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ABSTRACT. Let G be any connected reductive group over a non-archimedean
local field. We analyse the unipotent representations of GG, in particular in the
cases where G is ramified. We establish a local Langlands correspondence for this
class of representations, and we show that it satisfies all the desiderata of Borel
as well as the conjecture of Hiraga, Ichino and Tkeda about formal degrees.

This generalizes work of Lusztig and of Feng, Opdam and the author, to re-
ductive groups that do not necessarily split over an unramified extension of the
ground field.
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Let F' be a non-archimedean local field and let G be a connected reductive F-
group. We consider smooth, complex representations of the group G = G(F'). An
irreducible smooth G-representation m is called unipotent if there exists a parahoric
subgroup F5 C G and an irreducible Pj-representation o, which is inflated from a
cuspidal unipotent representation of the finite reductive quotient of P, such that

7| p, contains o.

Date: February 20, 2024.
2010 Mathematics Subject Classification. Primary 22E50; Secondary 11537, 20G25.

The author was supported by a NWO Vidi grant ” A Hecke algebra approach to the local Lang-

lands correspondence” (nr. 639.032.528).
1



2 ON UNIPOTENT REPRESENTATIONS OF RAMIFIED P-ADIC GROUPS

The study of unipotent representations of p-adic groups was initiated by Morris
[Morll Mor2] and Lusztig [Lus2l, [Lus3]. In a series of papers [FeOpl [FOSI, [Feng],
Sol3l, [Opd3l [FOS2] Yongqi Feng, Eric Opdam and the author investigated various
aspects of these representations: Hecke algebras, classification, formal degrees, L-
packets. This culminated in a proof of a local Langlands correspondence for this
class of representations.

However, all this was worked out under the assumption that G splits over the
maximal unramified extension Fy, of F. In that case G already splits over a finite
unramified extension of F'. In the opposite case, where G does not split over F,,,, we
call G ramified (over F).

On the one hand, the assumption that G is Fy,-split is reasonable: unipotent G-
representations come from unipotent representations over the residue field kg, and
extensions of kr correspond naturally to unramified extensions of F'. This enables
one to regard a cuspidal unipotent representation of G(F') as a member of a family,
indexed by the finite unramified extensions of F'. Over a finite field an analogue is
known from [LusI].

On the other hand, in examples of ramified simple F-groups the unipotent repre-
sentations look the same as for F-groups that are not ramified, see [Mor2]. While
general depth zero representations of ramified F-groups may very well be more in-
tricate, for unipotent representations it is not easy to spot what difficulties could
be created by ramification of the ground field. In any case, many of the nice prop-
erties of unipotent representations were already expected to hold for all connected
reductive F-groups. For instance, an enhanced L-parameter should correspond to a
unipotent representation if and only if it is unramified (that is, trivial on the inertia
subgroup I of the Weil group Wp).

Summarising, the restriction to Fj;-split groups in the study of unipotent rep-
resentations seems to be made mainly for technical convenience. In the current
paper we will prove the main results of [Lus2, [Lus3l, [FOS1L [Sol3, [FOS2] for ramified
simple p-adic groups, and then generalize them to arbitrary connected reductive
F-groups. Before we summarise our main conclusions below, we need to introduce
some notations.

We denote the set of irreducible G-representations by Irr(G), and we often add
a subscript “unip” for unipotent and subscript “cusp” to indicate cuspidality. Let
LG = GY x Wr be the dual L-group of G. To a Langlands parameter ¢ for G
we associate a finite group Sy as in [Art2l [AMSI]. An enhancement of ¢ is an
irreducible representation p of Sy. We denote the collection of G-relevant enhanced
L-parameters (considered modulo G-conjugation) by ®.(G). Then @y, .(G) denotes
the subset of ®.(G) given by the condition ¢|1, = idy,.

Theorem 1. Let G be a connected reductive group over a non-archimedean local
field F and write G = G(F'). There exists a bijection

Irrunip(G) — (I)nr,e(G)
T — (¢ﬂa pﬂ') :
7T(¢7 p) < ((Z)a p)

We can construct such a bijection for every group G of this kind, in a compatible
way. The resulting family of bijections has the following properties:

(a) Compatibility with direct products of reductive F-groups.
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(b) Equivariance with respect to the canonical actions of the group Xy, (G) of weakly
unramified characters of G.

(¢) The central character of m equals the character of Z(G) determined by ¢y .

(d) 7 is tempered if and only if ¢ is bounded.

(e) m is essentially square-integrable if and only if ¢ is discrete.

(f) m is supercuspidal if and only if (¢r, px) is cuspidal.

(9) The analogous bijections for the Levi subgroups of G and the cuspidal support
maps form a commutative diagram

Irrynip (G) — Dy (G)
4 { .
LIns Irreuspunip (M) /Na(M)  — | ps Par,cusp(M) / Nav (X M)

Here M runs over a collection of representatives for the conjugacy classes of
Levi subgroups of G.

(h) Suppose that P = MU ‘s a parabolic subgroup of G and that (¢™,pM) €
Dy o(M) is bounded. Let ¢ be oM considered as L-parameter for G. Then the
normalized parabolically induced representation Igﬂ'(ng, pM) is a direct sum of
representations (¢, p), with multiplicities [pM p]Sf-

(i) Compatibility with the Langlands classification for representations of reductive
groups and the Langlands classification for enhanced L-parameters [SiZi].

(7) Compatibility with restriction of scalars of reductive groups over non-archimedean
local fields.

(k) Letn : G—Ghea homomorphism of connected reductive F-groups, such that the
kernel of dn : Lie(G) — Lie(G) is central and the cokernel of n is a commutative
F-group. Let I'n: G — LG be a dual homomorphism and let ¢ € ®,.(G).

Then the L-packet I1L,,,(G) consists precisely of the constituents of the com-

pletely reducible G-representations n*(m) with © € T4(G).
(1) The HII conjecture [HII] holds for tempered unipotent G-representations.

Moreover the properties (a), (c), (k) and (1) uniquely determine the surjection
Irrunip(G) — (I)nr(G) T ¢7T7
up to twisting by weakly unramified characters of G that are trivial on Z(G).

We regard Theorem [1] as a local Langlands correspondence (LLC) for unipotent
representations. We note that parts (b), (c), (d), (e) and (k) are precisely the
desiderata formulated by Borel [Borl, §10]. For the unexplained notions in the other
parts we refer to [Sol3].

Let us phrase part (1) about Plancherel densities more precisely. We fix an additive
character ¢ : I — C* of level zero (by [HII] that can be done without loss of
generality). As in [HII] that gives rise to a Haar measure pg. on G, which we
however normalize as in [FOSI], (A.25)].

Let P = MU be a parabolic F-subgroup of G, with Levi factor M and unipotent
radical Y. Let m € Irr(M) be square-integrable modulo centre and let Xy, (M) be
the group of unitary unramified characters of M. Let O = Xy, (M)m C Irr(M) be
the orbit in Irr(M) of m, under twists by Xy (M). We define a Haar measure dO
on O as in [Wal, p. 239 and 302]. This also provides a Haar measure on the family
of (finite length) G-representations I (7') with 7/ € O.
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Let Z(G)s be the maximal F-split central torus of G, with dual group Z(GV)W#-°.
We denote the adjoint representation of “AM on Lie(G")/Lie(Z (MY )W) by Adgv av.
We compute y-factors with respect to the Haar measure on F' that gives the ring of
integers o volume 1.

Conjecture 2. [HII, §1.5]
Suppose that the enhanced L-parameter of w is (¢, pr) € Pe(M).
Then the Plancherel density at I§(m) € Rep(G) is

enr dim(px) [mo(Z(ayz(ayav (9x)) |~ 110, Adgy arv © dm, )] dO(m),

for some constant cp; € Rsq independent of F' and O.
Moreover, with the above normalizations of Haar measures cps equals 1.

It is also interesting to consider Theorem [I] for all inner twists of a given quasi-split
group simultaneously. That is done best with the rigid inner twists from [Kalll, [Dil].
In that setting we replace Sy by a slightly different component group Sd'f and we
write

(PG = {(¢,p") 1 ¢ € B(G), pT € Trx(S))}

For a rigid inner twist (G7,z) of G, we also replace ®.(G*) by a slightly different
set ®T(G?, 2) of relevant enhanced L-parameters. The (disjoint) union of the sets
O (G, 2), over all z in a set H'(E,Z(Gaer) — G) parametrizing the equivalence
classes of rigid inner twists of G, is precisely ®*(G).

We check (in Section [7)) that the new setup is essentially equivalent to the setup
used so far, with the bonus that it is a bit more canonical. It follows that Theorem
is also valid in terms of rigid inner twists and the associated enhancements of
L-parameters.

Theorem 3. (see Theorem [7.4])
The union of the instances of Theorem (1| for all rigid inner twists of a quasi-split
connected reductive F-group G gives a bijection

+ (L (G
q)nr( G) — |_|zeH1(g7z(gder)_)g) Irrump<G )

It is believed (or hoped) that in the local Langlands program enhanced L-para-
meters are in bijection with the irreducible representations of all rigid inner twists of
a given reductive p-adic group. Theorem [3| beautifully confirms this for unramified
L-parameters and unipotent representations.

Let us explain our strategy to prove Theorem The papers [FeOpl [FOSI]
Opd3, [FOS2] all use reduction to the case of simple (adjoint) F-groups, so that
is where we start. Like in [Morll, [Mor2l [Lus2 Lus3| we want to analyse the para-
horic subgroups F; of G, their (cuspidal) unipotent representations o and the Hecke
algebras determined by a type of the form (F;,0). The main trick stems from a
remark of Lusztig [Lus3, §10.13]: for every ramified simple F-group G there ex-
ists a Fy-split simple “companion group” G’. which has the same local index and
the same relative local Dynkin diagram as G (up to the direction of some arrows
in these diagrams). That determines G’ up to isogeny, and we fix it by requiring
that (Z(G™)¥)gob =2 (Z(GY)¥F )pob. We will construct a LLC for Irr(G)ynip via
Irr (G’ )unip (for which it is known already).
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In Section [1| we provide an overview of all possible G and G’. It turns out that,
although G’ is connected when G is adjoint, sometimes G’ = G'° x {+1}.

This setup provides a bijection between the G-orbits of facets in the Bruhat—Tits
building of G(F') and the analogous set for G’ = G'(F), say f — §. We call a
representation of the parahoric subgroup F; unipotent (resp. cuspidal) if it arises
by inflation from a unipotent (resp. cuspidal) representation of the finite reductive
quotient of F5. We show in Theorem that the relation between the ramified
simple F-group G and its companion group G’ gives rise to a bijection

(1) Irr (P} unip <— Irr( Py )unip : 0 > o’

Notice that this actually is a statement about finite reductive groups. Let Zf’f be the
pointwise stabilizer of f in G. Then can be extended to a bijection

(2) It (P unip ¢ Irr(Pf/) 106

For cuspidal representations induces to a bijection

(3) Ir1(G) cusp,unip < IT(G”) cusp,unip
which is almost canonical (Corollary [2.5]).

In Section [3| we compare the non-cuspidal unipotent representations of G and
G'. Let 6 € Irr(F;)unip,cusps S0 that (B, &) is a type for a Bernstein component of
unipotent G-representations [Mor3]. The Bernstein block Rep(G)( P is equivalent

with the module category of the Hecke algebra H(G, Pf, &). We prove in Theorem
that canonically induces an algebra isomorphism

(4) H(G, Py,6') — H(G, B, 5).

These Hecke algebras are essential for everything in the non-cuspidal cases. By
[Lus2l, §1] there are equivalences of categories

6) Rep@uw= [ Red@pa= [ Mod(H(G. Bo))
{(P},6)}/G-conjugation {(P},6)}/G-conjugation

Combining that with for all possible (]5;, ) yields an equivalence of categories
(6) Rep(G)unip — Rep(G/)unip-

Although @ is not entirely canonical, we do show that it preserves several properties
of representations.

Now that the situation for unipotent representations of simple F-groups is under
control, we turn to the complex dual groups and L-parameters for G and G’. The
most important observation (checked case-by-case with the list from Section 1)) is
Lemma there exists a canonical isomorphism G'Y — (GY)'7. This induces a
canonical bijection

(7) Pure(G') — Pure(G),

which preserves relevant properties of enhanced L-parameters (Proposition and
Lemma [4.5). From (6)), (7) and Theorem [1] for G’ [Sol3, [FOS2] we deduce Theorem
for ramified simple groups. More precisely, we establish some properties of the
bijection

(8) Irr (G ) unip — Pur,e(G),



6 ON UNIPOTENT REPRESENTATIONS OF RAMIFIED P-ADIC GROUPS

not yet all. In particular equations f mean that the main results of [Lus2| [Lus3]
are now available for all simple F-groups.

With the case of simple F-groups settled, we embark on the study of supercuspidal
unipotent representations of connected reductive F-groups (Section . For a Fy,-
split group G, Theorem |1| was proven for Irr(G)cusp,unip in [FOSI] (again with most
but not yet all properties). We aim to generalize the arguments from [FOSI] to
possibly ramified connected reductive F-groups. It is only at this stage that the
differences caused by ramification of field extensions force substantial modifications
of previous strategies.

Assume for the moment that the centre of G is F-anisotropic. When G is in
addition Fp-split, the derived group Gger has the same supercuspidal unipotent
representations as G [FOSI1, §15]. That is not true for ramified F-groups. Related
to that (GY)'¥ need not be connected. Let q : G — Ga.q be the quotient map to
the adjoint group and let q¥ : Gaq” — GV be the dual homomorphism. The set
q" (®pnr(Gaq)) constists precisely of the ¢ € ®,,(G) with ®(Frob) € GV-1r°,

Similarly, the natural map Xy, (Gaq) = Xwr(G) need not be surjective for ramified
groups. We denote its image by Xy (Gaq, G). In Lemmas and we show that

there are natural bijections

Xwr(G) X Irr(G/Z(G))unip — Ir1(G) unip
XWY(GadvG)

XWI"(G) X qv((I)nr(Gad)) — (bnr(G)
XWY(Gadva)

9)

Using @ and the case of adjoint groups, the proof of Theorem |[1| for supercuspidal
unipotent representations of Fy,-split semisimple F-groups in [FOSI| generalizes
readily to connected reductive F-groups with anisotropic centre. The step from
there to arbitrary connected reductive F-groups is easy anyway. This completes
the proof of Theorem [I] for supercuspidal unipotent representations, except for the
properties (d), (e), (g), (h), (i) and (k).

In Section [6] we set out to generalize the local Langlands correspondence for
Irr(G) umip in [Sol3] from Fy,-split to arbitrary connected reductive F-groups. With
the above results on the adjoint and the cuspidal cases, that is straightforward. The
arguments from [Sol3] yield Theorem (1| for Irr(G)unip, except for the properties (k)
and (1).

Property (k), about the behaviour of unipotent representations upon pullback
along certain homomorphisms of reductive groups, is an instance of the main results
of [Sol2]. We only have to verify that the Fy,-split assumption made in [Sol2) §7] can
be lifted. That requires a few remarks about the small modifications in the ramified
case. We formulate a more precise version of property (k) in Theorem

Finally we deal with the essential uniqueness of our LLC and with property (1),
the HII conjecture [2 For Fy,-split groups the latter is the main result of [FOS2].
We check that the arguments from [FOS2] can be generalized to possibly ramified
connected reductive F-groups.

Acknowledgment. We express our gratitude to the referee for the helpful com-
ments and the detailed report.
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1. LIST OF RAMIFIED SIMPLE GROUPS

Let F' be a non-archimedean local field with ring of integers oy and a uniformizer
wr. Let kp = op/wrop be its residue field, of cardinality ¢gr. We fix a separable
closure F; and assume that all separable extensions of F' are realized in Fs. Let Fj;
be the maximal unramified extension of F'. Let W C Gal(F,/F') be the Weil group
of F' and let Frob be a geometric Frobenius element. Let Ir = Gal(Fs/Fy) C Wg
be the inertia subgroup, so that Wr/Ir = 7Z is generated by Frob.

Let G be a connected reductive F-group and pick a maximal F-split torus S in
G. Let Ty be a maximal Fy,-split torus in Zg(S) defined over F' — such a torus
exists by [Tit2, §1.10]. Then T := Zg(Ty,) is a maximal torus of G, defined over F
and containing 7Ty, and S. Let ®(G, T) be the associated root system. We also fix a
Borel subgroup B of G containing 7 and defined over Fy;, which determines bases
A7 of ®(G,T), Ap of &(G, Tnr) and A of &(G,S).

We call G = G(F):

e unramified if G is quasi-split and splits over Fj;;
e ramified if G does not split over F;.

Unfortunately this common terminology does not exhaust the possibilities: some
Fo-split groups are neither ramified nor unramified. Earlier work on unipotent
representations of reductive p-adic groups applied to groups that are not ramified. In
this section we present the list of simple ramified F-groups of adjoint type, obtained
from [Titl, [Tit2]. For each such group we provide some useful data, which we
describe next. We follow the conventions and terminology from [Tit2} [Sol3].

The Bruhat-Tits building B(G, F') has an apartment As = X,(S) ®zR associated
to §. The walls of Ag determine an affine root system 3, which naturally projects
onto the finite root system ®(G,S). Similarly the Bruhat-Tits building B(G, Fy,)
has an apartment Ay, = X, (Tnr) ®z R associated to Tp,. The walls of A, determine
an affine root system >,,, which naturally projects onto ®(G, Tyy). We recall from
[Tit2, 2.6.1] that

(1) B(G,F) = B(G, o) /F) = B(G, F)™ and  As = A",

Let Cp; be a Frob-stable chamber in A,; whose closure contains 0 and which (as
far as possible) lies in the positive Weyl chamber determined by B. The walls
of Cyr provide a basis Ap, ag of Xy, which naturally surjects to Ap,. The group
Gal(Fs/Fye) acts naturally on Cp, and hence on Ay, .. The Dynkin diagram of
(Xnr; Anraff), together with the action of Frob, is called the local index of G(F).
By there exists a unique chamber Cj in Ag containing C,; NAg. The walls of
Cy yield a basis A, g of 2 which projects onto A. By construction A,g consists of the
restrictions of Ap, 2g to As. As G is simple, [Aug| = |A|+1 and |Apy ag| = [Ane| + 1.
The relative local Dynkin diagram of G(F') is defined as the Dynkin diagram of
(27 Aaﬂ)'
We will also need a group called 2 or (g, which can be described in several
equivalent ways [PaRal Appendix]:
Irr ((Z(GY)'¥ )prob), where GV is the complex dual group of G;
G modulo the kernel of the Kottwitz homomorphism G — Irr ((Z(GY )% )pop);
G modulo the subgroup generated by all parahoric subgroups of G;
the stabilizer of Cy in the group Ng(S)/(Za(S) N Pc,), where Po, C G
denotes the Iwahori subgroup associated to Cy;
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o ((X.(T)/22V(G,T)),, )" "

The group Q¢ acts naturally on the relative local Dynkin diagram of G(F'). We say
that a character of G is weakly unramified if it is trivial on every parahoric subgroup
of G. By the above, the group Xy, (G) of all such characters is naturally isomorphic
with Irr(Qg) and with (Z(GY))grep.

We say that G is simple if it is simple as Fs-group. If it is merely simple as F-
group, we call it F-simple. For every ramified simple F-group G we give a F-split
“companion” F-group G'. It is determined by the following requirements:

e There exists a Frob-equivariant bijection between A, o4 for G and G’, which
preserves the number of bonds in the Dynkin diagram(s) of (Xnr, Anr aff)-
Thus the local index of G’ is the same as that of G, except that the directions
of some arrows may differ. In particular this gives a bijection from the
relative local Dynkin diagram for G'(F) to that for G(F).

e There is an isomorphism Qg =2 Q¢, which renders the bijection between the
relative local Dynkin diagrams ()g-equivariant.

We specify a bijection between Ay, ¢ for G and G’ by marking one special vertex
on both sides. In most cases 0 is a special vertex, then we pick that one. This
also determines one marked vertex of A,g (and one of Alg;). The remainder of the
relative local Dynkin diagram A,g is canonically in bijection with A, so the bijection
Aage <— Alg induces a bijection A +— A/

These relations between the groups G and G’ lead to many similarities. For in-
stance, their parabolic F-subgroups can be compared. Namely, it is well-known that
the G-conjugacy classes of parabolic F-subgroups of G are naturally in bijection with
the power set of A [Spr, Theorem 15.4.6]. The same holds for G’. Hence the above
bijection A +— A’ induces a bijection from the set of conjugacy classes of parabolic
F-subgroups of G to the analogous set for G’. Furthermore every conjugacy class
of parabolic subgroups of G contains a unique standard parabolic subgroup (with
respect to B). We will denote the resulting bijection between standard parabolic
F-subgroups by P +— P’.

Apart from the above data, the group G depends on the choice of a suitable field
extension of F. Below F( is the unique unramified quadratic extension of F' and F
(resp. E)) denotes a ramified separable quadratic extension of F' (resp. of F(?)).

We use the names for the local indices from [Tit1} [Tit2]. For each name, we start
with the adjoint group G of that type, and its companion group. After that, we
list the groups isogenous to G. These have the same local index and relative local
Dynkin diagram as G and their companion groups are isogenous to G’, but they have
a smaller group Q.

1.1. B-C,.
G = PUs,, quasi-split over F, split over

Local index and relative local Dynkin diagram: e==e—e-----

Trivial Frob-action
Q¢ has two elements, it exchanges the two legs on the right hand side

G' = S0s,,1 1, F-split
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Local index and relative local Dynkin diagram: €<-—@

Groups isogenous to PUs, fit in a sequence SUs, — G — PUs,.
Such a group is determined by the order of its schematic centre, call that d.

SO211 if d is odd
G' =< Spingny1 x {£1} if d is even and 2n/d is even
Spinan+1 if d is even and 2n/d is odd

In the first two cases )¢ has order two and it acts on the diagram as for PUs,,
in the second case [Q¢| = 2 and it acts trivially on the diagram, while in the
third case |Qg| = 1.

1.2. C-BC,,.
G = PUsp41, quasi-split over F, split over E
Local index and relative local Dynkin diagram: e-<e—e L
Trivial Frob-action
Q¢ has one element

G' = Spa,, F-split
Local index and relative local Dynkin diagram: e——e—e-——- <o

Groups isogenous to PUs,+1 fit in a sequence SUsp4+1 — G — PUsgp41.
Then [Q¢| =1 and G’ = Spa,.

1.3. C-B,.
G = PS03, 5, quasi-split over F', split over F
Local index and relative local Dynkin diagram: e<-e—e O
Trivial Frob-action
Q¢ has two elements, it reflects in the middle of the diagram

G' = PSpy,, F-split
Local index and relative local Dynkin diagram: e=—=e - * o<v

Isogenous group G = Spinj, »: Qg =1 and G’ = Spa,.
The isogenous group G = SO3,, . 5 has Q¢ of order 2, but acting trivially
on the diagram. We take G’ = Spa, x {£1}.

1.4. 2B-Cy,.
G = PU,,, not quasi-split over F, quasi-split over F'?_ split over E(?)

Local index: o=@

Frob exchanges the two legs on the right hand side
Relative local Dynkin diagram: e=e—e o oo

Q¢ has two elements, it acts trivially on the diagram

G' = SOap41, not split over F, split over F(2)
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Local index: <o @
Relative local Dynkm diagram; .:é._. ,,,,,,,,,,,, ° o ; 5

For isogenous groups G, the situation is as for B-Cy,,
except that G’ splits over F but not over F.

1.5. 2C-Bay.
G = PSOj},,, not quasi-split over F', quasi-split over F ), split over E?)
Local index: <::: """"""" oo
————————————— *—eo—o
Frob exchanges the upper and the lower row

Relative local Dynkin diagram: e==e—e o o

Q¢ has two elements, it acts trivially on the diagram

G' = PSpy4,_o, not split over F, split over F®)
Local index: <::: """"""" o<
————————————— *—o9
Relative local Dynkin diagram: e==e—e---- - oo

Isogenous group G = Spinj,: |Q¢| =1 and G’ = Spay—o.
Isogenous group G = SOj,.: |Q¢| =2 and G’ = Spay,—2 x {£1}.
1.6. 2C-Bap 1.
G = PSOj, . 9, not quasi-split over F', quasi-split over F’ 2, split over E?)

Local index:

Frob exchanges the upper and the lower row

Relative local Dynkin diagram: e<e—e-—-——- o o=

Q¢ has two elements, it acts trivially on the diagram

G' = PSpun, not split over F, split over F(2

Local index:

Relative local Dynkin diagram: e=<-e—@-- *—o<v

Isogenous group G = Spinj, o [Qa| =1 and G’ = Spyp.
Isogenous group G = SO, 5: |Qg| =2 and G’ = Spy, x {£1}.

1.7. FL.

g= 2E67ad, quasi-split over F', split over F

Local index and relative local Dynkin diagram: ©—e—e<e—e
Trivial Frob-action

Q)¢ has one element

G = Fy, F-split
Local index and relative local Dynkin diagram: ¢—e—e—e—e
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Isogenous group G = 2Fgs: [Q¢| =1 and G’ = Fy.

1.8. GL.
G = "Dy aq with 7 = 3 or r = 6, quasi-split over F, split over a Galois extension
E'/F of degree r such that the unique degree 3 subextension of F' is ramified
Local index and relative local Dynkin diagram: ®—e<=e
Trivial Frob-action
Q¢ has one element

G = G4, F-split
Local index and relative local Dynkin diagram: ®—e==e

Isogenous group G = "Dy g =1 and G’ = Go.

To fulfill the requirement Qg =2 Q¢ we sometimes needed a disconnected group
G' = G'°x{£1}. All standard operations for connected reductive groups extend nat-
urally such G’. For instance, the Bruhat-Tits building of (', F') is that of (g’O, F),
with {£1} acting trivially. In particular a parahoric subgroup of G'(F) is a para-
horic subgroup of G °(F). The complex dual group of G° x {#1} is defined to be
(G°)Y x {£1}. In Lemma we will see that this fits well, which motivates our
choice of G'.

2. MATCHING OF UNIPOTENT REPRESENTATIONS

By construction there is a canonical bijection between the set of faces of Ciy;
and the collection of proper subsets of Ay, .¢. Explicitly, it associates to a face
f the set J; of simple affine roots of ¥y, that vanish on §f. With and A.g =
Apr o/ Gal(Fr/F') this leads to canonical bijections between the following sets:

e proper subsets of Ag;

e Irob-stable proper subsets of Ay, .43
e Frob-stable faces of Cy;;

o faces of (.

Let f be a Frob-stable face of C,,, identified with a face of Cy. Bruhat and Tits [BrTi]
associated to f an op-group Gj, such that Q;’ (oF) equals the parahoric subgroup
P; C G associated to f and Gj(or) = Ng(F}) equals the G-stabilizer of .

Let Qf be the maximal reductive quotient of G; as kp-group. Then g;(kF) =
P/ P;r, where Pf+ denotes the pro-unipotent radical of F;.

Let Qg ; be the stabilizer of § in Q¢ (with respect to its action on A,g). Then

(11) Gi/Gf = Na(P)/ P = Qg

The algebraic group QT’ splits over kp,, (an algebraic closure of kr) and its Dynkin
diagram is the subdiagram of A, .g formed by the vertices in .J;. Further, the
isogeny class of the kp-group Q7° is determined by the action of Frob on J;, so it only
depends on f and the local index of G.

Proposition 2.1. Let G be a ramified simple F-group and let G’ be its Fy.-split
companion group, as in Section . Let § be a Frob-stable face of Cyy and let §' be the
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face of C!. corresponding to it via the bijection between the local indices of G and
G'. Then the kp-groups @ and Qg, have the following in common:

e their Lie type, up to changing the direction of some arrows in the Dynkin

diagram;

e their dimension;

o [G7(ke)] = G (ke)l:

[ ] QG,f = QG’,f"
Proof. The setup from Section (1| provides a bijection between .J; and Jy, which
preserves the number of bonds in the Dynkin diagrams of af and Qf’,. Decomposing
into connected components, we get J; = | |, in and Jy = | J; in, where the connected
Dynkin diagram in is isomorphic to in, or to its dual.

Write Qifo as an almost direct product of simple groups 5;, and similarly for QT/O

Then 5; is isogenous to QT,’ or to the dual group of g;,i over kp. Consequently
dimgT3 = ZZ dimg:i = ZZ dimgT,i = dimgT,o.

The number of elements of a connected reductive group over a finite field only

depends on the group up to isogeny [GeMal, Proposition 1.4.13.c|. It also does not

change if we replace a simple group by its dual group, by Chevalley’s counting
formulas [GeMal Theorem 1.6.7]. We deduce

G (kr)| = T 1G] (k)| = 1. 167 (k)| = G52 (k) |-

The claim about ¢ ; follows from the Qg-equivariance of the bijection between A,
and Alg. O

It is well-known that the conjugacy classes of parabolic kp-subgroups of 97’ are
naturally in bijection with the subsets of the Dynkin diagram .J;. Every conjugacy
class of parabolic kp-subgroups of gTO contains a unique parabolic subgroup P which
is standard (with respect to the image of S and the basis A of ®(G,S)). We denote
the unique standard kp-Levi factor of P by M and its unipotent radical by U.

The same holds for Q;,O, and we have a bijection between J; and Jy. Thus (P, M)

determines a unique standard parabolic pair (P’, M') for Q’f_,o, defined over kp.

Let Irrynip(H) denote the collection of irreducible unipotent representations of a
group H.

Proposition 2.2. Use the notations from Proposition and let P = MU be a
standard parabolic kp-subgroup P = MU of g;(kF).

(a) There ezists a natural bijection
Irtynip,cusp (M (kF)) ¢ IrTunip,cusp (M (kF)).
(b) There exists a bijection
It ynip (M(KF)) — Irtunip (M (kF)),

which preserves dimensions.
(c) Extend part (b) to a bijection Rep i, (M(kr)) ¢— Repyn, (M’ (kr)) by making
it additive. The system of such bijections, with P running over all standard
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parabolic kp-subgroups of ?;(kp), 1s compatible with parabolic induction and
Jacquet restriction.

Proof. (a) By [Lusll Proposition 3.15] Irrunip(@(kp)) depends only on gTo up to
isogeny. Using the constructions from the proof of Proposition [2.1) we obtain a
natural bijection

(12) I (GF (k) ¢ [, Irruni (G (kr)).

and similarly for Q?,O(k: r). The unipotent representations of g?(k r) are built from the
cuspidal unipotent representations of Levi factors M;(kr) of parabolic subgroups
Pi(kr) and from Hecke algebras, see [Lusl, Theorem 3.26]. Since Q; and g;,i have the

same Dynkin diagram (up to the direction of arrows), the conjugacy class of P; =
M;lU; corresponds to a unique conjugacy class of parabolic subgroups P! = MiU!

of g;,i. Then M; and M} also have the same Dynkin diagram (up to the direction
of arrows).

The classification of cuspidal unipotent representations in [Lusll §3] shows that
for each such P; there is a canonical bijection

(13) I unip cusp (M (EF)) < ITunip cusp (M (kF)),

which preserves dimensions. Moreover, if ¢ is any Frob-equivariant automorphism of
the Dynkin diagram of M; (and hence also for M) and we lift it to automorphisms
of M;(kr) and of M(kp), then is ¢-equivariant. These claims can be checked
case-by-case from [Lusl]. To make that easier, one may note that the list in Section
shows that no factors of Lie type E,, are involved. We conclude that the bijection
is natural.

Now we combine with for Irteysp,unip (M (kr)) and for Irreusp, unip (M (kr)).
(b) Fix P; = M;U; and p € Irtynip cusp(Mi(kr)), and let p) € Irrynip cusp (M (kr))
be its image under (13). From [LusIl Table II] we see that the Hecke algebra
Endg—%( kr) (mdi’l((:i; pi) for (g;’, P;, pi) is isomorphic to the Hecke algebra of (g;}', PL, o).
This works for all (P;, p;) and, as described in [Lusll §3.25], it gives rise to a bijection
(14) Irtunip (G (kr)) < DTunip (g;f(kp)).

By [Lusll (3.26.1)] and Proposition preserves dimensions. Combine this
with to get part (b) for g;(k:F) For M(kp) it can be shown in the same way.

(¢) In the constructions for part (b) everything is obtained by parabolic induction
from the cuspidal level, followed by selecting suitable subrepresentations by means of
Hecke algebras. In view of the transitivity of parabolic induction, this setup entails
that the system of bijections Rep,(M(kr)) <— Repyy,(M'(kr)) is compatible

with parabolic induction. Since Jacquet restriction is the adjoint functor of parabolic
induction, the system of bijections is also compatible with that. O

By the group Qg acts naturally on Irryuip (?ﬁ(k F))-
Theorem 2.3. (a) The bijection

It nip (GF (k) — Trvunip (G (EF)),
constructed in the proof of Proposition @.b is Qg ;-equivariant.



14 ON UNIPOTENT REPRESENTATIONS OF RAMIFIED P-ADIC GROUPS

(b) It extends to a bijection
et @) 4 Irvunip(@ (k).

which preserves dimensions and cuspidality.

Proof. Recall from Section [I] that |Q¢| < 2. When Qg | = 1, shows that there
is nothing to prove. So we may assume that Qg ; = {1,w} = Q¢ y, where we have

picked representatives for w in Gj(kr) and in @(kp)
(a) The bijections (|13|) combine to a Qg j-equivariant bijection between

(15) { (P =MU,p): P parabolic kp-subgroup of g°

(kr)
with Levi factor M, p € Irrynip cusp (M (kF)) } / gf F)-conjugacy

to its analogue for Q;,O(kp).

When w does not stabilize the ?ﬁ(kp)—orbit of (P, p), the subsets of Irrynip (af(kp))
associated to (P, p) and to (wPw™1,w - p) are disjoint [LusTl §3.25]. In particular w
does not stabilize any representation in such a set.

Suppose now that (wPw™!, w-p) is ?ﬁ(kp)-conjugate to (P, p). Choosing another
representative for w in Gj(kp), we may assume that (wPw™!,w-p) = (P, p). Since
the parabolic subgroup P is its own normalizer in af, this choice of w is unique up
to inner automorphisms of P(kr). Now p extends to a representation p of

<P(kF>, w) = P(kp) U wP(k:F)

In fact there are two choices for p, differing by a quadratic character, but which one
does not matter because we only need conjugation by j(w).

Then II := ind f(( )),0 extends to the Gj(kp)-representation Il := in d<gf((kF)) )P

Conjugation by H( ) provides an automorphism 1), of the Hecke algebra
H = End?;(kF)(H) Endgo(k )( )

A 7€ Irrynip (?;(kp)) associated to (P, p) corresponds to the irreducible H-module
Homg—fo(kF)(H, m). Conversely, any my € Irr(#H) gives rise to EQymy € Irtynip (QT’(I{:F))
Under this correspondence the action of w on Irrypip (gT"(k: 1)) translates to the action
of ¥, on Irr(H).

Given that w stabilizes (P, w), the entire setup is canonical up to inner automor-
phisms. The (g ;-action can be described entirely with data coming from the cuspi-

dal level. Of course the same applies to %( kr). Together with the g j-equivariance
of the bijection involving ([15), we deduce Qg s-equivariance in the desired generality.
(b) To extend the bljectlon frorn Proposmon Hb to Gj(kr) and Qf,(kp) we need
Clifford theory with respect to the action of Qg; = Qg y on Irrump(gf (kp)) and
Il“runip(g;/o (kr)).

When w does not stabilize m € Irtunip (G5 (kr)), the G7 (kp)-representation m@w-m
extends to an irreducible Gj(kr)-representation 7. In this way the pair {7, w -7}

accounts for one element of Irrypip(Gi(kp)).
When w stabilizes m € Irrunip(?;(kp)), 7 extends in precisely two ways to an

irreducible representation of Gi(kp). The two extensions m;,m_ are related by
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7T_(w) = —m4(w). Thus 7 gives rise to a pair {my,7_} in Irtunip(Gi(kr)). Clif-
ford theory tells us that every element of Irryni,(Gj(kr)) arises in a unique way from
one of these two constructions.

In view of part (a), Clifford theory works in the exactly same way for @(kp)
Denoting the bijection from Proposition b by 7 — 7/, we can extend it to

IITunip (af(kF)) A Irrunip (@(kF))

by sending either sending 7 to @’ or sending 74 to 7/, and m_ to 7’_. (Notice that
this is not canonical, for we could just as well exchange 7/, and 7’_.) As dimensions
and cuspidality are preserved in Proposition they are preserved here as well. [

It will be handy to know how the bijections in Theorem [2.3] behave with respect
to outer automorphisms of G and G’'. From the list in Section [1| we see that G’ has
Lie type B,,,Cy, Fy or Go, so all its automorphisms are inner. On the other hand,
the group G does admit outer automorphisms. Requiring that they fix a pinning,
outer automorphisms can be classified in terms of W p-equivariant automorphisms
of the (absolute) Dynkin diagram of (G, T), see [Sol2, Corollary 3.3]. Then we call
them diagram automorphisms of G(F).

In paragraphs the absolute root datum of G admits exactly one nontrivial
automorphism 7. In paragraph there is no such automorphism for Dy, and
there are two for 3Dy, say 7 and 72. In all these cases 7 lifts to an automorphism of
G(F) because @ is either quasi-split or the unique inner twist of its quasi-split form.

Recall that the F-points of G can be obtained from its Fi-points by taking the
invariants with respect to the W p-action that defines the structure as F-group. This
‘W g-action is a combination of the natural Galois action on matrix coefficients and
algebraic group automorphisms. In the cases under consideration, one element of
Wr acts as g — 7(g), where the overline indicates a field automorphism. It follows
that on G(F'), 7 works out as

e the nontrivial field automorphism of E/F, applied to matrix coefficients, for
B-C,, C-BC,, C-B,,, Fi;

e the nontrivial field automorphism of E(?) / F® applied to matrix coefficients,
for 2:B-(jm7 2C-B2n, 2C-B2n+1;

e one of the two nontrivial field automorphisms of E’/F, applied to matrix
coefficients, for GL with G of type Dy.

Lemma 2.4. The diagram automorphism T of G(F) stabilizes the groups B, Ng(F;),
?;(kp) and Gi(kp), as well as all their unipotent representations.

Proof. The local index of G is obtained from the Dynkin diagram of (G, 7) by divi-
ding out the Ip-action. Here Ip acts via powers of 7, so 7 € Aut(G(F)) acts trivially
on the local index of G. It follows that 7 stabilizes every face of Cy;, and hence acts
on the four indicated groups.

The absolute Dynkin diagram of QTS is a subdiagram of Ay, .¢, and 7 fixes that

pointwise. Consequently 7 acts on QT’ by an inner kp-automorphism, that is, as
conjugation by an element of the adjoint group (g; )ad(kr). It is known from [Lusl
Proposition 3.15] that every unipotent representation 7 of g;(kp) extends to a rep-
resentation of (g;)ad(kp). This shows that 7 stabilizes all unipotent representations
of 7 (kr) and of F.
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In the proof of Theorem [2.3|b we saw how Clifford theory produces irreducible
unipotent representations of Gi(kp) from those of G (kr). The constructions over

there work just as well when we consider 7 as (?;)ad(kp)—representation. The ex-
tension G; of QTO by Qg naturally induces an extension (g)ad of (?;)ad by Qg .
It follows that 7, m, and 7_ are also representations of (Gj)aa(kr). In particular
7 acts on them via an element of (Gj)aqa(kr), so these representations are stabi-

lized by 7. Clifford theory tells us that these account for all irreducible unipotent
representations of Gj(kr) and of Ng(F;). O

Let P; be a maximal parahoric subgroup of G and let o € Irr(F;) be inflated from
a cuspidal unipotent representation of ?;(k‘p) = P/ Per. As noted for instance in

[Lus2, Morll, Mor2, MoPr], ind%a is a direct sum of finitely many supercuspidal
G-representations.

For a more precise description we choose an extension o of ¢ to Ng(F;). That
is always possible [Mor2l Proposition 4.6], and any two such extensions differ by a
character of Ng(B)/F; = Qg j:

. Ng(F) _ N
(16) indp (0) = @xelrr(ﬁg,f) o ®X.
Every supercuspidal unipotent G-representation is of the form
(17) ind§,py (™)

Given a supercuspidal unipotent G-representation, the pair (Ng(F5), V) is unique
up to conjugation.

Let GV be the complex dual group of G, endowed with an action of Gal(Fs/F) (by
pinned automorphisms) coming from the F-structure of G. Then g¥ = Lie(G") is a
representation of Gal(Fs/F) and of Wr. We denote its Artin conductor by a(g").
We note that by [GrRel (18) and §3.4] this equals the Artin conductor of the motive
of G. For Fy-split groups a(g") = 0, while for ramified groups a(g¥) € Z-o.

Let |wg| be the canonical Haar measure on G from |[GaGr, §5]. Let ¢ : FF — C*
be an additive character. Recall that the order of ¢ is the largest n € Z such that
P(f) =1 for all f € F of valuation > —n. Following [FOS1, (A.25)] we normalize
the Haar measure on G as

(18) fey = q;(a(gvﬂord(@ dim(g/Z(Q)s))/2|wG|‘
Actually this is a correction on [FOSIl (A.25)], because there it said dim(G) instead
of dim(G/Z(G)s). In [FOSI] the authors took the reduction from G to G/Z(G)s (a
standard way to handle formal degrees when the centre of G is not compact) for
granted, so that [FOSI1, (A.25)] should only be used when Z(G) is compact. For
[FOSI, Lemmas A.5 and A.6] this does not matter, they work equally well with
and with [FOS1], (A.25)]. Apart from that, [FOS1] only uses these normalized Haar
measures in Proposition A.7. The proof of that, especially the part about reduction
to the case where ¥ has order 0, is actually based on the normalization .
Unless explicitly mentioned otherwise, we assume that 1 has order 0. For Fj;-split
groups agrees with the normalizations in [Grol, [GaGr) [HII|, while for ramified

(8¥)/2

groups the correction term q}a is needed to relate formal degrees to adjoint

v-factors as in [HII].
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The computation of the volume of the Iwahori subgroup of G in [Gro, (4.11)]
gives:

(19) vol( Pf ‘gf (kr) ‘qF( V)+dim G? +d1m(GV)IF)/2.

By [DeRel §5.1] this formula actually holds for every facet f and every connected
reductive F-group.

For a ramified simple group, we will see in Lemma [4.1] that
(20) dim(G¥)'F = dim(G")¥¥ = dim G’V = dim G'.
With , and Proposition we can compare the Haar measures on G and
G’

(dim glp-+dim(G")1r ) /2

(21) vol(Fy) = G2 (k)| ap = 2 Pvol(Py).

By the formal degree of . is

a(gV im G2 +dim(GV)!
dim(a™) dim(U)Q}(«" @)+ aim G +im(@)'r) /2

vol(Ng(By)) Q] 167 (k)]
Corollary 2.5. Every diagram automorphism of G(F) or G'(F) stabilizes every

wrreducible supercuspidal unipotent representation of that group.
The bijection from Theorem[2.3.b induces a bijection

(22)  fdeg(indf,(pyo™) =

Irrunip,cusp(G) — Irrunip,cusp(G/)
T “ 7

which relates formal degrees as

fdeg(r') = q;a(gv)mfdeg(w)
This bijection is canonical up to choosing extensions of cuspidal unipotent represen-
tations of Py to Ng(P}) (or equivalently: from G (kr) to Gi(kr)).

Proof. The first claim follows from Lemma [2.4] and the discussion preceding it. The
bijectivity is a consequence of Theorem and the bijection between A, .4 and
Al af- The indicated canonicity comes from Proposition The relation between

the formal degrees follows , and the dimension preservation in Theorem
23lb. O

3. MATCHING OF HECKE ALGEBRAS

To analyse the non-supercuspidal unipotent G-representations, we need types
and Hecke algebras, following [BuKu|. This was worked out for general depth zero
representations in [Morll, Mor3|, and for representations of F,,-split simple groups
of adjoint type in [Lus2l, §1]. Fortunately the arguments from [Lus2l §1] also apply
to ramified simple groups, see [Sol3, §3]. We recall the main points, in the notation
from [Sol3, §3].

Let Pf be the pointwise stabilizer of § in G, so PJr ChcC Pf C Ng(F). Then

Pf/Pf — QG,f,tor»

where the right hand side denotes the pointwise stabilizer of § in Q¢ (or equivalently
the pointwise stabilizer in Q¢ of all vertices of f). As ker(Qg — Qg,,) acts trivially
on the relative local Dynkin diagram of G, it is contained in Qg ; tor-
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Let 6 be an extension of a cuspidal unipotent representation o of FP; to Pf. Then
(F;,6) is a type for a single Bernstein block of G, say Rep(G)(Pf 5)" We denote the
associated Hecke algebra by

(23) H(G, B, 6) = Endg(ind§6).
There is an equivalence of categories

Rep(G)p 5 — Mod(H(G, 2%

(24) T — Hompf(&, )

Let J; C Aug be the set of simple affine roots that vanish on f. If [J;| = [A.g| — 1,
then indgf(&) is irreducible, supercuspidal and H(G, ]5f, ) =C.

Henceforth we assume that |J;| < [A.g| — 1, so that f is not a vertex of B(G, F)
and F; is not a maximal parahoric subgroup of G. The set Aja.g := Aag \ J;
indexes a set of generators Sj.g for an affine Weyl group W,g(J;, o) contained
in Ng(S)/(Ng(S) N Pc,). Let ¢ be the length function of the Coxeter system
(Wag(Js,0), Sjam). Together with a parameter function Vo Ajag — R this
gives rise to an Iwahori-Hecke algebra H(W,g(J;, o), V). As a C-vector space it
has a basis {Ny, : w € Wag(Jj,0)}, every generator N, (with s € Sjag) satisfies a
quadratic relation

(25) (Ns _ qN(s)/z) (Ns + q/\/(s)/2) —0

and there are braid relations
(26) NyNy = Nyy whenever £(w) + £(v) = £(wv).

Moreover the relations and provide a presentation of H(Wa.q(Jj, o), ).
The group Qg / Qa ,tor (which in our setting has order one or two) acts naturally

on (Wag(Jj, 0), Sian) and on H(Waff(Jf,O'),qN). With these notations there is an
algebra isomorphism
(27) H(G, B, 6) = H(War(J;, o), ¢¥) % Qa/Q% ftor-

When Qg ;/Qq j 1or is represented by {1,w} C Ng(F), the basis element N,, of
acts on indgf& by

(28) (Nof)(9) = o™ () f(gw) ~ f €ind}s,

where oV € Irr(Ng(F;)) is an extension of 6. Hence is canonical up choosing
such an extension, or equivalently up to a character of Ng(F)/ Pf.

As Lusztig noted in [Lus3l §10.13], all these constructions depend only on the
local index of G and on the action of {2¢ on the relative local Dynkin diagram.

Let G’ be the F,-split companion group of G, as in Section [1, Applying the proof
of Theorem [2.3}b to Theorem [2.3|a with Q¢ j tor instead of Qg ;, we obtain a bijection
(29) It ynip (Br) < Itynip(Pr),

which preserves dimensions and cuspidality. In fact, as [Qg o] < 2, We can take
for just an instance of Theorem a if Q¢ jtor = 1 and an instance of Theorem
2.3lb otherwise.
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Theorem 3.1. Let 6 € Irrunip,cusp(]f’f) and let 6' € Irrunipycusp(pfr) be its image

under ([29).
(a) The bijection A

nr,a;

(Waff(t]f’va/)vsf’,aﬁ) — (Waff<<]f70)75f,aff>
(w',s) — (w, s) ’

g < Anrag induces an isomorphism of Coxzeter systems

(b) The linear map

HWag(Jy, '), dV') — H(Wag(Jj,0), V)
Ny — Ny

1s an algebra isomorphism.
(¢) Part (b) and Theorem [2.8.b induce an algebra isomorphism

H(G', Py,6') — H(G, B, 6).

Proof. (a) Recall from Section (1| that the local indices of G and G’ are isomor-
phic up to changing some arrows. From [Lus2, §1.15 and §2.28-2.30] we see that
(Wag(J5,0), Sjanr) depends only on f and on the local index of G, and that it does
not change if we reverse some arrows in Ay, .. This gives the isomorphism of Cox-
eter systems.

(b) Similarly, [Lus2, §1.18] and [Lusl, Table II] show that ¢V : Siaff — Rso depends
on f and the local index of G (modulo changing the direction of arrows). From the
relations and we see that part (a) extends linearly to an isomorphism of
Iwahori—Hecke algebras.

(¢) Choose an extension o of 6 to Ng(F;) and use it to get (27). Analogously, we
use the image of ¢V under Theorem b to construct for G’. Then the group

isomorphism

(30) Qai/Qa jror = Qi /Qar i tor

extends the isomorphism from part (b) to the indicated affine Hecke algebras.

We still need to check that this isomorphism does not depend on the choice of
oN. The only other possible extension of & is o ® y_, where xy_ denotes the
unique nontrivial character of Ng(F})/ Pf. Notice that the latter group is naturally
isomorphic with and with Ng/ (Py)/ Pfr. Then the image in Irr(Ng/(Py)) is also
adjusted by tensoring with x_, and shows that oV ® y_ leads to the same
isomorphism of affine Hecke algebras as oV. O

Corollary 3.2. There are equivalences of categories

Rep(G)p 5y — Mod(H(G,F;,6)) — Mod(H(G', Fy,6')) « Rep(G') 5, 4)
T — Hompf (6,7) — Homlgf/ (6',7") i 7! '

With these combine to an equivalence between the categories Rep(G)unip and
Rep(G')unip -

Proof. The equivalences with the Bernstein block Rep(G) (P5) A€ a consequence

of Theorem and (24). By Theorem and the bijection Ay a5 <> A;Laﬁ the
indexing set in is in bijection with {(15]:/, 6')}/G’-conjugation. Hence the above
equivalence of categories for one Bernstein block combine, in the same way for G
and G’, to all unipotent Bernstein blocks. O
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We aim to show that Corollary @ preserves many relevant properties. Let L;
be the standard F-Levi subgroup of G such that ®(L;,S) consists precisely of the
roots in ®(G,S) that are constant on f. Then the cuspidal supports of elements of
Irr(G)( By6) ATe contained in a Bernstein component of Rep(L;). We define £;, C G’

in the same way.

By definition, a character of GG is weakly unramified if it is trivial on every para-
horic subgroup of GG. Via the Kottwitz map G — g, these characters can be
identified with the characters of €g. In particular Section [I] provides a canonical
bijection between the weakly unramified characters of G and of G'.

Lemma 3.3. The equivalence between the categories Rep(G)unip and Rep(G)unip
from Corollary 18 compatible with twisting by weakly unramified characters.

Proof. When Qg = 1, also Q¢ = 1, all weakly unramified characters are trivial
and there is nothing to prove. Otherwise |Q¢| = |Q¢| = 2. Then we identify the
nontrivial weakly unramified character of G with that of G’ and we call it y. There
are three cases to consider:

e When [Q¢;/Qq j0r| = 2, tensoring by x stabilizes the four categories in the
first part of Corollary It is clear from that its effect is compatible
with the equivalences between these four categories.

e When Q¢ = |Qcjior] = 2, tensoring by x identifies H(G, P, ) with
’H(G,Pf,x ® &) and H(G’,Pf/,[f’) with H(G’,Py,x ® ¢'). If 7 is mapped
to 7, then by the complete analogy on both sides (G and G'), x ® 7 is
mapped to y ® 7.

e When [Q¢ 5| = [Qa;f,tor] = 1, the representations indgf(&) and indg;(&’ ) are

unaffected by tensoring with x. These are progenerators of the categories
Rep(G)( Bi.6) and Rep(G’) (By.7) SO all elements of those categories are stable

under tensoring by . O

Recall that any m € Rep(G) is called essentially square-integrable if its restriction
to the derived group Gger is square-integrable. In particular this forces m to be
admissible. For the definitions of various kinds of representations of affine Hecke
algebras we refer to [Soll].

Lemma 3.4. (a) The equivalences of categories in C’orollary preserve tempered-
ness of representations.
(b) The equivalence between the categories Rep(G)(pf 5) and Rep(G’)(ﬁV 5v) Preserves

essential square-integrability.

Proof. (a) The isomorphism from Theorem c comes from isomorphisms between
all the data used to construct these affine Hecke algebras, so it extends to an iso-
morphism between their respective Schwartz completions. By definition [Solll §1],
this means that the middle map in Corollary preserves temperedness.

For the two outer maps in Corollary the statement is a consequence of [Solll,
Theorem 3.12 and Corollary 4.4].
(b) Suppose that Rep(G)( .6) contains an essentially square-integrable representa-

tion 7, necessarily of finite length. Then [Solll Proposition 3.10.a and Corollary 4.4]
tell us that the root systems for (G, L;) and for H(G, F;, ) have the same rank. By
isomorphism, the root system underlying H(G’, ]3f/, ') also has that rank. The rank
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of the root system of (G, Lj) is simply [Aag \ Jj| — 1 = [Alg \ Jy| — 1, so equal to
the rank of the root system of (G, Lf,).

This argument works just as well from the other side: if Rep(G’ )( ) contains
an essentially square-integrable representation, then the root systems underlying the
four terms in Corollary all have the same rank. Knowing that, [Solll Theorem
3.9 and Corollary 4.4] prove the statement. O

Let us investigate the effect of Corollary [3.2]on formal degrees of square-integrable
unipotent G-representations. Recall that we normalized the Haar measure on GG in
. We endow the affine Hecke algebra H(G, F}, ) with the unique trace such that

Ne(1) = dim(8)vol(B) ™! w=e
Ny) =14 ¢ I
tr(Nu) { 0 w# e
The Plancherel decomposition of this trace [Opdl] determines a density on the set
of irreducible tempered H(G, P}, &)-representations, and in particular provides a
normalization of formal degrees. Similarly we normalize the trace on H(G', Py, )
by tr(N.) = dim(6’ )Vol(l%/)*l, and we use the Plancherel density derived from that.

Lemma 3.5. The equivalences of categories in Corollary[3.3 relate formal degrees
of square-integrable representations as

fdeg(n') = q;a(gv)ﬂfdeg(w).
It multiplies Plancherel densities of irreducible tempered representations by the same

factor q;a(gv)/z.

Proof. By [BHK] the two outer maps in Corollary with the indicated normal-
izations, preserve formal degrees. By Theorem [2.3|b and the Hecke algebra

_ v
isomorphism from Theorem c multiplies the traces by a factor qFa(g )2 Hence
it adjusts formal degrees by the same factor.

The same argument applies to Plancherel densities. O

Finally we consider the diagram automorphism 7 of G(F') from page By
Lemma it stabilizes P and &, so it acts canonically on H (G, B, ¢) by an algebra
automorphism.

Lemma 3.6. For cvery type (Pf,(}) as above, the action of T on ’H(G,Pf,é) is the
identity. Hence T stabilizes all unipotent representations of G.

Proof. By Lemma 7 fixes the identity element N, of ”H(G,pf,&), and it fixes
Na(P)/P; = Qg pointwise. Further, we observed in the proof of Lemma
that 7 acts trivially on the local index of G. Together with f, these objects de-
termine Waff(Jf,O') x Qg;. Hence 7 stabilizes the double coset walf’f, for every
w e Waff(Jf, O‘) X QG,f/QG,f,tor~

In particular 7(N,) € CN; for every s € Sjag. The quadratic relation and
7(N.) = N, force 7(N,) = N,. Hence 7 is the identity on H(Wag(Jj, o), ).

Suppose that Ng(F;)/P; = {1,w} and o € Irryip(F;). Then o can be extended
in two ways to Ng(F}), differing by a character of Ng(F;)/F;. In the proof of
Lemma we saw that 7 stabilizes the two extensions o4,0_. On the other hand,
if 7(N,,) = —N,, then 7 would exchange o, and o_. As N2 = N,, we conclude that
7(Ny,) = N,. Now we see from that 7 fixes H(G, fﬂc,&) entirely.
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Then implies that 7 stabilizes all elements of Rep(G)( o) This holds for all
types (P, ), so by (B) for the whole of Rep(G)unip- O
Let P be a standard parabolic F-subgroup of G and let P’ be the associated
standard parabolic F-subgroup of G’, as explained in Section [l Let M and M’ be
their respective standard Levi factors. Then M and M’ stand in the same relation

to each other as G and G’, except that they need not be simple or adjoint.
When M contains L;, [Mor3, Theorem 2.1] says that

(BN L)/ (BN Ly) = (B0 M)/(BNM) = B/B,.
Then & can also be considered as a representation of Pf N Ls or of PMJ = Pf NnM.
Thus Theorem induces a bijection
(31) Trr(Pas ) cusprunip — IT(Par ) cusprunip : & — &
We construct an equivalence of categories

Rep(M) +— Rep(M")

(Par,j,9) (Ppgr 1,67)

as in Corollary [3.2] Let

Pr(pyy 6 Rep(M) — Rep(M)(pM’f’&)

be the natural projection coming from the Bernstein decomposition. We denote
the normalized parabolic induction functor and the normalized Jacquet restriction
functor associated to P by

IS : Rep(M) — Rep(G) and JS : Rep(G) — Rep(M).
Let P be the parabolic F-subgroup of G which is opposite to P with respect to M.

Lemma 3.7. The following diagrams commute:

Rep(G)Cgpf,a,) — Rep(G/)Cg,Pf”&l) Rep(G) 4. 5) i — Rep(G/)(ﬁyﬁ/)G,
T 15 T Ip 1 PL(py, 1.6 © J5 J PL(pyys 067 © S5

! /
Rep(M)(pMm&) +— Rep(M )(leyf“&,) Rep(M)(ﬁMm&) +— Rep(M )(pM/,f“&,)

Proof. By [Mor3, Corollary 3.10] and [BuKul Proposition 8.5] the type (Pf,é') is a
cover of (PMJ, 7). In this setting [BuKu, Corollary 7.12] gives a canonical algebra
monomorphism

tﬁ : H(M, IE’Myf,c}) — H(G,Pf,&),

which implements unnormalized Jacquet restriction with respect to P [BuKu, Corol-
lary 8.4]. We adjust it by the square root of a modular character as in the proof of
[Solll Lemma 4.1], and call the result Apsq. In terms of the presentation from
and , this works out as

Aic(Ny) = Ny for all w € Wag(J;,0) % Qa1/Q6 j1or With PwPr 0 M # 0.

Via Ayrg we regard H(M, Pyys, &) as a subalgebra of H(G, ]5f, 7). Then [Solll, Con-
dition 3.1 and Lemma 4.1] say that restriction of representations from H(G, B;, &)
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to H(M, pM,f, &) fits in a commutative diagram

Rep(G)p 5y ¢ Mod(H(G, P, 7))
(32) 4 pr(pM’ﬁg,) © Jg J Res

Rep(M)p,, 5 +— Mod(H(M, Pus,6))

The same holds if the vertical arrows are replaced by Ig and by induction from
H(M, Parj, ) to H(G, B, 6).

Of course that applies equally well to G’ and M’. Clearly the Hecke algebra
isomorphism from Theorem [3.I]c transfers Ay to Ayprer. Hence the diagram

Mod(H(G, P;,5))  +—  Mod(H(G', Py, 6"))
J Res J Res
Mod(H(M, Prs,5)) «— Mod(H(M', Py yr,6))

commutes, and similarly with the vertical arrows replaced by induction functors. [J

In particular Lemma [3.7] shows that Corollary respects supercuspidality —
which we knew already from Corollary

4. COMPARISON OF LANGLANDS PARAMETERS

For the moment, G denotes any connected reductive F-group, and G = G(F).
Let GV be the complex dual group of G and let “G = GY x Wy be a Langlands
dual group. Recall [Bor] that a Langlands parameter for G is a homomorphism
¢ : Wg x SLy(C) — LG satisfying certain conditions. We denote the set of GV-
equivalence classes of Langlands parameters for G by ®(G). We call ¢:

e bounded if ¢(Frob) = (s, Frob) with s in a compact subgroup of GV;
e discrete if the image of ¢ is not contained in “M for any proper F-Levi
subgroup M of G;
o unramified if ¢(i) = (1,4) for all i € Ip.
We denote the corresponding subsets of ®(G) by, respectively, ®pq4q(G), ®?(G) and
®,,(G). We note that an unramified L-parameter is determined up to G'-conjugacy
by the semisimple element ¢(Frob) € “G and the unipotent element

ug :=9¢(1,(§1)) € GY.
Let GV4 be the simply connected cover of the derived group GVqer of GV. The
image of Zgv(¢) in GV aer is Zav(9)Z(GY)/Z(GY). Let Ziy_(¢) be the preimage
of that in GV and define
Sy 1= (Zé‘vsc (gzb))
This is the component group of ¢ used in [Art2, [AMST]. An enhancement of ¢ is

an irreducible representation p of S,. The group GV acts naturally on the set of
enhanced L-parameters by

g-(¢.p)= (909 " g-p)  (g-p)(h) =p(g"hg).

Via the canonical map Z(G"s) = Z(Sy), every enhancement p determines a char-
acter x, of Z(Gs:). On the other hand, G is an inner twist of a unique quasi-split
F-group G*. The parametrization of equivalence classes of inner twists of G* by

H' (Wp,Gly) 2 TIrr(Z(GY5)VF)
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provides a character yg of Z(GVs.)WF. We choose an extension to a character XG
of Z(GVg:). (Such an extension is related to an explicit construction of G as inner
twist of G*, compare with Section @) Then we say that p or (¢, p) is G-relevant if
Xp = XG- We denote the collection of G -orbits of G-relevant enhanced L-parameters
by ®.(G).

When G is ramified F-simple and G’ = G x {£1}, we have Z(G'V°) = 1 and
Z(G") = {£1}. Then we define xg € Irr(Z(G")) to be trivial if G is quasi-split
over F' and nontrivial otherwise.

Lemma 4.1. Let G be a ramified simple F-group and G' be its companion group
from Section [l There exists a W p-equivariant isomorphism

)\é/G . G/V — (GV)IF,
which s unique up to inner automorphisms.

Proof. This boils down to one quick check for every entry in the list in Section
In all cases W acts trivially on (GY)'¥ (and on G') because G is an inner twist
of the quasi-split F-group given by G(Fy;).

e B-C,. Let AT be the inverse transpose of an invertible matrix and let J
be an anti-diagonal square matrix whose nonzero entries are alternatingly 1
and -1. Then I acts on G¥ = SLg,(C) via A+ JA~TJ~1 and

(GV)IF = SLy,(C)'F = Spy,(C) = G".

The same Ip-action is well-defined on any group GV isogenous to SLay,(C).
Such a group is determined by the order d¥ of Z(GV). Then 2n/d" is the
order of the schematic centre of G. We find

Span(C) if 2n/d" is odd
(GV)IF =G = { PSpa,(C) x {#1} if 2n/d" is even and d" is even
PSpo,(C) if 2n/d" is even and dV is odd

e C-BC,. Similarly to the previous case, for every group GV isogenous to
SLopt1(C):

(GNP = 8049,11(C) = G".

e C-B,,. We endow C?"*? with the symmetric bilinear form given by
(i, €j) = 8jont3—i. We let Ip act on G¥ = Sping,+2(C) via conjugation by
L,® (Y3) ® I, € O2,42(C). There are three cases:

(PSO3YL) = Spingup(C)F = Spinga(€) = G,
(SO5 ) = 805,02(C)r = 02,14(C) = GV,
(Spiny,\ )" = PSO242(C)'F = 802,41(C) = GV

e 2B-C,,. These cases are the same as for B-Cj,.
e 2C-B,,. Here Ip acts on GV as in C-By,. There are three cases:

(PSOpr = Sping,(C)'* = Sping,_1(C) = GV,

(SOR ) = SOm(@)F = 04a(C) = G,
(Sping\'r = PS04, (C)'* = S04,4(C) = G'V.
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e 2C-Bsyy, ;1. Again Ip acts on G as in C-By, and

(PSOR )" = Spinuna(C)' = Spinan(€) = G,
(SO )" = SOm2(C)F = Opr(C) = GV,
(Sping, )" = PSO442(C)'F = SO0441(C) = GV.

e FL. The group Ir acts on GV = Eg«(C) via an outer automorphism which

stabilizes a pinning, and
(GV)'F = Bo(C)Fr = Fy(C) = G".
The same holds with G = Eg sc and G¥ = Eg »q(C).

e GL. In this case some elements of I act on GV = Sping(C) via an auto-
morphism 7 of order three which stabilizes a pinning, and maybe some other
elements of Irp act via an outer automorphism which stabilizes the same
pinning. The Ip-invariants are already determined by 7:

(GY)!F = Sping(C)™ = G»(C) = G".
The same holds with G = "Dy 4. and GY(C) = PSOg(C).
Any two isomorphisms G"V — (GY)'¥ differ by an automorphism of G’Y. As G'Y
has type By, Cy, F4 or G, all its automorphisms are inner. O

Let us compare the unramified L-parameters for G and G'.
Lemma 4.2. Lemma induces a canonical bijection A& : Pnr(G') — @ni(G).

Proof. For G’ the group I acts trivially on G’V. Hence the data for an unramified
L-parameter are simple: a group homomorphism
¢ Wg/Ip x SLy(C) — G x Wg/Ifp
which is algebraic on SL(C) and with ¢'(Frob) € G'VFrob semisimple. To get
P, (G), we consider such ¢' up to conjugation by G’V.
In an unramified L-parameter ¢ for G, ¢(i) = (1,4) for all i € Ir. The semisimple
element ¢(Frob) = (s, Frob) € G must satisfy

(1, FrobiFrob™!) = ¢(FrobiFrob™!)
= ¢(Frob)¢(i)¢(Frob) ™! = (s, Frob)(1,4)(s, Frob) !
= (s,FrobiFrob™1)(s71,1) = (s(Frobi Frob™1)(s™1), Frobi Frob™1).
Hence (FrobiFrob™!)(s) must equal s for i € Iy, which says that s € (GY)*. The
remaining content of ¢ is an algebraic group homomorphism
SLQ((C) — Z(GV)IF ((b(FI‘Ob))
In principle unramified L-parameters for G are considered up to conjugation by
elements of GV. But if they must stay unramified, we may only conjugate by elements

that centralize (1,4) for all i € I, that is, by elements of (G¥)¥.
In view of the above, Lemma [4.1] provides a bijection

(33) B (G) = Bun(G) 1 ¢+ Nz 0 &),

where A, is extended to G'Y x W — (GV)'F x W by making it the identity on
W . By definition inner automorphisms have no effect on ®(G’), they are already
divided out. Hence the unicity property in Lemma entails that the bijection
is canonical. 0
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Enhancements of unramified L-parameters for G and G’ can be compared in the
same way.

Lemma 4.3. Let ¢’ € ©,,(G’) and let ¢ € Py, (G) be its image under Lemma .

(a) Lemmamduces an isomorphism Zgn (¢') — Zgv (¢), which sends Z (G )W
to Z(GVYWr.,

(b) Part (a) gives a canonical bijection from the set of G'-relevant enhancements of
@' to the set of G-relevant enhancements of ¢.

Proof. (a) As Zgv(¢) C (GY)IF, this is a direct consequence of Lemmas [4.1{and
(b) We find it easiest to proceed by classification. For B-Cy, C-BCy, C-B,, Fy
and GI2 the F-groups G and G’ are quasi-split, so xg = triv = xg,. Then the rel-
evant enhancements of ¢ are Irr(Sy/Z(GVs)) = Irr(Zgv (¢)/Z(GY)WF), and sim-
ilarly for ¢'. Clearly part (a) induces a group isomorphism Zgw (¢)/Z(G"™)WF —
Zav(9)/Z(GY)WF | which settles these cases.

For 2B-C,,, 2C-By,, and 2C—B2n+1, the F-groups G and G’ are the unique non-
quasi-split inner twists of a quasi-split group, so xg and xg both equal the unique
nontrivial character of

Z(GV o )WF =2 Z(GV o) WVF = 7,/27.

In these cases, by inspection, (G.q)" equals G’,q. From that and Lemma [4.1] for G.q
we deduce

(34) G,Vsc = Gad’\/ = (GadV)IF = (G\/SC)IF'

One checks directly that W g acts trivially on Z(G"Vs.)), so that Sy = m(Zgrv, (¢')).
The G'-relevant enhancements of ¢’ are the irreducible representations of Sy with
nontrivial Z(G"Yg.-character. By and part (a) for G.q, these are matched
bijectively with the irreducible representations of mo(Zgv_.(¢)) whose Z(GVs.)WF-
character is nontrivial. By Lemma c (the part that we need is elementary, it
relies only on (77?)) that set of representations is naturally in bijection with the set
of irreducible representations of Sy whose Z(GV.)-character equals XG- O

Recall that the group of weakly unramified characters of Xy, (G) is naturally
isomorphic with (Z(GV)'¥)pep. The latter group acts on ®.(G) by

(35) z-(¢,p) = (20,p),  (2¢)(Frob) = z(¢(Frob)).
where z¢ = ¢ on Ir x SLy(C). The constructions in Section || entail that
(36) (Z(GV)IF)FrOb = II’r(Qg) = II‘I‘(QGV) = (Z(GIV)IF)FrOb.

We call this twisting a Langlands parameter by a weakly unramified character.
Recall the definition of cuspidality for enhanced L-parameters from [AMSI] §6].

Proposition 4.4. Lemmal[{.1] induces a canonical bijection

Agic t Pure(G)) = e (G).
This map and its inverse preserve boundedness, discreteness, cuspidality and twists
by (Z(G")'F )ivob = (Z(GY)'F )pron as in (33).

Proof. The map )\%G, its bijectivity and its canonicity come from Lemmas
[4.2] and [4.3] It is clear from the construction that this bijection preserves weakly
unramified twists by the group (36]).
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We consider an arbitrary (¢, p') € ®nr(G’) and we write (¢, p) = )\g’fG(QZ)’,p’).
Boundedness of ¢ depends only on s = ¢(Flrob)Frob_1 € GV. We saw in the proof
of Lemma [4.2] that s € (GV)!¥, while by construction

)\éfGl(s) = ¢/ (Frob)Frob™! € G'V.
Hence ¢ is bounded if and only if ¢’ is bounded.
As observed in [GrRel §3.2], ¢ is discrete if and only if Zgv(¢)/Z(GY)WF is finite.

By Lemma a this is equivalent to finiteness of Zgw (¢)/Z(G™Y)WF.
The construction in Lemma (2] entails that

Zav(9(Wp)) = Mg (Zan (¢ (Wr)))  and  @lsr,c) = Mg © ¢ lsrac)-

Similarly, in Lemma b we defined p = p' o AéfGl Hence cuspidality of (¢, p)
depends only on the pair (ug,p) for the group Zgv(¢(Wp)). The situation for
(¢', p) is entirely analogous, with objects isomorphic to those for (¢, p). Hence one
of these enhanced L-parameters if cuspidal if and only if the other is so. O

Let P = MU be a standard parabolic F-subgroup of G and let P/ = MU’
be the associated standard parabolic F-subgroup of G’. Then /\ng restricts to an
isomorphism M’V — (MY)¥¥. (When G’ = G° x {41}, we take M’ = M’ x {£1}
and M"YV = M'V° x {+1}.) Then Wg acts trivially on M’V and the character y
of Z(M"") can be deduced from yg/ via [AMSI, Lemma 6.6]. As in Lemmas 4.1
and Proposition [4.4] we obtain a canonical bijection

(37) ATe s Par (M) = e (M).

The cuspidal support of an element of @, .(G) [AMSI] §7] can be realized as an
element of @y cusp(M) for a standard F-Levi subgroup M of G.

Lemma 4.5. The system of bijections A%,M (running over all standard F'-Levi
subgroups) commutes with the cuspidal support map for enhanced L-parameters.

Proof. Recall from [AMSI, Proposition 7.3 and Definition 7.7] that the cuspidal
support Sc(¢, p) of (¢, p) € Pure(G)

e has the same ¢|1,,

e is a cuspidal L-parameter for a (standard) F-Levi subgroup M of G,

e is determined entirely by a construction in the complex reductive group
Zéadv(qﬁhl,) = Goa"'F, with ¢(Frob),us and p as input.

Via Lemmas [{.TH4.3] and Proposition [£.4] all this is canonically transferred to anal-
ogous objects with primes. It follows that

(38) SC(Ang(QZ)/,pI)) = )\%,M(SC<¢/7p/)). D
We denote the adjoint action of *G on Lie(GV)/Lie(Z(GY)WF) by Adgv. The

adjoint y-factor of ¢ € ®(G) is related to e-factors and L-functions as

(39) (s, Adgv 0 ¢,v) = e(s, Adgv 0 ¢, ) L(1 — 5, Adgv 0 ¢)L(s, Adgv o ¢) L.

Here s € C and ¢ : F — C* is an additive character, which by our conventions
from must have order 0. For the definitions of the local factors in we
refer to [Tatel, [GrRe]. Let Advyi» denote the adjoint action of (GV)'F x WE on
Lie((GV)'F)/Lie(Z(GY)WF). For an unramified L-parameter ¢, Adgv o ¢ can be
restricted to Adgv.1, o ¢.
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Lemma 4.6. Let G be any connected reductive F-group and let ¢ € ®n(G). There
exists € € {1, 4/—1}, with 2 depending only on Lie(G"), such that

(0, Adgv 0 ¢, 1) = egi T 20, Ad gyt © 6,).

Proof. Let Lie(GY)"™™ be the "ramified part” of Lie(G"), that is, the sum of the
nontrivial irreducible Ip-subrepresentations. Since I is normal in W g, this gives a
decomposition of W p-representations

(40) Lie(GY) = Lie(GV)IF & Lie(GY)ram

As unramified L-parameters act via W and (GV)I7, (0] can also be considered as
a decomposition of W x SLy(C)-representations, which we write as

Adgv o ¢ = Adgvyir © ¢ & Adpie(gvyram © .
By the additivity of y-factors
(41) (s, Adgv 0 ¢,9) = (s, Adypigvytr © ¢; ¥)¥(s, Adpie(gvyram © ¢, ) Vs € C.
Further (Lie(GY)"*™)I =0, so
L(s,Lie(GY)"*™) =1 and €(s, Adpie(gvyram 0 9,9) = €(s, Adpe(avyram © dlw ., ).
With that becomes
(42) (s, Adgvod, ) = (s, Adp(gvyir 0@, V)€(s, Adpie(vyramodlw ., 1) Vs € C.

It was observed in [GrRel §3.2] that Adgv o ¢ and Adgv |gv.ram 0 ¢ are self-dual with
respect to the Killing form. By [GrRel, (15)] this implies

6(1/2, AdG\/ |g\/,7‘am O ¢|WF7¢) = £
for some ¢ € {41, 4+/—1} with £? depending only on Lie(G"). Then [Tate, (3.4.5)]
says

Lie(GY)"*™o¢ 2
(43) 6(0, AdLie(GV)ram o ¢’WF7 Qp) = Eq;( ( lw )/ )

By definition the Artin conductor of a W p-representation V' depends only on the
restriction to Ir, and a(V) = 0 if VIF = V. As ¢ is unramified and by

(44) a(Lie(GY)™" o ¢lw,.) = a(Lie(G")""™) = a(Lie(G")),
where Lie(G") and Lie(GY) ™ are endowed with the W p-action derived from con-
jugation inside “G. Now combine , and . O

For discrete L-parameters, the conjectures from [HII] assert that |v(0, Adgvog, 1)
is related to the formal degree of any member of the L-packet I14(G).

We return to ramified simple groups. We know from Lemma how formal
degrees behave under the transfer from Rep(G)unip t0 Rep(G’)unip- It turns out that
adjoint y-factors behave in the same way. Let ¢/ € @, (G’) and write ¢ = A&/ (9).

By Lemmas [4.1] and [4.2]
7(87 AdLie(GV)IF © ¢a ’l,Z)) = ’7(87 AdG’V o (]5/, 17[}) Vs € C.
Then Lemma [4.6] says

(45) (0, Adgv 0 ¢, ) = e D2y (0, Adgiv o ¢, ).
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With the material from Sections [3] and [4] we obtain a good candidate for a local
Langlands correspondence for unipotent representations of ramified simple groups.
Recall that a LLC

(46) Irr(Gl)unip - (I)nr,e(G,) c7' = (G pr)

with many nice properties was constructed in [Sol3] and [FOS2, Theorem 2.1]. For
supercuspidal representations of adjoint groups this agrees with [Lus2, Mor2], for
other unipotent representations it differs from the earlier constructions of Lusztig.
For supercuspidal representations of ramified simple groups there are some arbitrary
choices in [Sol3], which stem from [FOSI|. From [Opd3] §4.5.1] we get some addi-
tional requirements related to suitable spectral transfer morphisms. As in [FOS2],
we use those requirements to fix some of the choices in [FOSI].
Consider the composition of Corollary and Proposition

Rep(G)unip — Rep(G)unip — Pure(G) — Py o (G)

™ = i = (s prr) AZ?G(QZ)TF/? prt)-
All involved maps are bijective, so we obtain a bijection
Rep(G)unip — Pure(G)

™ = (P px)

Theorem 4.7. Let G be a ramified simple group. The bijection (48)) satisfies:

(a) 7 is tempered if and only if ¢ is bounded.

(b) m is essentially square-integrable if and only if ¢ is discrete.

(¢) 7 is supercuspidal if and only if (¢, pr) is cuspidal.

(d) Let x € Xuw:(G) correspond to X € (Z(GV)'¥)pon. Then (¢yom Pxon) =
(X&r, pr).-

(e) The HII conjectures hold for tempered m € Irr(G ) ynip-

(f) Equivariance with respect to W p-automorphisms of the Dynkin diagram of G.

Proof. (a) and (b) These follow from Lemma[3.4] Proposition [4.4]and [Sol3, Lemmas
5.6 and 5.7].

(¢) Follows from Corollary 2.5, [Sol3, Lemma 5.4] and Lemma

(d) This is a consequence of Lemma [Sol3l Lemma 5.3] and Proposition
(e) For G’ this was shown in [FOS2, Theorem 5.3]. When we pass from G to G/,
Lemma [3.5] says that the formal degree a square-integrable modulo centre represen-

tation picks up a factor q;(gv)/ 2, By the absolute value of the involved adjoint
~-factor picks up the same factor. The other ingredients of the HHI-formula for
formal degrees (the size of a component group and the dimension of an irreducible
representation thereof) do not change when passing from G to G’, by Lemma

(f) From page we know that it suffices to consider the single diagram auto-
morphism 7. In Lemma we showed that it fixes every m € Irrynip(G). It re-
mains to show that 7 acts trivially on ®,.(G). From the classification on page
we also see that, on GY, 7 coincides with an element of Ir. By Lemma
im(¢r) C (GY)¥ x Wp and by Lemma Zav (o) C (GV)F. Hence 7 indeed
fixes (¢r, pr)- O

5. SUPERCUSPIDAL UNIPOTENT REPRESENTATIONS

(47)

(48)

In [FOSI] it was assumed that all reductive F-groups under consideration split
over an unramified extension of F'. In this section we will lift that condition, and we
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generalize all the results from that paper to arbitrary connected reductive F-groups.
Let us formulate the generalization of the main results of [FOS1] that we are after.

Theorem 5.1. Let G be a connected reductive F-group. There exists a bijection

Irr(G)cusp,unip — (I)nr(G)cusp
T = (¢7r, pﬂ')

with the following properties:
(a) Equivariance with respect to twisting by weakly unramified characters.
(b) Equivariance with respect to W p-automorphisms of the root datum of G.
(¢) Compatibility with almost direct products of reductive groups.
(d) Suppose that m € Irt(G) cusp,unip 5 @ constituent of the pullback of

Tad € Irt(Gad)cusp,unip to G. Then the canonical map

Gadv NWF—>GV X Wpr

sends ¢r,, to ¢r.
(e) Let Z(G)s be the mazimal F-split central torus of G. When © is unitary:

. -1

fdeg(m, duc,p) = dim(px)|m0(Z(g/z(9),)v (@) 17(0, Adgv o ¢r, ¥)].
For a given 7 the properties (a), (c), (d) and (e) determine ¢, uniquely, up to twists
by weakly unramified characters of (G/Z(G)s)(F).

Most of the time we will assume that the centre of G is F-anisotropic. For such
groups we recall the definitions of a few relevant numbers from [FOSI, §2]. Let
¢ € ©,(G) and o € Irreusp,unip (F)-

e a is the number of ¢ € ®2 (G) which admit a G-relevant cuspidal enhance-
ment and for each F-simple factor G; of G satisfy

70, Adgy © ¢,9) = (0, Adgy © ¢, 1))

for some ¢; € Q* (as rational functions of ).

e b is the number of G-relevant cuspidal enhancements of \.

e 2 is defined as |Q¢ | times the number of G-conjugacy classes of maximal
parahoric subgroups % C @G for which there exists a 6 € Irrcusp,unip(P;) such
that the components ¢;,d; corresponding to any F-simple factor G; of G
satisfy

fdeg(ind pe (65) = Eifdeg(indpfg(ai)
Vi ot

for some ¢; € Q* (as rational functions of gr).
e b’ is the number of & € Irteusp,unip(F;) With dim(&) = dim(o).

Suppose now that G is semisimple. From [FOS2, Theorem 2], Theorem and
compatibility with direct products of simple groups we get a map
(49) It (G cusp,unip — Par(G)/ X (G),

where X, (G) is identified with (Z(GY)¥ )pep. Fix an irreducible direct summand
m of indgf(a) and let Xy (G)¢pr be its image under (49)).

Lemma 5.2. Let G be a ramified simple F-group and let G' be its Fy-split companion
group. Let f, 0,7, ¢r be as above and let f, o', 7', ¢ be their images under the maps
from Proposition[2.1], Theorem[2.5, Corollary[2.5 and Lemmal{.3. Then the numbers

a,b,a’,b’ for G,§,0,\; are the same as their counterparts for G',{,0’, ¢ .
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Proof. For a and b this follows from Proposition 4.4] and Lemma For a’ and b’
it is a consequence of Proposition 2.1} Theorem [2.3] and Corollary O

Proof of Theorem for adjoint groups
For simple adjoint groups Theorem is established case-by-case, as explained in
[FOS1), §12]. The ramified simple adjoint groups are not considered in [FOSI], for
those we use Theorem to associate enhanced L-parameters to Irr(G)cusp,unip- BY
Corollary Lemma and [FOSI Theorem 1], these are essentially (in a sense
specified in that paper) the only L-parameters that make the HII conjectures true
for Irr(G) cusp, unip-

With Sections [2| and 4] and Lemma [5.2], we transfer all further issues in the proof
of [FOSI], Proposition 12.1] to the group G’, which is treated in [FOSI]. The gener-
alization from simple adjoint groups to all adjoint groups in [FOSI, Proposition 12.2
and Lemma 16.1] works equally well for ramified groups. We note that restriction of
scalars is dealt with in [FOSI, Appendix], which is already written in the generality
of reductive groups. O

For non-adjoint reductive F-groups we have to be more careful. It appears
that for semisimple F-groups the proof of Theorem in [FOS1, §13-14] can
be modified without too much trouble. However, the arguments for reductive F-
groups with anisotropic centre in [FOSI, §15] do not easily carry over to ramified
groups. The main difference is that in the F-split case the inclusion Gge; — G
induces a bijection Irr(G)cuspunip — IrT(Gder)cusp,unip [FOS1, Lemma 15.3]. For
ramified groups this is just false, firstly because ramified anisotropic tori can ad-
mit nontrivial weakly unramified characters, secondly because the pullback map
Irr(G) cusp,unip — Rep(Gger) need not preserve irreducibility, and thirdly because
not all elements of Irr(Gger)cusp,unip are contained in a representation pulled back
from G. In view of this, we rather aim to extend the arguments from [FOSI1, §13-14]
to all (possibly ramified) reductive F-groups G with anisotropic centre.

Thus, we want to reduce Theorem [5.1] for G to Theorem [5.] for its adjoint group
Gad- Onme problem is that, in contrast with the Fj;-split case, the natural map
Q¢ — Qg,, need not be injective. Equivalently, the natural map

(50) pr<Gad) = (Z(GVSC)IF>Frob — (Z(GV)IF)Frob = Wr(G)

need not be surjective. Clearly, the image of is contained in the kernel of the
natural map to

Xe(2(9)°(F)) = (Z(GY /G ger)'" ) g
But even for ramified simple groups, fails to be surjective in two cases:

e G = SUsy/19n/4, Where ji; denotes the group scheme of k-th roots of unity,
d € 2N and 2n/d € 2N. Then GV = SL2,(C)/ua(C), GVsc = SL2y(C),
(Z(GY ) )rrob = {1, =1} and (Z(GY)¥)prop, = {1, exp(mi/d)}.
e G = S0;,. Then G = S0,,(C), GYsc = Spina,(C), (Z(GY o) ) prop =
ker(Sping,(C) — SO2,(C)) and (Z(GV)IF)Fmb ={1,-1}.
We note that in the first case
(G¥)'F = PSpon(C) x (exp(mi/d))/{exp(2mi/d))
and in the second case
(GF = 09,1 (C) = SOs,,_1(C) x {1, —1}.
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In both cases there are natural isomorphisms
(51)  (Z(GY)'"F)prop = Z(GV)WF = Z(GYVWVF) 2 70 (GVF) = 0(GY 1 ) v
For all other simple groups G, GV''¥ is connected, see the proof of Lemma With
the list in Section [} one checks that for any simple F-group G, ker(Qg — g,,) is
naturally isomorphic to mo(G’) (and it is trivial when G is F;-split).

For any homomorphism of connected reductive F-groups G — H, we define

QG,H = im(QG — QH) and XWT(H, G) = im(pr(H) — pr(G))

For ‘H = G,q we obtain short exact sequences (dual to each other):

1 — ker(Qa¢ — Qa,,) — Qa - 06,6.q - 1
1« TIrr(ker(Qg — Qa,,)) < Xw(G) +— Xuy(Gaa, G) « 1.

We note also that the image of ker(GVs — GVY) in Xur(Gad) = (Z(GYse) ' )rop is
(53) Irr(Qe,, /Qc,c.q) = ket (Xwr(Gaq) = Xwr(G)).

For semisimple groups, the method from yields a group mo(G"''¥ ) gl isomor-
phic to Xy (G)/Xwr(Gad, G). Tt is naturally represented in X (G) =2 (Z(GY)F ) frob,
and forms a complement to Xy, (Gaq, G). Thus both sequences split for semisim-
ple groups (but not necessarily for reductive groups).

(52)

For 0,4 € Irrcusp,unip (Fjad ), 1et 0 € Irreuspunip(F5) be its pullback. Morris showed
in [Mor2, Proposition 4.6] that o,q can be extended to a representation ai\é of
N, (P aq) (on the same vector space). Let oV € Irr(Ng(F)) be the pullback of
O'é\é along G — G,q. This construction shows that

(54) o can be extended to Ng(F;), via Ng,,(Faa)-

Another issue with Theorem concerns the pullback of supercuspidal unipotent
representations along the canonical map q : G — G,q. Such a pullback is trivial on
Z(@) and it can never involve elements of Xy, (G) outside Xy, (G, Gaq). Notice that
in general G/Z(G) is a proper subgroup of G,q = Gaq(F'). We consider Irr(G/Z(G))
as a subset of Irr(G), endowed all the relevant notions from Rep(G).

We note also that a G,q-orbit of facets of B(G, F) can decompose into several
G-orbits. These are parametrized by Gaa/Na,,(Faa)G (in such a quotient G is
a shorthand for its image in G,q). This can cause the pullback of an irreducible
Gag-representation to become reducible (as G-representation).

Lemma 5.3. (a) The G-constituents of q*(indgfa:daad) are the representations

Ad(g)*ind%G(Pf)(aN) = indgG(ng)(g o),

where g € Guq and o is an extension of o to Ng(P) such that Z(G) C ker(o?).

(b) Tensoring with weakly unramified characters provides a bijection
Xwr(G) X X0 (Goa.0) It (G/Z(G)) (P o) = Ire(G) (o)

In particular Irr(ker(Q¢ — Qq,,)) acts freely on Irr(G)(p, o)/ Xwr(Gaa; G).
Proof. (a) This follows from and (17).
(b) By part (a) tensoring with x € Xy (&) maps any element of Irr(G/Z(G)) P, o)
to Irr(G/Z(G))(p,0) if and only if x € Xwr(Gad, ), and then x stabilizes that set
entirely. Combine that with and . O
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On the Galois side something similar happens. Not every unramified ¢ € ®(G)
can be lifted along q¥ : Gaq” — GV to an element of ®(Gyq).

Lemma 5.4. (a) ¢ € ®,,(G) can be lifted to an element of ®n,(Gaq) if and only if
¢(Frob)Frob™" lies in (G ger)'¥°(1 — Frob)(GYIr).

(b) The action of any x € Xvw:(G) maps any element of ¥ (Pnr(Gaq)) to 9" (Pur(Gaa))
if and only if x € Xwr(Gaa, G). This provides a bijection

Xor(G) X X, (Goa,) A7 (Prr(Gaa)) = Pun(G).

Proof. (a) By reduction to the absolutely simple case and classification one sees
that GoqV1F = (GV4)'F is always connected. Hence its image in GV is precisely
(GY ger)TF°, and qY(gaq)(Frob)Frob™! always lies in (GVger)¥°. The equivalence
relation in @, (G) still allows for conjugation by elements of G¥''¥. That can change
q"(¢aq) (Frob)Frob~! by elements of (1 — Frob)(GV1F).

(b) Let ¢ € qV(®Pnr(Gaq)) and let x € Xy (G) such that x¢ € q¥(Ppr(Gaq)). From
the proof of part (a) we see that x can be represented by an element z € G e V17° N
Z(GV)F. Then z can be lifted to an element of Z(GV.)!¥, so x lies in the image
of Xy (Gaq) = Xun(G).

From we see that Z(GV ger)'F — 70 ((GY qer)'¥) is surjective. Hence Z(GVY)'F —
GVAF [ (GY gor)1F° is surjective as well. It follows that every ¢ € ®,,,(G) can be writ-
ten as an element of Xy, (G) times an element of q¥(®p;(Gaq)). Combine that with
part (a). O

Proof of Theorem for reductive F-groups with anisotropic centre
We analyse [FOST], §13] in detail. Let m,q be an irreducible constituent of indgfa:d (Cad)-
Let (pad, pad) be the enhanced L-parameter of m,q, via Theorem for Gaq S TLet
be an irreducible constituent of q*(m.q) and put ¢ = q¥(daq)-

Write ¢ = [Qa,./Q005 © 26,Gaa/Q6,Goasl- Tt is checked in [FOSI) p. 29] that
a4 = [Qa,qfl, b = by and

2 = Qalg’ = [ker(Qa = Q6,0)| Q6,01+ 0.6l 2a-
As in [FOST) (13.3)], let Ny, C Qq,,; be such that

XWT(Gad)(bad = Irr(QGad)¢ad = Irr(QGad /N(z)ad)'

Then a,q = [Ng,,|.- Taking the above into account, [FOS1, Lemma 13.1] generalizes
with almost the same proof. It says:

Lemma 5.5. Suppose that ¢pa.q € P2 (Gaq)-

(a) Xw:(G) = Irr(Qg) acts transitively on the collection of elements ¢’ € ®2.(Q)
which, for every F-simple factor G; of G, have the same ~y-factor (at s = 0)

710, Adgyy 0 ¢',15) as & = " (da).
(b) The stabilizer of ¢ € ®2.(G) in Xu:(G) equals

Irr (Q6,G,0/ (26,Gaa N Nooa))s

and it contains Irr(Qg ¢, /6,Goa i) -
(¢) a= |N¢ad N QG:Gad’ | ker(Qg — QGad|'

The other arguments from [FOST| §13] also generalize, the main difference is that
we often have to replace Qg by Qg q,,. In particular [FOSI, Lemma 13.2] becomes

Ap/Apy ZTr1(06,4/26,60a Nona)
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and [FOSI1, Lemma 13.4] becomes

b = gl[QGadvf : QGveadN¢ad]_1bad'

We turn to [FOSI, §14]. With the above modifications to [FOSI, §13], the proof in
[FOST], §14] extends directly to possibly ramified reductive F-groups with anisotropic
centre. The enhanced L-parameters are constructed first for G-representations con-
tained in q*(maq) for some maq € IrTeuspunip(Gad), and then extended Xy.(G)-
equivariantly to the whole of Irrcusp unip(G) by means of Lemmas [5.3] .b and [5.4 .b
This establishes Theorem [5.1] for G, except part (e) and (when G is not semisimple)
parts (b) and (c).

We note that for an anisotropic F-torus 7 the above parametrization agrees with
the natural isomorphism

(55) Itunip(T) = Xower(T) 2 (T )rob 2= Pue(T),

which is a special case of the LLC for tori. Since is natural, we obtain property
(b) for all reductive F-groups with anisotropic centre. For property (c), the com-
patibility with almost direct products, we refer to the proof of [FOSIl, Proposition
15.6] in combination with (55).

Next we consider the proof of the HII conjecture for Irreysp unip(G) in [FOSI]
Lemmas 16.2 and 16.3]. This also goes by reduction to adjoint groups. Both formal
degrees of G-representations and adjoint y-factors of L-parameters for G are invari-
ant under the action of Xy, (G). In view of Lemmas[5.3|b and[5.4]b, this means that
it suffices to check the HII conjectures for Irr(G/Z(G))cusp,unip and q” (Pnr(Gad))-

Let Z(G)} be the unique parahoric subgroup of Z(G)°(F) and let Z(G)°(kr) be
its finite reductive quotient. We note that Qifo is isogenous to g; TR Z(G)°. By

[GeMal, Proposition 1.4.12.c] these two groups have the same number of kp-points.
That and lead to

1m 1m \/ I
(56) vol(13) = [GP (k) g & TG TAmETI

Go .- ~(alayy)+dim Gy +dim G F) /2 s - dim Z(G)° +dim Z(G)°) /2
|Goai(kr)lap o 427G (k) AP @ ) +im Z(G)>+dim Z(6)°)/

= vol(Pjad)vol(Z(G)7).
Write myq = 1ndNG (P, d)( ad) and let 7 € Irr(G)cusp,unip be a direct summand of
ad a

q*(maq). Then and (| . yield

)+dim gdd f+d1m G

. a(gy,
fdeg(m, pc,p)  dim(o )Igadf(kp)lqp d |QG

s f|
(57) = -
fd ads a(gV)+dim GO +dim GV-IF)/
eg(Tads HGipa i) dlm(O'ad)|gf (k‘F)|qF i ’QG,H
a dim Z(G dim Z(G)°)/2
RO IO 10, L Q]
19641 1Z(9)° (kr)] Q2 §vol(Z(G)7)

By construction q¥(¢r,,) = éx and Ag,  C Ag,. Equations [FOSI, (16.7) and
(16.8)] must be modified to

dim(pr) _ |Q6.4.s11925; 0 No,,, |
dim(pr,,) |90 5l [ No.,, |

(58)
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while [FOS1, (16.9) and (16.10)] become
|56, _ |Z(GVSC)WF’ _ Q¢

ad|

(59)

S5 1Z@)WE] T Q]
Following , one obtains
6. _ 19l 920 No,,,|
(60) T = [QGa : Q&N - ] = \ker(QG — QGa )‘7‘“1
1Sk | Qaal T G 0ma 0 |Ng, |

By [FOST, (16.14)]
v(s, Adgv 0 ¢z, 1Y) = (s, Anger o ¢, ¥)(s, AdZ(G’V)O ° ¢r, ¢)
= 7(87 AdGadV © ¢Wad7 1/})7(87 AdGV/GVder © ldWFﬂﬁ)
We note that the formal degree of a unitary character of Z(G)°(F') is
vol(Z(G)°(F) ™" = |Qz(gye(r)| ' vol(Z(G)7) "
It was shown in [HII, Lemma 3.5 and Correction] that
(62) |7(0,Adgv /v, ©idwp, V)| = [Qzg)o ()| fdeg(trivzgye(r)) = vol(Z(G)3) ™.
From f we deduce
o3 dim(px)|S}, | 17(0, Adgv © ¢, ¥)|
dim(pr, )55, | 110, Adg,,v © b, ¥)]
1926,4.1 1926.,Gaf N Ny, |
1926,Gaa f| 1926,Goa N No,e | [ ker(Qc — Qc, ) [VOl(Z(G)T)
As N%ad C Qgq,,.j, this simplifies to
(64.) |QGadaf| — |QGadvf|
96.Gaafl [ ker(Qe = Qa,,)[vol(Z(G)7)  [Qajlvol(Z(G)7)

By , the expressions and also equal fdeg(7, ug.)/fdeg(Tad, tG, 40)-
From the already established HII conjectures for Irr(Gad)unip,cusp We know that

fdeg(wada /’[’Gady'lp) = dim(pﬁad)"sﬁﬁad ‘_1‘7(07 AdGadV 0 ¢7rad7 ¢)’

With , and we conclude the analogous equality for Irr(G)cusp,unip
holds. O

(61)

In fact the above shows more, namely that [FOSI, Theorem 2.2] holds for all
reductive F-groups with anisotropic centre. This concerns precise statements about
the numbers a,b,a’,b’, in terms of subquotients of Q. In contrast with [FOSI]
§13-14], the formulation of [FOSI, Theorem 2.2] does not have to be adjusted to
accomodate for ramified groups, it generalizes exactly as written.

Proof of Theorem for reductive groups
This can be derived from the case of reductive F-groups with anisotropic centre, see
[FOSI, p. 38-41 and p. 44]. For these arguments it does not matter whether G is
ramified or not. The only small difference is that in one of the steps on [FOSI| p.
41] we should not restrict from (Gger Z(G)a)(F') to Gger, with our proof for reductive
F-groups with anisotropic centre that step already works with (Gae;Z(G)q)(F).
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For later use we recall the main idea of the proof. Let Z(G)s be the maximal
F-split torus in Z(G). Then G/Z(G)s has F-anisotropic centre and (G/Z(G)s)(F) =
G/Z(G)s [EOST, (15.6)]. Tensoring with weakly unramified characters yields a nat-
ural bijection [FOSI1] (15.8)]

(65) X (G) X Irr(G/Z(G)s)cusp,unip — I1T(G) cusp,unip-

Xur(G/2(G).) o o
Similarly twisting by Xw:(G) = (Z(GY)¥ )gon provides a natural bijection [FOST],
(15.12)]
(66) X (G) X Qo (G/Z(G)s) = Prre(G).

Xwr(G/Z(G)s)

Combining and with Theorem for G/Z(G)s, one obtains the desired
Xwr(G)-equivariant bijection Irr(G)cusp,unip — Pur,e(G). O

6. A LOCAL LANGLANDS CORRESPONDENCE

We want to generalize the results leading to a local Langlands correspondence for
unipotent representations in [Sol3] from Fy,;-split to arbitrary connected reductive
F-groups G. In the non-supercuspidal case these results rely mainly on [AMSI]
AMS2, [AMS3], in which no restriction on G is placed. Sections 1, 2 and 3 of [Sol3]
were also written in that generality.

In [Sol3l §4] it is assumed that the reductive groups split over Fy,, but that is
only to apply the main result of [FOS1]. If we replace the input for [Sol3, Theorem
4.1 and Proposition 4.2] by Theorem they apply to ramified connected reductive
F-groups as well.

In [Sol3, Lemma 4.4] a Hecke algebra H(G, Pf,&) as in is compared with
Hecke algebra H(s", ) constructed from enhanced L-parameters for an absolutely
simple adjoint group G. When G is moreover ramified and G’ is its Fy,-split com-
panion group, we showed in Theorem [3.1] that Theorem [2:3]b induces an algebra
isomorphism

H(G, P, 6) 2 H(G', By, ).
The algebra H(s", v) (see [AMS3, §3.3] and [Sol3, §2]) is constructed from the group

Zévsc(qb(lp)) with the data ¢(Frob), ug and p. Here (¢, p) comes from the Bernstein
component in ®.(G) associated to Irr(G)(pfﬁ) by [Sol3l Proposition 4.2], so ¢ is
unramified. As G is adjoint, Z}v_(¢(Ir)) = (GY)'¥. In view of the comparison
results Lemma and Proposition the data underlying ’H(slv, Z) are canonically
isomorphic to those for H(s",Z). Hence H(s",¥) is canonically isomorphic to the
Hecke algebra H(s'",¥) constructed in the same way for G'.

Recall from that the transfer between enhanced unramified L-parameters for
G and G’ reflects the transfer between cuspidal unipotent representations in Theorem
The group G’ was already treated in [Sol3, Lemma 4.5] and [Lus2, Lus3]. In
this way we obtain algebra isomorphisms

(67) H(G, P, 6) 2 H(G, Br,6") = H(s', 0) = H(sY, ).

This means that [Sol3, Lemma 4.5] holds for ramified F-groups. With that the
entire Section 4 of [Sol3] works for arbitrary connected reductive F-groups. Now
[Sol3, Theorem 5.1] gives:
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Theorem 6.1. There exists a bijective local Langlands correspondence

Irr(G)unip > Pure (G)
(68) T = (¢r,px)
m(g,p) <~ (d,p)

In [Sol3l §5] several properties of Theorem were checked. These arguments
generalize readily to possibly ramified connected reductive F-groups, if we take the
following into account for the cases with G simple:

e For the Xy, (G)-equivariance from [Sol3, Lemma 5.3] we use Lemma 3.3 and
Proposition [£.4]

e For the cuspidality and the compatibility with cuspidal supports from [Sol3|
Lemmas 5.4 and 5.5] we use Lemmas and

e For temperedness and boundedness in [Sol3, Lemma 5.6] we use Lemma 3.4 a
and Proposition [4.4

e For square-integrability and discreteness in [Sol3l Lemma 5.7] we use Lemma
B:4b and Proposition [£.4

e For the considerations with parabolic induction in [Sol3l, Lemmas 5.9 and

5.10] we use Lemma [3.7 and (32)).

The central characters associated to both sides of Theorem as discussed in [Sol3|
Lemma 5.8], need more attention. Recall from [Lanl p. 20-23] and [Borl, §10.1] that
every ¢ € ®(G) determines a character x4 of Z(G). For the construction, one first
embeds G in a connected reductive F-group G with Gqer = Gaer, such that Z(G)
is connected. Then one lifts ¢ to a L-parameter ¢ for G = G(F). The natural
projection “G — ©Z(G) produces an L-parameter ¢, for Z(G) = Z(G)(F), and via
the local Langlands correspondence for tori ¢, determines a character xg of Z (G).
Then x4 is given by restricting xz to Z(G). Langlands [Lanl p. 23] checked that xo

does not depend on the choices made above.

Lemma 6.2. In Theorem the central character of m equals X, .

Proof. By construction GV is the quotient of G’ by a central subgroup. Then évder
projects onto GV ger.

In the cuspidal support (M, ¢ar, par) := Sc(éx, ¢r), the difference between ¢, and
¢r lies entirely in GV ge;. Hence ¢, and ¢p give the same map Wr — (GV/GY ger) ¥
W . Then their lifts ¢, and ¢, project to the same map

WF — (@v/évder) X WF = LZ(@).

Consequently ¢, and ¢. determine the same character of Z(G), and x¢, = X¢.|z(c)-

Similarly, the central character of 7 equals that of its supercuspidal support (re-
stricted to Z(G)). Together with [Sol3, Lemma 5.5] (generalized above to possibly
ramified F-groups), this means that it suffices to consider the case where 7 is su-
percuspidal and (¢, pr) is cuspidal.

We specialize further to the case where Z(G)° is F-anisotropic. When 7 is con-
tained in q*(maq) for some m,q € Irr(Gad)cusp,unip, its central character is obvi-
ously trivial. By the construction in Section [5| ¢, = qV(m.q). Hence ¢.(Wg) C
GV ger ¥ Wp and ¢, is the trivial parameter idw, for Z(G). Then Xor = trivz(a),
as required.
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Other 7 € Irr(G)cusp,unip are obtained from such a 7 by tensoring with a suitable
X € Xwr(G), see Lemma This is mimicked in Lemma and ¢z = dyr = XPr-
Then the central character of 7 is x and ¢z, = X,®x, = X,, SO X¢; is also x.

Finally we consider the case where 7 is supercuspidal and Z(G)° is F-isotropic.
Since G/Z(G)s has F-anisotropic centre, we already know the claim for G/Z(G)s.
But with and the LLC for Irr(G)cusp,unip is deduced from its analogue for
G/Z(G)s by twisting with Xy, (G) on both sides of the correspondence. Explicitly,
every m € Irt(G)cusp,unip can be written as x ® 7@ with @ € Irr(G/Z(G)s)cusp,unip»
and then ¢, = x¢z. By the lemma for G/Z(G)s, the central character of = equals
X ® X¢-- On the other hand

az = X¢7~rz = Yz%za
SO X¢r = X @ X, as well. O

Summarising: we generalized the entire paper [Sol3|] from Fy,-split to arbitrary
connected reductive F-groups. In particular we may now use its main result [Sol3),
Theorem 1] in that generality.

Next we investigate the functoriality of Theorem as in [Sol2]. The larger
part of that paper (namely Sections 1-5) is written in complete generality, for all
connected reductive groups. Only [Sol2, §7] deals exclusively with unipotent repre-
sentations. There it is assumed that the groups are Fy,;-split, following [FOST], [Sol3].

Fortunately all the arguments from [Sol2, §7] are also valid for ramified groups.
There are only two small points to note:

e In the proof of Lemma [Sol2, Lemma 7.1] for possibly ramified connected
reductive F-groups, we must omit the reduction step from G (with F-
anisotropic centre) to Gger. With our proof of Theorem for reductive
groups with anisotropic centre, the arguments for [Sol2l Lemma 7.1] apply
directly.

e In [Sol2 (7.21)] it is claimed that

q: P/B = Biaa/Prad

is injective, which need not be true when G is ramified. To overcome that,
we can take & € Irr(F})cusp of the form

X ® q*(6ad) with 6,44 € Irr( P ad)cusp and x € Irr(Qq 5) = Irr(]:“’f/Pf),

as in Lemma For g € pf,ad and p € Pf we have Ad(g)*x = x because
Qg and Qg ; are abelian. The equation following [Sol2, (7.21)] becomes

Ad(g)*(6)(p) = x(p) (Ad(9)*a" (aa)) (p) =
X(P)oaa(9)oaa(a(p))oaa(g ™) = oaalg)o(p)oralg™)  pe B
With that, the proof of [Sol2, Lemma 7.5.b] works fine.

This means that the results of [Sol2] hold for unipotent representations of any
connected reductive F-group. To formulate this precisely, let n : G — G be a
homomorphism of connected reductive F-groups such that

e the kernel of dn : Lie(G) — Lie(G) is central,
e the cokernel of 7 is a commutative F-group.
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Let ' = 7" xid: G¥ x Wp — GY x W be a L-homomorphism dual to 7. For 5 €
®(G) we get 'nogp € ®(G). Then 7 gives rise to an injective algebra homomorphism

(69) 51 1 C[Sy] = C[SLyog),

which under mild assumptions is canonical. It is a twist of the injection L7 : Sy —
Siyop by a character of Sy, see [Sol2, Proposition 5.4].

Decomposing 7 as in [Sol2, (5.2)], we see that the pullback n* sends unipotent G-
representations to unipotent G-representations and that “n maps ®,:(G) to ®,.(Q).
Then [Sol2, Conjecture 2 and Theorem 3], applied with the LLC from Theorem

say:

Theorem 6.3. For any (¢, p) € ®ny(G):
0 (n(6,0)) = P Homs, (p, %n*(p)) @ w(*n© 6,5).

Finally we come to Conjecture by Hiraga, Ichino and Tkeda [HII|. To prove it we
will generalize the arguments from [FOS2|, which was designed for Fy,-split groups.

Proposition 6.4. (a) The LLC from Theorem satisfies the HII conjecture @
up to some rational constants that depend only on an orbit O.

(b) Part (a), Lemma Theorem and compatibility with direct products of
reductive groups determine this LLC uniquely, up to twists by Xuw(Gaq, G).

ﬁEIrr(SLno¢)

Proof. Part (a) is shown in [Opd3| Theorem 4.5.1], for the ”Langlands parametriza-
tion” from that paper. We proved it for ramified simple groups in Theorem [{.7]e,
which in combination with [Opd3], §4.5] gives part (a) for all adjoint F-groups. The
proof in the case of Fy,-split groups with anisotropic centre in [Opd3| proceeds via
reduction to adjoint groups. It relies on spectral transfer morphisms for affine Hecke
algebras [Opd2]. We showed in Theorem that the Hecke algebras for ramified
adjoint F-groups have exactly the same shape and the same parameters as those
for suitable F-split adjoint F-groups, so that Opdam’s arguments with spectral
transfer morphisms remain valid. This means that the Langlands parametrization
from [Opd3| can be constructed for all connected reductive F-groups, and that it
satisfies Conjecture [2| up to constants.

Our LLC from Theorem [6.1] extends [Sol3] to possibly ramified groups. In [FOS2|
Theorem 2.1] it is checked that the LLC from [Sol3] agrees with the Langlands
parametrization from |[Opd3| (in the sense that the latter can be obtained from the
former by forgetting the enhancements of L-parameters). We need to extend this
compatibility to Theorem and the above generalization of Opdam’s Langlands
parametrization.

By Lemmas and it suffices to do so for L-parameters ¢ € q¥ (P (Gaq))
and for unipotent G-representations with trivial central character. For those we
saw in the proof of Lemma that ¢(Frob) € GY''¥°. By [Bor, Lemma 6.4]
that element corresponds to a unique W (GY:Ire TVAr2)Frob_orbit in (TV1F0)g .
With this modification in mind, the proof of [FOS2, Theorem 2.1] works for such
L-parameters and G-representations. The first part of that proof establishes part
(a) of the current proposition, while the last part deals with the essential uniqueness
asserted in part (b). O

With Proposition everything in [FOS2 Sections 1-4] works equally well for
ramified F-groups. Recall that we proved the HII conjecture for square-integrable
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representations of ramified simple F-groups in Theorem e. Together with [FOS2,
§5.1] that establishes Conjecture [2| for square-integrable representations of adjoint
F-groups.

Lemma 6.5. Let G be semisimple and let § € Irry,ip(G) be square-integrable. Then
there ezists a x € Xur(G) and a square-integrable 0,q € Irrynip(Gad) such that x ® 6
is a constituent of the pullback n*(0aq).

Proof. Let M be a F-Levi subgroup of G and let Map = M/Z(G) be the image of
M in G,q. In Lemma we showed that for every mys € Irreysp unip (M) there exist
XM € Xyr(M) and mpar,,, € Irreuspunip(Map) such that xar @ mpy is a constituent
of the pullback n},(mar,,). We recall from [FOS2, (37)] that parabolic induction
is compatible with pullback from G.q (resp. Mp). This implies that every m €
Irrunip (G) s, up to twisting by a x € Xy (G), contained in the pullback of a m,q €
Irr(Gad)unip-

Since G is semisimple, y is automatically unitary and tensoring by x preserves
square-integrability. We can regard m ® x as a representation of the cocompact
subgroup G/Z(G) of Gaq. Then a small variation on [Tad, Proposition 2.7] says
that ™ ® x is square-integrable if and only if 7,4 is square-integrable. O

We note that the tensoring with the unitary character x in Lemma does not
change the Plancherel densities. Therefore x may be ignored in the subsequent
computations of formal degrees. With Lemma at hand, the proofs in [FOS2,
§5.2] apply to all connected reductive F-groups with anisotropic centre, if we make
the following modifications:

e By [FOS2| (34)] we must multiply the right hand side of [FOS2l (47)] with
vol(Z(G)9)~t. (This factor is invisible in the semisimple setting of [FOSZ2,
§5.2].) For consistency, we must multiply [FOS2, (48)] and the right hand
sides of [FOS2, Theorem 5.4.a and (51)] with the same factor.

e Using we replace the equality

v(s, Adgv © g5, ) = (s, Adgv,, © ¢s,4,¥)
in the proof of [FOS2, Theorem 5.4.b] by

7(07 Ade o ¢6» w)
7(07 Adesc © ¢5ad7 ¢)

Then the next line of that proof becomes

= |7(0, Adz(gvye o idw ., )| = vol(Z(G)]) ™.

fdeg(6) dim(ps) \Si%d\ 17(0, Adgv © ¢5, )|

fdeg(daa) — dim(ps,,) |55, | [7(0, Adgv,, © é5,,, )]

Combining that with the adjoint case yields the HII conjecture for formal
degrees of square-integrable representations of connected reductive F-groups
with anisotropic centre.

That renders most of [FOS2] §5.3] superfluous, except for the last part of the proof of
[FOS2, Theorem 5.6]. That achieves the generalization (from F-anisotropic centre)
to square-integrable modulo centre representations of arbitrary connected reductive
F-groups.

We move on to Plancherel densities for tempered unipotent representation of
possibly ramified F-groups. Some statements in [FOS2, §6.2] need to be modified:
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e The adjoint y-factors no longer need to be real-valued, as in [FOS2, Lemma
A.5], because of e-factors of ramified W p-subrepresentations of Lie(G"). To
compensate for that, one can include fourth roots of unity as in Lemma [4.6]
or one can replace (0, Ad o ¢, 1) everywhere by |y(0,Ad o ¢,)].

e In view of (19), [FOS2, (67)] becomes

A — (dim GO 4-dim G+a(Lie GV))/2
(V) vol(Pag) _ [Mlkp)gp
T N, 5 — (dim M?+dim M-+a(Lie MV)) /2"
HM( ) VO](Pf) |gf(k3F)| I f

This entails that in [FOS2, Lemma 6.4] one also gets an extra factor
gt GV)—a(Lie MV))/2
= .
e The computation of adjoint v-factors in [FOS2, Appendix A.2] applies only
to the Ip-fixed points in the involved complex Lie algebras. With Lemma
[4.3) we can obtain similar formulas based on Lie(G") and Lie(M"). It follows

that [FOS2| (69)] must be replaced by

X (dim G+a(LieGY))/2
(0, Adgv arv o tgar, ¥) = ey(0, Adpgv o toar, wym™ (trar) (dF;mM+a(LieMV))/2’
F
where €2 € {£1} depends only on the W p-representation Lie(G")/Lie(M").

With these adjustments [FOS2, §6] becomes valid for all connected reductive F-
groups. In particular [FOS2, Theorem 6.5] then establishes the HII conjecture for
all tempered irreducible unipotent G-representations.

7. RIGID INNER TWISTS

So far we adhered to the conventions of Arthur [Art2, [ABPS] for the setup with
inner forms, components groups of L-parameters and relevance of enhancements. In
this paragraph we take a different point of view, that of rigid inner twists. This
notion was developed for reductive groups over local fields of characteristic zero by
Kaletha [Kall]. Recently Dillery extended it to reductive groups over local function
fields [Dil].

The main point is to replace H'(W g, G.q), which parametrizes inner twists of G,
by a new cohomology set H!(£, Z — G). Here Z is a fixed finite central F-subgroup
of G. When char(F') = 0, this is based on a canonical extension of topological groups

1 —>u—W — Gal(Fs/F) — 1.

Let Z1(£,Z — G) be the set of those continuous cocycles of W in G(Fy), whose
restriction to u is a homomorphism v — Z(Fy). In [Kalll §3.2], HY(£, 2 — G) is
defined as a subset of H'(W,G), namely the image of Z!(€£, Z — G). The construc-
tion of HY(E, Z — @G) is similar, but considerably more involved, when char(F) > 0
IDil, §3.2].

For our purposes it is best to take Z = Z(Gqer), as suggested in [Kall]. We write

? = g/Z(gder> = gder/Z(gder) X Z(g)/Z(gder) = gad X Z(?)
The canonical homomorphisms G — G — G,q induce natural maps
(70) HY(E,2(Gaer) = G) = H (Wp,G) = H' (Wr, Gag)

which are surjective [Dil, Proposition 5.12].
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Recall that an inner twist (G’,1) of G is determined by an isomorphism of F-
groups ¢ : G — G, such that for every v € Gal(F,/F) the F-automorphism ¢! o
yot oyt of Gis inner. Via (70) every 2 € HY(E, Z(Gqer) — G) determines an
element of H!'(Wr, G.q) and hence a unique equivalence class of inner twists G. By
the surjectivity of every inner twist of G (up to equivalence) can be obtained
in this way.

By definition [Kalll, §5.1] a rigid inner twist of G is a triple (G, 9, z) where (G’, 1)
is an inner twist of G and 2z € Z1(€, Z(Gger) — G) such that

v toyoponyl = Ad(z(7)) for all v € Gal(F,/F).

This applies to local fields of characteristic zero, and it probably it works well for
most connected reductive groups over local functions field also. Nevertheless, the
actual definition of rigid inner twistsis more complicated when F' has positive char-
acteristic [Dil, §7.1]. In any case, H'(€, Z(Gqer) — G) can be regarded as the set of
equivalence classes of rigid inner twists of G. The big advantage of this setup is that
it allows canonical transfer factors [Dil, §6].

Let G = GVge x Z(G/Z(Gaer))" be the dual group of G and write
(71) G'=3G"(C) =G x 2([G"),
a cover of GV. The W p-stable pinning of GV can be lifted to a pinning of G and
we use the latter to define an action of Wr on G'. That furnishes a surjection

LG — LG Let Z(GV)Jr be the preimage of Z(GY)Wr in Z(G"). In [Dil, Corollary
7.11] a natural isomorphism

(72) HY(&, Z(Gaer) = G) = Trr(mo(Z(G)))

was established. Via it extends the Kottwitz isomorphism

(73) HY W, Gad) 2 Irt(Z(GVse)WF)

from [Thal. This shows that the fibers of carry simply transitive actions of
(74) Irr (70 (Z(G) 1)/ 2(GY o) VF).

In particular the number of rigid inner twists lying over a given inner twist (both
considered up to equivalence) is finite and equals [ (Z (év)Jr) : Z(GVse)WF]. From
we see that the group is trivial when G is an inner form of a split group.
However, when G is an outer form of a split group (e.g. a non-split torus), can
very well be nontrivial. In such cases the quasi-split rigid inner twist of a reductive
group is not unique anymore — apparently a price one has to pay for canonical
transfer factors.

For issues involving parabolic induction we need to understand how is related
to its versions for Levi subgroups. To this end we assume that G is quasi-split. Let
(G#,1, z) be a rigid inner twist of G and let £* be a Levi F-subgroup of G*. Any
1-cocycle used to construct £7 as inner twist of a Levi F-subgroup L of G can also be
used for G*. Therefore we may assume (upon replacing z by an equivalent element)
that z € ZY(€, Z(Gaer) — L) and that 1) restricts to an Fy-isomorphism £ — £7.

Consider the Levi subgroup £ = £/Z(Gger) of G and the inclusion

(75) ‘C/Z(gder) = [" — g

We note that in general there no canonical homomorphism between £ and L.
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Lemma 7.1. (a) The map induces a surjection m (Z(éV)JF) — o (Z(f/v)+).

(b) Let x, € Irr(Z(@v)Jr) be associated to z € HY(E,Z(Gaer) — G) via and let
X,z be the character of Z(LV)" associated to z € H'(E, Z(Gaer) — L) via (72).
Then x is the pullback of x.  along the map from part (a).

Proof. (a) Since L is a Levi subgroup of G = Gaq x Z(G), we can express it as
Lap x Z(G), where Lap is a Levi subgroup of G.q. We see that LY = LY x Z(éV)O,
where L is the preimage of LY in GVg.. By [Artl, Lemma 1.1]

Z(GV)WFZ(LV)WF’O _ Z(L\/)WF
Taking preimages in @v, we find
Z(GYTZ(LV)YWre = Z(LV)*.

Now it is clear that m (Z(@V)Jr) surjects onto mo(Z(LY)").
(b) The map and the naturality of give rise to a commutative diagram

H1(57Z(gder) — g) < Hl(gaz(gder) — £)
(76) 1 +
Irr(Z(G')*) - Irr(Z(LV)™)

Use that the same data (1, z) realizes G* as inner twist of G and £* as an inner twist
of L. [

Consider a Langlands parameter ¢ : Wg x SLy(C) — “G. Let Z#v(9) be the
preimage of Zgv(¢) under “G — LG. Notice that
=V —
Zz(d)NZ(G7) = Z(G")*.
In this context the appropriate component group of ¢ is
S;r 1= mo(Zgv ().
Now an enhancement of ¢ is defined to be an irreducible representation p™ of SJ.

The groups G’ and GV act naturally on the set of such enhanced L-parameters
(¢, p"), with the same orbits. The set of GV-association classes of such enhanced
L-parameters depends only on “G, so we denote it by ®*(*G).

Recall from [Bor, §3] and [ABPS, Definition 1.3] that G-relevance of a Langlands
parameter ¢ can be formulated in terms of parabolic subgroups of “G that contain
the image of ¢. A nice aspect of rigid inner twists is that they enable a canonical
definition of G-relevance of ¢ in terms of enhancements.

In view of the surjectivity of , we may assume without loss of generality that
G is quasi-split. We abbreviate a rigid inner twist (G, z2) of G to (G, z). By
the compatibility of and ([73)), XZ‘Z(GVSC)WF = xg=. We say that (¢,p") €

d+(LG), or just the enhancement p*, is relevant for (G?,z) if the character of
Z(G")* determined by p* via the natural map Z(G')* — S;f equals x,.

We denote the subset of ®(FG) that is relevant for (G%,2) by ®+(G?,z). By
design every enhancement p* is relevant for exactly one rigid inner twist of G (up
to equivalence). That yields a natural decomposition

Loy — +(G®
(77) ot (t@) _|_|ZEH1(&Z(gdeng)q> (G, 2).
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For comparison, in Section [4] we fixed an inner twist G of a quasi-split group and we
let xg be the associated character of Z(GYs)Wr. To define relevance of enhance-
ments there, we picked some extension xg of xg to Z (GV4) and used that to pin
down central characters of Sy-representations. That works fine, but the freedom in
the choice of x§G means that it is not entirely canonical when Z (GVse)WF # Z(GVs0).
In that case, if one picks a set of representatives for the inner forms of G, not all
characters of Z(GVg.) will occur in the union of the ®.(G’) over the selected G'.
That prevents a decomposition like (77) with S, instead of ST, in the most general
case at least.

Let us compare the two kinds of relevant enhancements of ¢. For a group S with
a central subgroup Z and x € Irr(Z) we write

Irr(S, x) = {(m,V) € Irr(S) : w(z) = x(2)idy Vz € Z}.
Lemma 7.2. [Kal2, (4.6) and (4.7)]
Let (G#,z) be a rigid inner twist of a quasi-split connected reductive F-group G.
Choose an extension xG. € Irr(Z(GVYs)) of xg= € Irt (Z(GY )W) which agrees
with x, on Z(GVs)T.
(a) There is a canonical group isomorphism
5875 o 7E
(b) When ¢ is G*-relevant, part (a) induces a bijection
Irr (Sy, xG-) «— Irr(S(;,XZ).
Here xG. 1s considered as a character on the image of Z(GYg) in Sy, and

similarly for x.. When ¢ is not G*-relevant, these two sets are empty.

As a consequence of Lemma [7.2}b, there is a natural bijection
(78) PT(G?, 2) = D(G?),
whenever G*, z and x§- are as in Lemma[7.2] By Lemmal(7.I]the relevance condition
is compatible with passage to Levi subgroups. Thus all aspects of the local Langlands
correspondence discussed in this paper can be viewed equally well in terms of rigid
inner twists (G, z) and enhanced L-parameters ®*(GZ, z). The only topic that needs

some further clarification is the cuspidal support map for enhanced L-parameters
figuring in Theorem [1]g.

Lemma 7.3. The cuspidal support map for ®.(G?) can also be defined for ®+(G*, z),
retaining all its properties.

Proof. The construction of this map in [AMSI] §7] and Lemma show us how to
proceed:

o translate (¢, pt) € ®F(G*,2) to (¢, p) € c(G.) with Lemmal7.2]

e compute its cuspidal support (L, ¢y, ge) as in [AMSI] Definition 7.7],

e translate ge to ge™ € Irr(S;:)), using Lemma and Xz 2,

e define the cuspidal support of (¢, p™) to be (L, ¢y, ge™).

The composition of these steps preserves the Z (év)Jr—character Xz- Together with
Lemma that means that (¢, ge™) is relevant for the Levi subgroup L of G*. 0

We write @ (G?, 2) = {(¢, p7) € ®T(G?,2) : ¢ € ®,,,(G*)} and define &/ (L'G) C
&+ (LQ) similarly.
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Theorem 7.4. Let G be a quasi-split connected reductive F-group and let (G*, z) be
a rigid inner twist of G. There exists a bijection

Irrunip(G#)  +—  ®f(G*,2)
0 = (¢ pP7)

with all the properties from Theorem 1]
When we let (G#,z) run over all rigid inner twists of G up to equivalence, we
obtain a bijection

. z + (L
I—IzeHl(S,Z(gder)ag) Irrynip (G7) «— . (7G).

Proof. The first bijection is the composition of Theorem [I] and (78). By Lemmas

and [7.3] it enjoys the same properties as in Theorem
Then the second bijection follows from . ]
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