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1 Introduction

Spontaneous Symmetry Breaking or SSB is the phenomenon in which an equation
(or system of equations) possesses a symmetry that is not shared by some ‘preferred’
solution. For example, 22 = 1 has a symmetry « — —z, but both solutions x = +1
‘break’ this symmetry. However, the symmetry acts on the solution space {1, —1}
in the obvious way, mapping one asymmetric solution into another.

In physics, the equations in question are typically derived from a Lagrangian
L or Hamiltonian H, and instead of looking at the symmetries of the equations of
motion one may look at the symmetries of L or H. Furthermore, rather than looking
at the solutions, one focuses on the initial conditions, especially in the Hamiltonian
formalism. These initial conditions are states. Finally, in the context of SSB one is
typically interested in two kinds of ‘preferred’ solutions: ground states and thermal
equilibrium states (both of which are time-independent by definition). Thus we may
(initially) say that SSB occurs when some Hamiltonian has a symmetry that is not
shared by its ground state(s) and/or thermal equilibrium states.!

The archetypical example of SSB in classical mechanics is the potential

Vig) = —%quz + i)\z 4 (1.1)

often called the double-well potential (we assume that w ad A are real). It occurs
in the usual single-particle Hamiltonian h(p,q) = p*/2m + V(q) in d = 1. It has
two independent Z,-symmetries, namely p — —p and ¢ — —¢q. The latter is broken
by, since the ground states are wy = (p = 0,q = qo) and w; (p = 0,q = —qp), with
go = w/\. These have energy Ey = h(0, +q) = —w?/4)\2.
The same system in quantum mechanics, however, turns out to have unique
ground state! The Hamiltonian is
2
A —) (12

2m dx?

defined on an appropriate domain in H = L?(R), and its lowest energy state ¥
is real, strictly positive, and symmetric under reflection in q. According to the
WKB-approximation (which in cases like this has been rigorously justified), ¥, has
peaks above +¢qg, and exponential decay in the classically forbidden regions; e.g. for
—qo < x < 0 one has

Vam [z
|Wo(z)] ~ e F [2q0 V() —Eo. (1.3)

In particular, there is no symmetry breaking, spontaneous or otherwise.?

'Tn a more advanced stage of our discussion, we shall see that for infinite systems the definition
of the Hamiltonian is itself at stake, whereas a good notion of time-evolution survives. In that
case, symmetry of the Hamiltonian has to be replaced by symmetry of the time-evolution.

2For h — 0 this ground state converges to the convex sum %(wgr + wy ) in a suitable sense,
whose explanation requires an algebraic formalism of states and observables to be developed in
these notes. In any, case, the point is that in finite systems featuring classical SSB, a pure quantum
ground state converges to a mized classical ground state. Thus the classical limit preserves the

symmetric nature of the ground state: although neither wq nor wy is symmetric, 1 (wi +wy ) is.
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More generally, ground states of quantum-mechanical Hamiltonians of finite sys-
tems tend to be unique, and hence symmetric: for if the ground state were asymmet-
ric, the symmetry would map it into another ground state, which therefore would
be degenerate. Technically, the argument reads like this: suppose that hWy = Ey¥,
for the lowest energy Ey of h, and assume that [h, u] = 0 for some unitary operator
(implementing the symmetry in question). Then huV, = uhWy = Eyu¥,. So if ¥
is unique, then uWy = ¥, (up to a phase). A similar argument applies to equilibrium
states p : for a finite system at temperature 7' = 371, one has p = Z ' exp(—03h),
with Z = Tr (exp(—h)), so if [h,u] = 0, then upu* = p (i.e., p is symmetric).

We see that as far as SSB is concerned, there is a fundamental difference between
classical and quantum mechanics: if SSB occus classically, it tends not to occur in
the corresponding quantum theory. Nonetheless, SSB is an accepted phenomenon
in quantum field theory, where the Standard Model of elementary particle physics
would collapse without the Higgs mechanism (in which a gauge symmetry is sponta-
neously broken). Moreover, the idea that SSB occurs is almost entirely based on the
picture suggested by the underlying classical field theory (check any presentation
of SSB in high-energy physics). Similarly, SSB lies at the basis of many theories
of condensed matter physics, such as the Heisenberg theory of ferromagnetism, the
Landau theory of superfluidity, the BCS theory of superconductivity, etc.?

To resolve this, it is usually claimed that SSB, like a genuine phase transition,
can only occur in infinite systems. This is indeed the case, and one purpose of these
notes is to explain this. However, since infinite systems are idealizations of finite
ones, it is quite unsatisfactory to base so much of modern physics on an idealized
phenomenon that seems absent in the real-world case of a finite system.

3It seems to have been Pierre Curie who in 1894 introduced the idea of SSB into physics (al-
though Newton was clearly aware that the rotational symmetry of the solar system is broken by the
actual state in which all planets approximately move into the same plane). More explicitly, Heisen-
berg’s quantum-mechanical description of ferromagnetism in 1928 features a rotational symmetry
of the Hamiltonian that is broken by the ground states. as he noted. In 1937 Landau introduced
the notion of an order parameter as an essential feature of SSB, which (partly in collaboration
with Ginzburg) he applied to superfluidity and superconductivity. From the 1950s onwards, SSB
was implicit (and sometimes explicit) in many areas of condensed matter physics, with impor-
tant contributions by Landau, Bogoliubov, and others. In high-energy physics, once again it was
Heisenberg who stressed the importance of SSB, though in the unfortunate context of his flawed
unified field theory of 1958 (in which chiral symmetry is spontaneously broken).

A few years later this idea was picked up by Nambu and Jona-Lasinio, who applied SSB to
pion physics, and also systematically rewrote the BCS theory of superconductivity emphasizing
SSB. This work led Goldstone to a general study of SSB in quantum field theory, including the
theorem named after him, which was actually proved by Goldstone, Salam, and Weinberg in 1962.
A year later Anderson applied the Goldstone Theorem to condensed matter physics, explaining
that phonons in crystals, spin waves in ferromagnets and Cooper pairs in superconductivity were
examples of Goldstone bosons. In 1964 the so-called Higgs mechanism was discovered by many
people, including Higgs himself, Englert and Brout, and Guralnik, Hagen, and Kibble. In 1967
Weinberg included the Higgs mechanism in his unified model of the electroweak interaction, which
is based on a SU(2) x U(1) gauge symmetry of which a mixture of some part of SU(2) and U(1)
is spontaneously broken. The proof of renormalizibility of this model, as well as of the related
theory of the strong interactions (i.e. quantum chromodynamics, which is an SU(3) gauge theory
without SSB) by 't Hooft in 1971 (further developed by him and Veltman in 1972) launched the
Standard Model, on which all of (empirically relevant) present-day particle physics is still based.
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Thus it is also of interest to see how SSB comes into existence if one passes from
a finite system to an infinite one.* We will do this in some detail for spin systems
on a lattice, where methods based on the so-called Bethe Ansatz (dating back to
the 1930s but mainly developed by Elliott Lieb and collaborators from the 1960s
onward) allow an exact determination of the ground state of a finite system.

To see what happens in the idealized case of an infinite spin system on a lattice,
consider the example of the one-dimensional Heisenberg ferromagnet. The simplest
approach is as follows (leaving details to the main text and the exercises). With
M>5(C) denoting the 2 x 2 complex matrices), let A be the (involutive) associative
algebra generated by all elements of the form a(n), where a € My(C) and n € Z,
with relations of the type Aa(n) + pb(n) = (Aa + pb)(n), a(n)b(n) = (ab)(n),

[a(n),b(m)] = 0 (m # n), (1.4)

etc; the idea is that a(n) is the algebra of observables of a spin 1 particle at lattice
site n. Thus we may form finite linear combinations of finite products of the a(n);
physically, this means that only a finite number of sites of the lattice is observed.
We then look at some interesting representations of A. Let S = 2% be the set
of sequences (S, )nez With s, = % (so that we identify the two-element set 2 with
{+,—} or with {+1,—1}). This set S is uncountable, but it has many countable
subsets. Two interesting examples are ST and S~, where ST is defined as the set of
all sequences in S for which s, # 4 for only finitely many n. Thus we can form the
two separable Hilbert spaces H* = (?(S*) and H~ = (*(S™) in the usual way as

= {go:siw| )> \90(8)|2<00}; (15)

seS*

(e.0) = > @(s)v(s). (1.6)

s€SE

Each classical configuration s € S* defines a basis vector e, in H* by e,(t) = d;
the collection of all ey, s € ST, forms an orthonormal basis of H*.
We down define an action 7 of A on H* by extension of

T (0n (M) (s) = Y(0a(9)); (1.7)
T (oy()(s) = ispt(0a(s)); (1.8)
(0. (n)P(s) = snt(s); (1.9)
T (La(m)y(s) = ¥(s). (1.10)

4As we shall see, there is a formal analogy between the classical limit in a finite quantum
system and the thermodynamic limit in a quantum system. Roughly speaking, it turns out that
quantum ground states of large systems tend to be concentrated on all classical configurations that
correspond to minima of the classical Hamiltonian. The many-body wavefunction of the ground
state is nonzero also in between these peaks, but there it decays exponentially in N, the number
of particles. Hence for N — oo the peaks decouple, and the pure and symmetric quantum ground
state of the finite system converges to a mixed and symmetric ground state of the infinite system.
The latter, then, can be decomposed into pure ground states, each of which is asymmetric.
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This means the following. First, we extend 7% to arbitrary a(n) for a € My(C) (of
which 1, and the Pauli matrices (0., 0y, 0,) form a basis). Second, we extend 7+ to
finite products by putting

7 (a1(ny) - - - ag(ny)) = Hwi(ak(nk)), (1.11)
k=1

where all the n; are different; in that case, the order of the terms in the product on
the right-hand side does not matter because of the local commutativity condition
(1.4). Thirdly, we extend 7= to arbitrary elements of A by linearity. More or less by
construction, 7% is a representation of A, in the sense that it is linear and satisfies
7 (zy) = 7 (z)7*(y) for all 7,y € A and 7+ (2*) = 7% (2)* for all x € A. Moreover,
7 (A) is irreducible, according to either one of the following equivalent criteria:

1. If some x € B(H?*) satisfies [z, 75 (y)] = 0 for each y € A, then x is a multiple
of the unit operator (Schur’s lemma).

2. Any vector ¢ € H¥ is cyclic in that any other ¢ € H* can be approximated
by sequences of the form (7% (z})), for some sequence (z;) in A.

The point, then, is that 77 and 7~ are (unitarily) inequivalent representations of A
in the sense familiar from group theory, where we say that two representation m(A)
and m2(A) on Hilbert spaces Hy and Hj, respectively, are (unitarily) equivalent if
there is a unitary map u : H; — H, intertwining m; and 7y in the sense that
umi(a) = m(a)u for all @ € A. The proof of this claim is based on the use of
macroscopic observables. For N < oo, consider the local magnetization, defined by

mji\, =N 11 ZNWi(az(n)), (1.12)

which defines an operator on H*. For each ¢ € H*, the limit limy_,o, mi ¢ exists,’
and indeed it is easily shown to be &+ the unit operator. Now suppose there would
be a unitary operator v : H* — H~ such that ur™(a) = 7~ (a)u for all a € A. Tt
follows that umf = myu, and hence umyp = myup for each ¢ € HT. Taking
N — oo then yields up = —up, a contradiction. Hence such a u cannot exist.

The existence of inequivalent representations of the algebra of observables turns
out to be the key to SSB. As we saw, the impossibility of SSB in a finite system was a
consequence of the uniqueness of the ground state (or thermal equilibrium state) and
the realization of the symmetry in question by a unitary operator on the Hilbert
space containing this ground state. What happens in an infinite system is that
the algebra of observables has a family of inequivalent irreducible (or ‘thermal’)
representations, each containing a ground state but not a unitary realization of
the symmetry, Instead, the symmetry maps some Hilbert space carrying such a
representation into another one, carrying an inequivalent one. This begs the question
of what is actually meant by a symmetry in quantum theory. We will answer this
question, and others, in these notes, but only after having introduced an appropriate
mathematical framework, which unifies classical and quantum mechanics. Enjoy!

5For experts: the limit does not exist in the operator norm.
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2 Hilbert spaces

For this course it is necessary to know Hilbert space theory at the strictly mathe-
matical level of von Neumann’s book [29] (instead of the heuristic level of Dirac’s
book [8]).% For details (especially proofs) see also [12, 16, 22|, [32]—[35], [49, 50, 51].

The concept of a Hilbert space is seemingly technical and special. It may there-
fore come as a surprise that Hilbert spaces play a central role in many areas of math-
ematics, notably in analysis, but also including geometry, group theory, stochastics,
and even number theory. But first and foremost (at least for us), Hilbert spaces
provide the mathematical formalism of quantum mechanics, as first suggested by
John von Neumann almost immediately after the discovery of the basic physical
principles of quantum mechanics by Heisenberg, Schrodinger, Born, Dirac, and oth-
ers.” Indeed, the definition of a Hilbert space was first given by von Neumann in
1927 precisely for the latter purpose, but he would not have been able to do so
without the preparatory work by Hilbert and his school, which produced numerous
constructions now regarded as examples of the abstract notion of a Hilbert space.®

It is quite remarkable how a particular development within pure mathematics
crossed one in theoretical physics in this way; this crossing is reminiscent to the
one leading to Newton’s development of the Calculus in 1666. Today, the most
spectacular new application of Hilbert space theory is given by Noncommutative
Geometry [7], where the motivation from pure mathematics is merged with the
physical input from quantum mechanics. Consequently, this is an important field of
research in pure mathematics as well as in mathematical physics.

6Dirac never talked about Hilbert space and did not define what his linear spaces precisely were.
As to his notation, his vectors [¢) are simply called ¢ here. Dirac’s inner product {(ple) is our
(¢,1), with the same properties of being linear in the second variable and antilinear in the first.
If a is an operator, Dirac wrote {p|a|i) for our (¢, a). Dirac denoted complex conjugation by a
%, so that his (¢p[t))* is the same as our (y,), and adjoints by a dagger, so that his a' is our a*.
If H = L2(R) (see below) and ¢ € H, Dirac wrote (z[1) for ¢(z), and, confusingly, (p|t) for ¢(p)
(i.e., the Fourier transform of ). Dirac’s expressions |z) and |p) are not vectors in some Hilbert
space, but so-called distributions, i.e. continuous linear functionals defined on some dense subspace
of L?(R) equipped with a topology different from the topology defined by the inner product.

"In 1925 Heisenberg discovered a form of quantum mechanics that at the time was called‘matrix
mechanics’: when Heisenberg showed his work to his boss Born, a physicist who as a former assis-
tant to Hilbert was well versed in mathematics, Born saw, after a sleepless night, that Heisenberg’s
multiplication rule was the same as the one known for matrices, but now of infinite size. Indepen-
dently, in 1926 Schrodinger was led to a formulation of quantum theory called ‘wave mechanics’.
Whereas Heisenberg attempted to eliminate electronic orbits from atomic theory, Schrodinger
based his work on de Broglie’s idea that in quantum theory a wave should be associated to each
particle. Thus in 1926 one had two alternative formulations of quantum mechanics, which looked
completely different, but each of which could explain certain atomic phenomena. With hindsight,
Heisenberg had a theory of quantum-mechanical observables, whereas Schrodinger had a model of
quantum-mechanical states. Following heuristic ideas of Dirac, Pauli, and Schrédinger, it was von
Neumann who, at the age of 23, recognized the mathematical structure of quantum mechanics.

8Hilbert’s work formed part of the emergence of functional analysis, an area of mathematics that
arose between approximately 1880-1930. Functional analysis is almost indistinguishable from what
is sometimes called ‘abstract analysis’ or ‘modern analysis,” which marked a break with classical
analysis. The latter involves, roughly speaking, the study of properties of a single function, whereas
the former deals with sets of functions, organized into a vector space.
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2.1 Inner product, norm, and metric

The following definitions are basic to all of functional analysis. Note that the concept
of a metric applies to any set (i.e., not necessarily to a vector space).

Definition 2.1 Let V' be a vector space over C.

1. An inner product on V is a map V x V. — C, written as (f,g9) — (f,9),
satisfying, for all f,g,h eV, t e C:

(a) (f,f) € RT :=1[0,00) (positivity);
(symmetry);

(b) (9,1)=(f.9)

(c) (f,tg) =1t(f,g) (linearity 1);

(d) (f,g+h)=(f,q9) + (f,h) (linearity 2);
(e) (f,f)=0= f=0 (positive definiteness).

2. Anorm onV is a function ||-|| : V' — R" such that for all f,g,h €V, t € C:

(a) IIf + gl < IIfIl+ llgll (triangle inequality);

(0) [ILfIl = [t 1l (homogeneity);
(c) |fll =0= f =0 (positive definiteness).

3. A metric on V is a function d : V x V. — R satisfying, for all f,g,h € V:
(a) d(f,g) < d(f,h)+d(h,g) (triangle inequality);

(b) d(f,g9) = d(g, f) for all f,g €V (symmetry);
(c) d(f,g9) =0 < f =g (definiteness).

These structures are related in the following way:

Proposition 2.2 1. An inner product on V defines a norm on V' by
11 = V(s f)- (2.1)

2. This norm satisfies the Cauchy—Schwarz inequality

(£ 9)l < [ £l (2:2)
3. A norm || - || on a complex vector space comes from an inner product iff
1f + gl + 11 = all* = 2(ILF11* + 1lg11*), (2.3)

in which case
(f.9) =2+ 9> = f = gl* + il f —igll* =il f +igl]?). (2.4)

4. A norm on'V defines a metric on V' through d(f,g) = ||f — gl



2 HILBERT SPACES 8

2.2 Completeness

Many concepts of importance for Hilbert spaces are associated with the metric rather
than with the underlying inner product or norm. The main example is convergence:

Definition 2.3 1. Let (z,) := {Zn}nen be a sequence in a metric space (V,d).
We say that x, — x for some v € V when lim,,_., d(z,,z) = 0, or, more
precisely: for any € > 0 there is N € N such that d(z,,x) < e for alln > N.

In a normed space, hence in particular in a space with inner product, this
therefore means that x,, — x if lim, . ||z, — x| = 0.

2. A sequence (x,,) in (V,d) is called a Cauchy sequence when d(z,, ;) — 0
when n,m — o0o; more precisely: for any € > 0 there is N € N such that
d(xp, xm) < e for alln,m > N.

In a normed space, this means that (x,) is Cauchy when ||x, — x| — 0 for
n,m — 00, in other words, if limy, ;oo || Tn — Tm|| = 0.

Clearly, a convergent sequence is Cauchy: from the triangle inequality and symmetry
one has d(x,, x,,) < d(zp, )+ d(x;,, x), so for given € > 0 there is N € N such that
d(x,,x) < €/2, etcetera. However, the converse statement does not hold in general,
as is clear from the example of the metric space (0, 1) with metric d(z,y) = |z — y|:
the sequence =, = 1/n does not converge in (0,1). In this case one can simply
extend the given space to [0, 1], in which every Cauchy sequence does converge.

Definition 2.4 A metric space (V,d) is called complete when every Cauchy se-
quence in V' converges (i.e., to an element of V).

e A vector space with norm that is complete in the associated metric is called a
Banach space. In other words: a vector space B with norm || -|| is a Banach
space when every sequence (x,) such that im,, ,, oo ||Tn — 2 || = 0 has a limit
x € B in the sense that lim, . ||z, — z|| = 0.

o A wector space with inner product that is complete in the associated metric is
called a Hilbert space. In other words: a vector space H with inner product
(,) is a Hilbert space when it is a Banach space in the norm ||z|| = /(z,x).

A subspace of a Hilbert space may or may not be closed. A closed subspace
K C H of a Hilbert space H is by definition complete in the given norm on H (i.e.
any Cauchy sequence in K converges to an element of K). This implies that a
closed subspace K of a Hilbert space H is itself a Hilbert space if one restricts the
inner product from H to K. If K is not closed already, we define its closure K as
the smallest closed subspace of H containing K'; once again, this is a Hilbert space.

9Since H is a Hilbert space we know that the sequence has a limit in H, but this may not lie in
K even when all elements of the sequence do. This is possible precisely when K fails to be closed.
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2.3 Geometry of Hilbert space

The vector spaces C" from linear algebra are Hilbert spaces in the usual inner prod-
uct (z,w) = > 7, Zrwy. Indeed, a finite-dimensional vector space is automatically
complete in any possible norm. More generally, Hilbert spaces are the vector spaces
whose geometry is closest to that of C", because the inner product yields a notion
of orthogonality: we say that two vectors f,g € H are orthogonal, written f L g,
when (f,g) = 0.1° Similary, two subspaces'* K € H and L C H are said to be
orthogonal (K L L) when (f,g) = 0 for all f € K and all ¢ € L. A vector f is
called orthogonal to a subspace K, written f 1 K, when (f,g) = 0 for all g € K,
etc. We define the orthogonal complement K= of a subspace K C H as

Kt:={feH|f LK} (2.5)

This set is linear, so that the map K — K=, called orthocomplementation, is an
operation from subspaces of H to subspaces of H. Clearly, H* = 0 and 0+ = H.
Closure is an analytic concept, related to convergence of sequences. Orthogo-
nality is a geometric concept. However, both are derived from the inner product.
Hence one may expect connections relating analysis and geometry on Hilbert space.

Proposition 2.5 Let K C H be a subspace of a Hilbert space.

1. The subspace K+ is closed, with
Kt =K =KL (2.6)

2. One has B
K+ = (KH)t = K. (2.7)

3. Hence for closed subspaces K one has K+ = K.

Definition 2.6 An orthonormal basis (0.n.b.) in a Hilbert space is a set (ey)
of vectors satisfying (eg, ;) = 9 and being such that any v € H can be written as
v=">, vgey for some vy € C, in that imy_. ||v — Zivzl vgeg|| = 0.

If v =", vkey, then, as in linear algebra, v, = (ex,v), and Y, |vg|* = ||v]|?. This is
called Parseval’s equality; it is a generalization of Pythagoras’s Theorem.

Once more like in linear algebra, all o.n.b. have the same cardinality, which de-
fines the dimension of H. We call an infinite-dimensional Hilbert space separable
when it has a countable o.n.b. Dimension is a very strong invariant: running ahead
of the appropriate definition of isomorphism of Hilbert spaces in §2.4, we have

Theorem 2.7 Two Hilbert spaces are isomorphic iff they have the same dimension.

0By definition of the norm, if f L g one has Pythagoras’ theorem ||f + g|* = || f]|*> + |lgl|*.
A subspace of a vector space is by definition a linear subspace.
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2.4 The Hilbert spaces (>

We say that H; and H, are isomorphic as Hilbert space when there exists an
invertible linear map u : H; — Hy that preserves the inner product, in that
(uf,ug)m, = (f,9)m, for all f,g € Hy; this clearly implies that also the inverse
of u preserves the inner product. Such a map is called unitary.

To prove Theorem 2.7, we first introduce a Hilbert spaces £2(S) for any set S (in
the proof, S will be a set labeling some o.n.b., like S = N in the countable case).

e If S is finite, then ¢*(S) = {f : S — C} with inner product
(f.9)=>_ f(s)g(s). (2.8)

SES

The functions (ds)ses, defined by 0,(t) = 0, t € S, clearly form an o.n.b. of ¢3(S5).
Now let H be an n-dimensional Hilbert space; a case in point is H = C".
By definition, H has an o.n.b. (¢;)" ;. Take S = n = {1,2,...,n}. The map
u : H — (?(n), given by linear extension of ue; = ¢; is unitary and provides an
isomorphism H = ¢*(n). Hence all n-dimensional Hilbert space are isomorphic.

e If S is countable, then ¢*(S) = {f : S — C | ||f]]2 < oo}, with

1/2
£l = (Z !f(s)|2> , (2.9)

sES

with inner product given by (2.8); this is finite for f,g € £*(S) by the Cauchy—
Schwarz inequality. Once again, the functions (J;)ses form an o.n.b. of ¢2(S), and
the same argument shows that all separable Hilbert space are isomorphic to ¢*(N)
and hence to each other. A typical example is (?(Z).

e If S is uncountable, then ¢2(S) is defined as in the countable case, where the
sum in (2.9) is now defined as the supremum of the same expression evaluated
on each finite subset of S. Similarly, the sum in (2.8) is defined by first
decomposing f = f1— fo+i(fs— f4) with f; > 0, and g likewise; this decomposes

(f,g) as a linear combination of 16 non-negative terms (f;, g;), each of which
is defined as the supremum over finite subsets of S, as for || f||z.

The previous construction of an o.n.b. of £2(S) still applies verbatim, as does the
proof that any Hilbert space of given cardinality is isomorphic to £2(S) for some S
of the same cardinality. In sum, we have proved (von Neumann’s) Theorem 2.7.
Let us note that for infinite sets S we may regard ¢?(S) as the closure in the
norm (2.9) of the (incomplete) space £.(S) of functions that are nonzero at finitely
many s € S; this means that for any f € ¢(S) there is a sequence (f,,) in £.(S) such
that lim, . || f» — f|l2 = 0. In what follows, we also encounter the Banach space

2(5) = {f:5=>Cl|flle <00k (2.10)
I£lloe+= " sup{lf(s)I}, (2.11)
which is evidently the closure of £.(S) in the supremum-norm || - ||, in that for

any f € (>°(S) there is a sequence (f,,) in £.(S) such that lim,, . || fn — f]lec = 0.
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2.5 The Hilbert spaces L?

A more complicated example of a Hilbert space is L?(R"), familiar from quantum
mechanics. which can be defined either directly through measure theory (see §2.6), or
indirectly, as a completion of C.(R"), the vector space of complex-valued continuous
functions on R™ with compact support.!? Two natural norms on C,(R") are:

Il = sup{l7)lo € B), (2.12)
1/2
e = ([ aelreor) (213

The first norm is called the supremum-norm or sup-norm; see §2.7. The second
norm is called the L2-norm. It is, of course, derived from the inner product

(9) = [ @« Tgla). (214)

Now, C.(R") fails to be complete in either norm || - ||oc or || - [|2-

e The completion of C,.(R") in the norm || - ||« turns out to be Cp(R™).*?

e The completion of C.(R") in the norm || - || is L?(R"), defined in two steps.

Definition 2.8 The space L?(R™) consists of all functions f : R — C for which
there exists a Cauchy sequence (f,,) in C.(R™) with respect to ||-||2 such that f,(x) —
f(x) for all v € R"\N, where N C R™ is a set of (Lebesque) measure zero.*

We can extend the inner product on C.(R") to L2(R") by (f,9) = lim,, oo (fn, gn),
where (f,,) and (g,) are Cauchy sequences in £*(R™) w.r.t. the L?>-norm. However,
this sesquilinear form fails to be positive definite (take a function f on R™ that is
nonzero in finitely—or even countably—many points). To resolve this, introduce

L*(R™) := L*(R") /N, (2.15)
where
N = {f e L2R") | || fll2 = 0}. (2.16)

Using measure theory, it can be shown that f € N iff f(x) = 0 for all x € R™\ N,
where N C R"™ is some set of measure zero. If f is continuous, this implies that
f(x) =0 for all x € R™. Tt is clear that || - ||» descends to a norm on L?*(R™) by

11l = 11 £1l2, (2.17)

where [f] is the equivalence class of f € £L2(R") in the quotient space. However, we
normally work with £2(R") and regard elements of L?(R") as functions instead of
equivalence classes thereof. So in what follows we should often write [f] € L*(R")
instead of f € L*(R™), which really means f € £*(R"), but who cares . ..

12The support of a function is defined as the smallest closed set outside which it vanishes.

13This is the space of all continuous functions f : R® — C that vanish at infinity in the sense
that for each € > 0 there is a compact subset K C R" such that |f(z)| < € for all = outside K.

1A subset N C R" has measure zero if for any ¢ > 0 there exists a covering of N by an at
most countable set (I,,) of intervals for which ) |I,| < €, where )" |I,| is the sum of the volumes
of the I,,. (Here an interval in R™ is a set of the form []}_,[ax,bi]). For example, any countable
subset of R™ has measure zero, but there are many, many others.
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2.6 Measure theory and Hilbert space

The construction of L?(R™) may be generalized to Hilbert spaces L?(X, i) defined for
arbitrary locally compact Hausdorff spaces X; the concept of a measure p underlying
this generalization is very important also for (commutative) C*-algebras.

Let P(X) be the power set of X i.e., the set of all subsets of X, and denote
the topology of X (i.e., the set of open subsets of X) by O(X). A o-algebra on
X is a subset ¥ of P(X) such that U,A, € ¥ and N, A, € ¥ whenever A, € X,
n € N. Note that O(X) is generally not a o-algebra on X; it is closed under taking
arbitrary unions (fine), but under finite intersections only. Let B(X) be the smallest
o-algebra on X containing O(X); elements of B(X) are called Borel sets in X.

Definition 2.9 A (Radon) measure on X is a map p: B(X) — [0, 00] satisfying:
1 w(UpAy) =3 u(A,) whenever A, € B(X), ne N, A;NA; =0 foralli # j;
2. n(K) < oo for each compact subset K of X;
3. (A) =sup{u(K), K C A, K compact} for each A € B(X).

An integral on C.(X) is a (complex) linear map [, : Co(X) — C such that [, f
is in RT whenever f(x) € R for all x € X (in which case we say f >0).

The Riesz—Markov Theorem states that these concepts are equivalent:
Theorem 2.10 There is a bijective correspondence between integrals and measures:

o A measure i on X defines an integral [, dp on Co(X), given on f >0 by

/dﬂf: sup{/ dug|0<g<fg simple}, (2.18)
X X

where a simple function is a finite linear combination of characteristic func-
tions xx, K C X compact, and if g =3, Nixk,, then [ dug =3, Np(K;).

o An integral fX on C.(X) defines a measure pn on X, given on compact K by
M(K)Zinf{/f\feCc(X%xKngl}. (2.19)
X

For any p > 0, we define LP(X, 1) as the space of Borel functions'® on X for which

1/p
wm:QAwu@ < oo, (2.20)

where the integral is defined & la (2.18). The map || - ||, : £7(X, ) — RT has a p-
independent null space N, with associated Banach space LP(X, ) := LP(X, u)/N.
For p = 2, the Banach space L*(X, i) is actually a Hilbert space with inner product

mm:Lmﬁszmﬁmm, (2.21)

where similarly ambiguous notation has been used as for L?(R™) (cf. the end of §2.5).

5Here f : X — C is Borel when f;'((s,t)) € B(X) for each 0 < s < t, i = 1,2,3,4, where

K2

f=fi— fa+i(fs — fa) is the unique decomposition with f; > 0 (e.g., fi(z) = max{Re((f(z)),0}).
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2.7 Operators on Hilbert space

An operator a : Hy — Hs between two Hilbert space is simply a linear map (i.e.,
a(Av + pw) = Aa(v) + pa(w) for all A\, p € C and v,w € Hy). We write av for
a(v). Taking Hy = Hy = H, an operator a : H — H is just called an operator
on H. Taking Hy = H and Hy = C, we obtain a functional on H. For example,
any f € H yields a functional ¢ : H — C by ¢(g) = (f,g). By Cauchy—-Schwarz,
le(g)] < Cllg|| with C = ||f]|]. Conversely, the Riesz—Fischer Theorem states
that if some ¢ satisfies this bound, then it is of the above form, for a unique f € H.

As in real analysis, where one deals with functions f : R — R, it turns out to
be useful to single out functions with good properties, notably continuity. So what
does one mean by a ‘continuous’ operator a : H; — H,? One answer come from
topology: the inner product on a Hilbert space defines a norm, the norm defines a
metric, and finally the metric defines a topology, so one may use the usual definition
of a continuous function f : X — Y between two topological spaces. We use an
equivalent definition, in which continuity is replaced by boundedness:

Definition 2.11 a : H; — Hy be an operator. Define ||a|| € RT U {oc} by
lall == sup {{|av||s,, v € Hy, [0l = 1}, (2.22)
where ||v||g, = v/ (v, V), etc. We say that a is bounded when ||a|| < oo, in which

case the number ||a|| is called the norm of a.
If a is bounded, then it is immediate that
lav|la, < llall [|v]lm (2.23)
for all v € Hy. This inequality is very important. For example, it implies that
labll < llall[l6]l, (2.24)

where a : H — H and b: H — H are any two bounded operators, and ab := a o b,
so that (ab)(v) := a(bv). Eq. (2.23) also implies the easy half of:

Proposition 2.12 An operator on a Hilbert space H is bounded iff it is continuous
in the sense that f, — f implies af, — af for all convergent sequences (f,,) in H.

When H is finite-dimensional, any operator on H is bounded (and may be rep-
resented by a matrix). For an infinite-dimensional example, take H = ¢*(S) and
a € £*(S), for some set S. It is an exercise to show that if f € (*(S), then
af € (*(S). Hence we may define a multiplication operator a : ((S) — (?(S) by

a(f) = af, (2.25)
that is, (af)(x) = a(z)f(x). This operator is bounded, with
lall = llafloo- (2.26)

Similarly, take H = L*(R") and a € Cy(R™). Once again, (2.25) defines a bounded
multiplication operator a : L*(R") — L?(R"), satisfying (2.26).

More generally, for locally compact X, a function a € Cy(X) defines a multi-
plication operator @ on H = L?(X, u) satisfying ||a|| < ||al|s, With equality iff the
support of the measure p is X (i.e., every open subset of X has positive measure).
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2.8 The adjoint

Let a : H — H be a bounded operator. The inner product on H gives rise to a map
a — a*, which is familiar from linear algebra: if a is a matrix (a;;) w.r.t. some o.n.b.,
then a* = (a;;). In general, the adjoint a* is uniquely defined by the property*®

(a"f,9) = (f,ag) forall f,g € H. (2.27)
Note that a ~ a* is anti-linear: one has (Aa)* = Aa for A € C. Also, one has

la*ll = lall; (2.28)
laal = {lall*. (2.29)

The adjoint allows one to define the following basic classes of bounded operators:
1. n: H — H is normal when n*n = nn*.
2. a: H — H is self-adjoint when a* = a (hence a is normal).

a: H — H is positive, written a > 0, when (f,af) > 0 for all f € H.

- W

p: H — H is a projection when p? = p* = p (hence p is positive).

ot

uw: H — H is unitary when u*u = uu* =1 (hence u is normal).

6. v: H — H is an isometry when v*v = 1, and a partial isometry when v*v
is a projection (in which case vv* is automatically a projection, too).

Proposition 2.13 1. An operator a is self-adjoint a iff (f,af) € R forall f € H
(and hence positive operators are automatically self-adjoint).

2. There is a bijective correspondence p < K between projections p on H and
closed subspaces K of H: given p, put K := pH, and given K C H, define p
on f e H bypf=> (e, f)e, where (e;) is an arbitrary o.n.b. of K.

3. An operator u is unitary iff it is invertible (with u™' = u*) and preserves the
inner product, i.e., (uf,ug) = (f,q) for all f,g € H.

4. An operator v is a partial isometry iff v is unitary from (kerv)* to ran(v).
5. An operator v is an isometry iff (vf,vg) = (f,g) for all f,g € H.

Similar definitions apply to (bounded) operators between different Hilbert spaces:
e.g., the adjoint a* : Hy — H; of a : Hy — Hj satisfies (a*f,9)n, = (f,ag)n, for
all f € Hy,g € Hy, and unitarity of u : H; — Hy means u*u = 1y, and uu* = 1p,;
equivalently, u is invertible and (uf,ug)y, = (f,g)n, for all f,g € Hy (cf. §2.4).

16To prove existence of a*, the Riesz-Fischer Theorem is needed. For fixed @ : H — H and
f € H, one defines a functional ¢ : H — C by ¢%(g) := (f,ag). By Cauchy-Schwarz and (2.23),
one has |(g)] = |(f,ag)l < [|fllllagll < [F[lallllgll, so ll¢¢ll < [fllla]l. Hence there exists a
unique h € H such that ¢$(g) = (h, g) for all g € H. Now, for given a the association f — h is
clearly linear, so that we may define a* : H — H by a*f := h; eq. (2.27) then trivially follows.
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2.9 Spectral theory

The spectrum of an operator a generalizes the range of a (complex-valued) function,
and is its only invariant under unitary transformations a — u*au. To get started, we
first restate the spectral theorem of linear algebra. In preparation, we call a family
(p;) of projections on a Hilbert space H mutually orthogonal if p,H 1 p;H for
i # j; this is the case iff p;p; = §;;p;. Such a family is called complete if > . p;f = f
for all f € H; of course, if dim(H) < oo, this simply means ) . p; = 1.

Proposition 2.14 Let a : C* — C" be a self-adjoint operator on C" (i.e., an
hermitian matrixz). There exists a complete family (p;) of mutually orthogonal pro-
jections so that a =), \ip;, where \; are the eigenvalues of a. Consequently, p; is
the projection onto the eigenspace of a in H with eigenvalue N\;, and the dimension
of the subspace p; H is equal to the multiplicity of the eigenvalue X;.

This is no longer true for self-adjoint operators on infinite-dimensional Hilbert
spaces. For example, if a € Cy(R,R), then the associated multiplication opera-
tor @ on L?(R) has no eigenvectors at alll However, is has approzvimate eigenvectors,
in the following sense: for fixed zy € R, take f,(z) := (n/m)"/4e "#=%0)*/2 5o that
fn € L*(R) with ||f.|| = 1. The sequence f, has no limit in L?(R).}” Nonetheless,
an elementary computation shows that lim, ... |[(& — \) f,.|| = 0 for A = a(x), so
that the f, form approximate eigenvectors of a with ‘eigenvalue’ a(xy).

Definition 2.15 Let a : H — H be a normal operator. The spectrum o(a)
consists of all X\ € C for which there exists a sequence (f,,) in H with ||f,| =1 and

T [|(@ = X1, =0. (2.30)

1. If X is an eigenvalue of a, in that af = \f for some f € H with || f|| = 1, then
we say that A € o(a) lies in the discrete spectrum o,4(a) of a.

2. If X € o(a) but A ¢ o4(a), it lies in the continuous spectrum o.(a) of a.
3. Thus o(a) = o4(a)Uo.(a) is the union of the discrete and the continuous part.

Indeed, in the first case (2.30) clearly holds for the constant sequence f, = f (for
all n), whereas in the second case A\ by definition has no associated eigenvector.

If a acts on a finite-dimensional Hilbert space, then o(a) = o4(a) consists of
the eigenvalues of a. On the other hand, in the above example of a multiplication
operator a on L?(R) we have o(a) = o.(a). Our little computation shows that o.(a)
contains the range ran(a) of the function a € Cy(R), and it can be shown that
o(a) = ran(a)~ (i.e., the topological closure of the range of a : R — R as a subset
of R). In general, the spectrum may have both a discrete and a continuous part.!®

17Tt converges to Dirac’s delta function §(x — z0) in a ‘weak’ sense, viz. lim,, . (fn,9) = g(z0)
for each fixed g € C2°(R), but the ¢ ‘function’ is not an element of L?(R) (it is a distribution).

18Tf g is the Hamiltonian of a quantum-mechanical system, the eigenvectors corresponding to
the discrete spectrum are bound states, whereas those related to the continuous spectrum form
wavepackets defining scattering states. Just think of the hydrogen atom. It should be mentioned
that such Hamiltonians are typically unbounded operators; see §2.12 below.
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2.10 Compact operators

Even if H is infinite-dimensional, there is a class of operators whose spectrum is
discrete. First, a finite-rank operator is an operator with finite-dimensional range.
Using Dirac’s notation, for f, g € H we write | f)(g| for the operator h +— (g,h)f. An
important special case is ¢ = f with || f|| = 1, so that |f){f| is the one-dimensional
projection onto the subspace spanned by f. More generally, if (e;) is an o.n.b.
of some finite-dimensional subspace K, then ), |e;)(e;| is the projection onto K.
Clearly, any finite linear combination ) . |fi)(g:| is finite-rank, and vice versa.

Definition 2.16 A bounded operator Hilbert space is called compact iff it is the
norm-limit of a sequence of finite-rank operators.

Note that multiplication operators of the type a on L*(R"™) for 0 # a € Cy(R") are
never compact. On the other hand, typical examples of compact operators on L*(R")
are integral operators of the kind af(z) = [d"y K(z,y)f(y) with K € L?(R*").

Theorem 2.17 Let a be a self-adjoint compact operator on a Hilbert space H. Then
the spectrum o(a) is discrete. All nonzero eigenvalues have finite multiplicity, so
that only X\ = 0 may have infinite multiplicity (if it occurs), and in addition 0 is
the only possible accumulation point of o(a) = o4(a). If p; is the projection onto
the eigenspace corresponding to eigenvalue X;, then a = >, \;p;, where the sum
converges strongly, i.e., in the sense that af =Y, \ip;f for each fized f € H.

The compact operators are closed under multiplication and taking adjoints, so that,
in particular, a*a is compact whenever a is. Hence Theorem 2.17 applies to a*a.
Note that a*a is self-adjoint and that its eigenvalues are automatically non-negative.

Definition 2.18 We say that a compact operator a : H — H is trace-class if the
trace-norm |jally 1= >, /i is finite, where the p, are the eigenvalues of a*a.

Theorem 2.19 Suppose a is trace-class. Then the trace of a, defined by

Tr(a) := Z(ei, ae;), (2.31)
is absolutely convergent and independent of the orthonormal basis (e;). In particular,
if a = a* with eigenvalues (X;), then Tra =Y. \;. Furthermore:

1. If b is bounded and a is trace-class, then ab and ba are trace-class, with
Tr (ab) = Tr (ba). (2.32)

2. If u is unitary and a is trace-class, then uau™*

Tr (vau™") = Tr (a). (2.33)

18 trace-class, with

The following notion plays a fundamental role in quantum mechanics; cf. §2.11.

Definition 2.20 A trace-class operator p : H — H s called a density matrix if p
is positive and Tr (p) =1 (and hence ||p||; = 1). Equivalently, p is a density matriz
if p=">_, \ipi (strongly) with dim(p;) < oo for alli, 0 <X, <1, and Y, \; = 1.
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2.11 Quantum mechanics and Hilbert space

We are now ready to state the mathematical model of quantum mechanics introduced
by von Neumann in 1932 [29], and used at least in mathematical physics ever since. It
is based on the general idea that physical theories are given in terms of observables
and states, along with a pairing that maps a given observable a and a given state
p into a real number < p,a >. This number may be interpreted as the expectation
value of a given p (what that means should be discussed in a course on foundations!).

1. The states of a given quantum system are represented by the density matrices
p on some Hilbert space H associated to the system.

2. The observables of this system are given as self-adjoint operators a : H — H.
3. The pairing map is given by < p,a >= Tr (pa).

To see that < p,a > is real, use Definition 2.1.1.(b), (2.32), a* = a, and p* = p.
This model should be contrasted with the corresponding classical version:

1. The states of a given classical system are represented by the probability mea-
sures p on some phase space M associated to the system (i.e., (M) = 1).

2. The observables of this system are bounded Borel functions f : M — R.
3. The pairing map is given by < u, f >= [, du f (cf. §2.6).

In both cases one has the notion of pure versus mized states. In physics, a pure
state gives maximal information about a system, whereas a mixed state displays a
certain amount of ignorance. A precise mathematical definition based on convexity
will be given in §3.3 below; for the moment, we note that:

e In classical physics pure states are identified with points z of the phase space
M, which in the above setting should in turn be identified with the corre-
sponding Dirac measures p = d,, given by < 0., f >= f(x).

e In quantum mechanics, pure states are often erroneously identified with unit
vectors ¥ in H, but in fact they are the corresponding one-dimensional pro-
jections |¥)(W|, seen as density matrices (these are ¥ “up to a phase”).

Perhaps confusingly, such projections may also be regarded as two-valued observ-
ables, in that ps = |P)(®P| corresponds to the yes-no question “is the state of the
system ®7” The expectation value of this observable in a state py = |¥) (V] is

Tr (pupe) = (¥, @)%, (2.34)

which is lies in [0, 1] and is called the transition probability between ¥ and .

If we assume for simplicity that an observable a is compact (which is always the
case if H = C"), then by Theorem 2.17 we have a = ). \;|®;)(®P;| for some o.n.b.
(®;) of H. Assuming each eigenvalue \; to be simple, the question “is the state of
the system ®7” then operationally amounts to asking “when a is measured, is its
value found to be equal to A;?”. In a pure state py, according to (2.34) the answer
“yes” then obtains with probability |(¥, ®;)|?, called the Born probability.
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2.12 Unbounded operators

But what about the typical operators in quantum theory, like the position operator
2 on L*(R) (and similarly the triple (2!, 22, %) on L?(R%)), the momentum operator
p = —ihd/dx on L*(R) (etc.), and the Schrodinger Hamiltonian i = —%A + V7
These will not play a big role in these notes, but it is good to know that they are
discontinuous or unbounded operators. Such ‘operators’ are not initially defined
on the entire Hilbert space H in question, but merely on some dense subspace D C H
of it, which is not complete in the norm of H. For example, each of the above
expressions makes sense on the smooth functions with compact support C2°(R")
(for appropriate n), or on the Schwartz space S(R™) of rapidly decreasing smooth
functions on R™. Of course, one may initially also define a bounded operator on such
dense subspaces. The fundamental difference between bounded and unbounded
operators then becomes clear if one computes the supremum in (2.22), restricting
to v € D in order for the numbers ||av|| g on the right-hand side to make sense:

e For a bounded operator a : D — H (i.e., the restriction of a : H — H to D),
the supremum sup {||av||g, v € D, ||v||g = 1} is finite and equal to [ja| as
defined in (2.22). The original operator a : H — H may then be recovered
from its restriction a : D — H by continuity, in the sense that af = lim,, af,
for f € H and any sequence (f,,) in D converging to f (cf. Prop. 2.12).

e For an unbounded operator a : D — H, sup{||av||g, v € D, ||v||g = 1} = 0.
It is possible to define the adjoint a* of an unbounded operator a, and ask if a* = a.
Definition 2.21

1. The adjoint a* : D(a*) — H of an unbounded operator a : D(a) — H has
domain D(a*) consisting of all f € H for which the functional g — (f,ag) is
bounded. By Riesz—F'ischer, it follows that (f,ag) = (h, g) for a vector h € H
uniquely defined by f and a. Writing a*f := h, we have (a*f,g) = (f,ag).

2. The operator a is called self-adjoint," denoted a* = a, when D(a*) = D(a)
and a*f = af for all f € D(a).

The operators mentioned above are not self-adjoint. Similarly, if a € C'(R™) defines
a multiplication operator a with D(a) = C°(R"), then the domain of the adjoint
is easily checked to be D(a*) = {f € L*(R") | af € L*(R")}, which is bigger than
C>(R™). This suggests that it would have been better to define a on the larger
domain D(a) = {f € L*(R") | af € L*(R™)}, which leads to the same expression
for D(a*). So in that case D(a*) = D(a), and if also a is real-valued, then a = a*.

More generally, suppose a : D(a) — H satisfies D(a) C D(a*) and (af,g) =
(f,ag) for all f,g € D(a). Can we find a self-adjoint operator a : D(a) — H such
that D(a) C D(a) and af = af for all f € D(a)? And if so, is this self-adjoint
extension of a unique? If both answers are yes, then a is called essentially self-
adjoint. This holds iff a** = a*, in which case the desired self-adjoint extension of
a is simply its adjoint a*. Indeed, this describes the example of a just given.

191f g is self-adjoint, then (af,g) = (f,ag) for all f,g € D(a). If just this equality holds, in other
words, if D(a) C D(a*) and a*f = af for all f € D(a), then a is called symmetric.
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2.13 Stone’s Theorem

Stone’s Theorem provides a mathematical interpretation of the time-dependent
Schrodinger equation, also explaining the role of self-adjointness. To state the the-
orem, we need to define the notion of time-evolution on a Hilbert space. We moti-
vate this definition by noting that physicists solve the time-dependent Schrodinger
equation with initial value 1(0) = ¢ by ¥(t) = u(t)y, where u(t) = exp(—ith/h).
Heuristic reasoning then leads to the properties of u in the following definition.2’

Definition 2.22 A time-evolution on H is a map t — u(t) associating a unitary
operator u(t) on H to each t € R, such that u(0) = 1, u(s)u(t) = u(s +t) for all
s, t € R, and limy_gu(t)y =1 for each v € H.

Stone’s theorem relates this to the Hamiltonian of quantum physics, as follows:
1. A time-evolution v (t) defines a self-adjoint operator i (the ‘Hamiltonian’);

2. Conversely, a self-adjoint operator h defines a time-evolution ¥ (t).

Theorem 2.23 (Stone’s Theorem)

1. Lett — u(t) be a time-evolution on H. Define a (possibly unbounded) operator
h by hy = ilim,_ %1&, where the domain of h consists of all v € H for
which this (norm) limit exists. Then D(h) is dense in H and h is self-adjoint.

2. Provided ¢ € D(h), for each t € R the vector ¥ (t) = u(t)y lies in D(h) as
well and satisfies the time-dependent Schrédinger equation hip(t) = idy(t)/dt.

3. Given a (possibly unbounded) self-adjoint operator h on H, there exists a
unique time-evolution t — wu(t) on H that is related to h in the above way.

So far, we have thought of ¢ — wu(t)? as the time-evolution of ¢. But nothing
has relied on this interpretation: this is the power of abstraction in mathematics!
Consider the following example. Take H = L?(R) and define the map ¢ — u(t) by

u(t)(z) = (x —t). (2.35)

This satisfies Definition 2.22. The domain of h is D(h) = {1 € L*(R) | ¢/ € L*(R)},
where the derivative ¢’ is defined by ¢/ (x) := lim,_o(¢(x+s) —1(x))/s; the limit is
in the norm of L?(R), rather than pointwise in z. Finally, the action is ht) = —iv)'.
This ‘Hamiltonian’ is just the usual momentum operator p (with A = 1). Stone’s
Theorem both provides its domain and states that p is self-adjoint on this domain.

20From a group-theoretical point of view, a time-evolution is a strongly continuous unitary
representation of R (as an additive group). More generally, let G be a (topological) group. A
unitary representation of G on a Hilbert space H is a (strongly continuous) homomorphism U
from G into the group of all unitary operators on H. In other words, one has U(zy) = U(z)U(y)
and U(e) =1 (and the map (x,v) — U(x)y from G x H to H is continuous).
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3 Operator algebras

So far, we have mostly studied operators in Hilbert space on their own. It was a
fundamental insight of John von Neumann’s that it is fruitful both for pure mathe-
matics and for quantum physics to study algebras of operators on a Hilbert space,?!
also recognizing that bounded operators (simply called operators in what follows)
provide the most convenient setting.?? Indeed, in one of his papers on Hilbert space
theory (1929), von Neumann defined a ring of operators M (nowadays called a von
Neumann algebra) as a *-subalgebra of the algebra B(H) of all bounded operators
on a Hilbert space H that contains the unit 1 and is closed in the so-called weak
operator topology.?? In the same paper, von Neumann proved what is still the basic
theorem of the subject: a *-subalgebra M of B(H), containing the unit operator
1, is weakly closed iff M” = M. Here the commutant M’ of a collection M of
bounded operators consists of all bounded operators that commute with all ele-
ments of M, and the bicommutant M” is simply the iterated commutant (M’)".
Subsequently, von Neumann went on to develop the theory of such algebras in the
period 1936-1949, partly in collaboration with his assistant Murray [30].2*

An important second step in the theory of operator algebras was the initiation
of the theory of C*-algebras by Gelfand and Naimark in 1943. It turns out that
von Neumann’s rings of operators ar special cases of C*-algebras, but von Neumann
algebras also continue to be studied on their own. A fruitful mathematical analogy is
that C*-algebras provide a noncommutative generalization of topology, whereas von
Neumann algebras comprise noncommutative measure theory.?> C*-algebras were
first applied to quantum theory by Segal in 1947, and have provided the basis for a
mathematically rigorous study of especially infinite quantum systems ever since.

It is the modest purpose of this chapter to develop just enough knowledge and
intuition on operator algebras (mostly C*-algebras) to understand their applications
to symmetry breaking. For more information, we refer to [4, 18, 48] (see also [21]).

21Recall that an algebra is a vector space with an associative bilinear operation (‘multiplication’)
-1 Ax A — A; we usually write ab for a - b. We call A unital if there is an element 1 € A, the
unit, such that la = al = a for all @ € A. It is easy to see that a unit is unique when it exists.

22In contrast, the product of two unbounded operators is not necessarily defined. Nonetheless,
there is a certain amount of literature on algebras of unbounded operators, partly in connection
to quantum field theory. See, for example, [1, 39].

23 All this means that M is a subalgebra of B(H) with unit under operator mulitplication, that
M is closed under the involution a — a*, and that if for some sequence {a,} C M one has
|(v, (an, — a)w)| — 0 for all v,w € H, then a € M. See also §§3.1 and 3.7 below.

24Von Neumann’s reasons for studying rings of operators were plurifold, including representation
theory and ergodic theory; as in his development of Hilbert spaces, important motivation certainly
also came from quantum mechanics. Unlike many physicists then and even now, von Neumann
knew that all Hilbert spaces of a given dimension are isomorphic (cf. Theorem 2.7), so that one
cannot characterize a physical system by saying that ‘its Hilbert space of (pure) states is L?(R3)’.
Instead, von Neumann hoped to characterize quantum-mechanical systems by algebraic conditions
on the observables. He initiated a programme in this direction in the 1930s, partly in collaboration
with Jordan and Wigner, but achieved little himself. After his death, von Neumann’s goals in
this direction have to some extent been realized by Haag and his followers in (algebraic) quantum
statistical mechanics and quantum field theory (as discussed in the main part of this course).

Z5These analogies form the basis of noncommutative geometry as developed by Connes [7].
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3.1 Basic definitions

If a and b are bounded operators on H, then so is their sum a + b, defined by
(a + b)(v) = av + bv, and their product ab, given by (ab)(v) = a(b(v)). This
follows from the triangle inequality for the norm and from (2.24), respectively. Also,
homogeneity of the norm yields that ta is bounded for any t € C. Consequently, the
set B(H) of all bounded operators on a Hilbert space H forms an algebra over the
complex numbers, having remarkable properties. To begin with (cf. (2.22)):

Proposition 3.1 The space B(H) of all bounded operators on a Hilbert space H is
a Banach space in the operator norm

lall :=sup{l|afllu, f € H, [[flla=1} (3.1)
This is a basic result from functional analysis; it even holds if H is a Banach space.

Definition 3.2 A Banach algebra is a Banach space A that is simultaneously an
algebra in which ||abl| < ||lal [|0]| for all a,b € A.

According to (2.24), we see that B(H) is not just a Banach space but even a Banach
algebra. Also this would still be the case if H were merely a Banach space, but the
fact that it is a Hilbert space gives a crucial further ingredient of the algebra B(H ).

Definition 3.3 1. An involution on an algebra A is a real-linear map A — A*
such that a** = a, (ab)* = b*a*, and (Aa)* = Aa* for all a,b € A and A € C.
An algebra with involution is also called o *-algebra.

2. A C*-algebra is a Banach algebra A with involution in which for all a € A,

la*all = [la]* (3:2)

3. A homomorphism between C*-algebras A en B is a linear map ¢ : A — B
that satisfies p(ab) = p(a)p(b) and p(a*) = p(a)* for alla € A, b € B.

4. An isomorphism between two C*-algebras is an invertible homomorphism.28
In view of (2.29), we conclude that B(H) is a C*-algebra (with the identity operator
as its unit) with respect to the involution defined by the operator adjoint (2.27).

Similarly, if A C B(H) is a norm-closed subalgebra of B(H) such that if a € A,
then a* € A (so that A is an algebra with involution), then A is obviously a C*-
algebra (not necessarily with unit). A case in point is A = K(H), the C*-algebra of
compact operators on H. If dim(H) = oo, there is a strict inclusion K(H) C B(H);
for one thing, the unit operator lies in B(H) but not in K(H), which has no unit.
If dim(H) < oo, though, one has K(H) = B(H) = M,(C), the n x n matrices.

On the other hand, the set By(H) of trace-class operators satisfies (3.2) in the
operator norm (3.1) but fails to be complete in that norm, whereas in the trace-norm
|| - []1 it is complete but (3.2) fails. Either way, By(H) fails to be a C*-algebra.

26Tt can be shown that an isomorphism is automatically isometric; see footnote 34.
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3.2 Commutative C*-algebras

The C*-algebras K(H) and B(H) are highly noncommutative. For the opposite
case, let X be a locally compact Hausdorff space (physicists may keep X = R" in
mind). The space Cy(X) of all continuous functions f : X — C that vanish at
infinity?” is an algebra under pointwise operations.?® It has a natural involution

fH(x) = f(x), (3-3)
and a natural supremum-norm or sup-norm given by (cf. 2.12)
[ flloo := sup{|f(z)], = € X}. (3-4)

Then Cy(X) is a commutative C*-algebra; the axioms are easily checked. Let us
note that Cy(X) has a unit (namely the function equal to 1 for any x) iff X is
compact. The converse, due to Gelfand and Naimark (1943), is a beautiful result:

Theorem 3.4 Every commutative C*-algebra A is isomorphic to Co(X) for some
locally compact Hausdorff space X, which is unique up to homeomorphism.

This space X is often denoted by ¥(A) and is called the Gelfand spectrum of A.
It may be realized as the set of multiplicative linear functionals on A, that is, as
the set of all nonzero linear maps w : A — C that satisfy w(ab) = w(a)w(b).?® The
isomorphism A — Cy(X(A)) is given by the Gelfand transform a — a, where

a(w) == w(a), (3.5)

where @ € A and w € ¥(A). For example, if A is already given as A = Cy(X),
then each x € X defines a functional w, on A by w,(f) = f(z), which is mul-
tiplicative by the pointwise definition of multiplication in A. Theorem 3.4 then
implies X(Cp(X)) = X. In general, it follows from basic functional analysis that
a is a continuous function on X (A);3 a more detailed analysis proves that it maps
A into Cp(3(A)). Injectivity and surjectivity of the Gelfand transform both result
from the difficult fact—whose proof relies on axiom (3.2)—that it is isometric, i.e.,
la|lec = ||a]|. Given this result, injectivity is trivial, and surjectivity follows from the
Stone-Weierstrass Theorem. Finally, is immediately clear from the multiplicativity
of w € 3X(A) that the Gelfand transform is an algebra homomorphism.

It follows from Theorem 3.4 that arbitrary commutative C*-algebras are of the
form A C B(H) for some Hilbert space H (cf. the end of the preceding subsec-
tion). We have already seen this for A = Cy(R"), which acts on H = L?*(R™) by
multiplication operators on; see text below (2.26). This construction, then, may
be generalized to the case of Cy(X) by putting H = L*(X, u) for some measure p
whose support is X.

2T.e., for each € > 0 there is a compact subset K C X such that |f(z)| < € for all x outside K.

28 Addition is given by (f + g)(x) = f(x) + g(x), multiplication is (fg)(z) = f(z)g(x), etc.

29These functionals lie in the dual space A* of A, but the topology in which Theorem 3.4 holds is
not the (relative) norm-topology on X but the (relative) weak* topology, also called the Gelfand
topology on X. These concepts are explained in the next subsection.

30Indeed, a — a maps A into the double dual A** := (A*)* of A, and A C A** precisely consists
of all functionals on on A* that are continuous with respect to the norm-topology on A*.
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3.3 States

A more systematic study of the connection between C*-algebras and Hilbert spaces
relies on the concept of a state, to which we now turn (see also subsection 2.11).

Definition 3.5 A state on a unital C*-algebra A is a linear map w : A — C that
is positive, in that w(a*a) > 0 for all a € A, and normalized, in that w(1) = 1.

If we define the dual A* of A as the space of linear maps ¢ : A — C for which

lell = supfle(a)l,a € A, [lal] = 1} (3.6)

is finite (cf. (2.22)), then it can be shown that any state w on A lies in A*, with
|lw|| = 1. This leads to an extension of Definition 3.5 to general (i.e., not necessarily
unital) C*-algebras: a state on a C*-algebra A is a functional w : A — C that is
positive and normalized in the sense that ||w|| = 1. This implies w(1) = 1 whenever
A does have a unit, so that the two definitions are consistent when they overlap.
The state space S(A) of A (i.e., the set of all states on A) is a convez set: if
wy and we are states, then so is Aw; + (1 — Aws for any A € [0,1]. It follows that
if (w1, ws,...,w,) are states, and (A1, Ag,...,A,) are numbers in [0, 1] such that
YA =1, then Y. \w; is a state. This extends to infinite sums if we equip S(A)
with the weak* topology inherited from A* (in which w, — w if w,(a) — w(a) for
each a € A).3! If A has a unit, then S(A) is a compact convez set in this topology.

Definition 3.6 A state w is pure if w = Aw; + (1 — N)wy for some X € (0,1) and
certain states wy and wo implies wi = wo. The pure states on A comprise the pure
state space of A, denoted by P(A) or 0S(A). If a state is not pure, it is mixed.

The convex structure of the state space is nicely displayed by A = M;(C), the
C*-algebra of 2 x 2 complex matrices. Put
142 x4y
_ 1 .
then p is a density matrix on C? iff (x,y,2) € R? with 2% + y? + 22 < 1; this set is
the three-ball B in R?. It is easy to see that p defines a state w, on the M(C) by

wy(a) = Tr (pa). (3.8)

Conversely, every state on My(C) is of this form (exercise). Hence the state space
S(My(C)) of a quantum 2-level system is isomorphic (as a convex set) to B3. The
pure states correspond to the points (z,y, z) for which 2% + y? 4+ 2% = 1, i.e., to the
two-sphere S? = B3 (also called the Bloch sphere in this context).

The classical analogue of this example is the phase space M = {x1, 25} consisting
of just two points; the corresponding commutative C*-algebra is C'(M) = C & C.
Each probability measure p on M takes the form pu(xy) = Ay and p(z2) = Ay with
Ai € [0,1] and A; + Ay = 1. Hence the state space of C @ C may be identified with
the interval [0, 1] with its natural convex structure, in that A € [0, 1] corresponds
to the probability measure \; = A\, Ay = 1 — A. Once again, the boundary points
{0,1} = 9]0, 1] yield the pure states in question.

31This is the weakest topology making all functions w +— w(a) from S(A) to C, a € A, continuous.
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3.4 The Born rule revisited

We will now see to what extent the previous example may be generalized. Two
examples of basic importance to classical and quantum physics are (cf. §2.11):

e The Riesz—Markov Theorem 2.10 implies that any probability measure p on X
defines a state w, on A = Co(X) by w,(f) = [ du f, and vice versa; the requirement
||l = 1 in the definition of a state forces p(X) = 1. We often write w, as u(f).

The pure states are precisely the Dirac measures 6., defined for each x € X
by §,(A) = 1ifz € Aand 0,(A) =0if x ¢ A, for A C X. The corresponding
integral, which we denote by w, or ev,, then maps f to f(x). Hence P(Cy(X))
is homeomorphic to X under the bijection ev, < x. More generally, a nonzero
functional on a commutative C*-algebra defines a pure state iff it is multiplicative,
and hence Theorem 3.4 implies that the pure state space of a commutative C*-
algebra is homeomorphic to its Gelfand spectrum, or P(A) = X(A).

e Any density matrix p on a Hilbert space H defines a state w, on the C*-algebra
B(H) by (3.8), i.e., wy(a) = Tr(pa). Such a state is pure iff it is a vector state,
i.e., if p is a one-dimensional projection py = |¥)(¥| for some unit vector ¥ € H.
Simply writing ¢ for w,,,, we then have

W(a) = Tr (pya) = (¥, a®). (3.9)

Indeed, the spectrum o(p) of p = >, \;p; contains points different from A = 0 or
A = 1iff it is mixed, whereas o(py) = {0, 1}. However, this argument (for the purity
of 1) only shows that 1 has no nontrivial decomposition ¢ = Aw; + (1 — A)wy when
Y is taken to be a state on B(H), for in that case one has Tr (p;a) = Tr (pea) for all
a € B(H) iff py = py. This is still the case for K(H) instead of B(H) (exercise).

For more general C*-algebras A C B(H), however, it may no longer be the case
that vector states as in (3.9) are pure. For example, if H = C" and D,, consists of
all diagonal n x n matrices, with elements a = diag(ay, ..., a,), a; € C, then

Yla) =Y |, (3.10)
i=1

So v, as a state on the C*-algebra D,,, coincides with ). A;|e;)(e;|, with coefficients
N = U(le)ei]) = |(es, ¥)|* = |¥;]%, where (e;) is the standard basis of C". This
state is pure on D,, iff ¥ ~ ¢;, so in general it will be mixed. In quantum physics,
A; is the Born probability for the outcome a; of a measurement of a in the state W.

An infinite-dimensional analogue of this example is H = L?(R") and A = Cy(R"),
acting on H as multiplication operators (henceforth we omit the hat on a). Then

¥(a) = / a0 (2)[2a(z), (3.11)

is always mixed: this state corresponds to the probability measure on R" with
density |¥(z)|?>. As a limiting case, we may take a to be the characteristic function
a = xa of some region A C R", so that ¥(xa) = [, d"=|¥(z)|* is the Born
probability for finding the particle within A (first written down in 1926 by Pauli).??

32 Although xa ¢ Co(R™), one has xa € Co(R™)”, to which algebra 1 extends; see §§3.6 and 3.7.
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3.5 The spectrum revisited

In order to unify and generalize (3.10) and (3.11), we return to the spectrum, already
encountered for normal operators in §2.9. We first generalize Definition 2.15.

Definition 3.7 Let A be a C*-algebra with unit 1 (or, more generally, a Banach
algebra with unit).>®* The spectrum o(a) of a € A is the set of all = € C for which
a—z=a—z-1 has no (two-sided) inverse in A.

The spectrum o(a) is a closed subset of C. One of the remarkable properties of C*-
algebras is that the norm may be recovered from the algebraic structure: if we define
the spectral radius r(a) of a € A by r(a) :=sup{|z|,z € o(a)}, then ||a|| = r(a) if
a* = a, and ||a|| = \/r(a*a) in general. Consequently, if an algebra with involution
has a norm in which it is a C*-algebra, then that norm is unique.3*

If a € Ais normal, then the C*-algebra C*(a) generated by a and the unit within
A (i.e., the norm-closure of all polynomials in a and a*) is obviously commutative.

Theorem 3.8 Let a be a normal element of a unital C*-algebra A. Then the spec-
trum of a in A coincides with the spectrum of a in C*(a), so that we may unam-
biguously speak of the spectrum o(a). Moreover, there is a unique isomorphism

C(o(a)) = C*(a) (3.12)
under which the function z — z on o(a) C C is mapped to a € C*(a) C A.

This isomorphism ¢ : C(o(a)) — C*(a) maps a polynomial p = p(z,%z) € C(o(a))
into the corresponding polynomial p(a,a*) € C*(a). If f € C(o(a)), then (by
Stone—Weierstrass) there is a polynomial p on o(a) such that p, — f in the sup-
norm on C(c(a)). Defining f(a,a*) as the norm-limit of p,(a,a*) in A, we have
o(f) = f(a,a*). Since isomorphisms between C*-algebras are isometric, one has
| f(a,a®)|| = ||flleo- In addition, o(f(a,a*)) is just the image of o(a) under f.

In the context of Theorem 3.4, Theorem 3.8 states that the spectrum o(a) of
a € A coincides with the Gelfand spectrum of the commutative C*-algebra C*(a);
indeed, A € o(a) provides the multiplicative functional wy(f(a, a*)) = f(\) on C*(a)

Finally, the consistency between Definitions 3.7 and 2.15 whenever they overlap
is guaranteed by the following result, whose proof is an exercise.

Proposition 3.9 Let a € B(H) be normal. Then A € o(a) iff there exists a se-
quence (f,) in H with || f,|| = 1 for all n such that lim, . ||(a — A) fa]| = 0.

33 If A does not have a unit, one has to add one in order to define spectra. This is done as follows.
First, define A = A®C as a vector space, with elements (a,z) = a+z. The element (0, 1) will be the
unit of A. Second, define A as an algebra with involution by putting (a, w)-(b, z) == (ab+wb+za, wz)
and (a, z)* = (a*,Z). Third, define a normon A. This is the difficult step. To understand it, regard
A as a subspace of L(A), the Banach algebra of bounded linear maps from A to A, in the obvious
way, that is, (a,2)(b) = ab+ zb. This provides the norm |[|(a, z)|| = sup{|lab + zb||,b € A, ||b]| = 1}
on A. Thus defined, A is a C*-algebra with unit, called the unitization of A. The spectrum of
a € A, then, is deﬁned as the spectrum of (a,0) in A.

34This proves the claim in footnote 26 that an isomorphism ¢ : A — B between C*-algebras is
isometric: considering the ‘new’ norm |lal|’y = ||¢(a)|lg on A, it must be that ||al|’y = ||a| = ||a| a-
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3.6 Spectral Theorem

Combining the ideas in the previous two subsections, we now take a self-adjoint
operator a € B(H) and a density matrix p on H. The restriction of the state p to
C*(a) defines a unique probability measure y, on o(a) for which

/ A FO) = (1) = Tr(pf @) forall £ € Clot@). (313)

We know from §2.6 that the left-hand side of (3.13) actually makes sense for any
f € LYo(a),p,). Since p, is a probability measure, this class includes all bounded
(Borel) functions f : o(a) — R. For example, the characteristic function ya of some
Borel subset A C o(a) yields fg(a) dpp, Xa = pp(A), whose physical interpretation is
given by the Born rule: regarding a as an observable and p as a state (cf. §2.11),
if a is measured in a state p, the probability of finding an outcome in A is p,(A).

In particular, if p = py for some unit vector ¥ € H, and A € o4(a) is a simple
eigenvalue of a with eigenvector ey, then by taking A = {\} it follows®* that the
probability of finding A is given by the well-known Born probability |(¥, e, )]|?.

We may ask if also the right-hand side of (3.13) makes sense for any bounded
(Borel) function f, and, in particular, if there exists an operator ya(a) such that

tp(A) = Tr (pxa(a)). (3.14)

This question cannot be answered in the context of Theorem 3.8, since x a is typically
discontinuous, so that ya(a) cannot be an element of C*(a). This problem may be
resolved by completing the latter in a weaker topology on B(H) than the operator
norm topology. Many topologies suffice for this purpose; let us take the strong
topology, in which a, — a iff a,f — af for all f € H. Defining W*(a) as the
(sequential) completion of C*(a) in the strong topology, it can be shown for any
compact set K C R that each positive bounded (Borel) function f : K — R is a
pointwise limit of some bounded monotone increasing sequence p,, of polynomials on
K. Applying this to K = o(a), we obtain a bounded monotone increasing sequence
pn(a) of operators on H, which in turn can be shown to have a strong limit. This limit
is by definition equal to f(a), which by construction lies in W*(a). In particular,
taking f = ya this defines the so-called spectral projections ya(a) € W*(a),
which validate (3.14). A straightforward extension of this argument from self-adjoint
operators a to normal ones then yields von Neumann’s great Spectral Theorem:

Theorem 3.10 Let a € B(H) be a normal operator, and let B(c(a)) be the (com-
mutative) algebra of bounded Borel functions on o(a), with obvious involution. The
isomorphism C(o(a)) — C*(a) of Theorem 3.8 has a unique extension to a homo-

morphism B(o(a)) — W*(a) that satisfies ||f(a)|| < ||flle for each f € B(o(a)).

Note that both B(o(a)) and W*(a) are C*-algebras. This result is stronger than
Theorem 3.8 in that it applies to a much larger class of functions than just continuous
ones, but it is weaker in that the ensuing homomorphism fails to be an isomorphism.

35We assume that X is separated from o.(a), in case a has some continuous spectrum. In that
case, dy is a continuous function on o(a) and (in the context of Theorem 3.8) dx(a) = |ex){ex].



3 OPERATOR ALGEBRAS 27

3.7 Von Neumann algebras

As already mentioned, von Neumann saw that strong operator completions of the
type C*(a) ~ W*(a) within B(H) may equivalently be done algebraically. For any
Hilbert space H, let A C B(H) be some subset. The commutant of A, defined by

A':={be B(H) | ab=baVa € A}, (3.15)
is a subalgebra of B(H). Similarly, one has the bicommmutant A” = (A")’ of A.
Definition 3.11 A *-algebra M C B(H) is a von Neumann algebra if M" = M.

This condition forces M to be a C*-algebra with unit (exercise), and is always sat-
isfied if dim(H) < oo (another exercise). If dim(H) = oo, on the other hand, we
have K(H)" = B(H), so that the compact operators do not form a von Neumann
algebra. On the commutative side, the C*-algebra Cy(R"™) of multiplication opera-
tors on L?(R") yields Cy(R™)” = L>®(R"), i.e., the algebra of (a.e.) bounded Borel
functions on R™, and so Cy(R™) is not a von Neumann algebra either.

In order to state von Neumann’s famous double commutant theorem, we review
a few of the most important topologies on B(H) (using sequences for simplicity):3°

e The norm-topology corresponds to a, — a iff ||(a, — a)|| — 0 (cf. (3.1)).
e The strong (operator) topology has a,, — a iff ||(a, —a)f|| = 0V f € H.
e The weak (operator) topology has a,, — aiff |(f, (a,—a)g)] — 0V f,g € H.

None of these topologies coincide on infinite-dimensional Hilbert spaces. For exam-
ple, if (e;) is an o.n.b. of H, then p, = > | |e;){e;| does not converge in the norm
topology as n — oo, whereas p,, — 1 in the two others. If H = L?([0,1]), then the
multiplication operators e, (t) = exp(2mint) converge to zero in the weak operator
topology but not in the strong one. So here is the double commutant theorem:

Theorem 3.12 Let M be a unital *-algebra in B(H). Then M" = M iff M is closed
in the strong topology, which in turn holds iff M is closed in the weak topology.

However, next to the norm topology, the second intrinsic topology on a von Neumann
algebra in both a mathematical and a physical sense is neither the strong nor the
weak one, but the o-weak topology, in which a, — a iff |Tr (p(a, — a))| — 0
for each p € By(H). This results from a deep characterization theorem for von
Neumann algebra due to Sakai: a C*-algebra is a von Neumann algebra iff it is the
dual of a Banach space. The latter is called the predual of M, denoted by M,, so
that M = M. The o-weak topology on M then coincides with the weak*-topology
with respect to M,, i.e., one has a, — a iff |p(a, —a)| — 0 for each p € M,. For
example, one has B(H), = B1(H) = K(H)*, so that B(H) = B1(H)* = K(H)**.

36Defining a topology in terms of convergence should really be done using nets or filters.
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3.8 Characterization of states

With the concept of a von Neumann algebra at hand, we return to our discussion
of states on C*-algebras. We saw in §3.3 that all states on the 2 x 3 matrices are
given by density matrices. This conclusion easily extends to the n X n matrices (seen
as M,(C) = B(C"™)), and also—though less easily—to the C*-algebra of compact
operators K (H) on an arbitrary Hilbert space H (exercise). To state the far more
substantial Theorem 3.15 below (due to von Neumann), we need some preparation.

Definition 3.13 A normal state on a von Neumann algebra M is an element of
the normal state space S, (M) := S(M) N M,.

If M C B(H), each density matrix on H almost by definition yields a normal state.
Less trivially, it can be shown that a state w is normal iff w(\,p;) = >, w(pi)
for arbitrary families of mutually orthogonal projections (p;) in M (i.e. pip; = 0
if ¢ # j), where the supremum \/,p; is defined with respect to the ordering on
projections given by p < ¢ iff pH C pH, that is, iff ran(p) C ran(q).>"

One reason why the continuity condition defining normal states may be refor-
mulated in terms of projections, is that (unlike general C*-algebras) von Neumann
algebras have lots of them. Let Proj(A) be the set of projections in a *-algebra A.

Proposition 3.14 If M is a von Neumann algebra, then M = Proj(M)".

In particular, by Theorem 3.12 any element of M may be weakly or strongly ap-
proximated by linear combinations of projections within M.*® To see that this is
not true for C*-algebras, a look at the commutative case suffices: if A = C(X),
then X is connected iff Proj(A) = {0,1}. So if a commutative von Neumann al-
gebra M is regarded as a commutative C*-algebra, then the Gelfand isomorphism
M = C(X(M)) involves a highly disconnected (‘Stonean’) topological space X (M).
This abundance of projections is useful, for example, if M = A’ is the commutant
of some C*-algebra A C B(H).?® Namely, for each p € Proj(A’) the closed subspace
pH of H is stable under A (and even under A”). Taking H; = p;H for a complete
family (p;) of mutually orthogonal projections in A’ (i.e., > . p; = 1 strongly), one
may therefore decompose H under the action of A (or even of A”) as H = ®; H;.*
We close this subsection with a characterization of normal states.

Theorem 3.15

1. Every normal state on B(H) is given by a density matriz on H.*!

2. More generally, every normal state on a von Neumann algebra M C B(H) is
given by a density matriz on H (and vice versa).

37In other words, (V, pi)H is the smallest closed subpace containing all subspaces p; H.

38Indeed, an old-fashioned way of stating Theorem 3.10 is that a normal operator a can be
approximated by its spectral projections xa(a) in a suitable way, which then lie in M = W*(a)).

39Exercise: A" = A’ for any *-algebra A, so that A’ is indeed a von Neumann algebra.

40We say that H = ®;H; under A C B(H) if ayy; € H; for each a € A and v; € H;. See §3.13.

4Tn the literature on the foundations of quantum mechanics this is called von Neumann’s no
hidden variable theorem, since it proves that (weakly continuous) quantum-mechanical averages
a — w(a) cannot be dispersion-free (i.e. cannot satisfy w(a?) = w(a?) for all a* = a € B(H)).
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3.9 The GNS-construction

As in the case of groups, it is natural to look at representations of C*-algebras.

Definition 3.16 A representation of a C*-algebra A on a Hilbert space H is a
linear map 7 : A — B(H) such that w(ab) = 7(a)w(b), and w(a*) = w(a)*, Va,b € A.

e A representation m: A — B(H) is called cyclic if there is a vector Q € H for
which w(A)Q = H;*? in other words, each ¥ € H s the limit of a sequence
m(a,)Y in H, where a,, € A. In that case, € is called a cyclic vector for m.

Physically, the idea behind cyclicity would be that each state arises by ‘filling up’ the
ground state 2 with ‘excitations’ m(a)f2. There is a beautiful connection between
cyclic representations of A and states on A, given by the GNS-construction.*® In
quantum physics, this construction provides the bridge between the usual Hilbert
space formalism and the abstract C*-algebraic approach, so it is quite important.

Theorem 3.17 Let w be a state on a C*-algebra A. There exists a cyclic represen-
tation 7, of A on a Hilbert space H,, with cyclic unit vector 2, such that

w(a) = (Q, m,(a),) Ya € A. (3.16)
The idea is to construct H, from A and subsequently define 7, by left-multiplication:

1. Define a sesquilinear form (—, —)o on A by (a, )y := w(a*b). This form almost
defines an inner product on A, except that it may not be positive definite (i.e.,
it might be that w(a*a) = 0 for some a # 0). Hence we remove the null space
N, ={a € A|w(a*a) = 0} by forming the quotient A/N,. The form

([a], [b]) := w(a™D) (3.17)

on A/N, (where a — [a] denotes the canonical projection A — A/N,) is
positive definite by construction and defines an inner product (—,—). The
Hilbert space H,,, then, is the completion of A/N,, in the corresponding norm.

2. The representation m,(A) is initially defined on A/N,, C H, by
mw(a)[b] := [ab]. (3.18)

It is trivial that 7, is linear and satisfies m,(ab) = m,(a)m,(b); to prove that
me(a)* = m,(a*), take inner products with vectors [b] and [c] in A/N,. The
technical point of the proof, which we omit, is that each 7, (a) is well defined
and bounded on A/N,, so that it may be extended to all of H, by continuity.

3. If A has a unit, define Q, = [1]; then (3.16) follows by a simple computation.*

The GNS-construction simplifies when w is faithful in that w(a*a) = 0 iff a = 0;
since N, is zero, H,, is just the completion of A in the inner product (a,b) = w(a*d).

42Here 7(A)Q is the closure of the linear span of the subset {m(a)¥,a € A, ¥ € H} of H.

43Named after three founding fathers of the field: I.M. Gelfand, M. Naimark, and LE. Segal.

441f A has no unit, the GNS-construction is applied to the unitization A of A (see footnote 33),
in terms of the state & on A given by w(a, z) = w(a) 4 z. The representation m,(A) is then simply

the restriction of 7, (A) to A. Alternatively, one may use a so-called approximate unit of A.
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3.10 Easy examples of the GNS-construction

e Let A = D, be the diagonal n x n matrices, and let ¢ be the state (3.10). Then N,
consists of all a = diag(ai,...,a,) for which ¢(a*a) = 37 | [¥;]*|a;|* = 0. Hence
each component W, = 0 (if it exists) kills the corresponding j’th copy of C in passing
from A = C" to H, = A/Ny, for if ¥; = 0, then diag(0,...,0,a;,0,...,0) € Ny.
It follows that Hy, = C™, where m < n is the number of ¢ for which ¥; # 0, with
the peculiar inner product (z,w) = >, |¥;|*z;w;. However, the map u : H, — C™,
given by u(z;) = W,z;, is clearly unitary for the usual inner product on C™, and
the resulting representation m, on C™ is simply given by my(a)2; = a;2;. The cyclic
vector €, in Hy is (1,...,1), whose image in C™ under u is simply ¥ itself with
zeros omitted. 1f ; = e; for i = j and zero otherwise, then H, = C. If, on the other
hand, ¥; # 0 for all ¢, then H,; = C", and m, recovers the defining representation.

e The previous example (reinterpreted as D,, = C'(n)) generalizes to arbitrary com-
mutative C*-algebras A = Cy(X); cf. §3.4. Seen as a state, a probability measure
p is on X induces the sesquilinear form (f, g)o = [ du(x) f(x)g(x) on A, so that
H, = L*(X,u) and 7,(f)¥(z) = f(x)¥(x). The cyclic vector 2, is the function
identically equal to 1; we verify (,,7,(f)Q.) = [ du(z) f(z) = p(f). If p = 0,
ie., p(f) = f(z), then H, = C with m,,(f) = f(z). In the opposite case, the
support of u is X, as is typically the case for du(x) = |¥(x)[*d"z, see (3.11).

e For a noncommutative example, take A = M,,(C), with a state necessarily of the
form w,(a) = Tr (pa), for some density matrix p. Writing N, for N,,, etc., it follows
that N, = {a € A | Tr(pa*a) = 0}. If we expand p = >, \ip; (cf. §2.10), and for
simplicity assume that p; = |e;)(e;| with respect to the standard basis (e;) of C",
then once again two cases of special interest arise:

1. If p = |e;){e;| is pure, the null space is N, = {a € A | ae; = 0}. Hence a € N,
iff the j’th column Cj(a) of a vanishes, so that a — b € N, iff Cj(a) = C;(b). Thus
the equivalence class [a] € A/N, may be identified with Cj(a), so that H, = C"
with the standard inner product. Indeed, representing z € C" by a matrix a with
Cj(a) = z and zeros elsewhere, and likewise C}(b) = w, we have (no sum over j):

(z,w) = ([a], [b]) = p(a’b) Za—wbw = zw; = (z,w).
Similarly, (3.18) reads m,(a)w; = [ab]; = Zk[a,kbk]] = > . QipWg, or T,(a)w = aw.
The cyclic vector Q, is [1,] = e;. More generally, for a pure state ¢ the GNS-
representation my (M, (C)) induced by 9 is equal to the defining representation on
C", with cyclic vector €y, = W. To verify (3.16), (Qu7my(a )Q¢) (U, aV) = ¢(a).

2. If \; > 0 for all ¢ (as in an equilibrium state p = Z !exp(— 6h) where
Z = Tr exp(—ph) for some Hamiltonian h), then N, = O and H, = M,(C),
equipped with the inner product (a,b) = Tr(pa*b). The GNS—representation is
given by m,(a)b = ab, with Q, = 1,; note that ||Q,[*> = (1,,1,) = Tr(p) = 1.
The unitary transformation u(a) = ap'/? maps H, into M, (C) with inner product
(a,b) = Tr(a*b), with inverse u*(b) = bp~/2. For the corresponding representa-
tion 7, = u7rpu we obtain 7,(a)b = ab, too. The cyclic vector in M, (C) becomes
Q, =uQ, = 1/2 note that (Qp,ﬂp( )Q,) = Tr p'/2ap'/? = Tr (pa), verifying (3.16).
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3.11 Irreducible representations and pure states
As for group representation, there is a natural notion of irreducibility for C*-algebras.

Definition 3.18 A representation m : A — B(H) is called irreducible when H
has no nontrivial closed subspaces stable under w(A). In other words, if K C H is a
closed subspace such that m(a)V € K for alla € A, ¥V € K, then K =0 or K = H.

If 7 is not irreducible, then we do have such a subspace K, and since m(a*) = 7(a)*
it follows that also K+ is stable under 7. Thus we may reduce H = K @& K*,
with 7(A)K®) ¢ K4, For example, the defining representation of A = M, (C) is
irreducible, but its restriction to D,, is not: each subspace C - ¢; is stable under D,,.

Proposition 3.19 The following conditions on w: A — B(H )are equivalent:
1. 7 is irreducible;
2. Fach nonzero vector Q2 € H 1s cyclic;
3. m(A) =C-1, or, equivalently, m(A)" = B(H).

To get some idea of the proof, if 7(A)" # C -1, then 7(A)" contains a nontrivial

projection p (since it is a von Neumann algebra), and hence K = pH is stable under

A. This proves =3 = =1 and hence 1 = 3. The rest of the proof is a useful exercise.
There is a beautiful characterization of irreducibility of GNS-representations.

Theorem 3.20 The GNS-representation m,(A) is irreducible iff w is pure.

We just prove the easy direction. When w is pure yet 7,(A) reducible, there is a
nontrivial projection p € m,(A)". If pQ, = 0, then apfl,, = paf), = 0 for all a € A,
so that p = 0, since 7, is cyclic. pQ), # 0. Similarly, ptQ,, # 0 (with pt =1 —p).
But in that case w = A\ + (1 — \)y*, where ¥ is the vector state

W(a) = (¥, 7, (a)¥) (3.19)

defined by the unit vector ¥ := pQ,, /||pQh]|, the state 1+ is defined likewise by the
unit vector Ut := ptQ, /|[ptQ ||, and A = [|[ptQ,|*> ¢ {0,1}. Hence w is mixed.
The following result applies to general representations, but it is particularly
useful for irreducible ones. We say that two representations m : A — B(H;) and
7o 1 A — B(H,) are equivalent (m; = my) if there is a unitary operator u : Hy — Hy
intertwining m; and 79, in the sense that my(a) = um (a)u* for all a € A.

Proposition 3.21 [fr: A — B(H) has a cyclic vector ), then the GNS-representa-
tion induced by the vector state w(a) = (2, m(a)QY) is equivalent to .

Indeed, initially define u : H, — H on m,(A)$, by um,(a)Q, = 7(a)f?, and extend
u to all of H, by continuity (since m,(A)€, = H,). This u intertwines 7, and .
So if 7 is irreducible, each unit vector in H defines a GNS-representation equiv-
alent to the given one. Another corollary of Proposition 3.21 is that if one has
two cyclic representations m; with cyclic vectors €2; (i = 1,2) such that the equality
(Qq,m(a)) = (Qg, m2(a)f22) holds for all a € A, then 7 and 7y are equivalent.
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3.12 Primary states

Pure states are states about which everything possible is known. To recapitulate,
combining Proposition 3.19 and Theorem 3.20, we have the equivalences

w pure <> w has no nontrivial decomposition « 7, irreducible < 7,(A)" = C - 1.

In physics, one also has pure thermodynamical phases. These are mixed states de-
scribed by so-called primary states, which yields an analogous chain of equivalences:

w primary <« w has no nontrivial decomposition into disjoint states
— m, factorial < m,(A) N7, (A)"=C- 1.

The first double arrow states a definition, as does the last one, which says that the
center of the von Neumann algebra 7,(A)" is trivial. In general, the center of a von
Neumann algebra M is M N M’, and M is called a factor if M N M = C- 1. Thus
a representation m(A) is factorial if the associated von Neumann algebra w(A)” is a
factor. If 7 is a direct sum of irreducible representations, then it is factorial iff all of
these are equivalent, so that 7 is equivalent to some multiple n of a single irreducible
representation m,. Factorial representations may arise in many other ways, though,
because representations of C*-algebras are rarely completely reducible.

To complete the definitions, we call two states w; and ws on A disjoint, quasi-
equivalent, or equivalent, if the corresponding GNS-representations 7, and 7, have
the said property. We know what equivalence means (cf. §3.11). For the other two,
we first call some representation 7’(A) on a Hilbert space H' C H a subrepresentation
of a representation 7(A) on H, written 7’ C 7, if 7' = mp. It follows that m(A) and
mo(A) have equivalent subrepresentations iff there exists a nonzero partial isometry
v : Hy — Hj such that vm(a) = me(a)v for all a € A.

Definition 3.22 Two representations m1(A) and m(A) are called:

1. disjoint if they do not have any equivalent subrepresentations;

2. quasi-equivalent if every subrepresentation of my has a subrepresentation that
is equivalent to some subrepresentation of mo, and vice versa.*0

Two factorial representations (and hence two primary states) are either disjoint or
quasi-equivalent. In the completely reducible case m; = n; - 1., the latter occurs iff
w1 = wo. The technical result underlying the above equivalences, then, is as follows:

Proposition 3.23 For any state w, if w = Aw; + (1 — N)wy for some X € (0,1),
then wy and wy are disjoint iff there is a projection p € m,(A) N7, (A)" such that:

To(Apr, = Ty (A); (3.20)
To(A)j-pr, = Tun(A). (3.21)
The physical significance of primary states will be further analyzed in §4.4.

45In other words, there exists no representation of A that is equivalent both to some subrepre-
sentation of m; and to some subrepresentation of .

46Equivalently, 71 has no subrepresentations disjoint from 7o, and vice versa. m and 7o are quasi-
equivalent iff there is a (normal) isomorphism ¢ : m1(A)"” — m2(A)” of von Neumann algebras for
which ¢(m1(a)) = ma(a) for all @ € A, and this is the case iff the set of states on A of the form
a — Tr (pm;(a)), where p is a density matrix on H;, is the same for ¢ = 1 as it is for i = 2.
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3.13 Characterization of (*-algebras

Next to Theorem 3.4, the second most famous result about C*-algebras (also due
to Gelfand and Naimark) gives a complete characterization of them.

Theorem 3.24 A C*-algebra A admits an injective representation m : A — B(H)
on some Hilbert space H. In other words, each C*-algebra is isomorphic to a norm-
closed *-algebra in B(H), for some Hilbert space H.

Given a state w on A, the GNS-construction provides us with a representation
7, : A — B(H,). If this representation were injective, we would be finished, but
firstly we do not know that any state exists on A at all, and secondly we have no
guarantee that 7, is indeed injective. The first problem is quickly resolved: for any
normal a € A and A € o(a), there is a state wy on A for which wy(a) = A. To prove
this, start by constructing wy on C*(a) (as in §3.5), and rely on the Hahn-Banach
Theorem of functional analysis (i.e., on the Axiom of Choice) to extend w to all of
A. Since o(a) is closed, there is a A € o(a) for which the spectral radius r(a) equals
|A|. For this A, we therefore have |wy(a)| = |A\| = r(a) = ||a||. This proves:

Lemma 3.25 For any selfadjoint element a € A (i.e., a* = a), there exists a state
wa on A such that |we(a)| = |al|.

To solve the second problem, we introduce the universal representation*’

Hu = EBwES(A)I—[w; (322)
Tu(A) = Buesa)Tw(A). (3.23)

The Hilbert space H, will be the H in the statement of Theorem 3.24. To prove
that 7 = m, is injective, take some fixed p € S(A), and define the vector 2 as
having components €, = 0 for w # p, and €2, equal to the cyclic vector of the
GNS-construction for p. This vector clearly lies in H,. Then (m,(a)Q), = m,(a)f,
for w = p, and zero otherwise. Now suppose that m,(a) = 0 for some a € A.
Then 7,(a)Q2 = 0, hence m,(a)2, = 0, hence ||7,(a)2,||* = p(a*a) = 0 by the
GNS-construction. Taking p = w,+4, Lemma 3.25 (with a*a instead of a) implies

lall* = l|la*al| = wasa(aa) = 0.
Hence a = 0, so that 7, is injective. This concludes the proof of Theorem 3.24.48

Each C*-algebra A has an enveloping von Neumann algebra 7,(A)” C B(H,).
An element b € 7,(A)" defines a linear map b : S(A) — C by b(w) = (Qu, ),
where , € H, C H,. Recalling that S(A) C A*, this extends to a continuous map
b: A* — C (indeed, ||b]| = 16| B(r2,)). Hence b € A", and the ensuing map b — b
from m,(A)"” to A** turns out to be an isomorphism of Banach spaces.

4TIf (H;) is a family of Hilbert spaces, then H = @ H; consists of all sequences (¥;) with
W, € Hyand Y, [|¥4]|3;, < oo, with componentwise linear structure (if the index set is uncountable,
the sums are defined as in §2.4). Writing ), ¥; for (¥;), the inner product on H is given by
(i Vi, >0 @) = > (Vi, ®i)p,. If m © A — B(H,;) are representations of A, the direct sum
T=@m on H =@ H,; is defined by 7(a) >, V; = >, mi(a)¥;, where ¥; € H;.

48Tt should be noted that H,, is often larger than necessary. For A = M, (C), for example, any
vector state in C™ already gives rise to an injective representation, namely the defining one.
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4 Symmetry breaking in quantum theory

We now apply the abstract formalism above to concrete quantum systems [5, 10, 13,
20, 38, 40, 41, 42, 45, 49]. The C*-algebra A plays the role of the ‘algebra of observ-
ables’ of some quantum system (i.e., its observables will be the self-adjoint elements
of A). If A= B(H), all (self-adjoint) operators on H are deemed observable: we are
typically dealing with a ‘small’ quantum system, without any restriction on what
can be observed (in the lab). In large systems, on the other hand, we impose the
restriction that the observables be localized in finite regions [13].

The simplest large systems are defined on a lattice Z¢ in d-dimensional space,
with some finite-dimensional Hilbert space Hy = C" associated to each site z € Z¢<.
For example, in order to describe magnetism one takes H, = C?, assuming that
each site of some crystal lattice is occupied by an immobile electron (or other spin-3
particle) whose only degree of freedom is its spin. Thus the algebra of observables
of a single site x is just A, = B(H,) = M, (C). For any finite subset A C Z¢, put

A(A) = @uendy = @uern B(Hy) = B(®uenHo) = B(H)). (4.1)

If a € B(Hy) and y € A, we write a(y) for the element ®,epc, of A(A) with ¢, = a
and ¢, = 1 (i.e., the unit of B(Hy)) for all z # y. The product a(y)b(z) in A(A) is
®zeady, with d, = ab and d, = 1 for all x # y whenever y = z, whereas if y # z,
then d, = a, d, = b, and d, = 1 for all x # y and z # z (linear combinations of a(y)
and b(z) are not of this ‘elementary tensor’ form, however). Clearly, for all a, b,

[a(z),b(y)] =0 if z #y. (4.2)
Then A(A) consists of all polynomials in such elements, where y varies over A and
a varies over B(Hy). Each A(A) is a C*-algebra through the identifications in (4.1).

For A C A (both finite) we have an inclusion A(A) C A(A), defined on the
generators a(y), y € A, by saying that a(y) € A(A) is the element ®,eile of A(A)
with ¢, = 1 for all x # y and ¢, = a. Physically, this means that an observable
localized in A stays the same if we extend the region (but not the observable).
Hence the set-theoretic union Ay, = Uy A(A) over all finite regions A is well-defined,
consisting of all operators that are localized in some finite A. Thus Aj.. inherits all
algebraic operations as well as the norm of the A(A), but it fails to be complete in

that norm and hence—unlike the A(A)— it is not a C*-algebra. The completion
A = Ape = UpA(A) (4.3)

in the underlying norm is the C*-algebra of quasi-local observables of the given
system. It contains all A(A), but also certain other elements that by definition can
be approximated (in norm) by localized operators.*® The Einstein locality condition

[A(AL), A(A9)] = 0 if Ay N Ay =0, A(A;) C A, (4.4)

then follows from (4.2). For lattice systems the sharper condition A(A)" = A(A’)
(Haag duality) holds (cf. [42, Prop. IV.1.6]), where the left-hand side denotes the
commutant of A(A) in A, and the right-hand side means A(Z"\A) = Uy, cza nA(Ay).

49Compare (4.3) with the definition of the commutative C*-algebra Cy(R™) as the completion
of UpC.(O), where O C R™ is open, and C.(O) C C.(0O’) for O C O’ by extension with value zero.
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4.1 Symmetry in elementary quantum mechanics

In elementary quantum mechanics in a Hilbert space H, in which the algebra of
observables is simply taken to be the C*-algebra B(H), the concept of symmetry
revolves around the mathematical notion of a unitary operator v : H — H. Phys-
ically, however, unitary operators play (at least) three conceptually distinct roles,
namely as symmetries of: 1. pure states, 2. general states, and 3. observables.

Ad 1. Since pure states are unit vectors up to a phase, the pure state space
of an elementary quantum system is the projective Hilbert space PH, defined as
PH={V e H||¥|]| =1}/ ~, where ® ~ U iff U = 2® for some z € C, |z| = 1. The
defining action of a unitary operator u on H descends to an action up : PH — PH,
which, like u itself, is clearly a bijection, with inverse (up)™' = (u=')p. Moreover,
the physically relevant structure on PH that is preserved by up so as to qualify as
a symmetry, is that of a transition probability. This is a map P : PH x PH — [0, 1],
given by P(1), p) = |(¥, ®)|?, where we have denoted the image of ¥ € H in PH by 1,
etc. Unitarity immediately gives P(up(v), up(¢)) = P(1, ). Conversely, Wigner’s
Theorem [6] states that any bijection of PH that preserves transition probabilities
is necessarily of the form up, for some unitary or anti-unitary operator v : H — H.

Ad 2. In elementary quantum mechanics on H, states are density matrices on H.
Denoting the set of all density matrices on H by SH, a unitary u on H defines a map
us : SH — SH by us(p) = upu*. This is a bijection (with inverse (ug)™* = (u™!)g),
which moreover is affine in the sense for each A € (0,1) and py, p» € SH one has

us(Ap1 + (1 = A)pa) = Aus(p1) + (1 = Mus(p2). (4.5)

Thus ug is an affine bijection of the state space SH. Conversely, a straightforward
extension of Wigner’s Theorem (cf. [6]) states that each affine homeomorphism of SH
is necessarily of the form ug, for some unitary or anti-unitary operator v : H — H.

Ad 3. An automorphism of the C*-algebra B(H) of observables is an invert-
ible homomorphism « : B(H) — B(H) (i.e., « is linear, a(ab) = a(a)a(b), and
a(a*) = a(a)*). Clearly, each unitary u : H — H defines an automorphism
o, : B(H) — B(H) by putting o, (a) = uau*. Conversely, Kadison proved that each
automorphism of B(H) is of the form «,, for some unitary v : H — H (cf. [4]). To
find a place for anti-unitary operators, look at B(H)s, = {a € B(H) | a* = a} as a
real vector space, equipped with the Jordan product acb = (ab+ba). A Jordan iso-
morphism of B(H) is an invertible real-linear map « : B(H )s, — B(H )s, that pre-
serves the Jordan product (or, equivalently, preserves squares in that a(a?) = a(a)?).
Kadison’s (extended) Theorem then states that any Jordan isomorphism of B(H)
is of the form ay, where v : H — H is either unitary or anti-unitary.

In conclusion, though conceptually quite different, each of the three notions of sym-
metry in quantum mechanics we discussed is reducible to the action of a unitary or
anti-unitary operator on H, so that they are equivalent to one another. For example,
the restriction of ug to PH is up, which in turn has a unique extension to an affine
bijection of SH, and ug and oy are related by Tr (ug(p)a) = Tr (pav,:(a)).
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4.2 Symmetry in algebraic quantum theory

We now generalize the preceding discussion to the case where the observables form
an arbitrary C*-algebra A. Once again, we distinguish three notions of symmetry.

1. Pure states. Let P(A) be the pure state space of A. The notion of a transition
probability may be defined as a function P : P(A) x P(A) — [0, 1], given by [36]

P(p,o)=1—{lp—ol® (4.6)

This definition has two attractive features. First, if p and o are equivalent, we may
assume, without loss of generality, that the GNS-representations 7, and 7, are de-
fined on the same Hilbert space, which, then, contains both cyclic vectors €2, and
Q.. In that case, P(p,c) = |(Q,,2)|?. Second, if p and o (and hence 7, and 7,)
are inequivalent, we have P(p, o) = 0. Thus we would like to define a symmetry of
P(A) as a bijection vp : P(A) — P(A) that satisfies P(vp(v),vp(p)) = P(1, p).
However, in order to prove that our three notions of symmetry are equivalent, we
require vp to be uniformly continuous with respect to the weak*-topology on P(A)
inherited from the dual A* (in which w,, — w iff |w,(a) —w(a)| — 0 for each a € A).

2. General states. A symmetry of the state space S(A) is defined as an affine home-
omorphism vg : S(A) — S(A) with respect to the weak*-topology; see (4.5).

3. Observables. A symmetry of A itself is a Jordan isomorphism of A, that is, an
invertible real-linear map « : Ay, — Asq such that a(aob) = a(a) o a(b). A special
case of this is an automorphism a : A — A, which is (the restriction of) an invertible
complex-linear map satisfying a(ab) = a(a)a(b), and a(a*) = a(a)*.

Theorem 4.1 Let A be a C*-algebra. There is a bijective equivalence between:

e uniformly continuous bijections of P(A) that preserve (4.6);
e affine homeomorphisms of S(A);

e Jordan isomorphisms of A:

1. A Jordan isomorphism « : Ag, — Asq defines an affine homeomorphism
a*  S(A) — S(A) by (complex linear extension of) a*w(a) = w(a™(a)).
Conversely, for every affine homeomorphism ¢ : S(A) — S(A) there is a

unique Jordan isomorphism o : Agy — Agq such that p = o.

2. The restriction of an affine homeomorphism o* : S(A) — S(A) to the pure
states P(A) C S(A) is a uniformly continuous bijection of P(A) preserving
(4.6). Conversely, every uniformly continuous bijections of P(A) preserving
(4.6) has a unique extension to an affine homeomorphism of S(A).

The conclusion is the same as for elementary quantum mechanics: our three notions
of symmetry are equivalent,’ but in general there is no unitary operator to impose
this equivalence. So what is the technical link between symmetry and unitarity?

50The only easy part is the passage from « to a*. The reason why ©|p(4) preserves transition
probabilities is that P(p,0) = inf{p(a),a € As,0 < a < 1,0(a) = 1}, so that (4.6) follows
from the convex structure of S(A). The extension of vp : P(A) — P(A) to S(A) relies on the
Krein—-Milman Theorem , according to which S(A) is the convex hull of P(A). See [20] for all this.
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4.3 Unitary implementation of symmetries

From now on, we will only deal with the special class of symmetries that are given
by automorphisms of A; this excludes Jordan isomorphisms that satisfy a(ab) =
a(b)a(a) for some a,b (for A = B(H), this corresponds to looking at unitary oper-
ators alone). One reason for this restriction is that we often deal with a symmetry
group G of A, that is, we have a group homomorphism « : G — Aut(A), where
Aut(A) is the group of all automorphisms of A. We will write o, for a(g) and say
that G is an automorphism group of G. Now, if G is a connected Lie group, g € G
may be connected to the unit e € G by a continuous path. Since the unit corre-
sponds to a, = id, which maps every a € A to itself, a, is clearly an automorphism.
Requiring continuity of « (in the sense that for each fixed a € A the map g — oy,(a)
from G to A is continuous) then forces each «, to be an automorphism.

A homomorphism o« : G — Aut(B(H)) is always given by a family u, of unitary
operators on H, in that a,(a) = usau for all g € G. The property aya;, = ag
does not necessarily enforce u,up, = ugy, (for one may have a ‘projective’ unitary
representation g — u, of G on H), but one may always pass to a central extension
G of G for which this problem does not arise (e.g., SO(3) = SU(2)). In Theorem
4.4 below (describing unbroken symmetry), even such a passage is not necessary.

For general C*-algebras A (especially those modeling large quantum systems),
one rarely has a(a) = wau* for some u € A even for single automorphisms «, let
alone for a whole group of them. What may happen, however, is the following.

Definition 4.2 Let 7 : A — B(H) be a representation of A. An automorphism
a: A — A s implemented in 7w if there exists a unitary operator u : H — H with

m(a(a)) = ur(a)u™ for all a € A. (4.7)

Theorem 4.3 An automorphism o : A — A can be implemented in the GNS-
representation 7, defined by a state w on A iff wox, and w, are equivalent.

Whether or not this is true, define w : H,, — Hyx, by wm,(a)Qy = Tarw(@(a))Qasw-
This operator is well defined and unitary, and satisfies w€}, = Q4+, as well as
wm,(a)w* = max,((a)); these properties even characterize w. If 7y« = m,, there
exists a unitary v : H, — H,», satisfying vr,(a)v* = m4,(a), a € A. Then u = v*w
satisfies (4.7) for m = m,,. The converse is similar. An important special case is:

Theorem 4.4 Suppose that a*w = w, that is, w(a(a)) = w(a) for alla € A. Then

a can be implemented by a unitary operator v : H, — H, satisfying uf), = €.

In particular, of G is a continuous automorphism group of A and ayw = w for all
g € G, we obtain a family of unitaries u, : H, — H,, that for all g € G satisfy

ugfly, = Qo (4.8)

mulag(@) = (o), (4.9)

and form a continuous unitary representation of G on H,, in that u, = 1, ugu), =

Ugh, and the function g — u,V is continuous from G to H,, for each fixed ¥V € H,,,.

For fixed «, one easily shows that the operator defined by um,(a)Q, = 7, (a(a))Q,
does the job. For a4, g € G, it is a similar exercise to check the claims.
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4.4 Cluster properties

Through the associated GNS-representation 7, : A — B(H,,), a state w on a quasi-
local C*-algebra A as in (4.3) defines two interesting subalgebras of B(H,,):

e the center AS = m,(A)" Nm,(A);
o the algebra at infinity A = Nam,(A(A))", with A(A') = Uy, cza\anA(A1).

It is easy to show from locality (4.4) that A% C A°. If one also has Haag duality
A(A) = A(A) and if each A(A) and hence A is simple, then one also has the opposite
inclusion, so that A% = A¢. This is the case, for example, If H, and hence each
A(A) are finite-dimensional; see [42, Thm. IV.1.7] for a complete proof.

The algebra at infinity (and hence the center) is home to the macroscopic observ-
ables in m,, such as the average w —limpza |A|7' Y, ) 7 (b(x)) of some b € B(H,),
or, more generally of expressions like the left-hand side of (4.13) below. Therefore,
it A% is trivial, macroscopic observables are ‘c-numbers’, i.e., multiples of the unit
operator. In particular, they do not fluctuate, which is among the defining proper-
ties of pure thermodynamic phases (cf. §3.12). So this is the case in particular when
the center A¢ is trivial, in other words, when w is primary.

The main result in this area, due to Lanford and Ruelle [24], is as follows.

Theorem 4.5 A state w on a C*-algebra A of quasi-local observables (cf. (4.3)) has
trivial algebra at infinity, i.e., AS> = C -1, iff it is clustering, in that for all a € A
and all € > 0 there is a finite A C Z¢ such that for all b € A(A'), ||b]] =1, one has

lw(ab) — w(a)w(b)| < e. (4.10)

In particular, if w is primary, then it is clustering and (4.10) holds.

The complete proof is quite technical [42, Cor. IV.1.8], but the main idea is as
follows. Choose finite regions A, moving to infinity (i.e., eventually avoiding any
given A), and pick elements ¢, € A(A,), ||cn|]| = 1. The sequence (7, (c,)) in B(H,,)
has a weakly convergent subsequence,’! with limit ¢ € B(H,,).

e By von Neumann’s Bicommutant Theorem 3.12,°? we have ¢ € 7, (A)".

e By locality (4.4) and the delocalization of the A, also ¢ € m,(A)".

Hence ¢ € AS, and by a more refined argument (which is unnecessary if if A% = A¢),
even ¢ € A%, So if A® = C-1 we have ¢ = (4, £2,) - 1. On the other hand, we
have (Qy, Q) = lim, (Q,, 7, (c,) Q) = lim, w(c,), so that we may compute

limw(ac,) = im(Qy,, 7, (a)m,(cn) Q) = (Qu, 7o (a)c),) = w(a) imw(c,).
Thus for any € > 0 there is an N such that |w(ac,) — w(a)w(c,)| < e for all n > N.

To derive (4.10) from this, an easy reductio ad absurdum argument suffices. The
converse direction of Theorem 4.5 uses the technical Kaplansky Density Theorem.

1 This follows from the Banach-Alaoglu Theorem of functional analysis, applied to B(H,,) seen
as the dual space of By(H,). On the unit ball, the corresponding weak*-topology on B(H,,)
coincides with the weak operator topology, so that the unit ball in B(H,,) is weakly compact.

%2The weak closure M of any unital *-algebra M in B(H) then coincides with M"'.
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4.5 Uniqueness of translation-invariant states

Further clustering results follow if we equip A in (4.3) with an automorphic action
7 Z% — Aut(A) of Z%, defined as follows: for z € Z4, define 7, : A(A) — A(z + A)
by 7.(a(y)) = a(x + y), using the notation explained below (4.1), and extend to
7. : A — A by continuity. The following property then holds:

Definition 4.6 An automorphic action T of Z% on a C*-algebra A is (uniformly)
asymptotically abelian if in the sense that lim, . [a, 7.(b)] = 0 for all a,b € A.

Theorem 4.7 Let A be a C*-algebra A equipped with an asymptotically abelian
action T of Z2, and let w be a translation-invariant primary state on A (i.e., T'w = w
for allx € Z%). Then Q,, is the only translation-invariant vector in H,. Moreover,®

Ih_)rgo w(at(b)) = w(a)w(d); (4.11)
w — mlggo Tw(12(0)) = w(b) - 1; (4.12)
w— ii%d AT mu(ra(b) = w(b)- 1. (4.13)

The proof is quite instructive: If w is primary, lim, .. |w(a7.(b)) — w(a)w(7.(b))| =
0 either from Theorem 4.5, or directly, from the same argument. Translation-
invariance then yields (4.11). We then compute w(a, (b)) in terms of the projection

e 1; -1
Py=s /{%JM %U(x) (4.14)

onto the translation-invariant subspace of H,, where U is the unitary representation
of Z% on H,, from Theorem 4.4 (with G = Z%).5® Since Py, = 2., we have

w(aty (b)) = (s T (@) (2(0)) ) = (s T (@) ([T (72(D)), Fo] + Pormey (b))S0).

We now let x — oo, upon which the commutator vanishes, because the weak limit
of 7, (7.(b)) lies in the center of 7,(A)”, which is assumed trivial. The remaining
term is compatible with (4.11) iff Py is one-dimensional, so that €2, is the only
translation-invariant vector in H,. A similar trick, now using Py = |{,) (€], yields

(72 (0)) (@) = ([ (72(b)), o (@)] + 7o (@) ([ (72(0)), Po] + w(D))) <.
Both commutators vanish (weakly) as @ — oo, proving (4.12). Similarly, write
7o (70 (b)) (@)l = ([ (72(D)), mo(a)] + 7o (@)U (2) 7 (b)) )S L,
and use (4.14) and once again Py = |€,)(€2,|, to prove (4.13).

®3The condition means that lim, . ||[a, Tz, (b)]|| = 0 for any sequence (z,,) with |x,| — oo.

4This time, (4.11) means that any sequence (z,,) with |z,,| — oo has a subsequence (x/,) for
which lim,, . w(aty (b)) = w(a)w(b), and analogously for (4.12) in the weak operator topology
on B(H,). The limit A T Z? in (4.13) is meant (for example) to be taken along an increasingly
largely sequence of hypercubes A,, whose number of points goes as |A,,| ~ n for n — oco.

°Eq. (4.14) is a special case of von Neumann’s L? ergodic theorem, which generalizes the Peter—
Weyl-Schur relation Py = [ dgU(g) for compact groups G to amenable groups like Z* or R%.
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4.6 Dynamics

In a quantum system with a finite-dimensional Hilbert space H,, the algebra of
observables is A(A) = B(H,); for example, one may have Hy = ®,epH, with
H, = Hy=C" for all z € A C Z%, as before. Dynamics is given by a Hamiltonian
ha € A(A), giving rise to an automorphism group o : R — Aut(A(A)) by

ap(a) = ethageitha (4.15)

where a € A(A). In the situation (4.3), we would like to assemble the family a®
into a single automorphism group a : R — Aut(A), which describes the dynamics
of the corresponding infinite quantum system. This can be done if:

1. The local Hamiltonians hy are of the form hy =) -, ®(X), where the sum
is over all sublattices X of A, with a ‘potential’ ®(X) € B(Hy) C B(H,).

2. The limit of a(a) as A T Z¢ (which may be taken to mean that one chooses
increasingly large cubes A,, for A and lets n — o0) exists for each a € A(A)
and each A’. This is the case for short-range interactions (such as the typical
nearest-neighbour interactions of the Ising and Heisenberg models, see below.)

For nearest-neighbour interactions, ®(X) is nonzero iff X = {x, y} is a pair of neigh-
bours, and in the presence of an external magnetic field one also has terms ®({z}).
For example, in the Ising model one has Hy = C? and ®({x,y}) = o3(x)o3(y); an
external field gives rise to additional terms ®({z}) = Bo® (i =1,2 0r 3). Ind =1
with periodic boundary conditions and ¢ = 1, the total Hamiltonian, then, is

|A]
ha ==Y (03(z)os(x + 1) + Boy(z). (4.16)

z=1
Similarly, the Heisenberg model for (anti)ferromagnetism is given by Hy = C? and

Al 3
ha=JY > oi@)oi(z+1) =T &) Fx+1), (4.17)
z=1 1=1 T
where J < 0 yields ferromagnetism, whereas J > 0 gives rise to anti-ferromagnetism.
In any case, if the limit in no. 2 exists, we write

a(a) = S, ap (a); (4.18)

a simple approximation argument then shows that each map oy : UpA(A) — UpAA(A)
thus defined for fixed t € R, may be extended to a map o, : A — A by continuity
(i.e., for general a € A, one defines oy (a) as lim,, ax(a,,) for any sequence (a,,) converg-
ing to @ in norm). Simple computations then show that each oy is an automorphism
of A, and that the ensuing map a : R — Aut(A), ¢t — «, is a homomorphism of
groups, which is continuous in that ¢ — ay(a) is continuous from R to A for a € A.

In conclusion, under the assumption of short-range interactions the local (or
‘finite-volume) Hamiltonians h, ultimately define a dynamics on A. This detour
seems necessary, because formal expressions like lim,zqa hp are a priori meaningless.
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4.7 Ground states: definition

A ground state of a finite system A(A) = B(H,) is simply an eigenstate of the local
Hamiltonian h, with the lowest eigenvalue.’® For infinite systems, no Hamiltonian
is yet defined, so we need to define ground states in terms of the dynamics (cf. §4.6).

Definition 4.8 Let A be a C*-algebra with a given automorphism group R, i.e.,
a continuous homomorphism « : R — Aut(A), which gives the dynamics of the
underlying physical system. A ground state of (A, «) is a state w on A such that:

1. w is time-independent, i.e. ajw = w (or w(ay(a)) = w(a) foralla € A)Vt € R;

2. The generator h,, of the ensuing continuous unitary representation t — u; of
R on H, (cf. Theorem 4.4) has positive spectrum (with u; = exp(ithy,)).5

It follows from this definition, (4.8), and (4.9), that if w is a ground state, then
hoQo = O (4.19)
Tolai(a)) = e, (a)e™ . (4.20)

Since o(h,,) € RT, the unit vector Q, of the GNS-representation 7, induced by a
ground state w is a ground state for the Hamiltonian h,, in the usual sense.

In quantum mechanics, the ‘Heisenberg equation of motion’ da(t)/dt = i[h, a(t)]
plays a role as the infinitesimal of the unitary evolution a(t) = exp(ith)a exp(—ith).
In the C*-algebraic formalism, we have to use the language of derivations.

Definition 4.9 A derivation on a C*-algebra A is a linear map 6 : A — A satisfying
the Leibniz rule 6(ab) = 6(a)b + ad(b). An unbounded derivation is a linear map
0 : Dom(d) — A satisfying theLeibniz rule, where Dom(d5) C A of § is dense in A.
We call § symmetric if Dom(d)* = Dom(d) and 6(a*) = §(a)* for all a € Dom(9).

In fact, (bounded) derivations are quite rare; in the classical case A = Cy(M) for
some phase space M, nonzero derivations do not even exist (Sakai), all unbounded
derivations being of the form dx(f) = X f for some smooth vector field X on M.
In the quantum-mechanical case A = B(H), any (closed, strongly continuous) sym-
metric derivation 6 : B(H) — B(H) is of the form §(a) = i[h, a] for some self-adjoint
operator h on H (Kadison), so that § is bounded iff h is a bounded operator.
Given some dynamics a on A, we define an (unbounded) derivation § on A by

L (@) =l D= (421)
where a € Dom(d) C A iff this (norm-) limit exists. If oy(a) = exp(ith)a exp(—ith),
then clearly d(a) = i[h,a]. It is an exercise to prove an alternative to Definition 4.8:

Proposition 4.10 w is a ground state iff —iw(a*d(a)) > 0 for all a € Dom(J).
The idea is that —iw(a*0(a)) = (Qu, 7o (a)* [he, Tu(a)]Q0) = (T (a)Qy, home(a)Qy).

Since Dom(d) is dense in A and €, is cyclic for 7, (A), positivity of this expression
yields (U, h,¥) > 0 for all ¥ € Dom(h,), so that o(h,) C RT (and vice versa).
At last, the Heisenberg equation then resurfaces as m,(0(a)) = i[[hy, 7 (a)].

d(a) =

%6Because dim(Hy,) < oo, the spectrum of hy is discrete and hence local ground states exist.
>TPhysicists usually write u; for exp(—ith), so that a(t) = exp(ith)aexp(—ith) = ujau,.
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4.8 Ground states: Ising model in d =1

Ground states of finite systems typically are, but need not be unique. For example,
the Ising Hamiltonian (4.16) in d = 1 with B = 0 has a doubly degenerate ground
state \IIOjE (A) € Hy in the usual sense (all spins up or all spins down), but has a unique
ground state U (A) if 0 < B < B, for some critical value B, > 0 [31]. The latter is
similar to the nondegenerate ground state of the double-well potential discussed in
the Introduction. Indeed, for any B the Ising model has a Zs-symmetry oy — oy,
09 +— —09, 03 — —03, given by a 180-degree rotation around the z-axis, which is
implemented by the unitary operator u* = ®,cp01(z) on Hy. The unique ground
state is obviously symmetric, i.e., u*Up(A) = Up(A), whereas uA\I/aE(A) =UI(A).

For the corresponding infinite system, the infinite-volume relic of u, is the unique
automorphism v of A that for each a € A(A) is given by v(a) = upau}. The property
[u®, ha] = 0 then becomes [ay,7] = 0 for each t € R, which implies that y*w is a
ground state whenever w is one. The situation is then as follows [2, 5, 19].

e For B = 0, there are two translation-invariant pure ground states woi in the
sense of Definition 4.8. These are the A — oo limit of UF(A), in that for each
A and a € A(A) one has wi(a) = (VT (A),aVE(A))g,. The states wi and
woy are inequivalent 5 and the counterpart of the relation v* W™ = WF(A)
is Y'wy = wgi. Any mixture A - wi + (1 —A) -wy is also a ground state.>®

e If 0 < B < Bc, there are two translation-invariant pure ground states wﬁ,
related by v w7 5 = wg, as opposed to the single one in finite volume. This is
a typical situation, in which SSB only occurs in infinite-volume. The unique
symmetric translation-invariant ground state is wp = i(w} + wy), which is
mixed and hence does not have good clustering properties; for example, macro-
scopic observables fluctuate. The restriction wp(A) of wp to each A(A) remains
mixed, but for each a € A(A) the difference between wg(A)(a) and the ground
state expectation value wi(a) = (Vp(A),a¥p(A))y, vanishes (even exponen-
tially fast) as A — oo. In this sense, the mixture wp is the (weak) A — oo
limit of the pure ground states w#: as in the case of Schrédinger’s cat, the

point is that in the macroscopic limit, quantum interference terms vanish [15].

This begs the question which finite-volume states converge to the pure ground states
w?. There is a complete analogy with the double-well potential here, in that for
each finite A the local Hamiltonian hy has a low-energy state Wp(A), such that the

pure vector states on A(A) defined by (¥(A) + ¥(A))/v/2 converge to w [19].

58Taking b = o3(y) at some fixed y € A we have wi (03(y)) = £1, so that either (4.12) or (4.13)
precludes the existence of a unitary operator u : H = H, oy batlbfylng ury (a) = mp (a)u for all

a € A. This argument wal already presented in the Inroduction. The same conclusion follows from
the uniqueness of a translation-invariant vector in Hw(:]t according to Theorem 4.7.

9 All this is unsurprising. However, there is an additional family w¥, = € Z, of non-translation-
invariant pure ground states, described by a ‘kink’ at site x, in that all spins to the left of x are
up and those to the right are down. These states are all equivalent to each other, being related by
a finite number of spin flips o1, but each is inequivalent to both wi and w*. The restriction of wg
to A(A) is not a ground state, but the energy difference with W (A) vanishes as A — oco.
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4.9 Equilibrium states and the KMS condition

It is a bit more difficult to find an appropriate definition of thermal equilibrium
states of infinite quantum systems. The problem is similar to the definition of
ground states, in that it is clear what to do for finite systems, namely writing down
1

A

wg(a) = WTr (e Fhag), (4.22)

but that subsequently the lack of a global Hamiltonian in some representation of
A causes trouble.® This problem was solved in 1967 by Haag, Hugenholtz, and
Winnink [14], who used an earlier observation of Kubo and independently Martin
and Schwinger to the effect that for any a,b € A(A) in terms of (4.15) one has

wg(at(a)b) = wé(b&t+ig(a)). (4.23)

Definition 4.11 Let A be a C*-algebra with an automorphism group R. A KMS-
state at inverse temperature § € R is a state w on A wit the following property:

1. For any a,b € A, the function F,p : t — w(bay(a)) from R to C has an
analytic continuation to the strip Sz = {z € C | 0 <Im(z) < B}, where it is
holomorphic in the interior and continuous on the boundary 0S5z = RU(R+if3);

2. The boundary values of F,; are related, for allt € R, by
Fop(t) = w(ba(a)); (4.24)
Fu(t+i8) = wla(a)b). (4.25)

Initially, the mathematical characterization of equilibrium states by the KMS con-
dition was somewhat tentative, but in the 1970s and ’80s it became clear that it
was spot on, being equivalent to local and global thermodynamic stability (against
perturbations of the dynamics), the maximum entropy principle, etc. [5, 41, 42].
The states w’B\ are KMS at 5. The following properties generalize their properties.

Proposition 4.12 1. A KMS-state at § € R\{0} is time-independent.
2. A KMS-state at 3 € R is faithful, in that w(a*a) =0 iff a = 0.

3. In the GNS-rep 7, induced by a KMS-state the vector ), € H,, is both cyclic
(cf. Definition 3.16) and separating, in that m,(a)Q, =0 iff a = 0.

We omit the proof (cf. [5, §§5.3.3,5.3.9]); note that 3 is an easy consequence of 2.

If A = M,(C) the last example of §3.10 evidently applies, i.e., for w = wf}
as in (4.23) we have (up to unitary isomorphism) H, = M,(C), m,(a)b = ab,
and Q, = p'/?, where p = Z 'exp(—ph) with h = hy. It is worth verifying
that the ‘Hamiltonian’ h, that satisfies (4.19) and (4.20) is not given by m,(h),
which meets (4.20) but fails (4.19)), but by h, = m,(h) — Jm,(h)J, where the
anti-unitary operator J : M, (C) — M, (C) is given by Ja = a*. Indeed, because
[1w(a), Jm,(b)J] = 0 for all a,b € M, (C) one still has (4.20), but in addition we now
have h,Q, = (m,(h) — Jr,(h)J)p'/? = hp'/? — (hp'/?)* = 0.

690ne might be tempted to use the global Hamiltonian h, of a ground state, but in that case
exp(—ph,,) typically will not be in the trace-class By (H,,), so that (4.22) is not defined.



4 SYMMETRY BREAKING IN QUANTUM THEORY 44

4.10 Decomposition of states

Abstracting the previous discussion, spontaneous symmetry breaking involves:

e a (C*-algebra A (e.g., of the form (4.3)) with time-evolution o : R — Aut(A);
e a symmetry group 7 : G — Aut(A) such that ayy, = y,on forallt €e R, g € G.

e a ground- or KMS-state w on A for which wy, =yjw # w for some g € G.

Naively, one would conversely say that SSB is absent if a symmetric ground- or KMS-
state exists, but this is incorrect: as we have seen in the Ising model with G = Zo,
the symmetry-breaking ground states w(jf may be combined into a new ground state
N wg + wy ), which is symmetric! In fact, combining asymmetric ground states into
a symmetric one by an averaging procedure of w, over G is possible whenever G is
amenable (this includes the case where G is compact). Moreover, the A 1 Z¢ limit of
symmetric ground- or KMS-states wy (obtained upon choosing symmetric boundary
conditions for the Hamiltonian i, and hence for the canonical density matrix py) is
a symmetric ground/KMS state, even when asymmetric ground/KMS-states exist.
To handle this, we need a good notion of decomposition of states, to the effect
that even though a ground- or KMS-state may happen to be symmetric, SSB oc-
curs just in case some of its components in a ‘canonical’ decomposition break the
symmetry. The question, then, is what these ‘canonical’ component states are.
The answer is given by convexity theory. Recall (cf. §3.3) that the state space
S(A) is a compact convex set in the weak*-topology inherited from A* (assuming A
to have a unit), and that the pure state space P(A) is just its boundary 0S(A). It can
be shown that the set Sz(A) of KMS-states at [ is a compact convex subset of S(A),
as is the set S, (A) of ground states. The ‘canonical’ states, then, are the elements of
0S55(A), which consists of those w’ € Sg(A) for which ' = Aw] + (1 — A\)w} for some
A € (0,1) and certain wj and wj in Sg(A) implies w] = w) = ' (cf. Definition 3.6).
Such extremal decompositions may involve integrals instead of sums; this typically
means that there is a probability measure p on 0S3(A), such that for each a € A,

w@= [ ) er(@)Si(A) (4.26)
953(A)

In case of SSB, the measure y is typically supported on some G-orbit in 953(A).

1. For KMS-states one has 0S3(A) = Sz(A) N S,(A), where S,(A) is the set of
primary states on A (cf. §3.12), so that the extremal decomposition of a KMS
state coincides with its decomposition into primary KMS states. Moreover,
this decomposition is unique [5, Theorem 5.3.30]. This is quite perfect!

2. For ground states, the analogous result would be 05,(A) = So(A) N OS(A),
where 0S(A) is the set of pure states on A, so that the extremal decomposition
of a ground state within the set of all ground states coincides with its decom-
position into pure ground states. This is physically expected and holds in
realistic models, but is provably the case only under additional assumptions.%!

61See [5, Theorem 5.3.37]. The strongest such assumption is weak asymptotic abeliannnes of the
dynamics, i.e., lim; o w([az(a),b]) = 0, and a weaker condition is that m,,(A4)" is commutative.
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4.11 Order parameters

On the basis of the preceding discussion, one may define SSB as a property of the
dynamics and the symmetry alone by the condition (9S3(A))¢ = 0, where, for any
K C S(A), the set K¢ consists of the G-invariant elements of A. Rephrasing this
definition as Sg(A)¢ N S,(A) = 0, we here have the essence of SSB: an invariant
ground/KMS state cannot be primary, whereas a primary ground/KMS state cannot
be invariant.5? However, one may also define SSB as a property of a given state w,
as in the previous subsection. Leaving the self-evident case of an asymmetric state
apart, we now turn to the problem of detecting SSB in an invariant state [41].

Definition 4.13 Let A be a quasilocal C*-algebra A with symmetry group G. A
(Strong) order parameter in A is an n-tuple ¢ = (¢1,. .., ¢n) € A" for which w(¢) =
0 if (and only if) w is G-invariant, for any translation—invariant state w on A.

An order parameter defines an accompanying vector-field z — ¢(z) by ¢;(z) = 7.(¢)).
Since w is translation-invariant, w(¢) = 0 is equivalent to w(@(x)) = 0 for all .

In the Ising model, with G = Z,, 03(0) is an order parameter, which can be
extended to a strong one ¢ = (02(0),03(0)). In the Heisenberg model, where G =
SO(3), the triple (01(0),02(0),03(0)) provides a strong order parameter.

Theorem 4.14 Suppose that gz; is a (strong) order parameter, as in Definition 4.183.
Then a G-invariant and translation-invariant ground/KMS state w € Sg(A) dis-
plays SSB—in the sense that some of the components in its extremal decomposition
fail to be G-invariant—if (and only if ) the following positivity requirement holds*3

xllj{)l()uj (Z ®:(0)* oy ( ) (4.27)

The “if” part of the theorem is equivalent to the claim that the limit in question
vanishes in the absence of SSB. Let (4.26) be the extremal decomposition of w. If
(almost) each extremal state w) is invariant, then wy(¢;(z)) = 0 for all i by definition
of an order parameter, and similarly wy(¢;(z)*) = wx(¢pi(x)) = 0. Interchanging
lim, ., with the integral over 0S3(A) (which is allowed because p is a probability
measure), and using (4.11) then shows that the left-hand side of (4.27) vanishes.

To avoid difficult measure-theoretic aspects of the extremal decomposition the-
ory, and also for pedagogical purposes, we prove the “only if” part only in the special
case that w = [, dg p, (weakly), where p € 9S35(A) and p, = 7} p, as before. Since
pg(> i, 9i(0)*¢i(x)) is independent of ¢ (by definition of an order parameter), we
may replace p, by p in the expression for w; the term | o dg then factors out and
is equal to unity. Thus we may replace w in (4.27) by p. Since p is a primary
state, we may now use (4.11) once again, so that the left-hand side of (4.27) be-
comes Y . |p(¢:)|*. By assumption, p is not G-invariant, so that (by definition of
a strong order parameter) at least one of the terms |p(¢;)| is nonzero. Q.E.D.

62 A weaker definition would be S(A)¥ # Sz(A), which implies (955(A)) # 9S5(A) and hence
forces the existence of asymmetric extremal KMS/ground states, but leaves open the possibility
that symmetric extremal KMS/ground states exist.

63Tn that case, we say that the two-point function on the left-hand side exhibits long-range order.
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4.12 Mean-field theories

In order to illustrate the abstract material so far, we now discuss a class of explicitly
solvable models that display SSB. We work in de the setting of §4.6. Our running
examples are the Weisz-model for ferromagnetism and the BCS-model for super-
conductivity, the latter in the so-called strong coupling limit. Both have arbitrary
dimension d and n = 2, so that Hy = C?, and are given by the local Hamiltonians

o= 1 Y e - B Y ) (4.28)

‘A’ z,yeA TEA
WS = 1) (1—os(x Z (4.29)
TEA z,yEN

In (4.28), J > 0 determines the strength of the spin-spin coupling, and B is an
external magnetic field. The symmetry group of Al is at least G = Zy = {1, —1},
represented on Hy (and thence on Hy) in a way that depends on the direction of B.
We will just consider the two cases where B lies in either the z-direction or the z-
direction; in both cases we represent Zs on C? by 1+ u; = 1y and —1 +— u_; = 0.
For any group G represented on Hy by g — u,4, we then put

Uy = Rpenty(T), (4.30)

which is a unitary operator on Hy. Clearly, with (4.28), [hY ', u}] = 0 for g € Zs.
In (4.29), the lattice A actually does not lie in physical space; it represents some
labelling of states near the Fermi surface of the material in question. The idea is

that the vectors ( (1) ) and ( (1) ) in H, = C? are states with one and zero Cooper

pairs, respectively; the former has energy e, whereas the latter—the unoccupied
state—has zero energy.®* The second term denotes the two-body interaction between
Cooper pairs. The symmetry group of h¥“S is G = U(1), realized on C? through
uy = exp(3igos), g € [0,47), and extended to a unitary representation g — uA on

Hy by (4.30); with o4 = L(oy £ i02), one has [ABS u] =0 for all g € U(1).

Ug
A general (homogeneous) mean-field theory is defined by the local Hamiltonians
hy = |AR(TA, ..., TA ), (4.31)

where the (T3)7°7" together with Ty = 1, form a basis of the real vector space

M, (C);, of traceless hermitian n x n matrices, that is, of the Lie algebra su(n),%

: T (x 4.32
T = o T (4.32)
€A

and £ is a polynomial expression (sensitive to operator ordering). Clearly, (4.28)
and (4.29) are of this form. In the next subsection we will see that h really defines
a function on the vector space u(n)* dual to the Lie algebra u(n).

64 A Cooper pair consists of two electrons whose spins and momenta are anti-alligned.
65The Lie group SU(n) consists of all unitary n x n matrices u with det(u) = 1. Its Lie algebra
su(n) consists of all traceless hermitian n x n matrices. For n = 2 one has T; = 30y, i = 1,2,3.
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4.13 Mean-field Hamiltonian

Given the quantum-mechanical Hamiltonians (4.31), we define a single classical
“Hamiltonian” h € C*(su(n)*,R) on the “phase space” su(n)*. This is simply
accomplished by replacing each T/ in (4.31) by the corresponding coordinate func-
tion 6; on su(n)*, defined by 0;(6) = 0(T;). For our running examples, this yields

W) = —2J0%2—2B-0: (4.33)
hBCS(0) = e(L —63) — N(6? + 6% — 05). (4.34)

2

In general, for arbitrary § € su(n)*, with coordinates (01, ...,0,2_1), 0; = 0(T}),

>

- n—la

0)- T (4.35)

Q
IS

defines an hermitian operator ily on Hy, called the mean-field Hamiltonian. E.g.,
W= (@) - 20305 - B - 5; (4.36)
ﬁchs = hPOS0) + Le(1 — a3) — MO10y + Os05 — S03). (4.37)
For any (inverse temperature) 3 = T, the self-consistency equation for @ is

_ T —Bhg
%@;:-ﬂﬁilﬂ. (4.39)
Tr Ho (67’6}15)

Clearly, the constant h(f) in (4.35) drops out of this equation and may be ig-
nored. For example, if we take (4.36) with B = 0, then (4.38) forces 6; = 6, = 0,
whereas the mean magnetization m = 205 = @g(a;;) satisfies the famous equation
tanh(8.Jm) = m. This has a solution m = 0 for any (3, and for ' > T,. = J (so that
BcJ = 1) this is the only solution. For T' < T,, two additional solutions £mg with
mg > 0 appear. Similarly, for the mean-field Hamiltonian (4.34) of the BCS-model,
eq. (4.38) has a critical temperature above which § = 0 is the only solution, and
below which there is an additional family of nonzero solutions parametrized by U(1).

Proposition 4.15 The self-consistency equation (4.38) has at least one solution.

To see this, we embed the state space S(M,(C)) = S, i.e. the compact convex set
of n x n density matrices, in su(n)* in the obvious way: p € S, maps X € su(n) to
Tr (pX) = p(X). This is indeed an embedding, since p € su(n)* determines p € S,
and wvice versa: for p(a*) = p(a) and p(1) = 1, and the complex linear span of 1
and su(n) is M, (C). (For example, for n = 2, the embedding Sy — su(2)* = R3 is
just given by realizing S, as the three-ball B* in R3, cf. (3.7).) According to (4.38),

0; is precisely of this form, with p = &Y. Thus § € su(n)* is constrained to lie in

Sn C su(n)*, and by (4.38) it is a fixed point of the continuous function f : S, — S,
defined by f(p) = (DZ. The claim then follows from Brouwer’s Theorem stating that
any continuous map from a compact compact set in R* to itself has a fixed point.
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4.14 Exactness of the mean-field approximation

The symmetries of hy are reflected by the solution set of (4.38). The first point is
that G C U(n) acts not only on Hy = C" by g — u,, but also on the state space S,,,
viz. by g — (7])*, where 4J : M,,(C) — M, (C) is the automorphism 7 (a) = ugau,
so that (y9)*p = po 73_1 = ugpu;.% For example, for G = SU(2) this action is
just the defining action of SO(3) = SU(2)/Zy on R? (with Zy = {15, —15}). For
G =7y ={1s,01} = {1, —1}, as in the Weisz-model, the nontrivial element g = —1
acts like a rotation of 7 around the z-axis, so that (7°,)*(z,y, 2) = (x, —y, —2).
Under this action, any symmetry group G of the local Hamiltonians h, also leaves
h € C*(S,) invariant in the sense that 70 (70)* = h, restricting h to S, C su(n)*.%"

Lemma 4.16 If h € C*(Sy) is G-invariant under the above G-action on S,, then
any g € G maps a solution 6 of (4.38) into another solution (vg)*0 = 0, of (4.38).
In other words, the solution set of (4.38) is a union of G-orbits in S,,.

This follows from (79)*@4 = @?, which is immediate from (4.39) and (4.35). Q.E.D.
The mean-field approximation—i.e. of the local Hamiltonians (4.31) by the single-
site mean-field Hamiltonians (4.35)—is exact in the following sense [3, 11]:

Theorem 4.17 Let wg a limit point of the net (wg) defined by (4.22) and (4.31),
as A 1 Z%. Then the decomposition (4.26) of wg into primary states is given by

wy = / dyis(0) S, (4.40)

n

wg = Qgezd d)g(x), (4.41)
for some probability measure jiz on S, where the state Jjg(w) on B(H,) = M,(C) is
given by (4.39), applied to site v € 72, with hy given by (4.35), and 0 € S, satisfies

(4.38). In particular, each state wg defined by (4.41), (4.35), and (4.38) is primary.

In most examples, including the Weisz- and BCS-models, the limit state ws is ac-
tually unique, and in addition the pure thermodynamic states contributing to the
primary decomposition (4.26) of wg form a single G-orbit in S,,. For T" > T, there is
just one term in (4.40), namely wg at @ = 0. In the Weisz-model this is the unique
tracial state tr on A, given on A(A) by tr(a) = Tr(a)/dim(H,), and extended to
A by continuity (the (-independence of this state seems a pathology of the model).
At T < T, the Zy-orbit carrying the measure in (4.40) is {(0,0, £2mg)}.

To see SSB in these models, we extend each automorphism 'yg of B(Hy) to
an automorphism ’yé\ = ®Qger7y of A(A), which yields an automorphism v, of A

by continuity. The G-invariance (7;‘)"%()3 = wj of each Gibbs state wg then implies

Yaws = wpg for each limit state, but (cf. the proof of Lemma 4.16) we have 'y;wg = wgg,

so that a primary state wz breaks the G-symmetry whenever 59 +£ 6 for some g € G.

66This is a double restriction of the coadjoint action of U(n) on u(n)*, defined by Coy(6) =
0 o Adg-1, with Ady : u(n) — u(n) given by Ady(X) = u,Xuj. First, S, C u(n)* is stable under
this action, and second, the coadjoint action of U(n) on S, is restricted to the subgroup G C U(n).
67In fact, the full h € C°°(u(n)*) is invariant under the G-action defined in the previous footnote.
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4.15 KMS-condition in mean-field theories

One would expect the states wg and wg in (4.40) to satisfy the KMS-condition:
the former is a limit of local Gibbs states (4.22), and as to the the latter, primary
states in the decomposition of a state automatically satisfy the KMS-condition if
that state does. However: KMS with respect to which time-evolution? Indeed,
the Hamiltonians (4.31) of mean-field models are long-range, which implies that the
local time-evolutions (4.15), fail to extend to an automorphism group « on A.

The solution is to enlarge A to A® C', where C' is some algebra generated by the
average values (4.32) in the limit A — Z¢. Since the expression (4.32) yields

1
T T = —[T;, Tj]* 4.42
[z?]] |A|[7J}7 ( )
this algebra should be commutative. Consider the set S(A)F of all permutation-
invariant states on A, defined in the obvious way.®® This is a compact convex set in
S(A), whose boundary 9S(A)* is isomorphic to S,,, in that p € S,, defines a product
state p® = ®@,czap(r) in S(A)?, and each element of S(A)F is of this form [43].

Each w € S(A)? defines a probability measure p, on S, such that the integral

w= /S dpi(p) p® (4.43)

yields both the extremal and the primary decomposition of w. The form of the mean-
field Hamiltonians (4.31) then implies that the state wg in (4.40) lies in S(A)”, and
according to (4.41) each of its components wf is an element of dS(A)”. In each GNS-
representation 7,,(A) defined by w € S(A)”, the limits T := limy;zq 7, (T}) exist in
the strong operator topology, lie in the closure 7, (A)”, and generate a commutative
C*-algebra. If w = p® € dS(A)F, then T¥ is a multiple p(T}) of the identity (since
it is easily seen to lie in the center of m,(A)”, which by definition is trivial if w
is primary). Thus we abstractly define limy;z« T} as the function Ti(p) = p(Ty)
on S,, and identify the C*-algebra C introduced above with C(S,). The above
GNS-representation 7,(A) then extends to A ® C(S,) by putting 7, (T}) := T¥.

Theorem 4.18 1. There is a unique time-evolution a on A ® C(S,,) such that
for any w € S(A)Y, a € A, and T; € su(n) (and hence T; € C(S,,)) one has

: ith —ith _ .
$- 1{1#%}1 (e ae™N) =, (ay(a)); (4.44)
- lim lim m, (e Trem ) = 1 (ay(Th)). 4.45
s lim L, = (e T e ™) (e (T5)) (4.45)

2. The states wz and wg in (4.40), extended to A ® C(S,) by wla ® 1)) =

~

w(a)p,(T3), cf. (4.43), satisfy the KMS-condition at 3 with respect to «.

See [3] for the proof. Unlike A, C'is actually stable under each o, so that one obtains
a classical time-evolution on its Gelfand spectrum S,,, seen as a phase space.®”

68L.e., the expectation value of an elementary tensor ®,epa,(z) in w € S(A)F is unchanged
under permutation of the terms (a;). For A = {z,y} this means w(a, ® ay) = w(ay ® az).

%9This time-evolution is truly classical, in being the Hamiltonian flow of A € C*(S,) with
respect to the canonical Lie-Poisson bracket S,, inherits from su(n)* [3, 23].
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5 Goldstone Theorem and Higgs Mechanism

The Goldstone Theorem and the Higgs Mechanism are two aspects of SSB that
apparently contradict each other. In any case both require very careful treatment.
The former results when the broken symmetry group G is a Lie group (of dimension
> 1), and the latter arises when it is an infinite-dimensional gauge group (see below).

Let us start with the simple case G = SO(2), acting on R? by rotation. This
induces the obvious action on the classical phase space T*R?, i.e., R(p,q) = (Rp, Rq)
as well as on the quantum Hilbert space H = L?(R?), that is, Ugt)(z) = (R x).
Let us see what changes with respect to the action of Zy on R considered in the
Introduction. We now regard the potential V' in (1.1) as an SO(2)-invariant function
on R? through the reinterpretation of ¢? as ¢ 4+ ¢5. This is the famous ‘Mexican hat
potential’. Thus the classical Hamiltonian h(p, q) = p?/2m+V (q), with p* = p? +p3,
is SO(2)-invariant, and the set of classical ground states

S ={p.q) eT"R* | p=0,¢" = (w/N)?} (5.1)

is the SO(2)-orbit through e.g. the point (p; = p2 = 0,¢1 = w/A, ¢ = 0). Compared
to the one-dimensional case, the two-point set of ground states with Zs-symmetry is
now connected and forms a circle in phase space. The intuition behind the Goldstone
Theorem is that a particle can freely move in this circle at no cost of energy. If
we look at mass as inertia, such motion is ‘massless’, as there is no obstruction.
However, this intuition is only fully realized in quantum field theory.

In quantum mechanics, the ground state of the Hamiltonian (1.2) (now acting
on L?*(R?)) remains unique, as in the one-dimensional case. In polar coordinates
(r,¢) we have ) ) ,

R 0 10 1 0

h = v (8r2+7’8r+r28¢2> +V(r), (5.2)
with V(r) = —iw?r? + 1A%r%. With L*(R?) = L?*(R") ® (*(Z) under Fourier trans-
formation in the angle variable, this becomes

B (r, ) = (—h—2 (5—:2 + %% - ”—2) + vm) U(r,n). (5.3)

2m r2

Since h?n?/2mr? is positive, the ground state ¥y has Wo(r,n) = 0 for all n # 0, and
hence it is SO(2)-invariant, since the SO(2)-action on L?*(R?) Fourier-transforms
to the action UpW(r,n) = exp(ind)¥(r,n). Indeed, from a group-theoretical point
of view, the unitary isomorphism L?(R?) = L?(RT) ® ¢*(Z) is nothing but the
decomposition L*(R?) = €, ., H, where H, = L*(R") for all n, but with ®,, € H,
transforming under SO(2) as Up®,(r) = exp(ind)®,(r), 0 € [0,27]. The SO(2)-
invariant subspace of L?(R?), then, is precisely the space Hy in which ¥y lies. This
is analogous to the situation occurring in one dimension higher (i.e. R?) with e.g. the
hydrogen atom: in that case, the symmetry group is SO(3), and L?(R?) decomposes
accordingly as L*(R*) = @,y H;, where H; = L*(R*) ® C¥*'. The ground state
for a spherically symmetric potential then typically lies in Hy and is SO(3)-invariant.
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For our purpose, however, the relevant comparison is with the one-dimensional
case: the decomposition of L?*(R) under the natural Zy-action U_;¥(x) = ¥(—x) is

L*(R) = Hy® H, (5.4)
H; = {VecL*R)|¥(r)=(-1)¥(-2)}, i=0,1. (5.5)

This time, H. is the Zs-invariant subspace containing the ground state ¥,. Being
Zo-invariant, Wg is has peaks above both classical minima 4¢qq; in fact, ¥ is real-
valued and strictly positive. The ground state of the corresponding two-dimensional
system, seen as an element of L?(IR?), is just this ¥, extended from R to R? by rota-
tional invariance. Hence the ground state remains real-valued and strictly positive,
with peaks about the circle of classical minima in R2.

For d = 1, the first excited state ¥; lies in Hy; it is real-valued, like ¥, but since
it has to satisfy W;(—z) = —¥(z), it cannot be positive. Indeed, with a suitable
choice of phase, ¥; has one positive peak above ¢g and the same peak but now
negative below —qy. Using advanced semiclassical analysis, it can be shown that

Uy = (Uo £ 0,)V2 (5.6)

is peaked above +qq alone (i.e., the negative peak of £W¥; below Fqo exactly cancels
the corresponding peak of Wy). The classical limit of Wy comes out as the mixed state
H(wi4w_), where wy = (p = 0,%qp), but each state U, has the pure state wy as its
classical limit. The latter are ground states, and hence in particular they are time-
independent; to understand this, note that according to the WKB-approximation,
the energy difference Ey— E; beween Wy and ¥, vanishes exponentially fast as A — 0,
so that in the classical limit the states Wy rapidly approach energy eigenstates.

A similar but more complicated situation arises in d = 2. The role of the pair
(Vg € Hy, ¥y € Hy) is now played by an infinite tower (V,, € H,,,n € Z), where ¥,
is the lowest energy eigenstate (for h in (5.3)) in H, C L*(R?). The state ¥, for
d = 1 now should be something like limy_ o, ¥V), with the unit vectors

() (5.7)

N
1
=Y v,
VNI 2,

but unfortunately this limit does not exist in L?(R?). The simplest way to proceed

is to keep N finite but large, and define \IféN) = Up¥N) as the analogue of W_;
the upshot is that the set (5.1) of classical ground states emerges as the double
limit limpy_ o limy_o applied to \I/éN), seen as a vector state in the algebraic sense.
The easiest way of making this idea precise is to introduce Weyl’s quantization

prescription of classical functions on phase space: for f € C2°(T*R™), the formula

A = [ GEESII e ) v 68

defines a bounded operator Qn(f) on L*(R™). For all f € C>°(T*R"), we then have
lim lim (95", Qn(f)¥5") = wa(f). (5.9)

N—o0 h—0

where wy is a pure state on Cy(T*R?) corresponding to a suitable point in (5.1).
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5.1 SSB in classical field theory

In this subsection we illustrate SSB in classical field theory through a simple ex-
ample, where the symmetry group is G = SO(N), but whenever possible we write
things down in such a way that the generalization to arbitrary scalar field theories
is obvious. Suppose we have N real scalar fields ¢ = (¢1, ..., ¢n), on which SO(N)
acts in the defining representation on RY. Let the usual relativistic Lagrangian,™

L = 30,0:0"pi = V(p), (5.10)

contain an SO(N )-invariant potential V, typically of the form (with ¢* = 31V, ©?)

m? A

V(p)=——¢* + ~¢* 5.11
(0) = =50+ 74" (5.11)
where A > 0, but m? may have either sign. If m? < 0, the minimum of V lies at
¢ = 0, but if m* > 0 the minima form the SO(N)-orbit through
¢ = (v,0,---,0); (5.12)
v = m/VA= ¢ (5.13)
The idea is that the physical fields are excitations of the ‘vacuum state’ ¢°, so that,
instead of ¢, as the appropriate ‘small oscillation’ field one should use

x(x) = o(z) — ¢ (5.14)
Consequently, the potential is expanded in a Taylor series for small x as
V(e) = V(¢ +3Vixxs + O (5.15)
0?V
| ©°). 5.16
§ = 500, (5.16)

Note that the linear term vanishes because V'(¢°) = 0. We now use the SO(N)-
invariance of V, i.e., V(gp) = V(p) for all g € SO(N). For T* € g (i.e. the Lie
algebra of G, realized by anti-symmetric traceless N x N matrices) this yields

d tTy av(%") a
%V(e QO)t:() =0 & 8% iT,L-ngj =0. (517)
Differentiation with respect to ¢ and putting ¢ = ¢ then gives
VT = 0. (5.18)

In general, let H C G be the stabilizer of ¢, i.e., g € H iff gp¢ = ©°. In our example
(5.11) - (5.12), we evidently have H = SO(N —1). Then T%¢° = 0 for all generators
T® of the Lie algebra b of H, so that there are

M = dim(G) — dim(H) = dim(G/H) = dim(G - ¢°) (5.19)

linearly independent null eigenvectors of V" (seen as an N x N matrix). This number
equals the dimension of the submanifold of RY where V' assumes its minimum. In
our example we have M = N — 1, since dim(SO(N)) = i N(N —1).

"OFrom now on, we sum over repeated indices like i and p (Einstein summation convention).



5 GOLDSTONE THEOREM AND HIGGS MECHANISM 53

5.2 Goldstone Theorem in classical field theory

We now perform an affine field redefinition, based on an affine coordinate trans-
formation in RY that diagonalizes the matrix V”. The original (real) fields were
© = (¢1,...,¢n), and the new (real) fields are (x1, 602, -+ ,0xn), with x1 = 1 —v as
in (5.14), and the famous Goldstone boson fields are defined, also in general, by

1 a C 1 a C
0o = ;<T ©°, ) = ;Tz'j%'%‘- (5.20)

Here (-, ) denotes the inner product in R, and we have chosen a basis of g in which
the elements (T, ..., T9mH) form a basis of b, completed by M further elements
(TdimE)+L - pdim(@+1) T5g as to have basis of g. The index a in (5.20), then, runs
from dim(H) + 1 to dim(G), so that there are M Goldstone bosons, cf. (5.19). In
our running example, this number was shown to be M = N — 1, and in view of
(5.12), the field 0, = T} y; is a linear combination of the o till @y.

The simplest example is N = 2 with potential (5.11) and m? > 0. With the
single generator T' = —icg,, we obtain 6 = ¢y. Since V" = diag(2m?,0), we see that
the mass term —im?p? in (5.11) (with p* = @]+ 3) changes from the ‘wrong’ sign
—m? to the ‘right’ sign +2m? in (5.15), whilst —1m?p3 in (5.11) simply disappears,
so that the field 6 comes out to be massless. Indeed, this is the whole point of the
introduction of the Goldstone bosons: in view of (5.18) and (5.20), the Goldstone
fields do not occur in the quadratic term in (5.15) and hence are they are massless,
in satisfying a field equation of the form 0,0/, = - --, where --- does not contain
any term linear in any field. In general, the Goldstone Theorem states:

Theorem 5.1 Suppose that a compact Lie group G C SO(N) acts on N real scalar
fields ¢ = (¢1,-..,¢nN), leaving the potential V in the Lagrangian (5.10) invariant.
If G is spontaneously broken to an unbroken subgroup H C G, then there are at least
dim(G/H) massless fields. Here the assumption means that V' assumes a minimum
at p© whose stability group s H, and the conclusion states that there exists a transfor-
mation from the original fields (1, ..., @nN) to new fields (x1, ..., XN-m, 01, -, 00),
M = dim(G) — dim(H), which is invertible in a neighborhood of ¢ = ¢, such that
the potential V(p), re-expressed in the fields x and 0, has no quadratic terms in 6.

The local invertibility of the field redefinition around ¢¢ # 0 is crucial; in our
example, where x = x1 = ¢1 — v and 0, = T}j;, this may be checked explicitly.
An alternative proof uses a nonlinear definition of the Goldstone bosons, namely

p(x) = v @1 (o 4 x(x)), (5.21)

where the sum over a ranges from 1 to M, v = ||¢°||, and the fields x = (x1,. .., XnN—m)
are chosen orthogonal (in RY) to the T%p,, a = 1,..., M, and hence to the 6.
Provided the generators of SO(N) (and hence of G C SO(N)) have been chosen
such that (T%p¢, T%p°) = v20%, the fields ¢ defined by (5.21) coincide with the
fields in (5.20) up to quadratic terms in x and 6; to see this, expand the exponential
and also use (T ¢¢) = (T%°, x) = 0. This transformation is only well defined if
v # 0, i..e., if SSB from G to H occurs, and its existence immediately implies the
Goldstone Theorem 5.1, for by (5.21) and G-invariance, V' (y) is independent of 6.
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5.3 Higgs Mechanism in classical field theory I

We now proceed to a discussion of SSB in gauge theories, especially with an eye on
the Higgs Mechanism, which plays a central role in the so-called Standard Model of
high-energy physics. We look at the Abelian Higgs Model, given by the Lagrangian

L=—1F;+ XD, Dilg) — V(p), (5.22)

where ¢ = (¢1,p2) is a scalar field, the usual electromagnetic field strength is
F., = 0,A, —0,A,, in terms of which F?=F w M, and the covariant derivative is

Dﬁpz«%—e4,Tmm:(@-(é ?)—e&,(? 51>)-(£;>.@2$

Here e is some coupling constant, identified with the unit of electrical charge. We
still assume that V' only depends on ||¢||* = (¢, ») and hence is SO(2)-invariant.

The novel situation compared to (5.10) and the like is that, whereas (5.10) is
invariant under global SO(2) transformations, the Lagrangian (5.22) is invariant
under local SO(2) “gauge” transformations that depend on x, namely

o) Hewwﬂ@:(mwm)—mmm)_(%m); (524

sina(z) cosa(x) va()
Ay(a) AA@+§@ﬂ@y (5.25)

We say that the gauge group G = C*°(R?¢, U(1)) acts on the space of fields (A, ) by
(5.24) - (5.25). Now suppose V has a minimum at some constant value ¢° # 0. In
that case, any field configuration (¢(z) = exp(a(z) - T)¢°, Au(z) = (1/e)0,(x)),
« € G, minimizes the action. Hence the possible ‘vacua’ of the model comprise the
(infinite-dimensional) orbit V of the gauge group through (A = 0, = ). Note
that Dﬁgp =0 for (A, ) € V, i.e., @ is covariantly constant along the vacuum orbit
(whereas for global symmetries it is constant full stop). Relative to the (arbitrary)
choice (0, ¢°) € V, we then introduce real fields x and 6, called the Higgs field and
the would-be Goldstone boson, respectively, by (5.21), which now simply reads

( 1 (x) ) _ T ( “+8<($) ) | (5.26)

pa2(z)
After this redefinition of the scalar fields, the Lagrangian (5.22) becomes
L= —1F}410,x0"x + L€’ (v + X)*B.B" — V(v + x,0), (5.27)

where B, = A, — (1/ev)d,0, and F} = F,,F* for F,, = 0,B, — 9,B,. This
describes a vector boson B with mass term im%B,B*, with m% = le?v? > 0 (as
opposed to the massless vector field A), and a scalar field y with mass term %miXQ,
with m? = (0?V/0¢7)|w,0) > 0 (since V supposedly has a minimum at ¢° = (v,0)).

This is the Higgs Mechanism: the gauge field becomes massive, whilst the mass-
less (‘would-be’) Goldstone boson disappears from the theory: it is (allegedly) ‘eaten’
by the gauge field. Thus the scalar degree of freedom 6 that seems lost is recovered
as the longitudinal component of the massive vector field (which for a gauge field

would merely have been an unphysical ‘gauge degree of freedom’, see below).
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5.4 Higgs Mechanism in classical field theory II

In the description just given, the Higgs Mechanism in classical field theory is seen as

a consequence of SSB under special conditions. Remarkably, there is an alternative

account of the Higgs Mechanism, according to which it has nothing to do with SSB!
We now perform a field redefinition analogous to (5.26) etc. straight away, viz.

(20) = e () (525
A, = B,+(1/€)d,0, (5.29)

defined and invertible in a neighbourhood of any (py > 0,0y € (—m, 7), By), where
By is arbitrary. Each of these new fields is gauge-invariant: for (5.24) becomes
O(x) — 0(x) + a(z) with p(x) — p(z), so that according to (5.25), B does not
transform at all. As in (5.27), the Lagrangian becomes

L= —3F}+ 10,00 p+ L2 B,BY — V(p), (5.30)

with V(p) = V(p,0). This is a Lagrangian without any internal symmetries at all
(not even Zs, since p > 0), but of course one can still look for ‘classical vacua’
that minimize the energy and hence the potential V' (p). If p = 0 is the absolue
minimum, then the above field redefinition is a fortiori invalidated, but if V'(v) =0
for some v > 0, we proceed as before, introducing a Higgs field x(x) = p(z) — v, and
recovering the Lagrangian (5.27). This once again leads to the Higgs Mechanism.
This can be generalized to the nonabelian case; we explain the SU(2) case. In
(5.22), the scalar field ¢ = (1, p2) is now complex, forming an SU(2) doublet, the
brackets (-, -) now denote the inner product in C? (taken linear in the second variable,
as usual), the nonabelian gauge field is A = A%, (where the Pauli matrices o,
a =1,2,3, form a hermitian basis of the Lie algebra of SU(2)), with associated field
strength F,, = 0,4, — 0,A, + g[A,, A,)] and covariant derivative D/‘:‘ =0, +1igA,.
With F3 = F o F1, the Lagrangian (5.22) is invariant under the transformations

N eiaa(:c)aa(x)sp(x); (531)
(A, (1) — (i/g)0, ) ), (532)

The definition of the gauge-invariant fields B and p a la (5.28) - (5.29) is obviously

(2] = e (00, (539
Ala) = OB (@) — (i/g)d,)e O, (5.34)

which leads, mutatis mutandis, to the very same Lagrangian (5.30); cf. [17, 28, 37].
As a compromise between these two derivations of the Higgs Mechanism, it is
also possible to fix the gauge by picking the representative (¢, A) in each G-orbit for
which @o(x) = 0 and ¢;(x) > 0; note that this so-called ‘unitary’ gauge is ill-defined
if p1(z) = 0. Calling this unique representative (p, B), we are again led to (5.30).
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5.5 Constrained Hamiltonian systems: electromagnetism

Gauge field theories are constrained systems, in which the apparent degrees of free-
dom in the Lagrangian are not the physical ones. For free electromagnetism, the
Lagrangian for the gauge field A, is £(A) = —1F,, F", with F,, = 0,A, — 0, A,.
In terms of the usual gauge-invariant fields E; = Fjy = 0;Ag — 0pA; and B= V x ff
the corresponding Euler— Lagrange equation for A gives Gauss’ Law V - E = 0,
whereas the one for A; glves OF Jot = V x B (the remaining Maxwell equations
OB/ot = —V x E and V - B = 0 follow from the definitions of B and E out of A).
The first-order nature of the Maxwell equations suggests they are in Hamiltonian
form. The canonical momenta are given by II,, = 0L/ 8AM, which yields II; = — E;,
as well as the primary constraint 11y = 0. Nonetheless, the canonical Hamiltonian

h= /d% <HM(:E)AM(x) —E(x)) - /d%(;ﬁ?(gg) + 1B (2) — Ao(2)V - B(x))

is well defined. In the Hamiltonian formalism, Gauss’ Law resurfaces as the sec-
ondary constraint stating that the primary constraint be preserved in time, viz.

oh

o) V. E(z) = 0. (5.35)

Ho(l’) = —

Since %V~E(w) — —0(6h/0A;(x)) = —0;(AA; — 8,V - A) = 0, there are no ‘tertiary’
constraints. Thus we have canonical (or ‘phase space’) variables (E, A) and (ITy, Ag),
subject to the constraints IIy(z) = 0 and V - E(z) = 0 for all 2. Equivalently,

Io(No) = / P Iy (x)Ao(x) = 0; TI(N) = / BPrV - E(z)\(z) =0, (5.36)

for all functions A\ and A on R3, forms an infinite set of constraints, one for each
choice of A\g or A. The constraints (5.36) are first class, meaning that their Poisson
brackets are equal to existing constraints (or zero). In the Hamiltonian formalism,
the role of the space-time dependent gauge transformations of the Lagrangian theory
is played by the canonical transformations generated by the first class constraints,
that is, dy,Ao(z) = {IIo(Xo), Ao(z)} = Ao(x) and 0),4;(x) = \,Ei(z) = 0, and
similarly 0yA(z) = VA(z) and 8, E(z) = 0, 6,Ag(z) =0

The holy grail of the Hamiltonian formalism is to find variables that are both
gauge invariant and unconstrained. In our case, A, = (Ao, ff) are unconstrained but
gauge variant, whilst II,, (HO, E) are gauge invariant but constrained! Now write
some vector field V as V = VL + VT where VL = A='V(V - V) is the longitudinal
component, so that V' = (6;; — A~ 1&@)‘/3 is the transverse part. Then the physical
variables of free electromagnetism are A7 and ET. The physical Hamiltonian

h= ;/d%(ET-ET—fTT-AET), (5.37)

then, is well defined on the physical (or ‘reduced’) phase space, which is the subset
of all (A,,II,) where the constraints (5.36) hold, modulo gauge equivalence.
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5.6 Hamiltonian description of the Higgs Mechanism

After this preparation, we now analyze the abelian Higgs model as a constrained
Hamiltonian system. It is convenient to combine the two real scalar fields ¢; and
@, into a single complex scalar field ¢ = (1 +1ips)/v/2 and treat ¢ and its complex
conjugate @ as independent variables. The Lagranigian (5.22) then becomes

L=—4Fi+ Dy Dilp —V(p, ), (5.38)

with D;j‘ap = (0, —ieA,)p, etc. The conjugate momenta II, to A, are the same as
for free electromagnetism, i.e., IIp = 0 and II; = —£;, and for the scalar field we
obtain T = 9L/0¢ = D¢ and T = L/9p = Di'p. The associated Hamiltonian is

h = /d% (%EQ +1B% — Ay(V - E — jo) + 7 + Diip - Di*o + V(go,@)) . (5.39)

where jo = ie(re — TP) is the zero’th component of the Noether current. Hence
the primary constraint remains Il = 0, but the secondary constraints picks up an
additional term and becomes V - E = Jo (which remains Gauss’ law!). The physical
(i.e., gauge invariant and unconstrained) variables can be computed as [26, 46]

pa = LTV G, = emiATV A, (5.40)
TA = e—ieA_IVngD, fAzeieA_lv.jﬁ, (541)

plus the same transverse fields AT and ET as in free electromagnetism. In terms of
the transverse covariant derivative DI = 9; — ie AT, the physical Hamiltonian A is

/dgfc (%(ET BT — AT AAT — AT ) + Tama+ Dlga - Dl oa + V(@A@A)) -

(5.42)

Physically, the third term in (5.42) is just the Coulomb energy, in which the charge

density ji' = ie(mapa —TaP,) is the same as jo (since the latter is gauge invariant).
Remarkably, the physical field variables carry a residual U(1)-symmetry, viz.

pa > exp(ia)pa, Ta = exp(—ia)ma, Py — exp(—ia)Pa, Ta > exp(ia)Ta,

and no change for AT and E7, under which the Hamiltonian (5.42) is invariant. If V
has a minimum at ¢ = ® = v, then we recover the Higgs Mechanism: after the field
redefinition 4 = exp(if/v)(v + x) (and complex conjugate) and the reintroduction
of the longitudinal component AY = —(1/ev)9;0 of the gauge field, along with (-)
its conjugate momentum EF = —evA~19;my, the Hamiltonian (5.42) becomes [46]

—, —, 1 — —
i /d3:c <E2 + B+l + 0x0x + 55 (V- E)P? +0* A2+ V(v + X>> , (5.43)
e?v

where A = AT + AL and E = ET + EL. This describes a massive vector field, and
the would-be Goldstone boson 6 has disappeared, as befits the Higgs Mechanism!
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5.7 Goldstone Theorem in QFT: assumptions

The Goldstone Theorem can be derived in quantum field theory, provided some
assumptions are accepted in the absence of mathematically rigorous models [45].
The notation and assumptions underlying the Goldstone Theorem, then, are:

1. Ais a *-algebra generated by the fields ¢ of some quantum field theory;
Space-time R*™ acts on A by automorphisms a, ), with a(z,t) = a4 (a);
A compact Lie group G acts on A by automorphisms v,, g € G;

G is a ‘global symmetry’, i.e., 7,0z s) = Qup) 07, for all (z,t) € R¥ g € G;
w is an R™-invariant state on A, i.e., wo a4 = w for all (z,t) € R

won, #wforall ge G, C G, G, = {exp(sT?),s e R, T € g};

0Ga(x) = (d/ds)Yexp(sre)(Pa)|s=0 is an order parameter, i.e., w(d%@q(x)) # 0;

© N gt W

There is a field jg in A that generates the symmetry ¢, — 0%¢Q,, in that:

(a) The function y — w([j¢(y,0), Palz,t)]) is in LY(R?) for all (z,t) € R,
(b) limpspa [y diyw([5e(y,0), fa(2,1)]) = —iw(6%Pa(z,t)) for all (z,t) € R

9. For simplicity, assume @, (x)* = @ (x) and w(Pa(x)) = 0 (neither is crucial).

Most of these use language we have seen before, with the difference that from
now on A is merely a *-algebra instead of a C*-algebra. We will be quite relaxed
about this relaxation, as we will be about our treatment of quantum fields as if
they were operators (whereas in a completely rigorous treatment, they should be
operator-valued distributions—this simplification actually does not matter, cf. [44]).

To motivate assumption 8, recall from classical field theory that the Noether
current is defined as jj = > HZ 0%p;, where we sum over all fields in the La-
grangian, IT/, = 8/3/(98“%, and 6“ = (d/ds) exp(sT*)p|s=0, for a basis (7) of the
Lie algebra g of the symmetry group G in question. Assuming the symmetry to
be global, that is, 0,0%p; = 0°0,¢;, the Euler-Lagrange equations (()MHL = 0L /0p;
then give d,j5 = 0°L, upon which G-invariance of £ yields 9,j; = 0. This is
(Emmy) Noether’s First Theorem, which implies that the Noether charge Q%(t) =
Jas @y j§(y.t) is t-independent whenever it exists (which is the case if the fields fall
off sufficiently rapidly at spatial infinity). In that case, from the canonical equal-time
Poisson bracket {IIj(y,t), ;(x,t)} = 656(x —y), one has {Q%, p;i(x,t)} = 0%p;(x, 1).
However, even if the spatial integral comprising )* does not exist, one nonetheless
has the weaker property

lim [ d*y {j§(y,0), pi(x, 1)} = 6%pi(x, 1). (5.44)
ATR3 A

We now turn classical fields into operators (indicated by a hat), and assume some
sort of canonical quantization procedure according to which (5.44) remains valid
upon the usual substitution of commutators (times ¢) for Poisson brackets (Dirac).
Assumption 8 above, then, is a weak form of the operator relation thus obtained.
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5.8 Goldstone Theorem in QFT: proof
Writing @ (t) = ay(@a) for ¢(z,t) for simplicity, we compute:

d d d d d

%(“J(éa@a(t)) = E% w(’yexp(sTa) o at(@a))b:o - %% w(at o ’Yexp(sTa)(@a))Le:Oa

where we have consecutively used assumptions 4 and 5 in §5.7. Defining

~

f@)=4dlim [ dyw([j§(y,0), pa(z,1)]), (5.45)
ATR4 A
it then follows from assumptions 7 and 8 that f(¢) is well defined, nonzero, and
independent of ¢. From assumption 9 and the GNS-construction, we then obtain

~

w([75 (4,0, @alz,)]) = 2Imw(a(z, )55 (y, 0)) = 2Im (D, (P, 1)) (76 (4, 0)) ).

e In physics style, we omit 7, write |0) for €2, and use the Fourier transform

(0]@a(x, 20)75 (¥, 0)|0) :/ dpy dp e Po o) TN G (p po).  (5.46)

Rd+1

This gives G(t) = 2-lim,_o Im [, dpo exp(—itpo)G(po, p). Since this expression
is nonzero by assumption, the only way for it to be independent of ¢ is that

G(po,p) ~ 0(po —e(p)) for some dispersion relation that satisfies £(0) = 0. For
example, in the relativistic case we have €(p) = y/p? + m?, so that m = 0.

e Mathematically, by assumption 5, Theorem 4.4, and the SNAG-Theorem in
representation theory, we have self-adjoint energy- and momentum operators
h,, and pi, on H,, whose spectral projections commute, such that

mo(a(z,t)) = githo—iz o T (a)e_ith‘””t’”'ﬁ”, (5.47)

and eithe=itepu() = () We now insert a resolution of the identity operator
in H, over the joint spectrum of the p?, which leads to the same conclusion:

Theorem 5.2 If the assumptions 1 to 9 in §5.7 are satisfied, then the two-point
function (5.46) has a singularity §(py — €(p)) in which €(0) = 0.
In particular, the energy spectrum has no gap above the ground state.

The corresponding (quasi-) particles states, then, are the Goldstone bosons. If |p) is
an improper momentum eigenstate of such a boson, then the proof shows that both
(0]¢a(x)|p) and (0|38(y)|p) should be nonzero. For example, returning to §5.1 for
notation, in the SO(2) model discussed there, 5 is the present ¢,, with dp, = —p;
as the order parameter. The Goldstone bosons 6 = ¢, satisfies these conditions
(check). For SO(3), in order (sic) to obtain ¢; as an order parameter, as in §5.1,
one may take either o = 2, a = 3 or vice versa. Either of the (quantized) Goldstone
fields, viz. @9 or 3, will have the required properties in quantum field theory.

Thus the classical proof gives precise information about the choice of the Gold-
stone boson field(s), but one has to realize its lack of uniqueness: all that is required
is that the field in question has the nonzero matrix elements just mentioned.
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5.9 Higgs Mechanism in quantum field theory

It is fair to say that the Higgs Mechanism in quantum field theory—and more gener-
ally, the notion of SSB in gauge theories—is poorly understood. Indeed, the entire
quantization of gauge theories is not well understood, except at the perturbative
level or on a lattice. The problems already come out in the abelian case with d = 3.

The main culprit is Gauss’ Law V - E = jo- Omne would naively expect this
constraint to remain valid in quantum field theory as an operator equation O F; = j’o,
and this is indeed the case in so-called physical gauges (like the Coulomb gauge
9;A; = 0). If we now look at condition 8(b) in §5.7, which for G = U(1) reads

tim [ dyw(Go(y, 0), (D)) = —iw(05a(a, 1)), (5.48)

ATR3 J o
then it is clear that (5.48) can only hold if charged fields are nonlocal. For by
Gauss’ Law the commutator [jo(y, 0), @u(z,t)] equals [V - E(0,y), $a(z,t)], and by
Gauss’(!) Theorem in vector calculus all contributions to the left-hand side of (5.48)
come from terms [E;(0,y), pa(z,t)], with y € OA (i.e., the boundary of A). These
must remain nonzero if A | R?, at least if (5.48) holds. On the other hand, such
nonlocality must be enforced by massless fields, which idea leads to practically the
only know rigorous result about the Higgs Mechanism (in the continuum) [45]:

Theorem 5.3 In the Coulomb gauge the following conditions are equivalent:

o The electromagnetic field A is massless;
o Fq. (5.48) holds for any field ¢ ;
e The charge operator Q = limpqps fA d3y j’o(y, 0) exists,” and satisfies QQw = 0.

Hence (contrapositively), SSB of U(1) by the state w is only possible if A is massive.
In that case, the Fourier transform of the two-point function (0|oq (2, x0)ji (Y, Yo)|0)
(cf. the proof of the Goldstone Theorem in §5.8) has a pole at the mass of A.

This theorem indeed yields the Higgs Mechanism for say the abelian Higgs model in
a specific physical gauge: note that the idea that the would-be Goldstone boson is
eaten by the gauge field is already suggested by Gauss’ Law, through which (minus)
the canonical momentum E to A acquires jg as its longitudinal component; that is,
the very same field that creates the Goldstone boson from the ground state.

In covariant gauges, all fields remain local, but (5.48) is rescued by the gauge-
fixing term added to the Lagrangian. For example, adding £,y = —(1/2¢)(9,A")?
to (5.22) leads to an equation of motion 0,F* = j, — 0,0,A", so that (discarding
all surface terms by locality), —iw(dpa(x,1)) = [ps &y w([02A0(y,0), ¢ (x,1)]). In
the proof of the Goldstone Theorem, the massless Goldstone bosons do emerge, but
they turn out to lie in some ‘unphysical subspace’ of H,, (which, for local gauges, is
not a Hilbert space but has zero- and negative norm states). This, however, would
be a more appropriate topic for a course on the quantization of constrained systems!

"E.g., with 6¢1 = ¢ and dpo = —@; for a charged field ¢ = (@1 +ip2)/V/2, or §p = i.
"2That is, on some suitable domain in H,, containing €),,.
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