
Operator Algebras
Homework 6

Deadline: 4th of January

Exercise 1

Let A and B be C∗-algebras and let ϕ : A → B be a ∗-homomorphism. Prove that1 ϕ(A<1) = (ϕ(A))<1.
Hint: Use that ϕ factors through A/ ker(ϕ).

Exercise 2

Let M ⊂ B(H) be a von Neumann algebra with idH ∈M and write Z(M) = M ′ ∩M to denote its center.

(a) Let e ∈ M be a projection. Prove that there exists a unique smallest projection z(e) ∈ Z(M) with
e ≤ z(e). Here ’smallest’ refers to the relation ≤.

If e ∈M is projection, the projection z(e) is called the central support of e. Two projections e1, e2 ∈M are
called centrally orthogonal if their central supports are orthogonal, i.e. if z(e1)z(e2) = 0.

Now let {ei}i∈I be a family of projections in M that are centrally orthogonal and write e =
∑

i∈I ei,
where the sum converges in the strong topology. Note that e is the orthogonal projection onto

⊕
i∈I eiH.

(b) Prove that if all ei are abelian, then e is abelian. Also prove that if all ei are finite, then e is fi-
nite.

Please note backside!!

1For a C∗-algebra C we write C<1 to denote the set of all elements in C with norm < 1, i.e. C<1 = {c ∈ C : ‖c‖ < 1}.
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Exercise 3

We begin this exercise with an important definition:

Definition. Let M ⊂ B(H) be a von Neumann algebra with idH ∈M . Then M is called
• of type I if for every non-zero projection e ∈ Z(M) there exists a non-zero abelian projection f ∈M with
f ≤ e;
• of type II if M has no non-zero abelian projection and if for every non-zero projection e ∈ Z(M) there
exists a non-zero finite projection f ∈M with f ≤ e;
• of type III if it has no non-zero finite projections.

The goal of this exercise is to show that each von Neumann algebra can be decomposed into a direct
sum of von Neumann algebras of types I, II and III.

Remark: Note that if H = (0), then the Von Neumann algebra B(H) = (0) is of all three types above.

Let M ⊂ B(H) be a von Neumann algebra with idH ∈M .

Let {pi}i∈I be a maximal family of centrally orthogonal abelian projections in M and let p =
∑

i∈I pi.
It follows from exercise 2 that p is abelian. Define z1 := z(p).

(a) Prove that the von Neumann algebra2 z1Mz1 is of type I.

(b) Prove that the von Neumann algebra (1 − z1)M(1 − z1) has no non-zero abelian projections and
deduce that if (1− z1)M(1− z1) can be written as a non-trivial direct sum3 (1− z1)M(1− z1) = N1 ⊕N2

of von Neumann algebras, then both N1 and N2 are not of type I.

Now let {qj}j∈J be a maximal family of centrally orthogonal finite projections in the von Neumann al-
gebra (1− z1)M(1− z1) and let q =

∑
j∈J qj . It follows from exercise 2 that q is finite. Define z2 := z(q).

(c) Prove that the von Neumann algebra z2Mz2 is of type II.

(d) Define z3 := 1− z1 − z2. Prove that the von Neumann algebra z3Mz3 is of type III.

(e) Show that M can be written as a (not necessarily non-trivial) direct sum M = MI ⊕ MII ⊕ MIII

of von Neumann algebras MI , MII and MIII of type I, II and III, respectively.

2Recall from the paragraph between theorems 4.1.7 and 4.1.8 on page 118 of Murphy’s book that if p is a projection in a
von Neumann algebra A, then pAp is strongly closed, and hence a von Neumann algebra.

3By this we mean that there exists a non-zero closed linear subspace K ⊂ H with K 6= H such that M leaves both K
and K⊥ invariant. Then M can be decomposed into a direct sum M = N1 ⊕ N2 of von Neumann algebras N1 ⊂ B(K)
and N2 ⊂ B(K⊥). This is in fact just the language of representation theory, since the identity map π : M → B(H) can be
interpreted as a (strongly continuous) representation of M on the Hilbert space H. Our definition of a direct sum decomposition
of a von Neumann algebra then agrees with the direct sum decomposition of the representation π.
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