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Prologue

Through several courses I took in my Bachelor I was introduced to the concept
of freeness. Since I also took a course in lattice theory, it made sense to combine
these two topics and make this the subject of this Bachelor thesis.

More specifically, I am considering a special hierarchy of completions, the one-
sided, free completions of lattices. In this hierarchy two very special, and very
well known, structures arise: the MacNeille completion, discovered in 1937 by
H.M. MacNeille (1907-1973) and the canonical extension, discovered in 1951 by
B. Jénsson (1920-*) and A. Tarski (1901-1983). Although these two structures
have been examined extensively, not much is known about the rest of the hier-
archy. My goal in this thesis is therefore to gain some intuition and knowledge
about the properties of this hierarchy.



Chapter 1

Non-existence of free
complete Boolean algebras

1.1 Prerequisites

I will start with an introduction to make the rest of this thesis understandable
for people with no background in this area. If you are familiar with order theory
I advice you to skip this not so interesting list of definitions.

1.1.1 Posets, lattices and Boolean algebra’s

One of the most general object occurring in order-theory is the partially ordered
set, a set with a partial order on it. This structure leads to definitions of
algebra’s such as the lattice and the Boolean algebra.

Definition 1.1 (Poset) A partially ordered set, or poset, is a structure P =
(P, <) with a set P and a binary relation <, the partial order, which is reflexive,
anti-symmetric and transitive, i.e. Ya,b,c € P we have:

01 a<a;
02 ifa<band b < a then a ="b;
03 ifa<bandb<cthena<c.

In a partial order, it is not always possible to compare two elements. A poset
in which every two elements are incomparable is called an anti-chain. However,
sometimes the least upper bound (sup) or greatest lower bound (inf) of two
elements exists. If the sup exists for every two elements in the poset, it is called
a V-semilattice and it is called a A-semilattice if the inf exists for every two
elements in the poset. A poset that is both a V-semilattice and a A-semilattice
is called a lattice.



Definition 1.2 (Lattice) Let L be a poset and xVy := sup{z,y} and x Ay :=
inf{x,y}. Then the structure L = (L,V,A,0,1) is defined to be a lattice if and
only if for all x,y € L xVy and x Ay exist in L and O is the least and 1 is the
largest element.

The concept lattice can again be extended into the concept Boolean Algebra,
denoted as BA.

Definition 1.3 (Boolean algebra) A Boolean algebra is a structure A =
(A,V,A,1,0,1) with a set A, two binary operations, join (V) and meet (A), a
unary operation complement (1) and two constants 0 and 1, such that Vx,y,z €
A we have that:

Bl zV(yVvz)=(xVy)Vz
B’ A (yAz)=(xAy)Az;
B2 zVvVy=yVua;

B2 s ANy=yAx;

B3 zV(xAy) =1

B3’ 2 A (zVy) =z

B4 zA(yVz)=(xAy)V(xAz);
B4 2V (yAz)=(xVy) A(zVz);
B5 zvar=1;

B5 z Az =0.

Subsets of a power set p(X) closed under union, intersection, and complement
which contain () and X are Boolean algebras. Here union plays the role of V,
intersection plays the role of A and complement plays the role of 7. () can be
seen as 0 and X is the greatest element 1.

The properties B1, B1’, B2, B2’, B3, B3’, B5 and B5’ form the alge-
braic definition of a lattice. In this definition a lattice L, and thus also a BA,
can again be seen as a poset by defining a partial order < on the set L by for
a,be L:

a<b<=aVvb=hb.
A subset of a lattice or a BA is called a subalgebra if it is closed under all the

operations. In the case of a BA the definition would look like this:

Definition 1.4 (Subalgebra) A structure A = (A,Va,ANa,14,14,04) is a
subalgebra of a Boolean algebra B = (B,Vp,Ap,/B,15,05) if for all a,b € A
we have



S1 AC B;

S2 14 =1p;

S2’ 04 =0p;

S3 aVab=aVphb;
S3’ aAnab=aANRbd.

Because of B1 and B1’ in the definition of BA it is clear that you can join,
or meet, any finite number of elements of A using induction. However, not
necessarily do the infinite join, \/ C' := sup C, and infinite meet, A C' := inf C,
exist for any subset C of A.

Definition 1.5 (Complete) Let L be a lattice. We say that L is complete if
and only if for any C C L, \/ C and N\ C exist.

A lattice that is join-complete, \/ C exists for any C' C L, is always also meet-
complete. Later on we will distinguish the two by considering different structure
preserving functions between them.

The properties B4 and B4’ of the definition of the Boolean algebra are called
the distributive laws. There also exist stronger distributive properties.

Definition 1.6 Let L be a \/-complete lattice. If for any subset {y;};es of L
and any x € L we have

e A\ y) =\ (Ary;)
JjeJ jeJ

we say L satisfies the join infinite distributive law.
The dual condition, where the order is turned upside-down down, is the meet
infinite distributive law.

The strongest sense of distributivity is stated in the infinite distributive law:

Definition 1.7 (Completely distributive) Let K be a complete lattice. We
say that K is completely distributive if and only if for any doubly indexed
subset {x;;}icr jes of K we have

AV z) =\ (A
i€l jeJ; h:I—J; i€l
where h : I — J; ranges over all choice functions.

Complete distributivity is such a strong property that it almost only holds for
sets of sets closed under arbitrary intersection and arbitrary union, but it at
least does hold for these.

A way to get new algebra’s is to look which smaller ones are sitting in the
ones you already have, the subalgebra’s.



Definition 1.8 (Generating a subalgebra) Let X be a subset of a lattice L.
Then (X) :=({K CL| X C K and K is a subalgebra of L} is the subalgebra
generated by X in L.

I will say that L is generated by X if L = (X).

In the same way you can make the subalgebra of a BA generated by a subset.
If a lattice has a subset such that every element in the lattice can be reached by
an arbitrary meet or by an arbitrary join that subset is said to be lying dense
in the lattice. But this is just one of the ways to define denseness.

Definition 1.9 (Dense) Let L be a lattice, Q C L. Then we have sixz cases:
we say Q is

~

. V-dense ifVa € L 3A C Q with \| A=a (D1),

2. N-dense if ¥be L 3B C Q with AB =1b (D2),

3. both \/- and \-dense if both D1 and D2 hold.

4. \V-dense if Va € L 3A; CQ, i € I with \;c;\/ Ai = a (D3),

5.\ \-dense if Vo € L 3B; C Q, j € J with \/,c, AB; =b (D4) and
6. both A\V/- and \/ \-dense if both D3 and D4 hold.

I will sometimes use a simple notation for lattices, L instead of L.

There are some special subsets of posets and subalgebra’s of lattices and BA’s
that I will pay special attention to. Filters and ideals represent possibly non-
existing elements of a poset, an independent subset is a special antichain and
directed sets make sure that there is always a common upper bound of two
elements.

Definition 1.10 (Filter) Let L be a lattice and 0 # F C L a subset. F is
called a filter if both of the following conditions old:

o for every x,y € I we have x Ny € F}
o if for everyx € F and y € P, x <y implies that y € F.

A consequence of this definition is that in every filter F' of a lattice I we have
x ANy € F for any z,y € F and for every filter F' of a BA we have 1 € F.

The smallest filter containing an element [ of a lattice Lis i ={z € L |z >}
which we call the principal upset. A filter F' of a BA B is called proper if 0 ¢ F
and it is called an wltrafilter if for every b € B either b € F or ¥’ € F but not
both.

The set of filters can be seen as a poset, with the dual inclusion order:

F<F < F CF



The dual definition of a filter leads to the definition of an ideal. The set of ideals
is equipped with the inclusion order:

I<I' <= TICT.

The set of ideals of a lattice L is denoted by Id(LL), the set of filters by Filt(IL)
and the set of ultrafilters of a BA B by Ult(B).
We will use ultrafilters in section 3.1, therefore the next theorem will be useful.

Theorem 1.11 (Ultrafilter theorem) Let X be a filter of a Boolean algebra
B. Then there exists an ultrafilter U of B with X C U.

Proof: See [3, page 237]. O

1.1.2 Morphisms

Of course there are also structure preserving functions between the described
algebra’s above.

Definition 1.12 (Lattice homomorphism) A (lattice) homomorphism from
K into L is a function h : K — 1L with for all a,b € K:

H1 h(a Vkb) = h(a) Vg, h(b);

H2 h(a Ag b) = h(a) Ay h(b);

H3 h(0x) =01, h(lx)=1y;

If h is injective it is called a (lattice) embedding, if it is bijective then h is called
a (lattice) isomorphism.

Note that the structure preserving functions between V-semilattices, or A-semilattices,
can be given by only the property H1, or H2. The structure preserving functions
between join-complete lattices are given by an extra property. Let f: L — K

be a lattice homomorphism between two join-complete lattices. We say f is
\/-preserving if and only if:

C1 for any A C L we have f(\/| A) = \/g{f(a) | a € A}.

Dually we can define A-preserving homomorphisms using C2. A lattice ho-
momorphism g : L — K between two meet-complete lattices is said to be
/\-preserving if

C2 for any A C L we have g(A\ 4) = Nx{g(a) | a € A}.
A function with both property C1 and C2 is called complete.
Definition 1.13 (Homomorphism of Boolean algebras) A homomorphism

(of Boolean algebras) from a BA A into a BA B is a function h : A — B with
for all a,b € A:



H1 h(aVab) = h(a) Ve h(b);

(
H2 h(a Ay b) = h(a) A h(b);
H3 h(04) =0,h(1a) =1;

(

H4 h(ary) = h(a)s

As in the lattice case, if h is injective it is called an embedding (of Boolean
algebras), if it is bijective then h is called an isomorphism (of Boolean algebras).

Note that the image of a homomorphism from Boolean algebra’s A into B is a
subalgebra of B. A homomorphism can give you an completion of a BA if the
homomorphism embeds into a complete algebra.

Definition 1.14 (Completion) Let K be a lattice and e : K — L a lattice
embedding from K into a complete lattice L. Then (e,LL) is called a completion
of K.

Some algebras have, just as some topologies, a compactness property, a sense of
finiteness.

Definition 1.15 (Compact) A lattice embedding e : L — C' from a lattice L
into a complete lattice is compact provided for all T,S C L, if A e(S) <V e(T)
in C then there exist T" Cyiy T, S" Cpin S such that NT' < \/ S" in L.

1.1.3 Freeness

It is nice to have a notion of a most complicated object in a class of algebra’s,
a free object. You could demand that every element of this class is a homomor-
phic image of the free object. To define this free object I will use some category
theory which I won’t explain further but can be found in chapter 2, section 10,
of A course in Universal Algebra [1].

We start with a class of algebras V and a class of ’simpler’ algebras A, in
the sense that algebras in V have more structure or more properties. Let U be
the forgetful functor from V into A forgetting the extra structure of properties.
Then a free object of V over an object A in A is a tuple (T (A), ) consisting of
an object of V and a A-homomorphism from A into Ty(A4) := U(Ty(A)) with
the following universal mapping property:

For any element V in V and any A-homomorphism f from A into V := U(V)
there exists a unique V-homomorphism f from Ty (A) in V such that U(f)oi = f.
In other words, the following diagram commutes:



|
|
|
A : Ty(A) <—L—— Ty (A)

U(f)

|
A
\% \Y
Not always does every algebra of a class have such free objects over another
class. I will give two explicit examples, one of a class that has a free object over
another class, and one that does not.

1.2 The class of complete Boolean algebra’s

An example of a forgetful functor without free objects is the class of com-
plete Boolean algebra’s over sets, where the homomorphisms are both \/ — and
/\ —preserving. That such a forgetful functor does not exist was proved first,
and independently, by both Gaifman and Hales. Since then a new proof is avail-
able. It uses another theorem, proved later by Solovay.

In this section I will try to give a little bit of insight in how Gaifman’s and
Hales’ result follows from Solovay’s theorem. I won’t explain the proof of Solo-
vay’s theorem since it is too complicated. You can find the proof in chapter
section 13 of the Handbook of Boolean Algebra’s [9, page 191].

To understand the content of the theorem you will need some knowledge of
topology. I will assume that you are familiar with the concepts topological
space, interior (int), closure (cl), the discrete topology and the product topol-
ogy [11]. The proof also uses the regular open algebra of a topological space X,
which is defined in the following way.

Definition 1.16 Let X be a topological space.

For a subset A of X the regularization of A is defined by r(A) := int(cl(A)).
U C X is regular open if r(U) = U.

RO(X) ={U C X : U regular open } is the regular open algebra of X.

Theorem 1.17 RO(X) is a complete Boolean algebra under set-theoretical in-
clusion. The distinguished elements and the operations of RO(X) are given

by
0=0, 1=X,
UVV =rUUV),



UANV =UNV,
Ur = int(X\U),
VA=rUA),

ANA =r(OM).

Solovay proved that if you apply this construction to the product space “x of
any infinite cardinal k, you get an algebra which is the size of this cardinal, but
that is still countably generated.

Theorem 1.18 (Solovay) Let k, an infinite cardinal, have the discrete topol-
ogy and let “k have the product topology. Then the collapsing algebra, that is
RO(¥k), is countably completely generated and has cardinality at least k.

The result of Gaifman and Hales follows almost directly. If there is a countably
generated complete Boolean algebra of every size, then there could not be a free
(set-sized) object with the universal mapping property over infinite sets.

Corollary 1.19 (Gaifman, Hales) There are no free complete Boolean alge-
bras over infinite sets.

Proof: Assume that I is an infinite set and (F,e) is a free complete Boolean
algebra over I. Let x be any cardinal greater than |F'| and consider the collaps-
ing algebra B = RO(“k). By Solovay’s theorem, B has a countable set X of
complete generators; let f: I — X be onto. Now if g : FF — B is complete
and satisfies g o e = f, then Im(g) is a complete subalgebra of B including X.
So g is onto and k < |B| < |F| < k, a contradiction. O

To make the situation in this proof a little more clear I will compare the re-
sult we just obtained with the definition of freeness I gave in the previous section.

Let V be the class of complete Boolean algebras (CBA) where the CBA-homomorphisms
are BA-homomorphisms that preserve arbitrary joins and meets. Let A be the

class of sets (Sets) where the homomorphisms are simply functions.

The forgetful functor U from V to A sends Boolean algebras to their underlying

sets and CBA-homomorphisms to their underlying functions.

We are looking for a free object Ty (A) in V over a set A in A and a func-
tion ¢ (in Sets) from A to Ty (A). The free object (Ty(A),4) has to make the
following diagram commute for every V in V and any function f in Sets from A
to U(V).

10



|

|

- |

U(f) | |
|
| A

U(V) \Y

If the set A is infinite and we choose V' to be a collapsing algebra the argu-
ment in corollary 1.19 shows that we have to conclude that Ty (A) would have
to be bigger than any cardinal, which is of course impossible.

Note that we just considered complete Boolean algebras with homomorphisms
that are both \/- and A-preserving. In the next section I will show that if
we only consider homomorphisms that preserve one or the other there is no
problem.

11



Chapter 2

The hierarchy of one-sided
completions

2.1 The first introduction

The theorem due to Gaifman and Hales states that there exists no free complete
BA over an infinitely generated BA in ZF(C). However, starting with a poset
or a lattice, there does exist a free join-completion and a free meet-completion.
I will concentrate at the free join- and meet-completion over a lattice. These
completions are the complete lattices consisting of respectively all the ideals and
all the filters of a lattice.

Lets sketch the situation of a join-completion using the definition of a free
object. Let V be the class of join-complete lattices (JLat) where the homo-
morphisms are lattice-homomorphisms that preserve arbitrary joins. Let A be
the class of lattices (LAT) with lattice-homomorphisms. The forgetful functor
U from V to A sends a join-complete lattice to the underlying lattice and a
JLat-homomorphisms to the underlying lattice-homomorphism.

LAT | JLat
[
[
i y
A Tv(A) ~oteer Tvl(A)
i |
f ~ | | af
U(f) | : /
B
U(v) \Y

We are looking for a free object over a lattice A consisting of an object Ty (A)
in V and a lattice-homomorphism i : A — Ty,(A). Further we want for every

12



object V in V and every lattice-homomorphism f from A to U(V) that there
exists a JLat-homomorphism f from Ty (A) to V with U(f) oi = f.

Let’s take a look at a proposition and some lemmas.

Proposition 2.1 Assume that (L,«) is a \/-completion of a lattice K. Then
the following are equivalent:

o (L,a) is a compact completion;

e whenever L' is a complete lattice and f : K — LL 18 a lattice-homomorphism,
then there exists a unique lattice homomorphism f: L — L' preserving
arbitrary joins such that f o a = f.

KL>L

\ L
| 317
A
L/
This map is given by

Fx) = \/{fp) | z > alp)};

o there exists an isomorphism 1 : L = Id(K) with n(a(p)) =1(p) for all
peK.

Proof: This is originally proved in [7], but can also be found in [5, Prop. 2.1]. O

In other words there is only one, up to isomorphism, compact \/-completion
of a lattice K which we will denote by (F\/(K),ax). Further we know that
(F\/(K),arx) has the universal mapping property we saw in section 1.1.3. We
can conclude that the class of join-complete lattices over a lattice K has a free
object, namely the free join-completion (ar,Fy/ (K)).

Lemma 2.2 Let K be a lattice. Then ax : K — F\/(K) has the following
properties:

1. ag preserves all existing meets;

2. ay preserves finite joins;

3. Fy(K) is a N-semilattice;
Proof: See [5, Lemma 2.2]. O
There is another property of the free join-completion that I will use later on.
Lemma 2.3 Let £ be a lattice and B: L — @Q an order-embedding such that L

is \/-dense in Q. Then there exists an \/-preserving embedding 1 Q — Fy\/ (L)
that makes the following diagram commute:

13



LC—6>Q
r
|
|35
o, |
|
\
Fy (L)

The free join-completion is in fact a functor. Given two lattices K and K’ and
a lattice-homomorphism map f : K — K’ there is a unique join preserving
map Fy/(f) : F\/(K) — Fy\/(K’) such that the following diagram commutes.

Fy(K)— — "=~ ~ Ty (K')
ax Qper
K ! K’

If T consider K as a sublattice of F\/(K) then the definition of F\/(f) is

Fy(£)(y) = \/{f(p) | y = p} fory € Fy(K).

The following lemma describes some properties of this ‘lifted” map Fy,(f).

Lemma 2.4 Let K and K’ be lattices and let f : K — K’ be a lattice-
homomorphism.
1. (a) F\/(f) is the unique extension of f to F\/(K) that preserves \/.
(b) F\/(f) preserves A.

2. If f is a lattice-embedding, then F\/(f) is a lattice-embedding.
Proof: See [5, Lemma 2.4]. O

Of course all the constructions described have dual versions, which give rise to
the free meet-completion (F 5 (K), Bk), a /\-preserving function f : F(K) —
L for any function f from K into a complete lattice L and the lifted function,
the unique meet preserving map Fa(f) : FA(K) — Fa(K’) of a lattice-
homomorphism f : K — K’. And for any embedding 3 : K <— @ such
that K is A-dense in Q, there exists an embedding 3: Q — Fp(K).

Iterating the above constructions, thus making F\/(IFa(K)) and F (F\/(K))
and so on, gives us an infinite hierarchy.

14



() (g () = Ty (Fp (Fy (K

o=

) Fp (Fy (Fp (K

2.2 Two-sided completions

We already have infinitely many join- and meet-completions. However, it would

be nice to also have an object, with a more symmetric behavior relative to \/
and A.

We will represent [F\, (K') with Xo, F 5 (K) with ITg, F\/(Fp (K)) with X1, F (Fy/ (K))
with IT; and so on. We will denote a two-sided completion with A.

On the first level, for example, we will be looking for the 'common part’ of
the X and Iy completion, Ay . That is, we are looking for a complete lattice
Ap(K) such that:

Ao(K) embeds in F\/(K) with a \/-preserving homomorphism and into F (K)
with a /\-preserving homomorphism. Furthermore we want these homomor-
phisms to make the following diagram commute:

Fy(K)
K — Ay(K)
B
Fa(K)

In fact, we can look for such an interpolating structure at every step of the
hierarchy of one-sided completions. An interesting question is now: Is there a
largest interpolation structure at every step, A;, that has these properties?

It turns out that Ag and A; exist, although they are not free objects. I will
give their definitions and explain some of their properties.

15



2.2.1 The MacNeille completion

The MacNeille completion is an interpolating structure that can be embedded
in F\/(K) and Fp (K) for a lattice K.

Definition 2.5 (MacNeille completion) Let K be a lattice. For A C K I
define the sets of upper and lower bounds of A to be

A :={ye K | (Vz € A) z <y},
Al:={ye K| (Vz € A) y <z}

Further we define the MacNeille completion of K to be
N(K):={ACK | A" = A}.

Traditionally a set A for which A = A% is called a (lower) cut. It is also known
as a normal ideal.

It can be proved that the MacNeille completion N'(K) of a lattice K is in-
deed complete. Also for all x € K we have |z € N(K). Therefore we can
define the lattice-embedding ¢ : K — N(K) by ¢(z) =|(z). In other words,
(¢, N(K)) is a completion of K.

For the embedding ¢ the following properties hold:

Lemma 2.6 Let K be a lattice, and ¢ : K — N (K) with ¢(z) =](x).

1. ¢(K) is both \/- and N\-dense in N(K), thus (¢, N(K)) is a \/- and \-
completion of K. Also ¢ preserves arbitrary existing joins and meets.

2. Let L be a complete lattice and let K be a \/- and \\-dense subset of L.
Then L = N (K).

3. Let e : K — L be an embedding with e(K) both \/- and \-dense in L,
then there is a lattice-embedding f from L into N'(K) such that foe = ¢.

Proof: See [3, Theorem 7.40 and 7.41]. O

Since N(K) is both a \/- and A-completion of K there are functions ¢ and ¢
from the MacNeille completion into respectively F\/(K') and F (K), see lemma
2.3. Combining this with lemma 2.6 T know that N (K) is the largest structure
such that for any e and L as in lemma 2.6-3, there is an ¢’ : L — N/(K') which
makes the following diagram commute:

16



Fa(K)

In other words, the MacNeille completion is indeed the structure Ay we were
looking for.

2.2.2 The canonical extension

Now, let’s start looking for the interpolating structure Ay, the largest interpo-
lating structure that can be embedded in Fy/(F (K)) and Fp (F\/(K)).

Theorem 2.7 For a lattice K, the order induced on
Int(K) :=F\(K)UF(K)
in B\ (Fp(K)) is the same as the order induced on Int(K) in Fa(F\/(K)).

Proof: See [4, Theorem 3.1]. O

From this lemma we know that Int(K) is an interpolating structure. Gehrke
and Priestley [5, Prop. 3.5] proved that every possible intermediate structure
can be embedded in the MacNeille completion of Int(K), so the next definition
is natural.

Definition 2.8 For a lattice K, define the canonical extension, K°, by
K°® = N(Int(K)).

Lemma 2.9 For a lattice K the canonical extension K°is the greatest possible
interpolant L that commutes in the following diagram.:

17



Proof: See [5, Proposition 3.5] O

It turns out that the canonical extension is the unique two-sided completion
(K, ) characterized by the following properties. This is originally proved in [8],
but for looking up see [4, Definition 2.2]:

1. K is complete and + is an embedding;
2. ~y is compact;
3. Im(7) lies both A \/- and \/ A-dense in K.

Further we know that if K is distributive then K?° is completely distributive.

Another theorem known but not proved here, says that the canonical exten-
sion of a BA has a connection with the set of ultrafilters.

Theorem 2.10 Let B be a Boolean algebra, then B is isomorphic to p(Ult(B)).

Proof: See [8]. O

18



Chapter 3

First explorations of the
hierarchy

This far, we have only seen constructions, lemmas and theorems proved by
other people. What we found out this far is that the hierarchy of one-sided
completions gives rise to two A-objects. But what else is there to discover
about this hierarchy? In this chapter I will try to give some answers to this
question.

3.1 A property of growth

A first thing to wonder about, when exploring the hierarchy, is how much the
one-sided completions grow at each step.

For example: what is the difference in size between a BA B and its free A-
completion F A (B)? It turns out that F (B) has the same size as the power set
of B. To prove this I first claim a few lemmas.

Definition 3.1 (Independent) A subset A of a BA is called independent if
for arbitrary disjoint finite subsets {uy,...,u,} and {v1,...,vn} of A it holds
that:

UL A AUy AU A L AL > 0.

Definition 3.2 (FIP) A subset S C B has the finite intersection property
(FIP) if
Yn e NVay,...,a, €S : ayrA...Na, > 0.

Theorem 3.3 (Balcar, Fran¢k) LetB be an infinite BA, then there exists an
independent subposet A C B with |A| = [B|.

The theorem can be found in section 13, page 196, of the Handbook of Boolean
Algebras [9], you will find the proof on page 202.
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Proposition 3.4 Let B be an infinite BA and A < B an independent subposet
with |A| = |B|. Then for any S C A there is a ultrafilter Ps € Fp(B) with the
following properties.

1. SC Ps,
2. —(A\S) = {-b | be Ab¢ S} C Ps.

Proof: We will show that T'= S U —(A\S) has the finite intersection property
(FIP). Recall that this implies that T is contained in an ultrafilter, which follows
from the Boolean prime ideal theorem [9, section 2, page 33].

Let ai,...,an, € SU—(A\S). Then for every 1 < i < n we have a; € S
or a; € —(A\S). Thus in the latter case —a; € A\S. If we rename the q;
as by,...,b; for elements in S and ¢q,...,¢ for elements in A\S we have by
independence

arAN...Na, =by AN...ANbkA—-er Ao A e > 0.

We can conclude that S'U—(A\S) has indeed the FIP and therefore there is an
ultrafilter Ps with S C Pg and —(A\S) C Ps as needed. O

This proposition leads to the proof of the following theorem.

Theorem 3.5 Let B be a BA with cardinality k. Then |Fa(B)| = 2".

Proof: By proposition 3.3 we can find an independent subposet A of B with
|A] = |B|. Let S,T C A with S # T. Then, without loss of generality, we can
say that there is a t € T such that ¢ ¢ S. Note that if t € T then also t € Pr.
Furthermore we know that ¢ € A\S thus -t € =(A\S). So —t € Ps and by the
prime filter properties of Pr we have that =t ¢ Pr. And therefore Pr # Ps.
By this discussion we now know

[{Ps | SC AN ={s]5C A =2

Also we know that |A| = |B| = « and that {Ps | S C A} is a subset of F (B).
So I can conclude
[FA(B)| > 24 =2~

On the other hand we have 5 (B) = Filt(B) C p(B). This gives

[FA(B)] < [p(B)] = 2~.
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3.2 Generating steps

As we saw in the previous section, the one-sided completions grow very fast
when you start with a Boolean algebra. The next question worth asking is: are
these big structures still generated by the lattice we started with?

In general, we will say that a subset K of a lattice L generates L if all elements
of L can be obtained by closing K under \/ and A. The free \/-completion
of a lattice is always \/-generated by the image of this lattice. However, by
taking a look at a simple example, we will find out that once we iterate the
one-sided completions in the hierarchy, the acquired complete lattices are not
always generated by the image of the original lattice.

Example 3.6 Let P be the lattice w+1 where we will represent the extra element
with T. The free \/-completion consists of all the ideals of P, i.e.

Fy(P) = {l{n} | ncw}U{{{ncw} =w}u{IT}

The free \-completion of F\,(P) consists only of the principle upsets, but taking
the \/-completion again adds a new ideal, namely I = J{T|n | n € w}.

P Fy(P) Fa(Fy(P)) Fy (FpFy(P)))

LITHTY =Fp[Fy(P))

HTy="P Tl{ﬂl 1w}
Te w NHw I
2 2} T1{2} 112}
1 H1} T1{1} LTH1}
0 o} 11{0} L11{0}

Note that F\,(P) = Fa(F\y(P)). In fact the structure of an acquired lattice is
only different when taking the join-completion since the lattices in this example
have no infinite descending chains.

To get back to our question, let’s explore this difference. We will inspect the
Junction ap : P — F\/(P). We see that:

I{n} is the image of n € P,
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w=V{l{n} | new} and
P =|{T} is the image of T € P.

In other words, F\,(P) is join-generated by the image of P.
However, in F\,(Fp (F\/(P))) something else happens. The image of

ar, (Fy(P)) © Bry(p) © ap 1 P — F\ (FA(Fy(P)))

is the set containing finitary elements, the images [1]{n} of the elements n of
w, and one other element, |T[{T}. We see that:

1T1{n} is the image of n € P,

I=V{I1l{m} | m e w} and
LTI{T} is the image of T € P.

So the only element of which we are not sure if it can be obtained by taking joins
of elements of the image of OF \ (Fy (P)) OﬁFV(p) oap is [T{w}. Note that for any
downset A in w + 1 we have either

V{lTl{a} [ a € A} =[T]{n},
V{l1l{a} | a€ A} =1 or
V{lTl{a} [a€ A} =|T{T}.

From this fact we can conclude that there is no downset A in w + 1 such
that the join of the image of A under ag, (w,(p)) © Br,(P) © ap equals 1 T{w}.
In other words, F\/(Fp(F\/(P))) is not generated by the image of P under
QF, (Fy(P)) © 5IFV(P) ° ap.

In fact the same thing will happen every time you take a new join-completion.
There will be a new element every time that is not join-generated by the image
of P.

The example nicely illustrates the answer to our question: if we iterate these
completions, as in F\/(IF5 (L)) we can still embed L in this lattice, but it need
not be the case that all elements of F\/(Fp (L)) can be obtained by taking \/’s
and A’s of elements from L.

3.3 Canonical extensions of canonical extensions

It’s quite a disappointment that when iterating the join- and meet-completion
of a lattice, the acquired lattices are not always generated by the image of the
original lattice. Let’s just pose another question. What happens if we iterate
constructing the canonical extension of a lattice?

To get a feeling for what is going on, I will start with an example.
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Example 3.7 We take a look at the Boolean algebra B consisting of all the
finite and co-finite subsets of N, B := {S C N | S is finite or N\S is finite}.
This set can be seen as a distributive lattice with union and intersection as
operations, the empty set as bottom and N as top. The set of ultrafilters of
B = (B,U,N,0,N) consists of the principal upsets of the singletons together
with one non-principal ultrafilter containing all the cofinite sets, which I will
represent with oo.

By theorem 2.10 we know that the canonical extension B is isomorphic to the
power set of the ultrafilters of B:

B’ = p(Ult(B)) = p({1{n} | n € N} U {oc})

Because I don’t want to get lost in all the set theoretic layers I will represent the
set of ultrafilters of B from now on as NU {oc}; thus B® C p(NU {co}).

Foriy : B < B we have T — {p € Ult(B) | T € u}. Using the new represen-
tation we get

S—" .3 if S is finite ;
S — " . SuU {0} if S is cofinite.

In the same way we can take a look at the canonical extension of BO:
B = (B°)’ = p(Ult(p(N U {c0}))

For F € Ult(p(NU {o0})) we have either F =15 for some S C NU {0}, in
which case S = {x} with x € NU{oc}, or F is not principal. Let P be the set
of non-principal filters in Ult(p(N U {oo})).

The embedding iz : B® < B is now T — {p € U(BY) | T € u}. We
should also try to understand how this embedding works, at least on the image
of i1 in BY.

Let S = {s1,...,8n} be a finite subset of N with S € u for some ultrafilter. Since
{s1,.-,8n} = Vicicnisi} € p and p is an ultrafilter, there is an s; € NU {0}
with {s;} € p. It follows that the filter u is the principal upset 1{s;}.

If we define py, to be {T C NU{oo} | n € T} =1{n} we have ia(S) = {un | n € S}
if S is finite.

If S is a cofinite subset of N U oo then it is clear that S is in the upset of
{n} for everyn € S. So {u, | n € S} is a subset of i5(S). However, we are
also interested in which part of P sits in i2(.S).

It is known that for any ultrafilter u € P and for any finite subset S C NU{oco}
we have S ¢ . But because of the ultrafilter properties of u we then know that
then S€ € p. It follows that for any cofinite subset of NU oo and for any ultra-
filter p € P we have T € p. From this we can conclude that whole P is a subset
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of 12(S) if S is a cofinite set.

If we combine this with the statement above we get:

S%{un\neé’} if S is finite ;
S }%{un |ne S}UP  if S is cofinite.

If we now take a look at the composition of i1 and is we notice that not so
much happens. If S € B is finite we have

(i2 011)(S) = i2(S) = {pn [ n € 5},
and if S € B is cofinite we get
(i2041)(S) = i2(SU{oo}) = {pn | n € ST U{pec} UP.
In other words, we showed that the image of i 011 in B s isomorphic to BY.

Actually, something more general holds: the image of the composition of the
two embeddings of a distributive lattice L into L’ and further into LY’ generates
a distributive lattice that is isomorphic to L.

Lemma 3.8 Let L be a distributive lattice, i, the embedding of L in L° and
io the embedding of .0 in LY. The complete distributive lattice generated by
Im(ig 0iy) is isomorphic to .°.

Proof: We know that (i;,1.°) is the up to isomorphism unique completion of
L such that i; is compact, and I'm(i;) is dense in I.°. So to prove this lemma
above I only have to show that iz 0 i is compact and I'm(iz o i) lies dense in
L*:= <Im(22 o 21)>

Denseness

First note that IL* is a subalgebra of L9 and therefore L* is completely dis-
tributive. Now, let b be an element of IL*, in other words b is made of meets
and joins of elements in I'm(is 0 i1). Because of complete distributivity we can
write b in the join normal form or in the meet normal form,

b=\/ N\ A; and b= )\ \/ By,

i€l jeJ; iel’ jeJ),

with A;;, Bij € Im(ig0iy1). So clearly Im(izoiq) also lies \/ A — and A \/-dense
in L*.

Compactness
Let S,T g L with /\L* ZQ(Zl(S)) S \/L* ZQ(Zl(T)) Since Sl = Zl(S) and
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T, := 41(T) are subsets of L% and iy is compact, there are finite subsets
S1 C i1(S) and T] C 41 (T) with:

Nia(S1) <\ ia(T))
We now know that S7,77 C I'm(iy). Also 41 is an injective function, therefore
S"={s€ 8 |ii(s) €S} and
T'={teT|i(t) eT]}
are finite subsets of L with i1(S") = S and 1 (T") = Tj. It follows that
Nz 0in)(8) < \/(iz 0 in)(T"),

as required. We can conclude that the complete distributive lattice L* gener-
ated by I'm(iy 04y) is isomorphic to L.°. O

The proof of above result can be easily extended to a proof for the next theorem.

Theorem 3.9 Let L be a distributive lattice and n € N,n > 2. Also let
i1 be the embedding of L in L°

8 5
& O
and for j € {1,--- ,n} : i; the embedding of L 7 in L i+ .

Then the complete distributive lattice generated by Im(ino...041) is isomorphic
to L2,

Proof: I will prove this theorem using induction.
In lemma 3.8 T already proved (Im(iy0i;)) =17,
Let n be an arbitrary element of N and let us have the functions

) : s i .0
1LC i L3¢ *2 Lo 0 ¢ +1 4
L » L+,

and assume we know that (Im(i,o...04;)) = L%, If we define j to be i, 0---04;
we have Im(iyy1 04p 0+ 0d1) = Im(iny1 0 j). Since we are only interested in
the images of the functions, we might as well consider the following diagram.

j in Im(j . .
L——~2 5 (Im(j)) = ]USCM) (Im(ins103j))

To conclude that (Im (i, 0j)) = L% we have to proof that

Int1]{Im(j)) o j is compact and

Im(ins1|{Im(j)) o §) lies both A \/- and \/ A-dense in (Im(ip41 0 7).

Using the arguments used in lemma 3.8 it is clear to see that this is in fact the
case. U
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3.4 The A, object

After finding the two Delta-structures, it is an interesting question whether it
is possible to construct another two-sided completion, As, in the third layer.
To investigate this question we will take a look at the example used in section 3.2.

Starting with an arbitrary poset P, we hope that there are intermediate struc-
tures @ that embed in F\/(Fp (F\/(P))) and F(F\/(Fa(P))) and in which
Fy (FA(P)) and F(F\/(P)) embed. These embeddings have to make the fol-
lowing diagram commute.

Fy ()= Fy (Fp ()2 R (R A (Fy (P)))

P/ XQ/
A / x
B (P) o Ay (P)) o Fp By (FA(P))

In other words, we would want
J1 02 = ar, (r,(p)) and
J2 011 = Br(Fp(P))-
Further we want
J1oiy =Fy(Fp(ap)) and
j2 oiz = Fp(Fy(Bp)).

However, after examining the following example we will find out that these
intermediate structures don’t always exist.

Example 3.10 Let L be the lattice w + 1. In section 3.2 we already saw that
FA(L) = L and

Fy (L) = Fp(Fy (L)) = Fy(FA(L) = FA(Fy(FAL))-

In fact these last structures are all isomorph to w+ 2. As discussed in example
3.6 we know that Fy/(Fa(Fy/(L))) = w + 3.
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Lew+1 Fy(L) =2 w+2 Fy(FaAFy (L)) Z2w+3

Let’s take another look at our diagram, with the ordinals filled in for the struc-

tures.

Fy(Fp(ar))
w~+ 2€ w2 N 43
/ AF p (Fy/ (L)
w+1
w+ 1€ w —+ 2C w+ 2

The smallest interpolating structure that would possibly do the job is
Fy(FA(L) UFA(Fy (L)),
but since this isn’t really a set we have to look at
Im(Fy(Fa(ar))) UIm(a(Fp(Fy(L)))) and
Im(B(Fy (FA(L)))) U Im(F A (Fy (5L)))-

The embedding of Fa(F\/ (L)) and Fy/(Fp (L)) into Fa(F\(Fa(L))) is obvious
since these structures are isomorphic. More interesting is to see what the images
of ap, (L)) and F\/(Fa(ar)) are. These two functions are order-embeddings,
so there is mo discussing that the ”finite” elements will be sent to "themselves”
and the top will be sent to the top. In other words:

OélF/\(FV(L))

) DAYy, 1T =1L LTI} = FA(Fy (L)
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and

o

n} ————"11MH{n}, LH{T}=Fp(L)

Fy (Fp(ar)) Fy(Fp(ar))

TLHT} =1FA(L).

The only interesting question is what happens with the element z.

Claim 3.11 Let z be in F\/(P) and x,y in F\/(Fp(F\/(L))) as in the diagram
above.

1.

ar, Fy () (2) = Y

2. Fy(Fplar))(z) =2
Proof:
1. Since OF , (Fy(L)) 18 an injection we know that it is not possible to have

OF , (Fy (L)) ‘ =|1l{n} for any n € N or to have ag, (L) (2) =LT{T}.
The only two remaining options are OZIF/\(]FV(L))(Z) =2x or O‘F/\(FV(L))(Z) =

Y.

If we assume aFA(FV(L))(z) = x then clearly

oy () (2) = = \/ aw, @0 (k)
kEw

so in particular

V s, @y (k) = ar, @y () (2)-

kew
By proposition 2.1 we know that aF, (Fy (L)) S compact, so from the as-
sumption we have a k € w with a]FA(FV(L))(k) > oqp/\([pv(L))(z). This
contradicts the fact that QF, (R (L)) IS an order-preserving map. We can
conclude aFA(FV(L))(z) =y.

. By the definition of F\/(Fa(ar)) we have

Fy(Fp(ar)(z) = \/[{Falar)() | ¢ < z}.

Also \[{Fp(ar)(q) | ¢ < 2} = x, so it follows immediately that B\, (Fp (ar))(z) =
x.

O

Now that we proved this claim, let’s compare these statements

z
and

Fy(Falar))

OF 5 (Fy/ (1))
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Bry (v p (1))
FAFy(BL))

Note that these embeddings don’t match, the order on the images are not the
same. Also we remark that

Im(a]F/\(IFV(L))) U Im(]Fv(F/\<aL))) = Fv(F/\(Fv(L))) = w+3 and
Im(Bry (L)) UIM(FA(Fy (L)) = FAFy(FA(L)) = w +2.

So, in contraposition to the A1 object, there is no interpolating structure in
which Fp (F\/ (L)) and F\,(Fa (L)) embed which also embeds in Fy;(IF p (F\/(L)))
and Fp(F\/(FA(L))) such that the order is preserved. With this conclusion all
hope of finding a Ao object in the hierarchy of this lattice is lost, since we chose
our example to be the smallest that might do the job.

We are forced to conclude that there is no general way to define a Ay object.
Further we can use this example to see that this is also the case on any other level
higher than two. In other words, Ay and A; are the only largest interpolating
objects, since there is no way to make a global definition for a A,, structure for
any n > 2.
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Epilogue intuition is a tricky thing

The expedition has ended, so it is time to look back at the journey and see what
all the discoveries really mean.

When I started this project my intuition and that of many others, was that this
hierarchy has meaning as a hierarchy of completions of the original lattice. We
expected that the lattices grow with every step and that one original lattice will
generate each lattice in the hierarchy typically. Indeed, in the Boolean case, the
hierarchy grows significantly with every step, as we saw in section 3.1. While
every step is generated by the level before and the first step is generated by the
original lattice, in section 3.2 it turned out that not every step is generated by
the original lattice. This was counterintuitive to me.

In section 2.2 I described two two-sided completions of a lattice, the MacNeille
completion and the canonical extension. These constructions are well known
and much used for decades. Only in 2008 did Priestley and Gehrke put them
in a new light, by pointing out their role in the hierarchy. Again, intuition
would guide us to the idea that these kind of constructions arise in every step
of the hierarchy and again we find our intuition wrong. The example in section
3.4 shows that on the third level, namely As, it does not even make sense to
think about another intermediate structure, let alone a two-sided completion.
In other words, the MacNeille completion and the canonical extension are the
only natural two-sided completions arising in the hierarchy. This makes them
even more canonical. In section 3.3 we saw that this is even more true, because
taking the canonical extension of a canonical extension leads to an exact copy
of the first one, at least in the distributive case.

Reading about all these idea’s and seeing them being shut down can give the
impression that this hierarchy of completions is not very interesting mathemati-
cally. Of course this is not true. We explored it from only one point of view, but
there can be many other ways to fit the hierarchy into interesting mathematics.
One idea for further research could be to find the link between the theorem of
Solovay and our hierarchy. Solovay proved that there exists a countably gen-
erated complete Boolean algebra of every cardinality. Could this hierarchy be
some kind of handle to build towards this massive construction, step by step?
Also, our counterexample used in section 3.4 is a lattice. What if we look at
Boolean algebras. Could there still happen something interesting?

There is no time to sit around and reading boring theses. Let’s pack our pencils,
pads and brains and start another expedition!

30



Bibliography

1]

S. Burris & H.P. Sankappanavar, A course in Universal Algebra, 1981,
Springer-Verlag.

B. Banaschewski, Categorical characterization of the MacNeille completion,
Arch. Math. XVIII (1967), 369-377.

B.A. Davey & H.A. Priestley, Introduction to Lattices and Order 2nd edi-
tion (Cambridge University Press, 2002).

J.M. Dunn, M. Gehrke & A. Palmigiano, Canonical extensions of ordered
algebraic structures and relational completeness of some substructural log-
ics, J. Symb. Logic 70 (2005), 713-740.

M. Gehrke & H.A. Priestley, Canonical extensions and completions of
posets and lattices, Reports on Mathematical logic, 43 (2008), 133-152.

S. Ghilardi & G. Meloni, Constructive canonicity in non-classical logics
Ann. Pure Appl. Logic 86 (1997), 1-32.

G. Gierz, G., K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove &
D.S. Scott, Continuous Lattices and Domains, (Cambridge University
Press, 2003).

B Jonsson & A Tarski, Boolean algebras with operators I, Amer. J. Math.
73 (1951), pp. 891-939.

S. Koppelberg, Handbook of Boolean Algebras volume 1, 1989, Elsevier
Science Publishers B.V.

G.S. Plotkin, Post-graduate lecture notes in advanced domain theory, in-
corporating the “Pisa Notes” (Department of Computer Science, University
of Edinburgh, 1981; available on-line).

V. Runde, A Taste of Topology, 2007, Universitext.

J. Schmidt, Universal and internal properties of some extensions of partially
ordered sets, J. Reine u. Angewandte Math. 253 (1972), 28-42.

J. Schmidt, Zur Kennzeichnung der Dedekind—MacNeilleschen Hulle einer
geordneten Menge, Archiv d. Math.7 (1956), 241-249.

31



