Resumo

As édlgebras semi-De Morgan constituem uma variedade definida por H. P.
Sankappanavar que inclui como subvariedades a variedade Ky ; das algebras
de Ockham e uma generalizacao da variedade dos reticulados distributivos
pseudocomplementados também estudada pelo mesmo autor, a variedade
dos reticulados semi-pseudocomplementados. Mais tarde D. Hobby desen-
volveu uma dualidade para estas algebras e definiu a maior subvariedade das
algebras semi-De Morgan com a propriedade de extensao de congruéncias, a
variedade C.

Neste trabalho sao apresentadas desigualdades, mais simples que as en-
contradas por D. Hobby, que caracterizam a variedade C e determinam-se
equagoes que definem as congruéncias principais desta variedade. Como
aplicacao, caracterizam-se as algebras subdirectamente irredutiveis de C pro-
vando que para além das algebras subdirectamente irredutiveis de £y ; e da
variedade dos reticulados semi-pseudocomplementados sé existem, a menos
de isomorfismo, trés outras algebras subdirectamente irredutiveis.

Explica-se de maneira detalhada um processo para obtencao de duali-
dades para algebras com redutos reticulados distributivos que se baseia na
canonicidade e na teoria de Sahlqvist e que foi obtido por M. Gehrke, H.
Nagahashi e Y. Venema num artigo recente. Como aplicacao determina-
se uma nova dualidade para a variedade das algebras semi-De Morgan e
caracterizam-se os espacos duais de algumas das suas subvariedades.

Estudam-se as algebras semi-De Morgan que s6 tém congruéncias princi-
pais, caracterizando-se os espagos duais dos reticulados semi-pseudocomple-
mentados com esta propriedade. Generalizam-se resultados que dizem re-
speito ao supremo ou ao infimo de congruéncias principais, obtidos por R.
Beazer para reticulados pseudocomplementados, a variedade dos reticulados
semi-pseudocomplementados.

Palavras chave: Semi-De Morgan algebras, variedade C, congruéncias
principais, dualidade, canonicidade, Sahlqvist.



Abstract

Semi-De Morgan algebras are a subvariety, defined by H. P. Sankap-
panavar, that includes as subvarieties the variety Ky; of Ockham algebras
and a generalization of pseudocomplemented distributive lattices also studied
by the same author, the variety of demi-pseudocomplemented lattices. Later
D. Hobby developed a duality for these algebras and defined the largest sub-
variety of semi-De Morgan algebras with the congruence extension property,
the variety C.

In this work simpler inequalities than those found by D. Hobby to char-
acterize the variety C are presented and equations defining principal con-
gruences in this variety are determined. As an application, the subdirectly
irreducible algebras of C are characterized and it is proved that apart from
the subdirectly irreducible algebras of K1 ; and of the variety of demi-pseudo-
complemented algebras there are, up to isomorphism, just three other sub-
directly irreducible algebras.

It is spelled out a process of obtaining dualities for distributive lattice-
ordered algebras based on canonicity and on the Sahlqvist theory that was
developed by M. Gehrke, H. Nagahashi and Y. Venema in a recent article.
As an application it is determined a new duality for the variety of semi-De
Morgan algebras and the dual spaces of some of its subvarieties are charac-
terized.

Semi-De Morgan algebras having only principal congruences are also
studied and the dual spaces of demi-pseudocomplemented lattices with this
property are characterized. Results on the principal join property and the
principal intersection property that were obtained by R. Beazer for pseu-
docomplemented distributive lattices are generalized to the variety of demi-
pseudocomplemented lattices.

Keywords: Semi-De Morgan algebras, variety C, principal congruences,
duality, canonicity, Sahlqvist.
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Introduction

Many varieties of algebras consisting of bounded distributive lattices with
additional unary operations have been studied as algebraic models for certain
logics. They include well known examples, such as Ockham, MS, De Morgan,
Stone, and Boolean algebras as well as pseudo-complemented lattices.

For some of these varieties there are several similar properties so it is
natural to look for generalizations where these properties still hold.

This is the case of De Morgan algebras (DM As) and distributive pseudo-
complemented lattices (also called p-lattices) where the presence of common

aspects made Sankappanavar consider in [38] the more general variety of
semi-De Morgan algebras (SDM As).

Sankappanavar continued the investigation of SDM As in [39] and [40],
where he concentrated on the subvariety of demi-pseudocomplemented lat-
tices (also called demi-p-lattices, (DM PLs)) and on almost pseudocomple-
mented lattices (also called almost p-lattices, (APLs)), a subvariety of demi-
p-lattices. These are generalizations of p-lattices and they don’t include the
variety of De Morgan algebras.

Using algebraic techniques, Sankappanavar characterized in [38] some im-
portant subvarieties of SDM As and proved that certain elements of a semi-
De Morgan algebra form a De Morgan algebra, extending the well known
theorem for p-lattices due to Glivenko.

When he restricted his study to DM PL in [39] and [40], Sankappanavar
determined equations defining principal congruences and, as an application,
characterized the subdirectly irreducible algebras. He also determined the
lattice of subvarieties of DM PL.

Since we started this study, our main goal has been the investigation of the
corresponding results for the variety SDMA. We studied in [26] the lattice
of congruences of subdirectly irreducible algebras in SDM A. However, our
attempt to go further using algebraic methods was not fruitful since SDM A
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does not have the congruence extension property (CEP).

Using topological methods, D. Hobby developed in [25] a duality for
SDM A based on the Priestley duality for distributive lattices. As an ap-
plication, he characterized the dual spaces of subdirectly irreducible semi-De
Morgan algebras and he determined the largest subvariety of SDM A with
the congruence extension property which he called the variety C.

Hobby’s duality is described by himself as ”tractable enough to be useful”
however with conditions that ”seem inelegant” so, he suggests, as Problem 1
of his article, a duality for SDM As ”more nicely stated”.

Since the variety SDM A does not have the congruence extension prop-
erty, Hobby observed that perhaps it is too large to be useful as a com-
mon generalization of DM As and p-lattices. Therefore C turns out to be
very interesting because it has C’EP and it contains all the previously stud-
ied subvarieties of SDM A, namely the subvariety K, of Ockham algebras
(consequently DM A) and DM PL.

However the two inequalities (o and [3) that characterize C as a subvariety
of SDM A in [25] are too complicated to make the study of C very tempting.

In fact Problem 2 in [25] is to find "nicer axioms for C”.

We solved this problem algebraically determining a new inequality ()
such that C can be characterized by v and /.

We determined the equations defining principal congruences in C and we
characterized the subdirectly irreducible algebras of this variety.

Blyth and Varlet characterized in [9] the distributive lattices, the Stone,
the De Morgan and the Heyting algebras that have only principal congru-
ences. In [6], Beazer solved the same problem for p-lattices. It was natural
to ask whether their results could be extended. Using algebraic techniques,
analogous to those used by Beazer in [5] and [6], we proved, in [27], that the
semi-De Morgan algebras with the referred property are finite so that, when
applying Hobby’s duality, we could drop the topology because, in this case,
it is the discrete one. Using this method we generalized to demi-p-lattices
results obtained by Beazer in [5] and [6].

We continued the study of principal congruences, concentrating on alge-
bras that have the principal join property (P.JP), i.e. those algebras such
that the join of any two principal congruences is a principal congruence.
Beazer characterizes p-lattices with this property in [5]. In [12], I. Chada
calls these algebras congruence principal and, in [13] he studies algebras
whose principal congruences form a sublattice of their congruence lattice. In
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[29] we apply Hobby’s duality to the study of this property in what concerns
demi-p-lattices and we prove, generalizing a result by Beazer [5], that in this
variety those algebras having the principal join property have the principal
intersection property. This solves, for demi-p-lattices, problem 6 proposed
by Hobby in [25].

The difficulties we found when dealing with Hobby’s duality motivated
us to try to find a simpler alternative for this duality.

While searching for a duality for SDM A we decided to follow the sug-
gestions of Professor M. Gehrke and to apply Canonicity and the Sahlqvist
Theory to this study.

Canonical extensions provide a complete lattice theoretic view of topo-
logical duality for various types of lattice and even poset-ordered algebras
[18, 20, 22]. They were first developed by Jénsson and Tarski for Boolean al-
gebras with additional operations that preserve join in each coordinate. More
recently, generalizations and stronger results about preservation of identities
under canonical extensions have been obtained by M. Gehrke and B. Jénsson
and others. The paper [21] is particularly useful for our purposes. In this
paper M. Gehrke, H. Nagahashi and Y. Venema use the modern theory of
canonical extensions to generalize powerful results from modal logic about
preservation of identities and relational correspondents for these equations.
The results in that paper are cast as a generalization of Sahlqvist theory for
certain generalized modal logics based on distributive lattices. However, as
the authors also comment, these results may also be seen as a general theory
for manufacturing topological dualities for the distributive lattice-ordered al-
gebras corresponding to the logics they treat. In this work we will spell out
the parts of this process and apply it in the case of the variety of semi-De
Morgan algebras and various subvarieties of this variety.

In this work, to avoid confusion with De Morgan algebras, we denote
by unary quasi-operators algebras (UQAs) the distributive modal algebras
considered in [21] by M.Gehrke, H. Nagahashi and Y. Venema, since the
unary operations <, 0, > and < are called unary quasi-operators in [22].

We follow [21] to determine a duality between the canonical extensions
of these algebras and the corresponding ordered relational structures. We
obtain the dual spaces of UQAs by defining a topology in these ordered
spaces.

It is clear that these results also apply to algebras that are the reducts of
U@ As so we consider distributive algebras with the unary operations O and
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>. In this setting we can characterize the variety SDM A introducing addi-
tional inequalities satisfied by the unary operations. These inequalities are,
according to the definition in [21], Sahlqvist inequalities and hence canonical.

M.Gehrke, H. Nagahashi and Y. Venema proved in [21] that every Sahlqvist
modal sequent corresponds to a formula in the dual frame. It is clear that
the same happens to Sahlqvist inequalities and conditions in the dual space.
We applied this result to compute quite easily the formulas corresponding to
Sahlqvist inequalities.

Since SDM A, as well as important subvarieties such as C, DM PL, K 1,
can be defined by Sahlqvist inequalities, we established a duality for SDM A
and we characterized the dual spaces of the referred subvarieties.

The first chapter of this thesis contains definitions and results that will
be needed later.

We assume familiarity with basic concepts of universal algebra and lattice
theory.

In section 1.4 we present the definition of semi-De Morgan algebras and

important properties of these algebras. For a more detailed exposition see
[38], [39] and [40].

In chapter 2, we solve Problem 2 from [25]. We determine algebraically
an inequality (vy) such that inequalities v and (3 characterize C as a subvariety
of SDMA. In Sections 2 and 3 we include results that were obtained in [28]:
We characterize the principal congruences on C, extending the correspond-
ing characterization for demi-p-lattices, due to Sankappanavar [39], and for
the variety Ky ; due to J. Berman [8] and to M. Ramalho and M. Sequeira
[33]. Tt is shown that C has equationally definable principal congruences,
a result which strengthens Hobby’s result that this variety has congruence
extension property. We also determine the subdirectly irreducible algebras
of the variety C. The subdirectly irreducible demi-p-lattices were character-
ized by Sankappanavar in [39] and the subdirectly irreducible algebras of the
variety ;1 were identified in [37] and also in [5]. We use these results and
the characterization of principal congruences to prove that apart from the
subdirectly irreducible algebras of the varieties of demi-p-lattices and K
there are, up to isomorphisms, three more subdirectly irreducible algebras in
C. We consider the set consisting of the isomorphism classes of finite subdi-
rectly irreducible algebras of the variety C and we present the Hasse diagram
of this poset. Using a theorem of B. Davey [16], we prove that the lattice of
subvarieties of C is isomorphic to the lattice of order-ideals of this poset. In
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Section 4 we give defining identities for some subvarieties of C.

Chapters 3 and 4 concern the study of duality based on the theory of
canonical extensions. This is a general program that will be illustrated here.

In chapter 3 we will give some results on canonical extensions for dis-
tributive lattices (DL ). As our results may be seen mainly as an application
of the results in [21], we will refer to this paper and we will try to conform to
the notation and nomenclature used there. For further references on canon-
ical extensions we will refer to the most recent and comprehensive paper by
Gehrke and Jénsson [20] even for results first proved earlier.

In section 3.2 we consider the class of Perfect Distributive Lattices (DL™).
These are completely distributive lattices that are join generated by the set
of completely join irreducible elements and they include the class of canonical
extensions of distributive lattices.

Following [21], we establish a duality between DL' and posets: Given
a lattice in DL the completely join irreducible elements form a poset and,
given a poset, the downsets form a lattice in DL, In this way it is obtained
a generalization of Birkhoff’s duality for finite distributive lattices.

At the objects level this was already done by G. Raney [34], V. Balachan-
dran [3] and P. Dwinger [4].

When we expand perfect distributive lattices with additional unary op-
erations (<, 0, > and <), we obtain the class of algebras that we denote by
UQA"T and we explain how in [21] the authors determine the corresponding
duality endowing the dual posets with binary relations.

The fact that a lattice in DL is a lattice in DL has important conse-
quences that we discuss in section 3.3.

The duality for the category DL™ is applied in section 3.4 to define a
duality for bounded distributive lattices (DL). This is done by introducing
a topology in the dual poset of completely join irreducible elements of the
canonical extensions of lattices in DL. In the end what we obtain is a version
of Priestley duality.

This kind of approach of Priestley duality for distributive lattices has,
among others, the advantage of defining the dual space as a subset of the
canonical extension of the distributive lattice. Besides, when dealing with
finite distributive lattices, we fall directly in Birkhoft’s duality.

To determine a duality for UQA, we have just to find how the topology
in the Priestley space (dual of the underlying distributive lattice) interacts
with the additional binary relations in the dual space of UQA™. This is done
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in detail for the join preserving operation and then generalized to the other
unary operations using the appropriate order duals of the distributive lattice.

Using Priestley duality, R. Goldblatt developed in [23], a representation
for distributive lattices with operators that are meet or join preserving. Later,
in [41], V. Sofronie-Stokermans generalized this duality to meet or join re-
versing operators. Though we work in a different setting their results were
very useful.

As an application of this duality, we develop in chapter 4 a duality for
SDMA. We start by considering, in section 4.1, a class of distributive lattices
extended with the unary operations > and O. This is a reduct of UQ) A where
we define the variety SDM A by a set of inequalities that are satisfied by the
unary operations.

These inequalities are Sahlqvist so, applying results established by M.
Gehrke, H. Nagahashi and Y. Venema in [21], we conclude that they are
canonical and hence SDM A is a canonical variety. Therefore the canonical
extension of an algebra in SDM A is still in SDM A. In fact it is in a class
of algebras that we call SDM A" which is the intersection of UQA* and
SDMA. Since in the previous chapter we have already established a duality
for UQA™, we apply this duality and the Sahlqvist theory in [21] to compute
the formulas corresponding to the Sahlqvist inequalities in the dual space.
This way we characterize the binary relations that correspond to > and O in
the dual structure of SDMA™. But these two relations are not independent

so we can define morphisms between dual structures of SDMA™ by less
conditions than in UQA™.

The minimal elements in the codomain of one of the binary relations are
the maximal elements in the codomain of the other so that we can define a
new binary relation having as codomain this set of elements. In section 4.2,
we consider the case of algebras in SDM A™ that are canonical extensions of
algebras in SDM A. Then, this new binary relation is particularly interesting
because we can obtain a much simpler duality for SDM AT,

To capture a duality for SDM A we have, as for UQA, to consider the
topology in the dual space and to determine how the new binary relation
behaves regarding this topology. This way we finish by establishing a full
duality for SDM A.

As an application of this duality, we characterize, in section 4.3, the
dual spaces of some important subvarieties of SDM A that are defined by
Sahlqvist inequalities and compare the duality we have established with the
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correspondent known dualities.

In chapter 5, applying the duality for SDM As presented in the previous
chapter, we study the properties of principal congruences in SDM A consid-
ered in [27] and [29]. Generalizing results obtained by R. Beazer in [5] and
[6], we show that S DM As having only principal congruences are finite. Next,
using duality, we show how demi-p-lattices and almost p-lattices having only
principal congruences can be described.

We also characterize those demi-p-lattices having the principal join prop-
erty extending the corresponding results obtained by Beazer in [5]. We also
prove that those algebras in DM PL having the principal join property have
the principal intersection property.

We observe that some of the results presented in chapters 2 and 5 were
joint work with Professor Raquel Santos.
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Introducao

Muitas variedades de algebras tais como as algebras de Ockham, as algebras
MS, de De Morgan, de Stone e de Boole bem como os reticulados pseudocom-
plementados sao exemplos bem conhecidos de algebras tendo como reduto
um reticulado distributivo limitado com uma operacao unaria adicional.

Nalgumas destas variedades, que tém sido estudadas como modelos algé-
bricos de certas légicas, ha propriedades que sao semelhantes pelo que é
natural procurar generalizacoes em que estas propriedades se continuam a
verificar.

E este o caso das édlgebras de De Morgan (DM As) e dos reticulados
distributivos pseudocomplementados (também designados por reticulados-p)
onde a presenca de aspectos comuns levou Sankappanavar a considerar em
[38] a variedade mais geral das algebras semi-De Morgan (SDM As).

Em [39] e em [40], Sankappanavar continuou a investigagao sobre S DM As
concentrando o seu estudo nas subvariedades dos reticulados semi-pseudo-
complementados (também designados por reticulados semi-p, (DM PLs)) e
dos reticulados quase-pseudocomplementados (também designados por retic-
ulados quase-p, (APLs)). Ambas sao generalizagoes dos reticulados-p que
nao incluem a variedade das algebras de De Morgan.

Usando técnicas algébricas, Sankappanavar caracterizou em [38] algumas
subvariedades importantes de SDM A e provou que determinados elemen-
tos de uma algebra semi-De Morgan formam uma algebra de De Morgan,
extendendo assim o bem conhecido teorema de Glivenko para reticulados-p.

Quando restringiu o seu estudo a DM PL em [39] e em [40], Sankap-
panavar determinou equagoes que definem as congruéncias principais e, como
aplicacao, caracterizou as algebras subdirectamente irredutiveis desta var-
iedade. Determinou, também, o reticulado das subvariedades de DM PL.

Quando iniciamos este estudo, o nosso principal objectivo era a inves-
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tigacao dos resultados correspondentes para a variedade SDM A. Estudamos
em [26] o reticulado das congruéncias das élgebras subdirectamente irre-
dutiveis de SDM A. Contudo, as tentativas para ir mais além usando métodos
algébricos foram infrutiferas porque SDM A nao tem a propriedade de ex-
tens@o de congruéncias (CEP).

Usando métodos topoldgicos, D. Hobby desenvolveu em [25] uma duali-
dade para SDM A baseada na dualidade de Priestley para reticulados dis-
tributivos. Como aplicacao desta dualidade, caracterizou os espacos duais das
algebras semi-De Morgan subdirectamente irredutiveis e determinou a maior
subvariedade de SDM A com a propriedade de extensao de congruéncias que
designou por variedade C.

A dualidade de Hobby é descrita por ele préprio como ”suficientemente
tratavel para ser util” contudo com condicoes que ”parecem deselegantes”.
Em consequéncia, como Problema 1 do seu artigo, Hobby sugere a deter-
minagao de uma nova dualidade para SD M As.

Como a variedade SDM A nao tem a propriedade de extensao de con-
gruéncias, Hobby observou que talvez seja grande demais para ser 1til como
generalizagdo comum das DM As e dos reticulados-p. A variedade C torna-se
portanto muito interessante porque tem C'EP e contém todas as subvar-
iedades de SDM A previamente estudadas, nomeadamente a subvariedade
K1 das algebras de Ockham (logo DM A) e DM PL. Contudo as desigual-
dades a e 3 que caracterizam C como subvariedade de SDM A em [25] s@o
excessivamente complicadas para tornar o estudo de C tentador.

De facto o Problema 2 de [25] é a determinagao de axiomas mais elegantes
para C.

Resolvemos este problema algebricamente determinando uma nova de-
sigualdade (7y) tal que C é caracterizavel por «y e [3.

Determindmos também equagoes que definem as congruéncias principais
em C e caracterizamos as algebras subdirectamente irredutiveis desta var-

iedade.

Os reticulados distributivos, as algebras de Stone, de De Morgan e de
Heyting que s6 tém congruéncias principais foram caracterizados por Blyth
e Varlet em [9]. Beazer resolveu o mesmo problema para reticulados-p em
[6]. Pos-se assim naturalmente a questao de saber se estes resultados sao
generalizaveis. Aplicando técnicas algébricas andlogas as usadas por Beazer
em [5] e em [6], provamos, em [27], que as algebras semi-De Morgan que sé
tém congruéncias principais sao finitas logo, ao aplicar a dualidade de Hobby,
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pudemos ignorar a topologia uma vez que neste caso é a topologia discreta.
Usando este método generalizamos a reticulados semi-p resultados obtidos
por Beazer em [5] e em [6].

Continuando o estudo das congruéncias principais, consideramos as alge-
bras tais que o supremo de quaisquer duas congruéncias principais é uma con-
gruéncia principal (dlgebras com a propriedade P.JP). Beazer caracteriza os
reticulados-p com esta propriedade em [5]. 1. Chada [12], chama congruentes
principais a estas &lgebras e, em [13], estuda algebras cujas congruéncias
principais formam um subreticulado do reticulado das congruéncias. Em
[29], aplicdAmos a dualidade de Hobby para estudar esta propriedade nos
reticulados semi-p e provdamos, generalizando um resultado de Beazer [5],
que nesta variedade as algebras que tém a propriedade PJP tém também
a propriedade de a interseccao de quaisquer duas congruéncias principais
ser uma congruéncia principal (propriedade PIP). Resolvemos assim para
reticulados semi-p o Problema 6 proposto por Hobby em [25].

As dificuldades encontradas ao aplicar a dualidade de Hobby motivaram
o estudo de uma alternativa mais simples a esta dualidade.

Ao procurar uma dualidade para SDM A decidimos aceitar a sugestao da
Professora M. Gehrke e aplicar a Canonicidade e a Teoria de Sahlqvist a este
estudo.

As extensoes candnicas foram desenvolvidas inicialmente por Jénsson e
Tarski para algebras Booleanas com operacoes adicionais que preservam o
supremo em cada coordenada. Mais recentemente, generalizacoes e resulta-
dos mais fortes sobre a preservacao de identidades em extensoes canodnicas
foram obtidos por M. Gehrke e B. Jénsson e por outros. O artigo [21] é
particularmente 1til para os nossos objectivos. Neste artigo M. Gehrke, H.
Nagahashi e Y. Venema usam a moderna teoria das extensoes candnicas
para generalizar resultados poderosos da légica modal sobre a preservacao
de identidades e as condigoes relacionais que lhes correspondem. Os resul-
tados desse artigo sao apresentados como uma generalizacao da teoria de
Sahlqvist para certas légicas modais generalizadas baseadas em reticulados
distributivos. Contudo, como os autores também comentam, estes resultados
podem ser vistos como uma teoria geral para obter dualidades topolégicas
para as algebras com redutos reticulados distributivos correspondentes as
l6gicas consideradas. Neste trabalho explicamos detalhadamente as partes
deste processo e aplicamo-lo ao caso da variedade das algebras semi-De Mor-
gan e de algumas das suas subvariedades.
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Para evitar confusdo com as édlgebras de De Morgan (DM As), ao longo
deste trabalho chamamos dlgebras de quase-operadores unarios (UQAs) as
algebras modais distributivas consideradas em [21] por M.Gehrke, H. Naga-
hashi e Y. Venema, uma vez que as operagoes unarias <,0,> and < sao
designadas por quase-operadores undrios em [22].

Seguimos [21] para determinar uma dualidade entre as extensoes candnicas
destas algebras e certas estruturas relacionais ordenadas. Obtemos os espagos
duais das U@ As definindo uma topologia nestas estruturas relacionais orde-
nadas.

Como estes resultados também se aplicam a algebras que sao redutos de
U@ As, podemos considerar algebras distributivas com as operagoes unarias O
e >>. Neste contexto a variedade SDM A pode ser caracterizada por meio de
desigualdades adicionais nas operagoes unarias. Estas desigualdades sao, de
acordo com a definigdo dada em [21], desigualdades de Sahlqvist e portanto
sao canodnicas.

Foi provado em [21] que toda a sequéncia modal de Sahlqvist corresponde
a uma formula na estrutura dual. Como o mesmo acontece com desigual-
dades de Sahlqvist e condigoes no espaco dual, aplicdmos este resultado para
deduzir, com bastante facilidade, as férmulas que correspondem as desigual-
dades de Sahlqvist.

Tanto SDM A como subvariedades importantes tais como C, DM PL e
K1 podem ser definidas por desigualdades de Sahlqvist. Estabelecemos as-
sim uma dualidade para SDM A e caracterizamos o espaco dual das referidas
subvariedades.

O primeiro capitulo desta tese contém definicoes e resultados que serao
necessarios posteriormente.

Pressupomos familiariedade com conceitos basicos de Algebra Universal
e da Teoria dos Reticulados.

Na seccao 1.4 apresentamos a definicao de algebra semi-De Morgan e
algumas propriedades importantes destas algebras. Para informacao mais
detalhada sugerimos [38], [39] and [40].

No Capitulo 2, resolvemos o Problema 2 de [25]. Determinamos algebri-
camente uma desigualdade (7y) tal que as desigualdades v and 3 caracterizam
C como subvariedade de SDM A.

Nas Secgoes 2 e 3 incluimos resultados que foram obtidos em [28]: Car-
acterizamos as congruéncias principais em C, generalizando a caracterizacao
correspondente para reticulados semi-p obtida por Sankappanavar [39], e
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para a variedade Ky ; obtida por J. Berman [8] e por M. Ramalho e M. Se-
queira [33]. Mostra-se que C tem congruéncias principais equacionalmente
definiveis, um resultado que confirma que esta variedade tem a propriedade
de extensao de congruéncias como Hobby provou. Determinamos também as
algebras subdirectamente irredutiveis da variedade C. Os reticulados semi-
p subdirectamente irredutiveis foram caracterizados por Sankappanavar em
[39] e as dlgebras subdirectamente irredutiveis da variedade /Ky ; foram iden-
tificadas em [37] e também em [5]. Usamos estes resultados e a caracterizacao
das congruéncias principais para provar que para além das algebras subdi-
rectamente irredutiveis das variedades dos reticulados semi-p e de K;; ha,
a menos de isomorfismo, mais trés algebras subdirectamente irredutiveis em
C. Apresentamos o diagrama de Hasse do conjunto parcialmente ordenado
das classes de isomorfismo das algebras finitas subdirectamente irredutiveis
da variedade C. Usando um teorema de B. Davey [16], provamos que o retic-
ulado das subvariedades de C é isomorfo ao reticulado dos semi-ideais deste
conjunto.

Na seccao 2.4 apresentamos identidades que caracterizam algumas sub-
variedades de C.

Os capitulos 3 e 4 incluem o estudo da dualidade baseada na teoria das
extensoes candnicas.

No capitulo 3 damos alguns resultados sobre extensoes canénicas de retic-
ulados distributivos (DL ). Como os nossos resultados podem ser consider-
ados principalmente como uma aplicacao dos resultados obtidos em [21],
fazemos referéncia a este artigo e usamos notagao e nomenclatura adaptada
a que ¢é ai usada. Para outras referéncias relativas a extensoes candnicas
recorremos ao artigo mais recente e mais abrangente de Gehrke e Jénsson
[20] mesmo para resultados ja provados anteriormente.

Na seccao 3.2 consideramos a classe dos Reticulados Distributivos Per-
feitos (DL'). Sao reticulados completamente distributivos que sao sup-
gerados pelo conjunto dos elementos completamente sup-irredutiveis e in-
cluem a classe das extensoes canénicas dos reticulados distributivos.

De acordo com [21], estabelecemos uma dualidade entre DL e conjuntos
parcialmente ordenados: Dado um reticulado em DL™, os elementos comple-
tamente sup-irredutiveis constituem um conjunto parcialmente ordenado e,
dado um conjunto parcialmente ordenado, os semi-ideais formam um retic-
ulado em DLT. Deste modo obtem-se uma generalizacao da dualidade de
Birkhoff para reticulados distributivos finitos.
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Isto ja havia sido feito, ao nivel dos objectos, por G. Raney [34], V.
Balachandran [3] e P. Dwinger [4].

Quando se expandem reticulados distributivos perfeitos com operacoes
unarias adicionais (<, 0, > and <), obtem-se a classe de algebras que des-
ignamos por UQA™. Explicamos como em [21] M. Gehrke, H. Nagahashi e
Y. Venema determinam a dualidade correspondente munindo os conjuntos
parcialmente ordenados duais com relagoes binérias.

O facto de um reticulado em DL ser um reticulado em DL tem con-
sequéncias importantes que discutimos na sec¢ao 3.3.

A dualidade para a categoria DL™ é aplicada na seccao 3.4 para definir
uma dualidade para reticulados distributivos limitados (DL). Para o fazer in-
troduzimos uma topologia no conjunto parcialmente ordenado dos elementos
completamente sup-irredutiveis, dual da extensao candnica dum reticulado
de DL. No fim o que se obtém é uma versao da dualidade de Priestley.

Este tipo de abordagem da dualidade de Priestley para reticulados dis-
tributivos tem, entre outras, a vantagem de definir o espago dual como um
subconjunto da extensao canonica do reticulado distributivo e de, quando se
consideram reticulados distributivos finitos, se ir cair directamente na duali-
dade de Birkhoff.

Para determinar uma dualidade para UQ A, basta estudar o modo como a
topologia no espago de Priestley (dual do reticulado distributivo subjacente)
interage com as relacoes bindrias adicionais do espaco dual de UQA™T.

Este estudo é feito em detalhe para a operacao que preserva o supremo
e generalizado depois as outras operacgoes undrias usando os duais de ordem
apropriados.

Usando a dualidade de Priestley, R. Goldblatt desenvolveu em [23] uma
representacao para reticulados distributivos com operadores que preservam
o supremo ou o infimo. Mais tarde, em [41], V. Sofronie-Stokermans gen-
eralizou esta dualidade a operadores que invertem o supremo ou o infimo.
Apesar de trabalharmos num contexto diferente os resultados obtidos por
estes autores foram-nos muito tteis.

Como aplicagao da dualidade que obtivemos, desenvolvemos no capitulo 4
uma dualidade para SDM A. Comegamos por considerar, na sec¢ao 4.1, uma
classe de reticulados distributivos com as operagoes unarias > e 0. Trata-se
de um reduto de UQA onde definimos a variedade SDM A por um conjunto
de desigualdades que tém que ser satisfeitas pelas operacoes unarias. Estas
sao desigualdades de Sahlqvist e portanto, aplicando resultados estabeleci-
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dos por M. Gehrke, H. Nagahashi e Y. Venema em [21], concluimos que sdo
canonicas logo SDM A é uma variedade candnica. Consequentemente a ex-
tensao candnica de uma algebra em SDM A esta ainda em SDM A. De facto
estd numa classe de dlgebras a que chamamos SDM AT e que é a interseccao
de UQA"T e SDMA. Como no capitulo anterior ja tinhamos estabelecido
uma dualidade para UQAT, aplicamos esta dualidade e a teoria de Sahlqvist
de [21] para calcular as férmulas que correspondem, no espago dual, as de-
sigualdades. Deste modo caracterizamos as relagoes bindrias que correspon-
dem a > e a O na estrutura dual de SDMAY. Como estas duas relacoes
nao sao independentes podemos definir os morfismos entre estruturas duais
de SDM A" por menos condicoes que em UQAT.

Os elementos minimais do codominio de uma das relagoes bindrias sao os
elementos maximais do codominio da outra de modo que é possivel definir
uma nova relagao binaria tendo como codominio este conjunto de elementos.
Na seccao 4.2, consideramos o caso de dlgebras de SDM A que sdo extensoes
canonicas de algebras de SDMA. Neste caso esta nova relacao binaria é
particularmente interressante porque permite obter uma dualidade muito
mais simples para SDMAT.

Tal como em UQ A, para obter uma dualidade para SDM A consideramos
a topologia do espaco dual e determinamos o modo como a nova relagao
binaria se comporta relativamente a esta topologia.

Como aplicacao desta dualidade, caracterizamos, na seccao 4.3, os espagos
duais de algumas subvariedades importantes de SDM A que sao definidas por
desigualdades de Sahlqvist e comparamos a dualidade que estabelecemos com
as correspondentes dualidades ja conhecidas.

No capitulo 5, com a dualidade para S DM As que apresentamos no capitulo
anterior, estudamos as propriedades das congruéncias principais em SDM A
consideradas em [27] e [29]. Assim, generalizando resultados obtidos por
Beazer em [5] e em [6], mostramos que SDM As que sé tém congruéncias
principais sao finitas e esclarecemos como podem ser descritos os reticulados
semi-p e quase-p que sé tém congruéncias principais.

Caracterizamos, também, os reticulados semi-p com a propriedade PJP
fazendo uma extensao dos resultados correspondentes obtidos por Beazer em
[5]. Provamos que as dlgebras de DM PL com a propriedade P.JP tém ainda
a propriedade PIP.

De notar que parte dos resultados referidos nos capitulos 2 e 5 foram um
trabalho conjunto com a Professora Raquel Santos.
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Chapter 1

Preliminaries

We assume that the basic notions of Universal Algebra and Lattice Theory
are known. Anyway we list here some definitions and results that will be
directly related with our study.

For more details concerning these subjects, we refer the reader to R.
Balbes and P. Dwinger [4], S. Burris and H. P. Sankappanavar [11], B. A.
Davey and H. A. Priestley [17].

1.1 Ordered Structures

Let (X, <) be a partially ordered set (poset) and let x,y € X. We say that
x is covered by y and we write z < y (or y > x) if x < y and there is no
element z € X for which z < z < y.

A subset S of a poset X is called conver if x,y € S and z € X and
x < z <y imply that z € S.

If X is a poset then we say that X has height less than or equal to
k € Nand we write h(X) < k if every chain in X has at most k+1 elements.

Notice that a partially ordered set X is such that h(X) < 1 if and only
if all its subsets are convex.

Let (X, <) be a poset and let S C X. We say that S is a downset (or an
order ideal) if, whenever x € S, y € X and y < x, we have y € S. Dually,
S is an upset (or an order filter) if, whenever x € S, y € X and x < y, we
have y € S.

23
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Given an arbitrary subset S C X, we define
| S={yeX:JreSy<z}tand 1S={yeX: JxeSy>ua}

When S = {z} with 2 € X we denote | S and T S by | z and T z,
respectively.
The family of all down-sets of X is denoted by D(X).

Let X be a poset. A non-empty subset S C X is said to be up-directed
if, for any z,y € 9, there exists an upper bound z € S. Dually S is down-
directed if, for any z,y € S, there exists a lower bound z € S.

A poset X is defined to be up-complete if every up-directed subset has a
join in X. If every down-directed subset has a meet in X we say that X is
down-complete.

Every lattice L can be regarded as an ordered set (L, <) such that, for
any x,y € L, we have that x Vy and x A y exist.

A distributive lattice is a lattice L that satisfies the following equivalent
distributive laws,

aN(bVe)=(aNb)V(aNc) and aV (bAc)=(aVb)A(aVc)

for every a,b,c € L.

1.2 Universal Algebra

Generally, for an algebra I of type 7, we will denote by L the algebra and
its universe and by Con(L) the set of all congruences on the algebra L.
An algebra L is congruence-distributive if Con(L) is a distributive lattice.
For an arbitrary set, S C L, the congruence generated by S, denoted by
0(9), is the intersection of all congruences containing S x S. When S =
{a,b} with a,b € L, the congruence generated by {a, b} is called a principal
congruence and is denoted by 0(a,b).

Let {L;}icr be an indexed family of algebras of type 7, let Il;crL; be
their direct product and let m; be the projection map from Il;c;L; onto L;.
Then an algebra L is a subdirect product of the family of algebras {L;};c;y if
L S HieILi and 7T1<Lz) = Lz for each 7 € 1.

An algebra L is subdirectly irreducible if |L| > 1 and, for every embedding
f: L — I L; such that f(L) is a subdirect product of the family {L;}icr,
there is an ¢ € I such that m; o f : L. — L; is an isomorphism,.
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Proposition 1.2.1. An algebra L is subdirectly irreducible if and only if
Con(L)\{A} has a minimum.

An algebra L is finitely subdirectly irreducible if |L| > 1 and, for any
a,b,c,d € L with a # b, ¢ # d we always have 6(a,b) N 0(c,d) # A.

If an algebra is subdirectly irreducible, then it is finitely subdirectly irre-
ducible.

An algebra L has the congruence extension property (CEP) if, for every
subalgebra K of L, any congruence relation § € Con(K) is the restriction of
a congruence relation in Con(L).

1.2.1 Classes of algebras of the same type

Let K be a class of algebras of the same type 7. We will denote by H(K),
I(K), S(K) and P(K), respectively, the classes of all the homomorphic im-
ages, isomorphic images, subalgebras and direct products of algebras of K.
A nonempty class of algebras of the same type 7 is called a variety if it
is closed under homomorphic images, subalgebras and direct products.
The smallest variety containing K is HSP(K).

Let p; =~ q; be identities for ¢ € I. The class of algebras of the same type 7
satisfying all identities p; & ¢;, © € I is called an equational class of algebras.

From a known theorem by Birkhoff, we know that V is a variety if and
only if V is an equational class of algebras.

1.3 Lattices

A lattice is an algebra (L, V, A) such that the following identities hold in L:

aVvama aNa==a
aVbxbVa aNb=DbANa
aV(bVve)=(aVb)Ve aN(bAc)=(aNb)Nc
aV(bNha)=~a aN(bVa)=~a

Given a lattice L, if A\ L and \/ L exist, we denote these elements by 0
and 1 respectively and we say that L is bounded.
We will denote the class of bounded distributive lattices by DL.



26 CHAPTER 1. PRELIMINARIES

A lattice L is a complete lattice if, \/ S and A S exist for any subset
S C L.

Let L, and Ly be lattices. A map f : L1 — Lo is a complete homomor-
phism if, whenever \/ S exists for a subset S C Ly, then \/ f(5) exists and
f(VS) =V f(S) and, dually for A.

A complete lattice L is completely distributive if, for every doubly indexed
family of elements {a; ;}ier jes in L, the following equivalent conditions hold:

/\ \/ dij = \/ /\“zvf@') and \/ /\ Qij = /\ \/az‘,f@)

iel jeJ feJtiel i€l jeJ feJgliel

where J! denotes the set of all functions on I to J.

Let L be a complete lattice and let k£ € L. Then k is said to be compact
if, for every subset S C L, k < \/ S implies & < \/T for some finite subset
TCS.

A complete lattice L is algebraic if every element in L is the join of
compact elements.

Let L be a lattice. An element a € L is join-irreducible if a # 0 and if,
for any a,b € L, a = bV c implies a = b or a = ¢. The set of join-irreducible
elements of L will be denoted by J(L).

We define meet-irreducible elements dually and we denote by M (L) the
set of meet-irreducible elements of L.

An element a of a complete lattice L is called completely join-irreducible
if a # 0 and, for every subset S of L, a =/ S implies that a € S. completely
meet-irreducible elements are defined dually.

The sets of completely join-irreducible elements and completely meet-
irreducible elements of L will be denoted by J*°(L) and M>°(L), respectively.

Let L be a distributive lattice, a,b,z,y € L and let a < b. Then (z,y) €
O(a,b) if and only if t N\a=yAaand zVb=yVb.
From here it follows:

Lemma 1.3.1. Let L be a distributive lattice, H a sublattice of L and x,y €
L. Then

(i) (z,y) € O(H) if and only if there are a,b € H such that a < b and
(z,y) € 0(a,b).
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(i) O(H) = \/{0(a,b) : a,b € H anda < b}.

Proof. (i) Let p be the relation defined by (x,y) € p iff there exist a,b € H
such that a <band x Aa=yAaand zVb=yVb. Itis easy to verify that
p is a lattice congruence and that p collapses the elements of H. So, we can
conclude that 6 (H) < p.

Since (z,y) € 0(a,b) iff t ANa =y Aaand xVb=yVDb it results that
p<V{0(a,b): a,b € Hand a <b} <0 (H) and hence p = 0(H).

(ii) It follows from the proof of (i).

From Lemma 1.3.1 it follows

Corollary 1.3.2. Let I and F be, respectively, an ideal and a filter in L.
Then:

(i) (1) = Ve, 0(0,7).

(i) O(F) =V ep 0(f,1).
Proof. (i) Since 0,7 € I we have, by Lemma 1.3.1,

0(I) = \/{6(a,b) : a,beTanda<b}>\/{6(0,i): i€cl}

On the other hand, if a,b € I are such that a < b, then 0(a,b) < 6(0,b) so
that

\/{0(a,b) : a,beTanda<b}<\/{0(0,i): i€}
Dually we prove (ii). O

For any congruence ¢ € ConL, we write [a], to denote the class of ¢
containing a € L. The class [a], is a convex sublattice of the lattice L.

The restriction of 6(b, ¢) to [al, will be denoted by (b, )|, -

It is possible to prove, applying arguments similar to those used by Beazer
in the proof of [6] Lemma 3.4, the following:

Lemma 1.3.3. Let L € DL, a € L and let ¢ € ConL. For any i € I, let
(bi, ¢i)icr be elements of L x L such that b;,¢; € [alg and b; < ¢;. Then

<\/{6’(bi,ci)}) e = VA0, )l }-

i€l i€l
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1.3.1 Pseudocomplemented distributive lattices

A pseudocomplemented distributive lattice, which we will often denote by p-
lattice, is a lattice L € DL such that, for each a € L there exists an element
a* that is the maximum of the set {x € L: a A x = 0}.

According to what is stated in [4] we have the following

Proposition 1.3.4. An algebra L = (L,V, A, *,0,1) of type (2,2,1,0,0) is
a p-lattice if the following conditions hold (a,b € L):

(1) (L,V,N,0,1) is a distributive lattice with 0, 1.
(2) 0" ~ 1 and 1* =~ 0.
(3) aN(aNb)* = aAb.
We will denote by B, this equational class of algebras.

For L € B, we have a < a** for any a € L.

An algebra L € B, is subdirectly irreducible if and only if L = L; & 1
where L; is a Boolean algebra.
The subvarieties of B, are in a chain:

BycB,C..CB,C..CB,

where B, with n € Ny is the subvariety of B, generated by 2" & 1.
The subvarieties By and B are, respectively, the Boolean algebras and
the Stone algebras.

1.3.2 Ockham algebras

Definition 1.3.5. An Ockham algebra is an algebra (L, V, A, 0, 1) for which
(L, V,A,0,1) is a bounded distributive lattice satisfying the identities

(avb) ~d A, (and) =~dVV, 0~1 and 1 =0

The subvariety K;; of the variety of Ockham algebras, first considered
by J. Berman in [8], is the class of Ockham algebras which satisfy a’ ~ a”.
An algebra of K ; is a De Morgan algebra if and only if it satisfies a” ~ a.
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The subdirectly irreducible algebras of the variety K;; (sometimes also
denoted by Ps ;) were obtained by Sankappanavar in [37] and independently
by Beazer in [5]. Their diagrams are presented in [10] pages 70 and 71 and
the poset of these subdirectly irreducible algebras ordered according to a
theorem of Davey [16] is presented in [10] page 91.

For an easier understanding of this work we recall that the subdirectly
irreducible algebras of K;; were denoted in [10] by: B, K, M, S, S, S, K,
K\, Ky, Ky, K3, K3, My, My, L, L, N, N and B;.

It is well known that the subdirectly irreducible De Morgan algebras are
B, K and M which diagrams we present in Figure 1.1

1 1
1
a=a a=a b=b
0
B K 0 M 0

Figure 1.1: Subdirectly irreducible De Morgan algebras

1.4 Semi-De Morgan algebras

Definition 1.4.1. An algebra L = (L,V,A,,0,1) is a semi-De Morgan al-
gebra if the following five conditions hold (a,b € L) :
(S1) (L,V,A,0,1) is a distributive lattice with 0, 1.
S2) '~ 1and 1’ = 0.

(52)
(S3) (aVvb) ~d AV.
(S4) (a/\b) ~a N
(55)

S5) a"”

We will denote by SDM A this equational class of algebras.
The following rules hold in SDM A:

(S6) (a Ab) ~ (a" AV =~ (a AD").
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(S7) (anD) = (a’' V)"
(S8) (anb) =~ (a V).
(S9) a < b implies v’ < a'.
(S10) a A (aAb) >aAl.
(S11) (aVvb)" =~ (a' AV) =~ (a" V")

Remark 1.4.2. A semi-De Morgan algebra is a De Morgan algebra, or DM A,
if and only if it satisfies the identity a” = a.

In what follows DM A will denote the equational class of De Morgan
algebras.

If L € SDMA then L;,; denotes the lattice reduct of L. The height of
Lyq: will be denoted by h(L).

When studying congruences in SDM A, the congruence lattice of the
semi-De Morgan algebra L will be denoted by Con(L) and the corresponding
congruence lattice on the lattice reduct of L will be denoted by Congr(L).
The principal congruence of Con(L) collapsing the pair a, b € L is denoted by
O(a,b) and 04,1 (a, b) denotes the smallest congruence of C'onyq (L) collapsing
a,b.

Definition 1.4.3. If L is an SDM A, we write

DM(L)y={a€L:a=d"}.

Then, by [38] Theorem 2.4, <DM(L), V, A0, 1) is a DM A where aVb is

defined to be (a’ A V).

The map  : L — L defined by (a) = a” is a homomorphism from
L onto DM(L) and its kernel is ¢ = {(a,b) € L x L: o’ =0'}. Therefore
L/é = DM(L) ([38] Lemma 3.1).

Definition 1.4.4. If L is an SDM A satisfying the equation a’ A a” =~ 0,
then L is called a demi-p-lattice (DM PL). If L is an SDM A and it satisfies
aNa =0, then L is called an almost p-lattice (APL).

Lemma 1.4.5. An almost-p-lattice L is a distributive pseudocomplemented
lattice (p-lattice) if and only if a < a” holds in L.
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Note that L € SDM A is a demi-p-lattice if and only if (DM(L), VA0, 1)

is a Boolean algebra ([38] Corollary 2.7).

For a demi-p-lattice, L, we let B(L) = DM(L) and we write Dy =
Do(L) ={a€e L:d =1}and D; = D;(L) ={a € L:d =0} as in [39]. Tt
is clear that Dy is an ideal and D, is a filter.

The intersection of the variety SDM A with the variety of Ockham alge-
bras is the variety K1, so semi-De Morgan algebras are a generalization of
K, algebras.

Remark 1.4.6. Observe that K ; is characterized, as a subvariety of SDM A,
by the identity o’ V&' ~ (a A b)".

Most of these results were proved by H.P. Sankappanavar in [38] (see also
[39]).

Lemma 1.4.7. Let L € SDMA and let DM(L),,; be a chain. Then L €
Kl,l-

Proof. Let a,b € L.Then oa/,b' € DM(L) and, since DM (L);q is a chain,
we have a’ AV =da' or d NV =10.

Without loss of generality we may assume that o' A Y = a’. Then, both
in DM (L)t and in Lyg, @’ < b soin DM (L) and L we have a’ VY =¥ and
a/ VU =V respectively. Therefore a'VV = da/Vl = (a" AV') = (a Ab) O

With Professor R. Santos we characterized in [26], by algebraic tech-

niques, the congruence lattice of subdirectly irreducible semi-De Morgan al-
gebras. We quote from there the following:

Proposition 1.4.8 ([26] Propositions 2.5, 2.6 and 2.7). Let L € SDMA
be a finitely subdirectly irreducible algebra. Then for each a,b € L,

(1) a/¢| <2
(ii) (a,b) € ¢ impliesa="b ora =b" or a’=1»>
(111) a =a"ora < ad" orad’ < a

(iv) Two distinct pairs of elements a # a” and b # b" cannot be in the same
chain.
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By [26], Theorem 2.10 we know that L € SDMA\ DMA is a finitely
subdirectly irreducible algebra if and only if L is a subdirectly irreducible
algebra. This equivalence is also true in K ; (see [37] Theorem 2.8), so we
have:

Proposition 1.4.9. Let L € SDMA. Then L is a finitely subdirectly irre-
ducible algebra if and only iof L is a subdirectly irreducible algebra.

Proposition 1.4.10 ([26], Corollary 2.11). Let L € SDMA. L is a
subdirectly irreducible algebra if and only if L is a subdirectly irreducible De
Morgan algebra or ¢ is the minimum element of Con(L) \ {A}.

The finite subdirectly irreducible demi-p-lattices are described in [40]
Corollary 5.3. Observe that the algebras of DM PL denoted by By, Boa,
Bi 20 and By in [40] are the subdirectly irreducible algebras of K ; referred
in [10] as B, S, S, and S respectively. In fact the intersection of the set of
subdirectly irreducible algebras of DM PL with the set of subdirectly irre-
ducible algebras in K ; has exactly By, Bo1, Bi/2,0 and By as its elements.

The variety SDM A does not have the Congruence Extension Property.



Chapter 2

The variety C

In [25], Hobby characterized the largest subvariety of SDM A with the con-
gruence extension property. This variety, which he called C, is also a com-
mon generalization of DM A and pseudocomplemented distributive lattices.
In fact it contains DM PL and the subvariety K;; of Ockham algebras, since
it is well known that both of these varieties have the congruence extension

property.
In this chapter we study some properties of the variety C.

2.1 The variety C of semi-De Morgan alge-
bras

Hobby characterized the variety C by the following inequalities:
(@) d VU >(@Ab) Aane) AbAS) ANDBACL)
(B) d' VvV (dADAY) > (anb).

It is possible to obtain simpler inequalities characterizing C. With this
aim we will consider the following identities:

(1) @ Vi =d VvV ((@anb)Alane) AbAac) AbAL))
(B1) 'V (dADAY) = (aAb)V(d AbAYY.

These identities are equivalent to o and 3, respectively, because a > aAb
implies a’ < (a A b)'. We will use them to prove the following lemmas.

33
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Lemma 2.1.1. Let L € C and a,d € L. Then identity o implies:

(az) (@ ANdYVd =((and) Nd")Vvd
(a3) (avdyNd =(and) Nd"
Proof. By (S3), (a’ Ad")Vd = (aVvd) Vd. Replacing b by a VvV d, a by d
and ¢ by d’ in identity a; and 1 commutativity, we obtain
(avd)vd =
=(avd)vdVv((avd)rd)
=(avd)vdVv((avd)nd)

@dAd) AN((avd)nd) A((avd)rd"))
(dAd) Nd")

>>

because ((aV d)Ad") = ((aVvd)Ad) by (S6).
But (dAd) > ((avd)Ad) since dAd < (aVd)Ad, hence it
follows

(avd)vd =(avd)vdvV

V(((avd)nd) nd’)
=(avd) vdV((
V((

(
(avd)nd)vd) by S3

=(avd)VvdV(avd)A(dvd)) by distributivity
=dV((avd)A(dVvd)) because (aVvd) < ((avd)A(dvd))
=dV(and)vd) by distributivity

=d' Vv ((and) Ad").

So, the identity as holds.
Now, by distributivity, we obtain from as:

(dVvVdyYN(d'Vd)=((and)Vd)A(d" V).

Since (a A d) > d', it follows
(aVvdYNd'Vd)=(aNnd) N(d"Vd)
and, meeting the two members with d”, we have as. H
Lemma 2.1.2. Let L € C and a,b,e € L be such that
(i) ¢ > €.

(i) (ane) = (bne) .
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(i1i) o’ Ne”" =0 Ne.
Thenad Ve =bVe.

Proof. Using identity a;, we have:

adve =dvev(ane) Alanb) AleAb) Alent))
=dVeVv(lane) Aanb) Alena) A(eAt)) by (i)
=d Ve Vv(lane) Aland) A" AY)) by (S6)
=d Ve Vv(lane) Aland) nle” Ad)) by (i)
=(@VveVviane))A(dVeVanb))n(adve V(e nd))

=(ane) AV (anb))A(d V(" Na))

since a/,¢’ < (ane),a <(aAb) and e < (e ANa').
Note that,
dVv(e'Nd) =dV(dNe N by (1)
=a' V(d A" NE") by (S5) and commutativity
=(ane) vidne AN by
=(ane) V(dNe Ae) by (S6) and (S5)
=(ane) V(" Nd) by (i)
Substituting the above into the previous equation, it follows that
adVve =(ane) AV (anb)).
Similarly
Vve =mne) A(eV(and)).
From (ii) we conclude o' Ve =¥ Ve

]

The search for simpler inequalities defining the variety C requires some
rather nasty calculations so that we consider several lemmas before we can
find our goal:

Lemma 2.1.3. Let L € SDMA and let a,b,c € L. Then the inequality o is
equivalent to

(0) (' ANA(cVE)IWVI A(anc)) = (anb) Aare) AN(bA (cV ).
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Proof. First note that « is equivalent to
(@' VYN (@A) A(ane) AN(OAc) NBAE) = (anb) Alane) N(bAe) A(bAL)
and, by distributivity, this identity is equivalent to
(@ AN(@Nb) AN(ane) ANbAS) ANDAL) )V
VIO A@Ab) Alane) ANDAS) ANDBAL)) =

=(aNb) ANaNc) NDONAS) NDANCY.

By 89, it is known that o’ is less than or equal to (a A b) and to (a A ¢)’
and that b’ is also less than or equal to (aAD), (bAc) and (bAC')" . Therefore
the previous identity is equivalent to

(@ NDBANS) NBOBA) )YV A(ance))=(anb) Alane) ANbA) ANDACL)
and, by S3, also to
(d A((bACS)V (BAE)) WO Alanc)) = (anb) ANarc)AN(bAc)V (DAC)) .

Finally, by the distributivity of L, we conclude that « is equivalent to §.
O

Lemma 2.1.4. Let L € SDMA and let a,b,c € L. Then

(a3) (a' VO)YANY = (anD) ANV and
(1) aV(d ANOANY)Y =(anb)V(d ADADY

imply
(0) (a ANA (VI A(anc)) = (anb) Aare) AN(bA(cV ).

Proof. Let us denote by A and B, respectively, the first and the second
member of the identity 6. We are going to prove that (3, and as imply
A = B using the distributivity of L.
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First we will verify that the joins of A and B with (o’ Ad Ac”) are equal:

AV (d NN =
=(@ANDOANCV)IYVUBV@ANANYYAN((ane) V(d N A)Y))
(by distributivity)
=@ ANDOANCV)))YVB V(@ ANAN))YAN (@ V(@ NENYY))
(by 1 and S6)
=(@ANObOAN(CV) )YV OV ANd)V(d NN (by distributivity)
=@ NbBANCV)))V (NN
(because, by S9, (bA (cV ) > b and thusa' A (DA (eV ) >d AY).

BV (d NN =
=(((aANO)ANDA(cVE)) )V (@ NN YAN((ane) V(d AN
(by distributivity)
=(((aAB)Y ANbA(cV)))V (A NNYYN (@ V (d NN
(by (1 and S6)
=(aNb) ANDBA(eV) Nd)V(d NN (by distributivity)
=@ ANDbOAN(CV)))V(dANNAN) because, by S9, (aAb) > d.

Thus we proved that AV (¢ Ad A" =BV (d NN

Now we are going to see that the same is true with the meets. We will
have to use identity a3 so we must notice that, by S3, S11, S9 and S5,

(NN =(avevd) =(avd' V) > (@ NINT) " =(@Vevd)

and therefore, denoting by d the expression a V ¢V ¢ we will have

(a//\cl/\cll)/:d// Z d/
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and thus:

AN(@ NN =ANd" =
(@' A A (V)Y O A(anc))) nd
((av(A(vd)) VE Aanc))) Ad" (by S3)
(((avb)Alavevd) Ad') V(' A(ane))nd)
(by distributivity)
(((avb)Ad) Ad") V(U Alane))And")
(by the definition of d, )
— ((aVbY V) ALYV (B A (@A) AdY)  (by as)
= (((a' ANV )YNVdYNd )V (D' A (anc))ANd")  (by S3)
=((a AV)Vd VU AN@nc))Nd" (by distributivity)
V(' A(ane))Nd"  (because (a Ac) > d)
VA(@nce) ANd)YV (d Ad") (by distributivity)
Aane) Nd"YVvd (because d’ > d).

By a similar process:

BA(@d NN =BAd" =

=(aAb)ANbA(cV) Nd"AN(anc) (by commutativity)
((aAND)V(BA(evE))) ANd"A(anc) (by S3)
=0OA(aVeVvd) Nd" N(aNe) (by distributivity)
=(bAd) ANd"N(aNc) (by the definition of d )

=W Vvd)ANd" AN(aNc) (applying as)

(V' ANd"YV (d Nd")) N (aNe)) (by distributivity)

(

= (b'A

= (v

' ANdYVd)A(aNc)) (because d” > d')
VAd"A(ane))V(dA(anc)) (by distributivity )
ANd"A(aNe))vd
(because, by S9, d' = (aV eV ) < (aAc)).

So, we have proved that

AN(@ NN =BA (NN
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By the characterization of 0,41 ((a' A& AN ") (o' AN A ")) we conclude
that A = B.
]

From the previous lemmas we obtain the following:

emma 2.1.5. Let L € , then L € C 1f and only if the identities
L Let L € SDMA, then L € C if and only if the id
(a3) (@' V)N = (aNb) AV
and
(51) a V(@ NbAY) =(anb) V(dADAYY
hold.

Proof. We proved in Lemma 2.1.1 that the identity a3 is a consequence of
a1 which is equivalent to a.

Conversely, by Lemma 2.1.4 | (a3 and ;) imply (6 and ;) and, by
Lemma 2.1.3, these are equivalent to o and ;. O]

It is now possible to characterize C by simpler axioms solving Problem 2
in Hobby [25] :

Theorem 2.1.6. The subvariety C of semi-De Morgan algebras can be char-
acterized by inequalities v and (3:

() a Vb > (aNnb) ANY'
() aV(ad ANOAY) > (anD)

Proof. Tt is enough to prove that the identity s of the previous lemma is
equivalent to inequality ~.
By a3 we have:

a Vb > (@ VvY)AY = (and) AV

Therefore a3 implies ~.
On the other hand, from v, we know that:

(@ VO)YAN(aND) AD" = (a D) AB".

But @’ < (a AD) and b’ < (a Ab) so that @’ VI < (a Ab)" and therefore
ag follows from ~. ]
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2.2 Principal congruences in the variety C

In this section we shall give a characterization of principal congruences on C
that extends the corresponding characterization for demi-p-lattices, due to
Sankappanavar [39], and for the variety ;1 due to J. Berman [8] and to M.
Ramalho and M. Sequeira [33].

Theorem 2.2.1. Let L€ C ,a,b € L witha <b, and lett =a V1V and
s=aAb. Then (z,y) € 0 (a,b) if and only if z,y satisfy:

(1) (xNa ANt )V =(yANant")VE.
(2) (xVvo)At" )V =(yVD)At")VT.
(8) xANaNs"=yNaNs"

(4) (Vb)) As" = (yVb)As".

(5) (xAa)Vs =(yAa)Vs.

(6) tVbV s =yVbVs,

(7) (x At) A" = (yAt) A"

Proof. Let 1 denote the equivalence relation such that (z,y) € ¢ if and only
if conditions (1)-(7) are true.

Let (z,y) € ¢ and z € L.

Using distributivity, it is easy to check (x A z,y Az) and (xV z,yV 2)
satisfy conditions (1)-(6).

We will prove that they also satisfy (7).

Since (7) holds,

(@At AYV (A = (((ynt) At) V(2 A7)
and so, by distributivity,
(@At)y v2)YAt) = (((ynt) v ) at")".

By (S6), ) //
((@atyve)ae) = ((watyve)"ar)
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and by (S7)

" "

((@an Az ntr) = ((wan" ney atr)
Then, by (54),(S5) and (S6)
(xAzA) AN =(yAzAY) AL,

so (x A z,y A z) satisfies (7).
Also from (7), we have

(A ANEAY A =AY AzA) AL
Hence, by (S3),
( AV (A A" =((yAt)V (2 L) AL
and, by distributivity,
(xV2)A) A" =((yVz)At) At
so (xV z,yV z) satisfies (7).
Therefore (z Az,yAz) € and (zVz,yVz) €.

To prove that 1 preserves ' consider (z,y) € 1. Observe that

(@ Nant" YV = (& A)YVE)AN(aVTE) by distributivity
= (((zAt) At"YVE)A(aVt) Dby Lemma 2.1.1 (as).

Analogously,
(Y Aant )V =(((yAt) At")VE)A(aViE).
By (7) we conclude:
(@ Nant YV =H Nant")vi.
In a similar way, we can show
(VoA YVE =Y V) AL")VE.

Thus we have proved that if (z,y) € ¢ then (2, 1) satisfies (1) and (2).
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From (6) it follows that
(zvbvs) =(yvbvs),
and so, by (S3),
AN =9y ANV NS
Since s”" =a” ANV, we have
Ny y,/\S”.
Then, it is clear that
P ANans"=y Nans" and (' VOANS =y V) AS".

Thus we conclude that if (z,y) € ¥ then (2,y') satisfies (3) and (4).
Since s’ = (a A V) = (a' V)", " =(aAb) and b> a wehave s’ > s".
By (3), / /

(zAhans")y =(yNans").

By (S6) and (S5) we observe that
(a /\ SI/)/ — (a// /\ S//>/ — (a// /\ a// /\ b/)/ — S/// — S/.

So we conclude
(xAs) =(@yns).

But we have already proved 2’ A s” =y A s”, so conditions (i), (ii) and
(iii) of Lemma 2.1.2 hold. Hence

Vs =y Vs,
which implies
(' Na)Vs =@ Na)Vs and VbV =y VbV,

so (2',y') satisfies (5) and (6).
By Lemma 2.1.1, we know

(@' AYVEY) = (((ant) At VT

and
(Y AEYVEY = (((ynt) At vE) .
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So, by (7),
(@ At V) = ((y AtV EY
and then, by (S3) and (S6),
(' A A = () A AL

Thus, we have proved that if (z,y) € ¢ then (2/,y’) also satisfies (7) and
so 1 is a congruence of the semi-De Morgan algebra L.

Obviously (a, b) satisfies (1)-(6).

Since
(A A" =(OBA(aV) Alavd)
= ((bAa) VvV (bAD)) A (a AV by distributivity and (S3)
= ((bAa)V (bAY)V (d' Ab)) by (S3) and (S6)
= (aV (a' AD))" becaused’ >V
=d A(d AD) by (S3)
=(aN(aVb)) A Ab)
(aA(aV)) A(aVv)" by (S3) and (S6)
= (ant) At

(a,b) satisfies (7).
Thus (a,b) € .

Finally, let p be any congruence relation of the semi-De Morgan algebra
L such that (a,b) € p and let (z,y) € ¢. Therefore ((a V)", (a’Vb)") € p,
thus (t”,s') € p and (¢, s") € p.

From (y AaAt") Vi, (yANaANs)Vs")epand (1), we have

(xANant" )V, (yNans)Vvs")enp.
Hence, taking the meet with x A a A t”,
(xAhant" (xANanNt"YN((yNans)V$")) e p.
Using distributivity and the fact that s <¢”,

(xANant" (xAhyNanNt"NS)V (xANaNns")) € p.
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Similarly
(yANant" (xAyANaAt" ANsS)V(yAaAs")) e p.
By (3), we conclude
(xANaNnt" yNant’) e p.
On the other hand, since
(zAha)VE", (xNa)Vs)ep and ((yAa) V' (yAa)Vs)enp,

we have, by (5)
(xANa) V' (yNa) Vi) e p.

Taking the meet with x A a and using distributivity,
(xANa,(x AyANa)V(zAhant")) € p.
Similarly
(yAa,(zAyAa)V (yAant")) e p.

Thus (x Aa,yAa) € p.

In a similar way, it follows from conditions (2), (4) and (6) that (x V b,y V b) €
p.

Since (a,b) € p, we have (x V a,z VD), (yVb,yVa) € p, therefore , by
transitivity, (z Va,y V a) € p.

Meeting with = (respectively y) and using distributivity,

(z,(zAy)V(zAa)€p and (y,(zAy)V(yAa))E€p

thus (x,y) € p.
So ¢ < p and the proof is complete. m

The equations defining the principal congruences become much simpler
in some particular cases:

Corollary 2.2.2. Let L € C and a € L. Then the following are equivalent:
(i) (z,y) € 0(a,1).
(i) (xANaANd")Vd=yNanad)Va.



2.2. PRINCIPAL CONGRUENCES IN THE VARIETY C 45

Proof. Let us use Theorem 2.2.1 and put 1 in for b. Then t = a and s = 0.
This makes all but (1) and (7) vacuous.
For (1) we obtain

(xNand)Vvad =wyANand)Vd,

so it is clear that (i) implies (ii).
For the other direction observe that from (ii) it follows (1) and conse-
quently,
(xAhand)Vd) =(yNand)Vvad).

By S3 we have,
(xAhanad) Nad" =yAand) nd

and, by S6,
(xAna) ANd" = (yANa) Nad”

But this is none other than the equation that we obtained from (7). Hence
(ii) implies (1) and (7).
O

Corollary 2.2.3. Let L € C and b € L. Then the following are equivalent:
(i) (z,y) €0(0,0).
(i) (xVOVH')YAND =(yVbVb')AY.

Proof. If a = 0 in Theorem 2.2.1, then ¢t = ¥ and s = 0 and all but (2) and
(7) are vacuous.
For (2) we obtain

(zVO)AY)YVY = ((yVvb)AY) VY
and from (2) and distributivity, it follows
(xVOVE)ANB VY)Y =(yVbVvE)A B V).

Meeting with " we obtain (ii). Therefore (i) implies (ii).
For the converse notice that, by distributivity, (ii) implies

(zVOANY)V " AY)=((yVb)AY)V (" AY).
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Making the join with b” we have

(zVbh)AV)VY =((yVb)AY) VD"
So (ii) implies (2) and also:

(zVO)ADYVYY =(((y Vb)) AY) V",
From S3 and S5 it follows,
(VO ANYY AY = ((yVO)AY) AV
and, from distributivity
(zADYVOAY)) AY = ((yA V)V (DAY)) AY.
Finally by S3 we have
(xAVY NBAYY AN =(yAY)Y ABAY) AV
and since by S9, b’ < (bA VY,
(xADY ANV = (yAY) AV

which is the equation we obtained from (7).

Thus (ii) implies (2) and (7). O

Theorem 2.2.1 extends the corresponding results for demi p-lattices and
for the variety KC;;of Ockham algebras due to Sankappanavar[39] and J.
Berman [8], respectively.

Corollary 2.2.4. (/39] Corollary 3.4)
Let L € C and a,b € L with a <b. If L is a demi p-lattice then (x,y) €
0 (a,b) if and only if x,y satisfy:
(1) zAaA(d AD) =yAaA(d AD) .
(2°) (xVb)A(d AD) = (yVb)A(d AD) .

Proof. 1f L is a demi p-lattice then L satisfies ' A 2" = 0.
Since a < b,

(aAY) =(@anbAY) =(anb AV) =0 =1.
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Thus, in Theorem 2.2.1, ' = 1 and s” = 0 and so conditions (3), (4
and (6) hold trivially. We have just to prove that in DM PL (1), (2) an
are equivalent to (1) and (2).

We point out there that, t =a V¥, t' =d AV and t”" = (a’ A D).

Now,

Q_a\_/
A;\
~J Ot
S— N

s ANaANt" AN =yANant" At
by the demi p-lattice identity. And (1) states that
(xANant )V =yNant") Vi,

Thus  Aa At" =y AaAt" by the characterization of ;,.(t', ") and so,
applying (S3) and (S6), we easily derive (1°).
In a similar way we can prove that (2) implies (2").

( 7
It can be readily seen that (1’) and (2’) imply (1) and (2).
To show that (17) and (2’) imply (7), note that (1’) and (2’) are equivalent
to
zAaAt"=yANaAt" and (xVO) AL =(yVb) AL’
witht =a V0.

Since b > b A t”, we have by distributivity,
s At"Na=yAt"ANa and (x AE")VD=(yAt") Vb

Therefore  (z At",y At") € Oiaer (a,b).
As L € DMPL and a <b, (x ANt",y ANt") € Oja11, (a,b) implies

(@AY (yAt")) € Our (27, 1)
([39] Lemma 3.1). It follows that
(x At AN = (y At AL
and, by (S6) we obtain (7). O
Corollary 2.2.5. L € C and a,b € L with a <b. If L € Ky, then (z,y) €
0 (a,b) if and only if x,y satisfy:
(17) (x AaA (@ V) V(dANY)=(yANaA(a"VE))V(dAD").

(27) (V) A (@ V)V (@ AV = ((y VD) A(a” V)V (a AD").
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(37) x NaNd" NV =yANaNnad N.
(47) (xVO)Nad" ANV = (yVb)Nad" ANV,
(57) (xNa)Vd V' =(yANa)Vva V.
(67) xNbVa VY =y VbVad V.

Proof. If L € Ky then L satisfies (x Ay) =2’ Vy'.

Replacing t by a V ' and s by a A b it is clear that conditions (1)-(6) of
Theorem 2.2.1 are equivalent to conditions (17)-(6") when L € K;;.So we
only have to prove that, when L € K;; and a < b, conditions (1”)-(6") imply
condition (7) of Theorem 2.2.1.

In fact, (17) implies

(xAan (@ V)V (@A) =((yAan(a V)V (d A .
Applying axioms of K;; we obtain
(@ Vad)N@" V)= Vd)A(d V)
so meeting with a” gives
(Z'Vvd)yNd =W Vvd)nd (%).
In a similar way, from (2”) we can derive
(((z Vo) A(a" V)V (d AY")) = (((y V) A" V)V (d AY")),

and
(VYA (@"VE)YNd = (Y V')A (" V)N

Then we obtain,
(@ VH)YANY = V')A ().
From (%) and () it follows,
(' vad)ynd)Vv (@ V')AY)=((y Vd)ANad)V (Y V') AY)
and by distributivity and absorption

(@Vd VYNV V)N (@ VI VY)Y (V) =
=@/ VdVV)NY VA V)N @ VY V')A (" VTY).
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Therefore,

(@VadVUYN@ V)N VY)YA (" V) =
=@/ VdVV)ANY V)N Y V')A (" V).

and so we conclude

(@' Vad)AN @ V')A D" V)= Vd)AN Y V')A (0" V).

Applying axioms of K ; it is easy to check that this condition is equiv-
alent to condition (7) in Theorem 2.2.1. O

Observe that from this corollary we can conclude that conditions (17)-(6")
are equivalent to the eight conditions characterizing principal congruences in
K 1 presented in [10] Theorem 8.1.

Theorem 2.2.1 shows that, in the variety C, (z,y) € 6 (a,b) is determined
by a set of equations involving only x,y, a, b because equations (1)-(7) can
be written down explicitly by replacing ¢t by a V &’ and s by a Ab'. Thus the
following theorem is immediate.

Theorem 2.2.6. The subvariety C of SDM A has equationally definable prin-
cipal congruences.

If an equational class has equationally definable principal congruences
then the congruence extension property (CEP) holds in that class.

In [25], Hobby proved, using duality, that variety C has the congruence
extension property. Using Theorem 2.2.1 we have proved algebraically the
same fact:

Corollary 2.2.7. The subvariety C of SDM A has the congruence extension
property.
2.3 Subdirectly irreducibles in variety C.

Lemma 2.3.1. Let L € C and a € L such that " < a'. Then 6(a",d") =
Orarr, (a”, a’).
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Proof.  Clearly 0,1, (a”,a") <0 (a”,d).
To prove the other inclusion let (x,y) € 6 (a”,a’). From Theorem 2.2.1
(3), we obtain z A a” =y Ada”. Theorem 2.2.1 (6) implies zVa' =y Vad'.
Thus (z,y) € Oiaer, (¢”, ). O

Lemma 2.3.2. Let L € C and a,c € L such that a” < a’ < . Then
0(a",d)NO(d,d)=A.

Proof. Let (x,y) € 6(a",d') N8 (d, ().
We will use Theorem 2.2.1 (1). Considering that (z,y) € 0(d/,), we
have t = a’ vV ¢’. Since ¢’ < a” < a' by (S9), we have t = a’. So (1) gives
(xAd)Vad =(ynd)vad (x).

By Lemma 2.3.1, (z,y) € 0(a”,ad') implies = A a” = y A a”. Thus, since
a” < da', we have,

zANd ANd" =yANd Nd’ (xx)

Then (%) and (%) imply = A ad" = y A a by the characterization of

Oarr(a”,a").
From Lemma 2.3.1 it follows z Va' = y V ' ,therefore, by the characteri-
zation of 0,1 (a’,a"), we conclude =z = y. O

Lemma 2.3.3. Let L € C be a subdirectly irreducible algebra. Then either
a' Na" =0 for everya € L ora’ = da" for every a € L such that o’ € L\{0,1}.

Proof. We prove first that, if L € C is a subdirectly irreducible algebra, for
every a € L, a' =da" or a’ Na" = 0.

Suppose, by way of obtaining a contradiction, that there exists a € L
such that @’ # a” and o’ Ad” # 0.

Since a’,a” € DM(L) and o’ # a”, we have in (DM(L),/\,V,O, 1),
dANd" <dVa. ButdVa =(and),so d Nd" < (d Na).

Observe that (a' Aa) < 1, for if (¢’ Aa)’ = 1 then (a' A a”,0) € ¢ and
since @’ A a” € DM(L) it would be 0, a contradiction.

Therefore we have a chain  (a' Aa)” < (a/ Aa) < 0.
From Lemma 2.3.2 it follows that

0((aNa)" (@ ANa))AO((d Na) ,0) =A
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, a contradiction since L is subdirectly irreducible.

Thus we have @' = da” or a’ Na” =0, for every a € L.

We claim that if there exists a € Lsuch that ' = a” then, for every
b" € L\ {0,1}, ¥ =b". To see this, assume there is a € Lsuch that o’ = a”
and consider v € L\ {0,1}. As we have just proved, b’ =b" or b A" =0.

Since (a” A V)" = a” A", we must have also,

(a" AV =d" ANV or  (d" AV) A a" AV =0.

First, let (a” AV") = a" AV,

Since we have (a” Ab") = (a’ V)", by axiom (S3), it follows that &' <
(@' vV =a" A" < b Therefore ¥ AV =1 #0, so b =1".

Now let (a” AbB")' A " AV = 0.

Since (a” AV") = (a/ V¥)" = (" V)" > a" AV, we have a” A" = 0
and consequently o’ VI = (a” AD') = 1.

Then we have in <DM(L), AV, 0, 1> ,

b= b A (a’ v b’) — (" Nd)V (" AY).

IfFY AV =0, then b =0"Ad'. It follows 0 < @’ and, by (S9), a” < V.
Since @’ = a”, we conclude b” <V and b AV =" # 0, a contradiction.
Therefore o = b" . ]

Lemma 2.3.4. Let L € C be a subdirectly irreducible algebra, then L is a
subdirectly irreducible demi p-lattice or DM (L) is a subdirectly irreducible De
Morgan algebra.

Proof. By Lemma 2.3.3, if L € C is a subdirectly irreducible algebra then
a' Na" =0 for every a € L or a’ = a” for every a” € L\{0,1}.

Suppose a’ Aa” =0 for every a € L. Then L is a subdirectly irreducible
demi p-lattice.

Now suppose a’ = a” for every a € L such that «” € L\ {0,1}.
Then every element of DM(L) \ {0,1} is a fixed point. So, DM (L) is of
height < 3. Note also that the De Morgan algebra DM(L) is such that
{d" € DM (L) : ' Na" =0} = {0, 1}. These last two facts imply, by [36] The-
orem 3.4, that DM (L) is a subdirectly irreducible De Morgan algebra. [

Lemma 2.3.5. Let L € C be a subdirectly irreducible algebra such that
DM(L) is a subdirectly irreducible De Morgan algebra. Then h(L) < 4.
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Proof. Suppose h(L) > 4. Then there exists a chain 0 < x; < 23 < 23 < 1
in L. This leads to 0/¢ < x1/¢p < a9/ < a3/ <1/¢ in L/¢p~ DM(L).

DM(L) is a subdirectly irreducible De Morgan algebra, so h(L) < 3 and
therefore we have at most three distinct ¢ classesin the chain above.

The argument below works in general, but for ease of presentation we will
do the case where (0,z1) € ¢ and (22, 23) € ¢. By Proposition 1.4.8 (ii) we
have 0 = 2 and x5 = 2 or z = x3. This implies, by Proposition 1.4.8 (iii),
] < xyp and xy = 2f K x3 or 2] < x1 and xy K w3 = x4. In both cases we
have a contradiction with Proposition 1.4.8 (iv). O

In the next two lemmas our aim is to describe the subdirectly irreducible
algebras L € C such that DM (L) is a subdirectly irreducible algebra of
DMA.

Since the lattice reducts of the subdirectly irreducible De Morgan algebras
B and K are chains it is clear, by Lemma 1.4.7 that if L € C is a subdirectly
irreducible algebra such that DM (L) = B or DM(L) = K then L € K ;.
So we conclude:

Lemma 2.3.6. Let L € C be a subdirectly irreducible algebra.
(i) If DM(L) = B, then L € {$,5,S, B}

(ZZ) IfDM(L) = K, then L € {N,N,L,Z,Kgg,Fg,KQ,FQ,Kl,Fl,K}.

To describe the subdirectly irreducible algebras L € C such that DM (L) =
M we will use the following “strategy”: We consider all the possible L;,; that
are distributive lattices of height less than 4. For each of them we discuss
the possible cardinalities of the ¢ classes in L applying Proposition 1.4.8 (i).
When we obtain a semi-De Morgan algebra we test if it belongs to C. This
can be done algebraically. To decide the subdirect irreducibility of these alge-
bras we can apply Proposition 1.4.10. We found that besides the subdirectly
irreducible algebras of K ; there exist three new subdirectly irreducible al-
gebras in C. They were named C, Cy and C5 and their diagrams appear in
Figure 2.1.

In these diagrams, as well as in those of Figure 2.2, we use solid lines
to show the ¢ classes with two elements. Solid dots denote the elements of
DM (L) and hollow dots mean the elements of L\ DM (L).
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a=a b=b

C o=d

Figure 2.1:

The next lemma shows that C7, Cy and Cj are, apart from the subdirectly
irreducible algebras in K ;, the only subdirectly irreducible algebras in C such
that DM (L) = M.

Observe that, for the sake of simplicity, we will often use “equal” instead
of “isomorphic”.

Lemma 2.3.7. !
Let L € C be a subdirectly irreducible algebra such that DM (L) = M.
Then, up to isomorphism,

L e {Ch 027 C37 Bl7M17M17 M}

Proof. Since Ly, is a finite distributive lattice and h(L;,) < 4 then L, is a
sublattice of 2% (see [24] Chapter II Theorem 4.1).

In what follows we will consider the different sublattices L;,; of 23, such
that L/¢ ~ M. Now DM (L) = M and we know every ¢ class has at most
two elements , by Proposition 1.4.8 (i). So we can discuss all the different
cases.

!This lemma was joint work with Professor R. Santos
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As we did in Figure 2.1, we will denote by a and b the fixed points of L.

Case 1:

Llat is 23.

Every ¢ class has two elements, therefore we have the following possibil-
ities:

(i) The fixed points are an atom and a co-atom.

Then L is equal to B;.

(ii) The fixed points are two atoms.

Then we obtain Cs.

(iii) The fixed points are two co-atoms.

In this case, L ¢ SDMA. In fact, supposing 0/¢ = {0,e}, where
e=aAb, we have a” AV =e# (anb)" =0.

Case 2:

Liat is the sublattice 2 x 3 of 23.

It is clear, since ¢ is a congruence relation in L4, that exactly one of the
classes 0/¢ and 1/¢ has two elements and that exactly one of the classes a/¢
and b/¢ has two elements.

We only need to consider the following subcases.

(i) The fixed points are an atom and a co-atom.

Assuming, without loss of generality, that a is a co-atom and b is an atom:

If [1/¢| = 2 then |0/¢| =1, |a/¢| = 2 and |b/¢| = 1. So we obtain M;. If
|1/6| = 1 then [0/¢| = 2, |a/é| = 1 and |b/¢| = 2. So we obtain M.

(ii) The fixed points are two atoms.

In this case [0/¢] = 1 and |1/¢| = 2. Suppose without loss of generality
that |a/¢| = 2 then |b/¢| = 1 and we obtain Cs.

(iii) The fixed points are two co-atoms.

In this case |1/¢] = 1, |0/¢| = 2. Using the same argument of Case 1
(iii), we conclude L ¢ SDM A.

Case 3:

Ly is the sublattice 22 @& 1 or the sublattice 1 @ 22 of 23.

It is obvious that one and only one of the classes 0/¢ and 1/¢ has two
elements.

If Ly =2%®1 then |1/¢| = 2, and we obtain C}

If L, =1® 2% then |0/¢| = 2, and as in Case 1 (iii), L ¢ SDMA.

Case 4:
Lt is the sublattice 22 of 23.
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Clearly in this case we have L = M.

Theorem 2.3.8. Let L € C . Then the following are equivalent:
(1) L is subdirectly irreducible.

(ii) L is a subdirectly irreducible demi p-lattice or L is a subdirectly irre-
ducible algebra in the variety K11 of Ockham algebras or L is up to
isomorphism in {Cy, Cy, C3}.

Proof. We first show (i) implies (ii). By Lemma 2.3.4 we know that if L € C
is a subdirectly irreducible algebra then L is a subdirectly irreducible algebra
of DMPL or DM (L) is a subdirectly irreducible algebra of DM A. In this
case it results from Lemmas 2.3.6 and 2.3.7 that L is a subdirectly irreducible
algebra in the variety K;; of Ockham algebras or L is up to isomorphism in
{C1, Cy, C5}.

It is trivial that (ii) implies (i). O

In Figure 2.2 we present the diagrams of the finite subdirectly irreducible
algebras of C: Bya, K1, K1, K5 and S since they will be necessary in the
next section.

1 o1 ol ® 1=¢

d ¢ b=b=a b ® &=a
1=¢

a=b b=da
a ® a=a=b e

€

O=d

Boz ®0 [ o
, _®0 _®o0 -0
Kl Kl K2 S
Figure 2.2:

Sankappanavar proved in [40] Corollary 3.2 that every subalgebra of a sub-
directly irreducible demi-p-lattice is also subdirectly irreducible. The same
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is true in variety C, since this is true for the subalgebras of the subdirectly
irreducible algebras of K ; and for the subalgebras of C, Cy and Cs.

Corollary 2.3.9. If L € C is a subdirectly irreducible algebra, then so is
every subalgebra of L.

The variety SDM A is known to be locally finite. A proof can be found
in Theorem 5.1 of [25]. It is also well known that this variety is congruence-
distributive. These results together with a fundamental theorem reached
by Davey in [16] will help to describe a poset such that the lattice of its
down-sets is isomorphic to the lattice of the subvarieties of variety C.

Let A (K) denote the lattice of subvarieties of a variety I and let SIp (K)
be a set consisting of precisely one algebra from each of the isomorphism
classes of the nontrivial finite subdirectly irreducible algebras in the variety

K.

Theorem 2.3.10. (Davey [16], Theorem 3.3)
Let KC be a locally finite congruence-distributive variety and order the set
Ly <Ly ifandonlyif L, € HS(Ly).

Then A (KC) is a completely distributive lattice and is isomorphic to D (SIr (K)).

Sankappanavar described the poset SIp (DM PL) in [40] (see Definition
6.7 (iii) and (iv), Lemma 6.8 and Corollary 6.10). In [9] page 91, the poset
SIp (K1,) is described so, using these results and Theorem 2.3.8, it is easy
to obtain the Hasse diagram of the poset SIr (C).

With this aim we note that both in K;; and DM PL every non-trivial
homomorphic image of a finite subdirectly irreducible algebra L is isomorphic
to a subalgebra of L (see [37] Corollary 2.9 and [40] Lemma 3.5.) so, for these
algebras, Ly € HS(Ls) is equivalent to Ly € IS(Ly). This is not true for
C1, Cyand Cs. In fact, if L is in {C4, Cy, C3} then L/¢p ~ M and M is not
isomorphic to a subalgebra of L. Since for such an L, ¢ is the minimum
element of Con(L)\ {A}, it follows that, for any § € Con(L)\{A, V}, L/6
is a subdirectly irreducible algebra of DM A.

Thus, for L € {Cy, Cy, C3}, we have Ly < L if and only if L; € S(L) or
L4 is a subdirectly irreducible De Morgan algebra.

We present the diagram of SIp (C) in Figure 2.3 where, as pointed in
[40], BC S C Bya C --- C By, C --- is the chain of subdirectly irreducible
pseudocomplemented lattices.
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We can extend a result obtained by R. Beazer ([7] Corollary 7) for the
variety K .

Corollary 2.3.11. Let L € C\ DMA be a finite subdirectly irreducible
algebra. Then Con(L)={A, ¢, V} if and only if L € (K1 \ DMA) U
{01702703}'

Proof. Let L € C\ DM A be a finite subdirectly irreducible algebra.
Suppose Con(L) = {A, ¢, V}. Clearly L ¢ DMA. Assume that L ¢
(K11 \ DMA)U{Cy,C5,C5}. Then by the diagram of Figure 2.3 we have
that L contains By as a subalgebra. Since Con(Bys) = 1@ 2% and DM PL
satisfies CEP it is obvious |Con(L)| > 3, a contradiction.
If L€ (K11 \DMA)U{C,Cs,C3} then by Theorem 2.3.8 L/¢ is simple
and A # ¢ so Con(L) = {A, ¢, V}. O

2.4 Equational Bases for some Subvarieties.

In this section we describe equational bases for the subvarieties of C generated
by C1, by Csand by Cs.

Note that K, is characterized, as a subvariety of C, by the identity
(a A b)/ =a’' V. So, when we consider each subvariety V of K 1, generated
by a single subdirectly irreducible algebra, as a subvariety of C we only need
to add to this identity the equational bases characterizing V as a subvariety
of K1 1. These equational bases are presented in [37] and [9)].

If L € C then V(L) denotes the variety generated by L. Please read
“defined by” as “defined, modulo C, by”.

While reading the proofs of the following theorems it might be useful to
refer to Figures 2.2 and 2.3

Theorem 2.4.1. V (Cs) is defined by
(A dAnd" <and.
anNd NN =bAV ANd" Nd'.
(1)
(€) a'vad' =(ad Na)'

Proof. Observe V (C3) | (N), (1) , and (£), B2 [~ (€) because o’ V a” = d
and (' Aa)' =1, K [~ (A) because a Aa’ = a and a” Aa’ = b and K, - (1)
because e A e’ ANa”" Na' =eand aNad Ne” Ne' = 0.
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Also observe that if L is a finite subdirectly irreducible algebra in C and
L ¢ HS(C3) then L contains, up to isomorphism, By, or K; or K, as
subalgebras. Thus, if V is the subvariety of C defined by (\), (1) and (§),
then SIF (V) :HS<03) SOV:V(C?,). O

Theorem 2.4.2. V (Cs) is defined by
&) a' Vva =(d Na).
(p)and =d" Nd.

Proof. Observe V (Cy) |= (€)and (p), Boa [~ (€) because a’ V a” # (a’ A a)',
K W~ (p) because a Aa' # a” Ad’ and S [~ (p) because e A e’ # e’ Ae'.

If L is a finite subdirectly irreducible algebra in C and L ¢ HS (C5) then
L contains, up to isomorphism, By, or K; or S as subalgebras. Thus, if V
is the subvariety of C defined by (§),and (p), then SIp (V) = HS (Cs) so
V=V (Cy). O

Theorem 2.4.3. V() is defined by
&) dvd =(dNa).
(p) and =ad" Nd'.
(o) a <a"

Proof. Observe V (Ch) |= (¢), (p) and (o), Bos [ (€), K1 = (p) and § = (p)

as we saw in the previous theorem, and K; [~ (o) because b’ < b.

If L is a finite subdirectly irreducible algebra in C and L ¢ HS (Cy) then
L contains, up to isomorphism, By or K; or K, or S as subalgebras. Thus,
if V is the subvariety of C defined by (§), (p) and (o), then SIp (V) = HS (C)
so V=V (). O
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Chapter 3

Duality

We develop here a duality based on the theory of canonical extensions. The
idea is that dualities are extracted by composing canonical extension and
correspondence for complex algebras. This is a general program which this
paper will illustrate.

3.1 Canonical extension and canonicity

3.1.1 Canonical extensions of Distributive Lattices

We will describe here some results on canonical extensions of bounded dis-
tributive lattices (DL) obtained by M. Gehrke and B. Jénsson in [18], [19]
and [20] and by M. Gehrke, H. Nagahashi and Y. Venema in [21].

In the interest of self containment we list here some important facts.

For a lattice L, we will denote by J°°(L) the set of all completely join
irreducible elements of L and by M (L) the set of all completely meet irre-
ducible elements of L. By J(L) and MZ°(L) we denote the sets consisting,
respectively, of all finite joins of elements of J*°(L) and all finite meets of
elements of M>°(L). Observe that 0 € J°(L) but 0 ¢ J*°(L) and that
1€ M(L) but 1 ¢ M(L). For convenience we set J§°(L) = J*(L) U {0}
and M{°(L) = M*>(L) U {1}.

Definition 3.1.1. ([21] Definition 2.12, [20] Definition 2.4)
Suppose L is a bounded sublattice of a complete lattice L. We say that

61
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1. L is dense in L' if every element of L’ can be expressed both as a join
of meets and as a meet of joins of elements from L.

2. L is separating in L' if for all p,q € J°(L') with p £ ¢ there exists
a € L such that ¢ < a and p £ a.

3. L is compact in L' if, for all S,T C L with AS < \/T in L', there
exist finite sets F' C S and G C T such that A FF < \/G.

For a bounded distributive lattice L, the lattice of clopen down-sets of the
dual Priestley space (X, <, 7) is dense and compact in the complete lattice of
down-sets of (X, <) . On the other hand, one can show that between any two
complete extensions of L that satisfy these two conditions there is a unique
isomorphism so the following definition makes sense:

Definition 3.1.2. ([21] Definition 2.13)
The canonical extension of a DL L is a complete lattice L7 containing L
as a dense and compact sublattice.

And we have also the following,

Theorem 3.1.3 ([20]Theorem 2.5. (i)). If L is a DL, then L° contains
L as a separating sublattice.

Let L € DL. We will often use the lattice obtained from L by reversing
the order which we call the (order) dual lattice of L.

Definition 3.1.4. ([21] Definition 2.10)

Given a bounded distributive lattice L = (L,V,A,0,1), let L? denote
the dual lattice, that is, the structure L? = (L,A,V,1,0). For technical
convenience, let L' = L.

An element ¢ € {1,0}" is called an order type; the i-th component of
such an € will be denoted by ¢;.

Given an order type ¢ € {1,0}", let L denote L' x ... x L.

Obviously L and L? have the same universe. Since the characterization
of canonical extensions is self-dual it is possible to identify (L?)? with (L?)7
([19] Corollary 3).

We always have J*°(L?) = M*°(L) and M>(L?) = J*(L).

The canonical extension of a distributive lattice is a perfect distributive
lattice.
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Definition 3.1.5. ([21] Definition 2.14)

A distributive lattice L is called perfect or a DL™ if it satisfies one of the
following, equivalent, conditions:

1. L is doubly algebraic (that is, both L and L? are algebraic).

2. L is complete, completely distributive and join generated by the set
J>(L)

3. L is isomorphic to a set-theoretic lattice based on the collection of
down-sets of some partially ordered set.

Note that, since condition 1 is self-dual, the duals of conditions 2 and 3
also hold for perfect distributive lattices.

As is mentioned in [21], the density of L in L7 implies that J>(L?) is
contained in K (L7), the meet closure of L in L7, and M*°(L?) is contained
in O(L7), the join closure of L in L°.

Since the canonical extension of a bounded distributive lattice can be
obtained by taking the poset of all order ideals or down-sets of its topo-
logical dual space, we refer to elements of L as clopen elements, to elements
of K(L%) as closed elements and to elements of O(L?) as open elements of L.

If L is a perfect distributive lattice, there is a natural isomorphism be-
tween the posets J*°(L) and M>°(L).

Definition 3.1.6. ([20] Definition 2.2)
Given a lattice L € DL we define

(i) &(p) =V(L\ (T p)) for all p € J>(L).
(i) k7 (u) = AL\ (] w)) for all u € M>(L).
Theorem 3.1.7 ([20] Theorem 2.3 ). For any L € DL,
ko (JOL), <) ~ (M™(L), <) : k"

i.e., K is an isomorphism from the poset J*(L) onto the poset M*(L) and

k1 is the inverse of k.

Remark 3.1.8. Observe that this isomorphism is such that, for any a € L
and any p € J*(L),

pLa < k(p) > a.
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A map f: L — K between L, K € DL can be extended in various ways
to a map between L7 and K°.

In order to define the extensions of a map f, six topologies will be intro-
duced here.

Definition 3.1.9. ([20] Definition 2.6.)
Suppose L € DL. We denote by o, o' and o' the topologies on L having

as bases, respectively, the open sets of the forms T pN | u, T p and | u, with
p € K(L?) and u € O(L?).

The other three topologies will be defined in the same manner, except that
now the elements p and u are, respectively, compact and dually compact in
the lattice theoretic sense and thus these topologies can be defined in an
arbitrary doubly algebraic distributive lattice K.

Definition 3.1.10. (][20] Definition 2.7)

Suppose K is a doubly algebraic lattice. We denote by ¢, +! and ¢! the
topologies on K having as bases, respectively, the open sets of the forms
TpN | u, Tpand | u, with p compact and v dually compact.

Observe that the elements of J°(K') are the compact elements in the
sense of lattice theory and the members of M°(K) are the dually compact
elements and that it follows that sets of the form T pN | w, T p and | u, with
p € J®(K) and u € M>®(K) form subbases for the topologies ¢, ¢! and ¢!,
respectively.

Obviously, the topology ¢ is the join of o' and o' and ¢ is the join of ¢!
and ¢},

For any L € DL, the topologies ¢, ¢! and ¢} on L are weaker than o, o'
and o', respectively, because J°(L?) C K(L?) and M(L°) C O(L?).

In general, if we have sets X and Y with topologies 7 and p and if the
map g : X — Y is continuous relatively to 7 on X and p on Y we say that
g is (7, u)-continuous.

Remark 3.1.11. Since continuity only needs to hold on a subbase we have:
The map g : L° — K7 is (o, !)-continuous means that, for all u € L and
for all ¢ € J>®(K7), if ¢ < g(u) then there exist K(L7) >z <u <y € O(L?)
so that ¢ < g(v) for all v € L7 such that x < v <.
And:
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The map g is (o,:t)-continuous means that, for all u € L7 and for all
n € M>(K?), if n > g(u) then there exist K(L?7) > x <u <y € O(L°) so
that n > g(v) for all v € L such that x < v <y.

Now we will describe the canonical extensions of arbitrary maps between
distributive lattices and we will consider the continuity of these maps.

Definition 3.1.12. (][21] Definition 2.15)
Suppose L, K € DL. Given a map [ : L — K we define two maps

fO"f’ﬂ : LCT SN KO’
by

f"(u):\/{/\{f(a): a€Landzr <a<y}: K(L”)BxﬁuSyGO(L”)}
and

f”(u):/\{\/{f(a): a€ Landz <a<y}: K(L")B:cgugyeO(L")}
for each u € L7 .

As proved in [20] Theorem 2.12 we have the following topological charac-
terization of f and f™:

Theorem 3.1.13. For any map f : L — K with L, K € DL, the maps
f° and f™ are extensions of f. In fact, f° is the largest (o,")-continuous

extension of f to L and f™ is the smallest (o, 1")-continuous extension of f
to L°.

From [20] Theorem 2.11 (iii) it follows:

Corollary 3.1.14. For any map f : L — K with L, K € DL, the maps f°
and f* are such that f7 < f7.

Maps f for which f? = f™ are particularly nice. These maps are called
smooth and we have:

Corollary 3.1.15 ([20]Corollary 2.17). If f : L — K is smooth, then the
extension f7 = f™ of f is (0,t¢)-continuous. Conversely, if f has a (o,1)-
continuous extension g : L7 — K, then f is smooth and f7 = f" =g.
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Remark 3.1.16. If the map f : L — K is isotone then, from [20] Corollary
2.19, it follows that the descriptions of f and f™ can be simplified . Then
for all w € L

f"(u):\/{/\{f(a): a€Landz <a): K(L°) 9x§u>}
and

£7(u) :/\{\/{f(a): a€Landa<y}: ugyEO(L")}.
Also, for all o € K(L?) and y € O(L?),

fox) = f"(x) = N{f(a): a € Landz < a},

") =f"(y) = \/{f(a): a€ Landa < y}.
So, f7 and f™ agree on closed and open elements .
Remark 3.1.17. For isotone maps, the (o,t!)-continuity of f7 yields the
(o', 11)-continuity of f.

This continuity may be stated as follows and was in fact already identified
in this non-topological guise in [18]:

Lemma 3.1.18 ([18]Corollary 3.9). Suppose f : L — K, with L, K € DL,
is isotone and p € J*®(K7). Below every element u € L° that satisfies the
inclusion p < f7(u) there is a minimal solution of this inclusion, and all the
manimal solutions are closed elements.

When composing isotone maps we have:

Theorem 3.1.19 ([19] Theorem 15). Let g : Ly — Ly and f : Ly — Ls
be isotone maps on DLs. If g is meet preserving then (f o g)? = f7 o ¢°.
Dually, if g is join preserving, then (f o g)™ = fTog™.

Some special maps play an important part in our study so we will see
how they behave in what concerns canonical extensions. To do so we have
to give the following:

Definition 3.1.20. Let L, K € DL and let {a; : ¢ € I} be any subset of
L. We say that a map f: L — K is:
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completely join preserving, if f(0) =0 and f (\/iel ai) = Vs flas).

(i)

(i) completely meet preserving, if f(1) =1and f (N;c;ai) = Nies f(@:).
) completely join reversing, if f(0) =1and f(V,c;a:) = Nics f(@).

(iv) completely meet reversing, if f(1) =0 and f (A,c; @) = Vies flai).

Properties of join preserving maps were studied first [18]. Then they
were generalized to the other cases by using properties of the order dual of a
distributive lattice.

Remark 3.1.21. ([21] Remark 2.11)

Given L, K € DL and two order types (Definition 3.1.4) € and &', if we
consider two maps f : L° — K and ¢ : L — K that are set-theoretically
identical (that is f(a) = g(a) for all @ € L™), such maps will be called order
variants.

Observe that, from the definition of f? and ¢, if f and g are order vari-
ants then so are f? and g and these maps are also set-theoretically identical.
Clearly, the same is also true for f™ and g”.

(iii

Dualizing the order in the codomain however does make a difference. In
fact, given a map f : L — K, denoting by f? the same set-theoretic map as
f but with the order dualized on both domain and codomain, f? : L? — K9,
it is easy to see, from the definitions of f7 and f™, that (f%)” = (f™)? and
(f2)7 = (fm)°.

Therefore, if a map f is smooth both its order variants and f? are smooth,
and either extension of any order variant of f and f? all give the same set
theoretic function.

Using these properties it is possible to prove:

Lemma 3.1.22 ([19]Theorem 10, [20]Corollary 2.28). If the map f :
L — K, with L, K € DL, is a join preserving map then f™ is completely join
preserving, if [ is meet preserving then f° is completely meet preserving.

In either case f is smooth.

and

Lemma 3.1.23 ([21] page 12, [20] Theorem 2.23). Let L, K € DL.
If the map [ : L — K is a join reversing (or meet reversing) map then f°
is completely join reversing (or meet reversing). In either case f is smooth.
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3.1.2 Canonical extensions of Distributive Algebras

We will now consider algebras having as a reduct a bounded distributive
lattice and unary operations that are meet or join preserving or meet or
join reversing. These were called Distributive Modal Algebras (DMA) in
[21] where they were considered as algebraic counterparts to Distributive
Modal Logics. However, as our main object of study here will be semi-De
Morgan Algebras which contain the De Morgan Algebras (DM) or (DM A),
these latter algebras could easily be confused with the Distributive Modal
Algebras. In [22], operations that turn joins or meets in any one coordinate to
joins (meets) are called (dual) quasi-operators and thus we will use the name
Unary quasi-operators algebras, UQA, instead of DM A for these algebras
which consist of a distributive lattice with additional operations that are
unary quasi-operators or unary dual quasi-operators.

Definition 3.1.24. Let UQA be the class of algebras
<L7 /\7 \/7 07 17 <>7 D? D? q)

such that (L, A,V,0,1) is a bounded distributive lattice, and <, 0, >, < are
unary operations such that for any a,b € L:

(i) S0=0 and OlaVvb) =<CaV Ob.
(ii) O1=1 and O(a A b) = Oa A Ob.
(iii) >0=1 and > (a Vb) => aA > b.
(iv) 91=0 and <d(anb)=<aV <b.

Let L? be the canonical extension of L. The operations ¢ and O™ are
such that, for each u € L7,

O7(u) = \[{\{Ca: z<acL}: u>zeK(L)}

O™(u) = /\{\/{Oa cy>a€l}:u<yeO(L)}.

Since all maps that preserve joins are smooth (Lemma 3.1.22), we have
Q7 = O,

Similarly, the other unary operations can be extended to L7 and all these
extensions are smooth so it makes sense the following definition:
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Definition 3.1.25 ([21] Definition 2.19). Let (L,,A,V,0,1,0,0,>, <) €
UQA. The canonical or perfect extension of L is the algebra

(L7, A, V,0,1,07,07 7, <19) = (L7, A, V,0,1, 07, 07 7 7).

From Lemma 3.1.22 and subsequent remarks we can conclude that these
canonical extensions satisfy the conditions of the following definition:

Definition 3.1.26. Let UQA™ be the class of algebras
(L7 /\7 \/7 07 17 <>7 D? >7 <)

such that (L,A,V,0,1) € DL, and <©,0,>, < are unary operations such
that for any subset {a; : i € [} C L:

i) ©0=0 and o (\/ al-> =\/ %a:.

i€l i€l

(i) O1=1 and O (/\ a,-) = /\Dai.
i€l

(iii) >0=1  and > (\/a) =\ a
el el

(iv) <1=0 and < (/\ai) :\/<laz-.
i€l el

So,
Lemma 3.1.27 ([21] Lemma 2.21). If L is a UQA then L° is a UQAT.

In what concerns U@ A-homomorphisms observe that U A-algebras are
in the scope of the following definitions:

Definition 3.1.28. (]21] Definition 5.4 )

A Distributive Lattice Expansion is any algebra (L, (f;)icr) consisting of
aDL, L =(L,V,A,0,1), and additional operations f; : L™ — L for each
1 € I. Such an algebra is said to be monotone provided each basic operation
is monotone, that is, for each i € I, there is an order type ¢, € {1,0}™
so that f; : L% — L is order preserving. The sequence (g;);c; is called the
monotonicity type of L.
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For these algebras we have (from [20] Lemma 3.24 ) that

FEvery homomorphism h : L — K where L, K are monotone is preserved
by canonical extensions. Even more, h® : L — K7 is a complete homomor-
phism.

So we can conclude that ¢ is a functor from the category of all UQ As
and their homomorphisms into the category of all UQ A™s and their complete
homomorphisms.

Remark 3.1.29. 1t is clear that these results apply to algebras that are reducts
of UQAs.

Properties that are preserved by canonical extensions are of great interest.
Such properties will be called canonical.

Definition 3.1.30. (][21] Definition 2.22)

A class of UQAs is canonical if it is closed under taking canonical exten-
sions.

An equation, formula or set of formulas is called canonical if the class of
U@ As defined by the equation, formula or set of formulas is canonical.

3.1.3 Sahlqvist inequalities and canonicity

Not all the properties in a UQ A are canonical, but a broad class of canonical
inequalities, called Sahlqvist inequalities, was identified for unary Boolean
algebras with operators in [35] and for UQAs in [21]. The definitions in [21]
were given for so-called sequents, but we will give them here for the corre-
sponding inequalities.

With each term for UQAs associate two generation trees, the positive
and the negative generation tree, depending on whether the sign of the root
is (+) and (—), respectively. Each of these will be an expansion of the term’s
generation tree in which every node is signed with either + or —. These
signings are required to satisfy the following constraints:

e If a node is V, A\, or O, assign the same sign to its successor nodes.
e [f a node is < or 1>, assign the opposite sign to its successor node.

By these conditions, the sign of each node is determined by the sign of the
root of the tree. Thus with each term we may associate two signed generation
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trees, the positive (with positive root) and the negative one (with negative
root).

Definition 3.1.31. (]21] Definition 3.1)
A node in a signed generation tree of a UQA term is said to be

2

1. positive if it is signed ”+" and negative if it is signed " —".

2. a choice node if it is either positive and labeled Vv, <, <1 or negative and
labeled A, O, >.

3. a unwwversal node if it is either positive and labeled O or > or negative
and labeled < or <.

Definition 3.1.32. (][21] Definition 3.4)
Let ¢ € {1,0}" be an order type. A term «a(x1,...x,) is e-left Sahlquist
(resp e-right Sahlquist) if it satisfies the following two conditions:

1. in the positive (resp. negative) generation tree, for all i with ¢; = 1,
there are no paths from an occurrence of z; with + to the root along
which one meets a choice node before a universal node.

2. in the positive (resp. negative) generation tree, for all ¢ with ; = 0,
there are no paths from an occurrence of x; with — to the root along
which one meets a choice node before a universal node.

Definition 3.1.33. (]21] Definition 3.4)

An e-Sahlquist inequality is an inequality o < 3 such that « is e-left
Sahlqvist and ( is e-right Sahlqvist.

An inequality is called simply a Sahlquist inequality if it is an e-Sahlqvist
inequality for some order type €.

As an example notice that the term O > x is both 1-left Sahlqvist and
0-left Sahlqvist. The positive generation tree for this term is:

O(+) u.n
> (4+) u.n
z(=)

For 1-left Sahlqvist we have to worry only about positive occurrences of
the variable x, but there aren’t any. So this term is vacuously 1-left Sahlqvist.
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For O-left Sahlqvist, we have to worry about negative occurrences of x.
There is one, but since all nodes in the tree are universal, there is no problem
anyway. Thus this term is also 0-left Sahlqvist.

So the inequality O > x < x is Sahlqvist.

For Sahlqvist inequalities we have the following:

Theorem 3.1.34 ([21] Theorem 5.1). Every Sahlquist inequality is canon-
ical in UQA.
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3.2 Discrete Duality

3.2.1 Basic technical ingredients
Correspondence between Perfect Lattices and Posets

A correspondence between the class of Perfect Distributive Lattices (Defini-
tion 3.1.5) and Posets was studied by G. Raney [34], V. Balachandran [3] and
P. Dwinger [4]. More recently S.T.Thomason [42]and M.Gehrke, H.Nagashi
and Y. Venema ( [21]) have extended this correspondence in order to obtain
a duality that generalizes Birkhoff’s duality for finite distributive lattices.

Let L be a DL (Definition 3.1.5). The lattice L gives rise to a poset
(J*(L), <) where J*(L) is the set of completely join irreducible elements of
L and < is the restriction to J*°(L) of the order in the lattice L. In turn, for
an arbitrary poset X, let (D(X),N, U, 0, X) be the lattice of downsets of X.
Then this lattice is in DL, So, denoting by P posets (X, <), we can define
maps

()y : DL — P such that (L), = J>(L) foreach L& DL"
and
()" :P—DL" suchthat (X)"=D(X) foreach X €P.

In Theorem 2 [34] G.Raney proved that for a complete distributive lattice
L to be isomorphic to the lattice of downsets of J*°(L) it is necessary and
sufficient that every element of L is the join of a set of completely join
irreducible elements. From the proof of this theorem it follows:

Theorem 3.2.1. The maps ()4 : DLT — P and ()* : P — DL are such
that, for each L € DLT, there is an isomorphism ny : L — ((L)4)" defined

by
n(a) ={x € J°(L): x < a} (=J>®(L)N ] a)
for any a € L.

On the other hand, for an arbitrary poset X, the completely join irre-
ducible elements of the lattice (D(X),N,U, D, X) are exactly the principal
downsets, | x with x € X, so we have:
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Theorem 3.2.2. The maps (). : DLT — P and ()© : P — DLT are such
that for each X € P there is an order isomorphism ex : X — ((X)T), where

for any x € X.

From the previous theorems it follows that the maps (), and ()T deter-
mine, at the objects level, a duality between the categories DL and P.

We want to extend these maps in order to obtain a duality so, we have
to define the morphisms of these categories.

Correspondence between maps and order compatible relations

Naturally morphisms of DL are complete homomorphisms. Morphisms of
P are order preserving maps. However, since we also have in mind extending
the DL*s by additional operations and this will require that we produce
duals for these, we will start by considering separately maps that preserve
arbitrary joins and maps that preserve arbitrary meets.

We will obtain the duality between DL"- morphisms and P-morphisms
and we will determine the correspondents of unary operations that are join
(meet) preserving as a corollary to this more general correspondence.

Let L, K € DLT and let f: L — K be a completely join preserving map
(Definition 3.1.20).

Let (X, <x) and (Y, <y) be posets such that X = J*(L) and Y = J*(K)
with the order induced from L and K, respectively.

The map f is uniquely determined by its value on the completely join
irreducible elements of L, J*°(L). In fact, since L is join generated by J>(L),
for any a € L we have a =\/ _ _p with p € J®(L) so

fla)=f ( \/ p> =\/ f. (3:2.1)

It would be convenient if we could define a binary relation .S on the poset
Y x X encoding f.
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We cannot take S to be {(f(p),p) : p € X} since, in general, f won’t
map into Y but, for each p € X, we have

fo) =\ «
qey
a< g f(p)

since f(p) € K and K is join generated by Y.
Therefore we take S C Y x X such that,

S={(q,p) :q <k f(p)}.

The map f is order preserving, hence we have
<y oSo <xC S.

On the other hand if we have posets (X, <x) and (Y, <y) and a relation
S CY x X such that <y oSo <xC S, it is easy to prove that the map

fs:D(X)— DY)
such that, for any U € D(X),
fs(U)=S"1U)={qeY :3s€ UqSs}

is a completely join preserving map.
Since there is no danger of misunderstanding, in what follows we will
denote the order relation by < no matter the poset we are considering.
Thus we have established the following:

Lemma 3.2.3. Let L, K € DLY and (X, <) and (Y,<) be the posets of
completely join irreducible elements of L and K, respectively. Then, to any
completely join preserving map f : L — K corresponds a binary relation

S={(g:p): ¢<fP)}CY xX

such that < oSo <C §.
Conversely, if (X, <) and (Y, <) are posets and S CY x X is a binary
relation such that < oSo <C S, then the map fs: D(X) — D(Y) defined by

fs(U) = S7H(U),

for every U € D(X), is a completely join preserving map.
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In a way similar to the one we used for completely join preserving maps
we can determine the relation corresponding to a completely meet preserving
map.

To do this, given L € DL*, we will often use the order dual lattice L.
It follows from the definition of this lattice that M*(L?) = J>(L) and
J=(L?) = M>(L).

We will also use the order isomorphism x : J*(L) — M>(L) (Definition
3.1.6).

Since L € DL is meet generated by the completely meet preserving
elements, we have L? dually join generated by x(J*(L)). So, for any a € L?,

0
a= N\ w= \/ &b
peJ>=(L) k(p)eJ>(L9)
r(p)za r(p)<Pa

Let g : L — K be a completely meet preserving map (Definition 3.1.20).
If we consider the map
g8 L9 — K9,
This map is set theoretically identical to g and it is a completely join pre-
serving map.
In fact for any a € L,

9] 4]
ga)=g" '\ &=V FLEe)= N\ 9D).
w(p)eT>(L?) w(p)eT>= (L) peg>(L)
w(p)<fa rk(p)<9a r(p)2a

(3.2.2)
Consequently ¢ is uniquely determined by its value on x(J*(L)).
Since, for any p € J*°(L), g(x(p)) is in K and this lattice is meet generated
by M>(L) = k(J*(L)), we have:

gk@) =N\ &)
geJ>(K)
r(q)>g(x(p))

Now we take 7' C J*(K) x J*(L) to be

T ={(¢p): £lg) > g(x(p)}
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and T is such that:
<9 oTo<oCT

which is equivalent to
>oTo >CT.

If we have posets (X, <) and (Y, <) and a relation T'C Y x X such that
> oT'o >C T, then the map

gr : D(X) — DY)
such that, for every U € D(X),
gr(U)=X\T Y X\U)={qeY :Vse€ X (¢Ts=secU)}

is a completely meet preserving map.
This way we obtain:

Lemma 3.2.4. Let L, K € DL and (X,<) and (Y, <) be the posets of
completely join irreducible elements of L and K, respectively. Then, to any
completely meet preserving map g : L — K corresponds a binary relation

T ={(q.p) : k(q) > g(k(p))} CY x X

such that > oTo >C T.
If (X, <) and (Y, <) are posets and T CY x X is a binary relation such
that > oTo >C T, then the map gr : D(X) — D(Y) defined by

gr(U) = X\T7H(X\U),
for every U € D(X), is a completely meet preserving map.

Now it is time to see what happens to complete homomorphisms A : L —
K with L, K € DL*.

We will follow the process used for endomorphisms in [21] 6.2.

It is possible to consider h as a completely join preserving map f such
that f = g where g is completely meet preserving. Then f and g have to
satisfy

Va € L: f(a) < g(a) and g(a) < f(a).



78 CHAPTER 3. DUALITY

These inequalities are equivalent to conditions on the corresponding re-
lations S and T

To determine these conditions we are going to follow an algebraic method
that will be often used in this chapter. This method consists in eliminating
the universal quantifier on elements of L.

Condition Va € L : f(a) < g(a) is equivalent to:

Va € L¥g € J®(K) : (¢ < f(a) = ¢ < g(a)) (*)

because K is join generated by J>(K).
Now, from equation (3.2.1) and the fact that ¢ is completely join irre-
ducible we conclude that ¢ < f(a) is equivalent to

e J¥(L): (p<aandqg< f(p)).
It follows, from the definition of S (Lemma 3.2.3), that this is equivalent to
Jp e J¥(L): (p<aandqSp)
From equation (3.2.2), ¢ < g(a) is equivalent to
Vre J¥(L): (k(r) = a = q < g(k(r)))

and to
Vre J¥(L): (¢ £ 9(k(r)) = r(r) Z a.)
From Remark 3.1.8 and the definition of 7' (Lemma 3.2.4) we obtain the
following equivalent expressions:

vre J¥(L) : (9(k(r)) < klg) = r < a)

and
Vre J®(L): (¢Tr=1r<a.)

Therefore, condition (*) is equivalent to

Va € LVq € J*(K) :
(Fpe J®(L)(p <aandqSp)) = (Vre J®(): (¢Tr =r <a)).

and to

Va € L¥q € J*°(K)Vp,r € J®(L) : ((p < a and ¢Sp) = (¢Tr = r < a)).
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Now observe that, given p € J*°(L), the least a satisfying the antecedent
is a = p, and if the consequent holds for some a then it also holds for any
greater values of a. So the previous condition is equivalent to

Vg € JX(K)V¥p,r € J®(L): (¢Sp = (¢Tr = r <p)).

Notice that we have now eliminated the quantification over elements of
L and are left with a condition on X and Y. We now simplify this further:

Vg € J*(K)Vp,r € J®(L): ((¢Sp and qTr) = r < p)).

We will follow a similar process for condition Va € L : g(a) < f(a):
This condition is equivalent to

Va € LYq € J*(K) (¢ < g(a) = ¢ < f(a)). (**)
As we have just proved the antecedent is equivalent to
Vre JO(L): (¢Tr=r<a)

and, making ¢T" = {r € J>(L) : ¢qTr}, it follows that it is equivalent to
VqT < a.
So (**) is equivalent to:

Va € LVq € J*(K) : (\/qT <a=q< f(a)).

Now, there is a least a that satisfies the antecedent, a = \/ ¢T', and, since
f preserves the order, if the consequent holds for some a it also holds for any
greater element so the previous implication is equivalent to

Vg € J2(K) : q§f<\/qT)
and to
Vge J¥(K): q<\/ f(4T)

because f is completely join preserving.
Since ¢ is completely join irreducible, the previous condition is equivalent
to
Vg e J*(K)3s € J®(L): ¢Tsand g < f(s).

According to the definition of S, this is equivalent to
Vg e J*(K)3s € J®(L) : ¢T's and ¢Ss.

Thus we have proved that conditions
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(i) Vg € J®(K)Vp,r € J®(L): ((¢Sp and qTr) = r < p)).
(i) Vg € J®(K)3s € J®(L) : qT's and ¢S’s.

are equivalent to f(a) < g(a) and g(a) < f(a), respectively.

If, as in [21] 6.2, we consider the relation
R=SNT C J®(K)x J*(L),
it is easy to see that conditions (i) and (ii) imply
(i) Vg € J®(K)Vp,r € J®(L): ((¢Rp and qRr) = r =p)).
(ii") Vg € J>*°(K)3s € J®(L) : qRs.

That is, R is the graph of a function from J*(K) to J*(L).

The relation R is such that
<oRC Ro<.

In fact, for any g € J*(K) and p € J*(L), ¢ < oRp implies the existence of
r € J*(K) such that
g < randrSpandrTp.

From Lemma 3.2.3 it follows that ¢Sp and, from (ii) there is s € J*(L)
such that ¢(SNT)s so, since we have simultaneously ¢Sp and ¢7's, we know
by (i) that s < p.

This means that, R is the graph of an order preserving map.

Observe that from (i) it follows that, for any ¢ € J*°(K), the element
s € J(L) such that ¢Rs is simultaneously the minimum of ¢S and the
maximum of ¢7". So we have min(qS) = maz(qT).

Thus we have the following

Lemma 3.2.5. Let L, K € DL, let h : L — K be a complete homomor-
phism and let S, T C J>*(K) x J*®(L) be relations such that S = {(¢,p) :
g < h(p)} and T = {(q,p) : k(q) > h(k(p))} . Then, the relation SNT is
the graph of an order preserving map,

o JO(K) — J(L)
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where, for any q € J®(K), @on(q) € J®(L) is the only element such that

9(S N T)en(q)-
Further, for any q € J®(K), the set ¢S = {p € J¥(L) : ¢qSp} has a
minimum and the set ¢T = {r € J*(L): ¢Tr} has a mazximum and

min(qS) = maz(qT) = ¢n(q).
By the previous lemma, for any ¢ € K,
en(q) =min{p € J*(L) : ¢ < h(p)} = maz{p € J*(L) : k(q) = h(x(p))}.
But
min{p € J°(L): q < h(p)} = min{fa € L : ¢ < h(a)}.

In fact from {p € J*(L): ¢ < h(p)} C{a € L: q < h(a)} it follows that

Nper>L): q<hp)} > NlacL:q<na)}

On the other hand, for any a € L, h(a) =/, h(p) with p € J>(L), so
q < h(a) implies that there is some p € J*°(L) such that p < a and ¢ < h(p).
Thus we have also

Npes=L): ¢<hp)} < NaeL:qg<h(a)}

Since both meets are elements of these sets the equality is proved.
Therefore we have, for any g € J*(K7),

on(q) =min{a € L: q < h(a)}
and it is not difficult to prove that as a consequence of
enlq) = maz{p € J(L) : r(q) > hix(p))}
we have also

¢n(q) = maz{a € L : k(q) > h(a)}.

Conversely, if (X, <) and (Y, <) are posets and ¢ : Y — X is an order
preserving map, then

R, ={(¢;¢(¢q) : €Y} CY x X
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satisfies (i’) , (ii’) and < oR, C R, 0 <.
Then we can define relations

S=Ry,o< andT = R 0 > .
Clearly (i) and (ii) hold so that the corresponding functions ,
fs : D(X) — D(Y)such that fs(U) = S~1(U)

and

gr : D(X) — D(Y)such that gr(U) = X \ T (X \ U)

are respectively completely join preserving and completely meet preserving
and we have fg = gr.

Thus it makes sense to define a complete homomorphism h, : D(X) —
D(Y') such that, for every U € D(X), h,(U) = fs(U) = gr(U).

For this homomorphism
h(U)=S"'U)={qeY: IseUqSs}
Since S = R 0 <, we have ¢ € h,(U) equivalent to
dseUdre X : gRyrandr <s

which is equivalent to
dreU: qR,r

because U is a downset.

From the definition of R, it follows that h,(U) = ¢ }(U) for any U €
D(X).

Thus we have established a correspondence between order-preserving maps
and complete homomorphisms.

It is now possible to define the functors ()4 and ()* on morphisms. We
will denote by DL (L, K) the set of complete homomorphisms from L to K
and by P(Y, X) the set of order preserving maps from Y to X. We want ()
and ()* to be contravariant functors such that:

For any L, K € DL™ there exists, for each h € DLT(L, K), amap (h), €
P((K)+,(L)4). For each X,Y € P there exists, for any ¢ € P(Y, X), a map
()" € DL ((X)*, (V)F).

For this correspondence of morphisms we have the following generaliza-
tion of [17] Theorem 8.24,
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Theorem 3.2.6. Let L, K € DLT and let X, Y € P. Given a complete
homomorphism h € DLY (L, K), there is an associated order preserving map
on € P(J®(K), J®(L)) defined by

wn(p) = min{a € L:p < h(a)}
=maz{a € L: k(p) > h(a)}

= p(Sp,NTy)

for allp € J>*(K).
Given an order-preserving map ¢ € P(Y, X), there is an associated com-
plete homomorphism h, € DL (D(X),D(Y)) defined by

he = o7 (U)
for each U € D(X).
The maps ()4 : DLY(L, K) — P(J>(K),J®(L)) such that (h), = ¢y

and ()*: P(Y,X) — DL (D(X),D(Y)) such that (p)* = hy, are bijections
and, for each a € L and each p € J®(K),

p < hla) = ¢n(p) < a (%)

The diagrams
L — K

m| [ =

D(J>(L)) — D(J>(K))

hop,
and
Y L N X
syl lgx
J*(DY)) —— J*(D(X))
Phy
commute.
Further:

(i) h is one to one if and only if @y, is onto.

(ii) h is onto if and only if ¢, is an order embedding.



84 CHAPTER 3. DUALITY

Proof. We have already seen that the maps ()4 and ()* are well defined and
(%) is a consequence of the definition of (h)y = ¢y.

To prove that the diagrams commute observe that:

For each a € L we have, by Theorem 3.2.1, nz(a) = {p € J*(L): p < a}
SO

he, (n(a)) = ¢, " (n(a))
={reJ=(K): ()Sa}
= {re J¥(K): r<h(a)} (by (x))
= 1k (h(a))

therefore ng o h = hony,.
For any g € Y we know that ey (q) =] ¢ hence

en, (ev(a)) = en, (1 q)
=min{U € D(X) :| ¢ C h,(U)}
=min{U € D(X):] ¢ C ¢ '(U)}
=min{U € D(X): ¢(q) € U}
=1 ¢(q)
= (p(q))

thus ¢y, ccy = ex o .

Now, to prove that () is a bijection, let ¢ € P(J>®(K), J>(L)) and let
h:nl_{lohaponb

To prove that ¢ = ¢, = (h); observe that from the diagram it follows
that

ho, =m0 hon,t =nx ot o hgonLonyt = h,
so, for any U € D(J*®(L)), we have ;' (U) = ¢~ 1(U).

If there was some p € J*(K) such that ¢,(p) # ¢(p) we could suppose
that o, (p) £ ¢(p) and then we would obtain p € (| (p)) and p & »; (|
©(p)), which is a contradiction.

So ()4 is onto.

For any hy, hy € DL (L, K) such that ¢5, = ¢p, we have

I =1 © hy, 0 np =g 0 hy,, 0L = hy

so ()4 is one to one.
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In a similar way we prove that ()* is a bijection.

In order to prove (i) let h : L — K be a complete homomorphism and let
op : J®(K) — J*(L) be the associated order preserving map. Suppose h is
one to one and let p € J>(L).

We have p € L so, h(p) € K thus h(p) = \/{q € J®(K): g < h(p)}.

For each ¢ with ¢ < h(p) we have, by condition *, v5(q) < p.

Let ¢ = \/{¢n(q) : ¢ < h(p)}. Then ¢ <p.

Suppose ¢ < p. Then h(c) < h(p) because h is one to one. Consequentely,
there is ¢ € J°(K) such that ¢ < h(p) and ¢ £ h(c). Hence ¢n(q) £ c
contradicting the definition of c.

Therefore ¢ = p. So p = V{en(q) : ¢ < h(p)} and, since p is completely
join irreducible, there is some ¢ such that p = ¢,(q). Thus ¢, is onto.

Conversely suppose ¢y, is onto and let a,b € L be such that h(a) = h(b).

Since L € DL, a = \/{p € J®(L) : p < a} and, for each element p < a,
there is r € J*°(K) such that p = ¢4 (r) because ¢y, is onto. Then ¢,(r) < a
and, from (x) it follows that r < h(a).

But h(a) = h(b) so we have also r < h(b). Therefore ¢,(r) = p < b and
consequently a < b.

Analogously, b < a so h is one to one.

To prove (ii):

Let h: L — K be onto and let ¢y, : J®(K) — J*(L). Let q,r € J*(K)
be such that ¢ (q) > @n(r).

By the definition of ¢, we have

{a€eL:qg<h(a)} C{acL:r<h(a)}

because these two sets are upsets.

Since h is onto and ¢ € K there is ¢ € L such that ¢ = h(c). Then ¢
is an element of the first set and consequently it is also in the second set.
Therefore r < h(c) = ¢ so ¢y, is an order embedding.

Conversely, let ¢, be an order embedding and let b € K.

Then b = \/{q € J*(K) : ¢ <b}.

For each ¢ € J*(K) such that ¢ < blet p € J*°(L) be such that p = ¢4 (q)
and consequently ((x)) ¢ < h(p). So,

b < \/{h(p): p=n(q) and g < b} =h (\/{p 1 p=n(q) and g < b}>
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because h is completely join preserving.
Let e € K be such that

e=\/{hp): p=n(@) and g <} =h (\/{p: p=pnle) and g <b}).

But e = \/{r € J®(K): r <e}.

By the definition of e, for each r € J*(K) such that r < e, there is an
element p, € J*(L) and an element ¢, € J*(K) such that r < h(p,) and
br = SOh(QT) with qr < b.

As a consequence of (), ¢x(r) < p, and, since ¢y, is an order embedding,
r < G-

Thus we have got:

b<e<\/[{g € J¥(K): r<e}<b

So
b:6=h<\/{p:pzw(Q)anqub}>.

Therefore h is onto.
O]

So we have proved that functors (), and () establish a dual equivalence
between categories DL and P.

This duality extends the Basic Birkhoff duality from finite to perfect DL"
as a categorical duality.

3.2.2 A duality for UQA™s

The categorical duality we have been studying can be extended to objects
with additional unary operations that are completely \/ or A preserving or
reversing i.e. to UQA™s (Definition 3.1.26). The paper [21] by M. Gehrke,
H. Nagashi and Y. Venema, particularly Section 2.3, was very useful for this
purpose.

Let (L,A,V,0,1,<¢,0,>,<) be a UQA™.
To define the dual structures of UQA' we will have to obtain binary
relations on J*°(L) encoding the unary operations considered on L.
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The unary operations & @ L — L and O : L — L are, respectively,
completely join preserving and completely meet preserving maps. We have
seen in section 3.2.1 how to define the corresponding binary relations, thus
we can use here the same correspondence.

For the operation & we denote the binary relation by R and we take, as
in Lemma 3.2.3, Ro, C J>®(L) x J*(L) to be

Ro =A{(p,q) : p < <q}

Since the operation < is order preserving, we have as in Lemma 3.2.3
< olR¢o <C Ro.

For the operation O, we take Ry C J*°(L) x J*°(L) to be as in Lemma
3.2.4,

Ro ={(p,q) : k(p) > O(r(q)}

and R is such that:
> oRpo >C Rp.

In what concerns > we will follow a similar way:

Since >: L — L sends arbitrary joins into meets, it is set-theoretically
identical to a completely join preserving map >?: L — L? such that, for
each a € L, 2 (a) =1> (a).

Forany a € L, a=\/ _, p with p € J*(L) and therefore

p<a
8
> aq =2 (\/p) =\/ip=/A\>p
p<a p<a p<a

For each ¢ € J*(L) we have > ¢ =9 ¢ € L? and L? is dually join
generated by J®(L%) = M*°(L) = {k(p) : p € J*(L)} so

0
r(p)€J>=(L9) peJ(L)
k(p)<9>9¢ k(p)>D>q

Therefore we take Ry C J°(L) x J*°(L) to be

Ry ={(p,q) € J¥(L) x J*(L) : r(p) Z1> q}.
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It is easy to prove that Ry is such that:
> oRpo <=<? 0Rpo <C R..

For the operation < that sends arbitrary meets to joins, we will consider
the map <1: L? — L that is set theoretically identical to <1 and completely
join preserving.

Now, for any a € L?,

w(p)eJ(L9) peJ>(L)
H(p)gaa k(p)>a
SO
)
<da =< V o= V <&@)= \V <@&b)
k(p)eJ>®(L9) k(p)eJ°(L9) peJ>(L)
w(p)<9a x(p)<9a rw(p)za

Since k(p) is in L, we have:

akg)= \ »
peJ>(L)
p<<(x(q))

Therefore we take Rq C J*°(L) x J*(L) to be
Ra={(p,q): p<<(k(q9)}
and, clearly, R is such that:
<oRgo >=<oRq0 <’C R,
It is now possible to define the class of structures corresponding to UQA™:
Definition 3.2.7. Let PR be the class of relational structures
(X,<,Ro,Ro, Ry, Ry)

where (X, <) is a partially ordered set and R, Ro, Ry, R4 are binary rela-
tions on P such that:
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(i)
(i) >oRgo>C
(iii)
(iv)

Note that in [23], R. Goldblatt considers ordered structures with relations
of types (i) and (ii). The class PR is contained in the class of ordered re-
lational structures studied by V. Sofronie-Stokermans in [41]. Both Re and
R are what they call increasing relations and Rn and R, are decreasing re-
lations. To those structures they associated the distributive lattice of upsets
of X with the corresponding operators.

We have just proved that there is a map
()y : UQAY — PR

where
(L7<>7 U, >, <])+ - (JOO(L)7 §7R<>7 RD7R\>7 R<]>

On the other hand if we have a relational structure,
(X7 Sa R<>7 R\ja RI>> R<l) € PR7

we saw in the previous section (Lemmas 3.2.3 and 3.2.4) how to define the
maps g, and Og from D(X) to D(X). Therefore we will have unary
operations O, Og, in D(X) such that, for every U € D(X),

Or(U) = R (U)
Or(U) = X \ R' (X \U).

For > and < we will define the operations:

>r (U) =X\ RZ'(U)
g (U) = RG(X\ V).
(Really it should be Cgy, Og,, >g, , <g. but, since there is no danger of

misunderstanding, we simplify the notation.)
It is easy to prove that (D(X),N,U, 0, X, Cg, Og, >, <g) is in UQAT.
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So there is a map
Ot:PR—UQA".

We denote these maps by ()4 and ()T as in the previous section since
they are restrictions of those defined for DL and P.
As in Theorems 3.2.1 and 3.2.2 we have:

Theorem 3.2.8. There exist maps
)y :UQAT — PR
such that, for each L € UQAT,

(L)+ = (JOO<L)7 S? RO; RDJ Rl>7 RQ)

with:
pRoqif and only if p < Oq, pRaq if and only if k(p) > O(x(q))
pReqif and only if k(p) > ¢, pR4qif and only if p << (x(q))

for any p,q € J*(L) and,
Of: PR— UQA"
such that, for each X € PR,
(X)" = (D(X),N, U, 0, X, Og, Op, >g, <r)
where, for any U € D(X),

Or(U) = R5'(U), OR(U) = X\ R5'(X\U)
>r (U) = X\ RSN (V), <r (U) = RJ(X\ V).
These maps satisfy the following conditions:

(i) For each L € UQA™ the function ny : L — ((L)1+)" is an isomor-
phism.

(i1) For each X € PR the function ex : X — ((X)1)y is an isomorphism
for the relations < and Re, Ro, Rs and R4.
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Proof. (i) We will only prove that for any a € L, n;($a) = Ogr(n(a)) because
the proofs for the other operations are similar.

Let p € J*(L) be such that p € 7n,(Ca). By Theorem 3.2.1, this is
equivalent to p < <a.

Since < is join preserving we have

p<Oasp< \/ Og

geJ>o(L)
g<a

and this is equivalent to the existence of some r € J*(L) and r < a such
that p < Or.

But this means that there is some r € J*(L) such that r € n,(a) and
pRor or equivalently

p € R3 (ni(a)) = Or(nu(a)).
Thus
p € nr(Ca) & p € Or(nr(a)).

(ii) By Theorem 3.2.2 we know that ey is an isomorphism for the relation
<. We will prove that the same happens for the relation R:

Let p,q € X such that pRoq. Thus p < Oq.

Now let r € ex(p) =| p. Then we have also r < &g so rReq and
consequently 7 € R5!(] ¢). Therefore r € Rg'(e(q)). So we have

e(p) C Or(e(q))

and thus
e(p)Rop(e(q))-

The proofs for the other relations are similar. O

The unary operations > and O will be very useful later in our study so,
we will prove here the following:

Lemma 3.2.9. Let L € UQA" and X = J*°(L). Then, for any a € L and
any p € X:

(1) Kk(p) >>> a is equivalent to p 1> a and to g € X (¢ < a and pRq).

(11) p <> a is equivalent to ¥q € X (pRxq = q £ a) and to a < \ k(pRy).
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(111) k(p) > Qa is equivalent to p £ Oa and to 3q € X (¢ £ a and pRnq).
(iv) p < Oa is equivalent to \/ pRa < a where pRn = {q € X : pRaq}.

Proof. Observe that the first equivalences in (i) and (iii) follow from Remark
3.1.8.

To prove the second equivalence in (i) notice that, since > is join reversing,
> a=/\,c, > ¢ s0 that p £>> a is equivalent to 3¢ € X (¢ < a and p £1> q)
and, by Remark 3.1.8, this holds if and only if, 3¢ € X (¢ < a and k(p) > q)
which is equivalent to 3¢ € X (¢ < a and pR~q) by the definition of Ry.

It is obvious that the first equivalence in (ii) follows from (i). The second
equivalence follows from Remark 3.1.8 and the fact that L is complete.

For the second equivalence in (iii), remember that O is completely meet
preserving so, Oa = /\fi(q)Za O(k(q)) and, consequently, p £ Oa is equivalent
to d¢ € X (k(q) > a and p £ O(k(q)). By Remark 3.1.8, this is true if and
only if 3¢ € X (¢ € a and k(p) > O(k(q)) and, by the definition of Ry we
obtain 3¢ € X (¢ £ a and pRnq).

From here it follows (iv) because p < Oa is equivalent to Vg € X (pRaq =
g < a} and, since L is complete, to \/ pRp < a. ]

Now we are going to study the morphisms of the categories UQA™T and
PR.

Definition 3.2.10. Let L, K € UQAT. A map h : L — K is a morphism
h € UQAT(L, K) if h is a complete homomorphism such that, for each a € L:

(i) h(Ca) = O(h(a)).
(ii)  A(Oa) = O(h(a)).
(iii)  h(>a) => (h(a)).
(iv)  h(<a) =< (h(a)).

To define the set of morphisms PR(Y, X) from Y to X with Y, X € PR
we must find the conditions that correspond to (i),...,(iv).
The key to these proofs is the elimination of the universal quantifier on

elements of L. This is a process that we have already used for homomor-
phisms in DLT.
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Suppose h € UQAY(L,K). Then by Theorem 3.2.6 there is an order
preserving map ¢ : J*(K) — J*°(L) corresponding to h.

Since K is join generated by J*(K) it follows that the equation (i) holds
if and only if we have simultaneously

Va € LVqe J®(K): (¢ <h(Ca)=q<O(h(a))) (%)
and
) = (g < h(<a)). ()

(a
) < <a by Theorem 3.2.6 and,
©(q) < <aif and only if p(q) <

Vae LVqe JO(K): (¢<<(h
(g

Now, on one hand, ¢ < h(<$a) <= ¢(q
since < is completely join preserving we get

Ve ooy Op-

p<a

But ¢(q) € J°°(L) thus, there exists p € J°°(L) such that p < a and
©(q) < Op. Thus we obtain

qg<h(Ca)sIpeJ®L): (p<aandp(q)Rop).

On the other hand, since h(a) =/, joo(x)  We have that

r<h(a)

g <<O(hfa) <= q¢< < \/ r| <=q< \/ O

reJ>e(K) reJ>®(K)
r<h(a) r<h(a)

Since ¢ € J*(K) there is r € J*(K) such that r < h(a) and ¢ < Or and
hence
g <O(h(a)) < Ire JO(K):  (¢(r) <aand qRor).

Consequently (k) is true if and only if

Va € LVq € J*(K) :
(Fp € J*(L): (p<aand p(q)Rop) = (3r € J*(K) : (¢(r) < aand gRor))

if and only if

Va € LYq € J*(K)Vp € J*(L) :
((p <aand p(q)Rop) = (FIr € J®(K) : (p(r) < aand gRor))
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if and only if

Vg e J®(K)Vp e J®(L) :
(p(@)Rop = (Ir € J(K) : (p(r) <pand gRor))

Notice that the last equivalence holds because, given p € J*°(L), the least
a satisfying the antecedent is a = p and, if the consequent holds for some a,
then it also holds for any greater values of a.

In what concerns condition (*x), the implication is equivalent to

Va € LVq e J*®(K):
((Fre JX(K): ¢(r) <aand qRor) = (Ip € J(L) : (p < aand p(q)Rop))

which holds if and only if
Va € LVq,r € J®(K):

((p(r) <aand qRor) = (3p € J*(L) : (p < aand ¢(q)Rop)) -

The least a for which the antecedent holds is a = ¢(r) and, if some a
verifies the consequent then any greater values of a do the same. Therefore
the previous condition is equivalent to

Vg, r € J®(K) :
(qRor = (3p € J*®(L) : (p < ¢(r) and ¢(q)Rop))
which holds if and only if
Vg, r € J¥(K) : (qRor = (q)Roo < ¢(r))
which is equivalent to
Vg, r € J¥(K) : (qRor = ¢(q)Rop(r))

by Definition 3.2.7 (i).
So we conclude that

Vg, € J*(K) . (qRor = 0(q)Row(r))
and

Vg € J*(K)Vp € J¥(L) : (p(q)Rop = (3r € J*(K) : (¢(r) < pandqRor))
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are equivalent to (i).

Using a similar process we can determine the conditions in PR that corre-
spond to equations (ii) ,(iii) and (iv) and see that the set of order preserving
maps satisfying these conditions is closed for the composition of maps.

We obtain the following

Definition 3.2.11. Let XY € PR. An order preserving map ¢ : X — Y
is a morphism in PR if it satisfies the following conditions:

(i) (a) Vg,r € X+ (qRor = p(q)Rop(r)).
b) Vge XVpeY: (p(q)Rop= (Fr € X : (p(r) < pandqRor)).

(a)
(b)
(ii) (a) Yg,r € X : (qRar = ¢(q)Rop(r)).

(b) Yge XVpeY : (¢(q)Rap = (3r € X : (p(r) > pand gRar)).
(a) Vg,r € X ¢ (qRor = 9(q)Roip(r)) -

(b) Vg€ XVpe Y : (p(q)Rep = (Ir € X : (p(r) < pand qRur)).
(a)
(b)

(i)

a) Vg,r € X : (qRar = @(q)Rap(r)) .
b) Vge XVpeY : (p(¢)Rap = (Ir € X : (¢(r) > pand gR4r)).

(iv)

In [23] Goldblatt, maps between ordered relational structures satisfying
these conditions are called bounded morphisms.

As a consequence of Theorem 3.2.6 we have the following:

Theorem 3.2.12. Let L, K € UQA™T and let X,Y € PR. Given a morphism
h e UQAY(L, K), there is an associated morphism ¢y, € PR(J*®(K), J>(L))
defined by

on(p) =min{a € L:p<h(a)} =mazx{a € L:k(p) > h(a)}
for allp € J>*(K).

Given a morphism ¢ € PR(Y, X), there is an associated morphism h,, €
UQAT(D(X),D(Y)) defined by

for each U € D(X).
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The maps ()4 : UQAT(L, K) — PR(J®(K), J>(L)) such that (h)y =
on and ()T : PR(Y,X) — UQAT(D(X),D(Y)) such that (¢)* = hy, are
bijections.

The diagrams

L —_— K

a | =

D(J>(L)) — D(J>(K))

he),
and
Y L 2N X
Eyj( J{&X
J*(D(Y)) —— J*(D(X))
commute.
Further:

(i) h is one to one if and only if @y is onto.
(ii) h is onto if and only if @y is an order embedding.

Now it is clear that the functors (), and ()™ establish a dual equivalence
between the categories UQA™ and PR.
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3.3 Discrete duality for Canonical Extensions

Given a Distributive lattice L, the canonical extension L? falls in the category
DL that we have described in Section 3.1.

In fact o : DL — DLT is a functor ([19] Theorem 17 ). However as it is
noticed in [19] Remark 3 it is not clear exactly what the image objects are.

The distributive lattices in the codomain of the functor o are those lattices
D(X) for which X is a representable poset or a spectral poset, that is a poset
that is order isomorphic to the set of prime ideals (or filters) of a distributive
lattice, ordered by inclusion.

As is referred by H. Priestley in [32] page 112 ”"In order that a poset X
be spectral it is necessary (but not sufficient) that it satisfies the conditions

(K1) X is up-complete and down-complete.

(K2) X is weakly atomic (that is, given < y in X there exist u,v € X
such that r <u < v <y and u < z < v implies z = u).

These properties hold in the underlying ordered set of a Priestley space”.

By up-complete we mean a poset X where every up-directed subset has a
join in X. By down-complete, a poset such that every down-directed subset
has a meet in X.

The fact that a DL is the canonical extension of a distributive lattice implies
among other things that Lemma 3.1.18 ([18] Corollary 3.9) holds and as
consequence we have:

Lemma 3.3.1. Let L, K € DL.

If f : L — K s a join preserving map and f° : L — K¢ is the canonical
extension of f, then for each ¢ € J®°(K?) and p € J®(L7) with ¢ < f7(p)
there is r € J®(L%) with r < p such that r is minimal in {s € J*(L?) : q <
fo(s)}-

If g - L — K s a meet preserving map and ¢° : L° — K% is the
canonical extension of g, then, for each q € J*(K?) and p € J>®(L?) with
k(q) > ¢°(k(p)) there is r € J>®°(L?) with r > p such that v is mazimal in
{s € J=(L7) : K(q) = ¢7(k(s))}-

Proof. Since f is join preserving, f is isotone so, it satisfies the conditions
of Lemma 3.1.18 and therefore, for each ¢ € J*(K?) and p € J>*(L) with
q < f?(p), there is x € K(L?) such that z < p and « is minimal in {v € L7 :
q < f7(v)}.

But x = \/{r € J*(L?) : r < z} because L’ is join generated by J*>°(L?).
Thus, from ¢ < f9(x), it follows ¢ < f7 (\/r<x r) and consequently ¢ <
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V., <, f7(r) since f7 is completely join preserving by Lemma 3.1.22. Then,
there is r € J*®(L?) such that » < x and ¢ < f?(r) because ¢ is completely
join irreducible. Since z is a minimal solution of ¢ < f?(x), we have z = r.
Finally, if r is minimal in {v € L7 : ¢ < f?(v)}, it is also minimal in the
subset {s € J*(L7): ¢ < f7(s)}

In what concerns the meet preserving map g, notice that it is possible to
consider the join preserving map

g°: L? — K°

which is set theoretically identical to g.

For this map g2 we have just proved that for each x(q) € J®((K?)?) =
M>=(K?) and x(p) € J*((L?)?) = M>=(L%) with k(q) <? (¢°)7(k(p)) there
is a k(r) € J®((L2)°) = M>(L°) with k(r) <% k(p) and k(r) is (order
dually) minimal in {v € L7 : x(q) <? (¢9)°(v)}.

From the characterization of L? and K? it follows that for each ¢ €
J®(K?) and p € J>®(L?) with k(q) > ¢°(k(p)) there is a r € J*(L?) with
r > pand k(r) is maximal in {v € L7 : k(¢q) > ¢”(v)}. But this implies that
r is maximal in {s € J*(L?) : k(q) > g7 (x(s))}.

In fact, r € {s € J®(L?) : k(q) > ¢°(k(s))} and, for any s > r, we have
k(s) > k(r). Since k(r) is maximal in {v € L7 : k(q) > g7 (v)}, we conclude
that x(r) = k(s) and consequently r = s. O

The previous Lemma can be generalized to join reversing or meet revers-
ing maps, hence we can apply it to the canonical extensions of the unary
operations &, 0, > and <.

Though these canonical extensions are denoted by <7, 0% >% and <7,
since there is no danger of misunderstanding we will denote the correspond-
ing relations in J>°(L?) by Re, Ro, R and R as usual and, for each ¢ €
J®(L7), we will consider the subsets:

qRo = {r € J®(L?): qRor}, qRs ={r e J®(L%): qRyr},

qRn ={r € J*(L?): qRor}, qRq={re€ J(L%): qRr}.

From these definitions and from Lemma 3.3.1 it follows:

Theorem 3.3.2. Let (L,<0,0,>,<) € UQA and let (L7,07,07,>7, %) €
UQAT be its canonical extension. Then
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(i) For every p € J*(L?) such that qRop there is a minimal element
r € qRo such that r < p.

(i) For every p € J*(L?) such that qRyp there is a minimal element
r € qRs such that r < p.

(i1i) For every p € J®(L?) such that qRap there is a mazimal element
r € qRo such that r > p.

(iv) For every p € J*(L%) such that qR4p there is a mazimal element
r € qR4 such that r > p

Proof. 1t is clear that (i) and (iii) are a direct consequence of Lemma 3.3.1.
For (ii) and (iv) observe that, considering the order dual of L as in the
proof of Lemma 3.3.1, we have the completely join preserving maps

>% L — L% and <: L9 — L.
Therefore we can apply Lemma 3.3.1 to these maps. O

Now we can define the relation RZ™ such that g R%"p if and only if gRep
and p is minimal in ¢Ro.

In a similar way we define R, R and R7".

Observe that for a canonical extension L° € UQA" we have, for each
q € Jo(L),

qRo =1 qRZ™, qRy =1 qRZ™, qRo =] qRE™ and qRo =| ¢R%™.

We can also prove the following corollary that shows how these relations
behave in what concerns morphisms:

Corollary 3.3.3. Let X = J*(L?) andY = J>*°(K?) where L and K° are
the canonical extensions of L, K € DL. Let p : X — Y be a morphism in
PR.

Then ¢(X) is closed under the relations RE™, R™™ R%® and R

Proof. Let x € X and let p € Y be such that p(x)RZ"p. By Definition
3.2.11 there is 7 € X such that ¢(r) < p and xRor.

But, again by Definition 3.2.11, ¢ preserves the relation R¢ so we have
also ¢(z)Roe(r) and, since p is minimal in ¢(x)Re we conclude that p =
o(r).

The proofs for the other relations are similar. ]
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3.4 Basic Topological duality

We can apply the duality established for the category DL™ to define a duality
for bounded distributive lattices.

3.4.1 Bounded Distributive Lattices

Suppose that L is a bounded distributive lattice, (L € DL). The canonical
extension of L, L7 is, according to [20] Theorem 2.2, a DL" containing L as
a separating compact sublattice (Definition 3.1.2 and Theorem 3.1.3)

We have seen in section 3.2.1 (Theorems 3.2.1 and 3.2.6) that there is a
dual equivalence between the category DL of perfect bounded distributive
lattices and the category P of posets.

Since L? € DL, we know that (J*(L7),<) € P.

If we want to recapture L from L however, we need to remember how L
sits inside L7.

Of course, if we want Priestley duality, the way to capture L from the
dual of L7, X = J*°(L7), is by considering the sets

v(a) ={pe J®(L?): p<a} and v(a)® = J*(L7) \ v(a)
for a € L, and by generating a topology 7 on X having the set
{v(a),v(a): a € L}

as a subbasis.

By Definition 3.1.2 and Theorem 3.1.3 ([20] Theorem 2.5), (J*(L?), <, T)
is a compact totally order disconnected space and, denoting by ClopD(J>°(L?))
the set of clopen downsets of J*>°(L?), it is obvious that

(ClopD(J>*(L?)),N,U, 0, J*(L7)),

being a sublattice of (D(J>°(L7)),N,U, 0, J>*°(L?)) is a bounded distributive
lattice.

On the other hand, if we consider a compact totally order disconnected
space (X, <,7), then (X, <) is a poset and D(X) is in DL*'. Clearly D(X)
is the canonical extension of the bounded distributive lattice ClopD(X).
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Let us denote by DL the category of bounded distributive lattices having
as morphisms {0,1}-homomorphisms and by P, the category of Priestley
spaces having as morphisms continuous order preserving maps.

We have just seen how to define, at the objects level, functors from DL
to P, and from P, to DL.

We will use D and E to denote these functors so that we have:

Lemma 3.4.1. There exist maps D : DL — P, and E : P, — DL such
that for each L € DL and each X € P,

D(L) = (J*(L%),<,7) and E(X) = (Clop(D(X)),U,N, , X).
Further, the following is also true:

Lemma 3.4.2. Let L be a bounded distributive lattice and L° its canonical
extension. Then the map

viar— {pe J®(L%): p<a}
is an isomorphism of L onto ClopD(J>(L?)).

Proof. By the definition of v we know that v = n [, where n : L7 —
D(J>*(L%)) is, by Theorem 3.2.1, an isomorphism. Consequently v is a ho-
momorphism and v is injective. We only have to prove that v is onto.

Let U € ClopD(J*®(L%)).

For each p € U and g € U, since U is a downset, we have ¢ £ p, and thus,
by Theorem 3.1.3, there is a,, € L such that p < a,, but ¢ £ a,,.

We have, for any given p € U and ¢ € U®, ¢ € v(a,,) and thus

U° C | Jolapg)®: g€ U}

Since U* is closed and therefore compact, we get ¢y, ..., ¢, such that:

that is

n
where a, = Ai_; ap,q,-
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That is, for each p € U, there is a, € L with p < a, and v(a,) C U. But
then U = {J iy v(ap) and, by compactness of U, we get py,...p,, € U with

U v(ay,) U v(a,) =U

peU
SO
m m
=Uv@) =v | Va,
=1 i=1

and thus U is in the image of v
m

If we consider a compact totally order disconnected space (X, <, 1), there
is, by Lemma 3.4.1, a bounded distributive lattice £(X) = ClopD(X). To
this lattice corresponds a Priestley space (J*(D(X)), <,7) where 7 has as a
subbasis

{v(U),v(U)°: U € ClopD(X)}.
Notice that the completely join irreducible elements of D(X) are the
principal ideals | z with x € X so, for any U € ClopD(X), we have

vU)={lzeJ®DX)):leCU}t={lzeJ®DX)): xcU}
and we can prove:

Lemma 3.4.3. Let (X, <,7) be a Priestley space. Then the map € : X —
J®(D(X)) such that for each v € X we have e(x) =| x is an order homeo-
morphism.

Proof. By Theorem 3.2.2, we know that ¢ is an order isomorphism. To prove
that it is an order homeomorphism it is only necessary to prove that, for any
U € Clop(D(X)), the subsets e~ }(v(U)) and e~ (v(U)*) are clopen.

Let U € ClopD(X), then

cetw0)={recX: e(x) cv(U)}
={zeX:|xzevl)}
={zxeX:xeU}
=U.

Therefore e 1 (v(U)) is clopen and e~ (v(U)¢) = X \ e (v(U)) is also clopen.
O
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At this point we have defined, at the objects level, a duality between the
categories DL and P;.

Now we are going to see how to define maps D and E between morphisms
of the two categories.

Let L, K € DL and let h be a {0, 1}-homomorphism from L to K (i.e.
heDL(L,K) ).

It is possible to define extensions of A to L?. Since h is isotone we have,
by Remark 3.1.16, extensions

h [ — K%and h™ : L° — K°
such that for each v € L7 :
h? (u) :\/{/\{h(a) crx<a€Ll}:u>z¢€ K(L”)}

where K(L7) is the meet closure of L in L7 and

h”(u):/\{\/{h(a): y>acL): ugyeO(L")}.

where O(L?) is the join closure of L in L.

By Lemmas 3.1.22 and 3.1.23 (|20] Theorem 2.23), h™ is completely join
preserving because h is join preserving and, since h is meet preserving, h? is
completely meet preserving and h™ = h°.

So we conclude that h7 is a complete homomorphism i.e. h” € DL (L7, K?)

Further, we have:

Lemma 3.4.4. Every complete homomorphism H : L — K that extends
h s equal to h°.

Proof. This consequence was not made clear in [20] but essentially follows
from the fact that h° is the greatest (o,:!)-continuous extension of h and
h™ is the least (o,:!)-continuous extension of h (see Theorem 3.1.13 or [20]
Theorem 2.15).

To see this, notice that, by Remarks 3.1.11 and 3.1.17, for an order pre-
serving map H : L7 — K7 we have, for any u € L7,

H(u):\/{H(x):K(L”) Sz <u}
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if and only if H is (o, !)-continuous.

It is clear that H(u) = \/{H(z) : K(L°) > < u} implies the (o7, 1)-
continuity of H and consequently its (o, (!)-continuity.

Conversely, if H is (o, 1!)-continuous then, by Remark 3.1.17, H is (o', 11)-
continuous so that ¢ € J*(L?) and ¢ < H(u) implies the existence of an
x € K(L7) such that, for any v € L7 such that x < v we have ¢ < H(v) and
hence ¢ < H(z). Thus ¢ < V{H(z) : K(L?) > x < u}.

On the other hand, if ¢ € J*(L%) is ¢ < \/{H(z) : K(L°) 2 = < u},
then, since ¢ is completely join irreducible there is # < u such that ¢ < H(z).
But H is order preserving so that ¢ < H(u).

Thus the equality is proved.

Dually

H(u) = N{H(y) : O(L%) 5 y > u}

if and only if H is (o, t!)-continuous.
But these properties certainly hold for any complete homomorphism. So,
by Theorem 3.1.13 and Corollary 3.1.14, we have

H<hW <K <H

and thus H = h°.
O

Having, for each h € DL(L, K), a complete homomorphism h? € DL (L7, K7)
we have also, by Theorem 3.2.6, an order preserving map o € P(J*(K7), J*(L7))
such that

one(q) =min{u € L : q < h%(u)} = /\{u €L :q<h’(u)}

for all ¢ € J>(K").
It is possible to define o in a different way.

Lemma 3.4.5. Let L? and K° be the canonical extensions of the distributive

lattices L and K, respectively. Let h be a homomorphism from L to K. Then,
for every q € J*(K7),

o) = NueL?: g<h’(w}y=N{aeL: g<h(@)} (N inl).
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Proof. We know that L is a sublattice of L7 and, for every a € L, h?(a) =
h(a) so,
fuel?: ¢q<h(u)} 2{acL: q<hla)}.

and, consequently
Nuerl: g<hi(uw} < NlaeL:q<hla)}.

On the other hand, since h? is (o, :!)-continuous and isotone, we know
by Remarks 3.1.11 and 3.1.17 that, for every u € L and every g € J*(K?)
such that ¢ < h7(u), there is x € K(L?) such that < w and for any v € L7,

r<v=q<h’(v).

S0
{a€eL:z<a}C{a€L: q<h(a)}.

But x = A{a € L : = < a} because x € K(L?). Thus x > A{a € L:
q < h(a)} and, from u > z it follows u > A{a € L : q¢ < h(a)}.
Therefore

Nuel: g<h?(w)} > A\{acL: q<ha)
U]

For Y, X € P, let us denote by P.(Y, X) the class of continuous order
preserving maps from Y to X. It is now possible to prove

Lemma 3.4.6. Let L, K € DL. Given a{0, 1}-homomorphism h € DL(L, K),
there is a continuous order preserving map

S PT(JOO(KU>7 JOO(LU))

defined by
on(g) = N{a € L:q< h(a)}
for all g € J>®(K?).
These maps are such that, for each a € L and each q € J*(K?),

q < h(a) if and only if pn(q) < a. (%)
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Proof. The equivalence
q < h(a) if and only if ¢x(q) < a

is an immediate consequence of Theorem 3.2.6 because we have, for each
a € L, h(a) = h?(a).

By Theorem 3.2.6 and Lemma 3.4.5, we know that ¢ is an order pre-
serving map so, we have only to prove that ¢, is continuous. To do so it is
enough to prove that for any a € L, ¢; '(v(a)) is a clopen subset of J*(K?).

o, (v(a) =@, ({p e J¥(L7) : p<a})
={qe€ J®(K?): vu(q) <a}
={q € J™(K?): ¢ < h(a)}
= v(h(a))

So ;' (v(a)) is clopen. O
On the other hand we have:

Lemma 3.4.7. Let X,Y € P, and let ¢ € P.(Y,X) be a continuous order-
preserving map. Then, there is an associated {0, 1}-homomorphism h, €
DL(ClopD(X), ClopD(Y)) defined by

ho(U) = o~ (U)
for each U € ClopD(X).

Proof. Since ¢ is an order preserving map we know from Theorem 3.2.6
that there is a complete homomorphism H, from D(X) to D(Y") such that
H,(U) = ¢~ \(U).

But ¢ is continuous so H, maps ClopD(X) into ClopD(Y) and conse-
quently h, = H,, | ClopD(X). ]

So we can consider contravariant functors between the categories DL and
P, arriving this way at a duality that is none other than Priestley duality
([17] 10.25).

Theorem 3.4.8. Let L, K € DL and let X,Y € P,.
Given a {0, 1}-homomorphism h € DL(L,K), there is an associated
continuous order preserving map D(h) € Pr(J*(K7), J>®(L7)).
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Given a continuous order-preserving map ¢ € P.(Y,X), there is an as-
sociated {0, 1}-homomorphism E(yp) € DL(ClopD(X), ClopD(Y)).

The maps D : DL(L, K) — P (J>®(K?),J®(L%)) and E : P, (Y, X) —
DL(ClopD(X),ClopD(Y')) are bijections and the diagrams

L — K

ClopD(J>®(L?)) ——— ClopD(J®(K?))

ED(h)
and
Y £, X
8yJ{ J/EX
JX(DY)) —— J*(D(X
(DY) 5= J=(D(X))
commute.
Further:

(i) h is one to one if and only if D(h) is onto.
(ii) h is onto if and only if D(h) is an order embedding.

Proof. The maps D and FE are defined in Lemmas 3.4.6 and 3.4.7.

To prove that D is one to one let us consider hy, he € DL(L, K) such that
hi # ho.

Clearly, for the extensions h{,hJ, we have h{ # hJ and, by Theorem
3.2.6, the corresponding order preserving maps ¢, and ¢yg are also different.
But, as we proved in Lemma 3.4.5, pye = ¢p, and prg = pp, With op,, on, €
Po(J%(K?),J(L7)) s0 D(hy) # D(hs).

To prove that D is onto let us consider ¢ € P,(J>*(K7), J>(L?)). Since
we have also ¢ € P(J>®(K7), J*(L?)) we know by Theorem 3.2.6 that there
is H e DL (L7, K7) such that ¢ = ¢g.

Denoting by H,, the complete homomorphism

H,, € DLY(D(J™(L?)), D(J*(K7)))

such that H,, = ¢g'. It follows that H,, maps ClopD(J®(L°)) into
ClopD(J>°(K7)) because g is continuous.



108 CHAPTER 3. DUALITY

By Theorem 3.2.6 we know that H = 77;(1 oH,, ony.
For any a € L we have n(a) = vr(a) € ClopD(J*(L?)) so,

H,, oni(a) = ¢y (n.(a)) € ClopD(J*(K7)).

Therefore, by Lemma 3.4.2, 03! o H,,, ony(a) = v (H,, on(a)) € K.

So Hy, € DL(L,K) and H extends H,. By Lemmas 3.4.4 and 3.4.5,
¢ =g =D(Hz).

In what concerns F, we are going to consider ¢1, v € P, (Y, X) such that
E(p1) = E(py), Then, for every U € ClopD(X), o7 (U) = p, 1 (U).

Now suppose, in order to obtain a contradiction, that ¢; # ©s.

Then there is p € Y such that ¢1(p) # p2(p). Without loss of generality
we may suppose that p1(p) £ p2(p). Since X is a Priestley space, there
is V' € ClopD(X) such that ps(p) € V and ¢i(p) € V and consequently
p€ i, (V)and p & ;' (V). A contradiction.

So E is one to one.

To see that E is onto let us consider h € DL(ClopD(X),ClopD(Y)).
Then h? € DLT(D(X),D(Y)) and, by Theorem 3.2.6 there is an order pre-
serving map ¢ € P(Y, X) such that h? (V) = ¢~ 1(V) for every V € D(X).

Since h? maps ClopD(X) in ClopD(Y') because it extends h it follows
that ¢ is continuous.

Then we have ¢ € P.(Y,X) and, for every U € ClopD(X), h(U) =
v~ {(U) so h = E(p).

To prove that the diagrams commute notice that, for every a € L,

vk (h(a)) ={q € J¥(K?): g < h(a)} ={q € J™(K?): pn(q) <a}
and that
he,(vp(a)) = ¢t ({p € J=(L7) 1 p < a}) ={g € J®(K) : ¢nlq) < a}

so vg o h = hy, ovr.
On the other hand, for every ¢ € Y,

ex(p(q) =1 ¢(q)
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and, by Lemma 3.4.5,

Pro(ey (9) = ene(l @)
= \{U € ClopD(Y') : | ¢ C hy(U)}
=min{VeDY):]qC o (V)}
=min{V e DY) : ¢(q) €V}
=1 v(q)

SO EX OY = Phrp O €y
As for (i) and (ii), notice that these conditions are a direct consequence
of Theorem 3.2.6 and Theorem 17 in [19].
O

In [17], Priestley studies the correspondents of congruences in the dual
spaces. Since congruences play an important role in Lattice Theory we will
also refer here the representation of congruences of a distributive lattice L €
DL. We will denote by Con(L) the lattice of congruences of L.

To a congruence 6 € Con(L) corresponds a homomorphism A of L onto
L/6. Therefore, by the previous theorem, the map D(h) = ¢y, : J>* ((L/0)7) —
J*°(L7) is a continuous order embedding and consequently its range is a com-
pact and hence a closed subset of J*(L?) that is homeomorphic to the dual
space of L/#.

Denoting by Z this range we have, for any a,b € L:

abb < h(a) = h(b) < ED(h)(v(a)) = ED(h)(v(b)) & ¢, (v(a)) = @, (v(b)).
Since Z is the range of the order embedding ¢, it is easy to prove that
o (v(@)) = @7 (b)) & v(@) N Z = v(b) N Z
and consequently
afb if and only if v(a)NZ =v(b)NZ.
It is possible to show, following [17], that this correspondence between

Con(L) and the order dual of the lattice of closed subsets of J*(L7) is an
isomorphism so we have:
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Corollary 3.4.9. Let L € DL and X = J*(L?). To any congruence
0 € Con(L) corresponds a closed subset Z C X that is homeomorphic to
J®((L/0)7) and that is such that, for any a,b € L,

abb < v(a)NZ =v(b)N Z.

The lattice of congruences of L, Con(L), is isomorphic to the order dual
of the lattice of closed subsets of X.

The duality for distributive lattices that we have been developing can
also be applied to distributive lattices with operations that are meet or join
preserving and meet or join reversing.

This was done in a different setting by R. Goldblatt in [23]. There he
used Priestley duality to develop a representation for distributive lattices
with operators that are meet or join preserving. Later, in [41], V. Sofronie-
Stokermans extended this duality to meet or join reversing operators.

In the present work we will restrict our study to unary operations as this
is all we need.

3.4.2 Distributive Algebras

Following [21] we can define relational structures that are the duals of UQAs
(Definition 3.1.24). We will start by considering algebras with a single unary
operation that is join-preserving. This way we will start by studying in detail
algebras

(L,V,NA,<,0,1)

that are the reducts of algebras in UQA. Then it will be easy, using the
order dual of L, the generalization to algebras

(L,V,A,<,0,>,<,0,1) € UQA.

Definition 3.4.10. A UQ< is an algebra (L, V, A, 0,1, &) where (L, V, A, 0, 1)
is a bounded distributive lattice and < is an unary operation satisfying

S0 =0 and C(aVb) =<CaVOb

The unary operation < is an order preserving map < : L — L so we can
extend ¢ to L7 and we can define unambiguously as in Definition 3.1.25:
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Definition 3.4.11. Let L = (L, V,A,0,1,0) € UQC. The canonical exten-
sion of L is the algebra

L7 = (L°,V,A,0,1,0%) = (L7, V, A, 0, 1, 7).

We will denote by UQ<OT those algebras in UQ< such that L € DLT and
<& is completely join preserving.

From Lemma 3.1.27 it follows that
If L is a UQQ, then L7 is a UQOT

so, for canonical properties (Definition 3.1.30), we can move to the canonical
extension of an algebra L € UQ<.

In Section 3.2, we studied the correspondents of completely join preserv-
ing maps. From there we can conclude that the dual of (L7, Vv, A,0,1,0%) €
UQ<OT is a relational structure, (J*°(L7), <, Ro) € PRO, where PR is the
following class of structures:

Definition 3.4.12. A PR< is a relational structure (X, <, Ro) such that
(X, <) is a partially ordered set and R, C X x X is a binary relation
satisfying

< oR¢ <C Ro.

To get a relational structure that is the dual of (L, V, A, 0,1,<) we have
to find out additional conditions involving the relation R¢ and the topology
in the dual space of (L,V, A,0, 1), (i.e. the Priestley space (J*(L?),<,T)).

The conditions that we will obtain correspond to the restrictions of those
obtained by R. Goldblatt in [23] (2.2).

Lemma 3.4.13. Let L € UQ< and let Re be the binary relation on J>°(L%)
such that, forp,q € J®(L%), pRoq if and only if p < &%q. Then Re satisfies:

(i) For any U € ClopD(J*(L?)), we have R5'(U) € ClopD(J>(L?)).

(11) For each p € J*(L?) the set pRo = {q € J®(L?) : pRoq} is a closed
subset of (J®(L7),<,T).
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Proof. 1) For every U € ClopD(J>°(L?)) there exists a € L such that U =
v(a) (Lemma 3.4.2), so

RSNU) = R (v(a))
={pe J®(L?): s € J*(L?) (s € v(a) and pRes)}
={pe J®L%): s J®(L7)(s <aand p < O%s)}.

Since 7 is order preserving, (s < a and p < ¢%s) implies p < O%a.
Conversely if p < $%a we get, since &7 is completely join preserving,

p < \/{O”r cr e JO(L?) and r < a}.

Consequently there is some r < a such that p < % because p € J*(L7).
So ds € J*®(L?) : (s < a and p < O7%) is equivalent t