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Abstract. For identity and trace preserving one-parameter semigroups
on the n x π-matrices Mn we obtain a complete description of their "essentially
commutative" dilations, i.e., dilations, which can be constructed on a tensor
product of Mn by a commutative FΓ*-algebra.

We show that the existence of an essentially commutative dilation for Tt is
equivalent to the existence of a convolution semigroup of probability measures
pt on the group Aut(MJ of automorphisms on Mn such that Tt = ίAut(Mn)

αdpr(α)>
and this condition is then characterised in terms of the generator of Tt. There is a
one-to-one correspondence between essentially commutative Markov dilations,
weak*-continuous convolution semigroups of probability measures and certain
forms of the generator of Tt. In particular, certain dynamical semigroups which
do not satisfy the detailed balance condition are shown to admit a dilation. This
provides the first example of a dilation for such a semigroup.

Introduction

Dilations of semigroups of completely positive operators on W*-algebras can be
studied under two different points of view: If the W*-algebras are commutative then
the semigroup of (completely) positive operators can be interpreted as a semigroup
of transition operators, and its Markov dilation turns out to be the corresponding
Markov process. Therefore, from a probability theoretic point of view, a Markov
dilation is a non-commutative Markov process or a quantum Markov process.

On the other hand a semigroup of completely positive operators on a W*-
algebra can be interpreted as an operator algebraic description of an irreversibly
behaving physical system. In this frame a dilation is a larger reversibly evolving
system from which the irreversible system is recovered by coarse graining.

A fundamental problem in non-commutative probability theory is to find all
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stationary quantum Markov processes for a given semigroup of transition
probabilities. Physically speaking the question is what are the possible "heat baths"
which induce on a given quantum system a given irreversible behaviour.

In classical probability theory this "dilation problem" was solved already by the
Kolmogorov-Daniell construction: every semigroup of transition probabilities on a
classical probability space admits precisely one minimal Markov dilation.

In the non-commutative case the situation is not so straightforward. Dynamical
semigroups may admit many, a few or only one dilation, possibly even none at all.

Dilation theory on non-commutative C*-algebras was initiated by the interest in
constructing heat baths (cf., e.g., [Lew 1]) and started with [Eva 1, Eva 3, Eva 4, Dav
1]. Here C*-algebraic versions of dilations have been constructed for any semigroup
of completely positive operators on a C*-algebra. However, no invariant states have
been taken into consideration. The first dilations in the full sense of our definition
appeared in [Emc 1, Eva 2] where the quasifree calculus on the CCR algebra and
CAR algebra has been used for the construction. A general theory of dilations has
been developed in [Kϋm 1] to which we refer for their basic properties. The first
example of a dilation which does not make use of quasifree techniques appeared in
[Kύm 2], followed by [Fri 1, Maa 1, Fri 2], where a dilation has been constructed
for any semigroup on the n x π-matrices satisfying a so-called detailed balance
condition (cf. [Kos 1]). It has been suggested in [Fri 1, Fri 2] that the detailed
balance condition is a necessary condition for the existence of a dilation. In the
present paper it will be shown that this is not so.

This condition of detailed balance originated from the quantum theory of atoms
and molecules, and says that every pair of energy levels, with the probabilities of
transitions between them, constitutes a balanced subsystem. Mathematically this
amounts to the self-adjointness of the generator of the semigroup on the GNS-
Hilbert space, apart from a purely Hamiltonian part. In this paper we shall go one
step towards a general solution of the dilation problem. We consider a dynamical
semigroup {Tt}t^0 on the algebra Mn of all n x rc-matrices, the simplest non-
commutative system, and then ask for all dilations which do not add any further
non-commutativity. We shall call such a dilation "essentially commutative". In the
language of probability theory this means that the Markov process involved is
essentially a classical stochastic process. A related problem is investigated in [Ali 1]
where non-commutative stochastic differential equations are solved by using
classical Brownian motion only.

In the physical interpretation we are speaking of a quantum system which evolves
irreversibly under the influence of a classical heat bath. A necessary condition for a
dynamical semigroup to admit such a dilation is that it preserves the trace on Mn.
This is physically reasonable since a classical heat bath can be viewed as a quantum
heat bath at infinite temperature, which is reflected by the fact that the trace on Mn

describes the thermal equilibrium state at infinite temperature.
A common feature of most dilations constructed so far consists of the fact that

these dilations are obtained by coupling to a shift which has the characteristic
properties of white noise, i.e., different times are stochastically independent.
Moreover, in [Kϋm 2, Kϋm 3] it is shown that in various situations any dilation
is necessarily of this type. Again, in the present paper a crucial step consists in
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showing that an essentially commutative dilation can be described as a "coupling to
white noise" (cf. 1.2). This description is then used in 1.3 to show that essentially
commutative dilations of trace preserving dynamical semigroups {Tt}f^0 on Mn

correspond in a one-to-one way to stochastic processes (αj^o w*tn independent
increments on the group Aut(MJ of automorphisms of Mn starting at the identity,
via the relationship

Tf = E(αf).

This step is entirely in the spirit of [Alb 1] where semigroups on Mn are related to
diffusions on Aut(MJ. These authors, however, restrict to the case of "symmetric
semigroups", i.e., semigroups satisfying the detailed balance condition.

While on commutative W*-algebras a minimal Markov process is already
completely determined by its semigroup of transition probabilities, essentially
commutative minimal Markov dilations are no longer unique. However, the
processes (αr}t^0 are completely characterised by their probability distributions,
forming convolution semigroups {pt}t>Q of measures on Aut(MJ. The problem of
classification of essentially commutative minimal Markov dilations can now be
completely solved by a theorem of Hunt (Theorem 1.4.1), which characterises all
convolution semigroups of probability measures on a compact Lie group by a
description of their generators ft->(d/dt)pt(f)\t=0. His formula for these generators
falls into three parts: a drift term, a Brownian motion term, and a Poisson term. The
decomposition into these terms, however, is not determined by the given semigroup
{Tt}t^Q. But if we write the generators in a fixed basis then the particular expression
obtained for such a generator forms a complete invariant for essentially commuta-
tive minimal Markov dilations (cf. 1.5).

As an illustration let us consider the following example: Let us take n = 2, and for
simplicity consider maps y(z): M2 -» M2 given by

(z)/*n *12\ /> zx1 2\

\*21 *22/ \Z*21 *22 /

For \z\ = l,y(z) is an automorphism, and for \z\ ̂  1 it is still a completely positive
identity and trace preserving map on M2. The image y(Γ) of the unit circle
.Γ={z:|z| = l } i s a subgroup of Aut(M2).

A drift on this subgroup is given by αf = y(eίλt\ (t ̂  0, ΛeR).
A Brownian motion on y(Γ) is for instance αf = y(eίbt), where bt is a real-valued

realisation of Brownian motion, constituting an essentially commutative dilation of
the semigroup {Tt}^0 given by

An example of a Poisson process on y(Γ) is given by y(( — l)Nt\ where Nt is a
realisation of the Poisson process with density λ>0, taking values in N. The
associated semigroup is given by

-rn = o n\


