €[0,00) : [f(z)] < k Vz € [0,1]}.

If we include the operation [f]* = [f], then L>°(0, 1) becomes a C*-algebra.

Now we have made our set-up: similar to the previous example, we want to regard L>°(0, 1)
as a subalgebra of B(L?(0,1)). Again, we do this by means of a multiplication operator:

M : L*°(0,1) — B(L?*(0,1)), ¢+ My,

where My ([g]) = [fg].

Proposition 3.12. M is a well-defined injective, norm-preserving, *~-homomorphism.

Proof. First of all, we check that the definition is independent of choice of representatives.
So suppose [f1] = [fo] € L(0,1) and [g1] = [go] € L*(0,1). Then

M ([91]) = [frg1] = [fillgr] = [fallga] = [f2g2] = Mip,)([g2]),

so indeed, the definition is independent of choice of representatives.

Next, we need to check that M, € B(L?(0,1)) for all ¢» € L*°(0,1). So let ¢» € L*°(0,1)
and let f € ¢ be such that sup,¢(o 1| f(2)| < 00, say sup,c(o 1| f(2)| = k. Then for any
[g] € L*(0,1), we have:

Bilfe) = | 1f@o@Par= [ @@ <8 [ 6@l = #5()

) ) )

Since [g] € L?(0,1), we therefore have I1([fg]) < oo, i.e. [fg] € L?(0,1), so indeed
My : L?(0,1) — L*(0,1).

Furthermore, for the same f and g,

I1£9)lI* = I2([f9)) < K*I2([g]) = K*Il[9ll>,
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whence || My ([9])| = I[f9]ll < k||[g]l, so in fact M, € B(L?(0,1)). Also, by the above
inequality, || Myl < Hw”(()%s@ for all ¢ € L>°(0,1).
Now let 1p € L*°(0,1) and let € > 0. Furthermore, let f € 1) and define:

Ap={z € [0,1]: |f(2)] = |9 — e}

We claim that p(Ayf) # 0. We argue by contraposition, so suppose p(Af) = 0. Then
define h = f - 14,. Since u(Ay) =0, [h] = [f] = 1. However, for all z € [0, 1], we then
have |h(z)| < [|[¥[|$) — ¢, so

sup [h(x)| < [[¢] &Y e

z€[0,1]
Since [h] = 1, then: Hsz((i,SS) < ||1/1||(ozss) — €. This is a contradiction, so indeed p(Ayf) # 0.
Therefore, [14,] # [0]. Furthermore, [14,] € L*(0,1), so we can compute:

1M ([La DI = NILf-1a ]I = /Aflf(:r)l2 > (91158 =) u(Ay) = (IS =€)? 114,

Since [14,] # 0, then [[Myl| = || M| > kuéiss) — €. Since € > 0 was arbitrary, we have
Myl > [0, Therefore || Myl = [|v]|$S) for all ¢ € L(0,1), so M is indeed
norm-preserving.

M is clearly a homomorphism, by definition of the algebraic operations on F'(0,1) (i.e.
AS]+ 9] = [N+ g] and [f]lg] = [f9g])- To see that M also preserves the adjoint
operation, compute:

(Mi7- (]}, 11 = Mgy, (1) = (o). ()
= | r@g@h@de

—

([g); [fR]) = (lg], My ([A)))-

So, indeed, My« = (My)* for all ¢» € L>°(0,1). Therefore M is indeed a *-homomorphism.
Lastly, for injectivity, suppose that ¢, € L*°(0,1) such that My = M,y. Then My_,, =0,
so || — )| = |[My—y|| = 0. Hence ¢ — 1) =0, i.e. ¢ =1 and M is injective. O

So, we can regard L>(0,1) as a C*-subalgebra of B(L?(0,1)), where we tacitly identify
L*>(0, 1) with its image under M. Of course, L>°(0,1) is an abelian subalgebra. We
introduced this example since it is maximal abelian.

Theorem 3.13. 1L°°(0,1) C B(L?(0,1)) is maximal abelian.

Proof. L*(0,1) is abelian, so L>°(0,1) C L*°(0,1)".

For the other inclusion, suppose that T' € L>°(0,1)’. Note that I5([1]) =1, so
[1] € L?(0,1). Therefore, we can define ¢ = T'([1]) € L?(0,1). We claim that
€ L>(0,1).
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To see this, we argue by contraposition, so we suppose that ¢» € L>°(0,1). Now let f € ¢
and for every N € N, define:

Ay ={z€0,1] : |f(x)] > N}.

Since ¢ & L*>(0,1), for every N € N, u(An) # 0. Since 14, € L*>(0,1), we can
compute:

T([ay)] =TMp, (1) = Mp, J(T([1])) = My, (1] = [f - Tay].

Therefore, we also have:

N?p(An) < /A |[f(@)PPde = [|[f - Lay)lI? = IT(LanD)IP S ITIPILaN]IP = (TP 0(AN).
N

Since p(An) # 0, N < ||T|| for all N € N. However, T € B(L?(0,1)), so this is a

contradiction. Hence ¢ € L>(0,1).

We now claim that T = M,,. To see this, let ¢ € L?(0,1) and let g € ¢. For each n € N

define
Up:={z €[0,1] : |g()| < n},

and g, := g - 1y,. Note that the sequence of functions f; : [0,1] — [0, 00) defined by
fi(x) = |gi(x)|? is pointwise non-decreasing and has f : [0,1] — [0,00), f(x) = |g(z)|?, as
its pointwise limit. Hence, by Lebesgue's monotone convergence theorem,
. 2 1 2 4 2 4 2
Jmlon)I? = i, [ @) = [ o) dx = (g

n—oo
)

Furthermore,

llgl = lgall? = [ g do= [ Jg(@)* do = [ lg@)? dw = gl = llgal I
(0,1\Un [0,1] Un

whence lim,, oo |[g] — [9n]]| = 0, i.e. lim,—o0[gn] = [g]-

Choose h € . Since [g,,] € L*(0, 1), we can compute:

T([gn]) = T (Mg, ([1])) = Mg, ((T([1])) = Mg, ([R]) = [gnh] = M) ([gn]) = My((gn])-

Then also, by continuity of both T" and M,

T([g) = T( lim [ga]) = lim T(([gn]) = lim My([ga]) = My( lim [g0]) = My ([g]).

lim
n—oo n—oo n—oo

Therefore, T'(¢) = My(¢). Since ¢ € L*(0,1) was arbitrary, T' = M. So, T € L>(0,1).

Hence L>°(0,1)" C L*°(0,1). Therefore, L>°(0,1)" = L*°(0,1), i.e. L*°(0,1) is maximal
abelian. ]

Along the lines of the definition of the discrete subalgebra of cardinality j (i.e. A4(j)), we
introduce a special short notation for the subalgebra L>°(0,1) C B(L?(0,1)).

Definition 3.14. We denote the maximal abelian subalgebra L>°(0,1) of B(L?(0,1)) by
A, realized via multiplication operators. We call A. the continuous subalgebra.
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3.2.3 The mixed subalgebra

Combining two different examples of maximal abelian subalgebras, one can construct
another example of a maximal abelian subalgebra. Here, we use the notation as introduced
in the appendix, most notably in section

Proposition 3.15. Suppose Ay C B(H;) and Ay C B(Hj) are both maximal abelian
C*-subalgebras. Then Ay © Ay C B(H; @ Hz) is maximal abelian.

Proof. Since A @ As(j) is a pointwise defined subalgebra of B(Hy @ Hs) and both A;
and A, are abelian, A; & A is abelian. Therefore A1 @& A; C (A1 & Az)'. Next, suppose
that T € (A1 & Ay)'. Define Ty =1 0T o1y and Ty = g 0 T 0 15. Since T is bounded,
T € B(Hl) and T5 € B(HQ)

Now note that for any x € Hy and y € Ho,

where we used the fact that 7' commutes with (1,0) and (0,1), since T € (4; & As)’.
Therefore, T' = (T71,T»). Now, for all a € Ay,

(Th0a,0) =T o (a,0) = (a,0) 0T = (aoT,0)

Therefore, Th € A} = A;. Likewise, Th € Ay. Hence T' = (T1,T2) € A1 @ Ao, i.e.
(A1 & Ay) C Ay @ Ay. Therefore

(A1 @ A2)' = A1 @ A,
ie. A1 ® Ay C B(Hy @ Hy) is maximal abelian. O

Since we are interested in the question whether a maximal abelian subalgebra possesses the
Kadison-Singer property, we would like to make a connection between the Kadison-Singer
property for a direct sum A; ® Ao and the Kadison-Singer property of A; and A-
separately. It turns out that we can do this. First of all, we need to describe the characters
(and hence the pure states) of a direct sum. For this, note that for a state f € S(4;), the
pullback over the projection m; : Ay ® Ay — A;, i.e. w1 (f) = f om;, gives a map

mi A1 Ay — C.

Proposition 3.16. Suppose A1 and Ay are both C*-algebras. Then

QA1 @ Ag) = 71 (A1) Ums(2(A2)).
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Proof. Suppose f € Q(A; @ Ag). Then

£((0,1))* = £((0,1)%) = £((0,1)),

so f((0,1)) € {0,1}. Likewise f((1,0)) € {0,1}. However, we also have

F(0, 1)+ f((1,0)) = f((1,1)) = fF(1) = 1,

so there are two cases. Either f((1,0)) =1 and f((0,1)) =0, or f((1,0)) =0 and
f((0,1)) = 1.

Suppose the first case is true. Then define g : A} — C by g(a) = f(a,0). Then g(1) =1,
so g is non-zero and for any ay,as € A we have

glaraz) = f((a1a2,0)) = f((a1,0))f((az,0)) = g(ar)g(az),

so g € Q(A;). Furthermore, for any (a1, a2) € Ay @ Ay we have

f((a1,a2)) = f((a1,0)) + f((0,a2)) = f((a1,0))f((1,0)) + £((0,az2))
= f(a1,0) = g(a1) = (g o m)((a1,a2)),

ie. f=mi(g), so f € mi(QAL)).
If the second case is true, it follows likewise that f € 75(S(A2)). Hence

(A1 @ Az) € my (A1) Uz (2(A2))-
Now suppose h € 5 (Q(A1)). Then h = k o m; for some k € Q(A;), so
B(1) = B((1, 1)) = k(1) = 1,

i.e. his non-zero. Furthermore, h is clearly linear and for any (a1, a2), (b1,b2) € A1 @ As,
we have

h((a1, a2)(by, b2)) = h((a1by, azbz)) = k(arb1) = k(a1)k(br) = h((a1, az))h((b1,b2)),

i.e. h € Q(A1 ® Az2). Therefore, 7} (A1) C Q(A; & Az). Likewise,
W;(Q(AQ)) - Q(Al D Ag), so indeed, Q(Al D Ag) = WT(Q(Al)) U W;(Q(AQ)) O

The above proposition gives us information about the pure states on a direct sum of
abelian subalgebras, since the pure states are exactly the characters. Next, we need to
make a connection between the concepts of positivity and direct sums of operator algebras.

Lemma 3.17. Suppose Hy and Ho are Hilbert spaces and b € B(Hy ® Hs) is positive.
Then for j € {1,2}, m;bi; € B(H;) is positive.

Proof. Let (z,y) € Hy @ Hs. Then compute:

((mibir)(x), z) = ((mb (( ),>
(
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since b is positive. Therefore, m1bi;y is positive. Likewise, mobio is positive. ]

We use these results to prove the following theorem about the connection between direct
sums and the Kadison-Singer property.

Theorem 3.18. Suppose H, and Hy are Hilbert spaces. Furthermore, let Ay C B(H;)
and Ay C B(H3) be abelian C*-subalgebras such that A1 & As C B(H; & Hs) has the
Kadison-Singer property. Then Ay C B(Hy) and Ay C B(H3) have the Kadison-Singer
property.

Proof. Suppose f € 0.5(A1) and g1,92 € Ext(f) C B(Hy). Then f € 4, so by lemma
316, 71 (f) € QA1 ® As) = 9.S(A; B Ay).

Now define the linear functionals k1, ks : B(H1 ® Ha) — C by k;(b) = gj(mibiy) for all
be B(Hi @ Hs) and j € {1,2}. Then for j € {1,2}, k;(1) = g;(mi1) = gj(1) =1, since
gj is a state. Furthermore for a positive b € B(Hy @ H»), mibiy € B(H,) is positive by
lemma Therefore, k;j(b) = g;(mbi1) > 0, since g; is positive. Hence

ki,ko € S(B(H1 D Hz))

Now, for an element (aj,a2) € A1 & Az, mi(a1,a2)i; = a1, so

ki((a1,a2)) = gj(mi(ar, a2)ir) = gj(a1) = flar) = (f o m1) (a1, a2) = 77 (f)((a1,a2)),

i.e. ki, ko € Ext(m](f)). However, by assumption, A; & As C B(H; & H3) has the
Kadison-Singer property, so Ext(n7(f)) has at most one element, i.e. k1 = k.
For any b € B(Hy), b = 71(b,0)i1, so we have

91(b) = g1(m1(b,0)i1) = k1((b,0)) = k2((b,0)) = g2((m1(b, 0)i1) = g2(b),

i.e. g1 = go. Therefore, Ext(f) has at most one element. Combined with theorem
this means that Ext(f) has exactly one element. Therefore, A; C B(H;) has the
Kadison-Singer property. Likewise, A2 C B(H3) has the Kadison-Singer property. O

As a special example of a direct sum, we can combine the discrete subalgebra A;(j) for
some 1 < j < Ry with the continuous example A.. To do this, define

Hj:= L*(0,1) & £2(j).

We will call the maximal abelian subalgebra A. ® A4(j) € B(H;) the mixed subalgebra.
As it will turn out later, this is in some way the only direct sum that we need to consider.
By now, we have constructed three different examples: the discrete, continuous and mixed
subalgebra. These are all examples with a separable Hilbert space. In our search for
examples of maximal abelian subalgebras that satisfy the Kadison-Singer property, we will
restrict ourselves to this kind of Hilbert spaces, since it turns out that we can make a
complete classification of abelian subalgebras with the Kadison-Singer property when we
only consider separable Hilbert spaces.



Chapter 4

Minimal projections in maximal
abelian von Neumann algebras

Recall that we are considering maximal abelian C*-subalgebras of B(H), for some Hilbert
space H. Note that a maximal abelian C*-subalgebra A C B(H) satisfies A’ = A and A’
is a von Neumann algebra by proposition [B.37] Therefore, every maximal abelian
C*-subalgebra is a von Neumann algebra. Furthermore, every von Neumann algebra is a
C*-algebra (viz. proposition [B.30]), so certainly every maximal abelian von Neumann
algebra (i.e. a von Neumann algebra A that satisfies A’ = A) is a maximal abelian
C*-algebra. Hence we see that the maximal abelian von Neumann algebras are exactly the
maximal abelian C*-algebras.

We will first show that it is only necessary to classify all maximal abelian subalgebras up to
unitary equivalence, in order to determine whether they satisfy the Kadison-Singer
property. Next, we restrict ourselves to separable Hilbert spaces and by considering
maximal abelian subalgebras to be von Neumann algebras, we can classify these
subalgebras up to unitary equivalence, by using the existence and properties of minimal
projections. Together, this greatly simplifies the classification of subalgebras with the
Kadison-Singer property in the case of separable Hilbert spaces.

4.1 Unitary equivalence

The classification of maximal abelian von Neumann algebras is up to so-called unitary
equivalence. For this, we need unitary elements.

Definition 4.1. Suppose H and H' are Hilbert spaces. Then u € B(H, H') is called
unitary if for all z,y € H, (uz,uz) = (z,y) and u(H) = H'.

The above conditions for being unitary are not always the easiest to check. However, there
is an equivalent definition.

Proposition 4.2. Suppose H, H' are Hilbert spaces and uw € B(H, H'). Then w is unitary
if and only if u*u =1 and uu* = 1.

35
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Proof. Suppose w is unitary. Then (uv*uz,x) = (uz,ux) = (x,x) for every x € H, so we
have u*u = 1. Next, let 2’ € H'. Then 2’ = u(y) for some y € H, so

(uu*a’,2’) = (uuuy, uy) = (uy,uy) = (',2").

Since 2’ € H' was arbitrary, uu* = 1.

For the converse, suppose that uu* =1 and u*u = 1. Then for any z,y € H,

(uz, uy) = (u vz, y) = (2,y).

Furthermore, for 2/ € H', 2/ = u(u*2’), so 2’ € uw(H), i.e. H = u(H). So u is indeed
unitary. O

Using unitary elements, we can define the notion of unitary equivalence of subalgebras of
B(H).

Definition 4.3. Suppose H; and Hs are Hilbert spaces and A1 C B(H;), A2 C B(H>)
are subalgebras. Then A; is called unitarily equivalent to A if there is a unitary
u € B(Hy, Hy) such that uAju* = As. We denote this by A; & As.

The following lemma is easily proven, but it is essential for our classification.

Lemma 4.4. Unitarily equivalence is an equivalence relation.

Proof. Suppose A1 C B(H1), A2 C B(Hj) and A3 C B(Hs) such that A; = Ay and

Ao = As.

Then 1 € B(H;) is a unitary and 1A4;1* = A;.

There is a unitary u € B(Hj, Hs) such that uAju* = Ay. Then u* € B(Hy, Hy) is a
unitary too, and u*Asu = u*udiutu = Aj.

There is a v € B(Ha, H3) such that vAsv* = As. Then vu € B(Hy, H3) is a unitary too,
and vud;(vu)* = vuAju*v* = vAv* = As.

Hence A1 = A, Ao = A; and A1 = Az, i.e. unitary equivalence is reflexive, symmetric
and transitive, i.e. an equivalence relation. O

One of the crucial steps in this chapter is the following theorem: it shows that we only
have to consider subalgebras up to unitary equivalence when determining whether the
subalgebra satisfies the Kadison-Singer property.

Theorem 4.5. Suppose Hy and Hy are Hilbert spaces and Ay C B(Hy) and Ay C B(Hs)
are unital abelian subalgebras that are unitarily equivalent. Then A1 has the
Kadison-Singer property if and only if Ay has the Kadison-Singer property.

Proof. Suppose that A; has the Kadison-Singer property. By assumption, there is a
unitary u € B(Hj, Hs) such that uA;u* = As.

Now let f € 0.5(Az2). Then define g: A} — C by g(a) = f(uau*). We first claim that
g € S(A1). To see this, first let a € Ay and observe that

g(aa) = f(ua’au”) = f((au") au’) > 0,
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since f is positive. Hence g is positive. Furthermore, g(1) = f(uu*) = f(1) =1, s0 g is
unital too. Hence, indeed g € S(A4).

Next, we prove that in fact g € 0.S5(A1). To see this, suppose that hy, he € S(A4;) and

t € (0,1) such that g = th; + (1 — t)ha. Now define k; : Ay — C by ki(a) = hi(u*au) for
all @ € A and likewise define ko : Ay — C by ka(a) = ha(u*au) for all a € Ay. Then by
the same reasoning as above, ki, ko € S(As). Furthermore, for a € As,

f(a) = f(uvauu®) = g(u*au) = thy(u*au) + (1 — t)ha(u au) = tki(a) + (1 — t)k2(a),

i.e. f=1tki+ (1—t)ks. However, f € 0.5(A2) by assumption, so f = k; = ka. Then for
a € Aj:
hi(a) = hy (v uau*u) = ki (uau™) = f(uau™) = g(a),

i.e. hy = g. Likewise, hg = g, so indeed g € 9.5(A1).

We want to prove that Ext(f) contains exactly one element. By theorem , we know
that Ext(f) # (. Therefore, suppose that ¢, d € Ext(f) C S(B(Hz)). Then define

¢: B(Hy) — C by &b) = c(ubu*) and likewise d : B(H;) — C by d(b) = d(ubu*). Then
by the same reasoning as above, & d € S(B(H,)).

Now for a € A1, uau* € Ay, so é(a) = c(uau*) = f(uau*) = g(a), since ¢ € Ext(f).
Hence ¢ € Ext(g). Likewise, d € Ext(g). However, A; has the Kadison-Singer property, so
Ext(g) has exactly one element, i.e. ¢ = d.

Let b € B(H2). Then

c(b) = c(uu*buu®) = é(u*bu) = d(u*bu) = d(vu*buu*) = d(b),

i.e. ¢ =d. Hence Ext(f) contains exactly one element, so Ay has the Kadison-Singer
property.

Likewise, if Ay has the Kadison-Singer property, then A; has the Kadison-Singer

property. [

So, using the above theorem, our first main goal is now to classify all maximal abelian
subalgebras up to unitary equivalence. We can make this classification when restricting
ourselves to separable Hilbert spaces, so we will only consider those from now on.

4.2 Minimal projections

An important property of a von Neumann algebra is that it is generated by its projections
(see proposition . Considering maximal abelian von Neumann algebras, the set of
projections becomes even more important, because it has more structure than in the
general case.

To be more precise, write P(A) = P(H) N A for the set of projections in some maximal
abelian von Neumann algebra A C B(H). Since A is abelian, the product of any two
elements in P(A) is again an element of P(A) and since A is unital, P(A) is a monoid.

Now write P,,(A) for the set of minimal projections in P(A), where minimal projections
are defined as in definition [B.14] The key in the classification of maximal abelian von
Neumann algebras lies in the properties of these sets of minimal projections.
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As a first step in this classification, we determine P,,(A) for the cases that A is the
discrete, continuous, or mixed subalgebra.

Proposition 4.6. Let 1 < j < Nj. Then P, (Aq(j)) ={6n:j — C:n € j}, where
In(m) = dpm.

Proof. Let us first determine the projections in A;4(j). So, suppose that p € A4(j) is a
projection. Then p: j — C such that p?> = p* =p. Then for any n € Js

i.e. p(n) € {0,1}. Therefore, p = 14 for some subset A C j.

Since sup,,¢;|14(n)| < 1, we also have that 14 € A4(j) for every A C j. Since it is clear
that 13‘ = 11;4 = 14 for every A C j, we conclude that the set of projections in A4(j) is
exactly given by {14 : A C j}.

Now note that 14 =0 if and only if A =0 and 13 — 14 > 0 if and only if A C B. Now
suppose A C j is such that 1,4 is a minimal projection. Then A # (). Suppose B C A.
Then0<1p<14,s0lg=00r1lg =14, i.e. B=0 or B=A. Hence A consists of
exactly one element.

By the same reasoning, for every A C j that has exactly one element, 1, is a minimal
projection. Hence the set of minimal projections in A4(j) is exactly given by

{la:ACj,#A=1}={d,:n € j}. O

For the discussion of the continuous subalgebra, we first need a few extra ingredients. For
any measurable function f : [0,1] — C, define

Up =A{z €0,1]: f(z) £{0,1}}.
Lemma 4.7. The map x : Ac — [0,1] given by x([f]) = n(Uy) is well defined.

Proof. Since f :[0,1] — C is measurable if [f] € A., Us C [0,1] is a measurable set for
every [f] € A and hence u(Uy) € [0, 1] is well-defined.

Therefore, the only thing left to check is that the definition of y is independent of the
choice of representative. So, suppose [f] = [g] € Ae.

Then let C := {x € [0,1] : f(x) # g(x)}. By assumption, p(C) = 0. Now suppose
x ¢ UyUC. Then f(x) =g(x) € {0,1}, so « & Uy. Therefore, Uy C U, UC. Then

n(Us) < p(Uy U C) < u(Ug) + 1(C) = u(Uy).

By symmetry, we also have u(Uy) < pu(Uy), so u(Uy) = u(Uy) and hence x is
well-defined. O

We can now characterize the projections in A, using the map Y.

Lemma 4.8. Suppose i) € A.. Then 1) is a projection if and only if x(1) = 0.
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Proof. Suppose x(v) # 0. Then for f € ¢, u(Uy) # 0, so

p({z €0,1] : f(2)? = f(2)}) = u({z € [0,1] : f(z) & {0,1}}) = u(Uy) # 0,

whence [f]? = [f?] # [f]. Therefore, v» = [f] is not a projection.

Now suppose that x(¢)) = 0. Again, take an f € ¢). Then p(Uy) = 0. Now define
h:[0,1] = Cby h = f-11\v,- Then by construction h is measurable and [h] = [f] = 7).
Furthermore, h(x) € {0,1} for every = € [0, 1], so certainly h(x)? = h(z) = h(z) for every
x € {0,1}. Therefore [h]? = [h] = [h]*. Since v = [h], ¥ is a projection. O

Using this characterization of projections in A., we can prove the following statement.

Proposition 4.9. A, has no minimal projections.

Proof. Suppose 1) € A. is a non-zero projection. Choose a f € 1. Then by lemma 4.8
x(¥) =0, so u(Uy) = 0. Then define h = f - 191\, and observe that [h] = [f] = 1.
Since ¢ # 0, N, = {z € [0,1] : h(x) # 0} has non-zero measure, so there isa M C N},
such that 0 < p(M) < u(Np). Now note that (b — 157) > 0 and [1,4] is a projection,
whence [17] < h. Furthermore, u(M) # 0, so [1p7] # 0 and [17] # [h] since

w(Np) > p(1ar). Therefore, 1 = [h] is not a minimal projection.

Since vy was an arbitrary non-zero projection, A. has no minimal projections. ]

Combining the above results, we can also determine the minimal projections in the mixed
subalgebra.

Proposition 4.10. Let 1 < j < Nq. Then Py, (A:. ® Aq(j)) = {(0,0,) : n € j}.

Proof. Suppose (p,q) € A. ® Aq(j) is a projection. Then (p,q) = (p,q)? = (p?,¢%), so

p? = p and ¢®> = ¢. By the same reasoning, p* = p and ¢* = ¢, whence p € A, and

q € Ay(j) are both projections. Since the converse is trivial, we conclude that the
projections in A, @ Ay(j) are exactly formed by pairs of projections (p, q).

Now suppose (p, q) is a non-zero projection in A. @ A4(j). Suppose p # 0. Then, since

p € A, and A, has no minimal projections, there is a non-zero projection p’ # p in A, such
that 0 < p’ <p. Then 0 < (p',q) < (p,q), but (p',q) # 0 and (p',q) # (p,q). Hence (p,q)
is not a minimal projection.

Therefore, minimal projections in A. & A4(j) are necessarily of the form (0, ¢), where ¢ is a
projection in A4(j). Since clearly (p',q’) < (p,q) if and only if p’ < p and ¢ < ¢/, we see
that (0, q) is a minimal projection in A. @ A4(j) if and only if ¢ is a minimal projection in
Aq4(7). Using proposition we therefore see that the minimal projections in A. @ A4(j)
are exactly given by {(0,d,) : n € j}. O

Hence we see that A, is qualitatively different from A4(j) and from A. @ A4(j) for some
1 < 7 <Ny, since the first does not contain any minimal projections, whereas the latter
two do. Moreover, we can distinguish the discrete and the mixed subalgebras when
considering the von Neumann algebra generated by the minimal projections. It is clear from
proposition [4.10] that the von Neumann algebra generated by the minimal projections in
the mixed algebra is a subalgebra of 0 @ A4(j) and is then certainly not equal to the whole
mixed subalgebra itself. At the same time, we have the following statement about the
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discrete subalgebra. Note that (X),n denotes the von Neumann algebra generated by the
set X, as discussed in section [B.4]

Proposition 4.11. Let 1 < j < RWg. Then (P, (A4(j)))on = Aa(j).

Proof. The minimal projections in A4(j) are exactly {d,, : n € j}, by proposition 4.6, Now
make a distinction between j € N and j =Ng. If j € Nand f € A4(j), then

J
[= Z f(n)oy, € ({n:n € i}>va
n=1
since a von Neumann algebra is closed under taking finite linear combinations. Hence

Ad(]) C <{5n n e Z})vN;

if j € N. We now prove the same statement for j = Rg. In this case A4(j) = ¢>°(N). So,
take a f € *°(N) and define f,, = >, f(n)dy, for all m € N.
Then certainly fm, € ({0, : n € j})un for all m € N. Now let ¢ € £2(N) and observe that

o0 (e 9]

1Mp(0) = My, (D)= D> If()em)P <flsc D @)

n=m-+1 n=m+1
Since ¢ € ¢%(N), it therefore follows that lim,, o0 ||Mf(p) — My, (9)|| = 0, i.e.

lim My, (¢) = Ms(p).

m —0o0

Since o € ¢?(N) was arbitrary, it follows that f is the strong limit of {f,,}°°_;, whence
f € {n:n e N})yn. Therefore,

Aa(7) € ({0n 1 € j}on

if 7 =Ny too.
Since A4(j) is a von Neumann algebra containing {0, : n € j}, we have

({0n 1 n € jhon C Aa(d),
whence A4(j) = ({0n : 1 € j})un. O

So, we can distinguish our three examples (the discrete, continuous and mixed subalgebras)
by considering minimal projections and the question whether they generate the whole
algebra. Note that these two properties together divide up the collection of maximal
abelian subalgebras in three classes:

e There are no minimal projections (like A.),

e There are minimal projections that do not generate the whole algebra (like

e There are minimal projections that do generate the whole algebra (like A4(j)).

In fact, this turns out to be the key to the classification of maximal abelian subalgebras.
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4.3 Subalgebras without minimal projections

We will first focus on the maximal abelian subalgebras that are like the continuous
subalgebra, i.e. those that have no minimal projections. Our goal is to show that such
subalgebras are unitarily equivalent to A.. First of all, we need two definitions of special
vectors.

Definition 4.12. Suppose H is a Hilbert space and A C B(H) a C*-subalgebra. Then we
say that x € H is a separating vector for A if u € A and u(x) = 0 implies that u = 0.

Definition 4.13. Suppose H is a Hilbert space and A C B(H) a C*-subalgebra. Then we
say that # € H is a generating vector for A if Av = H.

For maximal abelian subalgebras, it turns out that there is always a vector that is both
generating and separating.

Proposition 4.14. Suppose H is a separable Hilbert space and A C B(H) is a maximal
abelian von Neumann algebra. Then there is a unit vector x € H that is separating and
generating for A.

Proof. We call a subset C C H orthogonal under A if it has the property that {Az}.cc is
an orthogonal family (see definition . These subsets form a partially ordered set under
inclusion and any chain {C;}icr is bounded by ;c; Ci. Therefore, we can apply Zorn's
lemma and obtain a maximal subset £ C H that is orthogonal under A.

Now note that K := @,y Az is a closed subspace of H. Suppose y € K=+. Then for
u,v € A and z € E, we have

(u(y), v(z)) = (y, (u*v)(z)) =0,

since y € K- and u*v € A. Therefore, {u(y)} is orthogonal to {v(z)}. Since u,v € A
were arbitrary, A(y) and A(x) are orthogonal. By continuity of the inner product, therefore
A(y) and A(x) are orthogonal. Since = € E was arbitrary, this means that E U {y} is
orthogonal under A.

However, by maximality of E, it follows that y € E. Since 1 € A, y € Ay C K, so

y € KN K" Therefore, y =0. So K+ = {0}, ie. K =H.

Since H is separable, we know that FE is (at most) countable. Furthermore, by maximality
of E' we know that 0 € E. Since removing 0 from E and normalizing the rest of E does not
change the above properties, we can therefore find a subset F' = {z, € H:ne N} C H
that consists of unit vectors, is orthogonal under A, and satisfies @,,cy Az, = H.

Now define z := 3", .y 2 "z,,. Then, since z,, € Az, for every n € N, (zp,, ) = 0 if
n#m,so ||z]|? =3,ey2 " =1, i.e. x is a unit vector. We claim that x is both
separating and generating for A.

For the first, suppose that u € A such that u(z) = 0. Then:

0 = [lu(@)|* = (u(), u(x)) =

\
b0
3
+
3
=
&
S
:—/
=
&
3
=

= Y ). () = 3 )|

neN neN
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where we used the fact that F' is orthogonal under A. Therefore, for each n € N, we have
|lu(zy)|| =0, i.e. u(x,) =0. Now, for any v € A, u(v(zy)) = v(u(x,)) = v(0) = 0, since
A is abelian, so u(y) = 0 for all y € A(xy,). So u(y) =0 for all y € A(zy,), so u(y) = 0 for

every y € @,y A(xn) = H. Therefore, u = 0 and indeed, z is a separating vector for A.

To see that z is a generating vector for A, denote D := Azx. Since D C H is closed,
H = D & D*. Let 7 be the canonical projection from H onto D, i.e.

n:H— H,(w,z)— (w,0).

A is unital, so z € D, whence 7(z) =z and (1 — 7)(x) = 0.
We claim that 1 — 7 € A. To see this, note that for any u,v € A,

u(v(z)) = (w)(z) € A(z),

so u(Az) C Ax. By continuity of u, then also u(D) C D. Furthermore, if y € D+, then
y € (Az)*, so for any u,v € A, (u(y),v(z)) = (y, (u*v)(x)) =0, so u(y) € (Az)*. Then
by continuity of the inner product, u(y) € D™, too.

Hence every a € A splits in (ay,as) : D ® D+ — D @ D*. Then for any a € A,

ar = (ai,a2)(1,0) = (a1,0) = (1,0) (a1, az2) = ma,

i.,e. m€ A’ = A, since A is maximal abelian. Then also 1 — 7 € A, because A is an algebra.
Sol—meAand (1 —m)(z)=0, while z is a separating vector for A, so 1 — 7 =0, i.e.
7 = 1. Therefore,

Ar =D =H,

and z is indeed a generating vector for A. O

A von Neumann algebra has the special property that it is generated by its projections (viz.
proposition [B.38). When it is also maximal abelian, there is an even stronger statement.

Lemma 4.15. Suppose H is a separable Hilbert space and A C B(H) is a maximal
abelian von Neumann algebra. Then there is a countable set of projections in A that
generates A as a von Neumann algebra.

Proof. By proposition there is a separating and generating vector x € H for A. Now
let D = {px:pe€ P(A)}. Since D is a subspace of the separable topological space H and
is therefore also separable itself, D has a countable dense subspace

F={pp,z:neN, p,e P(A)}.
Now let p € P(A). Then p(z) € D, so there is a sequence {n(i)};en such that

p(x) = lim pp)(z).

i —00

Then for any a € A,

pa(z) = ap(r) = a ( lim p,, ;) (:U)) = lim ap,@(z) = lim p,ga(z).
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Now let y € H be arbitrary. Since z is a generating vector, Az = H, so there is a sequence
{aj}jen € A such that y = lim; o a;(x). Then:

p(y) = p(lim a;(z)) = lim p(a;(z)) = lim lim pyg (a;(z))

J—o0 J—o0 J —00 1 —00

= M pr (lim a;(x)) = . pee)(y).
Therefore, p is the strong limit of p,,(;). Since p was arbitrary,
P(A4) € ({pn i € N}
Since (P(A))yn = A by proposition [B.38] we then have that

AC ({pn:n e NPy

However, A is a von Neumann algebra and {p, : n € N} C A, so in fact we have
A= {pn:neN})yn. O

Using lemma [4.15] we can construct another special subset of the projections in the
subalgebra. This one is no longer countable, but it has a lot more structure.

Lemma 4.16. Suppose H is a separable Hilbert space and A C B(H) is a maximal
abelian von Neumann algebra. Then there is a maximal totally ordered family of
projections in A that generates A as a von Neumann algebra.

Proof. By lemma we know that there is a countable set of projections {py, }nen in A
that generates A as a von Neumann algebra. We claim that for every n € N there is a
finite, totally ordered set F;, of projections such that F,, C F,,;1 for all n € N and the
linear span of F,, contains p,,. We prove this by induction.

For our induction basis n = 1, take F} = {0, p1, 1}.

Next, as our induction step, suppose that Fj has been constructed for all kK < n. Since F,
is finite, totally ordered and contains Fy, F,, = {qo,...,q.} for some projections
O=gp<qu<---<gqg =1

Now define s; = gj41 — g; for all j € {1,...,r}. Since ¢j4+1 > ¢;, s; is again a projection
in A, and satisfies g;s; = 0. Define:

Fop1 = F,U{gj + sjpnt1:J €{0,...,r —1}}
First of all, note that for all j € {0,...,r — 1}, g; + s;pn+1 is a projection, since
(¢j + 8jpn+1)" = q§ +p:§+18}k' = @i + Pn+15j = Q5 + SjDPn+1,

because A is abelian, and
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(g5 + $iPn+1)” = @} + jSjPnt1 + 5iPn+10j + SjPn+18Pnt1
= qj + 4jSiPnt1 + STPp 41

= ¢qj + SjPn+1-

So F),41 consists of projections and is finite by construction.

Clearly, sjpn+1 is a projection for every j € {0,...,r — 1}, $jpn+1 > 0, so

¢j < qj + 5jpn+1. Furthermore, note that 1 — p,, 41 is a projection in A, too. Therefore,
5j(1 — pp41) is a projection in A, so is certainly positive. Hence

Gj+1 = (9 + 8jPn+1) = 85 = 8jPnt1 = 85(1 = pn) 20,
S0 qj + 5jPnt+1 < qj+1. Therefore,

G <q+80Pnt1 <O <q+S$1Prt1 <@ << @1 < Gr-1+ Sr—1Pntr1 < ¢,

i.e. Fp41 is totally ordered.

By construction, F,, C Fj, 41, so the only thing left to prove is that p,41 is in the linear
span of F,, ;1. To see this, denote the linear span of F,, 1 by V. Then for any
j€{0,...,r} we have that ¢; € V and ¢; + sjpn+1 €V, so

8iPn+1 = (¢j + 8jpn+1) —q; € V, since V is linear. Now observe that

r—1

r—1 r—1 T
dosi=> ([Gr—4) =) ¢G—Y . ¢G=¢—qp=1-0=1
Jj=0 Jj=0 j=1 j=0

Therefore, p,11 = Z;;é 5jpn+1 € V. So, we have proven our induction step and have
therefore proven our claim.

Now define Fi, = U, en Frn. For any g, ¢’ € Fy there are I,m € N such that ¢ € F; and

q' € Fm, whence q,q’ € Fiax(i,m), 50 either ¢ < ¢’ or ¢’ < q. Therefore, F is a totally
ordered set of projections in A as well.

Now consider totally ordered sets G of projections in A that contain F,,. The collection of
all such G is endowed with a canonical partial order given by inclusion. Suppose

GiCGyCGsC...

is a chain in this partial order. Then (J,,cy G again contains Iy, and is totally ordered, by
the same argument as the one used to show that F,, was totally ordered. Therefore,

Unen Gr is a member of the collection that we consider, i.e. every chain has an upper
bound. Therefore, this collection has a maximal element F' by Zorn's lemma.

For all n € N, p,, is in the linear span of F},, so p, is in the linear span of F,, and hence p,
is also in the linear span of F. Since ({p, : n € N}),n = A by construction, A C (F),n,
but A is a von Neumann algebra and FF C A, so A = (F),n.

Therefore, F' is a maximal totally ordered family of projections in A that generates A as a
von Neumann algebra. O
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Using this maximal totally ordered family of projections and the properties of the projection
lattice of a Hilbert space, we can prove the following rather technical but decisive result.

Proposition 4.17. Suppose H is a separable Hilbert space and A is a maximal abelian von
Neumann algebra without minimal projections. Furthermore, suppose that F' is a maximal
totally ordered set of projections in A and suppose that x is a generating and separating
unit vector for A. Then the map ) : F' — [0, 1], given by ¢(p) = (pz,z), is an
isomorphism of partially ordered sets.

Proof. First of all, ¢ is well-defined, since
0 < {pz, ) < [lpz||[l«]l < llplll=]* <1,

by positivity of each projection p € F' and the Cauchy-Schwarz inequality.

Now suppose that p,q € F such that ¥(p) = ¥(q). Since F is totally ordered, we can
assume that p < ¢. Then ¢ — p is also a projection in A, so

(g —p)(@)|I* = (¢ — p)(z), (g — p)(x)) = {(g — p)(z), )
= (q(x),z) — (p(z), ) = ¥(q) — ¥(p) =0,

i.e. (¢—p)(x) =0. However, x is a generating vector for A, so g —p=0. Soqg=p, i.e. ¥
is injective. By the same computation, we see that if p < ¢, then

¥(q) —¥(p) = ||[(¢g —p)(@)|| =0, so ¥(p) <(q). Therefore, ¢ is order preserving.

So, the only thing left to prove is that ¢ is surjective. To see this, let ¢ € [0, 1]. Define:

Fo:={p e F:4(p) <t},

Fr:={peF:y(p) >t}

Clearly, F'is the disjoint union of Fj and F}. Define pg = VFy and p; = AF}. By
proposition [A.10} po,p1 € F.

Note that pg € Clg,(Fp) by proposition , so for every € > 0 there is a p € Fj such
that ¥(po) — ¥(p) = ||(po — p)(z)|| < €. Therefore, ¥(po) < ¥(p) + € <t + €. Since € > 0
is arbitrary, ¥ (pg) < t.

Likewise, p1 € Clg,(F1), so for every € > 0 there is a ¢ € F} such that

P(q) —d(p1) = (g —p1)(@)]| <,

i.e. ¥(p1) > 1(q) —e >t —¢€ whence (p1) > t.

So, we have the inequalities 1(pg) < t < ¢(p1). Since 1) is order preserving, we conclude
that pg < p1. Then p; — pg is a projection, so if p1 # pg, then there is a projection

q € B(H) such that 0 < ¢ < p; — po, but neither ¢ = 0 nor ¢ = p1 — po. Then also

po < q+po<p1, po# q+poand g+ po # p1. Since py = VFy, then ¢+ po ¢ Fo, and
since p1 = AF1, ¢+ po &€ Fi. Hence ¢+ po & F. However, for every r € Fy,

r < po < q+ po, and for every s € F}, ¢+ pp < p1 < 5,50 FU{q+ po} is totally ordered.
This contradicts the maximality of F', so p1 = po.

Then ¥ (po) < tp(p1) = ¥(po), i.e. P(po) =t. Since t € [0, 1] was arbitrary, ¥ is
surjective. Hence 1) is an isomorphism of ordered sets. O
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Now, we are able to prove our main goal: whenever a maximal abelian subalgebra has no
minimal projections, it is unitarily equivalent to the continuous subalgebra.

Theorem 4.18. Suppose H is a separable Hilbert space and A C B(H) is a maximal
abelian von Neumann algebra that has no minimal projections. Then A is unitarily
equivalent to A..

Proof. By proposition there is a separating and generating unit vector x € H for A.
Furthermore, by lemma [4.16] there is a maximal totally ordered family of projections F
such that (F),xy = A. Combining these, by proposition [4.17] the map ¢ : F — [0, 1],
given by ¢(p) = (px, z) is an isomorphism of ordered sets.

Now write q; = ¢~ 1(t) € F for all t € [0,1]. Then {qx,z) =t for all t € [0, 1].
Furthermore, let x; : [0, 1] — C be the characteristic function of [0, ¢], where ¢ € [0, 1].
Then [x¢] € L?(0,1) for all t € [0,1].

We now claim that there is a unique u € B(H, L?(0,1)) such that u(gsx) = [xs] for all

s € [0,1]. To see this, first observe that gsq; = Guin(s,¢) for all s,t € [0,1] by construction.
Therefore, for s,t € [0, 1],

(s, q1) = (Qeqs, ) = (Gmin(s ), ) = min(s, t),

and also

(bl by = | Gha(e) de = mins, ).

Using this, we obtain:

n

n n n
||Z MT(IerH ZHrer% Z fimGs, L) = Z Z m{ds, T Gs,n T)
m=1 r=1m=1

r=1

n
=> > Erpmdlxs, ) [Xsn ) Z i [Xs, ], Z fm [Xsn])

for any {ur}7_; € Cand {s,}7_; € [0,1].
Now write S for the linear span of {¢gsx : s € [0,1]}. By the above computation, if we have
2o Hrds, T = AmGs,, T € S, then

0= HZNT‘Ier - Z AmGs, || = HZNT[XST] - Z)‘m[Xsm]H
T m T m

e > trXs,] = 2om Am[Xs,,]- Therefore, the map

S — L%(0,1) ZW%JCHZM X,

is well defined. By construction, vy is also linear, and by the above computations, we have
llvi(y)]| = |ly|| for any y € S, so vy is certainly bounded. Lastly, by construction,
v1(gsz) = [xs] for every s € [0,1].
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Since (F),ny = A, S is dense in Az. Therefore, there is a unique bounded linear map

vy : Az — L%(0,1) that extends v1. Then certainly v2(gsz) = v1(gsz) = [xs] for each

s €0, 1].

However, x is a generating vector for A = A’, so Az is dense in H. So there is a unique
u € B(H, L*(0,1)) that extends vo. Then also u(gsx) = v2(gsx) = [xs) for all s € [0, 1],
i.e. u satisfies our requirements.

To see that u is the unique element of B(H, L?(0,1)) that satisfies u(gsz) = [xs] for each
s € ]0,1], suppose that u' € B(H, L*(0,1)) is such an element. Then by linearity,

u'ls = u|lg = vy. Since S is dense in Az, then u'| 4, = v2 and since Az is dense in H,
u = u.

Hence indeed there is a unique u € B(H, L?(0,1)) such that u(gsw) = [xs] for each

s € [0,1]. We claim that w is unitary. First observe that for any s,t € [0, 1], we have

<u(qsx)7u(th)> = <[X8]7 [Xt]> = min(57t) = <qsx,th>,

so by linearity, (uy,uz) = (y, z) for all y,z € H. However, S is dense in H, so we have
(uy,uz) = (y,z) for all y,z € H, i.e. u is indeed unitary.
Now observe that [x:] € L>°(0,1) too. Using this, we can compute, for s,t € [0, 1]:

(uqs)(%w) = (u<qSQt))($) = u(Qmin(s,t)x> = [Xmin(s,t)]
= Dsxil = My (D)) = My, (u(ge)) = (Miy,ju)(ge)-

Therefore, (ugs)(y) = (M, u)(y) for each y € S and s € [0, 1]. Since S is dense in H,
ugs = My, u for all s € [0.1].

Hence ugsu~"' = Miy,) € Ac forall s € [0,1], so uFu~t C A,.

Since (F),n = A and A, is a von Neumann algebra, then also uAu~! C A..

Then we have A C u= ' Acu. Now A is maximal abelian, so A = u'A.u, i.e. A and A,
are unitarily equivalent. O

4.4 Subalgebras with minimal projections

Since we are now done with the case where the maximal abelian subalgebra has no
minimial projections, we can move on to the case where it does. We first have the
following two results.

Lemma 4.19. Suppose H is a Hilbert space and A C B(H) a von Neumann algebra.
Furthermore, let p € P,,,(A), then pAp = Cp.

Proof. Suppose g € pAp is a projection. Then ¢ = pap for some a € A and therefore

g€ Aand q(H) Cp(H), so g€ A and ¢ <p. However, p € P,,,(A),so ¢g=0o0r ¢ =p, so
q € Cp.

Now note that pAp is a von Neumann algebra by lemma[B.40] whence (P(pAp)),n = pAp,
by proposition [B.38] However, P(pAp) C Cp by the above argument, so

pAp = (P(pAp))vn C Cp.
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For the reverse inclusion, let A € C. Then observe that 1 € A, whence A\1 € A. Therefore,
Ap = \p? = p(Al)p € pAp. So Cp C pAp. O

Corollary 4.20. Suppose H is a Hilbert space and A C B(H) an abelian von Neumann
algebra. Furthermore, suppose p € P,,(A) and a € A. Then there is a A € C such that

ap = Ap.

Proof. Observe that ap = ap® = pap € pAp = Cp, by lemma and since A is abelian.
Therefore, there is a A € C such that ap = Ap. O

Now we need another technical result about subalgebras and projections.

Lemma 4.21. Suppose H is a Hilbert space, x € H, and A C B(H) is a C*-subalgebra.
Furthermore, let q be the projection onto Ax. Then q € A’

Proof. Az is closed, so H = Az @ Az . We will show that any a € A decomposes over
this splitting, i.e. that a = (a1, az), with a1 : Az — Az and as Az — Az
First let a € A and y € Az, say y = bx. Then ay = (ab)z € Ax.

Now let z € Az, then z = lim;c; y; for some y; € Ax for every i € I. Then
= a(limy;) = li € Az
az a(ilen? Yi) lim ay; x,

since ay; € Ax for all i € I. Hence a(Az) C Az for all a € A.
Next, suppose a € A, z € Az " and y € Azx. Then:
(y,az) = (a*y,z) =0,

since a* € A and y € Ax, so a*y € Ax by the above. Hence az € Azt
Therefore G(EL) - EL, so indeed, every a € A decomposes over H = E@EL.
Now note that ¢ = (1,0) : Az @ Az~ — Az @ Az . Therefore, for any a € A,

aoq=(ay,az)o(1,0) = (a1,0) = (1,0) o (ai,a2) =qoa,
so g € A, as desired. O

For a maximal abelian subalgebra A this has an important corollary, since then A’ = A.

Corollary 4.22. Suppose H is a Hilbert space, x € H, and A C B(H) is a maximal
abelian subalgebra. Furthermore, let q be the projection onto Ax. Then q € A.

Now, combining the above results, we can prove that the set of minimal projections in a
maximal abelian subalgebra has an important structure.

Proposition 4.23. Suppose H is a Hilbert space and A C B(H) is a maximal abelian
subalgebra. Then P,,(A) is an orthogonal family of one-dimensional projections.

Proof. Suppose that p,q € P,,(A). Then certainly we also have p,q € A, so by applying
corollary twice, we see that there are A\, u € C such that uq = pg = gp = Ap, since A
is abelian. Again since A is abelian, pq is a projection too, whence A\? = X and u? = L.
Therefore A\, € {0,1} and we also see that A =0 if and only if x =0, i.e. A =p € {0,1}.
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Therefore, either = 0 and then pg = 0 or ¢ = p. Hence P,,,(A) is an orthogonal family of
projections. To see that in fact all projections are one-dimensional, let p € P,,,(A) and let
x € p(H) be a non-zero vector. Then let ¢ be the projection onto Az. Then ¢ € A by
lemma Furthermore, for y € Az, say y = ax with a € A,

Py = paxr = apr = axr =Y,

so Az C p(H).

Therefore, q(H) = Az C p(H) = p(H), so ¢ < p. However, ¢ # 0, since 1 € A, whence

x =1z € Az C q(H). Since p € P,,(A), it now follows that p = ¢, i.e. p(H) = Ax.

Now note that by corollary [4.20] for every a € A there is a A € C such that ap = Ap. Then
ar = apr = \px = Az, so Az C Cuz, i.e. p(H) = Ax is at most one-dimensional. Since

x € p(H) is non-zero, p(H) is one-dimensional. O

Applying the above result to the case where the Hilbert space is separable, one can even
say more.

Proposition 4.24. Suppose H is a separable Hilbert space and A C B(H) a maximal
abelian von Neumann algebra. Then P,,(A) is countable.

Proof. For every p € P,,,(A), choose a unit vector =, € p(H). Since Pp,(A) is an
orthogonal family, {z, : p € P,,(A)} is an orthonormal set in H and all x,, are different.
Therefore, #P,,,(A) = #{xp : p € P,,(A)} < dim(H). Since H is separable,

0 < dim(H) < g, and therefore, P,,,(A) is countable. O

Now we come to one of our main points: every maximal abelian subalgebra that is
generated by its minimal projections is unitarily equivalent to the discrete subalgebra.

Theorem 4.25. Suppose H is a separable Hilbert space and A C B(H) is a maximal
abelian von Neumann algebra that is generated by its minimal projections. Furthermore, let
j be the cardinality of P,,(A). Then A is unitarily equivalent to A4(j).

Proof. By proposition we know that 1 < j < Ny, so there is a bijection
¢ :j — Pp(A). Denote p(n) = p, € Py(A) for all n € j. Now let

N
L= {Zﬂrpnr tpr €C, onp € j,
r=1

i.e. L is the linear subspace of A spanned by P,,,(A). Then L is in fact an algebra, since
for ci1 = >, trpn,,Cc2 =Y 4 AsPn, € L, we have:

C1C2 = Z /"LT')\SpYLrpTLs = Z /"LT')\S(S'I’LTTLspTLT €L.

T,8 T,8

Furthermore, (3=, ttrpn, )" = >, FrPn, € L, so L is a *-algebra. Hence Clg, (L) is a von
Neumann algebra. Clearly, P,,,(A) C Clg;(L), so (P (A))yn C Clgr(L). Furthermore,
L C (Py(A))yn, so Cly (L) C (Pn(A))un. Hence Clg (L) = (P (A))yn = A.
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Now, for all n € Js choose a unit vector e, € p,(H) and let K be the closed linear
subspace spanned by {e,}ne;. Then H = K @ K. Suppose x € K. Then for all n € Jr
pn(x) = Apey, for some A, € C, since p,(H) is one-dimensional. Then

Ap = <€TL7 /\en> = <€napnx> = <pn€mx> = <€na$> =0,

for all n € j. Hence p,(x) =0 for alln € j. So ¢(x) = 0 for all ¥ € L, so ¥(x) = 0 for all
¥ € Clgy (L) = A. Since 1 € A, therefore z = 1z = 0.

Hence K+ = {0}, i.e. K = H. Since for every n,m € J we also have that

<en7 6m> = <pn6napm6m> = <pmpn6na €m> = 5mn<pnen7 6m> = 6mn<en> em> = 5mn7

we see that {en}nej is in fact a basis for H.
Now define u : £2(j) — H by u(f) = 3_,c; f(n)en. Then clearly, u is linear, and for

ferQ):
lu(HIIP = F(m)en, Y f(m)em) =Y _|F(n)]* = | f]*.

nej mej nej

Therefore, u € B(¢(j), H). Furthermore, for f,g € £2(j),

(u(f),ulg)) = 3 f(m)en, Y g(m)em) =) fF(n)g(n) = (f,g),

nej mej nej

so w is unitary. Now we claim that

A=Y f(mpa: £ €2},

nej

To see this, first suppose x € H. Then z =}
{€n}nej is a basis of H. Then

D_pa)(@) = Y pa(M(m)em) =Y A(n)e

nej A(n)en, for some A € £2(j), since

nej m,nej nej
ie. Znel'pn =1
Now, for every n € j and a € A, ap, = Aa(n)py for some A\,(n) € C, by corollary 4.20]
Therefore,
a=a- 1—Zapn—z)\ n)Pn,
nej nej
while
[Aa(n)] = [Aa()ll[pnll = IXa(R)pall = llapn |l < llallllpn]l = [lal,
whence

sup|Aq(n)| < lal,
nej

i.e. A\g € £7°(j). Therefore, A C {Znejf n)pn = f € 0%°(5)}-
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Now let f € £°°(j) and = € H. Then z =}, .. A(n)e,, with A\ € £2(j), since {entne; is a
basis for H. Then for all m € j, 3", <,, f(n)pn(x) = 3, f(R)A(R)en, sO

1> F)pa(@)|? = D 1F )PP < [1£15 - Y- @)

n<m n<m n<m

Hence >°,¢c; f(n)pn(z) is well defined and

1> F)pn(@)ll < I flcllM = [lfllsolll,

nel

so a:=3,c; f(n)pn € B(H). We now claim that a € A. To see this, define for all
m € j, bm = Y p<m f(n)pn € A. Further, let again be z € H, with z =Y, c; A(n)en,
where A € ¢2(j). Then:

lom (2) = a(@)[I* = 1| Y F(n)pa(2)]?

n>m

= (D f(W)A(n)en, D FR)A(K)ex)

n>m k:>m

= Y _Ifm)PAn

n>m

< IF1% D2 IAm)?

n>m

nej

Therefore, {by,(2)}mej converges to a(z). Hence, {by, }me; converges to a in the strong
topology. However, A is strongly closed, so a € A. Therefore

A= (Y f(mpa: £ €62},

nej
Now suppose f € £>°(j) and g € £2(j). Then:

(uMy)(9) = u(My(g)) = Y_(M(g))(n)en

= f(n)g(n)en = Zﬂn)g( Pn(em)
Zf n)pn) (D g(m)em) = (O f(n)pn)(ulg))
nel mel nel‘

= (> f(n)pn)u)(g)

nej

whence qu = (Znej f( )Pn)u i.e. ijfu_1 = Znej f( )pn € A

Therefore, udy(j)u=t C A, so Ag(j) C u~tAu. However, A4(j) is maximal abelian and
u~l Au is abelian, so A4(j) = u=!Au. Therefore, A is unitarily equivalent to Ay(j). O

Finally, there is the case that the maximal abelian subalgebra does have minimal
projections, but is not generated by them. As our whole set-up suggests, the subalgebra is
then unitarily equivalent to the mixed subalgebra.
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Theorem 4.26. Let H be a separable Hilbert space and A C B(H) a maximal abelian von
Neumann algebra. Furthermore, let 1 < j < N, and suppose #P,,(A) = j and
(Pn(A))yn # A. Then A is unitarily equivalent to Ay(j) @ Ae.

Proof. By assumption, there is a bijection ¢ : j — P,,(A). Denote p(n) = p, € P (A).
Now define p = >, c; pn. Since P, (A) is an orthogonal family, p € B(H) is again a
projection. Since A is strongly closed and p is the strong limit of the net {3°, <, Pn}mej,
p € A. Since p is a projection, K := p(H) is a closed linear subspace of H and therefore
H=K®K=.

Now we claim that A decomposes over K @ K. To see this, let a € A and observe that
a=ap+a(l—p). First let x € K. Then

ax = apx + a(l — p)x = p(az) + 0 = p(ax) € K,
where we used the assumption that A is abelian. Next, for z € K+ = (1 — p)(H),
ax = apr +a(l —p)z =0+ (1 — plaz = (1 — p)(ax) € K.

Therefore a decomposes over K @ K and therefore indeed A decomposes over K @ K.

So, for every a € A, there are unique a; € B(K), ag € B(K*) such that a = (a1, az).
Now define:
Ay = {al 0 € Aay = 0} C B(K),

and
Ay :={a|lgr :a € Ajag =0} C B(K™).

Now we claim that A = A; @ Ay. To see this, first let a € A. Then a = (a1, a2) with

a1 € B(K) and ay € B(K*). Then a; = (a1,0)|x and (a1,0) = (a1,a2)(1,0) = ap € A,
so a; € Aj. Likewise, az € Ag, so a = (a1,a2) € A1 @ Ay. Hence A C A @ As.

For the converse, suppose by € A; and by € Ay. Then (b1,0) € A and (0, b2) € A.
Therefore, (b1, b2) = (b1,0) + (0,b2) € A. Therefore, Ay ® A2 C A and hence

A=A P As.

Now let a,b € Ay. Then (a,0),(b,0) € A, whence

(ab,0) = (a,0)(b,0) = (b,0)(a,0) = (ba,0),

since A is abelian. Therefore, ab = ba, i.e. A; is abelian. Likewise, A5 is abelian.
Now suppose A1 C C' C B(K) and C is an abelian subalgebra. Then

A:Al@AQgC@AggB(H),

and A is maximal abelian, so A = A1 @ Ay = C ® Ay. Therefore, A1 = C, and

A1 C B(K) is maximal abelian. With a similar argument, Ay C B(K*) is maximal
abelian.

Now we claim that P,;,,(A1) = {pn|Kk : n € j}. To see this, first suppose that g € P, (Ay).
Then g € A1, so (¢,0) € A and (g,0) is a projection. Now suppose 0 < s < (¢,0) for some
projection s € A. Then s = (s, s2) for some projections s; € B(K) and sy € B(K™).
Then s; = (s1,0)|x = (sp)|x and sp € A, so s1 € A;. We then have 0 < s; < ¢q and
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0<s9<0,s05s2=0ands; =0ors; =gq,since ¢ € Py(A1). Therefore, s =0 or

s = (q,0), whence (q,0) € P,,(A). So, there is a n € j such that (¢,0) = p, = (pn|x,0),
i.e. ¢ =pnlk.

For the converse, suppose that n € j and ¢ is a projection in A; such that 0 < ¢ < p,|k.
Then (0,0) < (q,0) < (pn|k,0) = pn, so (¢,0) =0 or (¢,0) = (pn|x,0), i.e. g=0or

q = pn|i- Therefore, p,|x € Pn(A1). So indeed, Py, (A1) = {pnlr : 1 € j}.

The next thing we want to prove is (P, (A1))yn = A1. Clearly, (P, (A1))yn C Ay, since
A; is a von Neumann algebra. For the converse, suppose a; € A;. Then a = (a1,0) € A.
Then ap = (a1,0)(1,0) = (a1,0) = a, so

(a1,0) :a:ap:aan

nej
= Z apn = Z )\a(n)pn
nej nej
nel TLel

Here we used corollary to find the A\q(n) € C. Therefore,

= Xa(n)pn € ({pnlk 1 € 1o = (Pn(A1))on

nEl

Hence, indeed, (P, (A1))yny = A1. So Ay C B(K) is a maximal abelian von Neumann
algebra that is generated by its j minimal projections. Therefore, by theorem [4.25] there is
unitary uy € B(K, £*(j)) such that

ulAlul_l = Aq(9).

Next, we claim that As has no minimal projections. To see this, suppose that ¢ € A5 is a
non-zero projection. Then (0,q) € A is a projection, and

(0,q) & Pn(A) = {pn = (pnlk,0) : n € j}.

Therefore, there is a projection s € A such that 0 < s < (0,q) and s # 0, s # (0,q). Then
s =(s1,82) € A1 @ Ag for some projections s; € A; and s € Ay. Then

0 < (s1,52) <(0,q), so s1 =0 and 0 < sy < ¢ with s2 # 0 and sy # q. Therefore,

q & Py, (As). Since ¢ € A was an arbitrary projection, P,,,(Az2) = 0.

Therefore, A5 is a maximal abelian von Neumann algebra without minimal projections, so
by theorem there is a unitary uz € B(K~, L?(0,1)) such that

u2A2U2_1 = A..
Now, (u1,u2) € B(H,¢*(j) @ L*(0,1)) is a unitary such that

(u1, u2) Aur, up) ™" = (ur,u2) (A1 @ Ag)(uy ' uz ")
= ulAlul_l @ UQA2u2_1
= Aa(j) & Ac
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i.e. A is unitary equivalent to A4(j) ® A, as desired. O

4.5 Classification

We can now combine the previous sections to arrive at the classification of maximal abelian
subalgebras.

Corollary 4.27. Suppose H is a separable Hilbert space and A C B(H) is a maximal
abelian von Neumann algebra. Then A is unitarily equivalent to exactly one of the
following:

1 A€ BI2(0,1))
2. Aq(j) € B(£3(j)) for some 1 < j < Ng
3. Aq(j) & Ac. C€ B(£%(j) @ L?(0,1)) for some 1 < j < N.

Proof. Consider P,,(A). Define j := #P,,(A). By proposition [4.24) 0 < j < R. If j =0,
then by theorem [4.18] A is unitarily equivalent to A..

If 1 < j <Ny, there is a distinction between the cases (P,,(A)),ny = A and

(Pm(A))un # A. In the first case, by theorem [4.25] A is unitarily equivalent to A4(j). In
the second case, A is unitarily equivalent to A4(j) @ A, by theorem [4.26]

So A is indeed unitary equivalent to one of the three mentioned cases. Since the three
cases have different properties concerning its minimal projections, they are mutually
unitarily inequivalent, so A is unitary equivalent to exactly one of them. O

This classification has the following very important corollary for our main goal of classifying
all subalgebras with the Kadison-Singer property.

Corollary 4.28. Suppose H is a separable Hilbert space and A C B(H) a unital abelian
subalgebra that has the Kadison-Singer property. Then A is unitarily equivalent to either
Ay(j) for some 1 < j <Ny, A. or Ag(j) & A, for some 1 < j < V.

Proof. By theorem we know that A is a maximal abelian C*-algebra. Hence it is also a
maximal abelian von Neumann algebra, by proposition [B.37] Therefore, by corollary [4.27]
A is unitarily equivalent to either A;4(j) for some 1 < j < Rq, A. or Ay(7) ® A, for some
1 <5 <N O

In the rest of this text, we will determine whether the discrete, continuous and mixed
subalgebra have the Kadison-Singer property. So far, we only know that A4(j) has the
Kadison-Singer property if j € N.



Chapter 5

Ultrafilters and the Stone-Cech
compactification

In this chapter we develop the theory of ultrafilters and we construct the Stone-Cech
compactification of discrete spaces using ultrafilters. In the next chapter, we will use the
Stone-Cech compactification of N to prove that the continuous subalgebra does not have
the Kadison-Singer property.

5.1 Ultrafilters

In this section, the central objects of study are ultrafilters. First, we need the notion of a
filter.

Definition 5.1. Suppose X is a set. A family F' C P(X) is called a filter if it satisfies the
following axioms:

1. F#0,
3. ifA,BeF,then ANB € F and

4. f Ae F and AC B, then B € F.

An important non-trivial example of a filter is given by the set of neighbourhoods of a
point of topological spaces. Note that filters are naturally partially ordered by inclusion.
Hence we can consider maximal elements: these are the so-called ultrafilters.

Definition 5.2. Suppose X is a set and F' C P(X) is a filter. Then F is called an
ultrafilter if the only filter G C P(X) that satisfies ' C G is F itself.

The following lemma assures that for any set, ultrafilters are quite common.

Lemma 5.3. Suppose X is a set and F' C P(X) is a filter. Then there is an ultrafilter
G C P(X) such that F C G.

55
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Proof. Consider C':={H CP(X): F C H,H is a filter}. Then C is partially ordered by

inclusion.

We first claim that every chain in C' has an upper bound, so suppose {H;};c; C C'is a
chain with respect to this partial order. Then consider H = |J;c; H;. Clearly, F' C H. We
claim that H is a filter.

To see this, first suppose A, B € H. Then there are j,k € I such that A € H;, B € Hj,.
Since {H;}icy is totally ordered, we may assume without loss of generality that H; C Hy,
whence A, B € H}.. Therefore, AN B € Hy, since Hy, is a filter. Therefore, ANB € H.

Next, suppose A € H and A C B. Then there is an i € I such that A € H;, so B € H;,
since H; is a filter. Hence B € H.

Since every H; is non-empty and I is non-empty, H is non-empty. Futhermore, () ¢ H; for
every i € I, so () & H. Therefore, H is indeed a filter.

Hence, H is an upper bound of {H;};c; in C. So every chain in C' has an upper bound
and by Zorn's lemma, C' has a maximal element G.

Then F' C G. We claim that G is an ultrafilter. To see this, suppose G C K, and K is a
filter. Then F C K, so K € C, so by maximality of G as an element of C, K = G.
Therefore, GG is indeed an ultrafilter. O

One can describe ultrafilters with a few equivalent properties. To do this, we first define
the notion of prime filters.

Definition 5.4. Suppose X is a set and F' C P(X) is a filter. F is called prime if for any
A,BC X suchthat AUB € F,wehave A€ For BeF.

The following lemma is easily proven with an inductive argument.

Lemma 5.5. Suppose X is a set and F' C P(X) is a prime filter and {A;}I" 1 CP(X) is a
finite collection such that \J;—, A; € F. Then thereisai € {1,...,n} such that A; € F.

Using this, we can give three new descriptions of ultrafilters.

Lemma 5.6. Suppose X is a set and F C P(X) is a filter. Then the following are
equivalent:

1. I is an ultrafilter.
2. IfFACX and ANB #( forall Be F, then A€ F.
3. Forevery AC X either Ac ForX\A€F.

4. F is a prime filter.

Proof. We first prove the equivalence between property 1 and 2.
For this, suppose that F' is an ultrafilter and A C X is such that AN B # () for all B € F.
Then define

F=Fu{CCX|3dBeF:ANnBCC}.

We claim that F’ is a filter. First suppose that Y7,Y> C F’. Then there are three cases.
Firstly, suppose Y1,Ys € F. Then Y1NYy € F C F'.
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Next, suppose Y7 € F, Yo & F. Then thereisa B € F' such that AN B C Y5. Then
ANBNY1 CY,NYiand BNY1 € F,soY1NY, € F.

Lastly, suppose Y1 € F,Yo & F. Then there are By, By € F such that AN B; C Y] and
ANBy CYs. Then Aﬂ(BlﬂBQ) CYiNnYsand BiNBy e F,so Y1 NYy € F.

Hence Y1 NYs € I’ for all Y1,Ys € F'.

Next, suppose that Y7 C Y5 and Y7 € F'. Then there are two cases. Firstly, Y7 € F. Then
Y5 € F, since F'is a filter. Next, Y7 € F. Then there is a B € F such that

ANBCY; CYs whence Y5 € F'. Since F # (), F' # (). Futhermore, ) ¢ F and
combining this with our assumption on A, ) € F’. Hence F’ is indeed a filter. By
construction, F' C F’ and F is an ultrafilter, so F/ = F.

Now, take any B € F. Then ANB C A, so A € F' = F. Therefore, property 1 implies
property 2.

For the converse, suppose that A C X and AN B # () for all B € F imply that A € F.
Then suppose G C P(X) is a filter such that F C G. Then let A € G. Then for any
BeF, A BeG,so ANB € G, so AN B # (. Therefore, A € F, by our assumption.
Hence G C F, i.e. G = F. Therefore, F' is an ultrafilter. Hence property 2 implies
property 1.

Next, suppose F' has property 2 and let A C X. Suppose A & F'. Then, thereisa B € F
such that ANB =10,i.e. BC X\ A. Since BEF, X\ A€ F. So, forall AC X, either
A€ For X\ AecF. Hence the second property implies the third.

Now, suppose that F' has property 3. Then suppose that A C X is such that AN B # ()
forall B€ F. Then X \ A¢ F, since AN X \ A=1. Therefore, A € F, i.e. F has the
second property.

Now, suppose that F is a prime filter. Let A C X. Then AU(X\A)=X € F,so A€ F
or X \ A € F. Therefore, property 4 implies property 3.

Lastly, suppose F' has property 3 and suppose that A, B C X such that AU B € F, but
A¢F and B¢ F. Then, X\ A, X \ B € F. Then also
X\(AUuB)=(X\A)N(X\B)eF,sol=(AUB)NX\(AUB) € F. Thisis a
contradiction with F' being a filter, so whenever AU B € F' we must have A € F or

B e F,ie. Fisprime. O

Now that we have established four different descriptions of ultrafilters, it is time to
introduce a very important class of examples of ultrafilters: those generated by a single
element of a set.

Lemma 5.7. Suppose X is aset andx € X. Then F, :={AC X :x € A} isan
ultrafilter.

Proof. First of all, for A, B F,, v € ANB,so ANB € F,. Next,if A€ F, and A C B,
r€ACDB,soBeF,. Certainlyz €0, sodl g F,andx € X,s0 X € F,, i.e. F, #0.
Hence F), is a filter.

To see that F), is in fact an ultrafilter, note that for any A C X we either have x € A or
xe X\ A ie A€ F,or X\ AEc€ F,. Hence, by proposition , F, is an ultrafilter. O

A principal ultrafilter on a set X is an ultrafilter of the kind F, for some z € X. A free
ultrafilter is an ultrafilter that is not principal. Filters (and especially ultrafilters) become
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especially interesting when they are considered for topological spaces. For example, one
can define the notion of convergence of a filter. For this, we use the notation N, for the
set of neighbourhoods of a point = in a topological space.

Definition 5.8. Suppose X is a topological space, x € X and F C P(X) is a filter. We
say that F' converges to z if N, C F.

Like nets, filters in Hausdorff spaces behave nicely with respect to convergence.

Proposition 5.9. Suppose X is a Hausdorff space and F C P(X) is a filter. Then F can
converge to at most one point.

Proof. Suppose F' converges to both z,y € X. Then N; C F and N, C F. If x # y, then
by the Hausdorff property, there are open U,V C X such that x € U, y € V and

UNV =0. ThenU eN, CFandV e Ny C F, whence U,V e Fand) =UNV € F.

This contradicts F' being a filter, i.e. x = y. O

For compact spaces, ultrafilters also have a useful property.

Proposition 5.10. Suppose X is a compact space and F' C P(X) an ultrafilter. Then F
converges to at least one point.

Proof. Suppose F' converges to no point. Then for all y € X there is a N, € N, such that
Ny & F. So, especially, for all y € X, there is a open U, C X such that y € U, and

U, &F.

Then, clearly, U,cx Uy = X, so by compactness of X, there is a finite set {yi}=, such
that Uj~, Uy, = X. However, X € F and F'is prime (proposition , so there is a

i€ {l,...,n} such that Uy, € F. This is a contradiction, since all U, ¢ F' by construction.

Hence F' converges to at least one point. O

Combining propositions and gives an immediate corollary.

Corollary 5.11. Suppose X is a compact Hausdorff space and F' C P(X) is an ultrafilter.
Then F' converges to a unique point.

The structure of a filter can also be transfered from one set to another by means of a
function.

Definition 5.12. Suppose X and Y are sets, f : X — Y is a function and U is a filter on
X. Then the pushforward of U over f is defined as

£ U):={zZCY:fH2)eU}.

The following proposition assures that it is useful to consider pushforwards of filters.

Proposition 5.13. Suppose X and Y are sets, f : X — Y is a function and U is a filter
on X. Then the pushforward f.(U) of U over f is a filter on Y. In addition, if U is an
ultrafilter, then f.(U) is an ultrafilter, too.
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Proof. Suppose Z1,Z3 € f«(U). Then f=1(Z1), f~%(Z3) € U, so
FUZiNZy) = FHZ)NfH2Z) el

since U is a filter. Hence Z1 N Zy € f.(U).

Now, suppose Z1 € f«(U) and Z; C Z3. Then f~Y(Z2) D f~1(Z1) € U, so f~1(Z) € U,
since U is a filter. Hence Zs € f.(U).

Next, observe that f1(Y) =X € U, so Y € f.(U), i.e. fo(U)#0.

Lastly, f~1(@) =0 &€ U, so 0 & f.(U). Hence f.(U) is a filter on Y.

Now, in addition, suppose that U is an ultrafilter. Then suppose Z C Y. Then

f~Y(Z) C X, so by proposition [5.6] either f1(Z) e Uor f 1 (Y \Z) =X\ f1(2) €U,
i.e. either Z € f.(U) or Y\ Z € f.(U). Hence f.(U) is indeed an ultrafilter, again by
proposition O

5.2 Stone-Cech compactification of discrete spaces

In this section we construct the Stone-Cech compactification for discrete topological spaces
using ultrafilters. Let us first recall the definition of the Stone-Cech compactification.

Definition 5.14. Suppose X is a topological space. The Stone-Cech compactification
of X is a compact Hausdorff space X together with a continuous map S : X — X
having the following universal property: for any compact Hausdorff space K and
continuous function f : X — K, there is a unique continuous Sf : X — K such that the
following diagram commutes:

X 2. 8x

N

K

We construct the Stone-Cech compactification for discrete spaces. To do this, first write
Ultra(X) for the collection of all ultrafilters on a set X. Our goal is to show that for a
discrete space X, we can endow Ultra(X) with a topology in such a way that it becomes
the Stone-Cech compactification of X. Namely, for some set X and all subsets A C X,
define

W(A)={U e Ultra(X) : Ae U}.

Note that X € U for any U € Ultra(X), so W(X) = Ultra(X). Therefore, the collection
{W(A): A C X} forms a subbase of a topology on Ultra(X). We call this topology the
ultra topology. In order to understand this topology better, we investigate some
properties of the subbase elements.

Lemma 5.15. Suppose X is a set and let A, B C X. Then:
1. W(A) =0 if and only if A =1,
2. W(ANB)=W(A) NnW(B).

3. W(X \ A) = Ultra(X) \ W(A).
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Proof. First, note that if A =10, then A ¢ U for any U € Ultra(X), by definition of a
filter. Therefore, W (A) = (. If A # (), then there is an z € A, whence A € F, and

F,e W(A), ie. W(A)#0. So W(A) =0 if and only if A= 0.

Next, suppose U € W(ANB). Then ANBe€U,so AcU and Be U, sincce ANBCA
and AN B C A. Therefore, U €¢ W(A) and U € W(B), i.e. U € W(A) N W (B). Next,
let Ve WA NW(B). Then AcVand BeV,so ANBeV,soV € W(ANB).
Hence W(AN B) = W(A) N W(B).

Lastly, suppose that U € W (X \ A). Then X \ A € U, so by proposition , AU, so
U € Ultra(X) \ W(A). Conversely, if U € Ultra(X) \ W(A), then A¢U,so X\ AeU,
by proposition [5.6] so U € W(X \ A). So, indeed, W (X \ A) = Ultra(X) \ W(A4). O

Using this lemma, we can describe the ultra topology through a base.

Corollary 5.16. Suppose X is a set. Then {W(A): A C X} forms a base for the ultra
topology on Ultra(X).

Proof. By definition of the ultra topology, {W(A) : A C X} is a subbase for the ultra
topology. Hence

{ ﬁ W(4):n €N, {4}, CP(X)}
=1

is a base for the ultra topology. However, by using lemma [5.15| n — 1 times, we see that
P W(A;) = W(Niz, Ai), which is a subbase element itself. Hence {WW(A): AC X} is

indeed a base for the ultra topology. O

Using lemma [5.15] we see that the base {IWW(A) : A C X} of the ultra topology consists of
elements that are both open and closed. From now on, for a set X, we will simply refer to
the topological space Ultra(X ), and imply that we are considering the ultra topology. We

now come to an important property of the space of ultrafilters.

Proposition 5.17. Suppose X is a set. Then Ultra(X) is Hausdorft.

Proof. Suppose U # V € Ultra(X). Then either U\ V # () or V' \ U # (. Without loss of
generality, assume that U \ V # () and let A C X be such that A€ U and A ¢ V. Then,
by proposition 5.6} X \ A¢Z U and X\ A€ V,soU € W(A) and V € W(X \ A). Since
W(A) and W(X \ A) are both open and W(A)NW (X \A) =W (ANX\A)=W(0) =0
by lemma [5.15] Ultra(X) is indeed Hausdorff. O

In order to be the Stone-Cech compactification of X, Ultra(X) needs to be compact as
well. To prove this, we first need a lemma, where we use the theory in appendix [A.3]

Lemma 5.18. Suppose X is a set and suppose that {A;}ic; € P(X) is a subset such that
{W(A;)}icr has the finite intersection property. Then (\;c; W (A;) # 0.

Proof. Suppose that {i;}}_; € I. Then, using lemma[5.15]

n n

W) Ai) = [ W(Ai,) #9,

k=1 k=1
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since {W(A;)}icr has the finite intersection property. Then, again using lemma [5.15)
Ni—y A, # 0. Now, define

Fi={BCX:3{i}jy CIst ()4, B}
k=1
Clearly, F'is a filter. Hence by lemma , there is an ultrafilter U C P(X) such that
FCU. Now, forallie I, A;€ FCU,soU e W(A;) for all i € I. Therefore,
U € Nier W(Ai), so Nier W(A;) # 0. O

Now we can use this to prove that Ultra(X) is compact for any set X.

Proposition 5.19. Suppose X is a set. Then Ultra(X) is compact.

Proof. Suppose that {C;},c; € P(Ultra(X)) is a family of closed subsets that has the
finite intersection property. We will prove that (;c; C; # () and thereby conclude by
proposition that Ultra(X) is compact.

Since {WW(A): A C X} is a base for Ultra(X) consisting of elements that are both open
and closed, there is a set {A;};cs, € P(X) for every i € I such that C; = ;¢ ;, W(A;).
Now define J = |J;cr Ji and suppose that {j;}}_; is a finite subset. Then for every

ke {l,...,n}, thereis a iy, € I such that j; € J;,. Hence

n

04 () C= () N WA € ) W(A,),

k=1 k=1j€J;, k=1

where we used the fact that {C;};c; has the finite intersection property.

Therefore, {IW(A;)} e has the finite intersection property, whence (N, W (A;) # 0 by
lemma Therefore,

NCi= N W(A4) = W(4)) #0,

iel il jed; jed
so Ultra(X) is compact by proposition [A.12] O

Combining propositions and we see that for any set X, Ultra(X) is a compact
Hausdorff space. Furthermore, there is a canonical map S : X — Ultra(X) defined by
S(z) = F,, where F, is the principal ultrafilter generated by = € X, as discussed in lemma
We will prove that Ultra(X) together with the map S gives the Stone-Cech
compactification for discrete spaces, but we first need a few more ingredients.

First of all, note that for any two sets X and Y and any function f: X — Y, the
pushforward operation as discussed in definition and proposition [5.13} gives a
well-defined map f, : Ultra(X) — Ultra(Y').

Lemma 5.20. Suppose X and Y are sets, and f : X — Y a function. Then the function
f« : Ultra(X) — Ultra(Y") is continuous.
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Proof. Suppose A CY. Then:

FoYW(A)) = {U € Ultra(X) : f.(U) € W(A)}
={U € Ultra(X) : A € f.(U)}
={U € Ultra(X) : f~}(A) e U}
= W(f1(A)).

Therefore, the pre-image under f, of any base element of the topology on Ultra(Y') is
open in Ultra(X), so fs is continuous. O

Next, by corollary [5.11], we know that for a compact Hausdorff space K, there is a unique
well-defined map g : Ultra(K) — K such that for every U € Ultra(K), U converges to

e (U).

Lemma 5.21. Suppose K is a compact Hausdorff space and let ¢ : Ultra(K) — K be
the map such that for every U € Ultra(K), U converges to ¢ (U). Then ¢k is
continuous.

Proof. Suppose A C K is open and suppose that U € @gl(A). Then U converges to
vr(U) € A. Since A is open, by lemma|A.15] there is an open B C K such that

pr(U)e BCBCA.

Then B e N, ) CU,soU € W(B). Now let V.€ W(B). Then B € V and

Nogy € V. We claim that o (V) € B.

If prc (V) € B, then ¢ (V) € K\ B, and K \ Bis open, so K\ B € N,,.(v) € V. Also,
K\BCK\B,so K\BecV. Then both B€V and K\ B €V, which is a
contradiction, since V' is an ultrafilter.

Therefore, g (V) € B C A. Hence V € i (A), so W(B) C ¢y (A). Furthermore,
W(B) is open in Ultra(K), and U € @' (A) was arbitrary, so ¢ (A) is open, i.e. ¢k is
continuous. O

For the universal property of the Stone-Cech compactification we need a unique continuous
extension of a continuous map. The following proposition is helpful for this.

Proposition 5.22. Suppose X is a set. Then the image of the map S : X — Ultra(X)
defined by S(x) = F,, is dense in Ultra(X).

Proof. Suppose W (A) is any non-empty base element for the ultra topology on Ultra(X).
Then A # (), so there is a x € A. Then A € F,, so F, € W(A). Therefore, we have
W(A)N S(X) # 0, and W(A) was an arbitrary non-empty base element of Ultra(X), so
S(X) is dense in Ultra(X). O

Now we come to the main point.

Theorem 5.23. Suppose X is a discrete topological space and S : X — Ultra(X) is the
function such that S(x) = F,, the principal ultrafilter belonging to x € X. Furthermore,
let K be a compact Hausdorff space and suppose f : X — K is a function. Then the
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unique continuous function B f : Ultra(X) — K such that Bf o S = f is given by
Bf = @K o f«, where pi and f, are as in lemma[5.20 and lemma[5.21]

Proof. Let z € X, and suppose that A € Ny(,). Then f(z) € A, soz € f~1(A), so
f7HA) € Fy, s0 A € f.(F,). Therefore, N(,y C fi(Fy). By uniqueness of the map ¢r,
we conclude that f(z) = ¢ (f«(Fy)) = (g © fx 0 S)(z). Since x € X was arbitrary,
f=wrgofioS=pfoS. Furthermore, 5f = px o f. is continuous, since both px and
f+« are continuous by lemma and lemma [5.20

Now suppose that g : Ultra(X) — K is another continuous map that satisfies f = go S.
Then g coincides with 3f on S(X) and S(X) is dense in Ultra(X) by lemma[5.22] so

g = Bf, as desired. O

The above theorem gives the universal property of the Stone-Cech compactification,
whence we have the following corollary.

Corollary 5.24. Suppose X is a discrete topological space. Then the space Ultra(X)
together with the map S : X — Ultra(X) defined by S(x) = F, is the Stone-Cech
compactification of X.

Proof. Since X is discrete, the map S is continuous. Since theorem gives the
universal property, Ultra(X) together with the map S : X — Ultra(X) is the Stone-Cech
compactification of X. O






Chapter 6

The continuous subalgebra and the
Kadison-Singer conjecture

The main goal of this chapter is to prove that the continuous subalgebra does not have the
Kadison-Singer property. We do this in section [6.4] by considering the so-called Anderson
operator. The sections before that one provide tools for proving properties of the Anderson
operator.

In sections [6.1] and [6.2] we construct the Haar states, using the results of chapter 5]
Section [6.3] contains rather technical results, which culminate in corollary [6.17] This
corollary is in fact the only thing we need from [6.3]to prove in section [6.4] that the
continuous subalgebra does not have the Kadison-Singer property.

In the remainder of the chapter, we prove that this implies that the mixed subalgebra does
not have the Kadison-Singer property either and hence that only maximal abelian
subalgebras that are unitarily equivalent to the discrete subalgebra can possibly have the
Kadison-Singer property. Once we have proven this result, we are in a position to formulate
the Kadison-Singer conjecture and appreciate its consequence for the classification of
subalgebras with the Kadison-Singer property.

6.1 Total sets of states

We have already seen that the set S(A) of states on a C*-algebra A is a convex, compact
Hausdorff space. We are now interested in special subsets of this space; so-called total sets
of states. For this, recall that for a self-adjoint element a and a state f, f(a) is real.

Definition 6.1. Suppose A is a C*-algebra and let 7' C S(A). We say that T is a total
set of states for A if for any self-adjoint a = a* € A the condition f(a) > 0 for every
f € T implies that a > 0.

The following lemma is trivial.

Lemma 6.2. Suppose A is a C*-algebra and suppose T C T' C S(A), where T is a total
set of states for A. Then T' is a total set of states for A.

Total sets of states have an important property.

65
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Lemma 6.3. Suppose A is a C*-algebra and T' C S(A) is a total sets of states.
Furthermore, suppose that a = a* € A, a € R and that g(a) > « for every g € T. Then
fla) >« forall f € S(A).

Proof. Note that a — a1 is self-adjoint and that g(a — al) = g(a) —a > 0 for every g € T'.
Therefore, a — a1 > 0, since T is total.

Hence for any f € S(A), f(a —al) > 0, since f is positive. Therefore, f(a) —a >0, i.e.
f(a) > «, for all f € S(A). O

The state space S(A) of a C*-algebra A is topologized by the weak*-topology, which is
generated by considering single elements a € A. Since the definition of total sets of vectors
concerns only self-adjoint elements, we are especially interested in those elements. Recall
that the weak*-topology on the state space S(A) of a C*-algebra A is given by the subbase
that consists of the elements

B(f;a,e) ={g € S(A) : [f(a) — g(a)] < e},
where f € S(A), a € A and £ > 0. As it now turns out, we only have to consider those
subbase elements given by self-adjoint elements.

Lemma 6.4. Suppose A is a C*-algebra. Then the set
{B(f,a,e): f € S(A), a=a" € A, ¢ >0}
is a subbase for the weak*-topology on S(A).

Proof. Suppose that a € A. Then a = b+ ic, where b,c € A are self-adjoint. Hence, for
f7 g E S(A)y

[f(a) —g(a)| = [f(b+ic) — g(b+ic)|
< [f(b) = g(0)] +[f(e) = g(e)l.

So, if g € B(f,b,5) N B(f,¢c,5), then g € B(f,a,c). Hence
B(faba%)mB(facvg) gB(f,CL,Z?)-

Combined with the fact that {B(f,a,¢) : f € S(A),a € A,e > 0} is a subbase for the
weak*-topology on S(A), this shows that {B(f,a,e): f € S(A),a=a* € A,e >0} is a
subbase too. O

We use this fact to prove the following important lemma about total sets of states.

Lemma 6.5. Suppose A is a C*-algebra and T'C S(A) is a total set of states. Then
S(A) = co(T), i.e. the sets of states is the weak*-closure of the convex hull of T

Proof. Since T' C S(A) and S(A) is a weak*-closed convex set, co(T") C S(A). Hence we
only have to prove that S(4) C co(T).

To see this, let f € S(A), and suppose that f € i B(fi,ai,&;), for certain f; € S(A),
a; =af € A and ¢; > 0. Since f € B(fi,a;,¢;) forany i € {1,...,n}, there are §; > 0 for
all i € {1,...,n} such that B(f,a;,d;) C B(fi,ai,e;) forall i € {1,...,n}.
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Now define the map

QOS(A) _>Rnaf’_> (f(al)a”'vf(an))v

and define 2 = ¢(T"). We claim that for every f € S(A), we have ¢(f) € co(2).

To prove this, we argue by contraposition. So suppose f € S(A) and ¢(f) & co(£2). Then
by a standard result in convexity theory, there is an n — 1-dimensional hyperplane V'
through ¢(f) that does not intersect co(£2) and an a > 0 such that for every z € V and
y € co(Q), |z —y| >, i.e. co(2) is completely on one side of V' and is seperated from V'

by a distance of at least a. Considering the normal vector n on V/, this means that for any
y € co(2), (y — @(f),n) > a, where (,) is the standard inner product on R".
Now write n = (t1,...,t,) € R" and let g € T". Then ¢(g) € co(f2), so

((g(ar) = flar), ..., g(an) = flan)), (t1, ..., tn)) = .

Writing this out, one obtains Y ;" ; ti(g(a;) — f(a;)) > «, i.e.
9> tiay) = OO tia) + o
i=1 i=1

However, g € T' was arbitrary, >, t;a; is self-adjoint and f € S(A), so by lemmal6.3}
FOoi tiai) > f(31 tia;) + . This is a contradiction, so ¢(f) € co(f).

Now define 0 := min;e(y, . ) 0;- Then § > 0, so there is an h € co(f2) such that we have
|h —@(f)] < 4. Since h € co(f2), there are {g;}y C T and {s;}7*, C [0,1] such that

h =37 sip(gi) and 357 s = 1.

Now define k =31 s;9; € co(T') and let j € {1,...,n}. Note that p(k) = h. Then

k(az) = flay)| = le(k)j — o(f)il = |h; = o(f)jl < [h = @(f)] <6 <9,

where we used the notation z; for the j'th coordinate of x = (z1,...,2,) € R™.
This proves that k € B(f,a;,d;) C B(fj,aj,¢5). Since j € {1,...,n} was arbitrary,
k € Ny B(fi,ai,e;). However, k € co(T) too, so iy B(fi,ai,e;) Nco(T) # 0. Since

Nizy B(fi,ai, i) is an arbitrary base element around f by lemma , f€co(T).

Now f € S(A) was arbitrary, so S(A) C co(T") and hence S(A) = co(T), as desired. O
The above lemma is mainly important because of the following theorem.

Theorem 6.6. Suppose A is a C*-algebra and T'C S(A) is a total set of states. Then
0.S(A)CT.

Proof. By lemma (6.5, S(A) = co(T). Then by the Krein-Milman theorem, i.e. theorem
B.4 9.5(A) CT. O

In the next section, we will construct a total set of states for the continuous subalgebra.
Later on, we will use corollary for this total set to prove that the continuous subalgebra
does not have the Kadison-Singer property.
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6.2 Haar states

The total set of states on the continuous subalgebra that we will consider is induced by the
so-called Haar functions. In order to describe these, first consider the set

Y i={(i,5) € (NU{0})?:i < 27}.
It is easily seen that the function
Y:Y =N, (i,j)—i4+2

is a bijection. Now, for each pair (i, ) € Y, define the set V (i, j) = [&, &] € [0, 1].

Next, define the function

kY — L*(0,1), (4,) = (V2) [Xv(2i41) — XV@it1441))

and using this, define h : N — L2(0,1) by setting h(1) = [1] and h(n) = (ko™ 1)(n — 1)
if n > 2. The set h(N) C L?(0,1) is the set of Haar functions.

This procedure gives

h(1) = [1],

h(2) = [X[0,1/21 — X[1/2,1))5

h(3) = \/§[X [0,1/4] — X[1/4, 1/2]]
h(4) = \@[X [1/2,3/4] — X[3/4, 1]]

and so on. By mere writing out it follows that the Haar functions form an orthonormal set.
In fact, since the support of h(n) becomes arbitrary small as n increases, but the supports
of the functions h(1 + 27), h(1 +27),..., h(27F!) completely cover [0, 1] for every j € N,
one can see that the Haar functions actually form a basis for L2(0,1). For more details
about this, see |26 thm 1.4].
The Haar functions now induce the Haar states, which will form the total set of states we
are looking for. To do this, define H(n) : B(L?(0,1)) — C by H(n)(b) = (b(h(n)), h(n)),
for every n € N. Clearly, every H(n) is a state on L?(0,1), since
H(n)(1) = (h(n),h(n)) =1 and

H(n)(b"b) = ((00)(h(n)), h(n)) = (b(h(n)), b(h(n))) = |
We consider H as a function, i.e. H: N — S(B(L?*(0,1))
Haar states.

b(h(n))||?> > 0 for every b > 0.
). The set H(N) is the set of

When restricting the Haar states to the continuous subalgebra A. C B(L?(0,1)), we get a
function H' : N — S(A.), given by H'(n) = H(n)|a,. We will refer to the elements of
H'(N) as restricted Haar states. The main point of this construction is the following
theorem.

Theorem 6.7. The set H'(N) of restricted Haar states is a total set of states for A..

Proof. Suppose a = a* € A, but a is not positive. Then there is a real-valued measurable
function ¢ : [0,1] — C, aset D C [0,1] and b,¢ > 0 such that g € a, g(z) < —b for all
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x € D and pu(D) = c. Since D C [0, 1] is measurable, there is an open set U C [0, 1] such

that D C U and u(U \ D) < ﬁ.
Now note that the Haar functions satisfy h(i + 2/ —1)? = Zj[XV(i,j)] for j > 1. Hence,
since the V (4, j) partition [0, 1] in arbitrarily small intervals, xy = >-0° 1 A, h(n)?, for some

An > 0. Then compute:

e’} -
;pﬁéﬂmmmmm>—

Since every A, > 0, there is then at least one n € N such that
H/(n)(Ma) = (Migh(n), b)) = [ g(@)h(m)(@)? < 0.

So, whenever a self-adjoint element b = b* € A, satisfies H'(n)(Mp) > 0 for every n € N,
then b > 0, i.e. the set H'(N) is a total set of states for A.. O

We can now use the (restricted) Haar states in combination with the concept of the
Stone-Cech compactification of N, which is Ultra(N) according to theorem [5.24] Since N
is discrete, the map H : N — S(B(L?(0,1))) is continuous. Furthermore, S(B(L?(0,1)))
is a compact Hausdorff space by proposition [2.6] so there is a unique continuous map
BH : Ultra(N) — S(B(L?(0,1))) such that the following diagram commutes:

N S

Ultra(N)

PN
S(B(L*(0,1)))

where S is the map such that S(n) = F),, the principal ultrafilter belonging to n € N.

Likewise, for the restricted Haar states map H' : N — S(A,.), there is a unique continuous
map SH’ : Ultra(N) — S(A.) such that the following diagram commutes:

N—% Ultra(N)
N
S(Ac)

We can make a connection between these two diagrams by considering the multiplication
operator M : A. — B(L?(0,1)), which is an inclusion. We are especially interested in the
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pullback of this map, i.e.
M*: S(B(L2(0,1))) — S(A.),

given by (M*(f))(a) = f(M(a)), since M* is continuous by lemma[2.19]
We use the map M™* for the following trivial fact.

Lemma 6.8. The following identity holds: H' = M* o H.
Proof. Suppose n € N and a € A.. Then
H'(n)(a) = H(n)|a.(a) = H(n)(M(a)) = (M*(H(n)))(a),
which proves that H'(n) = (M* o H)(n), i.e. H = M* o H, as desired. O

This induces the following important identity.

Corollary 6.9. The following identity holds: BH' = M* o SH.

Proof. First of all, note that M* o SH : Ultra(N) — S(A.) is a continuous function, since
both M* and SH are continuous, by lemma [2.19 and the universal property of the
Stone-Cech compactifaction.

Next, note that 3H o S = H, again by the universal property of the Stone-Cech
compactification. Therefore, using lemma[6.8]

M*oBHoS=M"oH=H'
Therefore, by uniqueness of the map SH’, we have M* o BH = SH’, as desired. 0

We are mainly considering the Stone-Cech compactification of N and the Haar states
because of the following statement.

Theorem 6.10. The following inclusion holds: 0.5(A.) C (6H’)(Ultra(N)).

Proof. By theorem we know that H'(N) is a total set of states for A.. Then, since

H' = BH'o S, H'(N) C (BH')(Ultra(N)), whence by lemma6.2} (3H’)(Ultra(N)) is a
total set of states.

Therefore, by theorem , 0.5(A.) C (BH')(Ultra(N)). However, Ultra(N) is a compact
space, and SH' is a continuous map. Therefore, (BH')(Ultra(N)) C S(A.) is compact
too. Since S(A.) is Hausdorff, this implies that (3H')(Ultra(N)) is closed. Therefore,
9.5(A.) C (BH")(Ultra(N)), as desired. O

Since we are interested in the pure states on the continuous subalgebra, we are now
interested in a more precise expression of the image of SH and SH’. We can describe both
of them by generalizing the structure they share.

Proposition 6.11. Suppose X is a discrete space and A a C*-algebra. Furthermore,
suppose that F : X — S(A) is some function. Then for any a € A and U € Ultra(X),

{BF)(U)(@)} = () {F(z)(a) sz € o}

oeU
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Proof. Let a € A and U € Ultra(N). Note that SF = ¢g(4) o Fi by theorem [5.23| Hence
Nryw) € Fu(U), so for every N € N(gpy) we have F~1(N) € U.
Now let o € U and let € > 0. Then B((8F)(U),a,¢) € Nryw), so

C.:={xe X :|F(z)(a) = (BF)(U)(a)| < e} = F"Y(B((BF)(U),a,¢)) € U.
Then 0,C. € U,so c NC. € U, i.e. thereis an x € 0 N (Y, i.e. there is an x € ¢ such

that |F(z)(a) — (BF)(U)(a)| < &. Therefore, (BF)(U)(a) € {F(z)(a):x € o}. Since
o € U was arbitrary, we then have

(BF)(U)(a) € [ {F(2)(a) : x € 0}

oeU

Now suppose y € N, e {F(x)(a) : © € 0} too. Then let 6 > 0. Since Cs € U, we have
2
y € {F(z)(a):x € Cs}. Hence there is a x € Cs such that |y — F(z)(a)| < g. Therefore,
2 2

v~ (BE)U)(@)| < ly — F@)(a)| + |F()(a) ~ (BF)@)a)] < 3+ 5 =3
Since 6 > 0 was arbitrary, y = (BF)(U)(a). So, indeed,
(R @) = ) PR )
as desired. 0

6.3 Projections in the continuous subalgebra

We now begin with our proof of the fact that the continuous subalgebra A. does not have
the Kadison-Singer property. We first prove some rather technical results.

First of all, for a pure state f € 9.S(A.), a measurable bounded function & : [0,1] — C
such that [h] € A, is a positive element, and some ¢ > 0, we define the set

X(fhye) = {x €[0,1] - h(x) € [f([h]) — &, f([h]) + €]}

Note that by construction of A. = L>(0, 1), for any positive [h] € A., f € 0.5(A.) and
€ > 0, the number

a(f? [h]7€) = M(X(fv h, 8))

is well defined, where p is the standard measure on [0, 1]. In order to prove a crucial result
about these numbers a(f,a, ), we need to define the essential infimum of a positive
element of A..

Definition 6.12. Suppose a € A, is positive. Then the essential infimum of ¢ is defined

as
ess inf(a) = inf{t : u({z € [0,1] : h(x) < t}) = 0},

where h : [0,1] — C is any positive measurable function such that [h] = a.
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Note that the essential infimum is well defined, i.e. independent of choice of
representative, exactly by construction of A.. The essential infimum has an important
property when considering states.

Lemma 6.13. Suppose a € A, is a positive element and f € 0.5(A.) is a pure state such
that f(a) = 0. Then ess inf(a) = 0.

Proof. Suppose ¢ > 0 and suppose that ess inf(a) > 0. Then there is a positive,
measurable function h : [0,1] — C such that [h] = a and a t > 0 such that h(x) >t for all
x € [0,1]. Then h —t1 is still a positive, measurable function, and [h — t1] = a — t1.
Hence a —t1 is a positive element of A, whence —t = f(a) —tf(1) = f(a —t1) > 0. This
is a contradiction, so indeed, ess inf(a) = 0. O

Lemma 6.14. Suppose f € 0.5(A.). Let a € A, be a positive element and let € > 0.
Then a(f,a,e) # 0.

Proof. Suppose h € a is a measurable, positive function. Now, consider the set
Z :={z €[0,1] : h(z) < f(a)},

and denote W := [0,1] \ Z. Writing xz for the characteristic function of Z, we note that
F([xz))? = f([xz]), since f is multiplicative. Therefore, f([xz]) € {0,1}. Furthemore,
f(xw]) =1 — f([xz]), where xw is the characteristic function of W. Hence, there are
two cases. First, suppose that f([xz]) =0. Then f([xw]) = 1. Therefore,

f(xwh] = f(xw]) f([h]) = f(a).

So, writing b = [xwh] — f(a)l, f(b) = 0. Furthermore, xywh — f(a)l is a positive function
by construction, since W = {z € [0,1] : h(z) > f(a). Hence, by lemma[6.13]
ess inf(b) =0, so u({z € [0,1] : (xwh — f(a)l)(x) < €} # 0. However,

{z € [0,1]: (xwh — fla)1)(x) < e} ={x €[0,1] : h(x) € (f(a), f(a) + &)},

so certainly a(f, a,e) = p(X(f, h,¢)) = p({z € [0,1] : h(z) € [f(a) — &, f(a) +€]}) > 0.
Next, consider the case that f([xz]) = 1. Then a similar argument applied to the element
b= f(a)l — [xzh] shows that a(f,a,e) # 0. O

Using this property, we can prove the following result about projections in the continuous
subalgebra, where we use the theory in section [C.3]

Lemma 6.15. Suppose f € 0.5(A.), let a € A, be a positive element and let £ > 0.
Then there is a projection p € A. such that f(p) =1 and ||p(a — f(a)1)|| < e.

Proof. Let h be a positive measurable function such that [h] = a. Then write
Z=X(f.h,35).

By lemma[6.14), then p(Z) # 0. Therefore, [xz| is a non-zero projection in A., where xz
is the characteristic function of Z.
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By construction of Z, [(xz(h — f(a)1))(x)| < § for every z € [0, 1], whence we have
Ixzl(a = fla)D)]| <e.

So, now the only thing left to prove is that f([xz]) = 1. If f([xz]) # 1, then we have
f([xz]) =0, since xz is a projection. Then f([xw]) =1, where W =[0,1] \ Z and x is
the characteristic function of W. Then, by multiplicativity of f, f([xwh]) = f(a), whence
X(f,xwh,e) =0, i.e. a(f,[xwh],e) = 0. This contradicts lemma [6.14] Therefore,
f(lxz]) =1, so [xz] € Gy as required. O

Using the previous results, we can consider pure states on the continuous subalgebra that
do have unique pure state extensions. First of all we have the following result.

Lemma 6.16. Suppose f € 0.S(A.) such that Ext(f) = {g}. Furthermore, let
b€ B(L?(0,1)) such that g(b*b) = 0. Then, for every € > 0, there is a projection p € A,
such that f(p) =1 and ||bp|| < e.

Proof. Let € > 0. Since g(b*b) =0, g(—b*b) = 0 and b*b is self-adjoint, so there is a

¢ € A, such that —¢ < —b*b and f(2—c) + % > g(=b*b) =0, by propo25ition m
Therefore, 0 < b*b < c and f(c) < 5. Since then ¢ >0, 0 < f(c) < 5.

Since f € 0.5(A.), by lemma there is a projection p € G;F such that

llp(c— f(e))| < % Then we also have 0 < pb*bp < pep = pc, since p is a projection in
the abelian subalgebra A., and hence

Ipb"bpll < [lpell < llp(c = FDI + [[pf (o)l
2

= lIple = FD] +f(e) < 2- 5 =<

However, ||bp||? = ||(bp)*bp|| = ||pb*bp||, so ||bp|| < €, as desired. O

Using this, we have the following corollary.

Corollary 6.17. Suppose that f € 0.5(A.) such that Ext(f) = {g}. Furthermore, let
b€ B(L?*(0,1)) and € > 0. Then there is a projection p € A. such that f(p) = 1 and

lp(b—g(b)L)p| <e.

Proof. Let b € B(H) and € > 0. Since g is a pure state and g(b — g(b)1) = 0, by lemma
[C.11] there are c1, ¢y € Lg such that b — g(b)1 = ¢1 + ¢3.

Now, by lemma [6.16} there is a projection dy € A. such that f(di) =1 and [leidy| < §.
Likewise, there is a projection da € A such that f(d2) =1 and [|cada]| < §.

Now define p = dyda = dad;. Then p is also a projection, since A, is abelian, and f(p) =1
by lemma Now we have

g
lepll = |lerdidal| < [lerdy|| < 2

and

£
lpcall = llezpl| = llezdzda || < [lezda|l < 5.

Therefore,

lp(6 = g(0)V)pll = lIp(er + 3)pll < llpespll + llpezpll < llewpll + llpesll < 5 + 5 =€ O
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We will later use the above result to show that a pure state on A, cannot have a unique
extension, which implies that A, does not have the Kadison-Singer property.

6.4 The Anderson operator

We are now in the position to put all the pieces of the puzzle together and prove that the
continuous subalgebra does not have the Kadison-Singer property. We do this by means of
the Anderson operator. To do this, first consider the function ¢ : N — N, defined by:

1 tn =2
pn)=< n+1 n#£2VYjecN
2 4+1 :3jeN:n=2F

i.e. ¢ permutes 1 and 2 and all the mutual disjoint subsets (27 + 1,...,2/"1) (where
j=1,2,...) in a cyclic manner. Clearly, ¢ is a bijection.

Now, taking the Haar functions h(N), the operator U : L2(0,1) — L?(0,1) defined by
U(h(n)) = h(x(n)) is a unitary operator, since it permutes the orthonormal basis i(N).
Furthermore, since o has no fixed points, H(n)(U) = (U(h(n)), h(n)) = 0 for every

n € N. We call U the Anderson operator. This operator has an important property.

Proposition 6.18. Suppose p € A is a non-zero projection. Then HpUpH =1.

Proof. Let 1 > ¢ > 0. We will prove that |[pUp|| > 1 — ¢, and thereby conclude that
1p0p] =1, since [p0p]| < [pIP10]] = 1.

Now, p is non-zero, so by lemma [B.33] there is a f € Q(A.) = 9.5(A.) such that
f(p) = 1. Combining theorem and corollary , we know that 9,5(Ac) € H'(N).
Therefore, f € H'(N).

Since the function g : [0, 3) — R given by g(t) = /T — 2t — v/2t is continous and satisfies
9(0) =1, there is a 0 < § < 5 such that v/1—20 — 25 > 1 —c.

Now note that B(f,p,0) C S(A.) is open, so B(f,p,0) N H'(N) # (). Hence there is a
n € N such that |f(p) — H'(n)(p)| < 0, i.e. H (n)(p) >1—19.

Using lemma [4.8] we see that p = [x], for some measurable W C [0, 1] such that
w(W) > 0. Using this, and choosing a g, € h(n),

1—38 < H'(n)(p) = (ph(n),h(n)) = o] Xwop = /W gn.

Now, writing n =i + 27 — 1, with (i, j) € Y, we note that h(n)? = 2/[xy(; j]. Therefore,
1-6< / 2jXV(i,j) = QJ,U(W N V(%]))v
w
ie. u(WnNV(3i,j)) > 2%(1 —§). Now note that we can split V (4, j) into two disjoint,

equal parts, i.e. V(i,5) =V (24, +1)UV(2i+1,j+1). Then:

p(V(@i, )W) =pu(V2,j+ )W)+ pu(V(2i+1,7+1)NW)
<pV@i,j+1)nW)+puV(2i+1,5+1)),
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whence

wVQ2i,7+0)NW)>puV(3iE,j)NnW) —u(V(2i+1,j+1))

>%(1—5)— L _ Ly o),

2i+1 19

Likewise, p(V(2i + 1,5 + 1) N W) > (3)771(1 — 26). Now, define m := 2i + 271 — 1.
Then we have h(m)2 = 2j+1XV(2i7j+1) and h(m + 1)2 = 2j+lXV(2i+1,j+1)' Furthermore,
U(h(m)) = h(m + 1). Now choose gy, € h(m) and g1 € h(m +1). Then:

I + DI = {phim + 1), phim + 1)) = [ el

B /W Y v i) =2 u(WNV(2i+ 1,5+ 1))

>1—24.

Furthermore, writing Z := [0, 1] \ W,
Ihm) = ph(m)|* = [ xzg?,
[0,1]

:/ ggn: 97271_/ g'r2n

Z [0,1] w

=1- /W Xv@ijr1) =1 —p(WnV(2ij+1))
<1—(1—26) =26

Combining this, we get:

lpUph(m)|| > |[pUh(m)]| — [[pU (h(m) — ph(m))]
> [lph(m + 1| = [[a(m) — ph(m)]

> V1-25—v26
>1-—e.
Since ||h(m)|| = 1, we then have ||pUp|| > 1 — . Therefore, indeed, ||pUp]|| = 1. O

We can use this rather technical result to prove the following very important theorem.

Theorem 6.19. Suppose f € 0.S(A.). Then Ext(f) has more than one element.

Proof. We argue by contraposition, so we suppose Ext(f) does not have more than one
element. Then by theorem [2.17, we know that Ext(f) has exactly one element.

Now, by theorem [6.10] there is an ultrafilter U € Ultra(N), such that (8H')(U) = f.
Then by corollary 6.9 (M* o BH)(U) = f. Then (B8H)(U) € Ext(f). Since Ext(f)
consists of exactly one element, we know that Ext(f) = {(BH)(U)}.

Recall that the Anderson operator U satisfies H(n)(U') = 0 for every n € N. Therefore,
using proposition [6.11]

{(BH)(U)(U) = () {H(n)(U) :n € g} = {0},

oelU
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A

ie. (BH)(U)(U) =0.
We can now apply corollary to find a projection p € A¢ such that |f(p)| =1 and
||pUpH < % However, then p is a non-zero projection. Therefore, by proposition ,

|pUp|| = 1. This is a contradiction. Therefore, Ext(f) has more than one element, as
desired. O

Since A. does have pure states by the Gelfand representation (theorem |B.31)), the above
theorem has the following immediate corollary, which is the result we were primarily
interested in.

Corollary 6.20. A. does not have the Kadison-Singer property.

6.5 The Kadison-Singer conjecture

In the light of corollary |4.28] the statement in corollary is very important. We have
now eliminated the continuous subalgebra from the list of algebras that could possibly have
the Kadison-Singer property. However, we can also eliminate the mixed subalgebra, by

using theorem [3.18]

Corollary 6.21. Suppose 1 < j < Ry. Then A4(j) ® A. C B(H;) does not have the
Kadison-Singer property.

Proof. Suppose A4(j) ® A. C B(H;) does have the Kadison-Singer property. Then by
theorem , A. C B(L?*(0,1)) has the Kadison-Singer property. This is in contradiction
with corollary [6.20} so A4(j) & Ac € B(H;) does not have the Kadison-Singer

property. ]

Now that we have eliminated the continuous and mixed subalgebra of our list, we can
make a new step towards our classification of abelian C*-subalgebras with the
Kadison-Singer property: only the discrete subalgebra can possibly have this property. The
proof of the following corollary mainly serves as a summary of our results so far.

Corollary 6.22. Suppose H is a separable Hilbert space and A C B(H) is a unital abelian
C*-subalgebra that has the Kadison-Singer property. Then A is unitarily equivalent to
Aq(j) C B(£%(j)) for some 1 < j < Ny.

Proof. By corollary , we know that A is unitarily equivalent to either A;4(j), Ac or
Aq(g) ® A; for some 1 < j < Ng. If it would be unitarily equivalent to A., then A, would
have the Kadison-Singer property too, by theorem [4.5] However, this is in contradiction
with corollary [6.20] So A is not unitarily equivalent to A.. Likewise, A is not unitarily
equivalent to A4(j) ® A, for some 1 < j < R, by corollary [6.21] Hence there is only one
case left: A is unitarily equivalent to A4(j) for some 1 < j < V. O

The natural question that now arises is whether we can reduce our list of abelian
C*-algebras that possibly have the Kadison-Singer property even further. Note that we
have already proven in theorem [1.14] that A,4(j) has the Kadison-Singer property for j € N.
Hence the only open question is whether A;(Xg) = ¢>°*(N) C B(¢?(N)) has the
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Kadison-Singer property. Richard Kadison and Isadore Singer ([11]) formulated this
question in 1959 and believed that the answer was negative.

This open question became known as the Kadison-Singer conjecture and was answered
in 2013, by Adam Marcus, Daniel Spielman and Nikhil Srivastava. Despite the belief of
Kadison and Singer, it was proven that /*°(N) C B(L?(0,1)) in fact does have the
Kadison-Singer property. In the rest of this text, we will prove this and thereby conclude
our classification of abelian unital C*-algebras with the Kadison-Singer property.






Chapter 7

The Kadison-Singer problem

In the previous chapter, we have reduced the classification of unital abelian C*-algebras
with the Kadison-Singer property to the Kadison-Singer conjecture. In this chapter, we
show that the Kadison-Singer conjecture has a positive answer, i.e. that the algebra
¢>*°(N) C B(£?(N)) has the Kadison-Singer property.

Unexpectedly, we do this by a series of statements in the field of linear algebra. This can
be done by using the reduction of the Kadison-Singer conjecture via the paving ([I]) and
Weaver ([24]) conjectures. These reductions were established over the last decade and
enabled the mathematicians Adam Marcus, Daniel Spielman and Nikhil Srivastava to
finally prove the Kadison-Singer conjecture in 2013 ([14]).

We will first prove their two most important results, viz. theorem [7.17] and theorem [7.26]
Using these results, we prove the Weaver conjecture and the paving conjecture. After that,
the Kadison-Singer conjecture is easily solved.

7.1 Real stable polynomials

The results of Marcus, Spielman and Srivastava involve the notion of real stable
polynomials. This theory has been developed by many mathematicians, for example by
Borcea and Brandén in [3]. We define the open upper half-plane H C C by

H:= {z € C|Im(z) > 0},

and consider H" as as subset of C™. We use this to define real stable polynomials.

Definition 7.1. A polynomial p in n variables is called real stable if all coefficients of p
are real and p has no zeroes in H".

We first focus on real stable polynomials in one variable. We can describe these in a quite
easy manner. First of all, we have the following result.

Lemma 7.2. Suppose r is a real stable polynomial in one variable and {z;}?_; C C is the
set of roots of . Then {z;}I_; C R.

Proof. Leti € {1,...,n}. Then r(z;) = 0 and since r has real coefficients by real stability,
we know that r(Z;) = r(z;) = 0. Therefore, z;,z; ¢ H, i.e. Im(z;) <0 and
—Im(z) = Im(z;) < 0. Hence Im(z;) = 0.

79
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Since i € {1,...,n} was arbitrary, we therefore have {z;} ; C R. O

Using this, we get the following equivalent definition of real stable polynomials in one
variable.

Lemma 7.3. Suppose p is a polynomial in one variable. Then p is real stable if and only if
all coefficients and all roots of p are real.

Proof. First, suppose that p is real stable. Then by definition all coefficients of p are real.
Now write p(z) = c[[{—1(2 — ). Then p(z) = cz" + ..., so c is real. Now define ¢ := £
and observe that ¢ is a polynomial in one variable with real coefficients and the same roots
as p, so q is real stable. Hence, by lemma , the roots of ¢ (i.e. the roots of p) are real.
So, all coefficients and roots of p are real.

For the converse, suppose that all coefficients and roots of p are real. Then certainly p has
no roots in H. Therefore, p is real stable. O

Since all the roots of a real stable polynomial in one variable are real, we can order them.
Therefore, for such a polynomial p, we can define p(p) to be the greatest root. We then
have the following result.

Proposition 7.4. Suppose p and q are monic polynomials in one variable of the same
degree. Furthermore, suppose that for any t € [0, 1], the polynomial (1 —t)p + tq is real
stable. Then, for any t € [0, 1], there is a s € [0,1] such that

p((L —=t)p+tq) = (1 — s)p(p) + sp(q).

Proof. First of all, for t = 0 we can take s = 0 and likewise for t = 1 we take s = 1. Hence
we can assume that 0 < ¢ < 1. Furthermore, since p and q are interchangeable, we can
assume that p(p) < p(q).

We first prove that p((1 —¢)p + tq) < p(q). To see this, let = > p(q). Then also = > p(p),
and hence for any 2’ > z, ¢(z’) > 0 and p(2’) > 0, since both p and ¢ are monic.
Therefore, ((1 —t)p + tq)(2’) > 0 for all 2’ > x. Hence x > p((1 — t)p + tq), since

(1 —¢t)p + tq is monic too. Since = > p(q) was arbitrary, this implies that

p((1 —t)p+tq) < p(q), as we desired to prove.

Next, suppose that p((1 —t)p + tq) < p(p). We prove that this leads to a contradiction.
First, note that (1 — ¢)p + tq is monic and p((1 — t)p + tq) < p(p), so it follows that

(L =t)p+tq)(p(p)) >0, i.e. q(p(p)) > 0.

Now, for every s € [0, 1], we can write

n

(1—s)p+sq= H(z — zi(s)),
i=1

with z1(s) < zo(s) < -+ < z,(s), where n is the degree of both ¢ and p. Note that each
z; : [0,1] — R is a continuous function and that each z; is real-valued too by the
assumption of real stability. Furthermore, z,,(s) = p((1 — s)p + sq) for all s € [0,1] and
hence z,(1) = p(q) > p(p). We also know that z,(t) = p((1 — t)p + tq) < p(p). Hence, by
the intermediate value theorem, there is a ¢’ € [t, 1] such that z,(¢') = p(p). But then
(1=t)p+tq(p(p)) =0,ie q(p(p)) =0. This is a contradiction.
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Therefore, p(p) < p((1 —t)p+tq) < p(q), i.e. thereis a s € [0, 1] such that

p((1 =t)p+tq) = (1 —s)p(p) + sp(q),
as we intended to prove. ]

This has the following immediate corollary.

Corollary 7.5. Suppose {p;}I, is set of polynomials in one variable of the same degree,
all with leading coefficient 1. Furthermore, suppose that every p € co({p;}}—,) is real

stable. Then, for any p € co({pi}}—;), p(p) € co({p(pi)}i—1).

Now that we have covered some of the theory of real stable polynomials in one variable, it
is time to give some examples of real stable polynomials in more variables. To do this, we
first need the following definition.

Definition 7.6. Suppose {A;}%_; C M, (C). Then the polynomial ¢(A4i,..., Ax) in
(k + 1) variables defined by
k
q(Al, e ,Ak)(z(), 21y Zk) = det(zpl + Z ZZ‘Ai>,
i=1

is called the associated polynomial of {A;}F ;.

Associated polynomials become particularly interesting for self-adjoint matrices. For this
special case, we first have the following result.

Lemma 7.7. Suppose {A;}¥_ | C M,,(C) is a set of self-adjoint matrices. Then

q(Al, S ,Ak)(TQ, . ,Tk) = q(Al, C ,Ak)(ZO, .. .,Zk).

Proof. This can be computed directly:

k
q(A1,.. . AR)(z0, .. Zk) = det(zol + > % Ay)
i=1
k
= det((zol + Z ZzAz)*)
i=1
k
= det(Z()l + Z Z,Al)
=1
=q(A1, ..., A (20, ., 2K). O

Upon further refining the special case of self-adjoint matrices to positive matrices,
associated polynomials become real stable, as the following proposition states.

Proposition 7.8. Suppose {A;}}_, C M, (C) is a set of postive matrices. Then the
associated polynomial q(A1, ..., Ay) is real stable.

Proof. Write p = q(A1,...,Ak). Applying lemma 7.7, we see that the complex conjugates
of the coefficients of p are the coefficients themselves, i.e. all coefficients of p are real.
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Next, suppose that z = (zp,..., 2x) is a zero of p. Then, writing B := 291 + Zle zi A,
we see that det(B) =0, i.e. B is not invertible, whence not injective. Therefore, there is a
non-zero vector y € C" such that By = 0. Then we have

k

0= (By,y) = zollyll* +_ zi(Aw,v),
=1

and by taking imaginary parts,

k
Im(z0)[|ylI> + ) Im(z)(Asy,y) = 0.
=1

Now, suppose z € H¥*Y. Then "% | Tm(z;)(A;y, y) > 0, since all A; are positive.
Therefore, we must have Im(2g)||y||? < 0. Since Im(zp) > 0, we then have |ly|| =0, i.e.
y = 0, which is a contradiction. Hence we must have z ¢ HFF!.

Since z was an arbitrary zero of p, we have that p is real stable, as desired. O

Now that we have an example of a non-trivial family of a real stable polynomials, we can
discuss transformations that preserve real stability. First of all, interchanging variables
obviously preserves real stability. The following transformation is less trivial.

Lemma 7.9. Suppose n > 1 and let p be a real stable polynomial in n variables.
Furthermore, lett € R and i € {1,...,n}. Let q be the polynomial in n — 1 variables
defined by

q(z1y -y 2n—1) = D(215 oy Zic1s by Ziy e ooy Zn—1)-

Then q is either real stable or identically zero.

Proof. Note that by our previous observation that real stability is preserved under
interchanging variables we can assume that ¢ = n.

It is clear that ¢ has real coefficients, since p has real coefficients and ¢t € R. Define the
sequence {gm }5°_; of polynomials in n — 1 variables by

Qm(zl, T 7Zn_1) :p(21, .. ‘7Zn—17t + %)

Now note that H"~! is open and connected. Furthermore, for every compact C' C H" !,
the sequence {gm }oo_; clearly converges uniformly to g. Since ¢ € R and p is real stable,
each ¢y, has no zeroes in H"~!. Therefore, by Hurwitz's theorem (see , q is either
identically zero on H" ! or has no zeroes in H" 1. In the first case, ¢ is obviously
identically zero everywhere and in the second case q is real stable. O

For the next transformation that preserves real stability, we adopt the notational
convention 0; = %, i.e. 0; is the directional derivative in the ¢'th coordinate.

Proposition 7.10. Suppose p is a real stable polynomial in n variables, let t € R, and
i€ {1,...,n}. Then the polynomial (1 + t0;)p is real stable.

Proof. Since the property of real stability is preserved under interchanging variables, it is
enough to prove the claim for i = n.
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If t =0, then the result is trivial, so we can suppose t # 0. Clearly, (1 4 t0,)p has real
coefficients, so we only have to prove that (1 + t9,)p has no zeroes in H".

We argue by contraposition, so we suppose that there is a vector (y1,...,y,) € H" such
that ((1 + ¢9,)p)(y1,-..,yn) = 0. Then define ¢ as the polynomial in one variable given by

q(z) =pW1,- -, Yn—1,2).

Since p has no zeroes in H" and (y1,...,Yn_1) € H" !, ¢ has no zeroes in H. So,
especially, ¢(yn) # 0. Now write ¢(z) = aJ[i% (2 — w;), i.e. {w;}I"; is the set of zeroes
of ¢, counted with multiplicity. Since ¢ has no zeroes in H, Im(w;) <0 for all 1 <1i < m.
Now if we write ¢’ for the derivative of ¢, we obtain

0= ((1+t)p) (W1, Yn) = q(yn) + tq' (yn)-

Since q(yn) # 0, we then also have

Now, considering the explicit form of ¢ given above, we see that

() = oS I - wy).

i=1 j#£i
whence . .
Now,
B Im( wZ —Im(zy,)

0 =Tm ) Z - ‘2 tz o
Since t # 0, we obtain >/ W = 0. However, for all i € {1,...,m}, we have
Im(w;) <0 < Im(z,), so Y ;v W < 0. This is a contradiction, so (1 + tJ,)p
has no zeroes in H™ and is therefore real stable, as desired. O

7.2 Realizations of random matrices

Using the basic theory of real stable polynomials that we have established in the previous
section, we can come to the first major result of Marcus, Spielman and Srivastava. They
considered so-called mixed characteristic polynomials.

Definition 7.11. Suppose {A;}%_; C M, (C). Then the mixed characteristic
polynomial u[A1, ..., Ag] of the set {A4;}F | is defined as
k k

/L[Ah e ,Ak](z) = ( H(l - 80) det (2’1 + Z ZjAk) |21:"':Zk~:0'

i=1 j=1

Mixed characteristic polynomials become interesting for positive matrices.
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Proposition 7.12. Suppose {A;}}_, C M,,(C) is a set of positive matrices. Then the
mixed characteristic polynomial u[A;, ..., Ag] is real stable.

Proof. By proposition [7.8} the associated polynomial g(Ay, ..., Ag) is real stable. Then
note that

k
,LL[Al, ce ,Ak](z) = (H(l - ai)Q(Ala e vAk)(Zv 2Ly 7Zk)> ‘21:'“:%:0’
=1

i.e. u[Ai,..., Aql is obtained by applying both the transformation described in proposition
and the transformation of lemma[7.9| k times to q(Ay,. .., A4). Since both
transformations preserve real stability, u[A1,..., Ag4] is real stable. O

Now, the first major result proven by Marcus, Spielman and Srivastava (theorem [7.17))
concerns positive matrices of rank 1. We use the notation PR;(m) for the set of positive
matrices of rank 1 in M,,(C), where m € N.

Lemma 7.13. Suppose {A;}f_, C PRy(n) and let B € M,,(C) be arbitrary. Then the

polynomial p defined by
k

p(z1,...,2;) = det(B + ZzzAz)
i=1

is affine in each coordinate.

Proof. Let j € {1,...,k}. Then, since A; € PR;(n), we can choose a basis {e1,...,en}
such that Aje; = 0 for all ¢ > 2, i.e. with respect to this basis we have

a 0 0
0 0 0
A= : :
0 0 0
and for fixed {z;};-;, also with respect to the basis {eq,...,e,},
11 €12 -t Cln
€1 C22 ot C2
B+Y zAi=| . | e
it : : ;
Cnl Cp2 - Cpn

for some constants {c¢;,,;}. Therefore, we have

C11 + z;a €12 - Cln
C21 Co2 Con

p(z1,...,2K) = det ] ] s
Cnl Cn2 °° Cpn

which has a constant and a linear term in z;. Therefore, p is affine in z;, as desired. O
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Using the above lemma, we can now see the relevance of mixed characteristic polynomials.
Here, we denote the characteristic polynomial of a matrix A by p4, i.e.

pa(z) = det(z1 — A)
for all z € C.

Lemma 7.14. Suppose that {A;}¥_, C PRy (n) and define A = Y% | A;. Then we have
the identity pg = u[A1, ..., Agl.

Proof. Define the polynomial p by p(z1,..., 2zx) = det(z1 + Zle A;). Then, according to
lemma [7.13] p is affine in each coordinate. Therefore, p is equal to its Taylor expansion up
to order (1,...,1), i.e. for any (w1,...,w;) € C¥, we have

k .
pws, .. we) = (Y, J[t07) (21, 20))|z1==z=0-

ji€{0,1} i=1

However, 3 cr0.1y Hle tiagﬁ‘ = le(l + t;0;), so

k
plwr, .o ow) = (T +00) (P21, s 20)) ooy
i=1

Now choose wy = --- = wp = —1. Then:

pa(z) = p(wi, ..., wg)

k k
= ( H(l + tﬁ,)) det(zl + Z Ai)lzlz...zzk:()
i=1 i=1
= ,u[Al, . ,Ak](z),
i.e. pa = pulAi,..., Ag], as desired. O

The first major result of Marcus, Spielman and Srivastava concerns random variables
taking value in sets of matrices, often called random matrices. We call the outcomes of
such random variables realizations. Furthermore, these random variables induce other
random variables in a canonical way, for example by means of considering characteristic
polynomials and expectation values of the originial random variable. As it turns out, the
statement of lemma behaves nicely with respect to expectation values.

Proposition 7.15. Suppose {Y;}¥_, is a set of random variables taking values in PR1(m)
and defineY = Y% | Y. Then Epy = pu[EY:,...,EY}].

Proof. By lemma Epy = Eu[Y1,...,Y%]. Now let B € M,,(C) and suppose that
{A;}F_ | € M,(C) too. Then define

I:{(ilw'-aij)|jEN,1§’il<i2<...<Z’j§k}’

and use the shorthand notation ¢ = (i1,...,4;) € I. Then note that by lemma there
are certain constants {c¢; }ier such that det(B + Zf’zl 2iAi) = D ier Ci%iy - %

J
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Furthermore, note that any constant ¢; is given by a sum ¢; = >, bja; 1 - - - a; j, where
i = (i1,...,%;) and each a;, is a coefficient of A4; ,.
Now, note that if we replace the set {A;}%_; with the independent set of random variables
{Y;}k |, we obtain Ec; = 3 bjEa, ; - - - Eay j, since the set of random variables {Y;}F_; is
independent, and therefore separate coordinates are too. Hence
k k
Edet(B + Y _ zY;) = det(B + ) _ zEY)).
i=1 i=1

Now replace B with z1 and observe that

EpY = E:u’[Ylv s 7Y]f]

k k
=E(JJ(1-8))det (21 4+ 2Y)) |1 ==z—0
i=1 j=1
k k
= (JI(1 = 9:))Edet (21 4+ 2Y)) |21 ==z—0
i=1 j=1
k k
= (JI(1 = 9)) det (21 + > %EY))|21=mz—0
i=1 j=1
= p[EY7,..., EY;]. O

Recall that for a real stable polynomial p in one variable, we have introduced the notation
p(p) for the greatest root of p. The following technical statement is a key result in our
discussion.

Proposition 7.16. Suppose {Y;}¥_, is a set of random variables taking a finite number of
values in PMy(m). Then for any 1 < j < k and realization {A;}_| of {Y;}J_], there is a
realization A;j of Y; such that

p(,u[Al, v ;Aj7E)/}+17 co ,EYk]) < p(,u,[Al, ce ,Aj_l,EY}, e ,EYk])

Proof. Let 1 < j < k and suppose that {Al}f;ll is a realization of {YZ}Z;I Furthermore,
suppose that {B;};_, is the set of finite values of Y;. For each 1 <1 < r, write p; for the
probability of B;. Now adopt the notation of the proof of proposition and define

I/:{(Zlyall)EIlglﬁqﬁlj:zq}

Write ¢ for the ¢; that belongs to the set (Ay,...,A;_1,EYj,...,EY}), and for every
se{l,...,7} ci(s) for the ¢; belonging to (A1,...,A;_1, Bs,EYj41,...,EY).

Then note that by linearity, for every i € I, ¢, = >"7_, psci(s), and by independence of
Bs, ¢ =3 psci(s) for every i € I'\ I’ too. Hence

ulAL . A, BY L BY] = S peplAd, - Ajoy, B, By, .. EY,
s=1
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which is a convex sum. Hence by corollary , p(p[Ar, ..., A1, EY;, ... EY}]) is in the
convex hull of the set {p(u[A1,...,Aj_1,Bs,EYj41,...,EY;])}._;. Therefore, there is a
s€{l,...,r} such that

IO(ILL[A17 - - 7Aj—17BS7E)/}+1> <o 7EY]€]) < P(,U[Ah - - >Aj—1aE)/}7 s aEYk])
Then set A; := By and the desired result is proven. ]

The first major result of Marcus, Spielman and Srivastava is now easy to prove.

Theorem 7.17. Suppose {Y;}7_, is a set of independent random variables taking a finite
number of values in PRy(m). Then, writing Y = Y"1 | Y; there is at least one realization
{A;}, of the set {Y;}I", such that || A|| < p(Epy), where A =31 | A;.

Proof. By applying proposition n times, there is a realization {4;}"; of {Y;}I" such
that p(u[A1, ..., An]) < p(pEY:,...,EY,]). Now, define A =37, A;. Then, by
proposition we have Epy = u[EYs, ..., EY,] and by lemma we know that

pPA = M[Al, e ,An]

Combining all this, we obtain ||A|| = p(pa) < p(Epy), since A is a positive matrix. O

In section [7.4] we combine this theorem with the second main result of Marcus, Spielman
and Srivastava, which we prove in the next section.

7.3 Orthants and absence of zeroes

In the first few results, we will use the notion of logarithmic derivatives.

Definition 7.18. For a differentiable function f : R™ — R, a point € R" such that
f(x) #0and i € {1,...,n}, we define the i'th logarithmic derivative of p at the point z

; s _ Oip(x)
as ), (x) = di(log op)(x) = T3

Recall that for p a real stable polynomial in one variable, we introduced the notation of
p(p) for the largest root of p. This is characterized by the fact that p has no zeroes above
p(p). This notion of above can be extended to so-called orthants.

Definition 7.19. Suppose x € R" for some n € N. Then the orthant Ort(z) is defined as
Ort(z) = {y e R" | y; > z;Vi}.

We use these two new concepts in the following result.

Lemma 7.20. Suppose p is a real stable polynomial in two variables and let x € R? such
that p has no zeroes in the orthant Ort(x). For any n € NU {0}, we then have the
inequality

mn

(—1)"(@%) (z) > 0.

Proof. First, for all w € C, define ¢, (2) = p(w, z), a polynomial in one variable. Now,
p=>", aiz{”izgi for some {a;}"{ CR, {m;}{ CNand {k;}; CN.
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Define k = maxj<j<p ki and I ={i € {1,...,n} : k; = k}. Then we have deg(qy,) = k if
and only if >°,c; a;w™ # 0. Since Y ;o a;w™ is just a polynomial, we see that the set
T :={w € C: deg(qw) = k} is cofinite.

Now, for every w € T', qu(2) = c(w) - [T (2 — ys(w)). Furthermore, since p is a
polynomial, we can assume that there is a cofinite 7' C T” such that the functions {yi}i-“:l
are holomorphic on T', by the implicit function theorem for holomorphic functions (see
theorem 7.6 in [6]). Then obviously, T C C is cofinite too.

Write v; = yil7n[z,,00)- For w € T'N [21,00), qu(w2) # 0, since p has no zeroes in the
orthant Ort(z). Therefore, for w € T'N [z1,0), g is not identically zero, whence it is real
stable by lemma Therefore, the functions {v;}¥_; are real-valued.

Furthermore, for t € T'N [x1,00) and 1 < j < k we can apply the Cauchy-Riemann
equations for the function y; at the point (¢,0). In that way, we obtain

. Im(y;(ih)
/, — 7']
vj(t) ilzli% ho

so if v}(t) > 0 for some j € {1,...,k}, there is a h > 0 such that Tm(y;(ih)) > 0. For this
h, we then have (ih,y;(ih)) € H?, while

k
p(ih,y;(ih)) = qin(y;(ih)) = c(ih) - H y;(ih) — yi(ih)) =

This is a contradiction, whence we know that the functions {v;}¥_, are decreasing at every
point t € T'N [z, 00).

Now observe that for any t € T'N [x1,00) we have

(g oar)(tz2) = {5 Oz a) 2D,
- k
= ﬁ(log(c(t) H(ZQ — Uz‘(t))))}z2:x2
2 i=1
o :
— @(log(c(t)) + Zlog(ZQ - Ui(t)))}22=x2
2 i=1

. (1)
_ (_1\n—1
B ek

Since p has no zeroes in the orthant Ort(z), we have v;(t) < xo for all i € {1,...,k} and
t € TN[z1,00). In combination with the fact that the functions {v;}*_, are decreasing on
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T N [z1,00), for every t € T'N [z100) we obtain

(1) 5 (t22) = (<1)" 5 5 (k) 1. 02)

2
I

= 1" L P (ogp)(t )

0z1 025
0 (n—1)!
ot Z:ZI (xo —vi(t))"

> 0.

Since T'N [z1,00) C [z1,00) is cofinite, for any ¢ € [x1,00) the inequality

an
(_ ) 8 nq)p(t,xQ) Z 0

holds, so it certainly holds for ¢t = x1, as desired. O

The above result about real stable polynomials in two variables can be extended to a result
about arbitrary real stable polynomials.

Lemma 7.21. Suppose p is a real stable polynomial in n variables and let x € R™ be such
that p has no zeroes in the orthant Ort(x). Then for anyi,j € {1,...,n} and

k€ NU{0}, we have

ok

(— 1)k(a7qﬂ)( z) > 0.

Proof. If i # j, note that by renumbering we can assume that ¢ =1 and j = 2. Then let ¢
be the polynomial in two variables defined by

q(z1, 22) = p(21, 22,23, ..., Tn).

By lemma([7.9] ¢ is either zero or real stable. Since p(z) # 0, we know that ¢ is not

identically zero, i.e. ¢ is real stable. Furthermore, we have

ak

k

(5
<2

) (2) = (~1)" (;Z ;) (21, 22) > 0,

where we used lemma [7.20] If ¢ = j, then by renumbering, we can assume that i = 1.
Then let r be the polynomial in one variable defined by

T(Z) = p(Z,ﬂZg, ey Jjn)’

which is non-zero since p(x) # 0. Therefore, using lemma , we know that 7 is real

stable, so we can write
m

r(z) = c[[(z—w),

=1

where ¢ and all y; are real. Then we have for all z > x1:

i _ C(0n)(z) et Ia(z —uk) &
otz ) =0 ) = T = T - ) l;
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Therefore, we have
8k z k
o B = 0 Y e

m
— )k
=1 (1 —u)

Since p has no zeroes in the orthant Ort(z), r has no zeroes in the orthant Ort(x;) either,
ie. yp <xy foralll €{1,...,m}, whence indeed (—1)’“%@;(:6) > 0, as desired. O

The next result is an easy consequence.

Corollary 7.22. Suppose p is a real stable polynomial in n variables and let x € R™ such
that p has no zeroes in Ort(x). Furthermore, let i,j € {1,...,n}. Then the function
fij :10,00) = R, given by fi;(t) = ®}(x + te;), is positive, decreasing and convex.

Proof. Let t € [0,00). Then, since Ort(z + tej) C Ort(x), we know that p has no zeroes
in Ort(z + te;). Hence by lemma[7.21] we know that f;;(t) > 0, (9fi;)(t) < 0 and
(0%f;5)(t) > 0. Since t € [0,00) was arbitrary, f;; is indeed positive, decreasing and
convex. O

The following lemma plays a key role in the proof of the second main result established by
Marcus, Spielman and Srivastava.

Lemma 7.23. Suppose p is a real stable polynomial in n variables and let x € R™ be such
that p has no zeroes in the orthant Ort(z). Furthermore, suppose that for some
i€{l,...,n}, there is a C > 0 such that ) () + & < 1. Then (1—8;)p has no zeroes in
Ort(z + Ce;) and, for all j € {1,...,n}, we have the inequality

@{1_&_)1)(3} + Ce;) < ().

Proof. Suppose y € Ort(x). Then y = x + t for some ¢t € Ort(0). Now define wy = x and
for every j € {1,...,n}, define w; = w;j_1 + tje;, i.e. such that w, =y. Then by lemma

@]’ . . . . . .
Dh(y) = @) < Phuwn-1) < -+ < Dh(wy) < Bp(wp) = h(z) < 1.

Hence ®;(y) # 1, i.e. (9ip)(y) # p(y), whence ((1—;)p)(y) # 0.

Therefore, (1 — 9;)p has no zeroes in Ort(z) and therefore certainly has no zeroes in the
orthant Ort(z + Ce;) C Ort(x).

Now let j € {1,...,n}. Then note that by corollary [7.22] the function fj; : [0,00) — R,
given by fi;(t) = @g,(:n + te;) is convex, so we have the inequality

f3i(C) < £5:(0) + C(9f5:)(C),

@g(x + Ce;) < @%(m) + C(@iéz))(x + Ce;).

Rewriting this, we obtain
—C(0;9)) (7 + Ce;) < @) (x) — P (z + Cey).
Note that for any y € Ort(x), we have

(9;%3)(y) = (8;0i(log op)) (y) = (9;0;(log op)) (y) = (2:®]) (1),
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which enables us to rewrite the above inequality as
—C’(ajq);)(:z: +Ce;) < @%(1‘) - <I>f)(x + Ce;).

Since the function f}; is decreasing, by corollary we know that

A . 1
D (z+Ce;) < @) <1 — Yol
1
Z' S
1 — @l (x+ Ce;)

Furthermore, lemma ﬂ gives —(9;®%)(z + Ce;) > 0, so we have

—(0;9})(x + Ce;) .
: < —C(9;%! ).
e 1 0e] S OO+ Ce)

Therefore, we obtain

—(@-@;)(x + Cel)
1 —®i(z+ Ce;)

< @I (z) — ®I(z + Ce;).

©@ip)(y)

o) whence

Next, observe that for any y € Ort(xz), we have ®/(y) =

p(y) - (1= (y)) = p(y) — (Bip)(y) = (1 — 8)p)(y),

so we also have

log(p(y)) +log(1 — @}, (y)) = log(p(y) - (1 — @},(y))) = log(((1 — 9:)p)(y))-

Therefore,
: : Q1= )y) (9;2,)(»)
U, o) = Pp(y) + A =0y -
(1=8)p P (1—25)(y) P (1—2,)(y)
Using this for y = x + Cle;, the above inequality gives us
Ol + Cei) < @) (). O

This lemma can be extended to the following statement.

Corollary 7.24. Suppose p is a real stable polynomial in n variables and let x € R™ be
such that p has no zeroes in the orthant Ort(x). Furthermore, suppose that there is a
C > 0 such that i (x) + & <1 foralli € {1,...,n}. Then (IT{~1(1 — 8;))p has no
zeroes in the orthant Ort(x + w), where w = (C,...,C).

Proof. Define yg = = and then, inductively, define yi = yr_1 + Cej for every

ke {1,...,n}. Likewise, define ¢qo = p and g = (1 — O )qi—1 for every k € {1,...,n}.
We will prove by induction that for every k € {0,1,...,n}, gx has no zeroes in the orthant
Ort(yx), and that ® (yr) < ®}(x) for all i € {1,...,n}. For this, first of all notice that
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the case k = 0 is already covered by our assumptions. Therefore, suppose we have proven
the claim for some k < n. Then g; has no zeroes in Ort(y;) and <I>f]k (yx) < @é(:z:), for
every i € {1,...,n}. Then

1 1
q)];:l(yk) To < ‘I)I;H(»T) te <1,
so, by lemma[7.23] gx+1 = (1 — Ok+1)qk has no zeroes in Ort(yg + Cegy1) = Ort(yg41).
Furthermore, by the same lemma, for any i € {1,...,n}, we have

O (Yry1) < D, (yr) < Dpp(x),

as desired. Hence we have proven our claim by induction.

In particular, ¢, = (IT/=1(1 — 9;))p has no zeroes in Ort(y,) = Ort(z + w). O

We use this result to prove the following proposition, which is a major step towards the
second main result proven by Marcus, Spielman and Srivastava.

Proposition 7.25. Suppose {A;}¥_| C M,,(C) is a set of positive matrices and let C' > 0.
Furthermore, suppose that Y% | A; = 1 and that Tr(A;) < C for alli € {1,...,k}. Define
p(21,. .., 2) = det(XF_; 2z;4;). Then the polynomial ([TF_,(1 — 8;))p does not have a
zero in the orthant Ort(x), where x = ((1++/C)?,..., (1 +vC)?).

Proof. Note that p(z1,...,2x) = q(A1, ..., Ak)(20,- - -, 2k)|z=0- Since the associated
polynomial g(Aj, ..., Ag) is real stable according to proposition , lemma now gives
us that p is real stable.

Now let ¢ > 0 be arbitrary and define w; = (t,...,t) € R¥. Then, for any 2 € Ort(w;),
x;A; > tA; foralli € {1,...,k}, so Zle x;A; > Zle tA; = t1. Therefore, for any

y € R", we have
k

<(Z$1Al)(y)7y> - <y7y> > 07

i=1

e. (X z:A:) (), y) > ||lyl|>. Therefore, -5 | x;A; is injective, whence surjective by a
dimensional argument, and hence invertible. So p(z) = det(XF_, 2;4;) # 0, i.e. p has no
zeroes in Ort(wy).

Now let i € {1,...,k}. Then, using Jacobi's formula for invertible matrices (theorem [A.9)),

a%ip(zl, | P ——
p(wt)
2 det(S5y 2545 ey
det(zj 1tA;)

k
=Tr((>_tA;)"

@ (wy) =

—_

J
1
— Tr(=
(t

A)sg
t
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Now, since t > 0 was arbitrary, we can choose t = C' + v/C. Then we have established that
p does not have any zeroes in Ort(w;), and

PR N S +‘FC—1
1+vVC ~ C+vVC 1+VC C+vVC Cc+vC

so by proposition [7.24] the polynomial ([TF_;(1 — 8;))p has no zeroes in the orthant
Ort(x), where

(I);,(’wt) +

r=(C+VC,....C+VC)+(1+VC,...,1+VC)
=(1+VC)?,...,1+VC)?),

as desired. O

Now we have all the ingredients to prove the second main result of Marcus, Spielman and
Srivastava.

Theorem 7.26. Suppose {Y;}I'_, is a set of independent random variables taking values in
PRi(m) and let C > 0. Furthermore, let Y =7, Y; and suppose that EY =1 and
E|Y;|| < C foralli € {1,...,n}. Then p(Epy) < (1++/C)2.

Proof. According to proposition [7.15] we have Epy = u[EYy,...,EY,], ie.

Epy(2) = (]](1 = 8;) det (21 + ) %EY))|21=.=z,=0
i=1 j=1
= (JJ(1 - ) det (= ZEYj D11 ) | F——
i=1 I= j=1

n

(1—0;)) det (Z(z + 2j)EYj) [z ==z0=0

7=1

s
I
—

NgERI

(1—8;)) det (3 2EY;) |2y s s

s
Il
R

1

J

Now, note that for any i € {1,...,n} and any realization A; of Y;, Tr(A;) = ||Ai]|, since
A; is a positive matrix of rank 1. Therefore, for any i € {1,...,n}, we have

THEY;) = E(Tx(Y;)) = E[Yi]| < C.

Therefore, applying proposition to {EY;}7_,, we obtain that the polynomial

(1 - 8)) det (3 %EY))
1 =1

=

q(z1, .. 2n) = (

(2

has no zero in the orthant Ort(z), where z = ((1+v/C)?,..., (1 +VC)?).

Now suppose that p(Epy) > (1 4+ +/C)2. Then y := (p(Epy), ..., p(Epy)) is a zero of g,
and y € Ort(x). This is a contradiction. Therefore, p(Epy) < (1 ++/C)?, as desired. [



Chapter |7| The Kadison-Singer problem 94

The above result can be combined with the first main result of Marcus, Spielman and
Srivastava (i.e. theorem [7.17)) to prove the so-called Weaver theorem. This will be the
main goal for the next section.

7.4 \Weaver’'s theorem

In 2004, Nik Weaver showed that the Kadison-Singer conjecture was equivalent to a
conjecture in the field of linear algebra ([24]), which became known as the Weaver
conjecture. The two main results of Marcus, Spielman and Srivastava, which we gave in
theorem and theorem [7.26] enable us to prove this conjecture, which is why we speak
of Weaver's theorem. We formulate it in a slightly different way from Weaver, following
Terrence Tao's blog ([23]). In the proof, we use Kronecker products of matrices, which are
defined in definition [A.4]

Theorem 7.27. Suppose k,m,n € N and let C > 0. Suppose {A;}¥_; C PRy(n), such
that ||As]| < C for 1 <i <k and ¥ | A; = 1. Then there exists a partltlon {Z;}, of
{1,...,k} such that for all j € {1,...,m},

I3 Al < (S=+vC)"

iEZj

Proof. Let Y; be the random variable taking values in the set {m/(|e;) (e;| ® A;i)}i<j<m,
with all elements having a probability of % Note that for every j € {1,...,m}, we have
m(|ej) (ej] ® A;) € PRy(nm), since if we write m(|e;) (ej| ® 4;) : (C™)™ — (C™)™
have

m(lej) (e;| ® A;) = (0,...,0,mA;,0,...,0),

with mA; on the j'th position. Hence the rank of m(|e;) (ej| ® A;) is equal to the rank of
mA;, which is 1 by assumption.

Now note that {Y;}%_, is a set of independent random variables and define Y = 3% V;.
Then we can compute:

EY = ZEY ZZ m(|e;) (e;| ® A;)

i=1j= 1
= (Z|€j><€j!)®(ZAi) —1®1=1.
i=1 ~

Next, note that by our previous description,
Im(les) {e;] ® Ai) || = mlAi]| <mC,

for all j € {1,...,m}. Therefore, E|Y;|| < mC for all i € {1,...,k}. Hence we have

p(Epy) < (1 +vmC)?, by theorem [7.26] However, by theorem [7.17, for every
ie{l,...,k}, thereis a j; € {1,...,m} such that

k

1> m(les) ezl ® 43) || < p(Epy),
=1
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i.e. we have i
HZm( ’e]'¢> <eji’ & Ai) H < (1 + \/770)2
i=1
Now, for all j € {1,...,m} define Z; := {1 <i < k| j; =7} Then {Z;}"1, is a partition
of {1,...,k}. Furthermore,
k
i=1 i€z i€Zm

whence

1Y mAi] < (1+VmC)?,

i€Z;
for all j € {1,...,m}. Therefore,
Al < (— +v©)°
H@GZZJ ill < (ﬁ"ﬁ‘ ) )
forall j € {1,...,m}. O
We can use Weaver's theorem to prove the following result.

Proposition 7.28. Suppose n € N and p € M,,(C) is a projection. Write
a = maxi<i<n Pii- Then, for any m € N, there is a set of projections {¢;}"-; C D, (C)

such that Y ;" ¢; =1 and
1 2
lapaill < (/= +va)
m

for alli e {1,...,m}.

Proof. Let m € N. If m = 1, we can take the set of projections g; = 1, which clearly
satisfies the requirements. So, suppose m > 2. Define V := p(C") and let [ := dim(V).
Now, for every i € {1,...,n} define A; € M, (C) by

Ai(x) = (z,p(es))p(ei),

for all x € C", where ¢; is the i'th standard basis vector of C". Then, for all z € C",
(Ai(x),x) = [(z,p(e;))|* > 0, and A;(x) € Cp(e;), so {A;}; is a set of positive matrices
of rank 1. Furthermore, for every i € {1,...,n} and z € C", ||A;(2)| < ||lz|l[lp(e:)||?,
while || As(p(eq))l| = (eI, so [[4i]| = lp(eq) 2. However,

lp(ea)l® = (ple:), pler)) = (plei), ei) = pis < o,

so ||4;|| < . Now note that C" = V @ V1, and that for (v,w) € V & VL, we have

Ai(v,w) = ((v,w), p(ei))p(e;) = (v, p(e:))p(ei),

ie. A;=(B;,0): VeVt 5 V@V, Then B;: V — V is linear and hence, after
choosing a basis {e€1,..., ¢} for V, we can regard B; as an element of M;(C). Then
{B;}, C M;(C) is a set of postive matrices of rank 1, such that || B;|| = || 4;|| < a and
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forveV,
(O Bi)v,v) = (Aw,v) = (v, p(e:))]
=1 i=1 i=1
=> ), e = _[{v,e)]* = (v,0),
i=1 i=1

i.e. Yiry B; =1¢€ M;(C). Therefore, by theorem there is a partition {Z;}I" | of

{1,...,n} such that
I3 Bl < (= +va)’

iEZj
forall j € {1,...,m}. Now define {¢;};2; € D,(C) by (¢;);; =1if j € Z; and (¢;);; =0
if j & Z;. Then, for i € {1,...,m}, note that

lgipgi| = || (gip) (@p)*|| = llaip?,

by the C*-identity. Now, for (v,w) € V & VL, we have

I(@ip) (w, w)lI* = la@)I* = D [v,en)l> = > [p(v), e = 3 (v, pler))?

’iEZj iEZj iEZj

= > (Ai(v),0) = (( Y A)(v),0)

i€z, i€Z;

<IY Al < (= +va) I w)l

iGZj

ie. ||gpg| < (\/%—I— \/5)2, as desired. O

Now that we have the result of proposition [7.28 we are well on track to proving the
Kadison-Singer conjecture, although the results we have now obtained are (merely) results
in linear algebra. By means of the so-called paving theorems we can step up from linear
algebra to functional analysis. This will be done in the next section.

7.5 Paving theorems

In the original article on the Kadison-Singer conjecture, written by Kadison and Singer
themselves, it is already pointed out that the Kadison-Singer conjecture is equivalent to a
conjecture which became known as the paving conjecture. We prove this conjecture in
three steps, which we call the paving theorems. These theorems are rather technical, but
enable us to prove the Kadison-Singer conjecture in the next section in a simple manner.
The first theorem deals with self-adjoint matrices. Furthermore, we use the function(s)
diag : M,,(C) — D, (C) for every n € N, which take the diagonal parts of matrices, i.e.
diag(a)i;; = 0 if 4 # j and diag(a)i; = as.

Theorem 7.29. Suppose ¢ > 0. Then there is an m € N with the following property: for
every n € N and self-adjoint a € M,,(C) such that ||a|]| < 1 and diag(a) = 0, there are
projections {p;}".; C D,,(C) such that >/, p; =1 and ||piap;|| < e for all 1 <i < m.
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Proof. Note that the function g : [0,00) — [0,00) given by g(z) = 2(v/z + /1/2)? — 1 is
a continuous and strictly increasing function and that g(0) = 0. Therefore, there is an

xg > 0 such that g(z¢) < e. Since % € (0,00), there is an [ € N such that xio <l i.e.

% < xg, whence g(%) <e.

Now set m = [2 and let n € N and a = a* € M,,(C) such that |la|| < 1 and diag(a) = 0.

Then note that a? > 0, since a®> = a*a and furthermore that ||a?|| = |la*a|| = ||a|* < 1.

Therefore, by lemma , 1 — a2 > 0. Therefore, there is a positive b € M,,(C) such that
b2 = 1— a2, by proposition [B.23| Then by lemma[B.24] we know that ab = ba. Now define

pEMQH((C) by
71 1+a b
P=5\ » 1-4)°

and observe that p is self-adjoint, since both a and b are. It is easy to show that p is a
projection. Therefore, we can apply proposition to p. Since diag(a) =0, pi; = % for
every i € {1,...,2n}, this means that there is a set of projections {g;}\_; C D2, (C) such

that 22:1 ¢; =1 and
1/l )+ 1 5—1—1
lgipaill < <5

for every i € {1,...,1}.

Now define the set of projections {r;}!_; C D,,(C) by (r;);; = (q:);; for every

j €{1,...,n} and likewise define the projections {s;}._; C D, (C) by

(si)jj = (¢i)(j+a)(j+a) for every j € {1,...,n}.

Since 3°_; ¢; = 1, we then also have 3!, r; = 2!, 5, = 1. Then, for all

i, € {1,...,1}, define p;; = r;s;. Then {p;;} C D, (C) is a set of m projections. We
prove that this set satisfies the desired properties. First of all,

Zp” Zrlzsj Zrz =1

=1 j=1

Next, let s € {1,...,l} and x € C". Then observe that (r;(x),0) = ¢;(x,0) and hence

pai(,0) = p(ri(),0) = (5 ) (), (GB)(ril))),
SO
(000 0) = (i ()2 i (50) i),
whence

63— @) < aipad) (@ O] < lapasll e, 0)] < 5=

Therefore, ||r;(1 + a)ri|| < e+ 1. Likewise, ||s;(1 —a)s;|| <e+1forany j e {1,...,1}.

Since D,,(C) is abelian, we therefore also have

1pi (1 + a)psjll = llris; (1 + a)rss;|| < [|s;]12lrs(1 4 a)r|| < e+ 1,

and likewise [|p;;(1 — a)p;j|| < e+ 1.
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Again, let x € C" and define b = (¢ + 1)p;; — pij (1 + a)p;j. Then

(bx,x) = (e + 1)(pijz, z) — (pij(1 + a)pijz, )
= (e + Dy )| *(pij (1 + a)pijpije, pijz)
> (e + Dllpsjzl ~ pij (1 + a)pi |psj |
>0,

i.e. b >0, which implies pij(l + a)pij <(e+ 1)pij, i.e. pijapi; < €pij.
Likewise, it follows that p;;(1 — a)pi; < (e + 1)pij, so —epi; < pijapij. Therefore, we have

—€Pij < PijaPij < EDij,
so by lemma [B.25} ||p;japi;|| < |lepij|| < e, as desired. O

The above paving theorem gives a result about self-adjoint matrices. The second paving
theorem drops this condition.

Theorem 7.30. Suppose € > 0. Then there is an | € N with the following property: for
eachn € N and a € M,,(C) such that diag(a) = 0, there is a set of projections
{ri}'_; € Du(C) such that Y7 r; = 1 and ||r;ar;|| < el|al|.

Proof. Since £ > 0, by theorem [7.29] there is an m € N with the following property: for
every n € N and self-adjoint a € M,,(C) such that |ja|| < 1 and diag(a) = 0, there are
projections {p;}1"; C D,,(C) such that >°/""; p; = 1 and ||piap;|| < e forall 1 <i <m.
Now, define I = m? and let n € N and € > 0. If a = 0, then taking 71 = 1 and r; = 0 for
all i € {2,...,1} yields the required set of projections {r;}_;.

Hence, assume that a # 0. Observe that b = ‘”’Ta and c = “5;’ are self-adjoint elements
of M,(C) and that a = b+ ic. Furthermore, ||b]| < ||la|| and ||¢|| < ||a]| by the triangle
inequality, and diag(b) = diag(c) = 0.

Therefore, there are projections {p;}/*; C D, (C) and {¢;}7; C D,(C) such that

.MS
Il

@
I
—

Di 17

NE

q; 11

1

o> .
Il

DN | ™

|lpiT—pil| <
Yal™

forall {ie1,...,m} and

N ™

lgj ;]| <
G749 > 5
Mall ¥

for all j € {1,...,m}. Therefore, ||p;bp;|| < §|la| for all i € {1,...,m} and
lgseasl < Slall for all j € {1,...,m}.
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Now, for i,5 € {1,...,m}, define r;; = piq; € Dy(C). Since D,,(C) is abelian, we know
that r;; = piq; = ¢;p; is again a projection for each pair (¢,5). Now note that

m

m m
Yorip=Y mia =y pi(d a) =) =1,
i ij i=1  j=1

i=1

and that for any pair (4, ),
€
lrijbris | = lIpiasbpigsll = llgjpibpigs|l < lipibpill < 5 lall,

and likewise ||r;;jcrij|| < §lal|. Therefore,

. € €
lrijarill = lIrij (b +ic)risll < llrijbrg|| + llrijers; || < Sllall + Fllall = ellall,
which means that {r;;} is exactly the set of I projections that we wanted to construct. []

So far, we have only proven results in finite dimension in this chapter. However, the
independence of n € N in the second paving theorem enables us to actually prove a similar
result where we replace M,,(C) with B(£?(N)). This is the third paving theorem. Here we
use the map diag : B(£?(N)) — ¢°°(N) defined by diag(a)(n) = (6,,ady).

Theorem 7.31. Suppose ¢ > 0. Then there is a |l € N with the following property: for all
a € B(F?(N)) such that diag(a) = 0, there exists a set of projections {p;}}_; C £>*(N)
such that Y\, p; = 1 and ||piap;| < e|al| for every i € {1,...,1}.

Proof. By theorem [7.30] there is an [ € N with the following property: if n € N and

¢ € M,,(C) such that diag(c) = 0, then there is a set of projections {r;}._; C D,,(C) such
that /%, r; = 1 and ||riers|] < gl

Now let a € B(¢?(N)) such that diag(a) = 0. Then, for n € N, consider the function

¢n : B(?(N)) — M,(C), given by (¢n(b))i; = (bd;,d;) for any b € B(¢*(N)). Then
clearly ||¢n|| = 1. Furthermore, we also have diag(¢y,(a)) = 0, since diag(a) = 0.
Therefore, there is a set of projections {r, ;}\_; € D,(C) such that 3!_; 7, ; =1 and

[7n,ipn(@)rnill < ellon(a)]l < ellall,

forall 1 <i<lI.

For any fixed i € {1,...,1}, we have (7, 0, 0m) € {0,1} for all m < n, since r,; is a
projection. We now prove that there is a strictly increasing function ¢ : N — N as well as a
set {y;}_; C {0, 1} such that for every 1 <i <, y; is the limit of the sequence

{20} nen C {0, 1}, where

Tin(m) = { Ty i0ms Om) 2 < ()
w 0 :m > (n).

We prove this by induction in [. For [ = 0, we can simply take 1 = Id. Now suppose we
have proven the claim for [ — 1, i.e. there is a strictly increasing function ¢/ : N — N and a
set {y; i;i such that for every ¢ € {1,...,1 — 1}, y; is the limit of the sequence
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{Zi,n}neN - {0’ ]_}N, where
zZin(m) = { (ry(n),i0m: Om) :m <9 (n)
? 0 cm o> 'QZJ/(TL)

Now define w,, € {0,1}" by

@) i0m, 0m) 2 m <P (n)
wn(m) = { 0 cm> 1/}/(”)

Now, note that {wy, }nen is a sequence in {0, 1}, Furthermore, by Tychonoff's theorem
(see theorem , {0, 1} is compact and by theorem {0,1}" is also metrizable.
Hence {w, }nen is a sequence in the compact metrizable space {0, 1}" and it therefore has
a subsequence {wy,, }ren that converges to some y; € {0, 1}, The function ¢ : N — N
defined by (k) = ny is strictly increasing and therefore the function ¢ := @ o ¢’ is strictly
increasing, too.

Now, for i € {1,...,1}, define m; , := 2; ,(n). Since {Tin}nen is then a subsequence of

{Zio(n) }nen, {Tin}nen converges to y; and satisfies

Zin(m) :{ (Ty(n),i0m, Om) +m < p(n)
,n 0 = w(ﬂ)

Furthermore, define x;,, := wy,). Then by construction, {z;,}nen converges to y; and is
given by
= Om, O : <
2y (m) = (T (n),10m» Om) .m < 1h(n)
0 :m > (n)

This concludes the induction step.

Now for all i € {1,...,1} define p; € £>*(N) by p;(m) = y;(m) and note that every p; is a
projection. We first prove that Zf;:ﬂ% = 1. To see this, let m € N and observe that for
every i € {1,...,l} there is an N; such that z; ,(m) = y;(m) for every n > Nj, since
{0,1} is discrete. Then define NV := maxj<;<; N;. Then we have

l

z ! z
> pi(m) =Y yi(m) = min(m) =Y (ry),i0m; om)
i=1 =1 i=1 =1

l

= (X ru))0ms Bm) = (G Om) = 1.

=1

Since m € N was arbitrary, 22:1 p; = 1, as desired.

Now, suppose that v, € £2(N) have finite support, i.e. there are My, My € N such that
P1(n) = 0 for every n > M and 12(n) = 0 for every n > M.

Then, define M = max(Mj, Ms). Then for every m € {1,..., M}, thereis an N,,, € N
such that z; ,(m) = y;(m) = p;(m) for all n > N,,,. Now define N’ := max;<;<np N,
and N := max(N’, M). Then consider the canonical map ay : £2(N) — C" given by
(an(h))(n) = h(n). Then by construction, for any i € {1,...,1},

(piapivp1, ) = (api1, pitka) = (on(a)an(pi1), an(pit2)),
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since the support of p;1; is a subset of the support of ¥; and likewise for 19. However, by
construction of N, we have an(p;11) = rn i1 and an(pitye) = rn 2. Therefore,

= (pn(a)an(pi1), an(pi2))
= (pn(a)rnian(¥1), raian (12))
= (

TN,ipN (@) Nian (Y1), an(2))

(piapiv1,1h2)

< [Irnien(@)rnian (¥1) |l (2) |
< lIrvaen(@)rnllllon (W) e (¥2) |
= lrnvaen(a)rnllll ez

= ellall [Pl llv2]l-

Now note that 11,2 € £2(N) were arbitrary elements of finite support. Therefore, by
proposition [B.10}, ||p;ap;|| < ¢a||. Hence {p;}}_; C ¢°°(N) satisfies all properties we
desired. O

As we mentioned before, this final paving theorem is the last technical result before we can
prove the Kadison-Singer conjecture. This will be done in the next section.

7.6 Proof of the Kadison-Singer conjecture

Using the paving theorem (i.e. theorem [7.31]), we can give an explicit description of
extensions of states on ¢°>°(N). We first need the following result.

Lemma 7.32. Suppose f € 9.5({*(N)), let g € Ext(f) and suppose a € B(¢{*(N)) such
that diag(a) = 0. Then g(a) = 0.

Proof. Suppose € > 0. By theorem there is a finite set of projections
{pi}i=y € L>°(N) such that Y7 p; = 1 and ||p;ap;|| < €||al| for every i € {1,...,n}.
Since f € 0.5((*°(N)) = Q(¢>°(N)), f(pi) € {0,1} for all i € {1,...,n}. Since also

i1pi =1, thereis aig € {1,...,n} such that f(p;,) =1 and f(p;) =0 if j # ip. Since
g € Ext(f), we also have g(p;,) = 1 and g(p;) = 0 for every j # iy. Now, using the
Cauchy-Schwarz inequality (see lemma , we have:

l9(piapy)[* < 9(pip})9((ap;)*ap;) = 9(pi)g((ap;)*apy),

for any 4,5 € {1,...,n}. Hence, for i # iy, g(piap;) = 0. Likewise, if j # i,
g(piapj) = 0. Therefore, we can compute:

l9(@) = la((Xopi)a(Xopi )| = 12 gviaps)| = lgigapiy)| < lIpigapis|| < e.
7 7 (2%

Since € > 0 was arbitrary, we hence have g(a) = 0, as desired. O

Now, we can easily describe the extensions of states on ¢/*°(N).

Corollary 7.33. Suppose f € 0.5(¢>*°(N)) and g € Ext(f). Then g = f o diag.
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Proof. Suppose a € B(£?(N)). Then diag(a — diag(a)) = diag(a) — diag(a) = 0, so by

lemma we have g(a — diag(a)) =0, i.e. g(a) = g(diag(a)) = f(diag(a)), since
diag(a) € £°(N). Therefore, g = f o diag, as desired. O

The Kadison-Singer conjecture is now an easy corollary.

Corollary 7.34. The C*-subalgebra (*°(N) C B(¢%*(N)) has the Kadison-Singer property.

Proof. Suppose that f € 9.5(¢*°(N)). By theorem [2.17, we know that Ext(f) # 0. Now
suppose g, h € Ext(f). Then by corollary g = fodiag = h. Hence Ext(f) contains
exactly one element. Therefore, />°(N) C B(¢?(N)) has the Kadison-Singer property. [

Now that we have established the answer to the Kadison-Singer conjecture we are able to
finish our classification of abelian unital C*-subalgebras with the Kadison-Singer property,
in the case of a seperable Hilbert space. The proof of the following is statement merely
serves as a summary of the most important results of the text.

Corollary 7.35. Suppose H is a separable Hilbert space and A C B(H) is an abelian,
unital C*-subalgebra. Then A has the Kadison-Singer property if and only if it is unitarily
equivalent to Ay(j) for some 1 < j < Ry.

Proof. In corollary [6.22] we already established that if A has the Kadison-Singer property,
then A is unitarily equivalent to A;4(j) for some 1 < j < Ry.

Furthermore, for j € N, we showed in theorem that A4(j) has the Kadison-Singer
property. Likewise, for j = Ny, coroIIaryshows that A4(j) has the Kadison-Singer
property. Combined with theorem [4.5 we conclude that if A is unitarily equivalent to
Ag4(j) for some 1 < j < Vg, A has the Kadison-Singer property. O



Appendix A

Preliminaries

Throughout the main text, we need results from a wide range of mathematics. In this
appendix we discuss the required results from linear algebra, order theory, topology,
complex analysis and measure theory. In the next appendix we give results from functional
analysis and operator algebras. Lastly, in appendix [C| we treat some results that rely on
the definitions and results in the main text, but are not included in the main text itself.
Together, these three appendices form the background of the main text. Most results are
non-trivial, but are so general that a complete discussion (including all proofs) is beyond
the scope of this text. In the case of missing proofs, we refer to some standard textbooks.

A.1 Linear algebra

We need results from linear algebra for two main reasons. First of all, some results in
functional analysis can be reduced to linear algebra. Secondly, in chapter[7] we reduced the
proof of the Kadison-Singer conjecture to results in linear algebra.

Hermitian forms

We first concern ourselves with hermitian forms.

Lemma A.1. Suppose V is a complex vector space and let o : V> — C be a map that is
anti-linear in the first argument and linear in the second argument such that o(v,v) € R
for each v € V.. Then o is hermitian, i.e. o(v,w) = o(w,v) for all v,w € V.

Proof. Suppose that v,w € V. By mere writing out, the polarization identity follows:

3
do(y,z) =Y ifo(z+ity,z +i'y)
k=0

Using this, it immediately follows that o(y,z) = o(z, y). O

This lemma has the following immediate corollary.

Corollary A.2. Suppose V is a complex vector space and o : V? — C is a map that is
anti-linear in the first argument and linear in the second argument such that o(v,v) > 0
for allv € V. Then o is a pre-inner product, i.e. a positive hermitian form.

103
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Corollary [A.2] is especially important because of the Cauchy-Schwarz inequality.

Proposition A.3. Suppose V is a complex vector space and o : V> — C is a pre-inner
product. Then the Cauchy-Schwarz inequality holds: for all a,b € V', we have

lo(a, b)|2 < o(a,a)o(b,b).

Kronecker product

In the main text, we use the following construction.

Definition A.4. Suppose n,m,p,q € N and let A € M, (C) and b € M»4(C). Then
we call the matrix A ® B € Mypxmq(C), defined by

AnB ApB -+ ApB
A & B = ) . . ’
AqB ApB --- A,.B

the Kronecker product (or tensor product) of A and B.

Adjugate matrices and Jacobi’s formula

In the main text, we need Jacobi's formula, which deals with adjugate matrices. To
introduct these properly, we first need two other definitions.

Definition A.5. For a matrix A € M,,(C) and i,j € {1,...,n}, we define
r(A)(i,5) € M,,—1(C) by removing the ¢'th row and j'th column from A. We call
r(A)(4,7) the reduced matrix of A at position (i, j).

Definition A.6. For a matrix A € M,,(C) and 4,5 € {1,...,n}, the cofactor of A at
position (i, j) is given by cof(A)(i,7) = det(r(A)(4,7)).

Using cofactors, we can define adjugate matrices.

Definition A.7. For a matrix A, the adjugate matrix adj(A) is given by
adj(A)ij = (=1)"cof(A)(j,1).

Lemma A.8. Suppose A € M, (C). Then the following properties hold:
1. adj(A) - A=det(A)I

2. If A is invertible, then A™' = 1dsadj(A).

Now we can introduce the main thing we need: Jacobi's formula.

Theorem A.9. (Jacobi's formula) Suppose A : R — M, (C) is a differentiable function.
Then Jacobi’s formula holds:

%det A(t) = Tr (adj(A(t)) - - A(t))-
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Furthermore, if A(t) is invertible, then

L det A(t) d

det(A(t)) =Tr (A(t)_l ’ %A(t))

For a more detailed account of linear algebra, see [13], [2], [9] or [20].

A.2 Order theory

For a general introduction to the theory of partially ordered sets and lattices we refer to [4].
In the main text, we need the following result, which is not among the standard results.

Proposition A.10. Suppose F' is a maximal totally ordered subset of a lattice and
Fy C F. ThenVFy € F and NFy € F.

Proof. Let e € F. Either f < e for all f € Fyy or thereis a f € Fjy such that e < f. In the
first case, VFy < e, and in the second case ¢ < f < VFy. So either e < VFj or e > VFy.
Therefore, F'U{VFp} is totally ordered, so by maximality of F', VFy € F.

Likewise, for every e € F', either e < f for all f € Fy or e > f for some f € Fy. In the first
case, e < AFp and in the second e > f > AFy. So F'U{AFy} is totally ordered, i.e.
NFy € F. OJ

A.3 Topology

Throughout the text, we assume that the reader has a solid knowledge of basic topology,
for example as given in [7]. For more advanced topics, we refer to [25] or [15]. In this
appendix we give some technical results that are standard, yet not so trivial that they can
be used without reference.

Compactness

In a topological space, compactness is defined using open coverings. However, it can also
be defined using closed sets. To show this, we first need the following.

Definition A.11. Let X be a topological space and F' C P(X) a family of subsets. Then
F has the finite intersection property if for every {4;}" ; C F we have that

Niz1 Ai # 0.
Using this, we can give the equivalent definition of compactness.

Proposition A.12. Suppose X is a topological space. Then the following are equivalent:

1. X is compact.

2. Every family F C P(X) consisting of closed subsets with the finite intersection
property satisfies (' # ).
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We use this in the main text to show that the space of ultrafilters is compact with respect
to the ultra topology in chapter [5

One of the most important theorems involving compactness is Tychonoff’s theorem:

Theorem A.13. (Tychonoff) Suppose X; is a non-empty topological space for every i € I.
Then [];c; X; is compact if and only if every X; is compact.

The combination of compactness and the Hausdorff property often give strong results, for
example in the following lemma.

Lemma A.14. Suppose X is a compact space and Y is a Hausdorff. Furthermore, let
f: X — Y be a continuous bijection. Then f is a homeomorphism.
Miscellaneous

Throughout the main text, we also need a few results from topology. The first concerns
the separation axiom Tj.

Lemma A.15. If X isT3, U C X is open and x € U, then there is aVVC X open such
thatz € VCV CU.

Next, we have a well-known result about extensions of continuous functions.

Proposition A.16. Suppose X andY are topological spaces, where Y is HausdorfF.
Furthermore, suppose A C X is dense and f,g: X — Y are continuous functions that
coincide on A. Then f = g.

Most topological properties are preserved under finite products of topological spaces.
However, with infinite products, this is not always the case. However, we do have the
following two results, of which the second is the most famous one.

Theorem A.17. Countable products of metrizable topological spaces are metrizable.

A.4 Complex analysis

For an introduction to complex analysis, we refer to [22]. Here, we state a more advanced
result: Hurwitz's theorem.

Theorem A.18. (Hurwitz) Let G C C™ be a connected open set and { f,, }nen a sequence
of holomorphic functions on G that converges uniformly on every compact subset of G to
some f € H(G). Furthermore, suppose that no f, has zeroes in G. Then either f has no
zeroes in G or f is identically zero on G.

A proof can be found in [17] (theorem 1.3.8).
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Functional Analysis and Operator
Algebras

In this appendix we treat a collection of topics from functional analysis and operator
algebras that are needed throughout the main text. A more extended survey of these
subjects can be found in many texts, for example in [21] and [16].

B.1 Basic functional analysis

For a normed vector space V, we can consider bounded linear functionals on V. These
are linear maps f : V — C such that

We collect all such bounded linear functionals on V' in the vector space V*, which we call
the dual space of V. This dual space then has a natural norm itself, given by

I£l' = sup |f(v)],
lol=1

for all f € V*. This gives the dual space a natural topology, but the dual space also has
another topology. To describe this topology, we define for all f € V*, v € V and € > 0 the
set

B(f,v,e) ={g € V' | [f(v) —g(v)| <e}.

It is clear that these sets form a subbase for a topology on V*, since the union of these
sets is clearly all of V*. We call this topology the weak*-topology. One of the most
important results about this topology is the following theorem.

Theorem B.1. (Banach-Alaoglu) Suppose V' is a normed vector space. Then the closed
unit ball of the dual space V*, i.e.

{fevillsih <1y,

is compact with respect to the weak*-topology.
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We also have the Hahn-Banach theorem for bounded linear functionals, which concerns
extensions.

Theorem B.2. (Hahn-Banach) Suppose V' is a normed, complex vector space and W is a
linear subspace of V. If f : W — C is a bounded functional, then there is an extension
g:V — C (i.e. glw = f) such that ||g|| = || f]|-

The above Hahn-Banach theorem is the one we need in the main text. In fact, there are
many theorems that go by the same name. These theorems differ a little in their
assumptions, but they all give an extension which preserves some crucial property.

The last fundamental theorem from basic functional analysis that we discuss here concerns
convexity. For this, we first need the following definition.

Definition B.3. Suppose V is a vector space and S C V. We define the convex hull of S
to be:

n n
co(S) = {Ztisi | neN,t; > O,Zti =1,s €S},
i—1 i=1
i.e. the set of all finite convex combinations of elements in K.

Using this definition, we have the following important result.

Theorem B.4. (Krein-Milman) Suppose V' is a normed vector space and K CV is a
convex compact subset. Then:

K = co(0.K).

Furthermore, if M C V is such that K = co(M), then 0. K C M.

B.2 Hilbert spaces

One of the main concepts in the main text is that of a Hilbert space.

Definition B.5. A Hilbert space H is a complex vector space endowed with a complex
inner product (-, -), which we take linear in the second coordinate, such that H is complete
with respect to the norm ||-|| induced by the inner product via ||z||? = (z, z).

Hilbert spaces can be seen as generalizations of Euclidean vector spaces. Therefore, we
also want to consider bases for Hilbert spaces.

Definition B.6. Suppose H is a Hilbert space. Then a subset £ C H is called a basis for
H if E is an orthonormal set whose linear span is dense in H.

Note that if the cardinality of a basis of H is finite, then the Hilbert space is isomorphic to
a complex Euclidean vector space. We have a special name for Hilbert spaces that have a
countable basis.

Definition B.7. H is called separable if it has a countable basis.
We also need the notion of orthogonal families.

Definition B.8. Let H be a Hilbert space. Two subsets C, D C H are said to be
orthogonal if for every c € C and d € D, (¢,d) = 0. A family of subspaces {C;};cr of H
is said to be an orthogonal family if all pairs of members are orthogonal.
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Direct sums of Hilbert spaces

Given two Hilbert spaces and H; and Hs, we can form a Hilbert space H = Hy & Ho,
which has an inner product ( , ) defined by

(w1, 22), (Y1, 92)) = (T1, 1)1 + (T2, Y2)2,

where (1, )1 and (, )2 are the inner products on H; and Hj, respectively. H is called the
direct sum of H; and Hs. Conversely, given a Hilbert space H and a closed linear
subspace K C H, one can realize H as a direct sum H = K @& K+, where

Kt:={zeH:(x,y)=0Vy e K}

is called the orthogonal complement of K.

Operators on Hilbert spaces

We now want to consider linear operators T' : H — H' between two Hilbert spaces. In fact
we are only interested in bounded operators.

Definition B.9. Let H be a Hilbert space and T : H — H' a linear operator. We say that
T is bounded if there is a & > 0 such that || T'(x)| < k||x|| for all z € H. The set of all
bounded operators from H to H' is denoted by B(H, H').

Note that B(H, H') is not just a set, but a normed vector space. Here scalar multiplication
and addition are defined pointwise. The norm is naturally given by

1T = sup [T ()]l
llzl=1

Furthermore, for every T' € B(H, H') there is a unique operator T* € B(H', H) such that
(x,T(y)) = (T*(x),y) for every x € H and y € H. The operator T* is called the adjoint
of T.
When H = H', we write B(H) := B(H, H) and we observe that defining multiplication by
composition, i.e. (T'S)(z) =T(S(z)) for all T, S € B(H) and x € H, gives B(H) the
structure of an algebra.

In the main text we need the following rather technical result.

Proposition B.10. Suppose H is a Hilbert space with a basis {e;};c;. Suppose a € B(H)
and « > 0 such that |(x,ay)| < o||z||||ly|| for all xz,y € H with finite support, i.e. for all
x,y € H such that {i € [ : (x,e;) #0} and {i € I : (y,e;) # 0} are both finite. Then

lall < o
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Operators on direct sums

Note that for a given direct sum Hy & Hs, there are canonical inclusion and projection

maps:
t1: Hi — Hi ® Ho, Ll(x) = (37,0)
1y Hy — Hi & Ha, 12(y) = (0,y)
w1 Hi ® Hy — Hy, ﬂl(l',y) =X
m : Hy @ Hy — Hp, ma(z,y) =y

Using this, for given a; € B(H;) and as € B(H3), one can define
(al,ag) cHi® Hy — Hi P HQ,

by (a1, a2) = tia1m + tpagms, ie. (a1,a2)(z,y) = (a1(x),a2(y)). Clearly, we then have
(a1,a2) € B(H; @ Hj). Extending this idea, for subsets Ay C B(H;) and Ay C B(Ha),
Ay ® Ay C B(Hi @ H»).

Conversely, one can ask the question whether for some a € B(H; & H3) there are

a1 € B(Hy) and ay € B(H3) such that a = (a1, a2). The following proposition answers
this question.

Proposition B.11. Suppose Hy and Hs are Hilbert spaces and a € B(Hy ® Hs). Then
there are a1 € B(H1) and ay € B(H3) such that a = (a1, az) if and only if
a(t1(Hy)) C o(Hy) and a(ta(Hz)) C a(Ha2).

Proof. First, suppose that a = (a1, a2) for some a; € B(Hi) and ag € B(Hz). Then let

x € Hi. Then a(u1(z)) = (a1,a2)(x,0) = (a1(z),0), so a(t1(H1)) C ¢1(Hy). Likewise,
a(LQ(HQ)) g LQ(HQ).

For the converse, suppose a(t1(H1)) C ¢1(Hi) and a(t2(Hz)) C to(Hs). Define a; = miau
and ag = maate. Then, for (z,y) € Hy ® Ha, a(ui(x)) = (2/,0) and a(wa(y)) = (0,y') for
some ' € Hy and 3/ € Hy. Then:

a(z,y) = a(u(z) +12(y) = @',0) + (0,y) = (',3/),

and
(a1,a2)(z,y) = umanm + tamateme(x, y)
= uma(u(z)) + emeali2(y))
= uymi(z,0) + 12m2(0,9) = (¢/,9).
Therefore, a = (a1, a2). O

In the case that an operator a € B(H; @ H3) can be written as a = (a1, az) for some

a1 € B(Hy) and ag € B(H3), we say that a decomposes over the direct sum H; & H».
Likewise, if an algebra A C B(H; @ Ha) satisfies A = A; @ Ay for some A; C B(H;) and
As C B(Hs), we say that A decomposes over the direct sum H; @& Ho.
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Projection lattice

Definition B.12. Suppose H is a Hilbert space and p € B(H). Then p is a projection if
2 *
p-=p =D

Note that a projection p € B(H) is always positive, since for any z € H we have
(x,pr) = (z,p*x) = (x,p*pz) = (pz,px) = []pz|* > 0.

Now, if we write P(H) for the set of all projections in B(H) for a Hilbert space H, it is
clear that for any p € P(H), we have 1 —p € P(H). We can now introduce a partial order
< on P(H) by saying that p < ¢ if and only if ¢ — p > 0. By the above it follows that
(with respect to <) 0 is the minimal element of P(H) and 1 is the maximal element.
Furthermore, p < ¢ is equivalent to p(H) C q(H).

We need the following technical lemma in the main text.

Lemma B.13. Suppose p and q are projections on a Hilbert space H such that p < q.
Furthermore, let x,x’ € H. Then ||q(z) — p(z)| < |lg(z) — p(2’)]].

Proof. We compute:

Therefore, certainly ||g(z) — p(x)||* < [l¢(z) — p(z')|)?, i.e.
la(z) = p(@)I| < lla(z) — p(a")]- O

In the main text, we are primarily interested in non-zero projections and more specifically in
minimal elements of the set of non-zero projections.

Definition B.14. Let H be a Hilbert space and p € B(H) such that p # 0. Then p is
called a minimal projection if ¢ € P(H) and 0 < ¢ < p implies ¢ =0 or g = p.

B.3 C*-algebras

We already saw that for a given Hilbert space H the operator algebra B(H) not only has
the structure of an algebra, but also has an adjoint operation and a norm. Together, these
properties give B(H) a much more special algebraic structure, namely that of a C*-algebra.
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Definition B.15. A C*-algebra is a normed, associative algebra A endowed with an
operation x : A — A, a — a* (we call a* the adjoint of a), with the following compatibility
structure:

1. Ais complete in the norm ||-||.
2. The norm is submultiplicative, i.e. ||ab|| < ||a||||b|| for all a,b € A.
3. The adjoint operation is an involution, i.e. a** = a for all a € A.

4. The adjoint operation is conjugate-linear, i.e. (Aa + b)* = Aa* + b* for all A € C
and a,b € A.

5. The adjoint operation is anti-multiplicative, i.e. (ab)* = b*a* for all a,b € A.

6. The C*-identity holds: |la*al| = ||a||? for all a € A.

A C*-algebra A is called unital if it contains an algebraic unit 1 (i.e. al = la = a for all
a € A). Since the adjoint is an involution and is anti-multiplicative, automatically 1* = 1.
By the C*-identity it then also follows that ||1]| = 1.

The C*-identity together with submultiplicativity also guarantees a more immediate
compatibility between the adjoint operation and the norm.

Lemma B.16. Suppose A is a C*-algebra. Then the adjoint preserves the norm, i.e.
lla*|| = ||a|| for all a € A.

Proof. For any b € A, ||b||? = [|b*b|| < ||b*]| - ||b]|. So ||b]] < ||b*||. Using this for b = a and
b=a”, we get [[a] <lla*]| and [la*|| <lal|, i.e. [la*]| = [la] for any a € A. O

We can also consider C*-subalgebras.

Definition B.17. Let A be a C*-algebra. A C*-subalgebra S of A is a subalgebra S C A
that is topologically closed (with the topology coming from the norm ||-|| of A) and closed
under the adjoint operation, i.e. a* € S forall a € S.

Note that by the conditions on a C*-subalgebra, every C*-subalgebra is a C*-algebra in its
own right, by restriction of the norm and adjoint operations to the subalgebra.

Positivity

In the main text we study states. For the definition of states, we need the notion of
positive elements of a C*-algebra.

Definition B.18. Suppose A is a C*-algebra, and let a € A. Then we say that a is
positive if and only if there is a b € A such that a = b*b. In this case, we write a > 0.

In the case of unital C*-algebras, we also have a characterization of positive elements in
terms of the spectrum of an element. To define this, we write Inv(A) for the set of all
invertible elements in a C*-algebra A.
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Definition B.19. Suppose A is a unital C*-algebra and let a € A. Then we define
o(a) = {)\ €Cla— A1 ¢ InV(A)},
which we call the spectrum of a.

Then we have the following equivalence.

Proposition B.20. Suppose A is a unital C'-algebra and let a € A. Then a is positive if
and only if a = a* and o(a) C [0,00).

In the case of an operator algebra B(H) for some Hilbert space H, we have yet another
description of positive elements, which resembles that of positive (semi-definite) matrices.

Proposition B.21. Let H be a Hilbert space and let a € B(H). Then a is positive if and
only if for every x € H we have (z,ax) > 0.

The set of positive elements in a C*-algebra A is often denoted by A™. This set has some
special properties. First of all, we can decompose any element into positive elements.

Proposition B.22. Suppose A is a C*-algebra. Then, for any a € A, there are a; > 0
such that a = Y"3_oiFay and ||ax|| < ||al|.

Secondly, we have the following result.

Proposition B.23. Suppose A is a C'-algebra and let a € A be positive. Then there is a
b€ At such that a = b2.

Thirdly, the following technical result is true.

Lemma B.24. Suppose A is a C*-algebra and let a € AT such that |la|]| < 1. Then 1 — a?
is positive and a commutes with b where b*> = 1 — a?.

The notion of positivity also induces a natural partial order < on the self-adjoint elements
of a C*-algebra A, by defining b < ¢ if and only if 0 < ¢ — b. This partial order has the
following properties.

Lemma B.25. If¢,d are self-adjoint and —d < ¢ < d, then ||c|| < ||d||.

Lemma B.26. Suppose H is a Hilbert space and d € B(H) such that d > 0 and ||d|| =1,
thend < 1.

Characters

When considering abelian C*-algebras, characters play a major role.

Definition B.27. Let A be a C*-algebra. A character is a non-zero algebra

homomorphism ¢ : A — C, i.e. ¢ is multiplicative and linear. The set of all characters on A
is denoted by Q(A).

First, we prove three lemmas that all give a certain property of characters.

Lemma B.28. Suppose that A is a unital C*-algebra and ¢ € Q(A). Then ¢(1) = 1.
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Proof. First of all ¢(1) = ¢(12) = ¢(1)?, so ¢(1) € {0,1}. If ¢(1) = 0, then for all a € A,
cla) =c(l-a)=c(1)-c(a) =0, so c=0. This is a contradiction with ¢ being a character,
soc(l) =1. O

Lemma B.29. Suppose that A is a C*-algebra, ¢ € Q(A) and a = a* € A. Then c(a) € R.

Proof. We claim that c¢(a) € o(a). To see this, suppose that a — ¢(a)1 is invertible. Then
there is a b € A such that (a — c¢(a)1)b=1=b(a — c¢(a)l). Then

1=1¢(1) =c((a—c(a)l)b) = c(a — c(a)l)c(b) = (c(a) — c(a))e(b) = 0. This is a
contradiction, so a — ¢(a)1 is not invertible, i.e. ¢(a) € o(a). A standard result in
functional analysis is the fact that o(a) C R, since a = a*. Therefore, c¢(a) € R. O

Lemma B.30. Suppose that A is a C*-algebra and ¢ € Q(A). Then c¢(a*) = c(a) for all
a€ A

Proof. Suppose a € A. Then a = b+ id for some b = b*,d = d* € A. Then ¢(b), c(d) € R,
by lemma Therefore,

c(a*) = c(b—id) = c(b) —ic(d) = ¢(b) + ic(d) = ¢(b+id) = ¢(a),
as desired. O

Because of the following result, characters are important for abelian C*-algebras.

Theorem B.31. (Gelfand isomorphism) Suppose A is a non-zero abelian C*-algebra. Then
the map
G A— Co(UA)), G(a)(f) = f(a),

is an isomorphism of C*-algebras.
The following lemma is an easy consequence of the Gelfand isomorphism.

Lemma B.32. Suppose A is an abelian C*-algebra. Then Q(A) separates points.

Proof. Suppose a1,as € A such that f(a1) = f(ag) for all f € Q(A). Then

G(a1)(f) = f(ar) = f(a2) = G(az)(f)

for all f € Q(A), so G(a1) = G(az), where G : A — C(2(A)) is the Gelfand isomorphism.
However, since G is an isomorphism, a; = as. So, indeed, Q2(A) separates points. O

We can use this lemma to prove the following result about projections and characters.

Lemma B.33. Suppose A is a C*-algebra. Then, for every g € Q(A) and projection p € A,
g(p) = 1. If p € A is a non-zero projection, there is a f € Q(A) such that f(p) = 1.

Proof. Suppose g € Q(A) and p € A is a projection. Then g(p)? = g(p?) = g(p), whence
g(p) € {0,1}. Now, g(p) = 0 for every g € Q(A) implies that p = 0, since Q2(A) separates
points by lemma and ¢g(0) =0 for all g € Q2(A). Therefore, if p is non-zero, then
there is a f € Q(A) such that f(p) = 1. O
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B.4 Von Neumann algebras

In order to define von Neumann algebras, we first intoduce the strong topology. We do
this by means of a subbasis. For every a € B(H), x € H and € > 0, define:

S(a,z,€) i= b€ B(H) : | (a—b)all < }.
Collecting these sets together in
S:={S(a,z,¢) : a€ B(H),z € H,e >0},
we obtain a subbasis for a topology on B(H), since |JS = B(H). We call this topology

the strong topology on B(H). A basis for this topology is then given by:

B .= {ﬂ S(a;,xi,€;) a; € B(H),x; € H,e; > 0}.
i=1

An important property of the strong topology is given in terms of convergent nets.

Proposition B.34. Let H be a Hilbert space and {a;};c; a net in B(H). Furthermore, let
a € B(H). Then the following are equivalent:

1. {a;}ier converges to a with respect to the strong topology on B(H).

2. For each x € H, {a;(x)} converges to a(z).

Proof. First, suppose that {a;};c; converges to a with respect to the strong topology. Let
x € H and € > 0. Since {a;};cr converges to a, there is a iy € I such that for all i > 1y,
a; € S(a,x,e€), i.e. ||a;(x) —a(x)|| < e. Therefore {a;(x)}icr converges to a(x).

For the converse, suppose that for all x € H, {a;(x)}icr converges to a(x). Now, let U be
a neighbourhood of a. Since B is a base for the strong topology, there are a n € N,
{bi}-y C B(H), {zi}]~y € H and {¢;}}~; C R such that

n
a € n S(bi,mi,ei) cU.
i=1
Since a € S(b;, z;,€;) for all ¢ € n, there are {d;}}'_; such that S(a,z;,d;) C S(bs, s, €)
for all 7 € n. Then we have:
n
a < ﬂ S(a,xi,di) - S(bi,xi,ei) cu.
i=1
By assumption, for every i € n there is a j; € I such that for all j > j; we have
laj(@i) — al@i)|| < &,
i.e. aj € S(a,xi,0;). Now choose a jy € I such that jo > j; for all i € n, which exists

because I is a directed set. Then, for every j > jo,

a; € ﬂ S(a,:ci,éi) cU.
1=1
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So, the net {a;}ics is eventually in U. Since U was an arbitrary neighbourhood of a,
{a;}ier converges to a. O

Using the strong topology, we can directly define von Neumann algebras.

Definition B.35. Let H be a separable Hilbert space. Then a *-subalgebra A C B(H) is
called a von Neumann algebra if it is closed with respect to the strong topology.

By now, we have two topologies on B(H); the norm topology and the strong topology.
C*-subalgebras deal with the norm topology, whereas von Neumann algebras are defined
using the strong topology. The following proposition gives a link between these two
different viewpoints.

Proposition B.36. Let H be a Hilbert space and suppose that A C B(H) is a von
Neumann algebra. Then A is a C*-subalgebra of B(H).

Proof. Suppose {a;}icr is a norm convergent net in A, say with limit a € B(H). Now let
x € H such that x # 0 and € > 0. Then there is a ig € I such that for every i > i,
lla — a;|| < mer- Then for every i > o,

(@ — a)(@)]| = |||l (a — al)(H%”)H < |lz]l||la — a;]] < Hl‘”ﬁ =53

Hence a(z) is the limit of {a;(x)};cs for every x € H such that x # 0. Since it clearly also
holds for = = 0, it holds for every x € H.

Therefore, a is the strong limit of {a;};cs. Since A is a von Neumann algebra, a € A.
Therefore, A is closed with respect to the norm topology and hence is a C*-subalgebra of
B(H). O

There is an important result about von Neumann algebras that involves the commutant of
an algebra.

Proposition B.37. Let H be a Hilbert space and A C B(H) a *-subalgebra. Then A’ is a
von Neumann algebra.

Proof. We first prove that A’ is a *-subalgebra of B(H). To see this, let u,v € A’, A € C
and a € A. Then

(uv)a = u(va) = u(av) = (ua)v = (au)v = a(uv),

(Au)a = A(ua) = A(au) = a(Au),
(u+v)a =ua+va=au+ av = a(u+v)

and

u'a = (a'u)" = (ua*)* = au’,

where the latter follows from the fact that a* € A too. Hence A’ is indeed a *-subalgebra.

Now suppose {v; }icr is a net in A’ that converges to u € B(H) in the strong topology.
Now let a € A and x € H be arbitrary. Then:

(ua)(z) = u(a(z)) = lim vy (a(x)) = lima(va(2)) = a(lim(v,(2))) = a(u(z)) = (au)(z),
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whence ua = au and therefore u € A’. Hence A’ is closed with respect to the strong
topology. Therefore, A’ is a von Neumann algebra. O

In the main text we make use of generated von Neumann algebras. For any set S C B(H)
the von Neumann algebra generated by S is

(S)on = ﬂ{A C B(H) : A is a von Neumann algebra and S C A},

which is in fact a von Neumann algebra since an arbitrary intersection of von Neumann
algebras is clearly again a von Neumann algebra.

Projections in von Neumann algebras

When considering von Neumann algebras, projections play a major role, because of the
following proposition.

Proposition B.38. Suppose H is a separable Hilbert space and A C B(H) is a von
Neumann algebra. Then A is generated by its projections.

In the main text we need some elementary results about projections and von Neumann
algebras, which we state here.

Lemma B.39. Suppose H is a Hilbert space and p € B(H) is a projection. Then Cp is a
von Neumann algebra.

Proof. We first show that Cp is an algebra. This follows from the computations

p(Ap) = (uA)p, up + Ap = (u+ A)p and (up)(Ap) = (uA)p® = (uA)p for all i, A € C.
Next, observe that Cp is a finite-dimensional subspace of B(H) and the strong topology
gives the latter the structure of a complex topological vector space. Therefore, Cp is closed
with respect to the strong topology (see [21}, thm 1.21]). O

Lemma B.40. Suppose that H is a Hilbert space and A C B(H) is a von Neumann
algebra. Furthermore, let p € P(A). Then pAp is a von Neumann algebra.

Proof. We first check that pAp is in fact an algebra. To see this, let a,b € A and A € C.

Then pap + pbp = p(a + b)p, AM(pap) = p(Aa)p and (pap)(pbp) = p(apb)p, and
(a+b),\a,apb € A, so indeed, pAp is an algebra.

Now suppose that {pa;p}icr is a net in pAp that converges strongly to a € A. Now let
xr € H and € > 0. Then there is an 41 € I such that ||(pa;p)(z) — ax|| < § for all i > 4,
and a i € I such that for all i > iy ||pa;p(px) — a(px)|| < §.

Since I is a directed set, there is a 7 € I such that ¢ > 41 and 7 > i9. For this¢ € I:

Ipapz — az|| < ||(pap)(z) — (paip)(@)| + || (paip)(z) — az|
< lIp(a(pz) — (pap) (p)) + 5

€
< liplllla(pz) = (paip)(p)| + 5
< € + €
- - — €.
2" 2
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Since € > 0 was arbitrary, pap(xz) = a(x). However, x € H was arbitrary, so
a = pap € pAp. Hence pAp is strongly closed and therefore is a von Neumann algebra. [



Appendix C

Additional material

In this appendix, we use definitions and results from the main text to provide some
additional background. These are not included in the main text itself, since they would
merely disturb the natural storyline.

C.1 GNS-representation

We first treat the so-called Gelfand-Naimark-Segal representation. For this, we fix a certain
C*-algebra A and we let f: A — C be a state. In defintion we defined the L-set of f
to be

Ly={acA: f(a"a) = 0},

and in lemma we showed that Ly is a left ideal of A.

Now, we note that we have a well-defined inner product on A/Ly, given by
(a4 Lg,b+ Ly) = f(a™b).

We can then complete A/Ly to a Hilbert space H¢. Then, we define a map
b Ax ALy = AfLy,

by setting ¢ s(a,b+ Ly) = ab+ L. Since A/Ly; is dense in Hy and v¢(a, -) is bounded for
every a € A, 1y uniquely extends to a map ¢} :Ax Hy — Hy. Then, we have the map

¢r: A— B(Hy),

defined by (a)(x) = ¥} (a,z). In fact, s is a *-homomorphism, and as such, it is a
representation, which we call the Gelfand-Naimark-Segal representation belonging to f.

The main result we use about the GNS-representation is the following:

Proposition C.1. Suppose A is a C'-algebra and f € S(A). Then f € 0.S(A) if and only
if p(A) acts irreducibly on Hy.

119
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C.2 Transitivity theorem

The following theorem was proven by Kadison ([10]).

Theorem C.2. (Transitivity theorem) Suppose A is a non-zero C*-algebra, acting
irreducibly on a Hilbert space H. Furthermore, let n € N, let {z;}?_; C H be a linearly
independent set and let {y;}?_; C H be any subset. Then there exists an a € A such that
a(x;) =y; foralli € {1,...,n}.

Furthermore, if there is a v = v* € B(H) such that v(x;) =y, for all i € {1,...,n}, then
there is also a b = b* € A such that b(x;) =y, for alli € {1,...,n}.

C.3 (-sets, M-sets and L-sets

As the start of a series of technical results, we begin by defining some important sets
associated with states.

Definition C.3. Suppose A is a unital C*-algebra and f € S(A). Then define the
following subsets of A:
Ny={a€c A: f(a) =0},

Ly={aecA: f(a"a) =0},
Gy ={aecA:|f(a)] = |lall = 1},
My ={ac A: f(ab) = f(ba) = f(a)f(b) Vb€ A}.

These sets are called the null-space, L-set, G-set and M-set of f, respectively. We write
G;f for the set of positive elements in Gs.

For a state f, we are especially interested in the structure of the set Gy. To determine
this, we use the sets Ny, Ly and M. First of all, we have the following result.

Lemma C.4. Suppose A is a unital C*-algebra and f € S(A). Then My C Ais a
subalgebra.

Proof. Suppose a,b € My and A € C. Then let ¢ € A. First of all,

f((a+b)e) = flac+be) = flac) + f(be) = f(a)f(c) + f(b) f(c)
= (f(a) + f(0))f(c) = fla+Db)f(c),

and likewise f(c(a+0b)) = f(c)f(a+1), i.e. a4+ b€ My. Next, observe that
flabe) = f(a)f(be) = f(a)f(b)f(c) = f(ab)f(c),

and likewise f(cab) = f(c)f(ab), i.e. ab € My. Since it is trivial that Aa € My, it remains
to prove that a* € M. To see this, compute

fla*e) = f((c"a)*) = f(c*a) = f(c*)f(a)
= f(e)f(a™) = f(a®) f(c),

and likewise f(ca*) = f(a*)f(c). Hence My is indeed a subalgebra of A. O
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Using this, we can describe the connection between M-sets and L-sets.

Lemma C.5. Suppose A is a unital C*-algebra, f € S(A) and a € A. Then a € M;y if and
only ifa — f(a)l € Ly N L}.

Proof. First, suppose a € My and denote ¢ = a — f(a)l. Then
fle) = fla = f(a)1) = f(a) = f(a) =0,

and ¢ € My, since My is an algebra by lemma [C.4]
Therefore, f(c*c) = f(c*)f(c) =0, whence ¢ € Ly, and

() e) = flec®) = fle)f(¢") = 0,

whence ¢* € Ly, i.e. ¢ € L}. So, indeed a — fla)l=ce LyN L%. Next, suppose
c=a—f(a)l € LN L}. Then f(c) = f(a) — f(a) = 0 and f(c*c) = f(cc*) = 0. For any
be A, |f(ch)|? < f(cc®)f(b*b) = 0 and likewise f(bc) = 0 by the Cauchy-Schwartz
inequality (see lemma [2.3)).

Hence f(bc) = f(cb) =0 = f(c)f(b), so ¢ € My, as desired. O

Next, there is also a connection between G-sets and M-sets.
Lemma C.6. Suppose A is a unital C*-algebra and f € S(A). Then Gy C Mjy.
Proof. Suppose a € G'¢. Then note that

L=f(@) =[f1a)® < f()f(a*a) < a*a] = [la]* =1,

whence all inequalities are equalities, so especially f(a*a) = 1.

Now consider ¢ = a — f(a)l. Then c*c = a*a — f(a)a* — f(a)a + |f(a)*1, whence
flee) = f(a*a) = 2 f(@)] +|f(a))’ =1-2+1=0.

Likewise f(cc*) =0,s0a— f(a)l =ce Ly N L}. Therefore, by lemma , a€ My, ie.
Gf C My. ]

Using this, we can describe the algebraic structure of G-sets.
Lemma C.7. Suppose A is a unital C*-algebra and f € S(A). Then Gy is a semigroup.

Proof. Suppose a,b € Gy. Then by lemma[C.6, a € My, so
|f(ab)| = | f(a) f(b)| = [f(a)|[f(b)] = 1.

Furthermore, ||ab|| < ||a||||b]] =1 and 1 = |f(ab)| < ||ab||, whence ||ab|| = 1. So
labl| = |f(ab)| =1, i.e. ab € Gy. Therefore, G¢ is a semigroup. O

For a pure state, there is a nice description of the null-space in terms of the L-set. To give
this description, we first give a few more properties of states.
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Lemma C.8. Suppose A is a C*-algebra and let f € S(A) and a € A. Then f(a*a) =0 if
and only if f(ba) =0 for all b € A.

Proof. Suppose f(a*a) = 0. Then by the Cauchy-Schwarz inequality (lemma2.3), we have
| (ba)]* < f(bb*) f(a*a) =0,
i.e. f(ba) =0. For the converse, choose b = a*. O

Using this, we obtain the following result.

Lemma C.9. Suppose A is a C*-algebra, let f € S(A) and suppose a,b € A. Then we

have the inequality
F(b*a*ab) < [la*all £(5°).

Proof. First suppose that f(b*b) = 0. Then by lemma|[C.8] f(cb) =0 for all ¢ € A, so
certainly for ¢ = b*a*a. Therefore, the inequality holds in this case.

So, we can assume f(b*b) # 0. Then define the map g: A — C by

Then clearly, g is linear, positive and unital, whence a state. Therefore, ||g|| = 1, by
proposition so we have

f(b*a”ab) = g(a*a)f(b"b) < [[a”allf(b"D). O
We can apply these above properties to describe the algebraic structure of L-sets.
Lemma C.10. Suppose A is a C*-algebra and f € S(A). Then Ly is a left-ideal.

Proof. It is clear that Ly is closed under scalar multiplication. To see that it is closed
under addition, suppose a,b € Ly. Then by the Cauchy-Schwarz inequality (lemma [2.3)),
we have f(a*b) =0 and f(b*a) = 0. Therefore,

Fl(a+b) (a+1b) = fa*a) + f(a'b) + F(ba) + F(b') = 0,

i.e. a+b€ Ly. Now, again suppose that a € Ly and let ¢ € A be arbitrary. Then,
applying lemma [C.9]

f((ca)*ca) = f(a*c*ca) < ||c*c| f(a"a) =0,
soca € Ly. Hence Ly is a left-ideal. O

Now, we can make the connection between the notions of null-spaces and L-sets in the
case of pure states.

Lemma C.11. Suppose A is a C*-algebra and f € 0.5(A). Then Ny = Ly + L3.
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Proof. First, suppose a € L. Then, by the Cauchy-Schwarz inequality,

[f(@)f = [f(1*a)* < f(1"1) f(a*a) = 0,

soa € Ny, ie. Ly C Ny. Likewise, L}i C Ny, so by linearity of f, Ly C L} C Ny.

To show that Ny C Ly + L%, we use the GNS-representation for f, as discussed in
First of all, since f is pure, the space A/Ly is a Hilbert space with respect to the inner
product (a + Ly,b+ Ly) = f(a*b). Furthermore, since f is pure, the map

pr: A= B(A/Lg), pp(a)(b+ Ly) = ab+ Ly

has the property that ¢;(A) acts irreducibly on A/Ly, by proposition [C.1]

Now suppose a € Ny is self-adjoint. Then we have
(Lt Lya+ Ly) = f(17a) = f(a) = 0,

i.e. 1+ Ly and a+ Ly are linearly independent. Therefore, by the transitivity theorem
(C.2), there is a self-adjoint element v € ¢¢(A) such that v(a+ Lf) = a+ Ly and
v(1+Ls) =0. Then v = ¢¢(b) for some b € A. Define ¢ = #. Then ¢ = ¢* and

b*+b) pr(B)* Fpp(b) vt Hw
2 7 2 )

or(c) = py( =,

so we have
ca+ Ly =wpp(e)(a+Ly)=v(a+ L) =a+ Ly,
and
c+Lp=wpp(c)(1+ L) =v(l+Lys) =0,

i.,e. ca—a€ Lyand c€ Ly. Defined:=ca—a & Ly. Then since a = a”,
a=ca—d=(ca—d)* =ac—d".

Since ¢ € Ly and Ly is a left-ideal by lemma ac € Ly. Furthermore, —d* € L}, so
a=ac—d* ELf—i—L?.
So, if we now take an arbitrary = € Ny, we have z = 1 + iz, with 21 = za® ¢ Ny and

2
Ty € “5;”* € Ny. Hence, by the above, 21 = y; + w] and 2 = y2 + w3 for some

Y1, w1, Y2, w2 € Ly. Then, y1 +y2 € Ly and —i(wy +ws) € Ly, so
r=Yy +y2+ (—i(w1 —+ w2>)* S Lf + L}.
Therefore, Ny C Ly + L’J‘c, iie. Ny =Ly + L;, as desired. O

Of course, we are going to apply the above discussion to extensions of pure states, in order
to say something about the classification of subalgebras that satisfy the Kadison-Singer
property. Therefore, the following result is useful, which states that L- and M-sets behave
nicely with respect to extensions.

Lemma C.12. Suppose H is a Hilbert space and A C B(H) is a C*-subalgebra.
Furthermore, suppose g € Ext(f). Then Ly C Ly and My C M,,.
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Proof. Suppose a € Ly. Thena € A C B(H) and f(a*a) = 0. Since g € Ext(f), and
a*a € A, g(a*a) = f(a*a) =0, ie. a € Ly and Ly C L.

Now suppose a € M. Then a — f(a)l € Ly N L%, by lemma . Since g € Ext(f),

g(a) = f(a), and by the above, Ly N L} C Ly N Ly. Therefore, a — g(a)l € Ly N Ly and
hence a € M, again by lemma . Hence My C M,, as desired. O

C.4 Miscellaneous

In sections [C.1] and we discussed some fundamental results, which are treated in many
texts on operator algebras. In this section, we give results which are less well-known.

State-like functionals

As we already mentioned in section [B.I} there are many theorems similar to the
Hahn-Banach theorem. There is also a theorem for C*-algebras in which 'positivity' is
preserved. For this, we need the notion of state-like functionals.

Definition C.13. Suppose A is a unital C*-algebra and C' C A is a self-adjoint linear
subspace of A that contains the unit. Then a linear map f : C' — C that satisfies

f(c*) = f(c) for every c € C, f(c) > 0 for every positive c € C' and f(1) =1, is called a
state-like functional on C. The set of all state-like functionals on C'is written as SLF(C).

For these state-like functionals, we have the following extension theorem, which resembles
the Hahn-Banach theorem. For its proof, we refer to [5], 2.10.1].

Theorem C.14. Suppose A is a unital C*-algebra and C' C A is a self-adjoint linear
subspace that contains the unit. Suppose f : C — C is a state-like functional. Then there
is a state-like functional g : A — C that extends f.

The projection lattice in the strong topology

In[B.2] we discussed some properties of the projection lattice for a Hilbert space. In we
saw that projections play a major role for von Neumann algebras. Since von Neumann
algebras are defined using the strong topology, we need some result about the projection
lattice with respect to the strong topology. Here, for a Hilbert space H and a subset

Y C B(H), Cls,(Y') denotes the strong closure of Y.

We first have the following result.

Proposition C.15. Suppose F' is a totally ordered family of projections on a Hilbert space
H. Then VF € Clg,(F).

Proof. Write A = VF' and consider A = ,cpp(H).

For a,b € A there are p,q € F such that a € p(H) and b € q(H). Since F is totally
ordered, we can assume without loss of generality that p < ¢. Then a € p(H) C q(H), so
a,b e q(H), whence a+ b € q(H) C A. Furthermore, for € C and a € A, there is a

p € F such that a € p(H), whence pa € p(H) C A. Therefore, A is a linear subspace of
H.
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=

Hence A is a closed linear subspace of H. We now claim that \(H) =
First, let ¢ be the projection onto A. Then forallp e F, p(H) C AC A=q(H), i.e.

p < qforall p € F. Therefore, A < ¢q, so A\(H) C q(H) = A. For the converse, observe
that for any p € F, we have p < A, i.e. p(H) C A(H), so A = U,epp(H) C AH).
Therefore, A C A\(H) = A(H). So, indeed, \(H) = A.

Now, let z € H. Then A\(z) € 4, so there is a sequence {y,,}°2; C A such that

limy, ;00 Yo, = A(z). For all n € N there is a p;, € F such that y, , = p(24,n) for some
Zzm € H. So, for every € > 0, there is a n. € N such that ||[A(z) — pzn. (220 )| < €.

By lemma we conclude that

[A(®@) = Pan. (2)]] < [M@) = Pan (2an )] <€
Now, for any ¢ > ps n., we have that A —q < A — p; ., SO
[A(z) = q()]| < [[A(z) = pen(@)] <e

Since € > 0 was arbitrary, A(z) = lim,cp p(x). Since z € H was arbitrary, we therefore
conclude that A is the strong limit of the net {p},cr C F, i.e. A € Clg(F). O

For the next result on the projection lattice and the strong topology, we first need the
following lemma.

Lemma C.16. Suppose H is a Hilbert space and let FF C P(H) be some family of
projections. Then we have

Vi{t-pt=1- A{p}
pEF peF
Proof. For all ¢, ¢ > AN{p}, so 1 —q <1— A{p}, whence V{1 —p} <1— A{p}.
Forall ¢, V{1 —p} > 1 —¢q,so 1 — V{1l —p} < ¢, whence 1 — V{1 — p} < A{p}, i.e.
V{1 —p}=1-A{p}
Therefore, V{1 — p} =1 — A{p}. ]

Using this lemma, we can prove the following.

Corollary C.17. Suppose F' is a totally ordered family of projections on a Hilbert space H.
Then NF € Clg. (F).

Proof. Consider the family G := {1 —p : p € F'}, which is again a totally ordered family of
projections on H. By proposition [C.15] then V € Cly(G). By lemma[C.16} VG =1 — AF,
i.e. 1 — AF € Cly(G). Therefore, there is a net {g;}ic; C G such that 1 — AF is the
strong limit of {g;};c;. However, for every i € I, g; = 1 — p; for a certain p; € F.

Now suppose € H and € > 0. Then there is a ig € I such that for every i > iy,
(L= AF) = gi)(2)]| <e
Then we also obtain for every ¢ > ig that

[(pe = AF) ()| = [I((1 = AF) = (1 = po))(@)[ = [[(1 = AF) — gi)(z)[| <e.



Appendix |E| Additional material 126

Therefore, lim;e; pi(z) = AF(x), i.e. AF is the strong limit of the net {p;}icr in F, so
NF € Clstr(F). ]



Notes and remarks

In this appendix, we comment on the things we discussed in the main text. First, we give
some very specific notes about technicalities in the main text. Subsequently we will make
some remarks which have a broader context.

Notes per chapter

Chapter 1

In chapter 1 we defined states for both the algebra M and the subalgebra D. Of course,
these definitions are alike and can be generalized. This is done in chapter 2.

The unique extension given in the proof of theorem [1.14] is in fact given by a diagonal
retract. We discuss these diagonal retracts in more detail in subsection , but the idea is
the following: consider the map diag : M — D, given by diag(a);; = (e;, ae;). This map is
linear, unital and satisfies diag o ¢ = Id, where i : D < M is the inclusion map. Then the
unique extension of pure states is given by the pullback of the map diag, i.e. for a pure
state f € 0.5(D), g := f o diag is the unique pure extension.

Chapter 3

The result of proposition [3.4]is to be expected when carefully using lemma Namely, for
some Hilbert space H and Ay, Ay € C(B(H)), such that A; C Ay, lemma [3.3) gives

AIQAQQAIQQAIM

so in fact we have
A\ Ay C A3\ Ay C AP\ Ay,

i.e. if we define the map ¢ : C(B(H)) — P(B(H)) by p(A) = A"\ A, we see that ¢ is an
anti-homomorphism between the partially ordered sets C(B(H)) and P(B(H)). Therefore,
maximality in C(B(H)) corresponds to minimality in ¢(C(B(H))) C P(B(H)). In fact,
proposition [3.4] shows exactly that maximality in C(B(H)) corresponds to the element

0 € p(C(B(H))), so the minimal element of o(C(B(H))) is the minimal element of
P(B(H)).

In the proof of theorem [3.5 we show that if A,C € C(B(H)), A C C and A has the
Kadison-Singer property, then necessarily A = C. We do this by first showing that A = C,
followed by showing that the inclusion 7 : A < C'is in fact giving this isomorphism. One
might think that A C C and A = C already implies that A = C. However, this is not the

127
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case. As an example, consider the subalgebra
(°C2N):={fel>*N)| f(2n—1)=0Vn e N}.

Clearly, £>°(2N) = ¢>°(N), but these two algebras are not the same.

Chapter 4

We restrict ourselves to the case of separable Hilbert spaces. This may seem to be a major
restriction, but some remarks can be made justifying this restriction. First of all, in
applications of operator algebras within the context of physics (most notably that of
quantum theory), non-separable Hilbert spaces almost never play a role. Furthermore, the
ungraspability of the non-separable case is a big mathematical issue. After all, we are
restricting ourselves to the separable case, since we can make a classification of maximal
abelian subalgebras of B(H) where H is a separable Hilbert space (corollary [4.27)). For the
non-separable case(s), such a classification is not available so far.

The ideas behind the classification in the separable case (corollary [4.27]) are exactly those
of Kadison and Ringrose ([19, 9.4.1]). We expanded and clarified some of their technical
arguments.

Chapter 5

We defined filters for sets. In fact, filters can be defined for any meet-semilattice, but we
do not need this for our purposes.

We construct the Stone-Cech compactification of discrete spaces using ultrafilters. In fact,
every topological space that is Tychonoff (also known as T3 5) has a Stone-Cech
compactification. This can be constructed using so-called z-ultrafilters (see [8] or [25]).
These are similar to ultrafilters, except for the fact that one restricts to zero-sets instead of
arbitrary subsets of the set. Since every subset of a discrete space is a zero-set, the notions
of ultrafilters and z-ultrafilters coincide for discrete spaces.

We constructed the ultra-topology using a base of clopen sets. Since the ultra-topology is
certainly Ty, the space of ultrafilters is a zero-dimensional space (see [15]). Since this
implies that it is a totally disconnected space and we have also shown it is a compact
Hausdorff space, it is in fact a Stone space (again, see [15]).

The Stone-Cech compactification of a Tychonoff-space can in fact also be constructed
using the theory of operator algebras. In fact, for such a space X, its Stone-Cech
compactification can be realised as the Q(Cy(X)), i.e. the character space of the algebra
of bounded continuous functions on X. Namely, assuming that the Stone-Cech
compactification SX exists for some topological space X, we can show that

Cyp(X) = C(BX) = Co(BX) = Cp(BX) in the following way. Suppose that f € Cp(X)
and let D :={z € C||z] <|fll}. Then D is a compact Hausdorff space, and f : X — D
is a continuous function. Therefore, by the universal property of the Stone-Cech
compactification, there is a unique continuous Sf : X — D that extends f. Hence, we
get a well-defined map @ : Cy(X) — C(B8X), f — Bf. Since any continuous function on
the compact Hausdorff space X is automatically bounded, we also get a map

U : C(BX) — Cy(X),h — h|x. By the universal property of the Stone-Cech
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compactification it is clear that ® and ¥ are each other’s inverse, whence
Co(BX) =C(BX) = Cp(X). However, by the Gelfand-isomorphism, we also have
Ch(X) = Co(QACH(X))), s0 BX = Q(Ch(X)).

Chapter 6

The whole point of introducing and using the Stone-Cech compactification is in the proof
of theorem [6.10] The switch from N to Ultra(N), i.e. from a non-compact space to a
compact space, exactly gives us that 9.S(A.) is already contained in (8H')(Ultra(N)),
instead of (BH’)(Ultra(N)). The latter space is bigger and we cannot describe it properly.
However, for (3H')(Ultra(N)) itself, we have results like proposition [6.11]

Chapter 7

The proof of the Kadison-Singer conjecture makes use of results about random variables
taking values in sets of matrices. However, this does not make this a part of the theory
that is usually refered to as random matrix theory. In this theory, one considers ensembles
of random matrices. In that context, the coefficients of the random matrices are
independent (at least to some level), whereas we do not assume any kind of independence
of the coefficients in chapter 7.

The use of existing literature

This thesis has one goal: proving corollary [7.35] Every part of the text is necessary for
reaching this goal and we have tried to keep the text as self-contained as possible. The
text can be divided in a few parts, each with their own character, their own (intermediate)
goal and their own roots in existing literature.

First of all, the introductory chapters 1 and 2 together form the foundation for the thesis
and have the goal of introducing the necessary concepts for the final classification. The
idea of the question can mainly be found in the original article by Kadison and Singer
([11]), although they spoke of unique pure state extensions instead of the Kadison-Singer
property, like we do. In fact, this way of defining the Kadison-Singer property as a property
of an algebra is something we added to the theory.

The second part (chapter 3) contains the first reduction step: maximality is necessary for
the Kadison-Singer property. This is also already in [II]. However, we give our own proof
of this fact.

Subsequently, chapter 4 reduces the classification even further, using the classification of
maximal abelian von Neumann algebras. This classification is based on an idea of John von
Neumann, but there are not many sources for well-written proofs. We have based ourselves
on the proof of Kadison and Ringrose in [18] and [19]. Although their ideas are exactly
those that are behind our proof, we have expanded the proof, by making clear distinctions
between the several cases.

Chapter 5 and 6 together reduce the classification to the Kadison-Singer conjecture. The
theory of ultrafilters and the Stone-Cech compactification of discrete spaces can be found
in many textbooks on topology. However, the results in chapter 6 have one clear source:
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the article by Joel Anderson ([1]). Although this article already gives a much clearer proof
of the fact that the continuous subalgebra does not have the Kadison-Singer property than
Kadison and Singer do in their article (viz. [I1]), we have clarified this even further. Our
main improvement concerns the distinction between using the universal property of the
Stone-Cech compactification for the Haar states and using the same property, but then for
the restricted Haar states. Furthermore, we have not proven all results that in fact hold for
arbitrary algebras, but have restricted ourselves to the continuous subalgebra, which gives
easier proofs in section [6.3]

In chapter 7 we complete the classification. For this, we use an article of Terence Tao
([23]). He has already simplified the works of Marcus, Spielman and Srivastava, whence we
have not concretely used their articles. However, the article contained a minor mistake in
the proof of lemma([7.20] After a short correspondence, Terence Tao improved his
argument. Subsequently, we have made an even further simplification for this proof.

Broader remarks

The Anderson operator

Throughout the main text we used several technical arguments. Most of them were to be
expected within their context. However, in chapter 6, we used the Stone-Cech
compactification of N, which is a discrete space, to say things about the continuous
subalgebra. At first sight, this seems paradoxical, but it is not really. After all, we use N in
order to enumerate the Haar functions. Therefore, it is not the discreteness of N that is
important, but its cardinality, since the continuous subalgebra acts on the separable Hilbert
space L?(0,1).

Therefore, one might think the same arguments are applicable to the discrete subalgebra.
In fact, a lot of structure described in chapter 6 can be transfered to the case of the
discrete subalgebra. This can best be described by means of the following diagram:

s Ultra(N)
—
N T S(B(£2(N))) BT’
K
7 S(¢=(N))

Here, T’ and T are defined by T7(n)(f) = f(n) and T'(n)(a) = (d,,, ad,). Furthermore,
BT’ and BT are the continuous extensions of 7" and T respectively, obtained by the
universal property of the Stone-Cech compactification. Like in chapter 6, S is the map that
assigns the principal filter to every natural number, i.e. S(n) = F,. Lastly, M* is the
pullback of the multiplication operator M : £>°(N) — B((*(N)).

This diagram is similar to the situation we had in chapter 6, where the role of T" was taken
by H and the role of 77 by H’. Now, again, M* o T = T’ and therefore M* o 3T = BT".
Therefore, the above diagram is commutative.
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It is easy to see that 7"(N) is a total set of states, whence (87")(Ultra(N)) is a total set
of states. Therefore, 9.5 (¢*°(N)) C (BT")(Ultra(N)). However, to conclude things about
the uniqueness of pure state extensions, we need some kind of injectivity of M*. However,
the above diagram gives no further information, since the set 7'(N) is not a total set of
states: there are operators a € B(¢?(N)) which have a positive diagonal part but are not
positive themselves. Therefore, we cannot conclude that all pure states on B(¢?(N)) lie in
the image of 8T.

The high point of chapter 6 was reached when we defined the Anderson operator. This
operator was defined using a bijection ¢ : N — N that had no fixed points. In fact, the
bijection that was used respected the structure of the basis formed by the Haar functions,
since it permutes groups of Haar functions whose supports are of equal length.

In the case of the discrete subalgebra, we can again consider some bijection ¢ : N — N
without fixed points and use this to construct an operator V,, like the Anderson-operator:
we set V,(6,) = 6,(n) and extend this linearly to all of #2(N). Then V,, is unitary, since it
permutes a basis and for all n € N we have T'(n)(V,,) = 0.

However, for any m € N, we have || M;, V., Ms,, || = 0, since ¢ has no fixed points. This is
in contrast to proposition We note here that we have taken §,, as a projection, which
is in fact a minimal projection. This observation becomes particularly interesting when also
noting that the main difference between the continuous and the discrete subalgebras is the
existence of minimal projections: the continuous subalgebra has none, whereas the discrete
subalgebra is even generated by its minimal projections, as we showed in chapter 4. In fact,
for any choice of ¢ above, there is a non-minimal projection p € ¢°°(N) such that
MV M || = 1.

Therefore, we are led to believe that the technique of using the Anderson operator in
chapter 6 works precisely since the continuous subalgebra has no minimal projections.

Normal states

In chapter 1, we described all states on the matrix algebra M,,(C) using density operators.
In fact, using the spectral decomposition of density operators, we saw that every state on
M, (N) was given by

w(a) =Y pivi,avy),
=1

where {v;}1_, is some orthonormal basis of C" and {p;}; C [0, 1] is such that
Yoy pi = 1. We can generalize these states to the infinite dimensional case. For any
orthonormal base {v;}22; of £2(N) and sequence {p;}3°; C [0, 1] such that >2°, p; = 1,
the functional f : B(#2(N)) — C defined by

fla) =" pilvi, avs),
=1

is a state on B(¢?(N)). Such states are called normal states (see [12]). In contrary to the
finite dimensional case, the set of normal states do not exhaust the set of all states on

B(£2(N)).
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It is clear that for any orthogonal set of projections {e;};cr we have

F\e)=> fle:)

iel el

for a normal state f. In contrast to this, singular states are states that annihilate all
one-dimensional projections, and thereby all compact operators.

An arbitrary state on B(¢?(N)) can be written as a convex combination of a normal and a
singular state (as a consequence of theorem 10.1.15(iii) in [19]). This has an interesting
consequence for the concept of pure state extensions. Namely, suppose n € N and let

fn : £°°(N) — C be given by f,(a) = a(n). Then certainly, f,, € Q(¢{*°(N)) = 9.5(¢>°(N)).
Then, suppose g € Ext(f,) is a pure state. g can be written as a convex combination of a
normal and a singular state, but it is pure, so it is either normal or singular. Since g is an
extension of f,, g is non-zero on the projection onto the span of §,,, so g is not singular.
Hence it is normal. So g(a) = >°72; pi(vi, av;) for some orthonormal basis {v;}°; and
sequence {p;}°; such that >7°, p;. Similar to the finite dimensional case, the fact that g
is pure then implies that there must be some i € N such that p; =1 and p; = 0 for all

j # 1. Therefore, g(a) = (v;, av;). However, since g € Ext(f,), we then get |(v;,d,)| = 1,
whence g = g,,, where g,,(a) := (6, ad,) for all a € B(¢£*(N)). Therefore, f, has a unique
pure state extension and since 0. Ext(f,) = Ext(f,) N 3.S(B(¢*(N))) by lemma we
know that 0. Ext(f,) = {gn}. Since Ext(f,) is a closed subset of S(B(¢?(N))) it is a
compact and convex set, so by the Krein-Milman theorem, Ext(f,) = {gn}.

Diagonal retracts

In the finite dimensional case (theorem we saw that the unique extension of a pure
state is given by its pullback under the map which takes its diagonal part. In fact, for the
infinite dimensional case, the same result holds (see corollary . Here, we generalize
this concept to so-called diagonal retracts.

For a Hilbert space H and an abelian subalgebra A C B(H) we say amap d: B(H) — A
is a diagonal retract for A if it is linear, positive and satisfies d o i = Id, where

i: A< B(H) is the inclusion.

For a diagonal retract d for A and a state f € S(A), it is then clear that f o d € Ext(f).
Formulated differently, the pullback d* : S(A) — S(B(H)), d*(f) = f od, can be
considered an extension map.

Therefore, it is natural to ask whether two different diagonal retracts give different
extension maps. More precisely, suppose d; and do are both diagonal retracts for A and
suppose A has the Kadison-Singer property. Then fod; = fods for all f € 0.5(A), so
f(di(b)) = f(da(b)) for all b€ B(H) and for all f € 9.5(A). However, 0.5(A) = Q(A)
separates points, so d;(b) = da(b) for all b € B(H). Therefore, di = da. So, if A has the
Kadison-Singer property, then it has at most one diagonal retract.

In fact, Anderson showed ([1, theorem 3.4]) that if A has the Kadison-Singer property,
then A has a diagonal retract. Therefore, if A has the Kadison-Singer property, then it has
precisely one diagonal retract.

In the original article by Kadison and Singer (|11 theorem 2]), it is shown that the
continuous subalgebra has more than one diagonal retract. This is proven using very
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technical arguments, which we find not insightful. The article of Anderson ([1]) is more
helpful and serves as the base for chapter 6 of this text.

Although we proved that the discrete subalgebra has the Kadison-Singer property in
chapter 7 and that this implies that ¢°°(N) has a unique diagonal retract, we can also
prove the latter directly. It is implied by the fact that every point-evaluation

fn € 0S(t*(N)), fn(a) = a(n)
with n € N has a unique extension, given by
9n € eS(B(L*(N))), gn(a) = (dn, adn).
Namely, if d is a diagonal retract for /°*°(N), then for any a € B(¢?(N)) and n € N we have
d(a)(n) = fu(d(a)) = (fn o d)(a) = gn(a) = (0n, adn),

and defining the map d by d(a)(n) = (6., ady,) in fact defines a diagonal retract.
Therefore, ¢>°(N) has a unique diagonal retract.
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