
Homework 4 Operator Algebras

Exercise 1

Let M2(C) = B(C2) be the C∗-algebra of 2× 2 complex matrices and define for (x, y, z) ∈ C3 the matrix

ρ(x, y, z) =
1

2

(
1 + z x+ iy
x− iy 1− z

)
.

We will say that an n×n complex matrix is a density matrix if it is positive (i.e. self-adjoint with spectrum
in R+) and has trace 1.

(a) Prove that ρ(x, y, z) is a density matrix if and only if (x, y, z) ∈ R3 with x2 + y2 + z2 ≤ 1.

Recall that a positive linear functional is called a state if its norm is equal to one (see page 89 of Murphy).
By corollary 3.3.4 of Murphy, this condition on the norm can be replaced (in the case of a unital C∗-algebra)
by the condition that the functional has value 1 ∈ C in the unit element 1 of the C∗-algebra.

(b) Show that every state τ : M2(C)→ C is of the form τρ, where

τρ(a) := Tr(ρa),

for some density matrix ρ. Here Tr(x) denotes the trace of x.

It is easy to see that for any C∗-algebra A its set of states S(A) is a convex set, which means that if
τ1, τ2 ∈ S(A) and if λ ∈ [0, 1] then also λτ1 + (1− λ)τ2 ∈ S(A). You don’t have to show this.

(c) Let B3 = {(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 1}, which is obviously a convex set (don’t show this),
and let S(M2(C) denote the set of states of M2(C). Show that there exists a bijection α : S(M2(C))→ B3

that preserves the convex structure, i.e. α(λτ1 +(1−λ)τ2) = λα(τ1)+(1−λ)α(τ2) for all τ1, τ2 ∈ S(M2(C))
and all λ ∈ [0, 1].

It follows from part (c) that S(M2(C)) and B3 are isomorphic as convex sets. For any convex set K,
we say that an element ω ∈ K lies in the extreme boundary of K if it satisfies the following property: if
for some λ ∈ (0, 1) and some ω1, ω2 ∈ K we have the equality ω = λω1 + (1 − λ)ω2, then we must have
ω1 = ω2 = ω. In other words, points in the extreme boundary cannot be written as a non-trivial convex
combination.

(d) Argue in one or two sentences that under the map α, the extreme boundary of S(M2(C)) corresponds
to S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}. Use this correspondence to prove that the density matrix that
corresponds to a state in the extreme boundary of S(M2(C)) is a one-dimensional projection.

(e) Let τ ∈ S(M2(C)) be a state in the extreme boundary of S(M2(C)) (we also call such a state a
pure state). Show that τ is of the form

τ(a) = 〈ah, h〉

for some unit vector h ∈ C2.

Remark: In this exercise we have seen that all states on M2(C) are of the form τρ. This is also true
for all other finite dimensional algebras Mn(C), but we will not show this. On the C∗-algebra B(H), with
H is an infinite-dimensional Hilbert space, we can also define states of the form τρ, where ρ is a positive
trace-class operator with trace 1. However, these states do not exhaust the set of all states on B(H).
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Exercise 2

Consider the Hilbert space Cn with standard basis {ej}nj=1 and the usual inner product 〈v, w〉 =
∑n
j=1 vjwj ,

where vj and wj are the components of v and w with respect to {ej}nj=1. Let A = Mn(C) be the C∗-algebra

of n×n complex matrices and let λ1, . . . , λn be real numbers with λj ∈ [0, 1] for all j and with
∑n
j=1 λj = 1.

We now define a state τ : A→ C by

τ(a) =

n∑
j=1

λj〈aej , ej〉.

(a) Show that τ is indeed a state and that τ can be written as

τ(a) = Tr(ρa)

for some density matrix ρ (see exercise 1 for the definition of a density matrix).

In parts (b), (c), (d) and (e) we will assume that all λj are strictly positive (λj > 0 for all j).

(b) Show that Nτ = {0}, where Nτ = {a ∈ A : τ(a∗a) = 0}.

We will now carry out the GNS construction for the state τ . Let Vτ = A/Nτ be the vector space with
inner product 〈 , 〉τ given by 〈a, b〉τ := τ(b∗a). Of course, by part (b), we can identify Vτ with Mn(C).

(c) Let Hτ denote the Hilbert space that is obtained by completing Vτ with respect to the metric in-
duced by the inner product 〈 , 〉τ . Explain in a few sentences why Hτ = Vτ . You may mention results from
functional analysis without proof, but there should be no gaps in your reasoning, of course.

It follows from part (c) that the Hilbert space Hτ is just the vector space Mn(C) together with the inner
product 〈 , 〉τ . The GNS representation ϕτ : A→ B(Hτ ) of A corresponding to τ is given by ϕτ (a)b = ab,
where a, b, ab ∈Mn(C) but a is interpreted as element of A whereas b and ab are interpreted as elements in
Hτ .

(d) Show that there exists a vector v ∈ Hτ such that the action of τ can be written as τ(a) = 〈av, v〉.

We will now define a second inner product 〈 , 〉 on Mn(C) by 〈a, b〉 = Tr(b∗a). This gives us another
Hilbert space structure on Mn(C); we will denote this Hilbert space by H to distinguish it from Hτ . We
also define a representation (i.e. a *-homomorphism) π : A → B(H) by π(a)b = ab, where a is interpreted
as element of A and b and ab are interpreted as elements of H.

(e) Show that there exists a unitary map u : Hτ → H such that

π(a) = uϕτ (a)u∗

for all a ∈ A. This shows that the representation π is unitarily equivalent to ϕτ .

Note that there is a natural representation ψ : A → B(Cn) of A on the Hilbert space Cn, since the el-
ements of Mn(C) can be interpreted as linear operators on Cn.

(f) Now consider the state τ above with λ1 = 1 and λj = 0 for 2 ≤ j ≤ n. Carry out the GNS con-
struction for this state. Is it unitarily equivalent to ψ?
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Exercise 3

Let A be a unital C∗-algebra and let {τn}∞n=1 be a collection of states. It is clear that for each a ∈ A the
expression

∑∞
n=1 2−nτn(a) is an absolutely convergent series in C (since each τn has norm 1), and therefore

converges in C. Thus, we can define a linear map τ : A→ C by

τ(a) =

∞∑
n=1

2−nτn(a).

Because τn(1) = 1 for all n and because
∑∞
n=1 2−n = 1, it is also clear that τ(1) = 1. It is also easy to see

that τ(A+) ⊂ R+, so by the results in section 3.3 in Murphy it follows that τ is a state.

(a) Let ϕτ : A → B(Hτ ) denote the GNS representation corresponding to τ . Prove that ker(ϕτ ) ⊂⋂∞
n=1Nτn .

The set of states S(A) is a subset of the unit ball in A∗, since each state is continuous and has norm
1. We equip S(A) with the weak*-topology. Because S(A) is weak*-closed in the unit ball of A∗, the space
S(A) is weak*-compact. You are free to use these facts in the sequel.

(b) Assume that the set {τn}∞n=1 is dense in S(A) and assume that S(A) is metrizable. Use the result
of part (a) to prove that ker(ϕτ ) ⊂

⋂
ω∈S(A)Nω.

In part (c) of this exercise, you are free to use the following theorem from functional analysis (see for
example theorem V.5.1 of Conway’s book ’A course in functional analysis’):

Let X is a Banach space and let X∗ denote its dual. Then the unit ball in X∗ is weak*-metrizable if
and only if X is separable.

(c) Let A be a separable unital C∗-algebra. Use the result of part (b) to construct a state τ on A for
which the GNS representation ϕτ : A→ B(Hτ ) is faithful (it should be clear that your solution should con-
tain a proof of the faithfulness). Of course you may use results from general topology without proving them.
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Remark concerning Exercise 1 (which you may skip if you are not
interested in physics)

If you know about quantum mechanics, the state in part (e) of exercise 1 should look very familiar. If Ψ is
a state vector in the sense of quantum mechanics (i.e. a unit vector in a Hilbert space H) and if A is an
observable (i.e. a self-adjoint operator on H), then the expectation value of the observable A in the state
Ψ is given by 〈AΨ,Ψ〉, which is precisely of the form given in part (e) of exercise 1. In Dirac notation this
would be 〈Ψ|A|Ψ〉, since physicists denote inner products by 〈 | 〉 and their inner products are linear in the
second argument and conjugate-linear in the first (which is opposite to the convention used in mathematics).
It should now be more or less clear where the term ’state’ comes from in operator algebras.

However, in quantum mechanics the Hilbert spaces are more often infinite-dimensional than finite-
dimensional and the observables are more often unbounded than bounded. This last fact means that one
should be careful in defining these expectation values. This is done by using the spectral theorem for
(unbounded) self-adjoint operators, which makes it possible to write A as an integral

A =

∫
R
x dEA(x)

over the so-called spectral measure EA of A, so that we can define the expectation values as∫
R
x d〈EA(x)Ψ,Ψ〉,

where d〈EA(x)Ψ,Ψ〉 denotes the Borel measure on R which assigns to a Borel set B ⊂ R the value
〈EA(B)Ψ,Ψ〉 ∈ R+, which is well defined since EA(B) is an orthogonal projection on H (and hence
bounded). The expression 〈EA(B)Ψ,Ψ〉 is nothing else than the probability that the outcome of a measure-
ment of the observable A for a system in state Ψ has a value in the Borel set B. To see this, we mention
that (in Dirac notation) physicists would write the projection EA(B) as∫

B

da|a〉 〈a|,

where |a〉 denotes the ’eigenvector’ of A corresponding to the ’eigenvalue’ a. Thus,

〈EA(B)Ψ,Ψ〉 = 〈Ψ|EA(B)|Ψ〉 = 〈Ψ|
(∫

B

da|a〉 〈a|
)
|Ψ〉

=

∫
B

da〈Ψ|a〉〈a|Ψ〉 =

∫
B

da|〈a|Ψ〉|2

=

∫
B

da|ΨA(a)|2,

where ΨA(a) is the wave function in A-space. This is indeed how physicists compute probabilities.
Now what about C∗-algebras and quantum mechanics? In the so-called algebraic approach to quantum

mechanics one begins with an abstract C∗-algebra A, the self-adjoint elements of which are interpreted as
bounded observables. Then one considers a representation π : A → B(H), called the physical representation.
Next, the so-called Von Neumann algebra generated by π(A) is taken (we will discuss Von Neumann algebras
later in this course) and using this Von Neumann algebra one can construct unbounded self-adjoint operators
(used to describe unbounded observables). These operators are precisely those self-adjoint operators A for
which all the projections EA(B) are in the Von Neumann algebra. Now that we have concrete operators
on a Hilbert space, we can continue in the way described above. It might seem strange to start with an
abstract algebra and then take a representation in order to obtain concrete operators. However, there are
many benefits in this approach (especially in quantum field theory, where it is not so clear a priori what
Hilbert space to choose), but of course these matters will not be treated any further in this mastermath
course on operator algebras.
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