GRADED HECKE ALGEBRAS
FOR DISCONNECTED REDUCTIVE GROUPS

ANNE-MARIE AUBERT, AHMED MOUSSAOUI, AND MAARTEN SOLLEVELD

ABSTRACT. We introduce graded Hecke algebras H based on a (possibly discon-
nected) complex reductive group G and a cuspidal local system £ on a unipotent
orbit of a Levi subgroup M of G. These generalize the graded Hecke algebras
defined and investigated by Lusztig for connected G.

We develop the representation theory of the algebras H, obtaining complete
and canonical parametrizations of the irreducible, the irreducible tempered and
the discrete series representations. All the modules are constructed in terms
of perverse sheaves and equivariant homology, relying on work of Lusztig. The
parameters come directly from the data (G, M, £) and they are closely related to
Langlands parameters.

Our main motivation for considering these graded Hecke algebras is that the
space of irreducible H-representations is canonically in bijection with a certain set
of "logarithms” of enhanced L-parameters. Therefore we expect these algebras to
play a role in the local Langlands program. We will make their relation with the
local Langlands correspondence, which goes via affine Hecke algebras, precise in
a sequel to this paper.

Erratum. Theorem and Proposition were not entirely correct as stated.
This is repaired in a new appendix.
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INTRODUCTION

The study of Hecke algebras and more specifically their simple modules is a pow-
erful tool in representation theory. They can be used to build bridges between
different objects. Indeed they can arise arithmetically (as endomorphism algebras
of a parabolically induced representation) or geometrically (using K-theory or equi-
variant homology). For example, this strategy was successfully used by Lusztig in
his Langlands parametrization of unipotent representations of a connected, adjoint
simple unramified group over a nonarchimedean local field [Lus6, Lus8|. This paper
is part of a series, whose final goal is to generalize these methods to arbitrary irre-
ducible representations of arbitrary reductive p-adic groups. In the introduction we
discuss the results proven in the paper, and in Section [1| we shed some light on the
envisaged relation with the Langlands parameters.

After [AMS], where the authors extended the generalized Springer correspondence
in the context of a reductive disconnected complex group, this article is devoted to
generalize in this context several results of the series of papers of Lusztig [Lus3l, Lus5,
Lus7]. Let G be an complex reductive algebraic group with Lie algebra g. Although
we do not assume that G is connected, it has only finitely components because it is
algebraic. Let L be a Levi factor of a parabolic subgroup P of G°, T'= Z(L)° the
connected center of L, t its Lie algebra and v € [ = Lie(L) be nilpotent. Let CZ be
the adjoint orbit of v and let £ be an irreducible L-equivariant cuspidal local system
on CL. The triples (L,CL, £) (or more precisely their G-conjugacy classes) defined
by data of the above kind will be called cuspidal supports for G. We associate to
7 = (L,CL, L) a twisted version H(G, L, £) = H(G, ) of a graded Hecke algebra
and study its simple modules. More precisely, let W, = Ng(7)/L, W2 = Ngo(7)/L
and R, = Ng(P,L)/L. Then W, = W2 x R,. Let r be an indeterminate and
1r: M2 — C* be a (suitable) 2-cocycle. The twisted graded Hecke algebra associated
to 7 is the vector space

H(G, 1) = C[Wr, -] ® S(t*) ® Clr],

with multiplication as in Proposition As W, = W? xR, and W, plays the
role of W? in the generalized Springer correspondence for disconnected groups, the
algebra H(G, 7) contains the graded Hecke algebra H(G®°, 1) defined by Lusztig in
[Lus3] and plays the role of the latter in the disconnected context. More precisely,
let y € g be nilpotent and let (o, 7) € g C be semisimple such that [o,y] = 2ry. Let
o9 = o —rh € t with h € g a semisimple element which commutes with ¢ and which
arises in a sly-triple containing y. Then we have mo(Zg(0,v)) = m0(Zc(00,y)), where
Z(0,y) denotes the simultaneous centralizer of o and y in G, and respectively for
oo. We also denote by ¥ the cuspidal support map defined in [Lusll [AMS], which
associates to every pair (x,p) with € g nilpotent and p € II“I"(W()(ZG(SL'))) (with
Z(x) the centralizer of z in G) a cuspidal support (L',C5, £').

Using equivariant homology methods, we define standard modules in the same
way as in [Lus3] and denote by Ey ,, (resp. Ey . r,) the one which is associated to
y,o,r (resp. y,o,r and p € II“I“(?T()(ZG(O', y)))) They are modules over H(G, 7) and
we have the following theorem:

Theorem 1. Fiz r € C.
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(a) Let y,o € g with y nilpotent, o semisimple and [o,y] = 2ry. Let p €
Irr(m(Za(00,y))) such that Wy, 50 (Y, p) = 7 = (L,CE, L)q. With these data
we associate a H(G, T)-module Ey s, ,. The H(G,T)-module Ey s, has a dis-
tinguished irreducible quotient M, ;. ,, which appears with multiplicity one in
Eyorp-

(b) The map My g, <— (y,0,p) gives a bijection between Irr,(H(G, 7)) and G-
conjugacy classes of triples as in part (a).

(¢) The set Irr,.(H(G, 1)) is also canonically in bijection with the following two sets:

o G-orbits of pairs (x,p) with x € g and p € Irr(mo(Za(x))) such that
‘I/ZG(IS)(xN, p) =T, where x = xg + xn is the Jordan decomposition of x.

e N¢(L)/L-orbits of triples (o9,C, F), with oo € t, C a nilpotent Zg(og)-orbit
in Zg(oo) and F a Zg(oo)-equivariant cuspidal local system on C such that
\IJZG(O.O)(C,./—") =T.

Next we investigate the questions of temperedness and discrete series of H(G, 7)-
modules. Recall that the vector space t = X,(T) ®z C has a decomposition t =
tr @ itg with tg = X.(T) ®z R. Hence any = € t can be written uniquely as
x = R(z) +iS(x). We obtain the following:

Theorem 2. (see Theorem [3.25)
Let y, 0, p be as above with o,0¢ € t.

(a) Suppose that R(r) < 0. The following are equivalent:
o Eyorp is tempered;
o My orp is tempered;
e 0g € itR.
(b) Suppose that R(r) > 0. Then part (a) remains valid if we replace tempered by
anti-tempered.

Assume further that G° is semisimple.
(¢) Suppose that R(r) < 0. The following are equivalent:
o My orp ts discrete series;
e y is distinguished in g, that s, it is not contained in any proper Levi sub-
algebra of g.
Moreover, if these conditions are fulfilled, then oo =0 and Ey 5, = My g p.
(d) Suppose that R(r) > 0. Then part (c) remains valid if we replace (i) by: My .y,
s anti-discrete series.
(e) For R(r) =0 there are no (anti-)discrete series representations on which r acts
asr.

Moreover, using the Iwahori-Matsumoto involution we give another description
of tempered modules when R(r) is positive, and this is more suitable in the context
of the Langlands correspondence.

The last section consists of the formulation of the previous results in terms of
cuspidal quasi-supports, which is more adapted than cuspidal supports in the context
of Langlands correspondence, as it can be seen in [AMS, §5-6].

Recall that a quasi-Levi subgroup of G is a group of the form M = Zg(Z(L)°),
where L is a Levi subgroup of G°. Thus Z(M)° = Z(L)° and M +— L = M° is a
bijection between quasi-Levi subgroups of G and the Levi subgroups of G°.

A cuspidal quasi-support for G is the G-conjugacy class of g7 of a triple (M,CM qL),
where M is a quasi-Levi subgroup of G, CM is a nilpotent Ad(M)-orbit in m =
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Lie(M) and ¢L is a M-equivariant cuspidal local system on CM, ie. as M°-
equivariant local system it is a direct sum of cuspidal local systems. We denote
by q¥¢ the cuspidal quasi-support map defined in [AMS| §5]. With the cuspidal
quasi-support g7 = (M, Cf)VI ,qL) ¢, we associate a twisted graded Hecke algebra de-
noted H(G, g7).

Theorem 3. The analog of Theorem [Zwith cuspidal quasi-supports instead of cus-
pidal ones holds true.

The article is organized as follows. The first section is introductory, it explains
why and how the study of enhanced Langlands parameters motivated this paper.
The second section contains the definition of the twisted graded Hecke algebra asso-
ciated to a cuspidal support. After that we study the representations of these Hecke
algebras in the third section. To do that we define the standard modules and we
relate them to the standard modules defined in the connected case by Lusztig. As
preparation we study precisely the modules annihilated by r. By Clifford theory,
as explained in [AMS] §1], we show then that the simple modules over H(G, 7) can
be parametrized in a compatible way by the objects in part (c) and (d) of the first
theorem in this introduction. We deduce then the first theorem. After that we study
temperedness and discrete series, resulting in the second theorem of the introduc-
tion. Note that we show a version of the ABPS conjecture for the involved Hecke
algebras. To conclude, the last section is devoted to the adaption of the previous
results for a cuspidal quasi-support as described above.
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the local Langlands correspondence” (nr. 639.032.528).

We thank Dan Ciubotaru and George Lusztig for helpful discussions.

1. THE RELATION WITH LANGLANDS PARAMETERS

This article is part of a series the main purpose of which is to construct a bijec-
tion between enhanced Langlands parameters for G(F') and a certain collection of
irreducible representations of twisted affine Hecke algebras, with possibly unequal
parameters. The parameters appearing in Theorems [1| and [3| are quite close to those
in the local Langlands correspondence, and with the exponential map one can make
that precise. To make optimal use of Theorem [3| we will show that the parameters
over there constitute a specific part of one Bernstein component in the space of
enhanced L-parameters for one group. Let us explain this in more detail.

Let F' be a local non-archimedean field, let W be the Weil group of F', Ir the
inertia subgroup of W, and Frobr € W a geometric Frobenius element. Let G be
a connected reductive algebraic group defined over F, and GV be the complex dual
group of G. The latter is endowed with an action of W g, which preserves a pinning
of G¥. The Langlands dual group of the group G(F) of the F-rational points of G is
Lg = QV bl WF

A Langlands parameter (L-parameter for short) for “G is a continuous group
homomorphism

¢: Wr x SLa(C) = GY x Wp

such that ¢(w) € GVw for all w € Wg, the image of W under ¢ consists of
semisimple elements, and ¢|gp,,(c) is algebraic.
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We call a L-parameter discrete, if Zgv(¢)° = Z(GY)Wr°. With [Bor, §3] it is
easily seen that this definition of discreteness is equivalent to the usual one with
proper Levi subgroups.

Let Gy. be the simply connected cover of the derived group Gy, . Let Zgv, (¢) be

the image of Zgv(¢) in the adjoint group GY,. We define
Zésvc (¢) = inverse image of Zg;/d (¢) under GY. — G".

To ¢ we associate the finite group Sy := Wo(Zév (¢)). An enhancement of ¢ is an

irreducible representation of Sg. The group Sy coincides with the group considered
by both Arthur in [Art] and Kaletha in [Kal, §4.6].
The group GY acts on the collection of enhanced L-parameters for “G by

g-(6,p) = (9d9~ ", g p).

Let ®.(“G) denote the collection of GV-orbits of enhanced L-parameters.

Let us consider G(F') as an inner twist of a quasi-split group. Via the Kottwitz
isomorphism it is parametrized by a character of Z (QQ/C)WF , say (g. We say that
(6, p) € ®e(FG) is relevant for G(F) if Z(Gy.)WF acts on p as (g. The subset of
®.(FG) which is relevant for G(F) is denoted ®.(G(F)).

As well-known, (¢, p) € ®.(LG) is already determined by ¢|lw ., us := ¢(1, (1))
and p. Sometimes we will also consider GV-conjugacy classes of such triples
(¢|wyug, p) as enhanced L-parameters. An enhanced L-parameter (¢|w,,v,qe)
will often be abbreviated to (¢, ge).

For (¢,p) € ®.(LG) we write

(1) Gy = Zgy (dlw),
a complex (possibly disconnected) reductive group. We say that (¢, p) is cuspidal
if ¢ is discrete and (ug = ¢(1,(§1)),p) is a cuspidal pair for G4: this means that

p corresponds to a Gg-equivariant cuspidal local system F on Cif’. We denote the
collection of cuspidal L-parameters for ©G by @Cusp(Lg), and the subset which is
relevant for G(F') by ®cusp(G(F)).

Let G be a complex (possibly disconnected) reductive group. We define the en-
hancement of the unipotent variety of G as the set:

U(G) :={(CY, p) : with u € G unipotent and p € Irr(m(Zg(u))},

and call a pair (C$,p) an enhanced unipotent class. Let B(U.(G)) be the set of
G-conjugacy classes of triples (M,CM, ge), where M is a quasi-Levi subgroup of G,
and (CM, qe) is a cuspidal enhanced unipotent class in M.

In [AMS, Theorem 5.5], we have attached to every element g7 € B(U.(G)) a
2-cocycle

Kgr: Wer /W X Wyr /W7 — C*
where Wy, 1= Ng(q7)/M and W7, := Ngo(M°)/M°, and constructed a cuspidal
support map
Ve U(G) = B(U(G))
such that
(2) UG = || a5 ),
qTeB (U (G))
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where q\IJ(_;l(qT) is in bijection with the set of isomorphism classes of irreducible rep-
resentations of twisted algebra C[Wy,, k¢-]. Our construction is an extension of, and
is based on, the Lusztig’s construction of the generalized Springer correspondence
for G° in [Lus]].

Let (¢, p) € ®(G(F')). We will first apply the construction above to the group G =
G in order to obtain a partition of ®.(G(F')) in the spirit of . We write ¢V, =
[M,v,qe]g,. We showed in [AMS, Proposition 7.3] that, upon replacing (¢, p) by
GV-conjugate, there exists a Levi subgroup £(F) C G(F') such that (¢|wy,v, qe) is
a cuspidal L-parameter for L£(F'). Moreover,

£V X WF = Zg\/XWF(Z(M)O).

We set
Lw(e,p) == (LY x Wk, ¢lw,., v, qe).

The right hand side consists of a Langlands dual group and a cuspidal L-parameter
for that. Every enhanced L-parameter for ©G is conjugate to one as above, so the
map LU is well-defined on the whole of ®(G).

In [AMS]|, we defined Bernstein components of enhanced L-parameters. Recall
from [Hai, §3.3.1] that the group of unramified characters of L£(F) is naturally iso-
morphic to Z(LY x I F)w,- We consider this as an object on the Galois side of the
local Langlands correspondence and we write

Xue(PL) = Z(LY 1 Ip)ty,-
Given (¢', p') € ®(L(F)) and z € X, (VL), we define (2¢/, p') € ®(L(F)) by
z¢' = ¢ on Ip x SLy(C) and (2¢)(Frobp) = Z¢/(Frobr),

Z € Z(LY x Ip)° represents z. By definition, an inertial equivalence class for
®.(G(F)) consists of a Levi subgroup L(F) C G(F) and a X (“L)-orbit s} in
Dcusp(L(F)). Another such object is regarded as equivalent if the two are conjugate
by an element of GV. The equivalence class is denoted sV.

The Bernstein component of ®.(G(F)) associated to sV is defined as

(3) D (G(F))?

In particular ®,(£(F))* is diffeomorphic to a quotient of the complex torus Xy, (L£)
by a finite subgroup, albeit not in a canonical way.
With an inertial equivalence class sV for ®.(G(F)) we associate the finite group

\

= L\Ifil(ﬁ X WF,BY:).

Wev := stabilizer of s in Ngv(L£Y x Wg)/L".

It plays a role analogous to that of the finite groups appearing in the description
of the Bernstein centre of G(F). We expect that the local Langlands correspon-
dence for G(F) matches every Bernstein component Irr®(G(F)) for G(F'), where
s = [L(F), U}Q(F), with £ an F-Levi subgroup of an F-parabolic subgroup of G and
o an irreducible supercupidal smooth representation of £(F'), with a Bernstein com-
ponent ®.(G(F))*", where sV = [L(F),s%|gv, and that the (twisted) affine Hecke
algebras on both sides will correspond.

Let Wsv 4, 4¢ be the isotropy group of (¢,,qe) € sf. Let £/ C Gy, denote the
preimage of £V under GY. — GY. With the generalized Springer correspondence,
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applied to the group G4NLY, we can attach to any element of LU~ LY x W g, ¢, ge)
an irreducible projective representation of Wsv 4 ... More precisely, set

qr =[Gy N Ecv,v,qe]g¢.

By [AMS, Lemma 8.2] W, is canonically isomorphic to Wsv 4, 4. To the data g7 we
will attach (in Section 4)) twisted graded Hecke algebras, whose irreducible represen-
tations are parametrized by triples (y, 0g, p) related to ®(G (F))sv. Explicitly, using
the exponential map for the complex reductive group Zgv (¢(Wg)), we can construct
(¢, ) € P(G(F))*" with uy = exp(y) and ¢/ (Frobg) = ¢, (Frobr) exp(ap).

In the sequel [AMS2] to this paper, we associate to every Bernstein component
D (G(F))* a twisted affine Hecke algebra H(G(F),s, Z) whose irreducible repre-
sentations are naturally parametrized by ®.(G(F))* . Here Z is an abbreviation for
an array of complex parameters.

For general linear groups (and their inner forms) and classical groups, it is proved
in [AMS2] that there are specializations Z such that the algebras H(G(F),s", 7) are
those computed for representations. In general, we expect that the simple modules
of H(G(F),s", Z) should be in bijection with that of the Hecke algebras for types in
reductive p-adic groups (which is the case for special linear groups and their inner
forms), and in this way they should contribute to the local Langlands correspon-
dence.

2. THE TWISTED GRADED HECKE ALGEBRA OF A CUSPIDAL SUPPORT

Let G be a complex reductive algebraic group with Lie algebra g. Let L be a Levi
subgroup of G° and let v € [ = Lie(L) be nilpotent. Let C» be the adjoint orbit of
v and let £ be an irreducible L-equivariant cuspidal local system on C~. Following
[CusTl, [AMS] we call (L,CE, £) a cuspidal support for G.

Our aim is to associate to these data a graded Hecke algebra, possibly extended
by a twisted group algebra of a finite group, generalizing [Lus3]. Since most of [Lus3]
goes through without any problems if G is disconnected, we focus on the parts that
do need additional arguments.

Let P = LU be a parabolic subgroup of G° with Levi factor L and unipotent
radical U. Write T' = Z(L)° and t = Lie(T"). By J[AMS| Theorem 3.1.a] the group
Ng(L) stabilizes Cr. Let Ng(L) be the stabilizer in Ng(L) of the local system £
on CE. Tt contains Ngo(L) and it is the same as Ng(L*), where £* is the dual local
system of £. Similarly, let N (P, £) be the stabilizer of (P, L, L) in G. We write

We = NG(‘C)/Lv

WE = NGO(L)/L7

Re = NG(P7£)/L7

R(G°,T) ={a € X*(T) \ {0} : a appears in the adjoint action of 7" on g}.
Lemma 2.1. (a) The set R(G°,T) is (not necessarily reduced) root system with

Weyl group W ;.
(b) The group W7 is normal in Wy and Wy = W7 x Re.

Proof. (a) By |Lus3, Proposition 2.2] R(G°,T) is a root system, and by [Lusl]
Theorem 9.2] Ngo(L)/L is its Weyl group.
(b) Also by [Lusl, Theorem 9.2], W} stabilizes £, so it is contained in W. Since
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G° is normal in G, W7 is normal in W,. The group . is the stabilizer in W, of
the positive system R(P,T) of R(G°,T). Since W acts simply transitively on the
collection of positive systems, R is a complement for Wp. (]

Now we give a presentation of the algebra that we want to study. Let {a; : i € I}
be the set of roots in R(G°,T') which are simple with respect to P. Let {s; : i € I} be
the associated set of simple reflections in the Weyl group W7 = Ngo(L)/L. Choose
¢; € C (i € I) such that ¢; = ¢; if s; and s; are conjugate in W;. We can regard
{¢; 1 i € I} as a We-invariant function ¢ : R(G°,T)req — C, where the subscript
"red” indicates the set of indivisible roots.

Let f : (Wz/W2)? = C* be a 2-cocycle. Recall that the twisted group algebra
C[W¢,t] has a C-basis { Ny, : w € W} and multiplication rules

Nw : Nw’ = h(w, w')Nww/.
In particular it contains the group algebra of Wp.

Proposition 2.2. Let r be an indeterminate, identified with the coordinate function
on C. There exists a unique associative algebra structure on C[Wg, 1] @ S(t*) ® Clr]
such that:
o the twisted group algebra C[Wpg, b is embedded as subalgebra;
e the algebra S(t*) @ C[r] of polynomial functions on t@® C is embedded as a
subalgebra;
o Cl[r| is central;
o the braid relation Ng,§ — &N, = ¢;ir(§ — %) /oy holds for all § € S(t*) and
all simple roots a;;
o N,EN,E =Y¢ for all € € S(t) and w € R.

Proof. It is well-known that there exists such an algebra with W7 instead of W,
see for instance [Lus4, §4]. It is called the graded Hecke algebra, over C[r] with
parameters ¢;, and we denote it by H(t, W2, cr).

Let 9‘{2 be a finite central extension of PR, such that the 2-cocycle g lifts to the
trivial 2-cocycle of 9%2 For w™ € W2 % ERZ with image w € W, we put

Gt (Nw &) = Nyprw—1"¢€ w' e WZ, € e S(t) @ Clr].

Because of the condition on the ¢;, w™ + ¢,,+ defines an action of %Z on H(t, Wz, cr)
by algebra automorphisms. Thus the crossed product algebra

R} x H(t, W2, er) = C[R]] x H(t, W2, cr)
is well-defined. Let p, € Clker(R: — 9.)] be the central idempotent such that
piCIRE] = C[Re, ).
The isomorphism is given by pyw™ — A(w™)N,, for a suitable A(w™) € C*. Then
(4) p:CIRE] x H(t, W2, er) C C[Rf] x H(t, Wz, cr)
is an algebra with the required relations. O

We denote the algebra of Proposition by H(t, We,cr,f). It is a special case
of the algebras considered in [Wit], namely the case where the 2-cocycle fj, and
the braid relations live only on the two different factors of the semidirect product
Wy =Wz x R.. Let us mention here some of its elementary properties.
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Lemma 2.3. S(t")"2 ® C[r] is a central subalgebra of H(t, W, cr, ). If W, acts
faithfully on t, then it equals the centre Z(H(t, W, cr,h)).

Proof. The case W, = W} is [Lus3, Theorem 6.5]. For W # W} and § = 1 see
[Sol2, Proposition 5.1.a]. The latter argument also works if f is nontrivial. g

If V is a H(t,W,,cr,f)-module on which S(t*)""2 @ CJr] acts by a character
(Wea,r), then we will say that the module admits the central character (Wz, ).
A look at the defining relations reveals that there is a unique anti-isomorphism

(5) * H(tv Wﬁvcrah) - H(f, WL’,CI‘,h_l)
such that * is the identity on S(t*) ® C[r] and N = (N,,) !, the inverse of the basis
element N, € H(t,W,,cr,h=1). Hence H(t,W,,cr,h!) is the opposite algebra of
H(t, W, cr, ), and H(t, W7, cr) is isomorphic to its opposite.

Suppose that t = t' @ 3 is a decomposition of Wy -representations such that
Lie(Z(L) N Gyer) C ' and 3 C t2. Then
(6) H(t, Wg, er,§) = H(t', Wg, er, i) ®@c S(57).

For example, if W, = W} we can take t' = Lie(Z(L) N Gger) and 3 = Lie(Z(G)).
Now we set out to construct H(t, W, cr, ) geometrically. In the process we will
specify the parameters ¢; and the 2-cocycle .

If X is a complex variety equiped with a continuous action of G and stratified
by some algebraic stratification, we denote by D%(X) the bounded derived category
of constructible sheaves on X and by Dg, (X) the G-equivariant bounded derived
category as defined in [BeLu]. We denote by P(X) (resp. Pe(X)) the category of
perverse sheaves (resp. G-equivariant perverse sheaves) on X. Let us recall briefly
how DbG’c(X ) is defined. First, if pP — X is a G-map where P is a free G-space
and ¢: P — G\P is the quotient map, then the category Dl(’;(X, P) consists in
triples F = (Fx,F,B) with Fx € D¥X), F € D*(G\P), and an isomorphism
B:p*Fx ~ ¢*F. Let I C Z be a segment. If p: P — X is an n-acyclic resolution
of X with n > |I|, then DL(X) is defined to be D%(X, P) and this does not depend
on the choice of P. Finally, the G-equivariant derived category D%(X ) is defined as
the limit of the categories DL (X). Moreover, Pg(X) is the subcategory of D%(X)
consisting of objects F such that Fx € P(X). All the usual functors, Verdier dual-
ity, intermediate extension, etc., exist and are well-defined in this category. We will
denote by For: D%(X) — D?(X) the functor which associates to every F € D% (X)
the complex Fx.

Consider the varieties
g={(z,gP) cgx G/P:Ad(g Dz e Cl +t+u},
3° ={(z,gP) € g x G°/P : Ad(g )z € CE + t +u},
drs = {(z,gP) € g x G/P : Ad(g™ ")z € CL + tyeg +u},
Jhs = {(z,9P) € g x G°/P : Ad(g™ ")z € CE + treg +u}
where treg = {2 € t: Zg(x) = [}. We let G x C* act on these varieties by
(91,A) - (z,gP) = (A\"2Ad(g1), 19 P).
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Assume first that g = §° and so grs = gpg. Consider the maps

1

CL f(z,g) egx G Ad(g Dz e CE +t+u} B g,
fl(x’g) = perL(Ad(g_l)a:), fz(ﬂf,g) = (CC,gP)
The group G x C* x P acts on {(z,9) € g x G : Ad(¢g~ Yz € C¥ +t+u} by

(g1, A.p) - (z,9) = (A\Ad(g1), g19p).-

Let £ be the unique G-equivariant local system on g such that f3 L= fiL. The
map

pry : grs — Ors = Ad(G)(CL + treg + 1)
is a fibration with fibre Ng(L)/L, so (pry)i£ is a local system on grg. Let V :=

Ad(G)(CL+t+u), j:CL — CL and j : grg < V. Since £ is a cuspidal local system,
by [Lus3l 2.2.b)] it is clean, so j1£ = j.L € DY (CL). It follows (by unicity and base
changes) that ji£ = j,.L € D% (Grs)- Let K1 = ICq(grs, (pri)1£) be the equivariant
intersection cohomology complex defined by (pr;)i£L.

Considering pr; as a map g — g, we get (up to a shift) a G-equivariant perverse
sheaf K = (pr;)i£ = 4K} on g, where i : V < g. Indeed, by definition it is enough to
show that For(K7) € D(g) is perverse. But the same arguments of [Lus3}, 3.4] apply
here (smallness of pry : § — V, equivariant Verdier duality, etc) and the forgetful
functor commutes with (pry); by [BeLu, 3.4.1].

Now, if § # §°, then § = G x s g° where G° is the largest subgroup of G which
preserves g°. Using [Belul 5.1. Proposition (ii)] it follows that K is a perverse sheaf.
Notice that (pry)i£* is another local system on grs. In the same way we construct

K} (on ggs) and K* = (pr))1£* = iyK} (on g).

Remark 2.4. In [AMS, §4] the authors consider a local system 7,& on a subvariety
Y of G°. The local systems (pry)i£ and (pr)i£* on grs are the direct analogues
of m.€, when we apply the exponential map to replace G° by its Lie algebra g. As
Lusztig notes in [Lus3l, 2.2] (for connected G), this allows us transfer all the results
of [AMS] to the current setting. In this paper we will freely make use of [AMS] in
the Lie algebra setting as well.

In [AMS] Proposition 4.5] we showed that the G-endomorphism algebras of
(pry)1£ and (pry)i£*, in the category of equivariant local systems, are isomorphic to
twisted group algebras:

Endg((prl)!/;)
Endg((prl)!ﬁ*)

where 1z 1 (W /Wg)? — C* is a 2-cocycle. The cocycle ! in is the inverse of
b, necessary because we use the dual £*.

(7) C[Wb hz],

i1

Remark 2.5. In fact there are two good ways to let act on (pry)i£. For the
moment we subscribe to the normalization of Lusztig from [Lusll §9], which is based
on identifying a suitable cohomology space with the trivial representation of Wp.
However, later we will switch to a different normalization, which identifies the same
space with the sign representation of the Weyl group W;.
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According to [Lus3l 3.4] this gives rise to an action of C[W, bzl] on K and then
on K*. (And similarly without duals, of course.) Applying the above with the group
G x C* and the cuspidal local system £ on CX x {0} C [ @ C, we see that all these
endomorphisms are even G x C*-equivariant.

Define Endg((prl)gﬁ) as the subalgebra of Endg((pry)i£) which also preserves
Lie(P). Then

(8) Endg((prl)gﬁ)

Endg((prl)gﬁ*)

ClRe, e,
C[Re, b0,

~
~

The action of the subalgebra C[R., hzl] on K* admits a simpler interpretation. For
any representative w € Ng(P, L) of w € R, the map Ad(w) € Autc(g) stabilizes
t = Lie(Z(L)) and u = Lie(U) < Lie(P). Furthermore C% supports a cuspidal local
system, so by [AMS|, Theorem 3.1.a] it also stable under the automorphism Ad(w).
Hence PR, acts on g by

(9) w- (z,9P) = (z,gw™"P).

The action of w € Ry, on (g, £¥) lifts (J), extending the automorphisms of (§rs, £*)
constructed in [AMS| (44) and Proposition 4.5]. By functoriality this induces an
action of w on K*.

For Ad(G)-stable subvarieties V of g, we define, as in [Lus3| §3],

V={(z,gP)€g:x eV}
V= {(z,gP,¢'P): (z,gP) € V,(z,¢g'P) € V}.

The two projections m12, 713 : V — V give rise to a G x C*-equivariant local system
L=LKL onV. As in [Lus3|, the action of C[W,, '] on K* leads to

(10) actions of C[Wg, 2] ® C[Wg, ;'] on £ and on HjGOX(CX WV, L),

denoted (w, w') — A(w)®@A(w'). By [Lus3, Proposition 4.2] there is an isomorphism
of graded algebras

He o (9) =St 8 C) = S(t") @ Clr],
where t* @ C lives in degree 2. This algebra acts naturally on HE*C* (Y, £) and
that yields two actions A(§) (from 712) and A’(§) (from m13) of £ € S(t* @ C) on

HIC (D, L).
Let Q C G be a P — P double coset and write

V¢ ={(z,gP,gP)eV:g !¢ € Q}.
Given any sheaf F on a variety V, we denote its stalk at v € V by F, or F|,.

Proposition 2.6. Let V = g or V = gn, where gy is the variety of nilpotent
elements in g.

(a) The S(t* & C)-module structures A and A’ define isomorphisms
St e C)® H*C (0, £) = HE*C (V, L).
(b) As C[W¢,tiz]-modules

HE S 0, =@, Alw)HE* (0P, £) = ClWe, ).

weW,
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Proof. We have to generalize [Lus3, Proposition 4.7] to the case where G is dis-
connected. We say that a P — P double coset Q C G is good if it contains an
element of Ng(L, L), and bad otherwise. Recall from [Lusl, Theorem 9.2] that

Nge (L, £) = Ngo(T). Let us consider HS*C" (V2 £).
e If Q2 is good, then Lusztig’s argument proves that HOGX(CX (V2 L) = S(t*aC).
o If ) does not meet PNg(L)P, then Lusztig’s argument goes through and
shows that HS*C" (V2 £) = 0.
e Finally, if Q € PNg(L)P \ PNg(L,L)P, we pick any go € Q. Then [Lus3|,
p. 177] entails that

(11) HS*C (D2, £) = HEXC (CL, £ R Ad(go)* L") =
Z x (v * Pk ~
Hy= O (0}, (LR Ad(go)*L£7),) =

Hy e O (o)) o (£ 8 Ad(go) £, =0,
because Ad(go)*L* 2 L*.
We also note that with P instead of €2 gives
HEXC (VP L) = BT (¢l LR Lr) =
Z><><(’U) *Zxx(v) ZXX(U)
H2 T ({o) @ (R L)y = H7 ({o}) @ Endy, w)(Lo)-

By the irreducibility of £ the right hand side is isomorphic to H. *Z pxex (V) ({v}), which
by [Lus3, p. 177] is
S(Lie(Zpxex (v)*) = St & C).

In particular HE*C* (VP L) is an algebra contained in HE*C* (D, £).

These calculations suffice to carry the entire proof of [Lus3, Proposition 4.7] out.
It establishes (a) and

dim HS*C"(V, £) = [Wy|.

Then (b) follows in the same way as [Lus3) 4.11.a]. O

The We-action on 7" induces an action of W, on S(t*) ® C|r], which fixes r. For
a in the root system R(G°,T), let g, C g be the associated eigenspace for the T-
action. Let o; € R(G°,T') be a simple root (with respect to P) and let s; € W7 be
the corresponding simple reflection. We define ¢; € Z>9 by

ad(v)% 721 ga, ® g20; = Ga; D P24, IS nONZETO,

12 . .
( ) ad(v)cz_l : gOéi @ 920@- — gai EB 92041- 1S Z€ero.

By [Lus3| Proposition 2.12] ¢; = ¢; if s; and s; are conjugate in Ng(L)/L. According
to [Lus3, Theorem 5.1], for all £ € S(t* & C) = S(t*) ® C[r]:

(13) A(si)A(E) = A(§)A(si) = cA(r(§ —*§)/),
Al(si)A'(§) = A (A (si) = A(r(§ = %E) /).
Lemma 2.7. For allw € R and £ € S(t* @ C):

A)AE) = A(YEA(w),
Al(w)A'(§) = A(A (w).
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Proof. Recall that A(§) is given by S(t* @ C) = H{, . (g) and the product in
equivariant (co)homology
Hiox (8) © HEXC (3, £) = HI*C (3, £).

As explained after @, the action of w € R, on (g, E) is a straightforward lift of the
action @[) on g. It follows that

A(w)AE©)A(w) ™ = A("Y),
where £ — P¢ is the action induced by @ Working through all the steps of the

proof of [Lus3l Proposition 4.2], we see that this corresponds to the natural action
Y8 of Ry on S @ C). O

Let H(G, L, L) be the algebra H(t, W, cr,bz), with the 2-cocycle fiz and the
parameters ¢; from . By its opposite algebra is

(14) H(G, L, L) 2 H(G, L, £*) = H(t, W, er, 1 1).
Using we can interpret
(15) H(G, L, £) = H(t, Wz, cr) x Endd, ((pri).£).

Lemma 2.8. With the above interpretation H(G, L, L) is determined uniquely by
(G,L, L), up to canonical isomorphisms.

Proof. The only arbitrary choices are P and i : 9{% — C*.

A different choice of a parabolic subgroup P’ C G with Levi factor L would give
rise to a different algebra H(G, L, £)'. However, Lemma a guarantees that there
is a unique (up to P) element g € G° with gPg~! = P’. Conjugation with g provides
a canonical isomorphism between the two algebras under consideration.

The 2-cocycle i depends on the choice of elements IV, € Endzg((prl)!/i). This
choice is not canonical, only the cohomology class of i~ is uniquely determined. For-
tunately, this indefiniteness drops out when we replace C[R., fiz] by Endg((prl)!ﬁ).
Every element of C* NV, C Endg((prl)!ﬁ) has a well-defined conjugation action on
H(t, W, cr), depending only on v € R. This suffices to define the crossed product
H(t, Wz, cr) x End,((pr1)1£) in a canonical way. O

The group W, and its 2-cocycle iz from [AMS,| §4] can be constructed using only
the finite index subgroup G°Ng(P, L) C G. Hence

(16) H(G, L, £) = H(G°Ne (P, £), L, £).
With ([10), and Lemma we can define endomorphisms A(h) and A’(h') of
HE*C (g, L) for every h € H(G, L, £) and every h' € H(G, L, L*).

Let 1 € H$*C (gnT, £) = S(# @ C) be the unit element.

Corollary 2.9. (a) The map H(G,L,L) — HE*C" (gn, L) : h — A(R)1 is bijec-
tive.

(b) The map H(G, L, L*) — HE*C" (g, L) : B +— A'(K')1 is bijective.

(¢) The operators A(h) and A'(h") commute, and (h,h") — A(h)A'(R') identifies
HE*C (g, L) with the biregular representation of H(G, L, L).

Proof. This follows in the same way as [Lus3l, Corollary 6.4], when we take Propo-

sition and into account. O
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3. REPRESENTATIONS OF TWISTED GRADED HECKE ALGEBRAS

We will extend the construction and parametrization of H(G, L, £)-modules from
[Lus3l LusH] to the case where G is disconnected. In this section we work under the
following assumption:

Condition 3.1. The group G equals Ng(P, £)G°.

In view of (|16) this does not pose any restriction on the collection of algebras
that we consider.

3.1. Standard modules.
Let y € g be nilpotent and define

Py ={gP € G/P: Ad(g ")y € CL +u}.
The group
M(y) = {(g91,A) € G x C* : Ad(g1)y = Ny}
acts on Py by (g1, ) - gP = gi1gP. Clearly P, contains an analogous variety for G°:
Py :={gP € G°/P: Ad(g~ ")y € CF +u}.

Since CL is stable under Ad(Ng(L)), CL + u is stable under Ad(Ng(P)). As
Ngo(P) = P and Ng(P,L)P/P = R, there is an isomorphism of M (y)-varieties

(17) Py X Re — Py : (gP,w) — gw P

The local system £ on § restricts to a local system on Py ={y} x Py C g. We will
endow the space

(18) 7MY (P, L)

with the structure of an H(G, L, £)-module. With the method of [Lus3l p. 193], the
action of C[W, hzl] on K* from gives rise to an action A on the dual space of
. With the aid of , the map

(19)  A:CWe,biz] = Ende(HMY (P, £)),  A(Ny) = A((Ny) ™)

makes into a graded C[W¢, fiz]-module.
We describe the action of S(t* @ C) = H[,, . (g) in more detail. The inclusions

{y} xPy C(GxC)-({y} xPy) C g
give maps
(20) Hepox (8) = Hiyox (G x C - {y} x Py) = Hyy,) (Py)-

Here (G x C*) - ({y} x Py) = (G x C*) X pp(y) Py, so by [Lus3, 1.6] the second map
in is an isomorphism. Recall from [Lus3| 1.9] that

]TJ(y) (Py) = H]D(y)o(Py)M(y)/M(y)o'
The product
(21) i (Py) @ B (Py, £) — HIY (P, £)

gives an action of the graded algebras in on the graded vector space H. i\/[ @* (Py, [,)
We denote the operator associated to £ € S(t* @ C) by A(E).



GRADED HECKE ALGEBRAS FOR DISCONNECTED REDUCTIVE GROUPS 15

The projection {y} xP, — {y} induces an algebra homomorphism H7, ({y})
H]’(/[(y)o(Py). With (2I) this also gives an action of HM(y)O({y}) on H, ( ) (P, L).

Furthermore M (y) acts naturally on H]’(/[(y)o({y}) and on Hi\/[(y)o(Py,Z), and this
action factors through the finite group mo(M(y)) = M (y)/M(y)°.

Theorem 3.2. [Lusztig]

(a) The above operators A(w) and A(§) make Hi\/[(y)o(Py, L) into a graded H(G, L, L)-
module.

(b) The actions of Hy ({y}) and H(G, L, L) commute.

(¢) H qMw" (Py, L) is ﬁmtely generated and projective as HM(y)o({y})—module.

(d) The action of mo(M(y)) commutes with the H(G, L, L)-action. It is semilinear
with respect to H}Q(y)o({y}), that is, for m € mo(M(y)),p € H}\"/l(y)o({y}), h €
H(G, L, £) and n € H'Y (P, L):

m- (p® A(h)n) = (m - p) @ A(h)(m - n) = A(h)((m - p) @ (m-1)).
Proof. (b) The actions of S(t*®C) and Hi e ({y}) both come from (21]). The alge-

bra H}Q(y)o(Py) is graded commutative [Lus3) 1.3]. However, since H]].V[(y)o(Py, L) =
0 for odd j [Lus3, Propostion 8.6.a, only the action of the subalgebra Hf{y My ( )

matters. Since this is a commutative algebra, the actions of S(t*®C) and H7, ({y})
commute.

Write O = (G x C*)/M (y)° and define
h:0 =g, (9.A)— A ?Ad(g)y.
There are natural isomorphisms

H-({y}) = Heex (0),

M © * Ay 2d1m * ES
B (P, £y = BN 710, h* K.

The dual of the action of H},  \.({y}) on H, M)® (Py, L) becomes the product

M(y)°
Hf ok (O) @ Hiy ox (O, R K™) = Hf o (O, K K™).

From the proof of [Lus3l 4.4] one sees that this action commutes with the operators

A(w). Hence the A(w) also commute with the H]’(/[(y)o({y})—action.

(c) See [Lus3l, Proposition 8.6.c].
(d) The semilinearity is a consequence of the functoriality of the product in equi-
variant homology. Since the action of S(t* @ C) factors via

H]»\}(y) (Py) = Hj{l(y)o (Py)WO(M(y))’

it commutes with the action of mo(M (y)) on Hi\/[(y)o(Py, L).

The algebra C[Wp, '] acts on (g, K*) and on (O, h*K*) by G x C*-equivariant
endomorphisms. In other words, the operators A(w) on H G Cx (O, h*K*) commute
with the natural action of M(y) C G x C*. Consequently the operators A(w) on

HE ox (O, h*K*)* = H, M@)* (P, £) commute with the action of M (y).

(a) For G = G° this is [Lus3l, Theorem 8.13]. That proof also works if G is discon-
nected. We note that it uses parts (b), (c¢) and (d). O
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In the same way Hiw(y)o(P;, £) becomes a H(G®, L, £)-module.
Lemma 3.3. There is an isomorphism of H(G, L, L£)-modules

GLL M o
MO%(Py, £) = imag G BN (pe, £)

Proof. Recall from (4] . ) that
H(G,L,L) = C[R, 0] x H(G®, L, L£).
It follows from that
2" (P, L) = D .. 1 W (poy1, £).
In (9) we saw that the action of C[%R., 1] on (g, £) lifts the action
w- (z,gP) = (z,gw 'P) w € R, (x,gP) € §.
Hence, for all w,~y € Rg:
(22) Aw)H" " (Poy1 £) = B Py 1w, £).
Therefore the action map

ClRe,bel @ BN (Py, £) = H(G, L, L) @ HMY (P, L) — HYY (P, L)
C H(G°,L,L)
is an isomorphism of H(G, L, £)-modules. O

From the natural isomorphism
Hyye({y}) 22 O(Lie(M (y)°)M @)

one sees that the left hand side is the coordinate ring of the variety V}, of semisimple
adjoint orbits in

Lie(M(y)°) = {(0.7) € 3@ C : [o,y] = 2ry}.

For any (o,r)/~ € Vy let C,, be the one-dimensional gMwr ({y})-module obtained
by evaluating functions at the Ad(M (y)°-orbit of (o, r). We define

Byor=Cor &  HI(P,L),
H' ({y})
ES,,=Cor ©  HMY(PS L)
=" ({y})
These are H(G, L, £)-modules (respectively H(G®, L, £)-modules). In general they
are reducible and not graded (in contrast with Theorem a). These modules, and
those in Lemma are compatible with parabolic induction in a sense which we
will describe next.

Let @ C G be an algebraic subgroup such that Q N G° is a Levi subgroup of G°
and L C Q° = Q@ NG°. Assume that y € q = Lie(Q). Let 735“) and PyQO be the
versions of P, for @ and Q°. The role of P is now played by P N Q. There is a
natural map

(23) 73252 =Py g9g(PNQ)— gP.
By [Lus3l 1.4.b] it induces, for every n € Z, a map

M M ;
(24) Hn+(2yzhm'PQ (PQ [:) — Hn+(2y()11rn'P (Py’ﬁ)
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Theorem 3.4. Let Q and y be as above, and let C be a mazimal torus of M®(y)°.
(a) The map induces an isomorphism of H(G, L, L)-modules

H(G,L,L) ® HE(PZ L) — H(Py,L),
H(Q,L,E)

which respects the actions of H:({y}).
(b) Let(o,r)/~€ VyQ. The map induces an isomorphism of H(G, L, L)-modules

H(G7 Lv [’) X Ego',r - Eyﬁ'v"”
H(Q,L.L)

which respects the actions of mo(M®(y))e.

Erratum. The map in part (a) is usually not surjective, and for part (b) we need
an extra condition €(o,r) # 0. This condition holds for almost all parameters, see
the appendix.

Proof. (a) It was noted in [Lus7, 1.16] that the map of the theorem is well-defined,
H(G, L, £)-linear and H ({y})-linear.

Let us consider the statement for G° and Q° first. In [Lus7, §2] a C-variety A,
which contains Py, is studied. Consider the diagram of H(G®, L, £)-modules

(25) H(G®, L,L) @ HE(PP L)
H(Q°,L,L)

— T

H (P, L) HY(A L)

with maps coming from the theorem, from P, — A and from [Lus7, 2.15.(c)]. Ac-
cording to [Lus7, 2.19] the diagram commutes, and by [Lus7, 2.8.(g)] the horizontal
map is injective. Moreover [Lus7, Theorem 2.16] says that the right slanted map is
an isomorphism of H(G®, L, £)-modules. Consequently the horizontal map of
is surjective as well, and the entire diagram consists of isomorphisms.

Combining this result with Lemma [3.3] we get isomorphisms

H(G,L,L) ® HY(PI.L)=
H(Q,L,L

Il

H(G,L,L) ® HQ,L,L) © HI(PY L)

H(Q,L,L) H(Q°,L,L)

H(G,L,L) ® H(G°L,L) ® HIPY L) ==
H(G°,L,L) H(Q°,L,L)

H(Ga L)‘C) ® HE(P;VC) = HE(P%[’)
H(G°,L,L)

(b) Since (o,7) € Lie(M®(y)) is semisimple, we may assume that (o,r) € Lie(C).
By [Lus3l, Proposition 7.5] there exist natural isomorphisms

© HE(P,L£)=Cop ® Hi({y}) —® HYV'(P,L)=
) I Hau) O (D) !

C ®  HMO(P, L£)=E,,,.

a,r

H]*V“y)o ({y})

CO’,T‘
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The actions of H(G, L, £) and H({y}) commute, so we also get

Cor ® H(G,L,L) ® HI(PIL)=
HE{w)) H(Q,L,L)

H(G,L,£) ® C,, ® HE(PZL)=HGLL) ® EI,.
H(Q,L,L) He({y}) H(Q,L,L)
Now we can apply part (a) to obtain the desired isomorphism. Since the map
is M@ (y)-equivariant, this isomorphism preserves the 7o(M®(y)),-actions. O

It is possible to choose an algebraic homomorphism ~, : SLy(C) — G° with
dyy (3 §) =y. It will turn out that often it is convenient to consider the element

(26) oo :=0+dy (7Y) € Zy).

r

instead of o.

Proposition 3.5. Assume that P, is nonempty.

(a) Ad(G)(o) Nt is a single Wr-orbit in t.

(b) The H(G, L, L)-module Ey ,, admits the central character (Ad(G)(o) Nt,r) €
t/We x C.

(¢) The pair (y,0) is G°-conjugate to one with ,00 and dy, (') all three in t.

Correction. See Proposition 1.7 and Lemma 1.8 of [AMS2].
Proof. (a) and (b) According to [Lusbl 8.13.a] there is a canonical surjection

(27) He o (point) = O(g & €)= 0(9) 0 Clr]  Z(Fndpy | ((K")).

oox @
By [Lus5, Theorem 8.11] the endomorphism algebra of K*, in a bounded derived cat-
egory of G° x C*-equivariant sheaves on g, is canonically isomorphic to H(G®, L, L).
Together with Lemma it follows that the right hand side of is

Z(H(G°, L, L)) = S(t)" @ Clr].
By [Lus5l 8.13.b] the surjection corresponds to an injection
t/W2 — Irr(0(9)%"),
where the right hand side is the variety of semisimple adjoint orbits in g. Hence
Ad(G°)(o) Nt is either empty or a single Wyz-orbit. By Condition G/G° =
W /W2, so all these statements remain valid if we replace G° by G.
The action of S(t*)"Z @ C[r] on E,,, can be realized as

Heox (point) — Hyyoho ({y}) = Hyy0 (Py)

and then the product . By construction H ]T/[(y)" ({y}) acts on E, ., via the char-

acter (o,7)/~ € V,. Hence H},, .. (point) acts via the character Ad(G x C*)(a, 7).

The assumption P, # ) implies that gMw° (P,, L) is nonzero. By Theorem
B-2c, and because Vj, is an irreducible variety, Ey ;. # 0 for all (o,7)/~ € V,,. Thus
the above determines a unique character of Z(H(G, L, £)) via (27), which must be
(Ad(G)(e) Nt,r). In particular the intersection is nonempty and constitutes one
W -orbit.

(c) By part (b) with 7 = 0 we may assume that o9 € t. Then M is contained in
the reductive group Zg(oo), so we can arrange that the image of v, lies in Zg(0p).
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Applying part (b) to this group, with r # 0, we see that there exists a g € Zgeo (o)
such that

Ad(g)o = oo+ Ad(g)dyy (§ ;) lies in t.
Now the pair (Ad(g)y, Ad(g)o) has the required properties. O

Let mo(M (y))o be the stabilizer of (o, )/~ € V,, in mo(M (y)). (It does not depend
on 7 because C* is central in G'x C*.) It follows from Theorem [3.2]d that mo(M (y)),
acts on Ey o, by H(G, L, £)-module homomorphisms. Similarly, let mo(M)g be the
stabilizer of (o,7)/~ in mo(M(y) N G°). It acts on Ej , . by H(G®, L, £)-module
maps. To analyse these components groups we use .

Lemma 3.6. (a) There are natural isomorphisms

m0(M(y))o = mo(Za(0,y)) = mo(Za(00,y))-

(b) Fixr e C. The map o — oo and part (a) induce a bijection between
o G-congugacy classes of triples (y, o, p) with y € g nilpotent,
(o,r) € Lie(M(y)) semisimple and p € Irr(mo(M(y))s);
e G-conjugacy classes of triples (y, 00, p) with y € g nilpotent,
oo € g semisimple, [00,y] =0 and p € Irr(mo(M(y))o,)-

Remark. Via the Jordan decomposition the second set in part (b) is canoni-
cally in bijection with the G-orbits of pairs (x, p) where z € g and p € mo(Zg(x)).
Although that is a more elegant description we prefer to keep the semisimple and
nilpotent parts separate, because only the (y,o0) with P, # 0 are relevant for
H(G,L,L).

Proof. (a) By definition
To(M(y))o = Stabr,ar(y)) (AAM(Y)°) (0, y)) = Zary)(0.7) [ Zai(y)e (o,7).

Since (o, r) is a semisimple element of Lie(G x C*), taking centralizers with (o, r)
preserves connectedness. Hence the right hand side is

(28)  (Zaxcx(0,1) N M)/ (Zgxex (0,) N M(y))° = mo(Zaxex (0,1) N M(y)).

We note that Zgycx(0,7) = Zg(o) x C* and that there is a homeomorphism

Za(y) x C = M(y) : (g, \) = g7 () ,%) -

It follows that the factor C* can be omitted from without changing the quotient,
and we obtain

mo(M(y))o = Za(o,y)/Za(o,y)* = m0(Za(0,y))-
By [KaLul §2.4] the inclusion maps

ZG'(O', y) <« Zg(O', d’yy(slg((C))) — Zg(O'(),y)

induce isomorphisms on component groups.

(b) Again by [KaLul, §2.4], the Zg(y)-conjugacy class of ¢ is uniquely determined
by o. The reason is that the homomorphism dr, : slo(C) — g is unique up to the
adjoint action of Zg(y). By the same argument oy determines the Zg(y)-adjoint
orbit of o. Thus o +— o gives a bijection between adjoint orbits of pairs (o,y) and
of pairs (09, y). The remainder of the asserted bijection comes from part (a). O
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Applying Lemma with G° instead of G gives natural isomorphisms

(29) m0(M(y))e = mo(Zge(0,y)) = mo(Zage(00,Y)).
For p € Trr(mo(M (y))o) and p° € TIrr(mo(M (y))s

By orp = Homz,vi(y)), (0, Eyor),

By oo = Home, (ar(y))s (0% By 5.)-

It follows from Theorem |3 -d that these vector spaces are modules for H(G, L, £),
respectively for H(G®, L, £). When they are nonzero, we call them standard modules.

Recall the cuspidal support map V¢ from [Lusll [AMS]. It associates a cuspidal
support (L', CL', £') to every pair (z, p) with « € g nilpotent and p € Irr(mo(Zg(z))).

» !l

Proposition 3.7. The H(G®, L, £)-module E} , . ,

V7o (00) (Y5 p°) s G°-conjugate to (L, CL ). Here p° is considered as an irreducible
representation of mo(Zz . (0)(y)) via Lemma .

) we write

o 1s monzero if and only if

Proof. Assume first that r # 0. Unravelling the definitions in [Lus5|, one sees that
K* is called B in that paper. We point out that the proof of [Lush, Proposition
10.12] misses a *-sign in equation (c), the correct statement involves the dual local
system L£*. We can simplify things a bit if we apply [Lusbl §10] with the roles of £

and £* exchanged. It implies that Ej ;. o # 0 if and only if

(30) Hom, (7. (o, @ H" (i, K)) # 0.

Here iy : {y} = g={x €g: o, 9:] = 27":0} is the inclusion and K is the restriction
of K to g. In the notation of [Lushl Corollary 8.18], means that (y,p°) (or
more precisely the associated local system on g) is an element of M, r. By [Lus?,
Proposition 8.17], that is equivalent to the existence of a p& € Irr(mo(Zge(y))) such
that:

° pé‘ﬂo (Zeo (o)) contains p°,
e the local system F° on CyGO with fibre pg, at y is a direct summand of
Ben M (K g
According to [Lusb, Proposition 8.16] there is a unique K’, among the possible
choices of (L' ,Cf,/, L"), such that K = K’ fulfills this condition. By [Lusl, Theorem

6.5] it can be fulfilled with the cuspidal support of (Cf °,F°) and n equal to
(31) 2dCyGO,C,§ :=dim Zge (y) — dim Zp,(v).

Hence we may restrict n to 2d,ge - without changing the last condition.
Yy ™o

By JAMS], Proposition 5.6.a] the second condition of the proposition is equivalent
to: there exists a p& € Irr(mo(Zge(y))) such that pG‘ ) contains p° and

\IIGO(yvaG’) = (L,Cf»ﬁ) .
Let F° be the local system on Cf with (F°)y = pg. By [Lusl, Theorem 6.5] its
cuspidal support is (L,CF, £) if and only if F° is a direct summand of H2?(K )|C§;o,

70(Zge (o,y)

D VA
where d = dpge 0. Hence the second condition of the propostion is equivalent to all
the above conditions, if r # 0.
For any r € C, as C[Wz]-modules:

(32) Eg(;arpo - Homﬂ’o(M(y))g (pO,H*(,Py,,C)),
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see [Lusbl 10.12.(d)]. Recall from that mo(M(y))S = mo(Zge(00,y)). For any
t € C we obtain

EO

y,ooJrrd'yy(é —Ot>7t7‘,p° = Homﬂo(ZGO (00,9)) (po’ H*(Py’ ﬁ))

The right hand side is independent of ¢ € C and for tr # 0 it is nonzero if and
only if Wy . (50) (¥, p°) = (L,CE, L) (up to G°-conjugacy). Hence the same goes for
E} 5o0,p0- We have og = o if 7 = 0, so this accounts for all (o,7)/~ € V, with
reC.

3.2. Representations annihilated by r.
The representations of H(G, L, £) which are annihilated by r can be identified
with representations of

H(G, L, £)/(r) = C[We, ic] » S(t7).

We will study the irreducible representations of this algebra in a straightforward
way: we give ad-hoc definitions of certain modules, then we show that these exhaust
Irr (C[We, 5] x S(t*)), and we provide a parametrization.

The generalized Springer correspondence [Lusl] associates to (y, p°) an irreducible
representation M, ,o of a suitable Weyl group. It is a representation of W if the
cuspidal support Wge(y, p°) is (L,CE, L). If that is the case and oy € Lie(Z(G®)),

AR

we let My, o, be the irreducible H(G®, L, £)-module on which S(t* & C) acts via
the character (09,0) € t& C and
(33) My 500,00 = My po as C[W;]-modules.

For a general og € Zg(y) we can define a similar W7 x S(t*)-module. We may

assume that P, is nonempty, for otherwise M (y)O(P; ,£) = 0. Upon replacing
(y,00) by a suitable G°-conjugate, we may also assume that L centralizes 0. Write
Q° = Zgo(00), a Levi subgroup of G° containing L. Notice that Wg =W(Q°,T)

is a Weyl group, the stabilizer of o¢ in Wy. Then mo(M(y))s, = m0(Zge(y)), so

g0

(y, 00, p°) determines the irreducible H(Q°, L, £)-module ijovo’po. We define
o G WERS() Q° _ o qH(G®,L,L) 5 rQ°
(34) voo0.pr = By Qo g (Myyo0.0,00) = e ) (Myon,0,0)

Proposition 3.8. The map (y,00,p°) = My , o,

o G°-conjugacy classes of triples (y,00,p°) such that y € Zg(og) nilpotent,
p° e II‘I‘(?TQ(ZGO (oo,y))) and ¥z .. (50)(y, p°) is G°-conjugate to (L,CE, L);
o Irr(Wz x S(t%)) = Irr(H(G®, L, L) /(r)).

o induces a bijection between:

s Q°
Proof. Bzf definition S(t*) acts on M,*, , , 1
on wMy?gO’O’po C My, 0,0 as the character wo. Since WEQ is the centralizer of o

in W, the S(t*)-weights wo with w € W32/ Wgo are all different. As vector spaces

o via the character o. For w € W7 it acts

° _ i gWexs(E) Q° _ @ Q°
¥,00,0,0° lndeOMS(t*)( y,ao,O,p") - wewg /W&’ My,ao,O,ﬂO’

MY
and Y,00,0,p

also irreducible.
Recall that the generalized Springer correspondence [Lusl| provides a bijection

o is irreducible. With Frobenius reciprocity we see that My, o o is

between Irr(Wgo) and the Q°-conjugacy classes of pairs (y, p°) where y € Lie(Q°)
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is nilpotent and p° € Irr(m(Zge (y))) such that Yo (y, p°) = (L,CL, £). We obtain
a bijection between G°-conjugacy classes of triples (y, 0o, p°) and W-association
classes of pairs (o9, 7) with oo € t and (7, V) € Irr((W3)s,). It is well-known, see
for example [Sol2, Theorem 1.1}, that the latter set is in bijection with Irr(Wz xS (t*))
via

(00, ) — ind ‘K)S(Kiq(t*)((cgo ® Vz).
In other words, the map of the proposition is a bijection. O

We woud like to relate the above irreducible representations of W7 x S(t*) to the
standard modules from the previous paragraph. To facilitate this we first exhibit
some properties of standard modules, which are specific for the case r = 0.

Lemma 3.9. Assume that Ygo(y,p°) = (L,CE L). The standard H(G®, L, L)-
module Ey , o 0 is completely reducible and admits a module decomposition by ho-
mological degree:

Ey 500,00 = €D, Homry gy (0% Ha(Py, L)).

Erratum. In fact this module is indecomposable, filtered by the homological
degree and has a unique irreducible quotient. The problem below is that S(t* @ C)
need not act semisimply.

Proof. First we assume that Ug is central in Lie(G°). Then the action of S(t* @ C)
simplifies. Indeed, from ( we see that it given just by evaluation at (o9, 0).
Hence the structure of EY _  as a H(G®, L, £)-module is completely determined by

Y,00,
the action of C[W}]. That is a semisimple algebra, so

(35) E, 5,0 is completely reducible.

Then the direct summand Ey ; . is also completely reducible.

By [Lusd, 10.12.(d)] E ,, o can be identified with H.(Py, L), as We-representations.
In we observed that the action of C[WL] preserves the homological degree, so

(36) Ey o00 = @ as Wp x S(t*)-representations.

This decomposition persists after applying Hom(p°, 7).

Now we lift the condition on ¢, and we consider the Levi subgroup Q° = Zge(0¢)
of G°. As explained before Proposition we may assume that L C Q°. By [Lus7,
Corollary 1.18] there is a natural isomorphism of H(G®, L, £)-modules
(37)  WpxS(t) ® B =H(GLL) @ By — B,

W? Ks(t*) H(QO»LVC)
We note that [Lus7, Corollary 1.18] is applicable because r = 0 and ad(og) is an
invertible linear transformation of Lie(Uge ), where Ugo is the unipotent radical of
a parabolic subgroup of G° with Levi factor Q°.

For later use we remark that the map comes from a morphism 7352 — Py
Hence it changes all homological degrees by the same amount, namely dim P, —
dim Py @

In (35)) we saw that the WQ xS (t°)- module EQ ».0 is completely reducible. Above

we also showed that S(t* & C) acts on Ey 00,0,p0 Via the character (o9,0). With the
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braid relation from Propostion [2.2] we see that

(38) S(t* @ C) acts on wEg;mo via the character (woyg,0).

As Wgo is the stabilizer of o in W, this brings the reducibility question for £

y,O'0,0
back to that for E

00,00 Which we already settled. Thus

(39) By 54,0 18 completely reducible.

This implies that the direct summand Ey , . is also completely reducible.

It follows from and that £ , o = H*(P;’,E) and that the action of
Wz x S(t°) preserves the homological degree. The same goes for the action of

mo(M (y))s, which yields the desired module decomposition of qu,go,o, po- O

In terms of Lemma we can describe explicitly how a standard module for
H(G, L, L)/(r) contains the irreducible module with the same parameter.

Lemma 3.10. The Wz x S(t*)-module E, ,  , has a unique irreducible subquotient
isomorphic to M?

000,000 1t 18 the component of Ey o o in the homological degree
dim P, — dim PyZG(UO)O + dim Zge (09, y) — dim Zr,(v).

Proof. For the moment we assume that oy is central in Lie(G®). According to [Lus3|
Theorem 8.15] every irreducible H(G®, L, £)-module is a quotient of some standard
module. The central character of My, ¢ .0 is (00,0) € t/Wz x C. In view of
Proposition b, My ;0,00 cannot be a subquotient of a standard module Ej

with (o,7) # (00,0). Therefore it must be a quotient of E} for some

o
O, 0

70-070’p/

o € Trx(mo(M(y))3, = Irr(wo(Za ()

By [Lus5, Proposition 10.12.b], modified as explained in the proof of Proposition
B} 550 18 isomorphic to H*({y},z;(K)), where i, : {y} — g is the inclusion.
From [Lus5, 1.3.(d) and 1.4.(a)] we see that

(40) Ey 0 = H ({y}, iy (K)) = H*({y}, i3(K)) = H*(K)ly.

The generalized Springer correspondence, which in [Lusl] comes from sheaves on
subvarieties of G°, can also be obtained from sheaves on subvarieties of g, see [Lus3l
2.2]. In that version it is given by

(y: %) = Homy (70 ) (0%, H* (K.
where d = dcg‘" cr is asin . More precisely [Lusll Theorem 6.5]:

(41) H2d(K)]y = @p/ Vy @ My y as mo(Zge(y)) x Wi-representations,

where the sum runs over all (o, V,y) € Irr(mo(Zge (y))) with e (y, p') = (L,CE, L).

Let I denote the set of all pairs i = (Cf °, F°) where CyGO is the adjoint orbit of a
nilpotent element y in g, and F° is an irreducible G°-equivariant local system (given
up to isomorphism) on CyGO. In [Lus2l Theorem 24.8], Lusztig has proved that for

any i = (Cfo,]:o) el
e H"(IC(Cy ,F°)) = 0if n is odd.
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o for i = (Cgo,}"o”) € I the polynomial
— T ¢
M=), (F*':#H™(IC(C, F)lege) a™

in the indeterminate q, satisfies II; ; = 1.
From the second bullet we obtain
—G° 0 if m # 0
42 F°:H™(IC(C, ,F°))|pao) =
(42) ( (1CCy - F))leg) {1 if m = 0.

By combining with [Lusll Theorem 6.5], where the considered complex is shifted
in degree 2dyce o1 = dim Zgo (y) — dim Zr,(v), we obtain that
y v

EZ(/)JO,U,PO = HomWO(ZGO (v) (po’ HY(K) ‘y)

contains M, ,o with multiplicity one, as the component in the homological degree

2chO CL.
Now consider a general op € Lie(G°), and we write Q = Zg(0p). By Lemma
(43) T0(M(y))e, = mo(Zae(00,y)) = m0(Zge (00, ) = mo(Zge (y))-

By Theorem d the action of this group commutes with that of H(G®, L, L), so
contains an isomorphism of H(G®, L, £)-modules

o Q° o
(44) H(G 7L7 E) H(Q?L,E) Ey,ao,O,po - Ey,00707/7°'
The argument for the irreducibility of Mg , , . in the proof of Proposition
also applies here, when we use Proposition b. It shows that the S(t*)-modules

wE? o with w € W7/ WEQO contain only different S(t*)-modules, so they have

4,00,0,p
no common irreducible constituents. It follows that the functor indgggo’é’g pro-

vides a bijection between H(Q°, L, L£)-subquotients of Eﬁ;w,po and H(G®, L, £)-
00,000+ Together with the statement of the lemma for (Q°, 00),

> has a unique quotient isomorphic to M; 50,0,0° and no other

subquotients of E;’
we see that By ;.
constituents isomorphic to that.

As remarked before, the maps and come from aomorphism 73352 . Py
so they change all homological degrees by dim P, — dim pr . With the result for
(Q°,00) at hand, it follows that the image of W7 x S(t¥) ® MY . isthe

QO yyo-0707p
W xS(t*)
full component of Ej . po in the stated homological degree. By definition this

image is also (isomorphic to) My ; o - O

3.3. Intertwining operators and 2-cocycles.

For r € C we let Irr,.(H(G, L, L)) be the set of (equivalence classes of) irreducible
H(G, L, £)-modules on which r acts as r.

The irreducible representations of H(G, L, £) are built from those of H(G®, L, L).
Let us collect some available information about the latter here.

Theorem 3.11. Lety € g be nilpotent and let (o,7)/~ € V, be semisimple. Let p° €
Irr (w0 (Zaeo(0,y))) be such that Uy, 50 (4, p°) = (L,CE, L) (up to G°-congjugation).
(a) If 1 # 0, then Ej

We call it M2

o .
Y,0,1,p0

orpe has a unique irreducible quotient H(G®, L, £)-module.
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(b) Ifr =0, then E} ,, .. ,» has a unique irreducible summand isomorphic to My ;. .

(¢) Parts (a) and (b) set up a canonical bijection between Irr,(H(G®, L, L)) and the
G°-orbits of triples (y, o, p°) as above.

(d) Every irreducible constituent of E} ., ., different from M

, with dim C§”° < dim C".

orpos 1S 1sOmorphic
R R

on M,
to a representation M, ., .,

Erratum. In case (b) it should be an irreducible quotient.

Proof. (a) is [Lus7, Theorem 1.15.a].

(b) is a less precise version of Lemma

(c) For r # 0 see [Lus7, Theorem 1.15.c] and for » = 0 see Proposition

(d) As noted in [Ciul §3], this follows from [Lusbl §10]. O

Our goal is to generalize Theorem from G° to G. To this end we have to
extend both p® and M, . to representations of larger algebras. That involves the
construction of some intertwining operators, followed by Clifford theory for repre-
sentations of crossed product algebras. Although all our intertwining operators are
parametrized by some group, they typically do not arise from a group homomor-
phism. Instead they form twisted group algebras, and we will have to determine the
associated group cocycles as well.

The group R, acts on the set of H(G®, L, £)-representations 7 by

(w-7)(h) =7(N,'hN,)  w€Re,h € H(G®, L, L).

Let R y,o (respectively Re y 00 ) be the stabilizer of Ey , . (respectively Ey . o) in
M. Similarly the group 7o(Zg(0,y))) acts the set of mo(Zge (o, y))-representations.

Let mo(Za(0,y)) 0 be the stabilizer of p° in mo(Zg(0o,y)).

Lemma 3.12. There are natural isomorphisms

(a) Rryo = m0(Za(0,y))/m0(Zae(0,y)) = m0(Za(00,y))/To(Zae (00, Y)),
(0) Rryope = m0(Za(0,Y))pe /T0(Zae(0,)).

Proof. (a) Since all the constructions are algebraic and R, acts by algebraic au-
tomorphisms, w - By, = Efv(y)’w(a)m. By Theorem C Ez;(y),w(a'),r = By if
and only if (y,0) and (w(y),w(c)) are in the same Ad(G®)-orbit. We can write this
condition as wG® C G pq(ge)(y, o). Next we note that

Gad(ee)(y,0)/G° = Zg(o,y)/ Za=(0,y).

Since G/G° is finite, the right hand side is isomorphic to 7o(Zg(0,v))/m0(Zge (0, y)).
By Lemma [3.6la we can replace o by o¢ without changing these groups.

(b) Consider the stabilizer of p° in 7o(Zg(o,y))/m0(Zge(0,y)). By part (a) it is
isomorphic to the stabilizer of p° in Re 0. As By ;. 0 = Homr (2.0 (o) (07 By o)

and Rr y » stabilizes Ey ., this results in the desired isomorphism.

Next we parametrize the relevant representations of mo(Zg(o,y)).
Lemma 3.13. There exists a bijection

Ir(CReyopentiz']) = {p€lr(mo(Za(0,y))) : plro(Zgo (o)) cOntains p°}
(7, Vr) - T X p° ‘
Here 7 x p° = indzggggz EZ‘ZB (V2 ® Vi), where V; @ Vo is the tensor product of
Y)p
two projective representations of the stabilizer of p° in mo(Zgo(0,y)).
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Proof. For v € mo(Zg(0,y))pe we choose I7 € Autc (Vo) such that

(45) I o p°(ylzy) = p°(2) o I7 z € mo(Zgeo(o,9)).
To simplify things a little, we may and will assume that I7* = I7 o p°(z) for all
70(Za(0,Y))pe, 2 € m0(Zgo(0,y)). Then (45) implies that also I*7 = p°(z) o I7. By
Schur’s lemma there exist unique kg0 (7,7") € C* such that
(46) N = Kpe (7,7)I7 o el v, € mo(Za(o,y))pe-
Then k0 is a 2-cocycle of mo(Za(0,y))pe. The above assumption and Lemma b
implies that it factors via
70(Za(o, y))po /m0(Zge (0, y))po =R yorpe-
Let C[R.y,0.rp0, kpo] be the associated twisted group algebra, with basis {T’, : v €
Reyorpet- Then mo(Zg(o,y)) acts on
C[%£7y7g7r7po,mpo] Rc Vpo by v - (T’Y’ (9 ’U) = T’YW’ X I’Y(’U).
By Clifford theory (see [AMS) §1]) there is a bijection
Irr(C[Re,yo00: fip0]) = {p € Irr(m0(Za(0,9))) : Plug(Zgo (o)) COntains p°} '
(1, V) — T X p°
It remains to identify k,c. By Proposition the cuspidal support of (y,p°) is
(L,CL, £), which means that it is contained in H*(K)|,. Hence the 2-cocycle f,

b V)

used to extend the action of W7z on K to C[W,fiz], also gives an action on Ve.
Comparing the multiplication relations in C[Wp, ] with (4€]), we see that we can
arrange that s,0 is the restriction of hzl to Rz yop0- U

The analogue of for My, , is more difficult, we need some technical prepa-
rations. Since Ngo(P) = P, we can identify G°/P with a variety P° of parabolic
subgroups P’ of G°. For g € G and P’ € P we write

Ad(g)P' = gP'g".
This extends the left multiplication action of G° on P° and it gives rise to an action
of G on g by
Ad(g)(x, P') = (Ad(g)z, gP'g ™).
By Condition every element of G stabilizes £, so Ad(g)*L = L. Lift Ad(g) to

an isomorphism of G°-equivariant sheaves
(47) Adg(g) : £ — Ad(g)*L.

(Although there is more than one way to do so, we will see in Proposition
that in relevant situations Ad,(g) is unique up to scalars.) Thus Ad,(g) provides a
system of linear bijections

(48) (L)(z.pry = (£)(Ad(g)z.ad(g)pry Such that  Adz(g) o (97 'g%9) = g° 0 Adc(g)

for all g° € G°. (Here we denote the canonical action of ¢° on £ simply by ¢°.) Of
course we can choose these maps such that Adz(gg°) = Adg(g) o ¢g° for ¢g° € G°.
Notice that

(49) Adg(g°) coincides with the earlier action of G° on L.

For g € Zg(o,y), Ad(g) stabilizes Py, and the map Ad,(g) induces an operator
HMW (Adg(g)) on HYMW (P2, £).
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Lemma 3.14. For all h € H(G°,L,L),y € Rey,o and g € vG° N Zg(0o,y):
M (Adg(9) 0 A(h) = ANLANSY) o HY W (Ade(g)) € Ende (BYY (P2, £)).

Proof. By Theorem d the map H.' (y)O(Adg(g)) commutes with the action of
H(G°,L, L) on gMW (Py> £). Moreover MW (Adz(g)) = 1 for g in the connected
group Zg(o, p)°. Thus we get a map

0(Za(0,y)), — Autc (HY Y (Pg, £))

which sends m(Zge(0,y)) to Autgge 1 c)(Hx M)® (Py, E)) Recall from (21) that

the action of S(t*®C) on H., M)* (Py, E) comes from the product with Hy, o (770)
The functoriality of this product and ({ entail that

HMO (Adz(9)(6 @ 1) = Ad(g)s © HMW (Ad,(9))(n)
for n € Hy(y)o(Pl‘j, L) and 6 € H]’\k/[( JonGe (Pg). The operators Ad(g) on
Hy, M(y)nGe (Py) are trivial for g € Zge(0,y) C M(y) N G°, they factor through
Z6(0,y)/Zco(0,y) = Rey,o-

Similarly, the operators Ad(g) on S(t* © C) = H/,, . (§°) factor through
Zc(0,vy)/Zge(0,y) and become the natural action of R, , ,. Hence

(50) HMY (Adg(9)) 0 A(€) = A(Ad(7)€) 0 HY W (Ads(g))

for v € Rr 0.9 € YG°N Zg(o,y)) and £ € S(t* @ C). By making the appropriate
choices, we can arrange that the dual map of is

Adg-(g71) : Ad(g)*L* — L.

It induces Adg«(g™!) : Ad(g)*K° — K°, where K° is K* but for G°. The operators
Ny (w € W) from are G° x C*-equivariant, so the operator

(51) Adz(g7) ™ 0 Ny o Adg- (7)) € Autgo o (K°)

depends only on the image of g~ in G/G°. If y € Rry,0 and g € yG°, then we see
from the definition of V,, in [Lusll, 3.4] that is a (nonzero) scalar multiple of

N, yy—1. Consequently

HY Y (Adge(97) 7 0 A(N,) 0 MY (Adg(97Y) = Aw, 1) A(N, NN )
for some number \(w,~y) € C*. Dualizing, we find that
(52)  HMY(Adr(g)) 0 A(NW) o HY Y (Adg-(9)) ™! = Aw, ) AN, NG Ny,

Let oy € R(G°,T) be a simple root and let s; € W7 be the associated simple
reflection. By the multiplication rules in H(G®, L, £)

(53) 0= A(NSZ.OQ' — siOéiNsi — Cl'I'(Oéi — siai)/ozi) = A(Nsiai + OliNsi — 20ir).
Now we apply and ( and to this equality, and we find

0= HMY"(Adz(9)) 0 ANy, i + a;iNs, — 2¢ir) o HY @7 (Ad ()"

= A()\(sl, Y)Nqgiq—1 T + A(s4,7) TiNyg,n -1 — 2¢;1).

(54)
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1

We note that «; := 7oy is another simple root, with reflection s; := vs;7~" and

¢; = ¢;. By (53] @ ) the second line of becomes
A(si, V)A(Ns; o + aj N, — 2¢5r) + QCZ‘A()\(Si,’Y)I‘ —r) =2(A(s3,7) — D A(r).

Recall from (12)) that ¢; > 0. As A(r) = r is nonzero for some choices of (o, 1), we
deduce that A(s;,y) = 1forall v € Ry 5 po. In view of this implies A(w, ) =1
for all w € Wz, v € Re y 0,00 Now and provide the desired equalities. [

Lemma says that for g € vG° N Zg(O' Y), Hy(y)o(Adg(g)) intertwines the
standard H(G®, L, £)-modules E; . and - - However, it does not necessarily

Y,0,T
map the subrepresentation E? o toy- EY even for v € Rz y 5 p0. Moreover

Y,0,T,0 Y,o,T po 9
g HY @) (Adz(g)) need not be multiplicative, by the freedom in (7). In general
it is not even possible to make it multiplicative by clever choices in . The next
lemma takes care of both these inconveniences.

yor

Proposition 3.15. Let y,o,r,p° be as in Theorem |3.11 There exists a group
homomorphism

Rey,o00 = AutC(E;,Ump"

depending algebraically on (o,7) and unique up to scalars, such that

JY(A(NS'hNy)¢) = A(R)J'(¢)  he€H(G°,L,L), ¢ € E

)iy J7,

yarp

Proof. For g € Zg(o,y) let I9 be as in and let H,fw(y)o(Ad/;(g)) be as in Lemma
B14 We define

‘]g(¢) = Hi\/[(y) (Adﬁ(g))(¢ © (Ig)_l) pekE y o,r,p° Homﬂ'o(ZGo (0,y)) (po7 E;,a,r)'
For v € Vo and z € Zgo(0,y) we calculate:

J9(p°(2)p) = HY'" (Ad(9)) (b0 (I > p°(2)v)
W (Adg(9)) (60 p°(g 2g)(19) 1)
W (Adz(9)) (97 29)¢ 0 (19)1w)
MO (Adg(9) HMY (Ade (g7 29) (@ 0 (19)10)
W (Adg () E Y (Ade(9)) (¢ 0 (19) 7o) = 2 J9(6)(v).
Thus J9 sends E ., 0. It is invertible because HM® (Adg(g)) and I9 are. By

([9), (45) and the 1ntertw1ning property of ¢, J9(¢) = J9 (¢) whenever g~'¢ € G°.
Hence Jg € Autc(Ey ., ) depends only on the image of g in R = G/G°, and may
denote it by J7 when g € vG°.

As the mo(Zgo(0,y))-action commutes with that of H(G®, L, L), we deduce from
Lemma [3.14] that

TV (A(NT'hN,)9) = HY 7 (Ade(9)) AN AN, ) (do (19) 1) =
AR HM " (Ad(9) (b0 (1971 = A(R)J ().

By Lemma [3.6 and all the vector spaces Ej , . . can be identified with

Hom (740 (00,)) (0% Hx (Py, £)). In this sense J¥ depends algebraically on (o,r) =
(o0 +dyy (§5) 7).

(55)
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Given y,r # 0, [Lus3, Theorem 8.17.b] implies that Ey 5. p0 18 irreducible for all
o in a Zariski-open nonempty subset of {o € g : [0,y] = 2ry}. For such o and
Schur’s lemma imply that J7 is unique up to scalars. By the algebraic dependence
on (o,r), this holds for all (¢,r). Hence the choice of Adz(g) in is also unique
up to scalars. If we can choose the Ad,(g) such that v — J7 is multiplicative for at
least one value of (o,7), then the definition of J shows that it immediately holds
for all (o,r).

For r =0 says that J7 intertwines E’;

. . . o
intertwines the quotients My ,

o000 and v - Ef oo 0. Then it also

o and 7 - ;’70:0: po from Lemma Recall that

o ENGTECS M )
¥,00,0,p° WAQO I><S(t*) ¥,00,0,p°

where Q° = Zgo(0p) and S(t*) acts on wsz;o,Dmc’ via the character wog. By

J’y(wMyQ’U()v(Lpo) = (/yw,y_l)MyQ’U()y(Lpo’

and in particular all the J7 restrict to elements

M2 ) = Aut

~
JQO € AUtWL ° D(S(f*)( Y,00,0,p°

wee (M 0p0) = Auty g0 (M.
Here WEQO is the Weyl group of (Q°,T'), a group normalized by Rz 4+ ,o. By [ABPS2]
Proposition 4.3] we can choose the J7 (which we recall are still unique up to scalars)
such that v — J7 is a group homomorphism (for » = 0). As we noted before, this
determines a choice of all the J7 such that v+ J7 is multiplicative. U

Recall from Theorem that the quotient map Ej ., o — My, . provides
a bijection between standard modules and Irr(H(G®, L, £)). Therefore Proposition
also applies to all irreducible representations of H(G®, L, £). It expresses a regu-
larity property of geometric graded Hecke algebras: the group of automorphisms R
of the Dynkin diagram of (G°,T") can be lifted to a group of intertwining operators
between the appropriate irreducible representations.

With Clifford theory we can obtain a first construction and classification of all
irreducible representations of H(G, L, £):

Lemma 3.16. There exists a bijection

Irr(C[Reyop0.02]) — {7 €r(H(G,L,L)) : mluge,1.c) contains M,';’O.’T.’po}

(7—, Vq—) — T X M?j,O’,ﬁpo
o _ i qH(G.L.L) o o
Here 7 < My, o = de(Gomﬁmy,po,L,ﬁ)(VT ® My ;. 0)s where H(G®, L, L) acts

trivially on V; and

Ny-(v@m)=T1(Ny)v®J(m) v ERLyope0 €V, me M)

o .
Y,0,1,p

Proof. Let the central extension 9%2 — MR and py,. be as in the proof of Proposition
and let R be the inverse image of Ry y o p0 In 9‘{2 Asin , H(G°Re,y,0,005 L, L)

is the direct summand

po,CIRY| x H(G°, L, L) of KT xH(G° L,L).
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By Proposition and Clifford theory (in the version [Solll Theorem 1.2] or [RaRa),
p. 24]) there is a bijection

Ir(RT) — {7 elr(RT xH(G, L, L)) : wlp(ge,r,c) contains My, o}

. REXH(GP,L,L) o
(V7)) = indy? e L) (Vr © Myorpo)

Restrict this to the modules that are not annihilated by the central idempotent
Dog- U

3.4. Parametrization of irreducible representations.
We start this paragraph with a few further preparatory results. Let (y, o, p°) be
as before.

Lemma 3.17. There are isomorphisms of mo(Za(o,y)) o -representations

. JH(G%Re 500 L,L) o ~ s 170(Za(0,Y)) po o
indg o 125" (Vo @ By o) Zind, [0 G0 (Ve @ By o)
= C[mﬁ,y,mp% ﬂZl] ® Voo ® Ezc;,am,p"'

In the last line the action is
g- (Nw®v®¢) :NgNw®Ig(v)®¢
for g € mo(Za(0,y))pe,w € Re yop0,v € Vo and ¢ € Ey

o
70-7T7p

Proof. Recall that Ey ,, = C, , ® Hiw(y)o (Py, E) and that
7Y% (fyh)

(56) Py N (G°Reyop0/P) = 7)5 X RLy.0,p0
. . . G°R o
There are two projective actions of Rz y 5 0 on E ,U,TL’y"”’J . The first one comes

from considering it as the group underlying C[R y o00,0c] C H(G, L, £), and the
second one from considering it as a quotient of mo(Zg(o,y)),o. Both induce a simply
transitive permutation of the copies of Py in , the first action by right multi-
plication and the second action by left multiplication. This implies the first stated
isomorphism.

The second claim is an instance of [AMS, Proposition 1.1.b]. Here we use Lemma
to identify the 2-cocycle. We note that there is some choice in the second
isomorphism of the lemma, we can still twist it by a character of Rz y o po- (]

Notice that the twisted group algebras of R,y » o appearing in Lemmas 3 1§ and
are opposite, but not necessarily isomorphic. If (7,V;) € Irr(C[R y.0.p0, i2]),
then (7%, V) € Irr(C[Re,y.0,p0, b)), Where

THNDA=XoT(N;Y) v €Reyope, A€ VS

As noted in [AMS, Lemma 1.3], this sets up a natural bijection between
Irr(C[Re y,0p0, b)) and Irr(C[R e,y 0, p0, b1 1)

Lemma 3.18. In the notations of Lemma[3.10}, there is an isomorphism of
H(G, L, £)-modules Ey gy p0xr =T X E?

10,10
Proof. By Lemma (3.3

_ * O H(GvLVC) o}
Eyor.poxre = Homr (7,0, (7" % p yindy o7 vor):
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By Frobenius reciprocity this is isomorphic to

. H(G,L,L) . H(GORp 0 p0,L0L)
(57)  Homry(z(0)),0 (77 ® 07, ndy e, , , o.0.0)PmGe .2y Eyo)-
The action of my(Zg(o,y)),c can be constructed entirely within G°Rz y o po,1.2, SO
we can move the first induction outside the brackets. Furthermore we only need the
p-isotypical part of Ej ; ., so equals
(58)

. H(G,L7£) . ]HI(GOERL7 o, o,L,,c)

de(Gomﬁyy,a,po 1,0y HOM Ay (Z6 (o) 0 (" ®p° indy o 2" Ve ® E;a,r,p")-
From Lemma and J[AMS], Proposition 1.1.d] we deduce that

o H(Gom ,Y,0, Ova‘C) o
(59) Homy(z4 (o)), (T"®p 7de(G°,L€Ly) r Vo @ Ey,o,r,pO) =

o -1 o
Hom(C[mL,y,a,pthl] (T*7 Homﬂ—O(ZGo (U’y)) (p ’ C[%‘C7y7o-7po7 hﬁ ] ® Vpo ® Ey:UJ“:PO)) =
Homc[‘ﬁc,y,a,po bz' (7, CRLy00: ] ® Eyorp)-

Here C[Rzy.0.p0, 0] fixes Ey 50 pointwise. By [AMS| Lemma 1.3.c| there is an

isomorphism of C[R. y 0,00, hzl] X C[RL y,0,00, ic]-modules

(60) ClRLyope. s 2 D Vi ® Vi

WEI”(C[%L,y,a,poth])
Thus the H(G°R. y,0,p0, L, £)-module becomes V> ® Ey . 0, while and
become

(61) o qHE(G.L.L)

H(G°R. 40,00 L,L)
The subalgebra H(G®, L, £) fixes V- pointwise. To understand the above H(G, L, £)-
module, it remains to identify the action of C[Rg y s p0,fc] on V; @ Ej . 0. For
that we return to the first line of . Taking into account that the actions of
70(Za(0,y))pe and C[Rz y o p0, ] C H(G*Re y0p0, L, L) commute, [AMS], Propo-
sition 1.1.d] says that it is isomorphic to

(62) Hom(c[mﬁ,y,amo 7h21} (T*’ C[mﬁ’y’o’po, h[:] ® E;:O'J":PO) '

(Ve ®@Ey 57 p0)-

We have seen in that C[Rz 0,00, hzl] fixes E , . , pointwise, and we know from
Theorem [3.2]d that its action commutes with A(H(G°Rz,y 0,00, L, L£)). The proof of
Lemma entails that, up to a scalar which depends only on v € Rz 4 o po,

Ny - (N®@o)= NNf;l ® ¢ N e C[%E,y,mp"v hﬁ]a ¢ € Eo,o,r,po'

Since this formula already defines an action, the family of scalars (for various 7) must
form a character of R,y 5 0. We can make this character trivial by adjusting the
choice of the second isomorphism in Lemma which means that C[R. y 5 p0, ]
in becomes a bimodule in the standard manner. By for CR . y.0,00,0c)
is isomorphic, as C[Rg,yq,p0,c]-module, to V; ® Ey .. 0. Consequently the
H(G, L, L) is endowed with the expected action of C[R, .4 0,0c] on Vi, which
means that it can be identified with 7 x E? U

o .
Y,0,7,p

It will be useful to improve our understanding of standard modules with r = 0,
like in Lemma



32 A.-M. AUBERT, A. MOUSSAOUI, AND M. SOLLEVELD

Lemma 3.19. The H(G, L, L)-module Ey ., is completely reducible and can be
decomposed along the homological degree:

Ey,o,O,p = @n HomWO(ZG(G,y)) (p, Hn (Py, E)) .

Erratum. Like in Lemma 3.9, this module is only filtered by the homological
degrees.

Proof. By Lemma 3.3
~ - H(G,L,L o

(63) Eyo0 = lndHEGO,L,%) v,0,0°
From Lemma we know that Ej , o is completely reducible. As H(G°, L, L) =
CRe,bc] x H(G®, L, £) where C[R., iz] is a twisted group algebra of a finite group
acting on H(G®, L, £), the induction in (63]) preserves complete reducibility.

From Lemma E we know that Ej , o = @,, Hn(P,, £). The proof of Lemma
shows that

indyy(Ge'i 0 Ha(P5, £) = ClRe, 1] ©c H(P5, £) 2 Hy (Py, £),

$0 By o0 =@, Hu(Py, L) as H(G, L, £)-modules. Since the action of mo(Za(0,y))
commutes with that of H(G, L, L), Ey 0, = Homy (7, (0.4)) (s Eye0) is also com-
pletely reducible, and the decomposition according to homological degree persists in
Ey,0'707p' D

We note that the definitions and also can be used with G instead of G°,
provided that one involves the generalized Springer correspondence for disconnected
groups from [AMS] §4]. In this way we define the H(G, L, £)-module My 0,

Now we are ready to prove the main result of this section. It generalizes [Lus5l
Corollary 8.18] to disconnected groups G. Recall that Condition is in force.

Theorem 3.20. Let y € g be nilpotent and let (o,7)/~ € V, be semisimple. Let

pE Irr(wo(Zg(a, y))) be such that \I/ZG(UO)(y,p) = (L,CUL, L) (up to G-conjugation).

(a) If r #0, then Ey o, has a unique irreducible quotient H(G, L, £)-module. We
call it My o1 p-

(b) If 1 = 0, then Eysyr, has a unique irreducible subquotient isomorphic to
My 54,0,0- This subquotient is the component of Ey 5, in one homological de-
gree (as in Lemmal[3.19).

(¢) Parts (a) and (b) set up a canonical bijection between Irr,(H(G, L, L)) and the
G-orbits of triples (y,o,p) as above.

(d) The two sets from part (c) are canonically in bijection with the collection of
G-orbits of triples (y,00,p) as in Proposition . (The only difference is that
oo € Zy(y) instead of (o,r) € Lie(Zgxcx(y)). That is, (y,00,p) is obtained

from (y,o,p) via Lemmal[3.6)

Proof. Let p° be an irreducible constituent of p|r(z.0(0y))- By Lemma there
is a unique 7% € Irr(C[Rz y.0.p0, 7)) such that p 22 p° x 7%,
(a) From Lemma we know that

~ (¢]
Eyorp E=TXE, ;0 o

By Lemma it has the irreducible quotient
(64) TX M ;000 = (T X Ep g 0)/(T X N°),
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o __ o] [¢]
where N°® = ker(Ey , . 0 — My ;. o)

of Ey 51 p0. We define

Iy ={V € Irr,(H(G®, L, £)) : V is a constituent of 7 x M . o},

Iy ={V € Irr,(H(G°, L, £)) : V is a constituent of 7 x N°}.

Recall from Theorem [3.11]d that all the irreducible H(G®, L, £)-constituents of N°
are of the form M;’, o7 1o where dim Cgo > dimCyGo. Since R, acts by algebraic
automorphisms on G°, the same holds for all H(G®, L, £)-constituents of 7 x N°.
Hence Iy and Iy are disjoint. Moreover these sets are finite, so by Wedderburn’s

theorem about irreducible representations the canonical map
H(G®,L,L) » P, , End(V)® EBVEIN End(V)

is surjective. In particular there exists an element of H(G®, L, £) which annihilates
all V € Iy and fixes all V' € I); pointwise. By Theorem [3.2ld 7 x N° has finite
length, so a suitable power h° of that element annihilates 7 x N°. Since 7 x My .. o
is completely reducible as H(G®, L, £)-module, h° acts as the identity on it.

. Hence 7x N° is a maximal proper submodule

€ln

Choose a basis B of C[R., ] ® V., consisting of elements of the form
C L,y,0,p°1 C]
b= N, ®v with v € Rz and v € V. Since 7 X My . . is irreducible, we can find

for all b,b' € B an element hyy € H(G, L, £) which maps & My 51 o
bM, . ,» and annihilates all the other subspaces 0" My . ..

. o o
Consider any x € Ey,crmpﬁg{“zco(s,u))(pOaHd(u)(BZ’ff,C))O \ 7 x N°. Write it in terms of

bijectively to

Basxz =), .zb®ax with 2, € Ej . .. For at least one V' € B, zy € Ej ., ,\ N°.
Then

hhyyx =b@ v’ for some v’ € Ep . 0\ N°.
As H(G®, L, L)-representation

bE;7U7T7pO = <N’y ® v)E;7U7T7pO g ’y ’ EO707T7PO’

which has the unique maximal proper submodule v - N° = bN°. Hence

H(GO, L, ﬁ)hohbb/:ﬂ = bEZ

0.
70-7T7p

This works for every b € B, so H(G,L,L)x = Ey,,,. Consequently there is no
other maximal proper submodule of F, ., , besides 7 x N°.

(b) Put Q = Zg(09). By Lemma and

H(G,L,L) -Q . H(G,L,L)
dH(Q,L,L)Ey,UO,O = de

Now Theorem [3.2]d and (but for G) imply

EY

-~ -
Ey,0070 = (Q°,L,L) " y,00,0"

H(G,L,L) -Q

~
Ey00,0p = de(Q,L,L) ¥,00,0,p°

By Lemma Eggo,o,pc’w* = 7K Eg;o’oypo, whereas [AMS| (54)] shows that
My?pow* = 7K M;?po as C[Wg, hg]—modules. Decreeing that S(t*) acts trivially
on V;, we obtain an isomorphism of (C[Wg, hg] X S(t*)-modules

(65) M =T MY

Y,00,0,0° X7 Y,00,
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has a direct summand isomorphic to

From Lemma we know that E@?,Zo,o,po
Myc?;0707po. Hence there is a surjective H(G, L, £)-module map

rx MY

Q° ~
TXE y,ao70,p°) - My7007070'

(G,L,L) H(G,L,L)
( y70'0707p0 (

(Q.L.L) ) = indyg )
The same argument as for part (a) shows that there exists a h® € H(G®, L, £) which
annihilates ker(Ey 40.0,p = My.00,0,p) and acts as the identity on M, 4, 0,. Therefore
M,y 50,0, appears with multiplicity one in E, 5,0, By the complete reducibility
from Lemma [3.19] it appears as a direct summand.

Recall from from Lemma and that there are isomorphisms of H(G, L, £)-
modules

(66) Eyon0, = indj]

H(G7L7L) QO

~ .
0o =T K de(Qo,L,c) ,00,0,0°"

o
Eyvgﬂ’ozp = T X Ey

From these and we deduce
(67) My,U:O,POX‘T* = TX M;,O',O,po'

Combining these with Lemma we see that My ;0 poxr+ is the component of
Ey 50,0, in one homological degree.
(c) For r # 0, part (a) and Lemma induce an isomorphism of H(G, L, £)-

modules
(o]
(68) My orposre =T X My ;0 o

From Lemma we see that the irreducible modules and exhaust
Irr(H(G, L, £)). By [AMS], Theorem 1.2] and [Soll, Theorem 1.2] two such repre-
sentations are isomorphic if and only if there is a v € SR, such that

(69) Mg = M 11
By Theorem ¢ the first isomorphism means that (y,o, p°) and (y/, 0, p') are
G-conjugate, while the second is equivalent to 7* and 7* being associated under the
action of G/G°. With Lemma we see that is equivalent to:

(y,o,p=p°x7*) and (¢v,0',p = p'° x 1) are G-conjugate.

This yields the bijection between Irr(H(G, L, £)) and the indicated set of parame-
ters. It is canonical because M, , does not depend on any arbitrary choices, in
particular the 2-cocycles from the previous paragraph do not appear in p.

(d) Apply Lemma[3.6]b to part (c). O

Recall that all the above was proven under Condition [3.1] Now we want to lift this
condition, so we consider a group G which does not necessarily equal G°Ng (P, L).
In we saw that H(G, L, £) remains as in this section, but the parameters for
irreducible representations could change when we replace G°Ng (P, £) by G.

Lemma 3.21. The parametrizations of Irr,(H(G, L, L)) obtained in Theorem[3.2
remain valid without Condition [3.1.

Proof. By the definition of Ng(P, L), no element of G \ G°N¢g(P, L) can stabilize
the G°Ng(P, £)-orbit of (L,CL,L). So, when we replace G°Ng(P, L) by G, the
orbit of the cuspidal support (L,CE,L) becomes [G : G°Ng(P,L)] times larger.

More precisely, G - (L,CE, L) can be written as a disjoint union of [G : G°Ng(P, £)]

orbits for G°Ng(P, £) with representatives (L,CE, L), where L' = Ad(g)*L for some
g€ Ng(P,L).

,0'()7070

/
o’ and 7 N’y. °
)



GRADED HECKE ALGEBRAS FOR DISCONNECTED REDUCTIVE GROUPS 35

Let (y,00,p) be as in Theorem for the group G°Ng(P,L). By Theorem
3-20ld the stabilizer of G°Ng(P, L) - (y,00,p) in G equals that of G°Ng(P, L) -
(L,CE, L), so it is G°Ng (P, £). In particular the Zg (o9, y)-stabilizer of p is precisely
ZcoNg(P,c)(00,y), which implies that

Za(00,y)
ZGONG(P,L)

+ s
p" =ind (00.y) (p)

is an irreducible my(Zg (00, y))-representation. By |[AMS], Theorem 4.8.a]
Ve (00) (Y pt) = (L,CL, L) up to G-conjugation.

From G- (0¢,y, p") we can recover G°Ng(P, L) - (y, 09, p) as the unique G° Ng(P, L)-
orbit contained in it with cuspidal support (L, CL, £) up to G° Ng (P, £)-conjugation.

Consequently the canonical map (y, 09, p) — (y,00,p") provides a bijection be-
tween the triples in Theorem [3.20ld for G°N¢(P, £), and the same triples for G.

With Lemma (which is independent of Condition |3.1)) we can replace (y, oo, p™)
by (y,0,p"), obtaining the same triples as in Theorem ¢, but for G. O

In Theorem we showed that the assignment (o,y,r) — E, ., is compatible
with parabolic induction. That cannot be true for the modules E, ;. ,, if only
because p is not a correct part of the data when G is replaced by a Levi subgroup.
Nevertheless a weaker version of Theorem holds for Ey 5, and My ,.

Let @ C G be an algebraic subgroup such that Q N G° is a Levi subgroup of G°
and L C Q°. Let y,o0,r, p be as in Theorem with o,y € q = Lie(Q). By [Ree,
§3.2] the natural map

(70)  m(Zg(0,y)) = 10(Zonze(00)(Y) = T0(Z24(00)(y)) = T0(Za(0,y))

is injective, so we can consider the left hand side as a subgroup of the right hand
side. Let p% € Irr(mo(Zg(o,y))) be such that \PZQ(UO)(y,pQ) = (L,CEk,£). Then

9 v
Q Q
Eyorp, My grp, Ey,cr,r,pQ and Myﬂme are defined.

Proposition 3.22. (a) There is a natural isomorphism of H(G, L, L)-modules

Q ~ Q
H(G, L, £) H(Q%,L) Ey,a,r,pQ - @p Homr, (74(0.4)) (P75 P) © Byo.r.p:

AR

(b) Forr =0 part (a) contains an isomorphism of S(t*) x C[W¢, tz]-modules

Q o Q
H(G, L, L) H(Q%,E) M) op0 = EB,) Homr, (74 (6,4)) (P p) © My,0,0.p-

where the sum runs over all p € Irr(mo(Zg(o,y))) with V(o0 (W, ) = (L ck L.

(¢) The multiplicity of My s, in H(G, L, L) H(Q®L 5 Egame is [p% IO]TFO(ZQ(O',y))'

1t already appears that many times as a quotient, via E:lcfa,r,pQ — M?fo,an' More
precisely, there is a natural isomorphism

*

HomH(Q,L,C)(M;? orp2r My.orp) = Hom (7o (o)) (0% P)

Erratum. For this proposition to hold (with the same proof) we need an extra
condition €(o,r) # 0, see the appendix.
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Remark. When we set (o,7) = (0,0), part (b) gives a natural isomorphism of
C[W¢, fiz]-modules

ClWe,tz] ® pr = @ Homy(z,(y )(pQ’p) ® M, ,.
CWE e

Consequently [M?pr : My ] Plro(Zo(y))- As the modules M, , and

— [,
@i = [P
Mz? o are obtained with the generalized Springer correpondence for disconnected

groups from [AMS, Theorem 4.7], this solves the issue with the multiplicities men-
tioned in [AMS, Theorem 4.8.b].

Proof. (a) By Theorem [3.4]b

(71 H(G, L. £) H(Q@}J L) Eﬁa,r,pQ - HOmWU(ZQ(va)) (pQ7 Eyor)-

With Frobenius reciprocity we can rewrite this as

. mo(Z . mo(Za(o, * m0(Za (o))
Homﬂo(ZQ(U,y)) (lndﬂgEZggoygg Q E:’/UT) = ((lndﬂgEZgéa,Zigva) ®L 70'77") ety .

Similarly Eysr, = (V) ® Ey,g,r)WO(ZG (@¥)) . Again by Frobenius reciprocity

* 7o (Z, B *
(72) Homir, (20 (Vs (ind (75170 V,0) ") =

m0(Za(oy)) Q .
Homr, (76(0.4)) (mdwﬁﬁzg(g Z))P p) = HomWO(ZQ(U,y))(anp)'

(b) Now we assume that r = 0. From Theorem [3.20[c we know that M, ;0 , is the
component of Iy, ;0 , in one homological degree. By Lemma this degree, say
n%, does not depend on p. Similarly

Q _ .
Myvavo,pQ - Homﬂo(ZQ(U,y))(/’Q7 H,q (7)5; 5))

The isomorphism in part (a) comes eventually from Theorem b, so by it
changes all homological degrees by a fixed amount d = dim P, — dim PyQ . Thus part
(a) restricts to

H(G,L,L M =H(G, L, L Hom,.. (4 (o (09, H,o (P2, L
( >H(QQ,§L7£) y,a,r,pQ ( )H(QQ,@L,L) om O(ZQ( ) (p TLQ( Y ))

(73) = EBP Hom (26 (o)) (0% p) @ Homyy (7, (o) (02 Ho@4.a(Py, £))

We want to show that n? + d = n®, for then becomes the desired isomor-
phism. This is easily seen from the explicit formula given in Lemma but
we prefer an argument that does not use [Lus2|. Since n& does not depend on p,
it suffices to consider one p. By [AMS| Theorem 4.8.a] we can pick p such that
Hom Q p) # 0, while maintaining the condition on the cuspidal support.

Z (U y)
and ([38) the (o,0)-weight space of My 50, poxr+ is
T X My po € Irr(C[We o, b2]).

For the same reasons the (o, 0)-weight space of is

. 1CWe ohe]
ind [Wf{{a,hc]( X M, PQO) € MOd(C[WE,m hll])
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Here 7 x My ,0 is the representation attached to (y,p = p° x 7*) by the generalized
Springer correspondence for Zg (o) from [AMS, §4]. In the same way, only for Zg(o),
79 % M, ,q° is related to (y, p?@ = pQ° % 79).

As p@ appears in p, [AMS], Proposition 4.8.b] guarantees that 7 x M, p@° appears
in 7 x My ,o. Hence the C[W, 4, z]-module 7 x M, ,o appears in . In view of
the irreducibility of My .0 ,, this implies that My ;0 , is a quotient of

HomWO(ZG(C’-’y)) (p7 HnQ+d(Py, E)) - Ey,o’,O,p-

By Theorem d and @, this is only possible if n® 4+ d = n&.

(¢) From Theorem @ we know that M,y .., appears with multiplicity one in
Ey orp- It follows from [Cus5l, Corollary 10.7 and Proposition 10.12] that all other
irreducible constituents of the standard module Ey ., are of the form My .. »,
where Cg is a nilpotent orbit of larger dimension then Cg . Together with part (a)
this shows the indicated multiplicity is

dim Homry (7 (0,)) (P% 0) = [69 1 Plro(20(00))-
Now we assume that r # 0, so that My, , is the unique irreducible quotient of
Eyorp-

For every p as with W ,\(y,p) = (L,CE, £) we choose an element f, € Ey 5,
with f, # 0in My 5 », and we choose a basis {,,i }; of Homy (7, (0,y)) (p%, p). The set
F:={b,; ® fy}p, generates the right hand side of part (a) as a H(G, L, £)-module,
and no proper subset of it has the same property. Via the canonical isomorphism of
part (a) we consider F' as a subset of the left hand side. Suppose that one element
byi ® f, belongs to

Q Q
(74) HGLL) | @ Ker(B], 0= MJ, o).
The remaining elements of F' generate H(G,L,L) ® M@ Since MY

H(Q,L,E) y70-77"7,0Q. y707r7pQ

is the unique irreducible quotient of E¢ o, they also generate the modules in
P

y70—77‘7
part (a). This contradiction shows that all elements of F' are nonzero in

H(G,L,L ® MY , and that (74]) is contained in
( ) u &y Moo

@p Hom (7o (00)) (0%, ) @ ket (Eyg.rp = Myorp)-
Consequently the canonical surjection

Q Q
H(G, L, L) H(QQ?L,E) Ey,a,r,pQ - @p Hottir, (74(0.)) (P~ P) © My

factors through H(G,L,L) ® M @ o- We deduce natural isomorphisms
H(Q,L,E) Y,0,7,p

12

Homwo(ZQ (o,y)) (va p)* = HomH(G,L,E) (H(G’ L7 ‘C) H(Q(%z L) EZ?,UJVPQ’ Mya,'r‘,p)

Q o Q
HomH(G7L7£) (H(G’ L’ E%’H(Q%yﬁfwy’g7r7pQ7 MyO’,’f’,p) o HomH(Q’L’E) (Myvo-van, My,O’,T,p) )

For r = 0 we can apply the functor Homgy 1.2)(?, My,00,) to part (b). A compu-
tation analogous to the above yields the desired result. O
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Depending on the circumstances, it might be useful to present the parameters
from Theorem [3.20] and Lemma [3.21] in another way. If one is primarily interested
in the algebra H(G, L, L) = H(t,Wg,cr,tiz), then it is natural to involve the Lie
algebra t. On the other hand, for studying the parameter space some simplification
can be achieved by combining y and ¢ in a single element of g. Of course that is done
with the Jordan decomposition z = xg + xx, where xg (respectively xx) denotes
the semisimple (respectively nilpotent) part of x € g [Spr, Theorem 4.4.20].

Corollary 3.23. In the setting of Lemma there exists a canonical bijection
between the following sets:
o Irr,(H(G, L, L));
e N¢(L)/L-orbits of triples (c9,C,F) where oo € t, C is a nilpotent Zg(o9)-
orbit in Zy(og) and F is an irreducible Zg(og)-equivariant local system on
C such that V5, (50)(C, F) = (L,CE. L) (up to Zg(op)-conjugacy);
e G-orbits of pairs (z,p) with x € g and p € Irr(mo(Zc())) such that
Uz (ws)(@n, p) = (L,CY, L) (up to G-conjugacy).

Proof. By Proposition [3.5lc we may assume that o and op lie in t. Upon requir-
ing that, the G-orbit of o (or o) reduces to a Ng(L)/L-orbit in t. The nilpo-
tent element y lies in Zy(0p), and only its Zg(og)-orbit matters. The data of
p € Irr(mo(Za(o0,y))) are equivalent to that of an irreducible Zg(og)-equivariant

local system F on CyZ (@) Now Theorem d provides a canonical bijection
between the first two sets.

We put z = g9 +y € g. By the Jordan decomposition every element of g is of this
form, and Zg(z) = Z(y,00). Again Theorem [3.20/d yields the desired bijection,
between the first and third sets. (]

We note that the third set of Corollary is included in the set of all G-orbits
of pairs (z,p) with z € g and p € Irr(mo(Zg(x))). It follows that the latter set is
canonically in bijection with

(75) |_|(L705’£) Irr, (H(G, L, £)),
where the disjoint union runs over all cuspidal supports for G (up to G-conjugacy).

3.5. Tempered representations and the discrete series.

In this paragraph we study two analytic properties of H(G, L, £)-modules, tem-
peredness and discrete series. Of course these are well-known for representations of
reductive groups over local fields, and the definition in our context is designed to
mimick those notions.

The complex vector space t = X, (T')®zC has a canonical real form tg = X, (T)®z
R. The decomposition of an element = € t along t = tg @ itg will be written as
x = R(z) +iS(x). We define the positive cones

th ={zctr:(z,a)>0Vae R(P,T)},
thi={Aeth: (@, \) >0Vae R(P,T)}.
The antidual of t]’g“ is the obtuse negative cone

tg={zectpg:(x,\) <OVAEf}
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It can also be described as

tg = {ZaGR(P,T) zoa’ x < 0}.

The interior t; ™~ of t is given by

V. : v
(76) - { ézaeR(P,T) xaa” 124 <0} if R(G,T) spans tg

Let (m,V) be a H(t, Wg,cr,f)-module. We call x € t a weight of V if there is a
v € V'\ {0} such that 7(§)v = &(x)v for all £ € S(t*). This is equivalent to requiring
that the generalized weight space

(77) Vei={veV:(m() —&x))"v =0 for some n € N}

is nonzero. Since S(t*) is commutative, V' is the direct sum of its generalized weight
spaces whenever it has finite dimension. We denote the set of weights of (7, V') by
Wt(m, V), Wt(V') or Wt(m).

Definition 3.24. Let (7, V) be a finite dimensional H(t, W, cr, j)-module. We call
it tempered if R(Wt (7, V)) C tz. We call it discrete series if R(Wt(m, V) C t5 .
Similarly we say that (7, V') is anti-tempered (respectively anti-discrete series) if
R(Wt(m,V)) C —tg (respectively C —t; ).
We denote the set of irreducible tempered representations of this algebra by
Irreemp (H(t, We, cr, b)).

Theorem 3.25. Let y,0,p be as in Corollary[3.23, with o, 09 € t.

(a) Suppose that R(r) < 0. The following are equivalent:
(a) Eyor,p is tempered;
(b) My, is tempered;
(c) oo € itg.
(b) Suppose that R(r) > 0. Then part (a) remains valid if we replace tempered by
anti-tempered.

otherwise.

Proof. (a) Choose 7 and p° € Irr(m(Z¢(0,y))) as before, so that p = p° x 7*. By
Clifford theory and Lemmas and

(78) Wt(Myo,rp) = ReWH(My 51 o),

and similarly for £ , . .. Since R stabilizes tg, it follows that Ey 5., (respectively
My o.rp) is tempered if and only if E} o rp0 (respectively My, . po 1s tempered. This
reduces the claim to the case where G is connected.

From now on we assume that 93, = 1. From Proposition we see that
H(G®, L, £) = H(Gger, L N Gaer, £) ® S(Z(g)").-

Write 09 = 00 der + 20 With 0¢der € Lie(Gaer) and z9 € Z(g). By Proposition
b both My, . o and Ej . o admit the S(Z(g)*)-character zp. By definition
tg N Z(g) = {0}. Thus My, . and Ej ., o are tempered as Z(3(g)*)-modules if
and only if R(zy) = 0, or equivalently zp € X,(Z(G°)°) ®ziR. This achieves further
reduction, to the case where G = G° is semisimple.

When R(r) < 0, we will apply [Lus7, Theorem 1.21]. It says that the following
are equivalent:

7U’T7p

()" E} ., o is T-tempered (where 7 refers to the homomorphism R : C — R);
(i) My 5, o is T-tempered;
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(iii)” All the eigenvalues of ad(og) : g — g are purely imaginary.
As t-module, g is the direct sum of the weight spaces g, with a« € R(G,T) U {0}.
We note that R(G,T) U {0} C X*(T) C Hom(t,R) and R(G,T) spans t; (for G is
semisimple). Hence (iii)’ is equivalent to (iii).

As R(r) < 0, the condition for 7-temperedness of a module E [LusT7, 1.20] becomes

(79) R(N\) <0 for any eigenvalue of £y on E.

Here &, € t* is determined by an irreducible finite dimensional g-module V' which
contains a unique line Cv annihilated by u. Then &y is the character by which t acts
on Cv. When we vary V, &y runs through a set of dominant weights which spans
ti" over R>g. Hence the condition is equivalent to R(Wt(F)) C tgz. In other
words, temperedness is the same as 7-temperedness when R(r) < 0, (i) is the same
as (i)’ and (ii) is equivalent to (ii)’. Thus [Lus7, Theorem 1.21] is our required result
in this setting.

It remains to settle the case R(r) = 0,G = G° semisimple. Assume (iii). When
we vary r and keep oy fixed, the weights of (E;}Um po) depend algebraically on r. We

have already shown that ®(Wt(Ey , . )) C tg when R(r) < 0. Clearly t; is closed
in tg, so by continuity this property remains valid when ®(r) = 0. That proves (i),
upon which (ii) follows immediately.
Conversely, suppose that (iii) does not hold. We may assume that 7, : SL2(C) —
G has image in Zg(0g). Recall from Proposition b that
Wt(M, )CWE(Uo-i-d’yy(B_OT)).

o
Y,0,1,p

In particular we can find a w € Wy such that w(og + dvyy, (§L.)) is a S(t*)-
weight of My, po- The map z — vy (g zgl) is a cocharacter of T and r € iR, so
dvy (5 °) € itg. By our assumption o + dv, (5 ) € t\ itg, and this does not
change upon applying w € W. Hence M . o is not tempered. We proved that
(ii) implies (iii) when R(r) = 0.

(b) This is completely analogous to part (a), when we interpret 7-tempered with
T=-R:C—R. O

From Definition and we immediately see that H(G, L, £) has no discrete
series representations if R(G,T') does not span t. That is equivalent to Z(g) # 0.
Therefore we only formulate a criterium for discrete series when G° is semisimple.

Theorem 3.26. Let G° be semisimple. Let y,o0,p be as in Corollary with
0,00 € t.

(a) Suppose that R(r) < 0. The following are equivalent:
(a) My o, is discrete series;
(b) y is distinguished in g, that is, it is not contained in any proper Levi sub-
algebra of g.
Moreover, if these conditions are fulfilled, then oo =0 and Ey 5., = My g1p.
(b) Suppose that R(r) > 0. Then part (a) remains valid if we replace (i) by: My or,
s anti-discrete series.
(¢) For R(r) = 0 there are no (anti-)discrete series representations on which r acts
as .

Proof. (a) Since [0¢,y] = 0 and g is semisimple, o9 = 0 whenever y is distinguished.



GRADED HECKE ALGEBRAS FOR DISCONNECTED REDUCTIVE GROUPS 41

In view of (78) it suffices to prove the equivalence of (i) and (ii) when G is
connected, so we assume that for the moment. We can reformulate (ii) as:

(x,a) <0 forallz € Wt(M, . o) and all « € R(P,T).

The same argument as for temperedness shows that this is equivalent to M;U’Wo
being T-square integrable with 7 = R, in the sense of [Lus7]. By [Lus7, Theorem 1.22]
that in turn is equivalent to (i). The same result also shows that Ey . o= M. o
when (i) and (ii) hold.

The last statement can be lifted from G° to G by and Lemma

>~ — ] ~
Eyvo'zr?p =7TNK Ey:O'J’:PO =T7TK y,O’,’I’,pO - My,o‘,r,p~

(b) This can be shown in the same way as part (a), when we consider 7T-square
integrable with 7 = - : C — R.
(c) Suppose that V' is a discrete series H(G, L, £)-module on which r acts as r € iR.
By definition dim V' < oo, so V' has an irreducible subrepresentation, say M, o ,.
Its weights are a subset of those of V', so it is also discrete series. By this means
that M, o € Irr(H(G®, L, £)) is discrete series.

In particular it is tempered, so by Theorem oo € itg. As 7, : SLy(C) — G°
is algebraic and r € iR, dv, ( 0 _07,) € itgr as well. From Proposition b we know
that

Wt(M,, ) CWeo=W2(oo+dvyy (§2.)) Citr.

Y,0,1,p°
Consequently $(z) = 0 ¢ tz~ for every x € Wt(M, . ). This contradicts the
definition of discrete series. O

When R(G,T') does not span ty, it is sometimes useful to relax the notion of the
discrete series in the following way.

Definition 3.27. Let (7, V) be a finite dimensional H(t, W, cr, f)-module, and let
' C t be the C-span of the coroots for W7. We say that (7, V) is essentially (anti-)
discrete series if its restriction to H(t', W, cr) is (anti-) discrete series.

Corollary 3.28. Let r € C with R(r) < 0, and let y,o,p be as in Corollary[3.23,
with 0,00 € t. Then My ;. , is essentially discrete series if and only if y is distin-
guished in g.

When R(r) > 0, the same holds with essentially anti-discrete series.
Proof. Fix r € C with (r) < 0. Notice that for algebra under consideration t’ as
in Definition equals t N gqer- Namely, the roots of the semisimple Lie algebra

Oder Span the linear dual of any Cartan subalgebra, and hence also of t.
Recall from @ that

H(G®, L, £) = H(t N gger, Wp, cr) ® S(Z(g)").
The restriction of My g, = My orpoxr to H(G®, L, L) is
Vr® My,U*ZOJ’,PO ® (sz where o = (U - ZO) +20 € (t N gder) @ Z(g)'

The action on V; is trivial and there is no condition on the character zg by which
S(Z(g)*) acts. Hence My 4., is essentially discrete series if and only if

My o—zrpo € Irr(H(t N gger, Wi, cr))

is discrete series. By Theorem [3.26] that is equivalent to y being distinguished in
Oder- Since g = gger ® Z(g), that is the case if and only if y is distinguished in g.
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The case R(r) > 0 can be shown in the same way. O

Unfortunately Theorems [3:26] and Corollary [3.28] do not work as we would
like them when R(r) > 0, the prefix "anti” should rather not be there. In the
Langlands program r will typically be log(q), where ¢ is cardinality of a finite field,
so r € Ry is the default. This problem comes from [Lus7] and can be traced back
to Lusztig’s conventions for the generalized Springer correspondence in [Lusl], see
also Remark 2.5

To make the properties of H(G, L, £)-modules fit with those of Langlands param-
eters, we need a small adjustment. Extend the sign representation of the Weyl group
W7 to a character of Wy = W7 x R, by means of the trivial representation of Ji..
Then N, — sign(w)N,, extends linearly to an involution of C[W¢, fiz].

The Iwahori-Matsumoto involution of H(G, L, £) is defined as the unique algebra
automorphism such that

(80)  IM(N,) =sign(w)Ny, M) =r, IM() =€ (Eet).
Notice that IM preserves the braid relation
Nsig - SigNSi = cir(€ - Sif)/aiv

for o is also multiplied by -1. We also note that the Iwahori-Matsumoto involutions

for various graded Hecke algebras are compatible with parabolic induction. Suppose
that @ C G is as in Proposition and let V be any H(Q, L, £)-module. There is
a canonical isomorphism of H(G, L, £)-modules

H(G,L,L) ® IM"V) — IM*(H(G,L,L) ® V)
(81) H(Q,L,L) H(Q,L,L)
h®wv > IM(h) ®@v

This allows us to identify the two modules, and then Proposition [3.22| remains valid
upon composition with IM.

Clearly IM has the effect x <+ —z on S(t*)-weights of H(G, L, £)-representations.
Hence IM exchanges tempered with anti-tempered representations, and discrete se-
ries with anti-discrete series representations. For #(r) > 0 Theorem yields
equivalences

(82) IM*Ey 5., is tempered <= IM*M,,, , is tempered <= o¢ € itg.
For R(r) > 0 Corollary says that
(83) IM*My oy, is essentially discrete series <= y is distinguished in g.

We note that IM* changes central characters of these representations: by Proposition
b both IM*E, 5, , and IM*M, 5.,

(84) admit the central character (—W,o,r) € t/W, x C.

Composition with the Iwahori-Matsumoto involution corresponds to two changes in
the previous setup:

e In (7) the action of C[W,, '] on K* is twisted by the sign character of W,
that is, we use a normalization different from that of Lusztig in [LusI].

e The action of t* C Hf, ~«(g) on standard modules is adjusted by a
factor -1.
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To r € C and a triple (y, 09, p) as in Theorem ¢ we will associate the irreducible

representation IM* M d“/u(S PT>—ao,r,p' This parametrization of Irr,(H(G, L, £)) is

in some respects more suitable than that in Theorem for example to study
tempered representations.

We use it here to highlight the relation with extended quotients. Recall that W,
acts linearly on t and that C[W,,t,] C H(G, L, £). We write

t, = {(z,m) s x € t,my € Ir(C{(We)e, 1))}
The group W, acts on {h - by
w - (z,7) = (wz, w*n,) where (w*r,)(Ny) = 72 (Ny  NyNy,) for v € (We)wa
The twisted extended quotient of t by W, (with respect to fj) is defined as
(85) (t//We)ye =t /W
Theorem 3.29. Let r € C. There exists a canonical bijection
pa,re : (4/We)y, — Iren(H(G, L, £))

such that:

o g c(itr//We)y, = Ity temp(H(G, L, L)) when R(r) >0
For R(r) <0 it is the anti-tempered part of Irr, (H(G, L, ))
e The central character of pg.r c(z,ms) is (Wg ({L‘ +d ( 0
algebraic homomorphism ~y : SLa(C) — Zg( )°.

) ),7“) for some

Remark. This establishes a version of the ABPS-conjectures [ABPS1] §15] for
the twisted graded Hecke algebra H(G, L, L).

Proof. By [ABPS3], Lemma 2.3] there exists a canonical bijection

t/Weye — Irr(S (’t(*))>4 ?[Wﬁ b))
t)xC[W,, .
(x,mz) +— Cpxm,=ind (t*)xC[(V[Z;)C nE]((Cg; ® Vi)
We can consider C, x 7, as an irreducible H(G, L, £)-representation with central
character (W,x,0). By Lemma there are y, p, unique up to Zg(z)-conjugation,
such that C; x m, = IM*M, _,0, Choose an algebraic homomorphism 7, :
SLy(C) — Zg(z)° with dv, (J{) = y. Now we can define

_ *
1e, L, (z, 7z) = IM My,dvy(g 0 )=z

This is canonical because all the above choices are unique up to conjugation. By
its central character is (W (z —dv, (§ 5.)),r). Define v : SLo(C) — Za(x)°
by

Y(9) = (—01 (1)) Yy (9) vy (? _01) J

it is associated to the unipotent element 7y, (}9). As dvy (§ %) = —dy, (5 %), the
central character of ug 1 . attains the desired form.
The claims about temperedness follow from Theorem and (82). O
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4. THE TWISTED GRADED HECKE ALGEBRA OF A CUSPIDAL QUASI-SUPPORT

In disconnected reductive groups one sometimes has to deal with disconnected
variations on Levi subgroups. Here we will generalize the results of the previous two
sections to that setting.

Recall [AMS] that a quasi-Levi subgroup of G is a group of the form M =
Za(Z(L)°), where L is a Levi subgroup of G°. Thus Z(M)° = Z(L)° and M <—
L = MP* is a bijection between quasi-Levi subgroups of G and the Levi subgroups

of G°.

Definition 4.1. A cuspidal quasi-support for G is a triple (M,CM ¢£) where:
e M is a quasi-Levi subgroup of G;
e CM is a nilpotent Ad(M)-orbit in m = Lie(M).
e ¢L is a M-equivariant cuspidal local system on C{)VI , i.e. as MP°-equivariant
local system it is a direct sum of cuspidal local systems.

We denote the G-conjugacy class of (M,v,qL) by [M,v,L]e. With this cuspidal
quasi-support we associate the groups
(86) Nea(qL) = Stabyg ) (g€) and  Woe = Ng(qL) /M.
Let £ be an irreducible constituent of ¢L as M°-equivariant local system on
CM® =M. Then
W5 = Ngo(M°)/M® = Ngo(M°)M /M
is a a subgroup of Wy. It is normal because G° is normal in G.
Let P° be a parabolic subgroup of G° with Levi decomposition P° = M° x U.
The definition of M entails that it normalizes U, so
P=MxU
is a again a group. We put
Na(P,qL) = Ng(P,M) N Ng(qL),
mqﬁ = NG(P7 qﬁ)/M
The same proof as for Lemma [2.1}b shows that

(87) Wer = W2 xRyc.
We define g as before, but with M instead of L, and with the new P. We put
(88) K= (prl)qu and K* = (prl)gqﬁ*,

these are perverse sheaves on g. Considering (prl)qu as a local system on gprg,
[AMS, Lemma 5.4] says that

Endg((prl)qu) = C[Wac, ],
where b,z 1 (Wye/W2)? — C* is a suitable 2-cocycle. As in
(89) End((pri)igL) = C[Ryr, bc)-
To (M,CM, qL) we associate the twisted graded Hecke algebra
H(G, M, qL) :=H(t, Wy, cr, 4qr),
where the parameters ¢; are as in . As in Lemma we can consider it as
H(G, M, qL) = H(t, Wg, cr) x End}((pry)igL),
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and then it depends canonically on (G, M, gL). We note that implies
(90) H(G° N (P, L), M, L) = H(G, M, oL).

All the material from Proposition [2.6{up to and including Theorem and the parts
of [Lus3|] on which it is based, extend to this situation with the above substitutions.
We will use these results also for H(G, M, ¢L).

To generalize the remainder of Section 3| we need to assume that:

Condition 4.2. The group G equals G°N¢g (P, qL).

By this imposes no further restriction on the collection of twisted graded
Hecke algebras under consideration. Let us write

P ={gP € G°M/P: Ad(g~ )y € CM +u} =P, N G°M/P.

Condition {4.2 guarantees that P, = P, x Ry as M (y)-varieties. With these minor
modifications Lemma also goes through: there is an isomorphism of H(G, M, ¢L)-
modules

M

o . -~ - M (v)° o °
W°(p,, qL) = indyy G ) He W (P, qL).

We note that Ng(gL) N G° = Ngo(M?), for by [Lusl, Theorem 9.2] Ng(M°) stabi-
lizes all M°-equivariant cuspidal local systems contained in g£. Hence

(92) Negon(qL)/M = Ngo(qL)/M° = Ngo (M®)/M° = Wp.
Moreover the 2-cocycles ;- and fj are trivial on W7, so we can
(93) identify H(G°M,M,qL) with H(G°,L,L).

We already performed the construction and parametrization of H(G°, L, £) in The-
orem but now we want it in terms of M and ¢£. To this end we need to recall
how ¢L can be constructed from £. Let M, be the stabilizer in M of (CM°, £). Let
(pry)1Las be like (pry )£, but for M. About this local system on mps = CM + tyeq
[AMS| Proposition 4.5] says

Enduy((pry)i1£ar) = C[Me/M°, ).
By [AMS, (63)] there is a unique pas € Irr(C[Mz/M®,5:']) such that
(94)  the extension of ¢£ from CM to mpg is Homg(ar, /nre 5.1 (Prs (pry)iLr).

From the proof of [AMS, Proposition 3.5] we see that the stalk of at v € CM,
considered as Z)s(v)-representation, is

(¢L)y = nd ") (par ® L£,) = ndJ") (prr @ L),

(V) Ly (W)
Here Zys(v), denotes the stabilizer of £, € Irr(Zase(v)) in Zps(v). The same holds
for other elements in the M-conjugacy class of v, so as M-equivariant sheaves
(95) 0L = ind}, (o ® £).

We recall from [AMS, (64)] that the cuspidal support map ¥ has a ”quasi”
version ¢¥q, which associates to every pair (y,p) with y € G° unipotent and
p € Irr(m0(Za(y))) a cuspidal quasi-support.

Lemma 4.3. Let y € g be nilpotent such that Py is nonempty. Then M stabilizes
the M°-orbit of y.
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Proof. From [Lusl, Theorem 6.5] and [AMS| (64)] we deduce that there exists a
p € Irr(mo(Za(y))) such that q¥a(y, p) = (M,CM,qL) (up to G-conjugacy). Now
[AMS| Lemma 7.6] says that there exist algebraic homomorphisms 7,7y, : SL2(C) —
M? such that

(96) dv, (38) =9, dyo(§4)=v and dy, (3%) —dv, (%) € Lie(Z(M)°).

In view of [Car, Proposition 5.6.4] the G°-conjugacy class of y (resp. the M°-orbit
of v) is completely determined by the G°-conjugacy class of dv, ( ) (resp. the

M°-conjugacy class of dv, ( 0 —1 )) By [AMS], Theorem 3.1.a] CM* = CM It follows
that for every m € M there is a mg € M° such that

Ad(m)d%( _1) Ad(mo)d%( v )
We calculate, using :

Ad(m)dy, (3 %) = Ad(m)dy, (§ %) + Ad(m)(dv, (5 o) - d% (6%))
Ad(m)dyy (§ %) + Ad(m)(dyy (6 %) —dy (6 %)) = Ad(mo)dyy (6%) -
This implies that m stabilizes the M°-orbit of y. U

Lemma 4.4. Let oy € t = Lie(Z(M)°) be semisimple, write Q = Zgo(0g) and let
y € Zg(og) = Lie(Q) be nilpotent. The map p° — p° X pyr is a bijection between the
following sets:

{p° € Irr(mo(Z0(y))) : Yo(y, p°) = (M°,CM. L) up to G°-conjugation},

{7‘0 IS II‘I'(’]T(](ZQM(y))) cqVom(y, 7°) = (M, CM qL) up to GOM-conjugation}.
Proof. Notice that M° C @, for o € t. By [Lusll, Theorem 9.2] there is a canonical
bijection

Se Ut (Me,CY L L) - Tr(W).
Similarly, by [AMS] Lemma 5.3 and Theorem 5.5.a] there is a canonical bijection
g qc : q\Ifé}w(M, CcM . qL) — Trr(Noar(M, gL) /M) = Irr(Wg),
where we used for the last identification. Composing these two, we obtain a
bijection
(97) qS, 2 0 Np W (M°, Y L) — qW gy, (M, C) qL).

Since L is a subsheaf of £ and the W3-action on ¢L extends that on £, ¥, (y, p°) is
contained in ¢X,z(y, 7°) for some 7°. Hence preserves the fibers over y. This
provides a canonical bijection between the two sets figuring in the lemma.

The action of Wg on ¢£ and the sheafs associated to it for ¥, and ¢34z comes
from @@ C G°, so it fixes the part ind% L PM I . Now it follows from the descrip-
tions of ¥z and ¢¥4c in [AMS], §5] that

(98) 4%y 0 Se(y,p°) = (y, (indif, (v ®0°)),) = (v mdzﬁj(y())(p ® p°)).

. . 1M
Fo.r the same reasons the action of Wo(ZQ(y)? on ﬁxes the mndpM part
pointwise, and sees only p°. To analyse the right hand side as representation of
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m0(Zom(y)), we investigate Zyr(y)/Zao(y). Using Lemma {.3| we find
m0(Zoum () /m0(Zo(y) = Zom(y)/Zq(y) = Zom(y)/Zome(y)
(99) = StabM/Mo (Ad(QMO)y) = M/Mo
= Stabyy/ne (AA(M®)y) = Zy(y)/Zare (y)-
With we can identify the representation on the right hand side of with

: 0 g0 (Zonm (y) o
(100) nd. o, () (PM © P°).
We already knew that it is irreducible, so mo(Zgn,(v))/m0(Zg(y)) must be the
stabilizer of p° € Irr(mo(Zg(y))) in mo(Zom(y))/mo(Zo(y)) = M/M°. In other

words, (100) equals pas x p° € Irr (7o (Zom (v)))- O
Lemma 4.5. Let 0g,y, p° be as in Lemmal[{.4, and define o € g as in Lemma[3.6

With the identification (93)), the H(G°M, M, qL)-module Ey o poupy 18 canonically
isomorphic to the H(G°, M°, L)-module E

Y,0,75p° "
Proof. Let us recall that
o M(y)° o p
= Homﬂ'o(ZGO(Uo,y)) (p ’Cffﬂ“ M((?o H, ) (Py,/:,)),
HS ({y))

o _ o M©)° (po °
Ey70-77‘7po NPN - Homﬂ-o(ZGOM(U()vy)) (p X pM7 CO’;”[_]}ﬁ(y% ({ }?’* Y (Py 9 qﬁ)) *
* Yy

Here the first P, is a subset of G°/P°, whereas the second Py is contained in G° M/ P.

Yet they are canonically isomorphic via G°/P° — G°P/P = G°M/P. By
Cor ©  HMY(Po L) =ind)] (py©Cop ©  HIY(PS L))
Y% () YY" ()
- ind%ﬁ (o ® Ey )
From this and [AMS| Proposition 1.1.d] we see that

[e]
O
Y,0,1,p

(101)

o ~ o M o
By orponpn = Hom(C[ML/MO,th] (PM, Homz, (z40 (00.9)) (p sindyy, (PM ® EWN‘)))'

Recall from Proposition that p° only sees the cuspidal support (M°, v, L). In
the above expression the part of ind% . associated to M \ M gives rise to cuspidal
supports (M°,v,m-L) with m-L£ % L, so this part does not contribute to Ej .. o, -
We conclude that

o ~

Ey7o-7rvpo><]pM = HomC[MC/Movhzl] (pM’ Homﬂ—()(ZGO (007y)) (po7 pM ® E;vgvr)) -

Homeyaz, /are 71y (pM 1PM E;U,,,,po) =Eyorp- U

We note that, as a consequence of Lemmas [£.4] and Theorem [3.11] Theorem
is also valid with G° replaced by G°M, L by M and L by ¢g£. Knowing this
and assuming Condition we can use Clifford theory to relate Irr(H(G, M, ¢L))
to Irr(H(G° M, M, qL)).

Thus all of Paragraphs remains valid in the setting of the current section.
Let us summarise the most important results, analogues of Theorem [3.20|and Corol-
lary 3:23] In view of Lemma [3.21] we do not need Condition [£.2] anymore once we
have obtained these results. Therefore we state them without assuming Condition
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Theorem 4.6. Fixzr € C.

(a) Lety,o € g with y nilpotent, o semisimple and [o,y] = 2ry. Let T €
Il"l"(ﬂ'o(ZG(O'(), y))) such that q¥ z,,(50) (¥, 7) = (M, CM . qL) (up to G-conjugation,).
With these data we associate the H(G°Ng(P, qL), M, qL)-module

M o ° .
Byorr = HomT"O(ZGONg(P,qﬂ)(UOﬂU)) (7—7 Cor @% H, 2 (Pyﬂ]ﬁ))-
=Y ({y})

Via we consider it also as a H(G, M, qL)-module.
Then the H(G, M, qL)-module Ey 5, has a distinguished irreducible quotient
M,y o+, which appears with multiplicity one in Ey s, ;.
(b) The map My g, <— (y,0,7) gives a bijection between Irr,(H(G, M, qL)) and
G-conjugacy classes of triples as in part (a).
(¢) The set Irr,(H(G, M, qL)) is also canonically in bijection with the following two
sets:
o G-orbits of pairs (z,7) with x € g and 7 € Irr(mo(Za(x))) such that
Yz, @e) (TN, T) = (M, CM qL) up to G-conjugacy.
o Ng(M)/M-orbits of triples (o0,C,F), with og € t, C a nilpotent Zg(oo)-
orbit in Zy(oo) and F a Zg(0oo)-equivariant cuspidal local system on C such
that q¥ z,,(50)(C, F) = (M, CM . qL) up to G-conjugacy.

APPENDIX A. COMPATIBILITY WITH PARABOLIC INDUCTION

It has turned out that Theorem is not correct as stated. The maps given there
have almost all the claimed properties, the only problem is that usually they are not
surjective. In this appendix (written in June 2018) we will repair that, by proving
a weaker version of the Theorem.

Given ) as on page PQ° is a parabolic subgroup of G° with Q° as Levi
factor. The unipotent radical R, (PQ°) is normalized by Q°, so its Lie algebra
ug = Lie(R,(PQ°)) is stable under the adjoint actions of @Q° and q. In particular
ad(y) acts on ug. We denote the cokernel of ad(y) : ug — ug by 4ug. For v € ug
and (o,7) € Lie(M (y)°) we have

[o: [y, v]] = [y, [0 0l] + [[o 9l 0] = [y, [0 0]] + [2ry, 0] € ad(y)ug.

Hence ad(y) descends to a linear map 4ug — 4ug. Following Lusztig [Lus7, §1.16],
we define
e: Lie(M%(y)°) — C
(o,1) = det(ad(o) — 2r : yug — yuQ)

It is easily seen that e is invariant under the adjoint action of M®(y), so it defines

an element of H} o (y)({y}). For a given y, all the parameters (y,o,r) for which

parabolic induction from H(Q, L, £) to H(G, L, L) can behave problematically, are
zeros of e.

For any closed subgroup C of M%(y)°, € yields an element ec of H:({y}) (by
restriction). We recall from [Lus3l Proposition 7.5] that for connected C' there is a
natural isomorphism

o

(102) HOP, L)=H:({y) ©  H'Y'(P,L).
Hiy o ()
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Here Hf ({y}) acts on the first tensor leg and H(G, L, £) acts on the second tensor
leg. By Theorem b these actions commute, and H C(Py,/j) becomes a module
over H:({y}) ®c H(G, L, £).

Now we can formulate an improved version of Theorem

Theorem A.1. Let @ and y be as on page and let C be a maximal torus of
M@ (y)°.
(a) The map induces an injection of H(G, L, L)-modules

H

IRl

It respects the actions of Hg({y}) and its image contains ec HE (P, L).
(b) Let (o,1)/~€ V;,Q be such that €(o,r) # 0. The map induces an isomor-
phism of H(G, L, £)-modules

H(G,L,L) ® E;gm—>Ey707T,
H(Q,L,L) 7

which respects the actions of mo(M®(y))e.

Proof. (a) The given proof of Theorem is valid with only one modification.
Namely, the diagram does not commute. A careful consideration of [Lus7, §2]
shows failure to do so stems from the difference between certain maps i, and (p*)~1,
where p is the projection of a vector bundle on its base space and i is the zero
section of the same vector bundle. In [Lus7, Lemma 2.18] this difference is identified
as multiplication by ec.

(b) For (0,7) € Lie(C) with €(o,r) # 0, the proof of Theorem [3.4lb needs only one

small adjustment. From (102]) we get

Cor ® HS(P)L)=Chp ® ccH:{y)) ©  HNYY(P, L)=
12 ({u)) Y Ha(w) O Hy e () Y

Co,'r & Hy(y)o(Pya ﬁ) = Ey,o,r-
13,000 (1)

The difference with before is the appearance of €, with that and the above the
proof of Theorem [3.4b goes through. O

There is just result in the paper that uses Theorem namely Proposition |3.22
We have to replace that by a version which involves only the cases of Theorem
covered by Theorem Fortunately, under the extra condition €(o,7) # 0 the
proof of Proposition [3.22] goes through, when we replace the references to Theorem
by references to Theorem

Since € is a polynomial function, its zero set is a subvariety of smaller dimension
(say of V). Nevertheless, we also want to explicitly exhibit a large class of param-
eters (y,o,r) on which e does not vanish. By Proposition c it suffices to do so
under the assumption that o,0¢ € t.

Let us call x € t (strictly) positive with respect to PQ° if R(«(t)) is (strictly)
positive for all « € R(R,(PQ°),T). We say that x is (strictly) negative with respect
to PQ° if —x is (strictly) positive.

Lemma A.2. Lety € q be nilpotent and let (o,r) € t®C with [o,y] = 2ry. Suppose
that o = og + dryy (6 0 ) as in , with oy € Z(y). Assume furthermore that one

-r

of the following holds:
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R(r) > 0 and og is negative with respect to PQ°;
R(r) < 0 and og is positive with respect to PQ°;
R(r) = 0 and og is strictly positive or strictly negative with respect to PQ°.

Then e(o,r) # 0.

Proof. Via dv, : sla(C) — q, ug becomes a finite dimensional sl>(C)-module. Since
oo € t commutes with y, it commutes with dv,(sl2(C)). For any eigenvalue A € C
of g, let yug be the eigenspace in ug.

For n € Zx>¢ let Sym™(C?) be the unique irreducible sl3(C)-module of dimension
n + 1. We decompose the sly(C)-module yug as

g =P o0 Sym™(CHHM)  with  u(\,n) € Zso.

(1]) on Sym"(C?) is the lowest weight space W_,, in that represen-
Lo ) acts as —nr. Hence o acts on
)

coker(ad(y ]UQ — uQ) @ Wﬁg\’r) as @()\ )Idwu(x r).

The cokernel of ()
tation, on which (

n>0 n>0
Consequently
(ad(o) —2r)| . =P PN - (n+2)r)1d,,
AeCn>0
By definition then
“TITI - (04 2y,
AeCn>0

When R(r) > 0 and oy is negative with respect to PQ°, ®(A — (n+ 2)r) < 0 for all
eigenvalues A of og on ug, and in particular (o, ) # 0.
Similarly, we see that €(o,7) # 0 in the other two possible cases in the lemma. O

As an application of Lemma we prove a result in the spirit of the Langlands
classification for graded Hecke algebras [Eve]. It highlights a procedure to obtain
irreducible H(G, L, £)-modules from irreducible tempered modules of a parabolic
subalgebra H(Q, L, £): twist by a central character which is strictly positive with
respect to PQ°, induce parabolically and then take the unique irreducible quotient.

Proposition A.3. Let y,o,7,p be as in[3.20

(a) If R(r) # 0 and og € itg + Z(g), then My o rp = Eyorp.
(b) Suppose that R(r) > 0 and 0,00 € t such that R(oo) is negative with respect to
P. Then R(oy) is strictly negative with respect to PQ°, where Q = Zg(R(00)).

Further My o, is the unique irreducible quotient of H(G,L,L) ® Mﬁg,r,p.
H(Q7L7£)

(¢) In the setting of part (b), IM*My 5., is the unique irreducible quotient of

IMY(H(G,L,£)  ® MZ, Y=H(G,LL & IM(MSI,,,).
H(Q,L,L) H(Q,L,L)

Furthermore IM*(M$J7T7P) comes from the twist of a tempered H(Q°, L, L)-
module by a strictly positive character of S(Z(q*)).

Remark. By the extra condition in part (a) holds for instance when R(r) > 0
and IM*(My 5.r,) is tempered. By Proposition and Lemma every parameter
(y,0) is G°-conjugate to one with the properties as in (b) and (c).
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Proof. (a) Write 09 = 00 der + 20 With 0 der € gder and 2o € Z(g). Then, as in the

proof of [3.28]

e = B gy @ Cay and MS, o=MZ, . o ®Cy.
By [Lus7, Theorem 1.21] £y ,_. o= M7, . . o as H(Gder, LN Gder, £)-modules,
S0 E;j’},’r,po =My 50 as H(G, L, £)-modules. Together with Lemma and

this gives Ey 5 p = My 51 p-
(b) Notice that Zg(o,y) = Zg(o,y), so by [AMS, Theorem 4.8.a] p is a valid en-
hancement of the parameter (o,y) for H(Q, L, L).
By construction £(og) is strictly negative with respect to PQ°. Now Lemma
says that we may apply Proposition That and part (a) yield
Q — Q _
H(Ga L7 ﬁ) H(Q%,E) My,o,r,p - H(G? Lv E) H(Q(%/,L) Eyp,r,p - Eyﬁmp'
Now apply Theorem b.
(c) The first statement follows from part (b) and Write
MY =M o ®Cy = M o ® (Czo—%(zo) ® CER(ZO))

Y,0,1,p° Y,0—=20,7,p Y,0—20,7,P
as in the proof of part (a), with @ in the role of G. By Theorem b Mg;%o,r’po ®
C.o—R(zy) is anti-tempered. The definition of @ entails that R(zp) = R(0p), which
we know is strictly negative. Hence
M (M7, o) = IMF(M% o ® Capoian) @ Coon),

yzo'ﬂ":ljo Y,0—20,T,p
where the right hand side is the twist of a tempered H(Q°, L, £)-module by the
strictly positive character —R(og) of S(Z(q*)). By

(103) IM*(MS,, ) =7 x IM* (M ). O

Y,0,rp y,0,1,p°

We note that by Lemma [3.16].5(Z(q*)) acts on by the characters v(—R(o9))
with v € R, Since M? normalizes PQ°, it preserves the strict positivity of —R (o).
In this sense IM* (sza,rp) is essentially the twist of a tempered H(Q, L, £)-module
by a strictly positive central character.
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