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Abstract

In this paper we take a look at partial functions and their applications in com-
puter science. The axiomatization from [1] has been introduced to formally
derive equality between partial functions. We work with algebras satisfying this
axiomatization and a finite generation assumption which is satisfied by all finite
algebras of the axiomatic class specified in [1].

First we introduce the algebra of partial functions and give some useful prop-
erties. We distinguish most basic functions, which are the building blocks of
partial function algebras. These functions cannot be decomposed in smaller
elements, so are in fact atoms.

After that, we take a look at a more general family of algebras, namely the
subalgebras of partial function algebras. In particular, we will show that these
subalgebras can easily be described up to isomorphism, by placing a restriction
on the images of partial functions.

We will also note that the most basic functions can be used to construct a
coordinate system, as every partial function can be composed of most basic
functions.

Finally we consider algebras that satisfy the axioms proposed in [1]. These al-
gebras also contain basic elements, similar to the most basic functions of partial
function algebras. In the formal system, elements also can be decomposed into
most basic elements. A special ordering will give a basis for structural induc-
tion. We will use this scheme of structural induction to show that elements with
a similar decomposition are equal to each other.

The main result of this thesis (Theorem 4.5.2) is a theorem which states that
every algebra which satisfies the axioms given in [1] and is in a way finite’ may
be embedded as a subalgebra of a full partial function algebra.

We will define more clearly what we mean by this in Chapter 4.
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Chapter 1

Partial Functions in
Practice

Partial functions play an important role in Computing Science applications since
they can handle tagged information sets in a very natural way. For example,
when creating a database, partial functions can assign values to attributes. Or in
a web-application, partial functions can be used to efficiently send data between
the client and the server. We will take a closer look at the latter.

1.1 Partial Functions and XML

Today, many services on the internet want to offer their clients some form of
interactivity. Famous examples include many services offered by Google. To
realise this, the client has to communicate with the server non-stop, so to reduce
traffic, it is essential to keep communication efficient and clean. Many people
choose to use the XML-format for this.

XML, which is an abbreviation for Extended Markup Language, is a language
that has been designed to be readable by humans, but especially by computers.

We can describe XML by using partial functions. An XMIL-file is a collection
of attributes with values assigned to them. We can also assign these values to
attributes by using partial functions. Take a look at the following piece of XML:

<book>
<ISBN>978-0-387-25790-7</ISBN>
<author>Volker Runde</author>
<title>A Taste of Topology</title>
</book>



<book>
<ISBN>0-14-012499-3</ISBN>
<author>G. Polya</author>
<title>How To Solve It</title>
</book>

<book>
<ISBN>0-13-198199-4</ISBN>
<author>Wade Trappe & Lawrence Washington</author>
<title>Introduction to Cryptography
with Coding Theory</title>
</book>

This block of code actually describes a set of partial functions (of type “book”),
{t1,1t2,t3}, such that for example

t1 : “author” — “Volker Runde”

and
ts : “ISBN” — “0-14-012499-3".

A server receives an XML-file to be processed, manipulates this file and delivers
the resulting XML-file back to the client. For example, after receiving the XML-
file above, the server will produce the following XML-file:

<book>
<ISBN>978-0-387-25790-7</ISBN>
<author>Volker Runde</author>
<title>A Taste of Topology</title>
<price>3995</price>

</book>

<book>
<ISBN>0-14-012499-3</ISBN>
<author>G. Polya</author>
<title>How To Solve It</title>
</book>

<book>
<ISBN>0-13-198199-4</ISBN>
<author>Wade Trappe & Lawrence Washington</author>
<title>Introduction to Cryptograph
with Coding Theory</title>
<price>6495</price>
</book>



The server has added a price for each book. Do note however, that in this
particular example, the server did not find a price for the book “How To Solve
It”. This result can be described as a set of partial functions, {t},t5,t5}. Soin a
way, the server has transformed the incoming partial functions to the outgoing
partial functions.

The server did not find the book “How To Solve It”, which was of course because
the author was not “G. Polya”, but “George Polya”, so the client needs to fix
his error. Instead of creating a new file, and sending this, the client just has to
send the updated information:

<book>
<ISBN>0-14-012499-3</ISBN>
<author>George Polya</author>
</book>

The client only includes the information that needs to be updated, and the
ISBN to be able to identify the right book. The information that was sent by
the client can also be seen as a partial function ¢*, such that

t* : “ISBN” - “0-14-012499-3"

and
t* : “author” — “George Pdlya”.

The server will now search for the partial function ¢;, such that ¢; : “ISBN” —
“0-14-012499-3”, and will then update ¢; with ¢*.

Imagine we have an online book-store. When someone orders a book, they send
information to the server, the ISBN of the book they want to order, shipping
data, billing data, etcetera. For example, they might send the following XML-
file to the server:

<order>
<book>
<ISBN>...</ISBN>
</book>
<name>. ..</name>
<address>...</address>

</order>

The server will receive this file, has to identify the correct book, and then send
the order to Shipping.



1.2 The Axioms

So we have seen how we are able to describe the communication between client
and server by using partial functions and a few operators. This requires a pow-
erful underlying partial function algebra. This algebra can also be described by
a finite set of axioms, enabling to reason about the equality of partial functions,
based on these axioms. In this paper we want to find out if the following set of
axioms describes the algebra we need.

r>T=x

z—x=10

x>y=(y—xz)>ax
r—(y—2)=(z—-y) > (z—(z—2)
(@>y)—z=@—-2)> Y -2)

The layout of this paper is as follows: In chapter 2 we formally introduce the
partial function algebra (for flat partial functions). Then in chapter 3 we are
going to look at what the subalgebras of partial function algebras are; this is
needed to be able to embed the algebra induced by our axioms in the partial
function algebras. In chapter 4 we are going to try to embed the algebra induced
by our axioms in the partial function algebras.



Chapter 2

Partial Function Algebras

So far we have seen a couple of examples of operators on partial functions. Let
f and g be partial functions. One of these examples was the “update”-operator.
f{g) is the partial function that updates f with g. The next useful function we
encountered was “override”. f > g is the partial function that is obtained by
overriding g with f. Finally, there is a “minus”-operator (which we have not
encountered yet). f — g is the partial function that is obtained by restricting f
to the domain dom(f) \ dom(g). Finally, we have a special function, (), which
has empty domain.

The binary operations override and minus, together with the nullary operation )
behave very much like addition, subtraction, and the neutral element under ad-
dition. These operations would provide a natural structure on partial functions.
We will give a more precise definition of these operations.

In this chapter, we will first introduce some basic definitions, which are needed to
be able to talk about partial functions. After we introduced these definitions,
we can talk about override, update, and minus, and we will be able to give
concise definitions of these operators. After this has been done, we can define
partial function algebras. Once we know what partial function algebras are, we
will look at a special type of partial functions, called “most basic functions”.

2.1 Definitions

Definition 2.1.1. Let X and Y be sets. Let f C X x Y. If, for every x € X,
there is at most one y € Y such that (z,y) € f, then we call f a partial function.
Notation: Let X — Y be the set of all partial functions with domain X and
codomain Y.

Let x € X. We say f is defined on z iff there exists a y € Y such that (z,y) € f.



Notation: f | x. If no such y exists, we say f is not defined on z. Notation:

f A
Wesay f(x) =y iff (x,y) € f. If f Jx, sometimes we will write f (z) = A.
Let dom(f) ={z € X | fla}. We call dom(f) the domain of f.

Let D be a set. st
fI1D={(zy) e f|zeD}
We call f [ D “f restricted to D”.

Now, we are going to formally define our operators, “minus”, “override”, and (.
We will also define “update”. In the following definitions, let X and Y be sets,
and let f,ge X - Y.

Definition 2.1.2. The “minus”-operator (—) is defined as follows:

F-g= f\{(x,y)eflgla}

Another way to write this is:
f—g=A{(z.y) € flglz}
This definition is equivalent with:

f—g=f1(dom(f)\ dom(g))

Definition 2.1.3. The “override”-operator (>) is defined as follows:

def

frg=rfu{(y) eglflz}
This definition is equivalent with:

frg=fUg!(dom(g)\ dom(f))
Definition 2.1.4. We will call the set § “the empty function”.

Definition 2.1.5. The “update”-operator (:(-)) is defined as follows:

fla) = {(@.y) € f g fayU{(wy) €9 | fla)
Definition 2.1.6. The “intersection”-operator (@) is defined as follows:

def

fag=rf-(f-9)

Definition 2.1.7. The algebra F = (X — Y, >, —,0) of type (2,2,0) is called
a “full partial function algebra”.



2.2 Some Properties

In this section we will look at some properties of partial functions. The first
property we will take a look at is “idempotency”.

Proposition 2.2.1. f> f=f

Proof. fr> f=fU{(z,y) e f|flay=fub=f O

Now, let us take a look at f — f.
Proposition 2.2.2. f— f=10

Proof. f—f=f\{(z,y)eflfla}=Ff\f=0 O
The >-operator has a few interesting properties.

Lemma 2.2.3. frg=fU(g— f)(=f>(9-f))

Proof. frg=fUg] (dom(g)\dom(f))=fU(g—[) O
Lemma 2.2.4. If the domains of f and g are disjoint, then f>¢g= fUg.

Proof. Assume dom(f) Ndom(g) = 0. Then

frg=fUg| (dom(g)\dom(f))=fUg.
O

One property we might be interested in, is if the >-operator is commutative.
Unfortunately though, it is not. Take a look at the following example. Let
X = {Oa]-}a Y = {071}7 f=1(0,0),(1,1)}, and g = {(0’1)7“-70)} Then
fog=f,butgr>f=g. So fr>g#gr> f. We can however prove a weaker
property, namely that f>g= (g — f) > f.

Proposition 2.2.5. f>g=(g9— f)> f
Proof.

G- f=@-fHuf
=fU(g—f)

2.2.3
=" fryg

O

Let us take a look at f — (g — h) now. We claim that f — (g —h) = (f —g) >
(f = (f=h)).



Proposition 2.2.6. f—(g—h)=(f—g)> (f = (f —h))

Proof. For the sake of brevity, let F' = dom(f), G = dom(g) and H = dom(h).
(f*g)D(f*(f*h)) [(F=G)> f](F—(F-H)
F(F G)>f 1 (FNH)
fI(F = G) fI(FNH) = (F-G))
fIHF-GU(FNH)-(F-G)

Note that for sets A and B, AU(B — A) = AUB.

=/ ((F-G)U(FNH))
Claim: for sets A, B and C, (A— B)U(ANC) = A—(B—C). Proof will follow
later.

=f1(F-(G-H))

= J I (F —dom(g — h))

f=(g=h)
O

Lemma 2.2.7. Let A, B and C be sets. Then (A—B)U(ANC)=A—(B-C).

Proof.

eE(A-B)u(AnC)<sxe(A-B)vVze(ANC)
SxeANxgB)V(xe ANz e )
srxeAN(xg BVzel)
sSzeAN-(reBAxgC)
sreAN—xze(B-C)
sreA—-(B-0)

O

Lastly, we will prove that the minus-operator is right-distributive over the -
operator, or (f>g)—h=(f—h)>(g—h).
Proposition 2.2.8. (f>g)—h=(f—h)>(g—h)

Proof.

(feg)—h=(fUlg—1f)—h
=(f=nUu(lg—f)—h)
=(f=h)U(lg—h) = (f-h))
=(f=hr>(g-h)



2.3 Most Basic Functions

When working with certain groups, we can consider the basic elements of that
group. For example, when we consider (Z*, x,1) (the multiplicative group of
the integers), we have a notion of prime numbers. Not considering the element
1, we can decompose every element from Z* into prime numbers.

Or, if one would look at vector spaces, one would consider the basis of the
vector space. Then every vector in the vector space can be produced as a linear
combination of elements from the basis.

In our partial function algebra, we also have a notion of “most basic functions”.
These are the functions that are defined on exactly one element. Let f and g
be mbf’s. Then f — g either is f or (.

Definition 2.3.1. Let f € X — Y, such that f # (). We define f to be a
“most basic function”, denoted as Pypj(f), iff foreachge X =Y, f—g=10
or f —g= f. With other words:

Prs(f) = Voex—y [(f=9g=0)V(f—g=f)]

To show that this definition matches our idea of a mbf, we will prove two lemmas.
First we will show that partial functions that are defined on only one point are
in fact mbf’s, then we will show that if a function is a mbf, then its domain can
contain only one point.

Lemma 2.3.2. Let f € X — Y, such that f # 0, and

Voreex [(flzr A flas) = (21 = 22)],
then f is a mbf.

This lemma states that if the domain of a partial function contains exactly one
element, it must be a mbf.

Proof. We need to prove that for arbitrary g € X — Y, f — g either is f or it
is 0. Let x € X be such that dom(f) = x. Let g € X — Y be arbitrary. Then
either g | =, in which case f — g = f | (dom(f) \ dom(g))=f [0 =0, or g /z,
in which case dom(f) N dom(g) = 0, 50 f — g = f | (dom(f)\ dom(g)) = f |
dom(f) = f. O

Lemma 2.3.3. Let f € X — Y, such that f is a mbf. Then the following
statement holds:

VII,IZGX [(flxl A fle) = (ivl = {172)]

This lemma states that if a partial function is a mbf, then its domain contains
at most one element. Since, by definition, the domain of a mbf contains at least
one element, the domain of a mbf has exactly one element.

10



Proof. Let x1,z2 € X be arbitrary. Assume f|z; and f|xo. Let g€ X — Y,
such that g | z1. Then, by definition of “minus”, (f —g) fz1. So f—g # f. By
definition of mbf, f — g must be equal to (). So g|z>. However, g was arbitrary,
therefore x1 = 5. O

For future reference, we will summarize the results of these two lemmas in one
corollary.

Corollary 2.3.4. The mbf’s of a full partial function algebra F are exactly the
partial functions whose domains consist of one single element.

We now have a fair idea of what a most basic function is. We will use these
mbf’s to describe other partial functions. Any partial function can be written
as a combination of mbf’s. Let f € X — Y. Then for every x € X such that
f Lz, we can create a partial function f, = {(z, f(z))}, which is a mbf. We can
now write f as the join of all these mbf’s.

Before we take a closer look at this, we will first introduce one more definition.

Definition 2.3.5. Let f and g be partial functions such that f # g. We define
f and g to be “disjoint” iff f Zgand f>g=g> f.

As a corollary of 2.3.4 we can show that mbf’s are disjoint exactly when their
domains are disjoint.

Corollary 2.3.6. Let f and g be mbf’s such that f % g. Then f and g are
disjoint exactly when f — g # 0 # g — f.

Proof. By 2.3.4 it will suffice to prove f — g # 0. Also by 2.3.4 we know that
dom(f) = {z1} and dom(g) = {x2} for certain x1,x5. Also, let y1,y2 € Y be so
that f (1) = y1 and g (z2) = ya.

If f — g = 0, then necessarily ;1 = z5. By assumption f # g, so necessarily
y1 # y2. Now by definition of override, (f > g)(z1) = y1 and (91> f)(x2) = ya.
So f>g#gr>f. So f and g are not disjoint.

By contraposition, if f and g are disjoint, then f — g # 0.
If f — g # 0, then necessarily x1 # x>. Then, by definition of override:
frg=fUgl (dom(g) \ dom(f))
=fUg | dom(g)
=fUg=gUf
=gU f ] dom(f)
=g U f [ (dom(f)\ dom(g))
=g f

So f and g are disjoint iff f — g # 0. O

11



Theorem 2.3.7. For any partial function f with a finite domain, there exist
pairwise disjoint mbf’s f1, fa,..., fn such that f = fi > ... > f,. These mbf’s
are also unique up to rearrangement of the list.

Proof. Let f be any partial function. For every z in dom(f) define a partial
function 1,
gt | f(x) y=u
1o (y) = (@) .-
A otherwise

Since these partial functions are defined on exactly one place, they are mbf’s.
Furthermore, they are pairwise disjoint. Therefore,

f = Dge(dom(f)) 1.

Also, note that these 1, are uniquely determined (up to rearrangement). O

2.4 Relations on Partial Functions

We will now define some relations on partial functions. The first relation we
introduce is an equivalence relation on mbf’s. We will call two mbf’s related
exactly when they have a common domain. This relation will prove useful later
on in this thesis. Formally, we define this relation as follows.

Definition 2.4.1. Let f,g € X — Y be mbf’s. Then wesay f ~ g iff fr>g = f.
To show that this definition is exactly what we want, we have to show two
things.

Lemma 2.4.2. Let f,g € X — Y be mbf’s such that f ~ ¢g. Then dom(f) =
dom(g).

Proof. Let dom(f) = F and dom(g) = G. Then

dom(f > g) = dom (fUg | (G\ F))
= dom(f) Udom(g | (G \ F))
= FU(G\F)

By definition, f>g = f, so FU(G\ F) = F. Therefore G\ F has to be a subset
of F. So G has to be a subset of F'. Since f is a mbe, this means that either
F =G, or G=1{. Since g also is a mbe, F = G. O

Lemma 2.4.3. Let f,g € X — Y be mbf’s such that dom(f) = dom(g). Then
f~g

12



Proof. Let dom(f) = F and dom(g) = G. Then

feg=fugl(G\F)
=fugl®
=f
O
So the definition matches our intuition. Now we want to show that this relation
is in fact an equivalence relation.

Proposition 2.4.4. The relation ~ between mbf’s is an equivalence relation.

Proof. For this, we have to show three properties.

« i~
This is already proven in proposition 2.2.1.
o If f~yg, theng~ f.
If f ~ g, then they have common domains. Which makes g ~ f trivial.
o If f~gandg~h, then f ~ h.
If f ~ g, then f and g have common domains. That is to say, dom(f) =
dom(g). Since g ~ h, we have dom(f) = dom(g) = dom(h). So f ~ h.

O

The second relation we introduce on partial functions is an ordering. If we have
partial functions f and g, then we say f is “smaller” than g exactly when f C g.
More formally, we can say:

Definition 2.4.5. Let f and g be partial functions. Wesay f < g iff frg=g.

This definition again matches our intiution — the proof of this is similar to the
prove given before.

Lemma 2.4.6. Let f and g be partial functions such that f > g = g. Then
f<y.

Proof. Let f and g be partial functions such that f > g = g. By definition of
override, f > g = fUg | dom(g) \ dom(f). Therefore, f C g. O
Lemma 2.4.7. Let f and g be partial functions such that f C g. Then f>g =
g.

Proof. Let f and g be partial functions such that f C g. Then f>g= fUg |
dom(g) \ dom(f) = g. O

13



Proposition 2.4.8. The relation < between partial functions is an ordering.

Proof. For this, we have to show three properties.

o f<f

This is already proven in proposition 2.2.1.

e Iff<gandg< f, then f=g.

Since f < g, f Cg. Since g < f, g C f. Therefore, f = g.

o If f<gandg<h, then f <h.

Since f < g, f Cg. Since g < h, g C h. Therefore f C h and thus f < h.

14
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Chapter 3

Subalgebras of Partial
Function Algebras

In this chapter we will look at a more general family of algebras, namely the
subalgebras of partial function algebras. We show that each algebra satisfying
the axioms in 1.2 is in fact isomorphic to a subalgebra of a partial function
algebra.

We have a hunch that a subalgebra of a partial function algebra, is actually an
algebra of restricted partial functions, or a “restricted partial function algebra”.
Before we go in more detail about these restricted partial function algebras, let
us first define general partial function algebras. In the section after that, we
will give a characterisation of restricted partial function algebras.

3.1 General Partial Function Algebras

Definition 3.1.1. Let F be a full partial function algebra. Let G be a subset
of X — Y, such that G is closed under > (override), — (minus), and ) € G.
We then call G = (G, >, —, ) a subalgebra of F. We will call these subalgebras
“general partial function algebras” or GPFAs.

Note that definition 2.3.1 is still valid for partial function algebras, therefore we
can speak of mbf’s of a GPFA. In our normal PFAs, the mbf’s were exactly partial
functions with singleton domains. However, for GPFAs this is not necessarily
true.

Example 3.1.2. Let X = {0,1,2} and Y = {0,1,2,3,4}. Let G be the set

15



containing the following elements:

@:{}

Clearly G is a subset of X — Y. It is also not hard to verify that G is closed
under the operations — and >. So G is a GPFA. However, if we try to find out
what the mbf’s of G are, we find that these are fi, fo and f3, while the domains
of fo and f3 clearly have more than one element.

So we have seen that in a GPFA, mbf’s can have more than one point in their
domain. This makes us wonder if mbf’s can have overlapping domains. Luckily,
this is not the case. From this point on, let G be a GPFA.

Lemma 3.1.3. Let f,g € G be mbf’s of G. Then either f@Qg = or fQg = f.

Proof. fQg = f—(f—g). Since f is a mbf it is trivial to show that f—(f—g) €
{0, f3}. O

If we have two mbf’s, then either their domains are identical, or their domains
are disjoint. This means that definition 2.3.5 also is still valid. We will now
extend theorem 2.3.7 for GPFAs.

Theorem 3.1.4. Let G be a GPFA. For any partial function f € G with a
finite domain, there exist pairwise disjoint mbf’s f1, fa,..., fn such that f =
fi>...> f,. These mbf’s are also unique up to rearrangement of the list.

Proof. Let G be a GPFA and let f € G such that dom(f) is finite. If f is mbf,
then the theorem holds for f. Now assume the theorem holds for all h € G such
that A < f. Since f is not mbf, there exists a ¢ € G such that f — g # () and

f—g# [ Let fi = f—gand fo = fQg. Then f = fi > f> and f1 < f and
fo < f while dom(f1) N dom(f2) = 0. O

Now we can make the following construction.

Algorithm 3.1.5. From the mbf’s of G we are going to construct a new set of
mbj’s, such that the domain of each mbf has exactly one point.

1. Let H={f €G|Vy[f —g=0V f—g=f]} (the set of all mbf’s in G).
2. We start with H' =0, X' =X, and Y' =Y.

16



3. For each element f of H:

(a) Let fq be the domain of f and f; = f(f4) the image of f.

(b) Append f" = {(f4, f:)} to H'.
(¢c) If f4 isn’t already an element of X’, then

o X':=(X'\ fa) U{fa}; and
o Y =Y U{f;}.

4. Let G ={f: X' =Y |3, e.cu [f =e1>...>ey]}. The elements in
H' are exactly the mbf’s of G’.

If we apply this construction on example 3.1.2, we end up with the following
values for X', Y/ and H'. For the sake of brevity, let a; = {i} for 0 < i < 4,
a1z = {1,2} and azq = {3,4}.

o X'= {a07a12}
o V' = {a07a1>a27a37a47a12aa34}
« H'= {{(ao,ao)}, {(a12,a12) }, {(012,%4)}}

So G’ contains the following elements:

0={}
f1 = {(ao,a0)}

fo = {(a12,a12) }

fé = {(a12,a34)}

fi = {(a07a ), (012,a12)}
( (

ao, ap), a12,a34)}

f5=A{

Proposition 3.1.6. The algebra G’ as constructed in algorithm 3.1.5 is iso-
morphic to G.

Proof. Let H' be the set of mbf’'s of G’ and H the set of mbf's of G. Our
algorithm gives a natural one-to-one mapping h : H — H’'. We want to extend
this mapping h to include every element of G. By theorem 2.3.7 we know that

for each element a of G, there exist mbf’s ay,...,a, such that a =a;>...>a,.
def def

We now define h(a) = h(a1) > ... h(an), and k(@) = 0. Now h is a mapping
G—G.
First we will show that h(a — b) = h(a) — h(b).
h(a —b) =h(a1 > ...>a, —b)
228h((a17b) B> (a, — b))
=h(a; —b)>...> h(a, —b)
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Since for each i, a; is a mbf, a; — b either is () or a;. Assume a; — b = 0. Also
assume b = by > ... > b;. Then there exists a j such that a; and b; have the
same domain. By construction, h(a;) and h(b;) then have the same domain, so

h(ai — b) = (Z) = h(al) — h(b]) = h(al) — h(b)

Now assume a; — b = a;. Again, b =by > ... > b;. Then for each j, b; does not
share its domain with a;. By construction h(b;) also does not share its domain
with h(a;). So h(a; —b) = h(a;) = h(a;) — h(b).

Next, we will show that h(a > b) = h(a) > h(b).

2.2.3
) =

ha>b h(at> (b—a))

Note that a and b — a are disjoint, therefore by definition of h:

= h(a) > h(b—a)
= h(a) > (h(b) — h(a))
23 h(a) > h(b)

So h is an isomorphism between G and G’. Therefore, G is isomorphic to G'. [

Corollary 3.1.7. Every GPFA which doesn’t have the property that its mbf’s
have a one-point domain is isomorphic to a GPFA which does have this property.
Therefore, every GPFA is isomorphic to a GPFA with the property that its mbf’s
have a one-point domain.

3.2 Restricted Partial Function Algebras

If a GPFA has the property that its mbf’s all have one-point domains, then its
elements are actually partial functions with restrictions on their image. Whereas
in full partial function algebras the image of an element z € X under a partial
function could be any y € Y, now we only want to consider y € Y, where
Y, C Y. To do this, we shall first give a more precise definition of what we
mean by a “restriction”.

Definition 3.2.1. Let r: X — P(Y). We call r a “restriction”. Now consider
theset X = Y|, ={f: X =Y | Voex[f(x) € r(x)]}. Functions from this set
are called “partial functions restricted under r”.

18



Note that every partial function in particular is a restricted partial function
(with the restriction r(z) =Y).

Definition 3.2.2. Let r be a restriction. Let G, be the set all of partial
functions restricted under r. Let override (I>) and minus (—) be the same as
for regular partial functions. Then the algebra F,. = (G,,>, —,0) is called the
“restricted partial function algebra”.

Note that we can use the same mbf’s in our restricted partial function algebras
as we have used in our partial function algebras. There are just less of them
(obviously, if we still had all of them, then we would again get the full partial
function algebra).

Theorem 3.2.3. Let F and G be restricted partial function algebras. Let Fipf
be the set of mbf’s of 7 and Gups the set of mbf’s of G. Then G is a subalgebra
of F iff Gmpj is a subset of Fiyps.

Proof. Note that for a restricted partial function algebra, the set of mbf’s is
exactly the set of the partial functions with a singleton domain.

If G is a subalgebra of F, then the underlying set G of G is a subset of the
underlying set F' of F. Necessarily, Gups is a subset of Fp;.

Let Gmps be a subset of Fyps. By theorem 2.3.7 we know that any partial
function in G can be constructed from mbf’s in Gps, which is a subset of Fips.
So any function in G can be constructed from mbf’s in Fi 4, so G is a subalgebra
of F. O

Corollary 3.2.4. Let F be a partial function algebra with domain Xz and
codomain Yr. Let G be an algebra of the same type as . Then §G is a subalgabra
of F iff there exists a restricted partial function algebra H with domain X, and
codomain Y, such that X4y C Xz and Yy C Yz, and H is isomorphic to G.
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Chapter 4

Embedding A in F

The goal of this chapter is to show that in any algebra satisfying the axioms
in 1.2, we can decompose the elements into most basic elements. In order to
prove this, we introduce a predicate, stating that an element is decomposable.
In order to stress the finiteness of the elements of the algebra, we introduce
a scheme of structural induction. Using structural induction we show that
each element, except for (), has an unique decomposition into coordinates. The
coordinate-values will correspond to the restriction of arguments, as described
in the previous chapter.

In [1], several properties of the algebras A have been proven using a proving
system. In this chapter, we will use some of the results proven in the paper.
For convenience, these have been relisted in Appendix A.

4.1 The Formal System

Consider the algebra A = (A, >, —, () satisfying the identities X:

r>T =2 (4.1)
x—x=10 (4.2)
z>y=(y—xz)>ax (4.3)
r—(y—2) = (@—y)> (1 — (- 2)) (4.4)
(@E>y)—z=(—-2)>(y—2) (4.5)

Also consider the algebra F = (X — Y, >, —,0).
Lastly, we introduce the following notation:

Definition 4.1.1. We define the operation “intersection” as follows

2@y =z — (¢ —y)
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4.2 Most Basic Elements in A

Now we want to see if we can find mbf’s in our algebra A. Remember that in a
partial function algebra, we called a partial function f a mbf, iff for each partial
function g either f —g=0or f —g= f.

Definition 4.2.1. Let a in A such that a # (. We define a to be a “most basic
element” (mbe) iff for any b in A, a — b =0 or a — b = a. With other words:

def

Prpe(a) = Ypen[(a —b=0)V (a —b=a)]

In previous chapters we also defined some properties on mbf’s. We want to
define these properties on our mbe’s. In chapter 2 we defined the notion of
being disjoint. We can use the same definition for our mbe’s.

Definition 4.2.2. Let a,b € A be mbe’s. We define a and b to be disjoint iff
a#band a>b=>bra.

In chapter 3 we defined a relation on mbf’s. The same relation can be defined
for mbe’s. We will also show that this relation still is an equivalence relation.

Definition 4.2.3. Let a; and as be mbe’s, then:

def
a; ~az = a1 > as = ay

Lemma 4.2.4. ~ is an equivalence relation over mbe’s.
Proof. We have to prove three properties.

e a; ~ ay, since a1 > a1 = a; (by 4.1).

e If a1 ~ ag, then as ~ ay

First we will prove that for mbe’s a1, az, we have a1 —as = 0 iff ag —a; = 0.
Assume a7 — as = @ and ay — a; = ay. Then

A.22
@:al—agzal—(ag—al) = ai.

However, since a; was a mbe, a1 # (). Thus we have a contradiction. So if
a1 —ag = 0, then also as —a; = 0. Assume as —a; =0 and a1 — as = a;.
Then

A.22
@:az—alzaz—(al—az) = ag,

which again yields a contradiction since ag is a mbe. Therefore, a; —as = ()
iff ag —ayp = 0
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Next we will prove that, if a; ~ as—which is to say a; > a2 = a;—then
as — a1 = (), and therefore also a; — as = 0.

as—ay =00 (ag —ar) = (a1 —a1) > (az — ay)
= (a1 >ag) —ar=a; —ay =0
Now we can easily prove that, if a; ~ as, then as > a1 = as.
as>a; = (a1 —ag) >as =0 > ay = as
So if a; ~ asg, then also as ~ a;.

e If ay ~ as and as ~ a3, then a; ~ agz.

We know that a; > as = ay, and by our previous item we know that
as ~ as, SO ag > as = az. Therefore, we may conclude:

a1 > ag = (a1 I>G,2) > (a3 Dag)

= (a1 > (CLQ > ad)) > ao
= (a1 > CL2) > ag

a1 B> as

:al

So aj > a3z = a.

4.3 Structural Induction

In this section we will introduce a predicate dec (a), which is intended to express
the decomposability of elements from A into basic elements.

Definition 4.3.1. If an element a € A is decomposable, we will write

dec (CL) < 31117!12614 [ala az g {0, a} Na=ap > GQ]

Finally, we want to restrict ourselves to objects that have a finite construction.
For this purpose we will add one more axiom, this scheme of structural induction.

Axiom 4.6. Let F(a) be a property on objects from A, such that if

1. F(0) (the property holds for (),

2. Yaea [Pmve(a) = F(a)] (the property holds for all mbe’s), and

3. F(a1) A F(a2) = F(a1 > ag) (if the property holds for two elements
ay,as from A, then the property also holds for a; > as),
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then we may conclude that V,es [F(a)] (the property holds for every single
element of A).

Note that if an algebra A is finite, this axiom always holds! We will prove this
later in the thesis, as a consequence of lemma 4.4.2.

It is interesting to note that, in stead of adding the axioms of structural in-
duction, we could also have added the Descending Chain Condition. In Defi-
nition 4.4.8 we will define an order on A, which we will use in section 4.4.1 to
elaborate on this idea.

4.4 Decomposing Elements

In our previous chapters we have been working with partial functions. Partial
functions can easily be decomposed into mbf’s, because we understand what
these functions look like and how they are constructed. However, in our algebra
A, we don’t know what our underlying domain is. To also be able to decompose
elements from A, we have to introduce some lemma’s. Our goal in this section is
to decide whether or not an element can be decomposed into smaller elements.
We will also give a formal definition of what we mean by “smaller”.

Lemma 4.4.1. Let a € A such that a # 0 and a is not a mbe. Let b € A such
that a — b # a, then it follows that a@b # (). Also, if a — b # ), then a@b # a.

Proof. By contraposition, we need to prove a@b = () implies a — b = a.

a—b=(a—0b)>0=(a—0b)> (a@b)
=(a—b)>(a—(a—1b))
Ya—(b-b)
=)

Secondly, we prove (again by contraposition) a@b = a implies a — b = ().

a—b=(a@b) — b2 q@(b—b) = a@p =g

O

Lemma 4.4.2. Let a € A with a # 0. If a is not a mbe, then there exist
ai,as € A such that a = a; > ag and a1, as # 0, a, and also a; > ag = as > aj.

Proof. Let a € A not be a mbe, with other words there exist b € A so that
b#0,aand a —b# 0, a.
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We can take a; = a — b and as = a@b. After all,

(a —b) > (a@b) def (a—b)r> (a —(a— b)) 44,42,A4 a

By assumption a — b # 0,a. By 4.4.1 a@b # 0, a.
Also note that a; > as = as > a;.
ay > az = (a — b) > (a@b) 20,
A9 (a@b) > (a —b) = a2 > ay
O

Corollary 4.4.3. Assume axioms 4.1 through 4.5 hold and assume A is finite.
Then axiom 4.6 also holds.

Proof. Assume A is finite. Let a € A such that a isn’t a mbe and a # (. Then, by
lemma 4.4.2, there exist a1, as € A such that a = a1>a2 and a1, a2 # 0, a. Since
A only has a finite number of elements, we can repeat this proces until we’'ve
decomposed a into mbe’s. Therefore, every element in A is finitely decomposable
into mbe’s. U

Lemma 4.4.4. Let a,e € A such that Pyp.(€) and a@e # (). Then Pyp.(aQe).

Proof. We need to show that for each b € A either (a@e) —b = or (a@e) —b =
aQe.

Assume e — b = ().

Assume e —b=c.

(a@e) — b = a@(e — b)
= a@Qe

So we may conclude that a@e is a mbe, if e is a mbe. O

Corollary 4.4.5. Let a € A, a # ). If a is not a mbe, then there exist a;,as € A
such that as is a mbe, a = aq > as, a1,a2 # 0, a, and a1 > as = as > a;.
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Proof. We already proved we can find af and a} such that a = a} > a} and
ay,ay # (0,a. We did that by finding a b, such that b # (,a and a — b # 0, a.
Since b # (), we either have b is a mbe, or b isn’t. If b is a mbe, then a@b also is
a mbe.

If b isn’t a mbe, then there exists a mbe e, such that b@e # (). Since e is a mbe,
bQe also is a mbe. Choose b’ = b@Qe. Note that, since b’ is a mbe, b’ # (), a and
a@Qb’ is a mbe. So a@Qb' # 0, a. By 4.4.1, a — V' # 0, a. So instead of b, we might
as well have choosen b/, which is a mbe.

Since we’ve usen the same construction as in Lemma 4.4.2, a1 > as = as > ay
follows in the same way. U

So we have proven that, given an element a € A which isn’t a mbe, we can find
a b, so that we can decompose a into a; = a — b and as = a@b. Now we can
wonder if these elements have an empty intersection. By “empty intersection”,
we mean a;@Qas = @) and a,@Qaq = 0.

Lemma 4.4.6. Let a; and as be as in Corollary 4.4.5. Then it follows that
al@ag = @

Proof. First note that a1@as = a1 — (a1 — az) = (a — b) — ((a — b) — (a@b)), so
if we can prove that a — b = (a — b) — (a@b), we may conclude that a;@ay =

(a—b) — (a—b) =0.
(a=b) ~ (@) = (a=b) ~ (a— (a 1))
(-t -a)> ((a=t) = ((a=b) — (a-1)))
P22 (a—b)—a) > (a—Db)
A2 b
O

Lemma 4.4.7. Let a; and as be as in Corollary 4.4.5. Then it follows that
ag@al = @
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Proof.

a2@aq = (a@b)Q(a — b)

A7 (a@(a — b)) @b

2% ((a@a) — b)@b

A8 (0 — b)ab

A2T (g@b) — b
A28 @b — b)
L2 Lap

L4 qap) —

ALl

O

Now we know how to decompose elements from A, it makes sense to define an
ordering. If a € A, we can decompose a into a1, as (such that a = a; > az). We
want to be able to say that a; and ay are, in a way, “smaller” than a.

Definition 4.4.8. We will now define a relation on elements from A.

We also define:

a<b &L a>b=1b

a<b Py a<bANa#b

Lemma 4.4.9. < is an ordering.

Proof. To show < is an ordering, we have to show three things.

e a<a
a>a=a

e a<bAb<a = a=b

Assume a < band b <a. Soa>b=>band b>a = a. Thus we have
a=>br>a= (a>b)r>a and therefore ((a>b)>a) —a=a—a=10. By
derived law A.13, we may conclude §) = ((a>b)>a)—a = (b—a)>(a—a) =

a<bAb<c = a<c

(b—a)>0 = b—a (b—a = 0). Therefore, b = ar>b A2 a>(b—a) = a0 = a.

a<b soarb=bb<c,sob>c=c.

a>c=ab (b>c)=(a>bd)>c

=b>c=c
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O
Corollary 4.4.10. Let a € A, such that a # () and a isn’t a mbe. So there

exists a mbe e such that (¢’ =a —¢) a =da' > e. Then @’ < a.

Proof. First of all, a’ # a, so we just have to prove that a’ < a. Since a = a’ > e,
this is trivial. O

4.4.1 Descending Chain Condition

The Descending Chain Condition is defined as follows:

Definition 4.4.11. A partially ordered set is said to satisfy the Descending
Chain Condition (or DCC) iff for any descending sequence

a; = ag =

there exists a N € N such that Vy, p>n [an = am]-

This leads us to the following conjecture:

Conjecture 4.4.12. We suspect that the DCC holds for our order < iff the
axiom of Structural Induction (axiom 4.6) hold.

4.5 The Main Theorem

This section revolves around the main theorem of this thesis. The main theorem
states that if we decompose two elements of A, and their components are the
same, then they are in fact the same element. Before we make this formal, we
first introduce a relation on A. We will call two elements in A “similar”, if their
decomposition is the same.

Definition 4.5.1. Let a,b € A. Then we define the relation ~ as follows.

amb &£ Ve [Prpe(e) = aQe = bQe]

The main theorem now states that elements which are similar, are in fact the
same.
Theorem 4.5.2.

ax~b = a=0b

Proof. Assume a =~ b. We want to show that a = b. We are going to do so using
structural induction.
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e Assume a = (). Then
Ve [Pumpe(€) = a@Qe = ()]
So
Ve [Pmpe(€e) = bQe = ()]

— Assume b is mbe. Then b@b = b # (). So Je [Prpe(€) A bQe #£ 0].

— Assume b is neither () or a mbe. Then, by corollary 4.4.5, there exists
a mbe e such that (if ¥’ =b—¢€) b =V > e. Then:

bQe = (b>€)Qe

= (bQe) > (eQe)

— (bae) e % 0

So 3¢ [Prbe(e) AbQe #£ (0], b
So by process of elimination, we can conclude that b = {).

e Assume a is mbe. Then for each mbe e we either have a—e = ) or a—e = a.
Assume a@e # (), then a —e =0 (if a — e = a, then a@e =a — (a —¢€) =
a—a=10).Soera=(a—¢e)>e=0re=cec. Soen~a.

— Assume b = (). Then, by the proof in the previous bullet, a = . Y
— Assume b is neither () or a mbe. Then, by corollary 4.4.5, there exists
a mbe g such that (if ¥ =b—g) b = b > g. Note that:
bQg = (b' > g)Qg
= (V'ag) > (9ag)
=0y
=g#0
So a@g = bQg # . So g ~ a.
Now assume b’ isn’t a mbe. Then there exists ¢’ such that (if ¥’ =
b —g )t =b"1>g. Then:
bag' = (V' > g)Qg’
= ((t">¢') > g)ay
= (" >g)ag) > (9ag)
= (t"Qg") > (9'ag’)) > (9Qg")
=0r>g) > (9ag")
=g'>(9Qg) =g #0
So a@Qqg’' = bQg’ #£0. So g’ ~a. Sog' ~g. Sog >g=¢.
b=br>g=0">g¢)>g
:b”\>(g,|>g):b”>g/:b/
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But this contradicts our assumption that we decomposed b into g
and b, as b’ = b. So apparently our assumption that b’ isn’t a mbe
was wrong. Y

Assume b’ is a mbe. We still have b = b’ 1> g and a ~ e. However,

(
v =bV)>(e—b))
e—1)

/) o (6 o b/)

e=b))> (V' —(e—V))
=V #0

So a@Qb = bQbY # (), soa ~b,s0b ~e. Sob="Vb>e=1",
which contradicts our assumption that b # b’. So apparently our
assumption that b’ isn’t a mbe also is wrong.

But if both our assumption that o’ is a mbe is wrong, and our as-
sumption that b’ isn’t a mbe also is wrong, then we get a contradiction
with our assumption that b’ exists. So our original assumption, that
b wasn’t a mbe must have been wrong.

@
\
(=
~
~—
%
S

(
— ¥ —(e—)

So by process of elimination, if a is a mbe, then b also is a mbe.

Assume a neither is () or a mbe. So there exists a mbe f such that (a’ =
a—f)a=ad > f. Also assume that for each ¢ such that ¢ < a we already
have proven that if for certain d we have ¢ ~ d, then c = d.

Let & = b — f. Let e be an arbitrary mbe.
Assume e % f. If f—e =0, thene> f = (f—e)>e=0>e = ¢,
which contradicts our assumption that e ¢ f. So f —e = f. So fQe =
f-(F—e)=f-7=0
aQ@e = hQe
(' > f)Qe = (b' > f)Qe
(a'Qe) > (fQe) = (V' Qe) > (fQe)
(a’@Qe) >0 = (b'Qe) > 0
a'@Qe = b'Qe

Assume e ~ f. Note that, since e ~ f (so also f ~ e), for arbitrary ¢ we
have:

Qe = cQ(e > f) = (cQe) > (cQf)
= (cQf) > (cQe) = cQ(f > ¢)
=cQf
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So a’@Qe = a'Qf =) = b Qf = b Qe.

Since a’ =~ b/, we now know that a’ =b. Soa=d > f=b1> f =b.
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Appendix A

Derived Laws

We will use the following derived laws, which were proven in [1].

Empty domain.

Associativity.

Idempotence.

Distributivity.

zQy —y =10
z>0==x
l>ao=2a
r—0==x
0—a=0

z>(y>z)=(z>y)> 2z
2Q(yQz) = (zQy)Qz

rQr =z

(x> y)Qz = (zQ2) > (yQz)
xQ(y > 2) = (zQy) > (zQz)
(zQy) — 2z = (z — 2)Q(y — 2)
x> (yQz) = (2> y)Q(z > 2)
r>y)>z)—x=(y—x)> (2 — )

~ o~~~ —~
= EE
T o W N =
NS ENSENS NN

(A.8)



Weak commutativity.

(x—y)—z=(x—2)—y (A.14)
r—(y>z)=c—(2>y) (A.15)
(Z-y>@@-2=@-2)>@-y) (A.16)
(zQy)Qz = (x@z)Qy (A.17)
x — (yQz) = x — (2Qy) (A.18)
Partitioning.
(z@Qy) > (x —y) =2z (A.19)
(z—y)> (2Qy) == (A.20)
Combine minus.
(x—y)—z=z—(y>=2) (A.21)
Double minus.
r—(y—x)==x (A.22)
Overlapping.
x> (yQx) ==z (A.23)
Agree.
x> (z—y)=2x (A.24)
(x—y)>pr=x (A.25)
Compatible.
> (y—z)=z>y (A.26)
Reordering.
(x —y)Qz = (2Q@Qz) —y (A.27)
xQ(y — 2z) = (zQy) — 2z (A.28)

We will also use the following derived laws, which we shall prove ourselves.

Law A.29.

(x> y)Qx A9 (zQ@Qx) > (yQux)

LN (yQx)

A.23
= X
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Law A.30.

@) X zap — ¢

=)
Law A.31. f x>y =10, thenz =0 =y.

Proof.
y 2% (y - 2) > (yax)

22 ((y—2) > y)a((y —2) > )

2 ((y—2)>y)Qz>y)
((y— 2) & y) @0
0

A.:@

Since ) =x >y =2z >0 =z we may conclude z = @) = y.

Law A.32. If (a > b)@e # ), then a@e # () or bQe # (.

Proof. Assume a@e = () = b@Qe. Then

hS

4

0

(aQe) > (bQe)
(a>b)Qe

b
©

So by contradiction, (a > b)@e # § = aQe # ) V bQe # ().
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