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ABSTRACT. Graded Hecke algebras can be constructed geometrically, with con-
structible sheaves and equivariant cohomology. The input consists of a complex
reductive group G (possibly disconnected) and a cuspidal local system on a nilpo-
tent orbit for a Levi subgroup of G. We prove that every such “geometric” graded
Hecke algebra is naturally isomorphic to the endomorphism algebra of a certain
G x C*-equivariant semisimple complex of sheaves on the nilpotent cone gy in
the Lie algebra of G.

From there we provide an algebraic description of the G x C*-equivariant
bounded derived category of constructible sheaves on gn. Namely, it is equiva-
lent with the bounded derived category of finitely generated differential graded
modules of a suitable direct sum of graded Hecke algebras. This can be regarded
as a categorification of graded Hecke algebras.

This paper prepares for a study of representations of reductive p-adic groups
with a fixed infinitesimal central character. In sequel papers [Sol6l, [Sol7], that will
lead to proofs of the generalized injectivity conjecture and of the Kazhdan—Lusztig
conjecture for p-adic groups.
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INTRODUCTION

The story behind this paper started with with the seminal work of Kazhdan and
Lusztig [KaLu|. They showed that an affine Hecke algebra H is naturally isomorphic
with a K-group of equivariant coherent sheaves on the Steinberg variety of a complex
reductive group. (Here H has a formal variable q as single parameter and the
reductive group must have simply connected derived group.) This isomorphism
enables one to regard the category of equivariant coherent sheaves on that particular
variety as a categorification of an affine Hecke algebra. Later that became quite an
important theme in the geometric Langlands program, see for instance [Bez, [ChGil,
MiVil.

Our paper is inspired by the quest for a generalization of such a categorification of
‘H to affine Hecke algebras with more than one g-parameter. That is relevant because
such algebras arise in abundance from reductive p-adic groups and types [ABPS,
§2.4]. However, up to today it is unclear how several independent g-parameters can
be incorporated in a setup with equivariant K-theory or K-homology. The situa-
tion improves when one formally completes an affine Hecke algebra with respect to
(the kernel of) a central character, as in [Lus4]. Such a completion is Morita equiva-
lent with a completion of a graded Hecke algebra with respect to a central character.

Graded Hecke algebras H with several parameters (now typically called k) do
admit a geometric interpretation [Lus3| [Lus6]. (Not all combinations of parameters
occur though, there are conditions on the ratios between the different k-parameters.)
For this reason graded Hecke algebras, instead of affine Hecke algebras, play the main
role in this paper.

Such algebras, and minor generalizations called twisted graded Hecke algebras,
appear in several independent ways. Consider a connected reductive group G defined
over a non-archimedean local field F'. Let Rep(G(F))® be any Bernstein block in
the category of (complex, smooth) G(F')-representations. Locally on the space of
characters of the Bernstein centre of G(F'), Rep(G(F))* is always equivalent with the
module category of some twisted graded Hecke algebra [Sol4l, §7]. This is derived
from an equivalence of Rep(G(F'))® with the module category of an algebra which is
almost an affine Hecke algebra, established in full generality in [Sol4].

The same kind of algebras arise from enhanced Langlands parameters for G(F)
[AMS2]. That construction involves complex geometry and the cuspidal support
map for enhanced L-parameters from [AMSI]. It matches specific sets of enhanced
L-parameters for G(F') with specific sets of irreducible representations of twisted
graded Hecke algebras, see [AMS2, [AMS3].

Like affine Hecke algebras, graded Hecke algebras are related to equivariant sheaves
on varieties associated to complex reductive groups. However, here the sheaves
must be constructible and one uses equivariant cohomology instead of equivariant
K-theory. Just equivariant sheaves do not suffice to capture the entire structure
of graded Hecke algebras, one rather needs differential complexes of those. Thus
we arrive at the (bounded) equivariant derived categories of constructible sheaves
from [BeLu|. Via intersection cohomology, such objects have many applications in
representation theory, see for instance [Lusbl [Ach].
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Main results

Let G be a complex reductive group and let M be a Levi subgroup of G. To cover all
enhanced Langlands parameters for p-adic groups and all instances of twisted graded
Hecke algebras mentioned above, we must allow disconnected reductive groups. Let
g€ be an irreducible M-equivariant cuspidal local system on a nilpotent orbit in the
Lie algebra of M. From these data a twisted graded Hecke algebra H(G, M, ¢€) can
be constructed [AMS2], §4]. As a graded vector space, it is the tensor product of:

e the algebra O(t) of polynomial functions on Lie(Z(M°)) = t, with grading 2

times the standard grading,
e C[r], where r is a formal variable of degree 2,
e the (twisted) group algebra of a finite “Weyl-like” group Wee (in degree 0).

We will work in Dbe(CX (X), the G x C*-equivariant bounded derived category of
constructible sheaves on a complex variety X [BeLu|. We let G act on its Lie algebra
g via the adjoint representation, and we let A\ € C* act on g as multiplication by
A72. In [Lus3, Lus6l [AMS2] an important object K € D%, .. (g) was constructed
from ¢&, by a process that bears some similarity with parabolic induction. With G°
instead of G x C*, K would be a character sheaf as in [Lus2]. In general it does
not fit entirely with Lusztig’s notion of character sheaves on disconnected reductive
groups, because those are only G°-equivariant.

Let gy be the variety of nilpotent elements in the Lie algebra g of G and let Ky
be the pullback of K to gy. Up to degree shifts, both K and Ky are direct sums
of simple perverse sheaves. This Ky generalizes the equivariant perverse sheaves
used to establish the (generalized) Springer correspondence [Lusl]. The following
was already known for connected G, from [Lus3l, [Lus6|, while for disconnected G it
follows quickly from [AMS2].

Theorem A. (see Theorem
There exist natural isomorphisms of graded algebras

H(G, M, ¢€) — End, K) — End,

b @l b o) BN

We point out that here the additional C*-action makes things much more inter-
esting (like in [KaLu| for K-theory and affine Hecke algebras). Indeed, the simpler
version End*DbG (g)(K ) is isomorphic to the crossed product of O(t) with a twisted
group algebra of W,e, and that does not involve any Hecke type relations.

Let D%ch (gn, Kn) be the full triangulated subcategory of DbeCX (gn) generated
by Kx. By analogy with progenerators of module categories, Theorem [A] indicates
that D?;ch (gn, Kn) should be equivalent to some category of right H(G, M, ¢€)-
modules. Our geometric objects are differential complexes of sheaves (up to equiv-

alences), and accordingly we need (equivalence classes of complexes of) differential
graded H(G, M, ¢€)-modules.

Theorem B. (see Theorem[3.10))

There exists an equivalence of categories between Dbe(CX (gn, Kn) and

DP(H(G, M, g€) — Modgyag), the bounded derived category of finitely generated dif-
ferential graded right H(G, M, ¢€)-modules.

This is a geometric categorification of H(G, M, ¢€), albeit of a different kind than
in [KaLu, Bez]. It is a variation (with G x C* instead of G°) on the derived version
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of the generalized Springer correspondence from [Rid, [RiRu2]. In that setting, the
algebra is O(t) x W(G,T'), which can also be considered as a graded Hecke algebra
with parameters £ = 0. Further, one may regard Theorem [B| as “formality” of
the graded algebra H(G, M, ¢€), in the following sense. There exists a differential
graded algebra R (with nonzero differential) such that H*(R) = H(G, M, ¢€) and
R is formal, that is, quasi-isomorphic with H*(R). The equivalence in Theorem
maps Dgx(cx (gn, Kn) to D° (R — Modgeqg) via some Hom-functor, and from there
to DP(H(G, M, ¢€) — Modg,qe) by taking cohomology.

From a geometric point of view, it is more natural to consider the entire category
Db (gn) in Theorem It turns out that this category decomposes, like in a

GxCX*
related setting in [RiRull:

Theorem C. (see Theorem

There exists an orthogonal decomposition

Diyyeox (ON) = @[qug]c D2 ox (an, Kn).

Here K is constructed from an M -equivariant cuspidal local system q€ on a nilpo-
tent orbit in a Levi Lie-subalgebra Lie(M ), and the direct sum runs over G-conjugacy
classes of such pairs (Lie(M), ¢€).

Outlook
Theorems [B| and |C| describe Dbe(CX (gn) as a derived module category. Let us point
out that the category H(G, M, ¢€) —Modggqe in Theorem [Bfis much smaller than the
category of ungraded finitely generated right H(G, M, ¢€)-modules (which relates to
categories of smooth representations of reductive p-adic groups). In the sequels to
this paper [Sol6, [Sol7] we focus on standard and irreducible H(G, M, ¢€)-modules,
so modules with a fixed central character. Those will be analysed using versions of
localization for equivariant derived constructible sheaves. In the end, this will be
used to verify the Kazhdan—Lusztig conjecture for p-adic groups [Vog, Conjecture
8.11] and the generalized injectivity conjecture |CaSh]. To prove these conjectures
entirely, it is essential to work in the generality of the current paper.

In words, Theorem |C| says that the G x C*-equivariant derived category of con-
structible sheaves on the nilpotent cone gn decomposes as a direct sum of subcate-
gories associated to the various involved cuspidal supports (M, ¢€). Let us speculate
on how this relates to the Langlands program. An element N € gy and a semisimple
element g € G with Ad(g)N = qrN can be used to define a Langlands parameter
for a reductive group over a non-archimedean local field F'. It may be an unramified
L-parameter like in [KaLul: trivial on the inertia group Iy and with g the image of
an arithmetic Frobenius element Frob. But one can also start with a more compli-
cated L-parameter ¢, let G° be the connected centralizer of ¢(Ir) in the complex
dual group and let G/G° be generated by ¢(Frob).

One may hope that an analogue of Theorem [C] holds for equivariant sheaves on
varieties (or stacks) of Langlands parameters, as defined in [DHKM, [Zhu|. It would
say that the relevant sheaves on Langlands parameters can be decomposed as or-
thogonal direct sums of pieces associated to suitable cuspidal supports. That would
be similar to the Bernstein decomposition of the category of the smooth complex
representations of a reductive p-adic group. A result of this kind is already known
for enhanced L-parameters [AMSI] §8], that covers the cases of simple equivariant
constructible sheaves. To fit with the (conjectural) framework for geometrization of
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the local Langlands correspondence from [FaSc, [Zhul, a version of Theorem |C| with
equivariant coherent sheaves on varieties of L-parameters is desirable.

Structure of the paper
We start with recalling twisted graded Hecke algebras in terms of generators and
relations. We generalize a few results from [Sol3], which say that the set of irre-
ducible representations of a graded Hecke algebra is essentially independent of the
parameters k and r. Then we prove a generally useful result:

Theorem D. The global dimension of H(G, M, ¢€) equals dim(Z(M°)) + 1.

In Paragraph we describe the geometric construction of H(G, M, ¢€) in detail,
and we establish Theorem [A] Next we check that Ky is a semisimple object of
D?;ch (gn) and we relate it to parabolic induction for perverse sheaves — which is
needed for Theorems [B]and [C] Paragraph [2.3]is mainly preparation for an argument
with localization to exp(Co)-invariants. We include it here because it is closely
related to Paragraph and because our analysis of (G/P)? = (G/P)*®(€?) for o €
t is of independent interest. Paragraph and Section [2] (basically the complement
of Theorems and D)) will be used directly in [Sol6), [Sol7].

Section [3]is dedicated to Theorems [B] and [C] We prove them by reduction to the
setting of [Rid, RiRull [RiRu2], where sheaves of Qg-modules on varieties over fields
of positive characteristic are considered. This involves checking many things, among
others that H(G, M, ¢€) is Koszul as differential graded algebra.

Acknowledgements
We thank Eugen Hellmann for some enlightening conversations. A big thanks to
referees for their detailed remarks, which helped me to avoid several problems and
to substantially clarify the paper.

1. GRADED HECKE ALGEBRAS

Let a be a finite dimensional Euclidean space and let W be a finite Coxeter group
acting isometrically on a, and hence also on the linear dual space a”. Let R C a"
be a reduced integral root system, stable under the action of W, such that the
reflections s, with a € R generate W. These conditions imply that W acts trivially
on the orthogonal complement of RR in aV.

Write t = a ®g C and let S(t¥) = O(t) be the algebra of polynomial functions
on t. We also fix a base A of R. Let I' be a finite group which acts faithfully and
orthogonally on a and stabilizes R and A. Then I' normalizes W and W x I is a
group of automorphisms of (a, R). We choose a W x I'-invariant parameter function
k: R — C. Let r be a formal variable, identified with the coordinate function on C
(so O(C) = Cir]).

Let § : I'? — C* be a 2-cocycle and inflate it to a 2-cocycle of W x I'. Recall
that the twisted group algebra C[IWW x T',fj] has a C-basis {N,, : w € W x '} and
multiplication rules

Ny - Ny = (w, ") Ny -

In particular it contains the group algebra of W.
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Proposition 1.1. [AMS2, Proposition 2.2]
There exists a unique associative algebra structure on C[W xT', ] ® O(t) @ C[r] such
that:

e the twisted group algebra CIW x T',t] is embedded as subalgebra;

e the algebra O(t) @ Clr] of polynomial functions on t@® C is embedded as a
subalgebra;

o C[r] is central;

o the braid relation N, & —**¢Ns, = k(a)r(§ — *=&)/a holds for all £ € O(¥)
and all simple roots «;

o N,ENSY =Y¢ forall € € O(t) and w € T.

We denote the algebra from Proposition by H(t, W x T',k,r,f) and we call it
a twisted graded Hecke algebra. It is graded by putting C[W x T, ] in degree 0 and
tV \ {0} and r in degree 2. When T is trivial, we omit § from the notation, and we
obtain the usual notion of a graded Hecke algebra H(t, W, k,r).

Notice that for £ = 0 Proposition yields the crossed product algebra

(1.1) H(t, W » T,0,r,5) = Clr] @c O() x C[W x T 4,
with multiplication rule
NyéNG' =Y¢ weW xT,¢ec0).

It is possible to scale all parameters k(a) simultaneously. Namely, scalar multipli-
cation with z € C* defines a bijection m, : t¥ — tV, which clearly extends to an
algebra automorphism of S(tV). From Proposition we see that it extends even
further, to an algebra isomorphism

(1.2) m, : Ht,W x T, zk,r, ) — HEW x Tk, r, )

which is the identity on C[W x T',f] ®c C[r]. Notice that for z = 0 the map m, is
well-defined, but no longer bijective. It is the canonical surjection

H(t, W x T,0,r,1) — C[W x T, ®c Clr].

One also encounters versions of H(t,W x I'| k,r,fj) with r specialized to a nonzero
complex number. In view of it hardly matters which specialization, so it suffices
to look at r — 1. The resulting algebra H(t, W x T, k, 1) has underlying vector space
C[W % T',f] ®c O(t) and cross relations

(1.3) 80— Sa8al§) = k(a)(§ — sal§))/c a€A € S(tv>-

Since I' acts faithfully on (a,A), and W acts simply transitively on the collection
of bases of R, W x I' acts faithfully on a. From (|1.3)) we see that the centre of
H(t, W x T, k,f) is

(1.4) ZMH(W x T, k,h) = SE)VT = O(t/W % T).

As a vector space, H(t, W x I', k, ) is still graded by deg(w) = 0 for w € W x T’
and deg(z) = 2 for z € tV \ {0}. However, it is not a graded algebra any more,
because is not homogeneous in the case £ = «. Instead, the above grading
merely makes H(t, W xT', k, ) into a filtered algebra. The graded algebra associated
to this filtration is obtained by setting the right hand side of equal to 0. In
other words, the associated graded object of H(t, W x I', k, ) is the crossed product

algebra ((1.1)).
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Graded Hecke algebras can be decomposed like root systems and reductive Lie
algebras. Let Ry, ..., Rq be the irreducible components of R. Write a) = span(R;) C
a’, t; = Homg(a;,C) and 3 = Rt c t. Then
(1.5) t=t @ Dty D3
The inclusions W (R;) — W(R),t/ — t" and 3¥ — t¥ induce an algebra isomorphism
(1.6) H(ty, W(R1), k) ®c - - - @c H(ta, W(Ra), k) ©c O() — H(t, W, k).

The central subalgebra O(3) = S(3") is of course very simple, so the study of graded
Hecke algebras can be reduced to the case where the root system R is irreducible.

1.1. Some representation theory.

We list some isomorphisms of (twisted) graded Hecke algebras that will be use-
ful later on. For any z € C*, H(t,W x I',k,r,fj) admits a “scaling by degree”
automorphism

(1.7) x— 2" if v € H(t, W x I, k,r, ) has degree 2n.
Extend the sign representation to a character sgn of W x I, trivial on I'. That yields
the sign involution
sgn: H(t, W x T, k,r,f) - Ht,W x T, k,r,b)
sgn(Ny) = sgn(w)Ny, sgn(r) = —r, sgn(&) =¢ weWxT, et
Upon specializing r = 1, it induces an algebra isomorphism

sgn : Ht, W x Tk, o) — H(t, W x T, =k, ).
More generally, we can pick a sign €(s,) for every simple reflection s, € W, such
that €(so) = €(sg) if so and sg are conjugate in W x I'. Then € extends uniquely to

a character of W x I trivial on " (and every character of W x I" which is trivial on
I" has this form). Define a new parameter function ek by

ek(a) = €(sa) k().

Then there are algebra isomorphisms

G HEW x T k,rh) — HEW xIek,r,b),
(1.9) G HEW x Tk b) — H(t, W x T, ek, p),

De(Ny) = €(W) Ny, Ge(r) =1, ¢(§) =&, weWxTI,¢eO®).
Notice that for € equal to the sign character of W, ¢, agrees with sgn from (|1.8)) on
H(t, W x I', k,f) but not on H(t, W x I', k,r, ).

For R irreducible of type By, C,, Fy or G, there are two further nontrivial possible

€’s. Consider the characters ¢, ¢; of W with

es(50) = { 1  «long 7 e1(s0) = { 1« short

(1.8)

—1 « short —1 «long

Since I' acts isometrically on a, ¢; and €; are I'-invariant. Thus we obtain algebra
isomorphisms

e, T H(t, WT, k, ) — H(t, WxT, ek, b), de, : H(t, WxT, k. §) — H(t, WxT, ek, ).

Lemma 1.2. Let H(t, W x ', k,lj) be a twisted graded Hecke algebra with a real-
valued parameter function k. Then it is isomorphic to a twisted graded Hecke algebra
H(t, W x I', ek, ) with ek : R — R>q, via an isomorphism ¢. that is the identity on
Otas C).
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Proof. Define
_ 1 k(a)>0
€(5a) = { 1 ka)<0
Since k is I'-invariant, this extends to a I'-invariant quadratic character of W. Then
¢, has the required properties. O

With the above isomorphisms we will generalize the results of [Sol3, §6.2], from
graded Hecke algebras with positive parameters to twisted graded Hecke algebras
with real parameters.

For the moment, we let H stand for either H(t, W x ', k,r, ) or H(t, W x ', k, f).
Every finite dimensional H-module V' is the direct sum of its generalized O(t)-weight
spaces

Vii={veV:(E-c)imVy=0veEcOW)} Net
We denote the set of O(t)-weights of V' by
Wt(V) ={A e t: V) #0}.

Let a~ be the obtuse negative cone in RR C a determined by (R, A). We denote
the interior of a~ in RR by a~~. We recall that a finite dimensional H-module V is
tempered if
Wt(V) Ca” @ia
and that V' is essentially discrete series if, with 3 as in ((1.5)):
Wt(V)Ca =~ @ (3Na)dia.

For a subset U of t we let Modg ;7 (H) be the category of finite dimensional H-modules
V with Wt(V') C U. For example, we have the category of H-modules with “real”
weights Modg o(H). We indicate a subcategory/subset of tempered modules by a
subscript “temp”. In particular, we have the category of finite dimensional tempered
H-modules Modg(H)temp-

We want to compare the irreducible representations of

HI(LW 5 Tk, 5) = H(G W Tk, 5)/(x — 1)
with those of
H(t, W % T,0,b) = H(t, W x I, k,r, 1)/ (r).

The latter algebra has Irr(C[W x T',]) as the set of irreducible representations on
which O(t) acts via evaluation at 0 € t. The correct analogue of this for H(t, W x
I, k,b), at least with k real-valued, is

Irra (H(t, W x T, K 8) ) temp = Irr(H(EG, W x T &, ) ) temp N Modg o (H(t, W x T, k. 1)).
As C[W xT,4] is a subalgebra of H(t, W x ', k, ), there is a natural restriction map

ResWNp : MOdﬂ(H(t, W x F, k‘, ﬂ)) — MOdﬂ(C[W X F, ﬂ])

However, when k # 0 this map usually does not preserve irreducibility, not even on
Irrg (H(t, W % I', k, 1)) temp-

In the remainder of this paragraph we assume that the parameter function k only
takes real values. Let € be as in Lemma Since ¢, is the identity on O(t&® C), it
induces equivalences of categories

Modg ¢ (H(t, W x I', ek, 1)) —  Modg gy (H(t, W x T, kb)) UcCt,
Modg (H(t, W x I', €k, 1) )temp — Moda(H(t, W x T',k,1))temp
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and a bijection
Irrg (H(t, W % T, €k, ) )temp — Irrq (H(t, W X T', k. ) )temp-

Theorem 1.3. Let k: R — R be a I'-invariant parameter function.

(a) The set Resy wr(IrrgH(t, W X T', k, §)temp) s a Z-basis of ZIrr(C[W x T',]).
Suppose that the restriction of k to any type Fy component of R has k(a)) = 0 for
a root «v in that component or is the form ek’ for a character e : W(Fy) — {£1}

and a parameter function k' : Fy — R~ which is geometric in the sense of the next
remark.

(b) There exist total orders on Irrg(H(t, W x I', k, §)temp) and on Irr(C[W x T, f]),
such that the matrix of the Z-linear map
Reswwur @ ZIrrg (H(t, W x T, k, 0))temp — Z Irr(C[W x T, ])

1s upper triangular and unipotent.
(¢) There exists a unique bijection

CH(t, W AT k) Irra(H(E W T K ) Jtemp — Trr(CIW % T, )
such that Cu(,w ur,ek,) () always occurs in Resy sr(m).

Remark 1.4. Geometric parameter functions will appear in Section [2} Let us make
the allowed parameter functions for a type Fj root system explicit here. Write
k = (k(a), k(B)) where « is short root and § is a long root. The possibilities are

(07 0)7 (C, 0)7 (07 C)a (Ca C)? (2C> C), (C/2a 0)7 (467 C)a (—C, C)v (_2C> C)a (_0/27 C)a (_467 C)v
where ¢ € R* is arbitrary. We expect that Theorem also holds without extra
conditions for type Fj.

Proof. (a) is known from [Sol2, Proposition 1.7]. The proof of that shows we can
reduce the entire theorem to the case where f is trivial. We assume that from now
on, and omit f§ from the notations.

Parts (b) and (c) were shown in [Sol3, Theorem 6.2], provided that k(«) > 0 for all
a € R. Choose € as in Lemmal[l1.2} so that ¢k : R — Rxo. For V€ Modg (H(t, W, ¢k))
we have

Resw (¢V) = Resw (V) ® e,

so we obtain a commutative diagram

ZTrrg(H(t, W, €k))temp  ——s  ZTrr(W)
(1.10) Lot | ®e

ZTrrg(H(t W, k) )temp  ——s  ZTre(W)
All the maps in this diagram are bijective and the vertical maps preserve irreduci-
bility. Thus the theorem for H(t, W, ek) implies it for H(t, W, k).

The commutative diagram also allows us to extend [Sol3, Lemma 6.5] from

H(t, W, ek) to H(t, W, k). Then we can finish our proof for H(t, W xT', k) by applying
[Sol3| Lemma 6.6]. O

Theorem 1.5. Let H(t, W T, k,t) be as in Theorem.b. There exists a canonical
bijection
CH(t,WxF,k,h)) : II’I‘(H({, W x Tk, h)) — II‘I‘(H({, W xT,0, h))

which (as well as its inverse)
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e respects temperedness,
e preserves the intersections with Modg g,
e generalizes Theorem [1.3.c, via the identification

Irr (H(t, W x T',0, 1) ) temp = Irr(C[W x T, f]).

Proof. As discussed in the proof of Theorem [1.3la, we can easily reduce to the
case where f is trivial. In [Sol3, Proposition 6.8], that case is derived from [Sol3),
Theorem 6.2] (under more strict conditions on the parameters k). Using Theorem
instead of [Sol3l Theorem 6.2], this works for all parameters allowed in Theorem
Although [Sol3l, Proposition 6.8] is only formulated for irreducible representations
in Modg q(H(t, W x T, k)), the argument applies to all of Irr(H(t, W x T, k)). O

1.2. Global dimension.

We want to determine the global dimension of H(t, W x T, k,r,t). For H(t, W, kr)
it has already been done in [Soll], and our argument is based on reduction to that
case. A lower bound for the global dimension is easily obtained:

Lemma 1.6. gl.dim(H(t, W xI',k,r,f)) > dimc(t® C).

Proof. We abbreviate H = H(t, W x I', k,r, ). Pick A € t such that wA # X for all
w € WxT'\{1}. Fix any r € C and let C) ,- be the onedimensional O(t& C)-module
with character (A, 7). By [BaMol, Theorem 6.4], which generalizes readily to include
I, the O(t)-weights of

(1 1 1) Resﬂg(@c) lndg(t@c) C)\ﬂn

are precisely the w\ with w € W x I'. These are all different and the dimension of

(L.11)) is W x I'[, so ([1.11)) must be isomorphic with @,,cyr Cwa,r- By Frobenius
reciprocity

Extfy (indgq,0)Cars ind o) Car) = Extiec) (Car Resper) idoec) Car)

(112) = @wGWNF EXt?)({@C) (C)\,Tv (Cw)\,r) = EXt?Q(t@(C) ((C)\,ra (C)\,r) .

It is well-known (and can be computed with a Koszul resolution) that the last
expression equals (with ¥ for tangent space)

(1.13) A (@te0)=A\"tsC).

This is nonzero when 0 < n < dimc(t® C), so the global dimension must be at least
dimc(t @ C). U

With a general argument, the computation of the global dimension of
H(t, W x ', k,r,f) can be reduced to the cases with I' = {1}.

Lemma 1.7. Let I' be a finite group acting by automorphisms on a complex algebra
A. Leth: T2 — C* be a 2-cocycle and build the twisted crossed product A x C[T, j]
with multiplication relations as in Pmpositz’on — the role of H(t, W, k,r) is played
by A. Then

gl.dim(A x C[I', j]) = gl. dim(A).

Proof. For any A-module M

Res I Aing 0 py o D ().
Y
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Hence Ext’y(M’', M) is a direct summand of
Exty (M, Res’y " Hindy "9 0r) = Ext’y (ind 007, ind ).
In particular gl. dim (A4) < gl. dim (A x C[T', ).

For any A x C[I', j]-module V there is a surjective module homomorphism

Ay & v
TR — v

p: indﬁxc[r’h]Resﬁxc[F

On the other hand, there is a natural injection

1 Voo indﬁ”c[r’m[{ sAxCIr iy,
v = Z'yef 107 ®N v

This in fact a module homomorphism. Namely, for a € A:

:ZGFN'Y ®Nav—z (a)Nyv

= Zwer ) @ Nyv = Zyer aN7 ® Nyv = ar(v).

Similarly, for g € I":
W(Nyv) = Zver N;'® NyNgv = Zver NgN;'N;' & NyNgv
= Zver Ny Nyt @ indg g0y Cars Nygv = Zher N,N; ' @ Njyo = Nya(v).

Clearly po: = |I'|idy, so

indﬁxc[r’mResﬁxc[F’mV =V @kerp as A x C[T', g}-modules.

For any second A x C[I',]-module V', Ext, ey (Vs V') is a direct summand of

A><1(C[

Ext’y, e (V @ kerp, V') = Ext oy (indy T Res 8y, vy,

By Frobenius reciprocity the latter is isomorphic with
Exct’y (Res’ S8y, Resd Ol

Hence Ext}y oy (V, V') vanishes whenever n > gl. dim(A). O

In view of Lemma and the construction of H(t, W T, k, r, ), it can be expected
that it has the same global dimension as O(t @ C). The latter equals dimc(t & C),
see for instance [Wei, Theorem 4.3.7].

While the global dimensions of these algebras do indeed agree, Lemma does
not suffice to show that. One complication is that a map like 2 above is not a module
homomorphism in the setting of the group W x I' and the algebra O(t @ C), when
the parameters of the Hecke algebra are nonzero.

The centre of H(t, W, k, r) was identified in [Lus4, Proposition 4.5] as

(1.14) Z(H(t, W, k,r)) = 0" @ C[r].
From this and Proposition [I.1] that
(1.15) H(t, W, k,r) has finite rank as module over Z(H(t, W, k,r)).
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For r € C, let H, be the formal completion of H(t, W, k,r) with respect to the ideal
(r —r) of C[r]. By (L.14), H, is also the formal completion of H(t, W, k,r) with
respect to the ideal

I, = Z(H(t, W, k,r))(r —r) C Z(H(t, W, k,1)).

For an H(t, W, k,r)-module V, we denote its completion with respect to (r — ), or
equivalently with respect to I, by V. ItV is finitely generated as H(t, W, k,r)-
module, then by it is also finitely generated over Z(H(t, W, k,r)), so the
natural map

(1.16) Z(H,) @z wpr) V = Hr @ wpr V — Nm V/I'V = v,

is an isomorphism of H,.-modules.

~

Lemma 1.8. gl. dim(H(t, W xT',k,r, 1)) = sup,¢c gl. dim(H,).

Proof. By Lemma we may assume that I' = {1}, so that f disappears. We
abbreviate H = H(t, W, k,r). All the algebras in this proof are Noetherian, so by
[Wei, Proposition 4.1.5] their global dimensions equal their Tor-dimensions. We will
use both the characterization in terms of Ext-groups and that in terms of Tor-groups,
whatever we find more convenient.

Let V and M be finitely generated H-modules. By , exactness of completion
for finitely generated Z(H)-modules and [Wei, Corollary 3.2.10]:

(1.17) Z(H,) @ ) Torks (V, M) = Torkr (V;, M,).

Every finitely generated Hr—module is of the form V, for a finitely generated H-
module V. Namely, for a H,-module Hf/ R one can take as V the image of H? in

H;‘f /R. Since finitely generated modules suffice to compute global dimensions [Weil,
§4.1], the isomorphism ([1.17]) shows that

gl. dim(H,) < gl. dim(H).

It is known, e.g. from [KNS, Lemma 3], that V and M have projective resolutions
consisting of free Z(H)-modules of finite rank. It follows that Tork (V, M) is finitely
generated as Z(H)-module. By [Sol5, Lemma 2.9], Torf (V, M) is nonzero if and only
if its formal completion with respect to some maximal ideal I of Z(H) is nonzero.
That happens if and only if is nonzero for the r € C with r —r € 1.

For any m < gl. dim(H) such V, M exist, and it follows that gl. dim(H,) > m for
the appropriate r. O

It remains to find a good upper bound for the global dimension of H, .

Theorem 1.9. (a) For any r € C, the global dimension of H, equals dimc(t) + 1.
(b) The global dimension of H(t, W x T',k,r,t) equals dimc(t) + 1.
Proof. (a) By Lemma it suffices to consider the cases with I' = {1}. The crucial
point of our proof is that the global dimension of the graded Hecke algebra

H/(r — ) = H(t, W, k)
has already been computed, and equals dimc(t) [Soll, Theorem 5.3]. For any H/(r—
r)-module V;, [Wei, Theorem 4.3.1] provides a comparison of projective dimensions

(1.18) pdg (V1) < pdy)p—r)(V1) + pdg(H/(r — 7).
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From the short exact sequence
0-H"5H - H/(r—7r) =0
we see that pdy(H/(r — 7)) = 1. Hence
(1.19) pdg (V1) < pdyp_r)(V1) + 1 < dime(t) + 1.

In other words, TortL (Vy, M) = 0 for all m > dimc(t) + 1.
Let V5 be an H-module on which (r — r)? acts as 0. In the short exact sequence

0= (r—r)Vo—= Vo= Vo/(r—r)Va — 0,

r—r annihilates both the outer terms, so applies to them. Applying Torf(?, M)
to this short exact sequence yields a long exact sequence, and taking into ac-
count we see that Torl (Vy, M) = 0 for all m > dimc(t) + 1.

This argument can be applied recursively, and then it shows that

(1.20) Tor (V,,, M) =0 if m > dime¢(t)+1 and (r—r)"V,, = 0 for some n € N.
Assume now that V and M are finitely generated H,-modules. By (1.15) they are

also finitely generated over Z(H,) = Z(H),, and therefore

(1.21) V=mV/L'V = im V/(r —r)"V.
By (T.T7) and (T:20)
(1.22) Torgli[(V/(r —r)"V,M)=0 for m > dimg(t) + 1 and n € N.

Let P, — M be a resolution by free ]I:Hr—modules P; of finite rank p; (this is possible
because H, is Noetherian). Then

Torll (V/(x— )"V, M) = Hp (V/(x —1)"V ©5 B dy) = Hy(V/(x—r)" V)", d).

Here the sequence of differential complexes ((V/(r—r)"V )¢+, d,), indexed by n € N,
satisfies the Mittag—Leffler condition because the transition maps are surjective. By

(1.21)) the inverse limit of the sequence is (V#*,d,), which computes Tortr (V, M).
According to [Wei, Theorem 3.5.8] there is a short exact sequence

0 = lim! Torll, | (V/(x—r)"V, M) — Torl (V, M) — lim Torll (vV/(x—r)"V, M) — 0.

For m > dimc(t) +1, (1.22]) shows that both outer terms vanish, so Torgr (V,M)=0
as well. Hence

(1.23) gl. dim(H,) < dimg(t) + 1,

which already suffices for part (b). Consider the H,-module

.l -,
Ve = me(t@C)C/\,r = 1nd0@) Chr

from ([L.11]). Analogous to (1.12)) and (1.13]), one computes that
EXtI%I Var, Var) #0 for 0 <n < dimc(t) + 1,

which shows that (1.23)) is actually an equality.
(b) This follows from (1.23) and Lemma O
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2. EQUIVARIANT SHEAVES AND EQUIVARIANT COHOMOLOGY

We follow the setup from [Lus3, Lus6, [AMS1, [AMS2]. In these references a
graded Hecke algebra was associated to a cuspidal local system on a nilpotent orbit
for a complex reductive group, via equivariant cohomology. For future applications
to Langlands parameters we deal not only with connected groups, but also with
disconnected reductive groups G.

We work in the G-equivariant bounded derived category D% (X), as in [BeLul,
[Lus3, §1] and [Lus6l §1]. The formalism of [BeLu| entails that this is not exactly the
bounded derived category of the category of G-equivariant constructible sheaves on
a G-variety X. Morphisms in DZ(X) are defined via a resolution of X by G-varieties
Y asin [BeLul, and on each such Y we use morphisms in a (non-equivariant) derived
category of sheaves. In general, checking that an object or a morphism belongs to
DL(X) can be reduced to two steps:

e show that it belongs to D% (X),
e show that the G°-equivariant structure extends to a G-equivariant structure.

Typically the first step is much harder than the second step, which is in essence
about abstract group actions only.

Equivariant cohomology for objects of D%(X) is defined via push-forward to a
point, representing the result as a complex of sheaves on a classifying space BG for
G and then taking cohomology in D°(®BG). For more background we refer to [Ach]
Chapter 6].

We will use some notations and conventions from [Lus6], in particular functors
from or to D% (X) are by default derived functors. Let [n] be the functor that shifts
degrees by n. For objects A, B of DE(X) and n € Z, we write

Hom%%(x)(A, B) = HomeG(X)(A, Bln]).

In the case A = B one obtains the graded algebra
* _ n
End (A) = @nez Hom (A, A).

D, (X) D, (X)

2.1. Geometric construction of graded Hecke algebras.

Recall from [AMSI] that a quasi-Levi subgroup of G is a group of the form
M = Zq(Z(L)°), where L is a Levi subgroup of G°. Thus Z(M)° = Z(L)° and
M <— L = M?° is a bijection between the quasi-Levi subgroups of G and the Levi
subgroups of G°.

Definition 2.1. A cuspidal quasi-support for G is a triple (M,CM, ¢€) where:

e M is a quasi-Levi subgroup of G;

e CM is the Ad(M)-orbit of a nilpotent element v € m = Lie(M).

e ¢& is a M-equivariant cuspidal local system on Cqﬂw ,1.e. as an M °-equivariant
local system it is a direct sum of cuspidal local systems.

We denote the G-conjugacy class of (M,CM, ¢€) by [M,CM, q€]g. With this
cuspidal quasi-support we associate the groups

(2.1) Ng(q€) = Stabn,)(¢€) and  Wye = Ng(q€)/M.

Let gn be the variety of nilpotent elements in the Lie algebra g = Lie(G). Cuspi-
dal quasi-supports are useful to partition the set of G-equivariant local systems on
Ad(G)-orbits in gy. Let £ be an irreducible constituent of ¢€ as M °-equivariant
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local system on CM (which by the cuspidality of £ equals the Ad(M®)-orbit of v).
Then
We := Ngo(M°)/M°® = Ngo(M°)M /M

is a subgroup of Wye. It is normal because G° is normal in G. Write T' = Z(M)°
and t = Lie(T). It is known from [Lus3, Proposition 2.2] that R(G°,T) C t is a
root system with Weyl goup W¢.

Let P° be a parabolic subgroup of G° with Levi decomposition P° = M° x U.
The definition of M entails that it normalizes U, so

P=MxU
is a again a group, a “quasi-parabolic” subgroup of G. Since W¢ = W (R(G°,T)),
all possible P are conjugate by elements of Ngo(M°). We put
Na(P,q€) = Na(P, M) N Na(q€),
Lge = Ng(P,¢€) /M.
The same proof as for [AMS2, Lemma 2.1.b] shows that
(2.2) Wee = Wg 3 Tge.

The W,e-action on T gives rise to an action of Wye on O(t) = S(tY).

We specify our parameters k(). For « in the root system R(G°,T), let go C g be
the associated eigenspace for the T-action. Let Ap be the set of roots in R(G°,T)
which are simple with respect to P. For a € Ap we define k() € Z>2 by
(2.3) aud(v)k’(o‘)_2 i 0o D P20 — 9o D g2 s nonzero,

. ad(’”)k(a)_l 8o D P20 — o D B2a is zero.

Then (k(a))acap extends to a Weg-invariant function k& : R(G°,T);eq — C, where
the subscript “red” indicates the set of reduced (or indivisible) roots. Let f§ :
(Wye/WE)? — C* be a 2-cocycle (to be specified later). To these data we asso-
ciate the twisted graded Hecke algebra H(t, Wee, k,r, ), as in Proposition

To make the connection of the above twisted graded Hecke algebra with the
cuspidal local system ¢€ complete, we involve the geometry of G and g. Write

tog = {T €t: Zy(z) =1} and grs = Ad(G)(CY @ treg D u).

Consider the varieties

d={(X,gP)egxG/P:Ad(gHX eCM @ tapu},

3 ={(X,gP) egx G°/P°: Ad(g HX eCM ot u},

grs = §N (grs x G/ P),

gn =8N (gn x G/P).
We let G x C* act on these varieties by

(91,2) - (X, gP) = (A\"*Ad(91) X, 19 P).

By [Lus3, Proposition 4.2] there is a natural isomorphism
(2.4) Hiyoon (8) = O(8) @ Clrl.
The same calculation (omitting t from the definition of g) shows that

(25) Hé’x(CX (QN) = O(t) ®c (C[I‘}
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Consider the maps

ML (X, g)egx G Adlg )X ecM ptau} B g,

fi(X,g) = prey (Ad(g 1) X), f2(X,9) = (X, gP).

The group G x C* x P acts on {(X,g) €gx G :Ad(g"H)X eCM @t u} by
(91.A,p) - (X, 9) = (AT*Ad(91) X, 919p)-

Notice that the local system ¢€ on CM is M x C*-equivariant, because C* is con-
nected and stabilizes nilpotent M-orbits. Further f; is constant on G-orbits, so
f1q€ is naturally a G x C*-equivariant local system. Let ¢€ be the unique G x C*-
equivariant local system on g such that f3 € = fiq€. Let pr; : g — g be the
projection on the first coordinate. When G is connected, Lusztig [Lus6] has con-
structed graded Hecke algebras from

(2.6)

K = prl,!q'g € Dy (9).

For our purposes the pullback Ky of K to the nilpotent variety gy C g will be more
suitable than K itself.
We can relate g and K to their versions for G°, as follows. Write

(2.7) G = | ] G°yM/M and G/P = | ] G°vP/P.
’YGNG(PvM)/M ’YeNG(PvM)/M

Then we can decompose

(28) 8 = |—|'y€Ng(P,M)/Mg'V =

Ll’YENg(P7M)/M {(ng’YP) €g:gE€ GO} ~

|| {(X,97P°v"): X €g,9€G°/7P°y 1 Ad(g™ )X € Ad(7)(C) +t+u) }.
’YENG(PVM)/M

Here each term g7 is a twisted version of g°. Consequently K is a direct sum of
G° x C*-equivariant subobjects, each of which is a twist of the K for (G°M,CM  ¢¢)
by an element of Ng (P, M)/M.

Let g€ pg be the pullback of ¢€ to grs. Let ICqycx (g X G/P, ¢ rg) be the equi-
variant intersection cohomology complex determined by ¢&€ rs- This is just the usual
intersection cohomology complex in Db(g x G/ P), but with its G x C*-equivariant
structure. It is supported on the closure of grs in g x G/P, a domain on which pr;
becomes proper. The map

Pri RS : 9RS — ORS

is a fibration with fibre Ng(M)/M, so (prLRS)ngSRS is a local system on grs. It is
shown in [Lus3, §3.4.a] and [Lus6, Proposition 7.12.c| that

(2.9) K = pry ICqycx (9 X G/P,q€ ps) = ICqxcx (8, (Pr1 s )1GE rs)-

Although in these references G is assumed to be connected and G x C*-equivariance
is not mentioned, the entire argument in [Lus6, §3.4] can be placed in the appropriate
G x C*-equivariant derived categories. The right hand side of (2.9)) shows that K is
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a direct sum of simple perverse sheaves with support grg. Further, [AMSI, Lemma
5.4] and [Lus6l, Proposition 7.14] say that

(2.10) (C[qu, hqg] = EndODb (3rs) ((prl,RS)!quS) = EndOD,, (9) (K),

GxCX GxCX

where iy : (Wye/WE)? — C* is a suitable 2-cocycle. As in [AMS2] (8)], we record
the subalgebra of endomorphisms that stabilize Lie(P):

0 y ~
(2.11) EndDgX(CX ) (prlﬁ!qé‘)P = Cll e, tgel-

Now we associate to (M,CM ¢€) the twisted graded Hecke algebra
H(G, M, qé') = H(’t, qu, k,r, hqg),

where the parameters k(a) come from (2.3). As in [AMS2, Lemma 2.8], we can
regard it as

H(G, M, ¢€) = H(t, Wg, k,r) x End%gxcx (@ (Pr114€) p,

and then it depends canonically on (G, M, ¢€). We note that implies
(2.12) H(G°Ng(P, ¢€), M, q€) = H(G, M, ¢€).

There is also a purely geometric realization of this algebra. For Ad(G) x C*-stable

subvarieties V of g, we define, as in [Lus3| §3],
(213) V={(X,gP)€§: X €V},
' V={(X,gP,g'P): (X,gP) € V,(X,g'P) € V}.

Let g€V be the dual equivariant local system on CM, which is also cuspidal. It gives
rise to KV = prL!q'Sv, another equivariant intersection cohomology complex on g.
The two projections g, 713 : V — V give rise to a G x C*-equivariant local system

g€ = (712 X 7713)*(q€ X qEV) on V,
which carries a natural action of (2.4). As in [Lus3], the action of C[Wye, hggl] on
KV leads to
(2.14) actions of C[We, fige] ® C[We, hq_gl] on ¢€ and on HjGOX(CX (V, qé’)
In [Lus3] and [AMS2] §2] a left action A and a right action A’ of H(G, M, ¢€) on

HE*C (g, ¢€) are constructed.

Theorem 2.2. (a) The actions A and A identify HE*C (§,¢€) and
HE*C (g, ¢€) with the biregular representation of H(G, M, ¢€).

(b) Methods from equivariant cohomology provide natural isomorphisms of graded
vector spaces

End;)b (g)(K) o HEXCX(Q,QE),
GxCX . ’ ’
Budp, o (Kn) = HE (giv, 68).

(¢) Parts (a) and (b) induce canonical isomorphisms of graded algebras

H(G. M,q€) = Endp, ((K) = Endyy, (o (K).

wox (@)
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Proof. (a) When G is connected, this is shown for g in [Lus3, Corollary 6.4] and
for g in the proof of [Lus6, Theorem 8.11], based on [Lus3]. In [AMS2] Corollary 2.9
and §4] both are generalized to possibly disconnected G.
(b) For (g, K) with G connected this is the beginning of the proof of [Lus6, Theorem
8.11]. The same argument applies when G is disconnected, and with (gn, Kn)
instead of (g, K).
(c¢) In [Lus6, Theorem 8.11] the first isomorphism is shown when G is connected.
Using parts (a,b) the same argument applies when G is disconnected. Similarly we
obtain

H(G, M, ¢€) = End,

b o) EN)-
These two graded algebra isomorphisms are linked via parts (a,b) and functoriality

for the inclusion gy — g. O

2.2. Semisimplicity of some complexes of sheaves.
For an alternative construction of ¢€ and K, we consider the isomorphism of
G x C*-varieties
GxP(CMaotou — g
(9, X) — (Ad(g)X,gP)

We note that the middle term in (2.6) is isomorphic to G x (CM @ t @ u) via the
map (X, g) — (9, Ad(g71)X). In these terms, (2.6) becomes

(2.15)

(2.16) M axeMoton B axPCMotou),

with the natural maps f] and f5. We get ¢€ as G x C*-equivariant local system on
G xP (€M @t @ u), satisfying fé*qé’ = f{*qé’ . In this setup pr; is replaced by

(2.17) p: GxPCMotou) — g

' (9. X) = Ad(g)X
and then
(2.18) K = ¢€.

Recall that we defined K as the pullback K of K to the variety gy, and that K is
a semisimple complex (that is, isomorphic to a direct sum of simple perverse sheaves,
maybe with degree shifts). We will prove that Ky is also semisimple complex of
sheaves. We write

gy =gN(gn x G/P).
The maps (2.6)) restrict to
(2.19) cM BN r(X ) e gy x G Ad(g )X € CM pu) Y gy,

which allows us to define a local system ¢&y on gy by I3 NqE' = fin¢én. Then

qE’N is the pullback of ¢& to gn, because ff"NqSN is the pullback of f{q€. Let pry y
be the restriction of pr; to gy. From the Cartesian diagram

(2.20) N —=9

lprl,N lpr1

gN —> 9
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we see with base change [BeLul Theorem 3.4.3] that
(2.21) pry N ¢€ 5 equals the pullback Ky of K to gy.
Proposition 2.3. There is a natural isomorphism

Kn 2 pry yyICqxcx (gn x G/P,qEy).

Proof. Notice that the middle term in (2.19) is isomorphic with G x CM @ u and
that (2.15)) provides an isomorphism

av =G xP(cM o).

With the commutative diagram

M M
(2.22) CI bropt C, J{@ u
G xPeM <— G xP (M pu)
1dg><prc11)\4

we can construct ¢€y € DL, ox (G xT (CY ®u)) in two equivalent ways:

e pullback of ¢€ to C)' @ u (as P x C*-equivariant local system) and then

equivariant induction ind% XS} as in [BeLul §2.6.3];

e equivariant induction indgigi of ¢€ to G x¥' CM and then pullback to
G xP (CM gu).

In these terms
(2.23) Ky = Ny g€,
where py : G xP (CM @ u) — gy is the restriction of [2.17). Let jmy : CM — my
be the inclusion. Then
(2.24) Ky = pw(idg X jmy X idu)ig€
where now the domain of py is my @ u.

Regarded as M° x C*-equivariant local system on CM, ¢€ is a direct sum of

irreducible cuspidal local systems €. Each of those £ is clean [Lusll, Theorem 23.1],
which means that the natural maps

Jun i€ = IC(my, E) = Jmpy €

are isomorphisms in D?\/Px(cx (mpy). Taking direct sums over the appropriate £, we
find that the maps

(2.25) Jun 1€ = IC(MN, GE) = Jmy <€

are isomorphisms as well. In fact, since the maps in (2.25) are M x C*-equivariant,
they are isomorphisms in D’]’V[XCX (mpy). In other words, ¢€ is also clean.
In the diagram (2.22)) the map prem extends naturally to

Py, My du— my,
and both are trivial vector bundles. Hence (up to degree shifts)
(2.26) pry, Jmy,10E = Pl ICpyox (My, ¢€) = Pry, Jmy +4€ =
(Jmpy X idu)*préyqﬁ =ICpycx(my @ u, prawqé’) = (Jmy X idu)]préng.
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The vertical maps in induce equivalences of categories ind% P>< (CX’ which com-
mute with the relevant functors induced by the horizontal maps in , SO

(idg X Jmy X idu)1gE Ny = (idg X Jmy ¥ idu)undGX(cxprchE
= ind%XEx (jmy x id W)IPrear g€
(2.27) = ind$ XSl ICpyox (my B u , PreargE)
= ICgxcx (G X (my &), 1ndg§gxprch5)
=ICqxcx (G < (my ®u), ¢ y).

Since G x (my @ u) is closed in G x¥ gy, the last expression is isomorphic with

(2.28) ICaxcx (G X gn, g€ N).

Via the isomorphism

(2.29) GxF gy =gy xG/P

obtained from (2.15) by restriction, becomes IC gy cx (gn X G/P,q€ ). Com-
bine that with (2.24)) and (2.27). (]

The following method to prove semisimplicity of K is based on the decomposition
theorem for perverse sheaves of geometric origin [BBD) Théoreme 6.2.5]. The same
method can be applied to K, using the first isomorphism in (2.9).

Lemma 2.4. Ky is a semisimple object of Dl();xtcx(gN)'

Proof. By construction every M °-equivariant (cuspidal) local system on a Ad(M°)-
orbit in my is geometric. The automorphism group Aut(M3, ) of the derived sub-
group of M° is algebraic and defined over Z. The action of M on my factors through
Aut(My,,), and hence the cuspidal local system ¢€ on CM is of geometric origin.

Like for M, the automorphism group of Gg,, is algebraic and defined over Z,
and the adJ01nt actions of G and P on g factor via that group. Therefore not only
pr; M g€ but also

G€ N = mdF X prena€ € Dgyex (G x" my S u)

is of geometric origin. As the isomorphism (2.29) only involves G via the adjoint
action, it follows that ICqycx (gn X G/ P, g€ ) is of geometric origin as well. Since

pryy i gn X G/P — gn

is proper, we can apply the decomposition theorem for equivariant perverse sheaves
[BeLul, §5.3.1] to Proposition This is based on the non-equivariant version from
[BBD), §6], and therefore requires objects of geometric origin. O

For compatibility with other papers we record that, by (2.24)), (2.26) and (2.27)):

Ky = ,uNliIldIGjifc:iICPX(Cx (mN @D u, pl“éng)
(2.30) & ,uNulndPXcXprmNICpX@x(mN,qé’)

= jiny(idg X pry, ) ind$*EXICp.ox (my, ¢€).
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Like in [Achl §8.4], the diagram

idg Xpry,
(2.31) mNanPmNMGxP(mN@u)M%GN

gives rise to a parabolic induction functor

(232)  TEXEc = na(ida X pryy ) IndZXEL : Dh o (my) = DY ox (an)-

Since U C P is contractible and acts trivially on my, inflation along the quotient
map P — M induces an equivalence of categories
b ~ Ty
Dpycx (mn) Z Dy ox (my).
With these notions (2.30]) says precisely that

(2.33) Ky = T55E | IChex (my, g€).

PxCX RUSY
For later use we also mention the parabolic restriction functor
GxCX o 3GxCX\—1 . ! b b
(2.34) RPiCX7mN = (ind2X ) (idg X proy)eiy : Dgyex (98) = Dhycox (My).
The arguments in Proposition and ([2.30)) admit natural analogues for K. Namely,
with the diagram

idg Xpry,
my = GxPmy —— X G xP (myatau) Ly

instead of (2.31)), we get a functor similar to (2.32). That yields an isomorphism

(2.35) K = py(idg X pry, ) ind$XE 10 cx (my, ¢E).

This also follows from [Lus6, Proposition 7.12], at least when G is connected.

2.3. Variations for centralizer subgroups.
Let o € t, so that M = Z¢(T) C Zg(o). We would like to compare Theorem
with its version for (Zg(o), M, ¢€). First we analyse the variety

(G/P)? :={gP € G/P: o € Lie(gPg1)}.

This is also the fixed point set of exp(Co) in G/P. Let Zg (o) be the connected
component of Zg (o).

Lemma 2.5. For any gP € (G/P)?, the subgroup gP°g~' N Zg(0) of Zg(o) is
parabolic.

Proof. Consider the parabolic subgroup P’ := gP°g~! of G°. Its Lie algebra p’
contains the semisimple element o, so there exists a maximal torus 7" of P’ with
o € t. Let M’ be the unique Levi factor of P’ containing 7”. The unipotent
radical U’ of P’ and the opposite parabolic M'U’ give rise to decompositions of
Z(m')-modules

g=v'ayp, p=Zw)om, ov.

Since Z(m') C t' C Zy(o), these decompositions are preserved by intersecting with
Zg(o):

24(0) = Zu(0) @ Zy(0),  Zy(0) = Z(n) & Zy, (0) & Zu (o).

This shows that Zg(o) Np’ is a parabolic subalgebra of Zy(o). Hence Zg (o) N P’ is
a parabolic subgroup of Z¢g (o). O
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The subgroup Zg(o) C G stabilizes (G/P)?, so the latter is a union of Zg(o)-
orbits.

Lemma 2.6. The connected components of (G/P)? are precisely its Zg(o)-orbits.

Proof. Clearly every Zg(o)-orbit is connected. From ([2.7) we get an isomorphism
of varieties

2.36 G/P = G°P/P = G°/P°.
(2.36) P = noanyn Y6 PIP =L G
Here Z2 (o) acts on vyG°/P° by

z-ygP° = (v 2y)g P,

so via conjugation by y~! and the natural action of v"1Z2(0)y = Z&(Ad(y1)o)
on G°/P°. Taking exp(Co)-fixed points in (2.36) gives

(G/P)7 = UV(WGO/PO)J
=[] {19P° g€ G°,0 € Lie(rgP7g ™'y}
=[] P19 €6 Ad(y o € Lie(gP°g ")}
_ I_I (G /P)yAder e

This reduces the lemma to the case G°/P°, so to the connected group G°. For
that we refer to [ChGil Proposition 8.8.7.ii]. That reference is written for Borel
subgroups, but with Lemma the proof also applies to other conjugacy classes of
parabolic subgroups. O

It is also shown in [ChGi, Proposition 8.8.7.ii] that every Zg&(o)-orbit in (G/P)”
is a submanifold and an irreducible component.

Lemma 2.7. There are isomorphisms of Zg(o)-varieties

L] Zc(0)/Zwpuw-1(0) = || Za(o) - wP = (G/P)7.

wWENz () (M)\Na(M) WENz - (5) (M)\Na (M)
Proof. By Lemma [2.6] there exist finitely many v € G such that
(2.37) (G/P)’ =U,Za(0) - yP.

Then the same holds with Zg(o) instead of Zg (o), and fewer 7’s. The Zg(0)-
stabilizer of vP is

{z € Zg(o) : 2Py L = 4Py} = Zg(o) nyPy ! = Zpy-1(0).
That proves the lemma, except for the precise index set.
Fix a maximal torus 7" of Zg(o) with T'C T". Every parabolic subgroup of G°
or Zg(o) is conjugate to one containing 7”. The G°-conjugates of P° that contain
T' are the wP°w~! with w € Ngo(T"), or equivalently with

w € Ngo(T")/Npo(T') = Ngo (T") /Nppe (T') = Ngo (M®) /M.
For w,w’ € Ngo(M®), wP° and w'P° are in the same Zg(o)-orbit if and only if
wwte Nze.(o)(M?). We find that

(2.38) (G°/P°)” = Z8(o) - wP®.

LLUENZ%(G)(MO)\NGO (M°)
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We note that the group

NGO(MO)/MO — NGO(T)/ZGO(T) — NGO(M)/MO = NGO(M)M/M
normalises P. When we replace G°/P° by G/P in (2.38)), the options for w need
to be enlarged to Ng(M)/M. Next we replace ZG( ) by Zg (o), so that wP and

w'P are in the same Zg(o)-orbit if and only if w'w™! € Ny ) (M)/M. Notice that
wP € (G/P)? because

o € m = Lie(wMw™') C Lie(wPw™).
We conclude that
(G/P)’ = | ] Z(0) - wP = | | Zg(o) - wP. O
weNz9, (o) (M)\Ng (M) WENzZ (o) (M)\NG (M)
The fixed point set of exp(Co) in g is
97 = gN(Zy(0) x (G/P)?) = {(X,gP) € Zyg(0o) x (G/P)" : Ad( _l)X € CM +t4u}.
Clearly g7 is related to Zg'( ) and to Z O. With and (| we can make

that precise:

(2.39) §7 = | Zy(0),, = | | Zo(),,
weNze, (o) (M)\Ng(M) WEN 7, (o) (M)\Na (M)
Zo(0),y = {(X, 9Zupu-1(0)) € Z4(0) X Z6(0) [ Zippu-1(0) :
Ad(g™HX € Ad(w)(CM +t+u)}.
Let 7' : 92 — § be the inclusion and let pr{ be the restriction of pr; to §7. We define

Ky = (pr{)1j *q€ € DbZG(g)ch (Zg(0)).
From (2.39) we infer that K, is a direct sum of the parts Ky, (resp. K ,,) coming

from Zg'(a)w (resp. from Z (U)Z), and each such part is a version of the K for Zg(o)
(resp. for Zg (o)), twisted by w € Ng(M)/M.

These objects admit versions restricted to subvarieties of nilpotent elements,
which we indicate by a subscript N. In particular

Ky, = (priN)!j]{FqEN = DbZG(o)xCX (Zg(o)n)

can be decomposed as a direct sum of subobjects Ky ., or Kfv,o,w'

Lemma 2.8. The objects Ky, Kq o € Dng(o)xCX(ZQ(J)) and
KN o KNcrw € DY

7 (o)X CX (Zg(o)n) are semisimple.

Proof. We note that, like in , there is an isomorphism of Zg (o) x C*-varieties
Za(0),, = Za(o) xZwa—lw (Ad(w)(CM @ t®u) N Zy(o)).

Here Z,,p,,~1(0) is a quasi-parabolic subgroup of G with quasi-Levi factor M and
Ad(w)(CY @ tou)n Zy(o) =CY @ te (Ad(w)un Zy(o))

with Ad(w)u N Zg(o) the Lie algebra of the unipotent radical of Z,,p,,-1(0). Com-
paring that with the construction of K in - -, we deduce that K, ., is the
K for the group Zg(o) and the cuspidal local system Ad(w).q€. As K is semisimple,
see , so is the current K, .
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The same reasoning, now using , shows that Ky . is the Ky for Zg(o)
and Ad(w).q€. By Proposition b, KN . is semisimple.

The objects K, and Ky, are direct sums of objects K, ., and Kn ., so these
are also semisimple. O

The above decompositions of K, and Ky, are the key to analogues of parts of
Paragraph for Zg(o).

Lemma 2.9. Let w,w' € Ng(M)/M. The inclusion Zyg(c)n — Zg(o) induces an

isomorphism of graded H*%(U)X(CX (pt)-modules

Hom* K°, K°. ) —s Hom® KiK.
b oy (Zato)) Ko Kowr) b oy (Zato) E N K o)

Proof. Decompose ¢&| Zy(o), 3 direct sum of irreducible Zg (o) x C*-equivariant
g w

local systems. Each summand is of the form Ad(w).€, for an irreducible summand
€ of ¢€ as MP°-equivariant local system. Similarly we decompose ¢&| Z,(0)°, 3 direct
g

)w!
sum of terms Ad(w’).€. Like in the proof of Lemma

(2.40) Kg, = @g(prl’zg(g))gAd(w)*g,
and similarly for K3 K7 . and K3 ... A computation like the start of the

o,w’ o

proof of [Lus6, Theorem 8.11] (already used in Theorem 2.2|b) shows that

. : "
(2.41) HOIHp;é(J)XcX (Za(oy) (PI1 2, () NAA(W)LE, (L) 7, (o) 1A (w)E7)
> g7 (7.00)° i (Ad(w).£ B Ad(w),E)).
Here Zg.(a)o = Zg.(a)o xZa(7) Zg(a)o and
io: Zg(0) = Zy(0)" x Zg(o)

denotes the inclusion. The same applies with subscripts N:
(2.42) Hom%zé%<a>xcx(ZQ(U)N)((PTLZQ(U)N)!Ad(w)*SN,(Ph,zg(g)N)!Ad(w')*g’N)

= B (Zy(0) v i (Ad(w).E B Ad(w)E)).
When w = w' and £ = &', (2.41)) and (2.42) are computed in [Lus3, Proposition
4.7]. In fact [Lusf‘i, Proposition' 4.7] also applies in our more general setting, with
different Ad(w).€ and Ad(w')E’. Namely, to handle those we add the argument
from the proof of [AMS2, Proposition 2.6], especially [AMS2, (11)]. That works
for both Zy(o) and for Zy(o)n, and entails that there are natural isomorphisms of
graded H*g(a)xcx (pt)-modules
(2.43)

* Y o [¢] . . -V ~
Hye (o von (Za(0) ) @ Ho(Zg(0)' i (Ad(w).€ M Ad(w),E7)) = @A),

. . Ie) N0 . 5,V ~

Hs (o)xcx (Zg(0) ) @c Ho(Zy(0) N o (Ad(w).E BAd(w').E7)) = (2.42).
Moreover, the proof of [Lus3, Proposition 4.7] shows that the two lines of (2.43)) are
isomorphic via the inclusion Zg(o)ny — Z4(0). O

Finally, we can generalize the second isomorphism in Theorem [2.2]c.
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Proposition 2.10. The inclusion Zg(oc)n — Zg(o) induces a graded algebra iso-
morphism
End*Db (Kg) — End;b

Kng).
Zaa)xex (%)) ZG<a>xcx(Zﬂ(U)N)( Neo)

Proof Take the direct sum of the instances of Lemma over all
w,w € Nze.(o)(M)\Ng(M). By (2.39), that yields a natural isomorphism

End Z° (o)xCX (ZE(U))(K ) - EndDZ"( )xcx(Zg(U)N)(KN’U)'
Now we take my(Z¢(c))-invariants on both sides, that replaces EndZ, ™) by
ZO (g)xCX
End’), N O

ZG(<7)><(C>< ( )

b
3. DESCRIPTION OF D¢, g, (9n) WITH HECKE ALGEBRAS

We want to make a (right) module category of H = H(G, M, ¢€) equivalent with
a category of equivariant constructible sheaves. In view of Theorems we should
compare with DbG’xGL1 (gn, Kn), the triangulated subcategory of Dgxcx (gn) gen-
erated by the simple summands of the semisimple object K. Since that involves
complexes of sheaves, we have to look at differential graded H-modules. Recall that
H has no terms in odd degrees, so that its differential can only be zero. Hence a dif-
ferential graded H-module M is just a graded H-module €, ., M,, with a differential
dys of degree 1.

As DbeGLl(gN) is a derived category, we are lead to D(H — Modgy), the derived

ne”L

category of differential graded right H-modules. Its bounded version is D°(H —
Modgeqg), where the subscript stands for “finitely generated differential graded”.
We note that H — Mody, is much smaller than H — Mod, for instance the only
irreducible H-modules it contains are those on which O(t & C) acts via evaluation
at (0,0). In fact the triangulated category D°(H — Modggqg) is already generated by
a single object, namely H [BeLu, Corollary 11.1.5].

From another angle, we aim to analyse the entire category Dgx o, (9n) in terms
of suitable module categories of Hecke algebras. As there may be several Levi
subgroups and equivariant cuspidal local systems involved, we will need a finite
collection of such Hecke algebras. The motivating and archetypical example is [BeLul,
§12]. There it is shown that, for a connected complex reductive group G’ with a Borel
subgroup B’ containing a maximal torus 7", there are equivalences of triangulated
categories

(3.1) DL, (G'/B') = DY (pt) = D°(O(Lie(T")) — Modjyqg)-
The isomorphism H(G, M, ¢€) = End*D,é ex (@) (K ) from Theorem [2.2] gives rise to

an additive functor
(32) DL, ox(on, Kn) — D(H — Modygqg)
: S — I—:|:0111D1();><(C>< (gN)(KN,S) .

However, it is not clear whether this functor is trlangulated or fully faithful (on an
appropriate subcategory). One problem is that DGX(CX (gn) does not arise as the

(bounded) derived category of an abelian category, another that Hom,

is
Gxcx (ON)

defined rather indirectly.
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3.1. Transfer to a ground field of positive characteristic.

We will overcome the above problems by constructing a more subtle functor in-
stead of , which will lead to an equivalence of categories. To this end, we will
first transfer the entire setup from the ground field C to a ground field of positive
characteristic. All our varieties, algebraic groups and (complexes of) sheaves may be
considered over an algebraically closed ground field instead of C, see [BeLul, §4.3]. In
particular we can take an algebraic closure ks of a finite field IF, whose characteristic
p is good for G, like in [Rid, RiRu2]. As we do not require that G is connected, we
decree that “good” also means that p does not divide the order of mo(G). For con-
sistency, we replace the variety A!(C) = C (on which r is the standard coordinate)
by the affine space Al'. In our setting, the topology of the coefficient field C of our
sheaves does not play a role. Since Q; = C as fields, we may just as well look at
sheaves of Qy-vector spaces everywhere.

This setup has the advantage that one can pass to varieties over finite fields, and to
mixed (equivariant) sheaves. To emphasize that we consider an object with ground
field ks we will sometimes add a subscript s. This notation comes from [BBD] §6],
where k, arises as the residue field for some discrete valuation ring, which relates k;
to special fibres. In the remainder of this section we will regard G as an algebraic
group, and for an action of G or G x GL; we tacitly assume that these groups are
considered over the same field as the varieties on which they act. To that end, and
to get semisimplicty of Ky from Lemmal[2.4] we assume that G can be defined over a
finite extension of Z. That is hardly a restriction, since by Chevalley’s construction
it holds for any connected complex reductive group.

Lemma 3.1. The classification of G X GL1-equivariant cuspidal local systems (with
Qg-coefficients) on gy is the same for the two base fields C and k.

Proof. The classification of equivariant cuspidal local systems supported on the va-
riety of unipotent elements in G° [Lusl|] shows this for G°. By [Lus3, §2.1.f], such
local systems are automatically G° x GGLi-equivariant. With the natural bijection
between the unipotent orbits in G° and the nilpotent orbits in g (recall that p is
good for G°), we obtain the same result for G° x GLj-equivariant cuspidal local
systems supported on gy. To get from there to G x GL-equivariant cuspidal local
systems boils down to extending representations of a finite group

70(Zae (X)) Z mo(Zaoxar, (X)) X €gn
to a larger finite group
m0(Za(X)) = mo(Zaxar, (X)),
see [AMSI], §3]. In view of the short exact sequence
1= 7m9(Zge(N)) = m0(Zg(N)) — G/G° = m(G) — 1

from [AMSI] (21)] and because p does not divide |mo(G)|, this works in the same
way over C and over k. O

Of course Lemma [3.1] also applies to a quasi-Levi subgroup M of G. That pro-
vides, for each ¢&€, my, Ky as before, versions ¢&, my s, Ky, with base field k.

For the transfer of DngLl (gn) from C to ks we follow the strategy that was used
to derive the decomposition theorem for equivariant perverse sheaves [BeLu, §5.3]
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from its non-equivariant version [BBD, Théoreme 6.2.5], which in turn relied on an
analogue for varieties over finite fields. To apply the techniques from [BBDL §6.1],
it seems necessary that G can be defined over a finite extension of Z. In that case,
all the varieties below can also be defined over a finite extension of Z.

Fix a segment I C Z and assume that G x GLp is embedded in GLg. It was
noted in [BeLu, §3.1] that the variety M; of k-frames in the affine space Atk ig
an acyclic G x GLi-space. Then G X GL; acts freely on Q := M|y x gy and the
projection p : @ — gy is an |I|-acyclic resolution of G x G Lj-varieties. Let

Q=Q/(GxGLy) = (M x gn)/(G x GLy)

be the quotient variety. By [BeLul §2.3.2], DL, . 1, (Bx) is naturally equivalent with
DI(Q|p), the full subcategory of D!(Q) made from all the objects that come from
gy via p and ¢ : Q — Q. Notice that all these objects are of geometric origin.

Let Q. be Q with the étale topology. According to [BBD] §6.1.2.B”] there is a
fully faithful embedding (for sheaves with Q-coefficients)

Db(@et) — Db(@)a
whose essential image consists of the objects of geometric origin. This restricts to
an equivalence of categories

D*(Qerlp) — D*(QIp)-
Therefore we may replace the analytic topology on @ by the étale topology, and we
tacitly do that from now on.
For a variety X defined over some finite extension of Z, we denote by X the

base change to ks. According to [BBD) §6.1.10 and p.159] there is an equivalence of
categories

(3-3) D7 1(Q) +— D 1(Q).

Here 7 denotes an algebraic stratification of Q and L means that for every stratum a
finite collection of irreducible smooth sheaves with Z/¢Z-coefficients has been chosen.
The subscript 7T, L refers to (T, L)-constructible sheaves, as in [BBD), §6.1.8].

Let ps : Qs — gn,s be the base change of p and let g5 : Q5 — Q, be the base
change of ¢, the quotient map for the free G x GLi-action.

Lemma 3.2. From (3.3) one can obtain an equivalence of categories

D*(Qlp) +— D"(Qslps)-

Proof. We need only one stratification of Q and Q. Namely, the G x G L1-orbits on
gn give a stratification of @ = M7 X gy, and dividing out by G x GLy produces
a stratification 7 of Q. As L we take those sheaves (of the indicated kind) on the
strata of 7 that come from gy via p and g. Since there are only finitely many
G x G Li-orbits in gy, this is a finite collection. On each stratum in gy or gy s the
isomorphism classes of irreducible equivariant sheaves with Z/¢Z-coefficients can be
put in bijection with the isomorphism classes of irreducible representations of the
equivariant fundamental group in G x GL;. Hence L has the same property for Q
and Q,, with respect to p,q and ps, ¢s.

For this (7, L), Dg—’ 1 (Q) contains D°(Q|p) as the full subcategory of objects whose

pullback along ¢ : Q — @ is isomorphic to the pullback along
p: My xgn — 9N
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of an object of D(g v). Under the equivalence (3.3), this corresponds to the full
subcategory of DS—’ 1.(Q) formed by the objects whose pullback along ¢, is isomorphic
to the pullback along

Ds - M\I|,s X gN,s — gN,s

of an object of Db(gN,S). In view of the property of L with respect to ps, gs, this full
subcategory is exactly D°(Q,|ps). O

We may restrict Lemma [3.8] from D to DI (on both sides). Then [BeLul, §2.3.2]
applies, and we find equivalences of triangulated categories

(3.4) Déwar, (an) «— D' (Qlp) +— D'(Qylps) «— D, (0n.5)-
Recall Ky s from Lemma and the subsequent remark.

Theorem 3.3. Assume that G can be defined over a finite extension of Z. There
are equivalences of categories

(a) ID%XGLl (gN) — D%XGLl (gN75)7
(b) DGXGLl(ngKN) A DGXGLl(gN,saKN,s)-

Proof. (a) The equivalences can be achieved for any segment I C Z, but we
note that @ and @Q depend on |I|. For a larger segment I’ O I, the G x G L;-space
Q = M X gy contains @ = M|y x gy. Hence for I embeds canonically in
for I’. The enables us to take the limit of all these instances of (3.4)).

(b) It remains to show that part (a) sends Kn to Ky . By the definition of equi-
variant derived categories [BeLu], that means that we have to compare p*Ky €
DngLl(Q) with piKn s € DbeGLl(QS). Let Ky be the image of p* K in Dg—’L(Q)
via the proof of Lemma so ¢*Kjy = p*Ky. We define Ky ; analogously. Since

¢*: D*(Q) = Diwgr, (Q)
is an equivalence of categories, it suffices to show that (3.3) sends K} to K fv s
By [BBD, §6.1.7 and 6.1.10] equivalences of the kind ({3.3]) respect the usual derived
functors associated to maps between varieties, provided (7,L) may be enlarged

depending on the object under consideration.

We claim that the step from D°(Q) to Dl(’;xG 1, (8) respects equivariant induction

indgigfl. To shorten the notations we check this for ind%. Let Y be a P-variety
1

with a resolution X and let F € D%(Y) come from X/P. From the diagram
Y+ X —X/P=Gx"X))G+—Gx'X —Gx"Y

we see that Y and ind%(F) € D%(G x”Y) come from the same object of D’(X/P).
It follows that equivalences of the kind , when retracted to equivariant derived
categories like in Lemma [3.2] also respect equivariant induction.

We resort to the expression Ky = u NJqE;' N from . That and the construc-
tions described in terms of only use derived functors of the kind discussed
above. In this way we reduce our task from Ky to ¢ € D%XGM(CI{VI).

The construction of the equivalence in [BBD, §6.1.8-6.1.9] uses only base
change maps, it goes via D% 1 (Qy) for a suitable subring V of C. Knowing that,
Lemma and its proof entail that ¢€ is sent to ¢€s by the version of for M.
This proves that the equivalence of categories from part (a) sends Ky to Ky O
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3.2. Orthogonal decomposition.

From [RiRul] it can be expected that D%, - 1, (8N,s) decomposes as an orthogonal
direct sum of full subcategories of the form Dng I (gn,s; Kn,5). Here orthogonality
means that there are no nonzero morphisms between objects from different sum-
mands. In view of Theorem the same should work over the base field C.

We start with an orthogonality statement on the cuspidal level. Let CM, Cf)‘,/f be
nilpotent Ad(M)-orbits in m and let ¢&, ¢€ be M-equivariant irreducible cuspidal
local systems on respectively CM and CM. As noted in [Lus3, §2.1.f], ¢€ and ¢&’
are automatically M x GLi-equivariant. Let IC(my,¢€) and IC(my, ¢€’) be the
associated M x G Li-equivariant intersection cohomology complexes. Notice that
ICrxcrL, (mpy, ¢€) is the version of Ky for M.

Lemma 3.4. Suppose that CM +# Cy or that CM = Cy and g€, qE' are not isomor-
phic in D?V[XGLl(Cf)V[). Then

Hom,, (mN)(IC(mN,qE),IC(mN,qE/)) =0.

MxGLy

Proof. Suppose that the given Hom-space is nonzero. As M °-equivariant local sys-
tems, we can decompose ¢€ = (P, &; and g€’ = P, &}, where the & and the ] are
irreducible and cuspidal. Then

D, o, o (0l €l £) £

By [RiRull, Theorem 3.5 and Proposition A.8], & is isomorphic to SJ‘ for some 1, j.
Notice that Theorem enables us to apply this with base field C as well. Hence
cM ‘= Cé\,/[ °, so we may assume that v = v/. Recall from that ¢€ and ¢&’ are
clean (on my). With adjunction we compute

IC(my, ¢€),IC(my, ¢&")) =

J

D?\4XGL1(mN)(
MxGLy (mN) (IC(mN’ qg)) ijy*qg/) =

(e Ty IC(my, ), g€") = Hompy - sy (4€,4€").

MxGLy

Let p,p' € Irr(mo(Zymxar, (v)) be the images of ¢€ and ¢€ under the equivalence
of categories

Dirwer, (CF) = DbZMXcLl(y)({U})'
Then (3.5 reduces to
Homyp, ({U})(Pvpl) = Homuy (241, () (0 P)-

Zpmxary (v)

Since ¢&€ and ¢&’ are not isomorphic, p and p’ are not isomorphic, and this expression
vanishes. That contradicts the assumption at the start of the proof. O

Consider the collection of all cuspidal quasi-supports (M,CM ¢&) for G. Since
each my admits only very few irreducible M-equivariant cuspidal local systems
[Lusll Introduction], there are only finitely many G-conjugacy classes of cuspidal
quasi-supports for G. We note that by Lemma [3.1] the classification is the same over
the ground fields C and ks. Each such conjugacy class [M,CM, ¢€]q gives rise to a
full triangulated subcategory

GxC*
D%XGLl (on, Kn) = D%XGLl (ngIp:CX’mNICMXGM(mNa qg))’
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see (2.33) for the equality.

Theorem 3.5. There is an orthogonal decomposition

IGX(CX

Dy, (ON) = @[M,C%qs]c De:war, (81, P mn LOMxGLy (MN, GE)).

The same holds over the ground field ks.

Proof. Over ks is the translation of [RiRull Theorem 3.5] to our setting. Almost
the entire proof in [RiRull §2-3] is valid in our generality, only the argument with
central characters (near the end of the proof of [RiRull, Theorem 3.5]) does not work
any more. We extend that to our setting with Lemma

We may pass to the base field C with Theorem O

3.3. An equivalence of triangulated categories.

We aim to show that DbeGLl (gn,s, Kn,s) is equivalent with Db (H — Modggdg ), as
triangulated categories. We follow the strategy outlined in [RiRu2, §4], based on
[Rid], but with G x GL; instead of G. We need the following objects as substitutes
for objects appearing in the derived generalized Springer correspondence from [Rid,
RiRu2|:

our setting setting from [RiRu2] setting from [Rid]

gN N N

IC(mN> qg) IC, IC({0}7@)

Ky Ac A

ClWee, bge] Qe[W(L)] Qe[W]

Hf o (on) =2 Ot C) | H (Op) = S5 Hg(G/B) = Sp*
H(G, M, ¢€) Q[W(L)] x S5* Ag = QW (L)] x Sh*
ThiCt m 7§ v

REXC m R P

DYy ox (mnv, IC(my, ¢€)) | DY (N1, IC.) = DY (pt) | D(G/B) = Di(pt)

For the third till sixth lines of the table we refer to, respectively, (2.33)), (2.10), (2.5
and Theorem [2.2lc. To justify the last line of the table, we note that the proof of

[RiRu2, Lemma 2.3 and Proposition 2.4] shows that

(3.6) D} pex (M, IC(my, €)) = DY ypy0 ox (PE) = D ox (D).

As explained in [RiRu2, §3.2], the M-equivariant cuspidal local system ¢&; on
Cf)\ffs C my,s admits a version over a finite field [F,, such that a Frobenius element of
Gal(ks/F,) acts trivially (after base change to ks). Then everything can be set up
over F, with mixed sheaves, as in [Rid, §4-5]. Like in [Rid, RiRu2], we indicate the

analogous objects over I, with a subscript o.

Lemma 3.6. There are algebra isomorphisms

Qu[Wee, bge] = Endpy (g ) (KnN,s) = Endpy

K
GxGLy GxGLl(ngO)( N’O)’

and the Frobenius action on the middle term is trivial.

Proof. The first isomorphism can be shown in the same way as (2.10). This uses
among others a notion of good and bad P — P double cosets in G, or equivalently
G-orbits in G/P x G/P, extended from [Lus3| to disconnected G in [AMS2] proof
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of Proposition 2.6]. With this notion, |[RiRu2l §3.3] generalizes to disconnected G
over Fy. In particular [RiRu2, Proposition 3.7] shows that

dim@ EndD% o (

L (ano) (BNe) = [Woel.

Next [RiRu2l, Proposition 3.9] proves that Gal(k,s/F,) acts trivially on
EndDg or. (an )(KN,s). The proof of [ibid] also shows that the natural map
XGLq '8

EndD% KN,O) — EndDb

GxGLy (on,s) (KN’S)

X GLq (gN,o) (
induced by base change is an algebra isomorphism. O
Like in Theorem [2.2] we obtain

End*Db (EN,s)(KN’S) = H@ = H@(G, M, qg),

GxGLy

the version of H with scalars Qy instead of C. With that settled, the proof of [RiRu2,
Theorem 4.1] applies to (gn .0, Kn,0). It provides a triangulated category

KbPureGXgL1 (gN,o, KN,O)a

which is a mixed version of D%XQLI(GN@,K N,s) in the sense of [Rid, Definition
4.2]. Next [RiRu2l, Theorem 4.2] and [Rid, §6] generalize readily to our setting (but
with objects over the ground field IFy). In particular these entail an equivalence of
triangulated categories

(3.7) KPuregxar, (9,0, Kn,0) = D (Hg; — Modigqs)-
Recall the notion of Koszulity for differential graded algebras from [BGS].

Lemma 3.7. (a) The algebra Hg;, is Koszul.
(b) The Koszul dual E(Hg;) of Hg, is a finite dimensional graded algebra.

Proof. (a) Consider the degree zero part Hg, , = Qe[Wee, bge] as Hg,-module, an-
nihilated by all terms of positive degree. We have to find a resolution of H@p by
projective graded modules P", such that each P" is generated by its part in degree
n. We will use that the multiplication map

1
H@,O ®@O(f@A ) — H@

is an isomorphism of graded vector spaces. Start with the standard Koszul resolution
for O(t @ Al):

_ 1 2
Q« O(teA") «OtoA)eg /\ teA") «OotoA) g /\ (teA") -
It is graded so that O(t® Al)g ®g, A" (t@ A') sits in degree d + n. Define
n _ s JHgg 1 " 1 " 1
P" = indyyip ) (Ot @ AN 0, [\ (t@ A1) = Hy, ©g; \ (to A").
Then P" = H@Pﬁ and we have a graded projective resolution

H=— _
P*— 1nd0?f®Al)(Qg) = H@,O'
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Thus Hg, fulfills [BGS| Definition 1.1.2] and is Koszul.

(b) In [BGS §1.2], the Koszul dual E(Hg;) is defined as ExtH (H@,WH@,O)' This
is easily computed as graded vector space:
B(Hy) = Extl_(ind %, Qp H
(Hg,) = XtH@(m orten) Qe Hy; o)
= EXt*O(t@Al) (Qf ) H@,O)
= Extogar) (Q, Q) ®g, Hyg, 0
1

- /\ toAY) ®@z HQ( 0°

Note that both A*(t® Al) and Hg, o have finite dimension. O

The opposite algebra of Hg is of the same kind, namely Hg; (G M, q&Y) for the
dual local system ¢&V. Hence Lemma also holds for ]HI% Wthh means that we
may use the results of [BGS] with r1ght modules instead of left modules.

Lemma entails that Db(H@ — Modgeqe) admits the “geometric t-structure”
from [BGS, §2.13]. Its heart is equivalent with E(Hg,) —Mod,, the abelian category
of graded right E (]HI ) modules. Next [Rid, Theorem 7.1] shows that . ) sends
this t-structure to the “second t-structure” on K°Puregxar, (gn.0, Kn,o) from [Rid,

§4.2]. In particular the heart of the second t-structure is equivalent with the heart
of the geometric t-structure:

(38) PervKD(ng, KN@) = E(H@) — MOdg.

Choose a resolution of E(Hg;,) by free (graded right) modules of finite rank, that is
possible by Lemma Eb Vla , that yields a projective resolution

- P25 Pl = P2 Ko

in Pervgp(gn,0, Kno). Let Fo € Pervigp(gn,o, Kn,o) be the image of E(]H[@) and
let Fs be the image of F, in D%xGLl (gn,s, Kns) via [RiRu2, Theorem 4.1]. Then
each P!' is a direct sum of finitely many copies of F;,. Let P!' be the image of P in
DngLl (gn,s, Kn,s). If I C Z is a segment such that Fy lies in DIGXGLl(gN,S’ Kns),
then all P!" belong to Dfyp,, (9n,s, Kn,s). This yields a chain complex

(3.9) o P72 Pt PV K,

where all objects and all morphisms come from DéXG Iy (gn,s, Kn,s). However, the
entire complex is usually unbounded, because it is likely that P' and P!' are nonzero
for all n € Z<p. We define a graded algebra R = R™ with

TLGZZO
n __ k J — 9
R - @k,jGZSO H meGxGLl (gN,saKN,s)(Ps 7P5 [n + k ‘7])

The multiplication in R comes from composition in DngLl(gN,s, Kn). In [Rid,
§7.2] a similar R appears with a direct product over k,j. However, in general that
does not seem to be an algebra, because the product map R™ x R™ — R"™ could
involve infinite sums. Fortunately, the arguments in [Rid, §7.2] do work when one
replaces all direct products by direct sums. In fact the proofs of [Ridl Theorem 7.4
and Lemma 7.8] seem intended this way.
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For M e DngLl(gNﬁ,KN,s) and n € Z>o we put

Hom™ (P, M) = @jez<o Homy (gN’S)(PSj,M[j +nl),

GxGLy

so that we obtain a functor

Hom* (P*,? EB Hom™(P:,?) : Diyar, (88,5, Kns) = D°(R — Modigdg)-

By [Rid, Theorem 7.4] and [Schl, Proposition 4], R is quasi-isomorphic to its own
cohomology ring and

H*(R) = End, (Kn.s) 2 H

chLl(EN,s) @
Moreover, by [Rid, Remark 7.5] there exists a quasi-isomorphism R — H@. Ac-
cording to [BeLu, Theorem 10.12.5.1 and §11.1], that induces an equivalence of
categories

®%Hg; : D’(R — Modgeag) — D°(Hg; — Modggag)-
Combining all the above, we get an additive functor
(3.10)  ®% Hg; o Hom* (P* ?): Dy, (0N.s, Kns) — D°(Hg, — Modggag)-

We want to show that ([3.10]) is triangulated. An analogous statement is [Rid, Lemma
7.7], which is proven in [Rid, Appendix A]. We cannot apply [Rid, §A.1] directly to
Hi,, because for Hecke algebras averaging O(t@® A')-module homomorphisms (be-
tween H-modules) over Wye does not preserve the O(t @ Ab)-linearity. Fortunately,
from [Rid, §A.2] only the last three lines rely on this averaging over a Weyl group.
We can apply [Rid, §A.2] with the group G° x GL1, so that the G° x GL;-equivariant
cohomology of the variety of Borel subgroups is isomorphic to O(t®Al!), like in .
These arguments show the following: the functor sends any exact triangle in
DbeGLl(gM& Kn ) to a triangle

(3.11) L—M—N-=L[1] in D(Hg — Modgag),
whose image in D?(O(t ® A) — Modgeqg) is an exact triangle.
Lemma 3.8. The triangle (3.11) is already ezxact in Db(H@ — Modgggg)-

Proof. We recall from [BeLul 10.12.2.9] that there is an equivalence of categories
D(Hg; — Modjya,) = KP(Hg;,),

where the right hand side denotes the homotopy category of K-projective differential

graded (right) Hg,-modules. The same holds for O(t @A), Recall that the cone of a

morphism f: L —> M in KP(Hg,) is M & L[1] with the differential (das + f[1], —dL).

It comes with natural maps 7 : M — cone(f) and 7o : cone(f) — L[1]. Phrased in
these terms, (3.11)) yields a commutative diagram

ATV N cone(f) % L[1]
(3.12) I | Lo 1.

L L Mm% NI

where all the modules and the horizontal morphisms belong to KP(Hg,) and ¢ is

an isomorphism in KP(O(t@® Al)). We need to prove that ¢ can be replaced by an
isomorphism in KP(Hg,), for then ) becomes an exact triangle.
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The resolutions constructed in [BeLu, §10.12.2.4] show that every object of
Db(H@ — Modgeqe) can be represented by a free Hg,-module, that is, an object

of KP(Hg,) of the form V ® Hg, with V' a graded Qg-vector space (and some
differential). Hence we may assume that all the objects in (3.12)) are free differential
graded H —modules say

L=VL,®Hg, M=Vy®Hg, N=VN&Hg
With the KC-projectivity [BeLul, §10.12.2] we can easily compute some Hom-spaces:
HOHI]C']:)(H@)(V ® Hy;, V'® Hg,) = Homyep g, (V V@ Hg,
Homypopasary) (V @ Hy;, V'® Hg,) =
Homypogoa)) (V @ Qi[Wee, lge] © Ot AY), V' @ Qu[Woe, ge] ® Ot A)) =
Homyep g,y (Vs V') @ Endg, (Qu[Wee, 1e]) @ Ot @ AY)

Notice that End (Qg[ PR hqg]) is naturally a We-representation, with as invari-

ants the operators from left multiplication by elements of Q[We, fze]. Now we see
that averaging over We provides canonical surjections

Av : Endg; (Qe[Woe, tge]) = Endgy, .y (Qu[Wae, 1) = Qe[ Wee, bgel,
Av: Hopr(O(t@Al))(V & H@, V'® H@) — HOHI]CP(Hf) (V X H@, V'® H@)

For f' € Homgp(opaat)(V @ Hg,, V' @ Hy), © € V @ Qi[Wie, lige] and
T € O(t® A'), this works out as

AV(E)@T) = Weel M 32 F/@N INT,

In the same notation we consider m = Y, v; ® x;T; € M and mi(m) € cone(f). By
the commutativity of (3.12) m

AV(@)(mi(m)) = [Wee| ™" D D~ d(mi(vi @ wiNg )N T,

wEqu [
= [Weel > g1 @ 2Ny YNWT = [Wee| ™D g1(vi @ 2T)
1w 7w

= Zl 91(v; @ 2;T;) = g1(m) = ¢(mi(m)).

For ¢ =3, c; ® ;T € cone(f) we compute

GAV(9)(0) = [Wael ™' Y D ga(d(ej @ 2N )N T)

wGqu 7
= [Weel 'Y male; @ N, YNWTy = [Wee ™1 ma(c; ® z,T))
Jyw J,w

— Zj 7r2(cj X HJJTJ> = 7r2(c) = g2¢(c)'

The calculations shows that the diagram (3.12)) remains commutative if we replace
¢ by the Hg -linear map Av(¢). Finally, the proof of [Rid, Proposition A.3] shows
that AV(¢) is an isomorphism in HOH]]C’])( )(cone( f),N). O
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Theorem 3.9. Transfer the setup of Paragraph[2.1] to groups and varieties over an
algebraically closed field of good characteristic for G, and use Qp as coefficient field
for all sheaves and representations.

(a) The functor (3.10) is an equivalence between the triangulated categories
D%XGLl (gN757 KN,S) and Db (H@(Ga Ma qg) - MOdfgdg'
(b) There is an equivalence of triangulated categories

Dlar, (ONs) — @[Mvc%q% D* (Hg, (G, M, ¢€) — Modggqg).

Proof. (a) The proof of [RiRu2l, Theorem 4.3] explains why the arguments from [Rid|
§7] generalize to our setting. These results show that commutes with the shift
operator and sends Ky s to Hg, . By Lemma the functor is triangulated.
We conclude with an application of Beilinson’s lemma (in the version from [Sch)
Lemma 6]).

(b) This follows from part (a) and Theorem O
Combining Theorems [3.3] and [3.9] we have proven:

Theorem 3.10. Assume that G can be defined over a finite extension of Z.
(a) There exists an equivalence of categories

Dexcr, (n, Kn) — D (Hg, (G, M, ¢€) — Modgqg),

which sends Kn to Hg, (G, M, qE).
The same holds with the coefficient field C instead of Q.

(b) There exists an equivalence of categories

D%XGLl (gN) - @[M,cll}l,qglc Db (H(Gﬂ Ma qg) - MOdfgdg)
— b
- D (®[M,C{,‘/[,q5]c H(G7 M’ qg) - MOdfgdg)-

We note that replacing Qg by the isomorphic field C is allowed because the topol-
ogy of Q, does not play a role here. Part (a) categorifies H(G, M, ¢€) as differential
graded algebra, while part (b) expresses D%, 4 1, (8n) as a (derived) module category.
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