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Abstract

This is an appendix to “Algebraic Quantum Field Theory” by Hans Halvorson, to appear in J. Butterfield
& J. Earman (eds.): Handbook of the Philosophy of Physics. Its aim is to give a proof of Theorem 2.18,
first proved by S. Doplicher and J.E. Roberts in 1989, according to which every symmetric tensor *-category
with conjugates, direct sums, subobjects and End 1 = C is equivalent to the category of finite dimensional
unitary representations of a uniquely determined compact supergroup. Our approach is based on a modern
formulation of Tannaka’s theorem (1939) and a simplified approach to Deligne’s characterization of tannakian
categories (1991).
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1 Categorical Preliminaries

Not much in these two appendices is new. (Theorem 2.32 probably is, and see Remark 2.63.) However, this
seems to be the first exposition of the reconstruction theorem for symmetric tensor categories that gives complete
and streamlined proofs, including a short and transparent proof of Tannaka’s classical theorem. In the first
section we provide the necessary concepts and results of category theory to the extent that they don’t involve
the notion of fiber functor, whereas the second section is concerned with the Tannaka theory proper. Our main
reference for category theory is [15], preferably the second edition. The reader having some experience with
categories is advised to skip directly to Section 2, using the present section as a reference when needed.



1.1 Basics

1.1 DEFINITION A category C consists of:
A class ObjC of Objects. We denote the objects by capital letters X,Y, .. ..

e For any two objects X, Y a set Home(X,Y) of arrows (or morphisms); we write f : X — Y to indicate
that f € Hom¢(X,Y'), and we omit the subscript C whenever there is no risk of confusion.

e For any object X a distinguished arrow idx € End(X) = Hom(X, X).
e For each X,Y,Z € ObjC, a function o : Hom(Y, Z) x Hom(X,Y) — Hom(X, Z) such that:
ho(gof)=(hog)ef,

and
idYof:fa goidY:ga
whenever f € Hom(X,Y), g € Hom(Y, Z), and h € Hom(Z, W).

1.2 DEFINITION A morphism f € Hom(X,Y) is an isomorphism iff it is invertible, i.e. there is a g € Hom(Y, X)
such that go f =idx and f o g =idy. If an isomorphism X — Y exists, we write X 2Y.

1.3 DEFINITION If C is a category, then a subcategory D C C is defined by a subclass ObjD C ObjC and, for
every X, Y € ObjD, a subset Homp(X,Y) C Home(X,Y) such that idx € Homp(X, X) for all X € ObjD
and the morphisms in D is closed under the composition o of C. A subcategory D C C is full if Homp(X,Y) =
Home(X,Y) for all X, Y € ObjD.

1.4 DEFINITION A (covariant) functor F' from category C to category D maps objects of C to objects of D and
arrows of C to arrows of D such that F(go f) = F(g) o F(f), and F(idx) = idp(x). A contravariant functor is
just like a covariant functor except that it reverses the order of arrows.

1.5 DEFINITION A functor F': C — D is faithful, respectively full, if the map
Fxy :Hom¢(X,Y) — Homp (F(X), F(Y))
is injective, respectively surjective, for all X,Y € ObjC.

1.6 DEFINITION A functor F' : C — D is essentially surjective if for every Y € ObjD there is an X € ObjC
such that F(X) Y.

1.7 DEFINITION If F' : C — D and G : C — D are functors, then a natural transformation n from F' to G
associates to every X € ObjC a morphism nx € Homp(F(X),G(X)) such that

F(f)

F(X) F(Y)

Nx Ny

G(X) —— G(Y)
G(f)
commutes for every arrow f € Home(X,Y). If nx is an isomorphism for every X € ObjC, then 7 is said to be
a natural isomorphism.

1.8 DEFINITION A functor F' : C — D is an equivalence of categories if there exist a functor G : D — C and
natural isomorphisms 1 : FG — idp and € : id¢ — GF. Two categories are equivalent, denoted F' ~ G, if there
exists an equivalence F : C — D.

1.9 DEFINITION A category is small if ObjC is a set (rather than just a class). A category Is essentially small
if it is equivalent to a small one, i.e. ObjC/ = is a set.

1.10 REMARK Without wanting to go into foundational technicalities we point out that the category of a ‘all
representations’ of a group is a huge object. However, considered modulo equivalence the representations are
of reasonable cardinality, i.e. are a set. O



1.2 Tensor categories and braidings

1.11 DEFINITION Given two categories C, D, the product category C x D is defined by

Obj(C x D) = ObjC x ObjD,
Homexp(X XY, Z x W) = Home(X,Z) x Homp (Y, W),
idXXy = idX X idy

with the obvious composition (a X b) o (¢ X d) := (ao¢) X (bod).

1.12 DEFINITION A strict tensor category (or strict monoidal category) is a category C equipped with a distin-
guished object 1, the tensor unit, and a functor ® : C x C — C such that:

1. ® is associative on objects and morphisms, i.e. (X Y)®Z =X (Y ®Z) and (s®@t)Qu =5® (t @u)
forall XY, Z, X')Y',Z' € ObjCand all s : X - X', t:Y =Y  u:7 — 7'

2. The unit object behaves as it should: X @ 1 =X =1® X and s®id; =s=id; ® s foralls: X — Y.

3. The interchange law
(@a®b)o(c®d)=(acc)®(bod)

holds whenever a o ¢ and bo d are defined.

1.13 REMARK Many categories with tensor product are not strict in the above sense. A tensor category is a
category equipped with a functor ® : C x C — C, a unit 1 and natural isomorphisms axy,z: (X ®Y)® Z —
XY ®2Z), x :10X - X, px : X®1 — X satisfying certain identities. The notions of braiding,
monoidal functor and monoidal natural transformation generalize to such categories. The generality achieved
by considering non-strict categories is only apparent: By the coherence theorems, every (braided/symmetric)
tensor category is monoidally naturally equivalent to a strict one. See [15, 12] for all this.

Strictly speaking (pun intended) the categories of vector spaces and Hilbert spaces are not strict. However,
the coherence theorems allow us to pretend that they are, simplifying the formulae considerably. The reader
who feels uncomfortable with this is invited to insert the isomorphisms «, A, p wherever they should appear. O

1.14 DEFINITION A (full) tensor subcategory of a tensor category C is a (full) subcategory D C C such that
ODbj D contains the unit object 1 and is closed under the tensor product ®.

1.15 DEFINITION Let C,D be strict tensor categories. A tensor functor (or a monoidal functor) is a functor
F : C — D together with isomorphisms df{,y FX)@F(Y) - F(X®Y) for all X,Y € C and a morphism
el": 1p — F(1¢) such that

1. The morphisms df{,y are natural w.r.t. both arguments.

2. For all X,Y,Z € C the following diagram commutes:

df o ®idp(y
F(X)® F(Y) @ F(z) XY~ 1)

F(X®©Y)® F(Z)
idp(x) ®dy 4 AR eov.z (1.1)

F(X)® F(Y ® Z)

- - FXQY®Z)
dX,Y@Z

3. The following compositions are the identity morphisms of F(X)
ldF(X) X €F

d
F(X)® F(le) 25 F(X ®1¢) = F(X)
ef ® idF(X) P

F(X)=F(X)®1p 12

F(X)=1p® F(X) (1c) ® F(X) G.x F(le® X) = F(X)

for all X € C.



If C, D are tensor x-categories and F' is x-preserving, the isomorphisms e, dx y are required to be unitary.

1.16 DEFINITION Let C,D be strict tensor categories and F,G : C — D tensor functors. A natural transforma-

tion o : C — D is monoidal if
dF

F(X)®F(Y) =% F(X®Y)
ax @ ay AXQY
G(X)®G(Y) e GX®Y)

XY

F
commutes for all X,Y € C and the composite 1p ~— F(1) =2 G(1) coincides with €.

1.17 REMARK A tensor functor between strict tensor categories is called strict if all the isomorphisms dx y
and e are identities. However, it is not true that every tensor functor is equivalent to a strict one! O

1.18 DEFINITION A tensor functor F : C — D is an equivalence (of tensor categories) if there exist a tensor
functor G : D — C and monoidal natural isomorphisms GF — id¢ and FG — id¢.

1.19 PROPOSITION A functor F' : C — D is an equivalence iff F' is faithful, full and essentially surjective. A
tensor functor F' : C — D of (strict) tensor categories is an equivalence of tensor categories iff F' is faithful, full
and essentially surjective.

Proof. For the first statement see [15, Theorem 1, p. 91] and for the second [21]. [ |

1.20 DEFINITION A braiding for a strict tensor category C is a family of isomorphismscxy : X®Y - Y ® X
for all X,Y € ObjC satisfying

1. Naturality: For every s: X — X', t: Y — Y’, the diagram

CX)Y

XY Y®X

s®t t®s

X'®Y Cxy Y'® X'
commutes.
2. The ‘braid equations’ hold, i.e. the diagrams

cx,y ®idz idx ® cy,z
[ — -

X®Y®Z YRX®Z XRY®Z X®RZQY
< idy ® cx,z cx,z ®idy
P
Oz
Y®RZ®X ZRXQY

commute for all X,Y,Z € ObjC.

If, in addition, cy,x o cxy = idxgy holds for all X,Y, the braiding is called a symmetry.
A strict braided (symmetric) tensor category is a strict tensor category equipped with a braiding (symmetry).

1.21 DEFINITION IfC,D are strict braided (symmetric) tensor categories, a tensor functor F' : C — D is braided
(symmetric) if
Flexy) =crx)rry) VX,Y € ObjC.

(Note that on the Lh.s., respectively r.h.s, ¢ is the braiding of C, respectively D.

There is no additional condition for a monoidal natural transformation to be braided /symmetric.
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1.3 Graphical notation for tensor categories

We will on some occasions use the so-called ‘tangle diagrams’ for computations in strict (braided) tensor cate-
gories, hoping that the reader has seen them before. By way of explanation (for much more detail see e.g. [13])
we just say that identity morphisms (equivalently, objects) are denoted by vertical lines, a morphism s : X — Y
by a box with lines corresponding to X and Y entering from below and above, respectively. Compositions
and tensor products of morphisms are denoted by vertical and horizontal juxtaposition, respectively. Braiding

morphisms are represented by a crossing and the duality morphisms r,7 by arcs:

HOIH(X,Y)BSE cxy = % L = \}V
Y

(If ¢ is a symmetry, both lines in the braiding are drawn unbroken.) The reason for using this diagrammatic
representation is that even relatively simple formulae in tensor categories become utterly unintelligible as soon
as morphisms with ‘different numbers of in- and outputs’ are involved, like s : A - B® C ® D. This gets
even worse when braidings and duality morphisms are involved. Just one example of a complete formula: The
interchange law s ® idy cidx ® t =idy ® tos®idyz for s: X — Y, t: Z — W is drawn as

T o]

The diagram (correctly!) suggests that we may pull morphisms alongside each other.

=3I
>
Il

1.4 Additive, C-linear and *-categories

1.22 DEFINITION A category is an Ab-category if all hom-sets are abelian groups and the composition o is
bi-additive.

1.23 DEFINITION Let X,Y,Z be objects in a Ab-category. Then Z is called a direct sum of X and Y, denoted
Z =2 X @Y, if there are morphisms v : X — Z,u' : Z — X,v:Y — Z v : Z — Y such that v’ ou =
idx, v ov=1idy and uow +vov' =idz. (Note that every Z' = Z also is a direct sum of X and Y. Thus
direct sums are defined only up to isomorphism, which is why we don’t write Z = X ®Y.) We say that C has
direct sums if there exists a direct sum Z = X @Y for any two object X,Y .

1.24 DEFINITION An object 0 in a category C is called a zero object if, for every X € C, the sets Hom(X, 0) and
Hom(0, X') both contain precisely one element. A morphism to or from a zero object is called a zero morphism.

It is immediate from the definition that any two zero objects are isomorphic. If a category doesn’t have a zero
object it is straightforward to add one. If z is a zero morphism and f is any morphism, then zo f, foz,z2Q f, f®z
are zero morphisms (provided they make sense).

1.25 DEFINITION An additive category is an Ab-category that has a zero object and direct sums.

1.26 ExaMPLE The category of abelian groups (with the trivial group as zero). O

1.27 DEFINITION A category C is called C-linear if Hom(X,Y") is a C-vector space for all X,Y € ObjC and
the composition map o : (f,g) — go f is bilinear. If C is a tensor category we require that also ® : (f,g) —
g ® [ Is bilinear. Functors between C-linear category are always assumed to be C-linear, i.e. Home(X,Y) —
Homp (F(X), F(Y)) must be C-linear.



1.28 DEFINITION A positive x-operation on a C-linear category is a family of maps that to every morphism
s € Hom(X,Y) associates a morphism s* € Hom(Y, X). This map must be antilinear, involutive ((s*)* = s) and
positive in the sense that s* o s = 0 implies s = 0. A x-category is a C-linear category equipped with a positive
x-operation. A tensor x-category is a tensor category with a positive x-operation such that (s ® t)* = s* ® t*
for all s,t. We consider only unitary braidings (symmetries) of tensor x-categories.

1.29 DEFINITION A morphism v : X — Y in a x-category is called an isometry if v* ov = idx. An isometry is
called a unitary if it satisfies vov* = idy. A morphism p € End X is called a projector if p = pop = p*. We say
that C has subobjects if for every projector p € End X there exists an isometry v : Y — X such that vov* = p.
In a *-category we strengthen Definition 1.23 by requiring that u’ = u*,v' = v*, i.e. u,v must be isometries.

1.30 DEFINITION A functor F between *-categories is x-preserving if F(s*) = F(s)* for every morphism s.
The isomorphisms dx,y,e coming with a functor between tensor x-categories coming with a functor of tensor
x-categories are required to be unitaries.

1.31 DEFINITION Let C be a tensor *-category and X € ObjC. An object X ¢ ObjC is called a conjugate
object of X if there exist non-zero morphismsr : 1 — X ® X and 7 : 1 — X ® X satisfying the ‘conjugate
equations’

dy®r* o7®idy = idx,

ldy® TN or & ldy = ldy
We say that (X,r,7) is a conjugate of X. If every non-zero object of C has a conjugate then we say that C has
conjugates.

Note also that a zero object cannot have a conjugate. If (X,r,7), (71, r’',7') both are conjugates of X then
one easily verifies that idw @ 7* o 7/ ® id : X - X is unitary. Thus the conjugate is unique up to unitary
equivalence.

1.32 DEFINITION An object X in a C-linear category is irreducible if End X = Cid .

1.33 DEFINITION A T'C* is a tensor x-category with finite dimensional hom-sets, with conjugates, direct sums,
subobjects and irreducible unit 1. A BTC* is a T'C* with a unitary braiding. An STC* is a TC* with a unitary
symmetry.

1.34 EXAMPLE The tensor *-category H of finite dimensional Hilbert spaces is a STC*. The symmetry cg g :
H® H' — H'® H is given by the flip isomorphism ¥ : 2 ® y + y ® x. The conjugate of an object H is the
Hilbert space dual H. Picking a basis {e;} of H with dual basis {f;}, the conjugation morphisms are given by

r:Zfi@)eia F:Zei@)fi-

In the same way one sees that the category Rep;G of finite dimensional unitary representations of a compact
group G is an STC*. O
1.35 LEMMA A TC* is semisimple, i.e. every object is a finite direct sum of irreducible objects.

Proof. For every X € C, End X is a finite dimensional C-algebra with a positive involution. Such an algebra is

semisimple, to wit a multi matrix algebra. Thus idx is a sum of projections p; that are minimal in the sense

that p;FEnd Xp; = C. Since C has subobjects, there are objects X; corresponding to the p;, which are irreducible

by minimality of the p;. Clearly, X = @;X;. ]

1.36 DEFINITION A solution (X, r,T) of the conjugate equations is called standard if
r*oldy®sor=7"os®idgyoT

for all s € End X. In this case, (X,r,7) is called a standard conjugate.



1.37 LEMMA Let C be aTC* and (X,r,7) a conjugate for X € C. Let v; : X; — X, w; : X; — X be isometries
effecting the direct sum decomposition of X, X into irreducibles. Then (X,r,T) is a standard conjugate iff
(Xi,w! ® v} or,vf @ w} oTF) is a standard conjugate for X; for all i. Every object admits a standard conjugate.

Proof. For the equivalence claim, see [14], in particular Lemma 3.9. (Note that in [14], standardness is defined
by the property in the statement above.) We use this to prove that every objects admits a standard conjugate.
If X is irreducible, we have End X = Cidx. Therefore the standardness condition reduces to * or = 7* o T,
thus a conjugate (X,r,7) can be made standard by rescaling 7,7. In the general case, we use semisimplicity
to find a direct sum decomposition of X into irreducibles X;. Let (77, r;,T;) be standard conjugates of the
X; and put X = @X;. Let v; : X; — X, w; : X; — X be the isometries effecting the direct sums. Defining
r=>y w®u;or; and T = ). . v; ® w; oT;, the criterion in the first part of the lemma applies and gives
standardness of (X, 7,7). |

1.38 LEMMA Let (X,r,7) be a (standard) conjugate of X, let p € End X a projection and define p = r* ®idx o
dg®p®idgy o idg®@T € EndX. Ifv:Y — X, w:Y — X are isometries such that vov* =p,wow* =p
then (Y,w* ® v* o r,v* ® w* o F) Is a (standard) conjugate for Y.

Proof. Omitted. For the easy proof see [14] or [16]. |

1.39 LemMmaA If (X,r,7), (Y, 7", 7) are (standard) conjugates of X,Y’, respectively, then (Y @ X,r",7"), where
" =idy ®@r®idy or’, 7' =idx @ 1’ @ idx o) is a (standard) conjugate for X @ Y.

Proof. That (Y ® X,7”,7") is a conjugate is an easy computation. Standardness is less obvious since the map

End X ® EndY — End X ® Y need not be surjective. However, it follows using the alternative characterization

of standardness given in Lemma 1.37. |

1.40 PROPOSITION Let C be a TC*. Let X € C and let (X,r,7) be a standard conjugate. Then the map
Trx: EndX - C, s—roidy®sor

is well defined, i.e. independent of the choice of (X ,r,F). It is called the trace. It satisfies

Trx(sot) = Try(tos) Vs: Y - X t:X =Y,
Trxgy(s®t) = Trx(s)Try(t) Vse€ EndX, ¢t € EndY.

Proof. Easy exercise. ]
1.41 DEFINITION Let C be a TC* and X € C. The dimension of X is defined by d(X) = Trx(idx), i.e.
d(X) = r* or for any standard conjugate (X, r,T).

1.42 LEMMA The dimension is additive (d(X @Y') = d(X)+d(Y')) and multiplicative (d(X ®Y) = d(X)d(Y")).
Furthermore, d(X) = d(X) > 1 for every object, and d(X) = 1 implies that X ® X =1, i.e. X is invertible.

Proof. Additivity is immediate by the discussion of standard conjugates. Multiplicativity of the dimension
follows from Lemma 1.39.

If (X,r,7) is a standard conjugate for X, then (X,7,7) is a standard conjugate for X, implying d(X) = d(X).
The positivity of the x-operation implies that d(X) = 7* or > 0. Since X ® X contains 1 as a direct summand,
we have d(X)? > 1, thus d(X) > 1. Finally, if d(X) = 1, 1 is the only direct summand of X ® X, to wit
X ® X = 1. Similarly, X ® X = 1. [ ]

1.43 DEFINITION Let C be a BTC* and X € C. The twist ©(X) € End X is defined by
O(X) =r"®idx oidy ® cx,x or ® idx,
where (X,7,T) is a standard solution of the conjugate equations.

1.44 LEMMA Let C be a BT C*. Then



(i) ©(X) is well defined, i.e. does not depend on the choice of (X,r,T).

(ii) For every morphism s : X —Y we have ©(Y) os = s0O(X). (Le., © is a natural transformation of the
identity functor of C.)

(iii) ©(X) is unitary.
(iv) (X ®Y)=0(X)®0(Y) o cy,x o cx,y forall X,Y.

(v) If C is an STC*, this simplifies to ©(X)? = idy and O(X @ Y) = O(X) ® O(Y) for all X,Y € C (ie.,
O is a monoidal natural transformation of the identity functor of C). If X,Y are irreducible, we have
w(X) = %1 and wy = wxwy for all irreducible direct summands Z < X ® Y.

Proof. (i) is proven as Proposition 1.40. The other verifications are not-too-difficult computations, for which
we refer to [14] or [16]. We just comment on (v): In an ST'C* we have ck x = c;(}X = cx,x, implying
O(X)* = O(X). Together with unitarity this gives ©(X)? = idy. Multiplicativity of © in an STC* follows
from cy x o cx,y =1id. If X,Y are irreducible, we have ©(X) = wxidx,O(Y) = wyidy and thus ©(X ® Y) =
wxwyldxgy. Now w(Z) = wxwy for irreducible Z < X ® Y follows by naturality of ©. [ |

The following is a reworking of Propositions 4.4 and 4.5 in [14].
1.45 PROPOSITION Let C,D be BTC*s and E : C — D a -preserving braided tensor functor. If (X,r,T) is a

standard conjugate of X € C, then (E(X), (d% X)_l o E(r)oeP, (df( Y)_l o E() o e¥) is a standard conjugate
for E(X). In particular,

d(E(X)) = d(X), O(E(X)) = E(O(X)) VX ecC.

Proof. We assume for a while that the functor E is strict and that X is irreducible. Let (X, r,7) be a standard

conjugate. Since F preserves the conjugate equations, (E(X), E(r), E(T)) is a conjugate for E(X), but if F is
not full, standardness requires proof. We begin with

r J—
X X X

r

=l

Thus C*Y,X oT = wx -, which is equivalent to cx y or = WxT. Now we let s € End E(X) and compute

E(r") oidpry ®s 0 B(r) = E(r") o cyz) px) © Cu®),px) © ) ®5 ° E(r)

= (CE(Y),E(X) o E(r))" o CE(X),B(X) © idE(y) ®s o E(r)
(CE(Y),E(X) o E(r))* o s ®idpx) © Cpx),B(x) © E(r)
E(CXX or)*o s®idE(y) o E(CY’X or)

E(WsT)" o s®idp ) o E(@xT)

= EM)*o s®idgx) © E(T),

which means that (E(X), E(r), E(7)) is a standard conjugate for £(X). (We have used unitarity of the braiding,
the fact that E is -preserving and braided, cx y o r =wx7 and |wg| = 1.)

Now let X be reducible, (7, r,7) a standard conjugate and let v; : X; — X, w; : X, — X be isometries
effecting the decompositions into irreducibles. Defining r; = wf @ v} or, 7, = v @ w o F), (Xi,7i,74) is
standard by Lemma 1.37. Thus (E(X;), E(r;), E(7;)) is standard by the first half of this proof. In view of
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E(r)=E(,wi®uv; or) =Y., E(w;)® E(v;) o E(r;) and similarly for E(F), it follows that (E(X), E(r), E(F))
is standard (since it is a direct sum of standard conjugates).

If E is not strict, we have to insert the unitaries d¥  : E(X) @ E(Y) - E(X ®Y), ef : 1 — E(1) at the
obvious places in the above computations, but nothing else changes. That E preserves dimensions follows since

the dimension is defined in terms of a standard conjugate. Finally, standardness of (E(X), E(r), E(T)) together
with E(C}Qy) = CE(X),E(Y) imply ©(F (X)) = E(6(X)). |

We close this subsection by commenting on the relation of x-categories with the more general notion of
C*-tensor categories of [8, 14].

1.46 DEFINITION A C*-category is a C-linear category with a positive x-operation, where Hom(X,Y) is a
Banach space for all X,Y and ||s o t||om(x,2) < |I8||Hom(x,v) - [t Hom(v,z) for all s : X — Y, t:Y — Z and
Is* o s|lgnax = ||s||%{om(X7y) for all s : X — Y. (Thus each End X is a C*-algebra.) A C*-tensor category is a
C*-category and a tensor category such that ||s @ t|| < ||s|| - ||t]| for all s,t.

1.47 PROPOSITION [14] Let C be a C*-tensor category with direct sums and irreducible unit. If X, Y € C admit
conjugates then dim Hom(X,Y') < oco. Thus a C*-tensor category with direct sums, subobjects, conjugates and
irreducible unit is a TC*. Conversely, given a TC*, there are unique norms on the spaces Hom(X,Y") rendering
C a C*-tensor category.

Proof. Assume that X € C has a conjugate (X,r,7). Then the map End X — Hom(1,X ® X), s+ idy®sor
is an isomorphism of vector spaces since t — 7* ® idx o idx ®t is its inverse, as is verified using the conjugate
equations. Now, Hom(1,X ® X) is a pre-Hilbert space w.r.t. the inner product (a,b)id; = a* o b, and it is
complete because C is a C*-tensor category. Choose an orthogonal basis (e;);e; in Hom(1, X ® X). Then each
e; © 1 — X ® X is an isometry and e oe; = 0 for i # j, implying that X ® X contains #I copies of 1 as
direct summands. Since X has a conjugate, so does X ® X, but this is impossible if #I is infinite. Thus
Hom(1, X ® X) and therefore End X is finite dimensional.

Given arbitrary X, Y having conjugates, pick a direct sum Z =2 X @Y with isometriesu : X — Z,v:Y — Z.
Then also Z has a conjugate, cf. Lemma 1.37, and therefore dim End Z < oo. Now, the map Hom(X,Y) —
End Z given by s — vosou* is injective since it has ¢ +— v* otou as inverse. This implies dim Hom(X,Y) < oo.

We omit the proof of the implication TC* = C*-tensor category, since it will not be used in the sequel. It
can be found in [16]. [ |

This result shows that the assumptions made in Appendix B are equivalent to those of [8], formulated in
terms of C™*-tensor categories.

1.5 Abelian categories

In the second half of Appendix B, which is of a purely algebraic nature, we will need some basic facts from the
theory of abelian categories. Good references are, e.g., [9] and [15, Chapter VIII].

1.48 DEFINITION A morphism s : X — Y is called monic if soty; = s oty implies t1 = ty, whenever tq, 1ty are
morphisms with target X and the same source. A morphism s : X — Y is called epi if t; o s = t3 o s implies
t1 = to, whenever t1,ty are morphisms with source Y and the same target.

1.49 DEFINITION Let C be an additive category. Given a morphism f : X — Y a morphismk:Z — X is a
kernel of f if f ok = 0 and given any morphism k' : Z' — X such that f o k' = 0, there is a unique morphism
l:Z — Z such that k' = kol.

A cokernel of f : X — 'Y is a morphism ¢:Y — Z if co f = 0 and given any morphism ¢ : Y — Z’' such
that ¢’ o f =0, there is a unique d : Z — Z' such that ¢’ = d o c.

It is an easy consequence of the definition that every kernel is monic and every cokernel is epic.

1.50 DEFINITION An additive category C is abelian if
1. Every morphism has a kernel and a cokernel.
2. Every monic morphism is the kernel of some morphism.

3. Every epic morphism is the cokernel of some morphism.



1.51 PROPOSITION Let C be an abelian category. Then
(i) Every monic is the kernel of its cokernel and every epi is the cokernel of its kernel.
(ii) A morphism is an isomorphism iff it is monic and epic. (‘Only if’ is trivial.)

(iii) Every morphism f : X — Y in an abelian category admits a factorization f = moe, wheree: X — Z is
epi and m : Z — 'Y is monic. Given another epie’ : X — Z' and monicm’ : Z' — 'Y such that f = m/o¢/,
there exists an isomorphism u : Z — Z' such that ¢/ =uoe and m = m’ o u.

Proof. See [15, Chapter VIII|. Concerning (iii): Defining m = ker(coker(f)), m is monic. In view of (coker f)of =
0, f factors as f = moe for a unique e. Next one proves that e is epi and e = coker(ker(f)). For the details cf.
e.g. [15]. |

1.52 DEFINITION The image of a morphism f : X — Y in an abelian category is the monicm : Z — Y (unique
up to isomorphism) in the monic-epic factorization X < Z %Y of f.

In a concrete abelian category, the object Z is isomorphic to the usual image of f, which is a subset of Y,
whence the terminology.

1.53 DEFINITION An object P in an abelian category is projective if, given any epimorphism p : A — B and
any morphism b : P — B there is a morphism a : P — A such that b = poa.

1.54 LEMMA Any T'C* C that has a zero object is abelian.

Proof. Tt is clear that C is additive. The other requirements of Definition 1.50 follow with a little work from
semisimplicity, cf. Lemma 1.35. ]

1.6 Commutative algebra in abelian symmetric tensor categories

A considerable part of the well known algebra of commutative rings, their ideals and modules (living in the
category Ab of abelian groups) can be generalized to other abelian symmetric or even braided tensor categories.
We state just those facts that will be needed, some of which seem to be new.

1.55 DEFINITION Let D be a strict tensor category. Then a monoid in D is a triple (Q,m,n), where Q € D
andm:Q ®Q — Q and n: 1 — @ are morphisms satisfying

mo (m®idg) =mo (idg ® m), mon®idg =idg = moidg ® 7.
If D is braided then the monoid is called commutative if m o cg,g = m.

1.56 DEFINITION Let (Q, m,n) be a monoid in the strict tensor category D. Then a Q-module (in D) is a pair
(M, 1), where M € D and p: Q @ M — M satisty

poidg ® p=pom®iday, pon®idy = iday.

A morphism s : (M, u) — (R, p) of Q-modules is a morphism s € Homp (M, R) satisfying sou = poidg®s. The
Q-modules in D and their morphisms form a category (Q — Modp. If D is k-linear then Q — Modp is k-linear.
The hom-sets in the category Q — Mod are denoted by Homg(,-).

1.57 REMARK 1. The preceding definitions, which are obvious generalizations of the corresponding notions in
Vect, generalize in a straightforward way to non-strict tensor categories.

2. If (M, 1) is a @-module and X € D then (Q ® X, u ®idx) is a @-module.

3. If D has direct sums, we can define the direct sum (R, p) of two Q-modules (M7, p1), (M2, p2). Concretely,
ifv; : My — R,i = 1,2 are the isometries corresponding to R = M@ M> then p = v;op0idg®vT+va0ops0idg®us
provides a @-module structure.

4. Given a monoid (@, m,n) in D, we have an obvious @Q-module (@, m), and for any n € N we can consider
n - (Q,m), the direct sum of n copies of the @Q-module (Q,m). O
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1.58 DEFINITION Let D be a strict tensor category with unit 1 and let (Q,m,n) be a monoid in D. We define
a monoid I'q in the category of sets by I'q = Hom(1, @), the multiplication being given by set =mot® s and
the unit by n. If D is braided and (@, m,n) commutative then I'q is commutative.

1.59 LEMMA Let D be a strict tensor category and (Q, m,n) a monoid in D. Then there is an isomorphism of
monoids v : Endg((Q,m)) — (Ig, e,n) given by

v: Endg((@m) — Hom(1,Q),  we—uwon,
vt Hom(1,Q) — Endg((@,m)), s—moidg ® s.

If D (and thus @ — Modp) is k-linear then +y is an isomorphism of k-algebras. If D is braided and the monoid
(Q,m,n) is commutative then the monoid (k-algebra) (I, e,n), and therefore also Endg((Q,m)), is commu-
tative.

Proof. That (I'g,e,n) is a monoid (associative k-algebra) is immediate since (Q,m,n) is a monoid. For s €
Hom(1,Q) we have v(y"1(s)) = moidg ® son = s by the monoid axioms. On the other hand, for u €
Endg((Q, m)) we have

'y*l('y(u))szidQ®(uon):mOidQ®u01dQ®n:uomOidQ®n:u,

where the third equality is due to the fact that s is a Q-module map (cf. Definition 1.56). Clearly v(idg) = .
Furthermore,

7 Hs) oy HE) = (moidg®s)o(moidg®t) =mom®idgoidg®t® s
= moidg®moidg®@t®s=y""(set).

If D is braided and the monoid (Q,m,n) is commutative then
set=mot®s=mocgQos@t=mosRt=tes,

where we used naturality of the braiding and commutativity of the monoid. |

1.60 REMARK 1. We have seen that a monoid (@, m,n) in any abstract tensor category gives rise to a monoid
(Tq, ®,n) that is concrete, i.e. lives in the category Sets. The latter has the cartesian product as a tensor product
and any one-element set is a tensor unit 1. Thus for any X € Sets, Hom(1, X) is in bijective correspondence to
the elements of X. Therefore, if D = Sets then the monoids (@, m,n) and (I'g, e,n) are isomorphic. For this
reason, we call I'g the monoid of elements of () even when D is an abstract category.

2. The commutativity of Endg((Q,m)) in the case of a commutative monoid (@), m,n) in a braided tensor
category D has a very natural interpretation: If D has coequalizers, which holds in any abelian category, then
the category @ — Modp is again a tensor category and the Q-module (@, m) is its unit object. In any tensor
category with unit 1, End 1 is a commutative monoid (commutative k-algebra if D is k-linear). This is the real
reason why Endg((Q,m)) is commutative. More is known: If D is symmetric and () abelian, then the tensor
category (Q — Modp is again symmetric. (In the braided case this need not be true, but @ — Modp always has
a distinguished full subcategory that is braided.) O

We now specialize to abelian categories.

1.61 PROPOSITION Let (@, m,n) be a monoid in an abelian strict tensor category D. Then the category
Q — Modp is abelian.

Proof. Omitted. (This is a nice exercise on abelian categories.) ]

1.62 DEFINITION Let D be an abelian strict symmetric tensor category. An ideal in a commutative monoid
(Q,m,n) is a monic j : (J,py) — (Q,m) in the category @ — Mod. An ideal j : (J,pny) — (Q,m) is called
proper if j is not an isomorphism (i.e. not epi). If j : (J,py) — (Q,m)) and j' : (J,uy) — (Q,m) are
ideals then j : (J,puy) — (Q,m) is contained in j' : (J',uy) — (Q,m), denoted j < j', if there exists a
monic i € Homg((J, ps), (J', uyr) such that j' o i = j. A proper ideal j : (J,py) — (Q,m) in (Q,m,n) is
called maximal if every proper ideal j' : (J',uy) — (Q,m) containing j : (J,ny) — (Q, m) is isomorphic to
Ji () — (@m).
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1.63 LEMMA Let D be an essentially small abelian strict symmetric tensor category, (Q, m,n) a commutative
monoid in D. Then every proper ideal j : (J,uy) — (Q,m) in (Q, m,n) is contained in a maximal ideal

i (1) — (@ m).

Proof. The ideals in (Q, m,n) do not necessarily form a set, but the isomorphism classes do, since D is assumed
essentially small. The relation < on the ideals in (Q), m, n) gives rise to a partial ordering of the set of isomorphism
classes of ideals. The maximal elements w.r.t. this partial order are precisely the isomorphism classes of maximal
ideals. Now we can apply Zorn’s Lemma to complete the proof as in commutative algebra. |

As in the category R-mod, we can quotient a commutative monoid by an ideal:

1.64 LEMMA Let D be an abelian strict symmetric tensor category, (Q,m,n) a commutative monoid and
i (Jpy) — (Q,m) an ideal. Let p = cokerj : (Q,m) — (B,up). Then there exist unique morphisms
mp: B® B — B and np : 1 — B such that

1. (B,mp,np) is a commutative monoid,
2. pom=mpopQRp,

3. pon=nga.
The monoid (B, mp,ng) is called the quotient of (Q, m,n) by the ideal j : (J, us) — (Q,m). It is nontrivial (B
is not a zero object) iff the ideal is proper.

Furthermore, the map pr : I' : 'qg — I'p given by s — p o s is a homomorphism of commutative algebras,
which is surjective if the unit 1 € D is a projective object.

Proof. The construction of mp,np proceeds essentially as in commutative algebra, despite the fact that the
absence of elements makes it somewhat more abstract. Since p : (Q,m) — (B, up) is the cokernel of j, B is
non-zero iff j is not epi, to wit if the ideal is proper. The equations p o m = mp o p® p and pon = np
imply that pr is a unital homomorphism. If 1 is projective then the very Definition 1.53 implies that for every
s:1— Bthereist:1 — @ such that s = pot, thus pr is surjective. |

1.65 LEMMA Let D be an essentially small abelian strict symmetric tensor category. Let (QQ,m,n) be a com-
mutative monoid in D and j : (J, ) — (Q, m) an ideal. Let (B, mp,ng) be the quotient monoid. Then there is
a bijective correspondence between equivalence classes of ideals in (B, mpg,ng) and equivalence classes of ideals
7 (1) = (Qum) in (@) that contain j = (J, ) — (Q,m).

In particular, if j is a maximal ideal then all ideals in (B, mp,np) are either zero or isomorphic to (B, mp).

Proof. As in ordinary commutative algebra. |

1.66 LEMMA Let k be a field and (Q,m,n) a commutative monoid in the strict symmetric abelian k-linear
category D. If every non-zero ideal in (Q, m,n) is isomorphic to (@, m) then the commutative unital k-algebra
Endg((Q,m)) is a field.

Proof. Let s € Endg((Q,m)) be non-zero. Then im s # 0 is a non-zero ideal in (@, m), thus must be isomorphic
to (@, m). Therefore ims and in turn s are epi. Since s # 0, the kernel ker s is not isomorphic to (@, m) and
therefore it must be zero, thus s is monic. By Proposition 1.51, s is an isomorphism. Thus the commutative
k-algebra Endg((Q,m)) is a field extending k. [ |

The following lemma is borrowed from [2]:

1.67 LEMMA Let D be an abelian strict symmetric tensor category and (Q,m,n) a commutative monoid in it.
Then every epimorphism in Endg ((Q,m)) is an isomorphism.

Proof. Let g € Endg((Q, m)) be an epimorphism and let j : (J, us) — (@, m) be an ideal in (Q,m,n). Now,
@ — Mod is a tensor category whose unit is (@, m), thus there is an isomorphism s € Homg((J, us), (Q ®q¢
J,1hQeos))- Let h € Endg((J, ps)) be the composition
s g®idy s71
(Ja//'J)_> (Q®Q J?MQ@QJ) (Q®Q J’/J'Q@)QJ)_> (‘LMJ)'

Since the tensor product ®g of @ — Mod is right-exact, g ® id; is epi. Now, j o h = g o j, and if we put
(j:(J,n5) — (Q,m)) = kerg we have j o h = 0 and thus j = 0 since h is epi. Thus ¢ is monic and therefore
an isomorphism. |
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1.7 Inductive limits and the Ind-category

We need the categorical version of the concept of an inductive limit. For our purposes, inductive limits over N
will do, but in order to appeal to existing theories we need some definitions.

1.68 DEFINITION IfZ,C are categories and F : T — C a functor, then a colimit (or inductive limit) of F' consists
of an object Z € C and, for every X € I, of a morphism ix : F(X) — Z in C such that

1. iy o F(s) = ix for every morphism s: X — Y inZT.

2. Given Z' € C and a family of morphisms jx : F(X) — Z' in C such that jy o F(s) = jx for every
morphism s : X — Y in Z, there is a unique morphism ¢ : Z — Z' such that jx = toix for all X € L.

The second property required above is the universal property. It implies that any two colimits of F' are
isomorphic. Thus the colimit is essentially unique, provided it exists.

1.69 DEFINITION A category 7 is filtered if it is non-empty and
1. For any two objects X,Y € 7 there is an Z € Z and morphismsi: X — Z,j:Y — Z.
2. For any two morphisms u,v : X — Y in Z there is a morphism w : Y — Z such that wou = w o v.

Note that any directed partially ordered set (I, <) is a filtered category if we take the objects to be the
elements of I, and the arrows are ordered pairs {(4,7) : 7 < j}.

1.70 DEFINITION Let C be a category. Then the category Ind C is defined as the functor category whose objects
are all functors F' : T — C, where T is a small filtered category. For F' : T — C,F' : T' — C, the hom-set is
defined by
Hompqc(F, F') = lim lim Home (F(X), F'(Y)).
X Y

(An element of the r.h.s. consists of a family (fxy : F(X) — F'(Y))xez yez satisfying F'(s)o fxy = fx,y
forevery s : Y — Y' in 7" and fx/y o F(t) = fx,y for every t : X — X' inZ.) We leave it as an exercise to
work out the composition of morphisms.

Some properties of Ind C are almost obvious. It contains C as a subcategory: To every X € C we assign the
functor F': T — C, where Z has only one object * and F(x) = X. This embedding clearly is full and faithful. If
C is an Ab-category / additive / C-linear then so is IndC. If C is a strict (symmetric) tensor category then so is
Ind C: The tensor product of F': Z — C and F : ' — C is defined by Z” = Z x 7’ (which is a filtered category)
and FQF' : 7" > X xY — F(X)® F'(Y). For the remaining results that we need, we just cite [1], to which
we also refer for the proof:

1.71 THEOREM IndC has colimits for all small filtered index categories Z. If C is an abelian category C then
Ind C is abelian.

Thus every abelian (symmetric monoidal) category is a full subcategory of an abelian (symmetric monoidal)
category that is complete under filtered colimits. For us this means that in IndC we can make sense of infinite
direct sums indexed by N, defining €, X; as the colimit of the functor ' : T — C, where Z is the poset N
interpreted as a filtered category, and F(n) = @), X; together with the obvious morphisms F(n) — F(m)
when n < m.

1.72 LEMMA IfC is a T'C* then every object X € C is projective as an object of Ind C.

Proof. First assume that X is irreducible and consider s : X — B. Given an epi p: A — B in IndC, we have
A =lim__, A; with A; € C and similarly for B. Furthermore, Hom(A, B) = lim._ lim__, Hom¢(A;, B;) and
Hom(X, B) = lim__, Hom¢ (X, B;). Since X is irreducible and C is semisimple, X is a direct summand of B;
whenever s; : X — Bj is non-zero. Since p: A — B is epi, the component A; — Bj is epi for ¢ sufficiently big.
By semisimplicity of C, s; then lifts to a morphism X — A;. Putting everything together this gives a morphism
5: X — A such that pos=s.
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Now let X be a finite direct sum of irreducible X; with isometries v; : X; — X and s : X — B. Defining
s; = sowv; : X; — B, the first half of the proof provides s; : X; — A such that po §; = s;. Now define
s=>.5o0v: X — A We have

poé\:E poaovi*:g siov;k:E sov;ov} =s,

proving projectivity of X. |

2 Abstract Duality Theory for Symmetric Tensor x-Categories

In the first two subsections we give self-contained statements of the results needed for the AQFT constructions.
Some of the proofs are deferred to the rest of this appendix, which hurried (or less ambitious) or readers may
safely skip.

2.1 Fiber functors and the concrete Tannaka theorem. Part 1

Let Vectc denote the C-linear symmetric tensor category of finite dimensional C-vector spaces and H denote the
STC™* of finite dimensional Hilbert spaces. We pretend that both tensor categories are strict, which amounts to
suppressing the associativity and unit isomorphisms «, A, p from the notation. Both categories have a canonical
symmetry %, the flip isomorphism Xy v/ : V@V - V' @ V.

2.1 DEFINITION Let C be an STC*. A fiber functor for C is a faithful C-linear tensor functor E : C — Vectc.
A x-preserving fiber functor for C is a faithful functor F : C — H of tensor x-categories. E is symmetric if
E(cxy) = Xg(x),E(y), i-e. the symmetry of C is mapped to the canonical symmetry of Vectc or H, respectively.

An STC* equipped with a symmetric *-preserving fiber functor is called concrete, since it is equivalent to
a (non-fulll) tensor subcategory of the category H of Hilbert spaces. Our main concern in this appendix are
(1) Consequences of the existence of a fiber functor, (2) Uniqueness of fiber functors, and (3) Existence of fiber
functors. As to (2) we will prove:

2.2 THEOREM Let C be an STC* and let E1,FEs : C — H be x-preserving symmetric fiber functors. Then
FEy1 = F», i.e. there exists a unitary monoidal natural isomorphism o : E1 — Fs.

We now assume a symmetric *-preserving fiber functor for the STC* C to be given. Let Gg C NatgFE
denote the set of unitary monoidal natural transformations of E (to itself). This clearly is a group with the
identical natural transformation as unit. G can be identified with a subset of [ [y .. U(E(X)), where U(E(X))
is the compact group of unitaries on the finite dimensional Hilbert space E(X). The product of these groups
is compact by Tychonov’s theorem, cf. e.g. [19, Theorem 1.6.10], and since Gg is a closed subset, it is itself
compact. The product and inverse maps are continuous, thus Gg is a compact topological group. By its
very definition, the group Gg acts on the Hilbert spaces F(X), X € C by unitary representations 7x, namely
mx(g) = gx where gx is the component at X of the natural transformation g € Gg.

2.3 PrROPOSITION There is a faithful symmetric tensor x-functor F': C — Rep;Gg such that K o F' = E, where
K :Rep;Gr — H is the forgetful functor (H, ) — H.

Proof. We define F(X) = (E(X),7x) € Rep;Gg for all X € C and F(s) = E(s) for all s € Hom(X,Y). For
s: X —Y we have
F(s)mx(g) = F(s)gx = gy F(s) = my (9)F(s),

since ¢ : E — FE is a natural transformation. Thus F' is a functor, which is obviously *-preserving and
faithful. In view of g1 = idg(y) for every g € G, we have F(1¢) = (C,m) = 1Rep, G where g is the
trivial representation. In order to see that F' is a functor of tensor *-categories we must produce unitaries
df(’y FX)@F(Y) = F(X®Y), X,Y €Cand e: 1gep,a, — F(1c) satisfying (1.1) and (1.2), respectively.
We claim that the choice e’ = eF, df(’y = dﬁyy does the job, where the e® and dﬁyy are the unitaries coming
with the tensor functor E : C — H. It is obvious that e and dﬁ’;y satisfy (1.1) and (1.2), but we must show
that they are morphisms in Rep;Gg. For d?{,y this follows from the computation

dyy o (mx(9) ®7y(9)) =d¥y © gx ® gy = gxay © dxy = Txey(g) o dy.y,
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where we have used that g is a monoidal natural transformation. Now, by the definition of a natural monoidal
transformation we have g1 = idg() for all g € Gg, i.e. F(1) = (E(1),71) is the trivial representation. If the
strict unit 19y = C is in the image of E then, by naturality, it also carries the trivial representation, thus e’
in fact is a morphism of representations. (In case 1y € F(C), we equip 14 with the trivial representation by
hand.) Since the symmetry of Rep;Gg is by definition given by c((H, ), (H', ")) = c¢(H, H'), where the right
hand side refers to the category H, and since FE respects the symmetries, so does F. K o F' = FE is obvious. H

The proof of the following proposition is postponed, since it requires further preparations.

2.4 PrROPOSITION Let C be an STC* and E : C — H a symmetric x-preserving fiber functor. Let Gg and
F :C — Rep;Gg as defined above. Then the following hold:

(i) If X € C is irreducible then spanc{mx(g), g € Gg} is dense in End F(X).

(ii) If X,Y € C are irreducible and X %Y then spanc{nx(g) ® 7y (g9), g € Gg} is dense in End E(X) @
End E(Y).

2.5 THEOREM Let C be an STC* and E : C — H a symmetric x-preserving fiber functor. Let Gg and
F :C — Rep;GE as defined above. Then F is an equivalence of symmetric tensor x-categories.

Proof. We already know that F' is a faithful symmetric tensor functor. In view of Proposition 1.19 it remains
to show that F' is full and essentially surjective.

Since the categories C and Rep ;G are semisimple, in order to prove that ' is full it is sufficient to show that
(a) F(X) € Rep;Gp is irreducible if X € C is irreducible and (b) if X,Y € C are irreducible and inequivalent
then Hom(F(X), F(Y)) = {0}. Now, (i) of Proposition 2.4 clearly implies that End(F (X)) = Cid, which is
the desired irreducibility of F(X). Assume now that X,Y € C are irreducible and non-isomorphic and let
s € Hom(F(X), F(Y)), to wit s € Hom(E(X), E(Y)) and stx(g) = my(g)s for all ¢ € Gg. Then (ii) of
Proposition 2.4 implies su = vs for any v € End E(X) and v € End E(Y). With v = 0 and v = 1 this implies
s = 0, thus the irreps F(X) = (E(X),7x) and F(Y) = (E(X), 7y ) are non-isomorphic. This proves that F is
full.

Therefore, I is an equivalence of C with a full tensor subcategory of Rep;Gg. If g € Gg is nontrivial, it is
immediate by the definition of G that there is an X € C such that gx # idg(x) — but this means 7x(g) # 1. In
other words, the representations {F'(X), X € C} separate the points of Gg. But it is a well known consequence
of the Peter-Weyl theorem that a full monoidal subcategory of Rep;Gp separates the points of G iff it is in
fact equivalent to Rep;Gg. Thus the functor F' is essentially surjective, and we are done. |

Since they so important, we restate Theorems 2.2 and 2.5 in a self contained way:

2.6 THEOREM Let C be an STC* and E : C — H a x-preserving symmetric fiber functor. Let Gg be the group
of unitary monoidal natural transformations of I with the topology inherited from [y .o U(E(X)). Then G is
compact and the functor F': C — Rep;Gg, X — (E(X),7x), where mx(g) = gx, is an equivalence of STC*s.
If Eq, Ey : C — 'H are x-preserving symmetric fiber functors then Fy = Ey and therefore Gg, = Gg,.

2.7 REMARK The preceding theorem is essentially a reformulation in modern language of the classical result of
Tannaka [22]. It can be generalized, albeit without the uniqueness part, to a setting where C is only braided or
even has no braiding. This leads to a (concrete) Tannaka theory for quantum groups, for which the interested
reader is referred to the reviews [11] and [17]. O

Before we turn to proving Theorem 2.2 (Subsection 2.4) and Proposition 2.4 (Subsection 2.5) we identify a
necessary condition for the existence of fiber functors, which will lead us to a generalization of Theorem 2.6.

2.2 Compact supergroups and the abstract Tannaka theorem

According to Theorem 2.6, an STC* admitting a symmetric *-preserving fiber functor is equivalent, as a
symmetric tensor *-category, to the category of finite dimensional unitary representations of a compact group
G that is uniquely determined up to isomorphism. Concerning the existence of fiber functors it will turn out
that the twist © (Definition 1.43) provides an obstruction, fortunately the only one.

2.8 DEFINITION An STC* is called even if ©(X) = idx for all X € C.

15



2.9 EXAMPLE A simple computation using the explicit formulae for r, 7, cx y given in Example 1.34 shows that
the STC* H of finite dimensional Hilbert spaces is even. The same holds for the category Rep;G of finite
dimensional unitary representations of a compact group G. O

This suggests that an ST'C* must be even in order to admit a fiber functor. In fact:

2.10 PROPOSITION If an STC* C admits a x-preserving symmetric fiber functor E then it is even.

Proof. By Proposition 1.45, we have F(©(X)) = ©(E(X)). Since H is even, this equals idg(x) = F(idx). Since
E is faithful, this implies ©(X) = idx. |

Fortunately, this is the only obstruction since, beginning in the next subsection, we will prove:

2.11 THEOREM Every even STC* admits a x-preserving symmetric fiber functor E : C — H.

Combining this with Theorem 2.6 we obtain:

2.12 THEOREM Let C be an even STC*. Then there is a compact group G, unique up to isomorphism, such
that there exists an equivalence I': C — Rep;G of STC"s.

Theorem 2.12 is not yet sufficiently general for the application to quantum field theory, which is the subject
of this paper. Making the connection with DHR theory, we see that the twist of an irreducible DHR sector is +1,
depending on whether the sector is bosonic or fermionic. Since in general we cannot a priori rule out fermionic
sectors, we cannot restrict ourselves to even STC*s. What we therefore really need is a characterization of all
ST C*s. This requires a generalization of the notion of compact groups:

2.13 DEFINITION A (compact) supergroup is a pair (G, k) where G is a (compact Hausdorff) group and k is

an element of order two in the center of G. An isomorphism « : (G, k) 5 (G', k') of (compact) supergroups is
an isomorphism « : G — G’ of (topological) groups such that (k) = k.

2.14 DEFINITION A (finite dimensional, unitary, continuous) representation of a compact supergroup (G, k) is
Jjust a (finite dimensional, unitary, continuous) representation (H, ) of G. Intertwiners and the tensor product
of representations are defined as for groups, thus Repy) (G, k) = Rep f)G as C*-tensor tensor categories. (Since
k is in the center of G, morphisms in Rep (G, k) automatically preserve the Zs-grading induced by (k).
Rep (4 (G, k) is equipped with a symmetry X, as follows: For every (H,m) € Rep(G, k) let PT = (id + 7(k))/2
be the projector on the even and odd subspaces of a representation space H, respectively. Then

Sw((H,7),(H' 7)) = S(H,H')(1 — 2P" ® P™),

where X(H,H') : H ® H — H' ® H is the usual flip isomorphism z ® y — y ® x. Thus for homogeneous
x € Hyy € H we have X ((H,7),(H',7')) : x ® y — +y ® x, where the minus sign occurs iff x € H_ and
y € H'. In the case (G,k) = ({e,k}, k), we call Rep;(G, k) the category SH of super Hilbert spaces.

2.15 REMARK Note that the action of k induces a Zs-grading on H that is stable under the G-action. Since the
symmetry Y defined above is precisely the one on the category SH of finite dimensional super Hilbert spaces,
we see that there is a forgetful symmetric tensor functor Repy (G, k) — SH. O

2.16 LEMMA X, as defined above is a symmetry on the category Rep(G, k). Thus Rep(G, k) is a STC*. For
every object X = (H,m) € Rep;(G, k), the twist ©(X) is given by m(k).

Proof. Most of the claimed properties follow immediately from those of Rep ;G Tt is clear that ¥ ((H, 7), (H', 7))o
Se((H',7"), (H,)) is the identity of H' ® H. We only need to prove naturality and compatibility with the
tensor product. This is an easy exercise. The same holds for the identity ©((H, 7)) = w(k). |

We need a corollary of (the proof of) Theorem 2.12:

2.17 COROLLARY For any compact group G, the unitary monoidal natural transformations of the identity
functor on Rep ;G form an abelian group that is isomorphic to the center Z(G).
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Proof. If k € Z(G) and (H,7) € Rep;G is irreducible then 7(k) = w(g x)idm, where w(g ) is a scalar. Defining
O((H,m)) = w(a,mid(m,~ and extending to reducible objects defines a unitary monoidal natural isomorphism
of Rep;G. Conversely, let {©((H, 7))} be a unitary monoidal isomorphism of the identity functor of Rep ;G
and K : Rep;G — H the forgetful functor. Then the family (a(g . = K(©((H,n)))) is a unitary monoidal
natural isomorphism of K. By Theorem 2.6, there is a g € G such that a(p ) = 7(g) for all (H,7) € Rep;G.
Since 7(g) is a multiple of the identity for every irreducible (H, ), g is in Z(G) by Schur’s lemma. Clearly the
above correspondence is an isomorphism of abelian groups. |

Modulo Theorem 2.11 we can now can prove the Main Result of this appendix:

2.18 THEOREM Let C be an STC*. Then there exist a compact supergroup (G, k), unique up to iso-
morphism, and an equivalence I : C — Rep;(G, k) of symmetric tensor *-categories. In particular, if
K : Repy(G,k) — SH is the forgetful functor, the composite E = K o F': C — SH is a ‘super fiber
functor’, i.e. a faithful symmetric *-preserving tensor functor into the STC* of super Hilbert spaces.

Proof. We define a new STC* c (the ‘bosonization’ of C) as follows. As a tensor *-category, C coincides with C.
The symmetry ¢ is defined by

(1-6(X))(1-6(Y))/4

exy =(—1) cx,y

for irreducible X,Y € ObjC = ObjC, and extended to all objects by naturality. It is easy to verify that
(é, ¢) is again a symmetric tensor category, in fact an even one. Thus by Theorem 2.12 there is a compact
group G such that C ~ Rep;G as STC”s. Applying Corollary 2.17 to the category C~ Rep;G and the family
(O(X))xec, as defined in the original category C proves the existence of an element k € Z(G), k? = e, such that
O((H,n)) = 7(k) for all (H,7) € C ~ Rep;G. Clearly (G, k) is a supergroup. We claim that C ~ Rep;(G, k) as
STC*s. Ignoring the symmetries this is clearly true since Rep(G, k) ~ Rep;G as tensor *-categories. That C
and Rep(G, k) are equivalent as ST'C”s, i.e. taking the symmetries into account, follows from the fact that C
is related to C precisely as Rep #(G, k) is to Rep;G, namely by a twist of the symmetry effected by the family

(©((H,m)) = m(k)). To conclude, we observe that the uniqueness result for (G, k) follows from the uniqueness
of G in Theorem 2.12 and that of k£ in Corollary 2.17. ]

2.19 REMARK Theorem 2.18 was proven by Doplicher and Roberts in [8, Section 7] exactly as stated above, the
only superficial difference being that the terminology of supergroups wasn’t used. (Note that our supergroups
are not what is usually designated by this name.) As above, the proof was by reduction to even categories
and compact groups. Independently and essentially at the same time, a result analogous to Theorem 2.11 for
(pro)algebraic groups was proven by Deligne in [5], implying an algebraic analogue of Theorem 2.12 by [21, 7].
Recently, Deligne also discussed the super case, cf. [6]. a

This concludes the discussion of the main results of this appendix. We now turn to proving Theorem 2.2,
Proposition 2.4 and Theorem 2.11.

2.3 Certain algebras arising from fiber functors

Let C be a TC* and E1,Fs : C — Vectc fiber functors. Recall that they come with natural isomorphisms
dyy  Ei(X) @ Ei(Y) - E(X ®Y) and €’ : 1yeet = C — E;(1¢). Consider the C-vector space

Ao(Ey, Ey) = @D Hom(Ex(X), By (X)).
XeC

For X € C and s € Hom(FE3(X), E1(X)) we write [X, s] for the element of Ag(E1, F2) which takes the value s
at X and is zero elsewhere. Clearly, Ag consists precisely of the finite linear combinations of such elements. We
turn Ag(E1, Es) into a C-algebra by defining [X, s] - [V, t] = [X ® Y, u], where u is the composite

(d%y)" s®t 5

B dx y
(X ®Y) Ey(X) @ Ex(Y) — Ei(X) @ Er(Y) —= E1(X ®Y)

Since C is strict, we have (X ®Y)®Z =X®@(Y®Z)and 1@ X = X = X ® 1. Together with the 2-cocycle type
equation (1.1) satisfied by the isomorphisms de’Y this implies that Ag(FE1, Fy) is associative. The compatibility
(1.2) of dgm, with e? for i = 1,2 implies that [1,e! o (¢?)71] is a unit of the algebra Ag(FE1, Ey).
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2.20 LEMMA Let C be a TC* and E1, E5 : C — Vecte fiber functors. The subspace
I(Ey, Bs) = spanc{[X, a0 Ex(s)] - [V, Ea(s) o] | s : X — Y, a € Hom(E>(Y), E1(X))}
is a two-sided ideal.

Proof. To show that I(E1, Es) C A¢(E1,Ez) is an ideal, let s : X — Y, a € Hom(E2(Y), E1(X)), thus
[X,a0 Es(s)] — [Y, E1(s) oa] € I(E1, Es), and let [Z,t] € Ag(Er, Ez). Then

([X,a0 Ex(s)] — [Y, E1(s) o a]) - [Z,1]
=X ®Zdx zo(aoEs(s)) @to(dx )]~ [Y ® Z,dy, 5 0 (Ei(s) 0oa) @t o (dy,5) ']
= [X (29 Z, d_l)(,Z oa® to (d%’z)il o EQ(S 024 ldz)] — [Y ® Z7 El(s X ldz) o d_l)(,Z oca® to (d%’z)il]
= [le a' o EQ(S/)] - [Ylv El(sl) o a‘/] € I(Elv EQ);
where in the second equality we used naturality of d*, and in the last line we wrote X' = X®Z,Y' =Y ®Z,s =
s@idz : X' =Y and o/ = dx yoa®to(d3 ;)" € Hom(Ey(Y'), E1(X’) in order to make clear that the result

is in I(E, E). This proves that the latter is a left ideal in Ag(E1, F2). Similarly, one shows that it is a right
ideal. |

We denote by A(E1, Es) the quotient algebra Ag(En, E2)/I(E1, Ez). It can also be understood as the algebra
generated by symbols [X, s], where X € C,s € Hom(E»(X), E1(X)), subject to the relations [X, s] + [X,t] =
[X,s+t] and [X,a0 Ex(s)] = [Y, E1(s) o a] whenever s : X — Y, a € Hom(E>(Y), E1(X)). Therefore it should
not cause confusion that we denote the image of [X, s] € Ag(En, E2) in A(E1, E3) again by [X, s].

2.21 PROPOSITION Let C be an STC* and E1, Fy : C — Vectc fiber functors. If E1, Fs are symmetric then
A(FE1, Es) is commutative.

Proof. Assume that C is symmetric and the fiber functors satisfy E;(cxy) = Y g, (x),e.(v)- Let [A,ul,[B,v] €
Ao(El,EQ), thus A,B €Cand u: EQ(A) — El(A),’U : EQ(B) — El(B) Then

[Avu] : [B,’U] = [A®Bad}4,B cu®uvo (di,B)_l]
and

B@ A, dp sov@uo(dp 4)"]
= [B®A,dp 40YE,(4),E(B) ° U@ V0 Xg,5)54) ° (dh 4)7"]
B® A, dp 40 Ei(ca)ou®uvoEy(cga)o(dh 4)"]

B® A,Ei(cap)odypou®uvo(dy )" oEa(cp,a)l

[
[
[
= |
With X =A®B,Y =B®A,s=capand a=dy gou®uvo(d} z) " o Ex(cp,a) we obtain
[A,u] - [B,v] = [X,a0 Ex(s)],
1B,0] - [A,u] = [¥; 1 (5) o .

Thus
[A,u] - [B,v] — [B,v] - [A,u] = [X,a0 Ea(s)] = [Y, E1(s) o a] € I(E1, Es),

implying [Ao(E1, E2), Ao(Enr, E2)] C I(E1, Es). Thus A(E1, Es) = Ao(En, Es)/I(En, E3) is commutative. W

2.22 PROPOSITION Let C be a TC* and let E1, Es : C — H be *-preserving fiber functors. Then A(E;, Ey) has
a positive x-operation, i.e. an antilinear and antimultiplicative involution such that a*a = 0 implies a = 0.

Proof. We define a *-operation x on Ag(FE1, E2). Let [X,s] € Ag(E1, E2). Pick a standard conjugate (X;,7;,7;)

and define [X, s]* := [X, ], where

t = ldEl(Y) ® EQ(F*) o ldEl(Y) R s*® ldEz(Y) o El(T) ® ldE2(y) c HOmH(EQ(Y), El(Y))
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(Of course, s* is defined using the inner products on the Hilbert spaces E1(X), F2(X).) If we pick another
standard conjugate (YI, ', 7') of X, we know that there is a unitary v : X — X such that 1’ = u® idx o r and
7 =idx ®u o 7. Using (7/, r’',7') we obtain ([X, s]*)" := [YI, t'] with ¢’ defined by replacing r,7 by 7/,7. Now,
~ ~/ ~ — % . * . .
[X,t] — [X ’tl] = [ ldE (y X EQ(’I" ) (9] ldE (y X s ®1dE2(Y) o El(’l“) ®1dE2(Y)]
p'e 1dE ) ®E2(F/*) o idp %) ®s* ®idy,x © Ei (1) ®idE2(Y’)]
= [X,(idp,x) @ B2(T") 0 idp, (3 ® 8" @idy, ¢y 0 Bi(r) ®idp, ) © Ea(u)]
~ . SES . * . .
—[X, Bi(u) o (idg, x) ® Eo(F'7) o idp, () ® 8" @idpg, 5y o Ex(r) ®1dE2(Y’))]’

which is in the ideal [ (E1, E5) defined in Proposition 2.27. Thus, while [X, s]* depends on the chosen conjugate
(X,r,7) of X, its image v([X, s]*) € A(E1, E2) doesn't.

In order to be able to define a x-operation on A(E;, E3) by x* := v o % oy~ !(z) we must show that the
composite map vy o x: Ag(E1, E2) — A(F1, E2) maps_I(El, Es) to_ €ero. To this purpose, let X, Y €C,s: X —
Y, a € Hom(E,(Y), E1(X)) and choose conjugates (X,rx,Tx), (Y,ry,Ty). Then

[X,a 0 Ey(s)]* — [, Ea(s) o a]*
= [X,idg, %) ® E2(TX") 0 idp, () @ (a0 Ba2(s))" ®idp, ) © Ei(rx) ®idp, x)]
[ ldEl(X) ® Ey(77*) o idEl(Y) ® (E1(s)oa)* ® idE2(?) o Ei(ry) ® idEg(Y)]

= [X,a0 Ey(3)] - [V, Ex(3) o dl,
where
a = ldEl(?) & EQ(F%) 9 1dE1(Y) ® a* & idEg(?) o El(rx) ® idE2(7) S HomH(Eg(Y),El(Y)),
§ = idy®Ty o idyg®s* ®idy o ry ®idy € Hom(X,Y).
This clearly is in I(Ej, F), thus o* := v o x o y~1(x) defines a *-operation on A(Ey, Ey).
Now it is obvious that the resulting map * on A(E1, E») is additive and antilinear. It also is involutive and
antimultiplicative as one verifies by an appropriate use of the conjugate equations. We omit the tedious but

straightforward computations. It remains to show positivity of the *-operation. Consider [X,s] € Ao(En, E2),
pick a conjugate (X,r,7) and compute [X, s]* - [X, s] = [X ® X, t], where

t=dy y o (idp, ) @ Ba(F") 0 idp, x) @ 5" @ id ) © Br(r) @idpx)) @5 0 (4 )"

Now,
X®X,t] = [X®X,E(r*)oEi(r)ot]=[1,E(r)oto Ex(r*)]
_ [1,E1(r*) 0 (idEl(y) ® Ex(F*) o idy, ) @ 8" ®idp, ) 0 Ei(r) ®idy, )®s o Es(r)
= [1,Ei(r*) oid® (sos™) o Ei(r)] = [1,u*u],
where we have used the conjugate equations and put u = id ® s* o Ey(r). Thus, [X,s]* - [X,s] = [1,u*u] is

zero iff u*u is zero. By positivity of the sx-operation in H, this holds iff u = 0. Using once again the conjugate
equations we see that this is equivalent to s = 0. Thus for elements a € A(F7, E2) of the form [X, s], the
implication a*a = 0 = a = 0 holds. For a general a = Zi[Xi, s;] we pick isometries v; : X; — X such that
Zi v; © ’U;k = ldX (1e X = @7X7) Then [X“ 57] = [X, El(vi) o S§;0 EQ('UZ()], thus

Z[X“& = ZEl v;) 0 54 0 Ea(v])],

1

implying that every element of A(E4, Ez) can be written as [X, s], and we are done. [ |
2.23 PrROPOSITION Let C be a TC* and let Fq, Es : C — H be x-preserving fiber functors. Then
lall = inf" sup [|bx|[gnamx),
b Xxec
where the infimum is over all representers b € Ag(FE1, E2) of a € A(F1, E2), defines a C*-norm on A(F1, Es).
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Proof. Let [X, s], [V, 1] € Ao(E1, Ea). Then [X,s] - [Y,t] = [X ® Y,u], where u = d% y 0o s @ t o (d% ,)”". Since
d y,d% y are unitaries, we have [|[[X @ Y,u]|| = [lul]| < [|s]| - [|t[]. Thus [|b]] = supxcc [bx |Enap(x) defines a
submultiplicative norm on Ag(E1, E), and the above formula for ||a|| is the usual definition of a norm on the
quotient algebra Ag(E1, Es)/I(E1, Es). This norm satisfies ||[X, s]|| = ||s||. Since every a € A(E1, Es) can be
written as [X, s], we have ||a| = 0 = a = 0. Finally, the computations in the proof of Proposition 2.22 imply

X 817 (X, sl = 12, wull| = [Juull = [Jull* = [Is]* = IIX, 5],

which is the C*-condition. |

2.24 DEFINITION Let C be a TC* and let Eq1,FE> : C — H be %-preserving fiber functors. Then A(E1, Es)
denotes the || - ||-completion of A(E4, Ey). (This is a unital C*-algebra, which is commutative if C, E1, Fy are
symmetric.)

2.4 Uniqueness of fiber functors

2.25 LEMMA [12] Let C be a TC*, D a strict tensor category and Ey, E5 : C — D strict tensor functors. Then
any monoidal natural transformation « : Fy — FEs is a natural isomorphism.

Proof. It is sufficient to show that every component ax : E1(X) — E2(X) has a two-sided inverse Bx : Ea(X) —
E1(X). The family {8x, X € C} will then automatically be a natural transformation. If (X, r,7) is a conjugate
for X, monoidality of « implies

By (r*) o ax @ ax = Ea(r*) o axgx = a1 o E1(r") = Ei(r™). (2.1)

If we now define
ﬁX = ldEl(X) & EQ(T*) 9] ldEl(X) & O‘Y®idE2(X) o El(F) ®idE2(X)7

we have
Bxoax = (idgx)® E2(r") o idp,(x) ® ax ®@idp,(x) o E1(F) @ idg,(x)) © ax
= idEl(X) & EQ(T*) o idEl(X) Rag@ax o El(F) & idEl(X)
= idEl(X)®E1(7”*) o E1(7)®idE1(X) :idEl(X)~
The argument for ax o Bx = idg,(x) is similar. |

2.26 REMARK The lemma remains correct if one allows E1, Fa (or even C, D) to be non-strict. To adapt the
proof one must replace E1(r) (which is a morphism E;(1) — E1(X ® X)) by (al%x)_1 o Ey(r) o ePr (which is

a morphism lyect — E1(X) ® E1(X)). Similarly with F (7). O

2.27 PROPOSITION Let C be a TC* and Ey, Es : C — Vectc fiber functors. The pairing between Ag(E1, E2)
and the vector space

Nat(Eq, E2) = {(ax)xec € H Hom(E1(X), E2(X)) | Ez(s)oax =ay o Ei(s) Vs: X — Y}
Xec

of natural transformations E1 — FEs that is given, for (ax) € Nat(E1, Es) and a € Ag(Enr, E2), by
(,a) = Trp,x)(axax) (2:2)
XecC

descends to a pairing between Nat(E;, Ey) and the quotient algebra A(Ey, Es) = Ao(FE1, E2)/I(E1, Es) such
that
Nat(El, Eg) = A(El, Eg)*

Under this isomorphism, an element a € A(FE1, E3)* corresponds to an element of Natg (F1, E2), i.e. a monoidal
natural transformation (thus isomorphism by Lemma 2.25), iff it is a character, to wit multiplicative.
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Proof. The dual vector space of the direct sum Ag(F1, E2) is the direct product []y ., Hom(E2(X), E1(X))*,
and since the pairing between Hom(E3(X), E1(X)) x Hom(E1 (X), E2(X)), s xt— Tr(sot) is non-degenerate,
we have
Ao(Ey, Ep)* = [ Hom(Ey(X), B2 (X))
XeC

w.r.t. the pairing given in (2.2). Now, A(E, E») is the quotient of Ag(E7, E2) by the subspace I(F1, E2), thus the
dual space A(E1, E3)* consists precisely of those elements of Ag(E7, Es)* that are identically zero on I(E1, E3).
Assume (ax)xec satisfies (o, a) = 0 for all a € I(E1, Es), equivalently («, [X, a0 Ea(s)] — [V, E1(s) oa]) = 0 for
all s: X - Y and a: E5(Y) — E1(X). By definition (2.2) of the pairing, this is equivalent to

Tre,x(ao Ex(s)oax) —Trg, vy (Ei(s)caocay) =0 Vs: X — Y, a € Hom(Ey(Y), E1(X)).

Non-degeneracy of the trace implies that o = (ax)xec must satisfy Es(s)oax = ay o Ei(s) foralls: X — Y,
thus « € Nat(E;, Ey), implying
A(El, Eg)* & Nat(El, Eg)

Now we consider the question when the functional ¢ € A(E;, E3)* corresponding to o € Nat(Ey, E) is a
character, i.e. multiplicative. This is the case when

(o, [X, 8] - [Vo ) = (o, [X, s]) (e, [Yo8])  V[X, 8], [V, 1] € A(EL, Ea).

(Strictly speaking, [X, s], [Y,t] are representers in Ao(E1, E2) for some elements in A(E1, E3).) In view of (2.2)
and the definition of the product in A(E;, F3) this amounts to

Tre (xev)(dxy os®@to(dxy) ' oaxey) = Trex)(soax)Trew)(toay)
Tre (x)epx)((soax) @ (toay))
= Trg,(x)eex) (8@t o ax @ay).

In view of the cyclic invariance and non-degeneracy of the trace, this is true for all s : Ey(X) — F1(X) and
t:Eo(Y) — Ei(Y), iff
0&X®Y:d%(7YOOéX®OéYO(dA1X7y)_1 vX,Y eC.

This is precisely the condition for a € Nat(F1, Es) to be monoidal, to wit « € Natg (E1, F2). [ |

2.28 PROPOSITION Let C be a TC™ and let F1, Es : C — 'H be x-preserving fiber functors. Then a monoidal
natural transformation a € Natg(E1, Fs) is unitary (i.e. each ax is unitary) iff the corresponding character

¢ € A(E1, Es) is a x-homomorphism (i.e. p(a*) = ¢(a)).
Proof. Let a € Natg(E1, Ez) and [X, s] € A(E1, E2). By definition of the pairing of A(F1, F2) and Nat(E1, Es),

P([X, 8]) = (o, [X, s]) = TTE1(X)(5 oax),

and therefore, using Tr(AB) = Tr(A*B*),

P([X, s]) = Trp, (x)(s" 0 k).

On the other hand,

(X, 8]") = (a,[X,idp, x) @ Ea(T7) 0 ldg, (x) @ 8" @idg,x) 0 Ei(r) @idg,x)])
= Trp ) (dg x) ® E2(T7) 0 idp, ) ® 5" ®ldg, 5 © Ei(r) ®idg, ) © ax)
= (") o s ®ax o Ei(F)
= (") o (ax oay' os")®ax o Ei(T)
= Ei(FY) o (ax 0s")® idp,x) © E1(T)

<

= T’I"El(X)(Oé)_(l OS*).

(In the fourth step we have used the invertibility of a (Lemma 2.25) and in the fifth equality we have used (2.1)
with X and X interchanged and r replaced by 7.). Now non-degeneracy of the trace implies that ¢([X, s]) =
#([X, s]*) holds for all [X,s] € (E1, Es) iff a% = ay' for all X € C, as claimed. ]
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Now we are in a position to prove the first of our outstanding claims:

Proof of Theorem 2.2. By the preceding constructions, the || -||-closure A(E7, Es) of A(E1, E2) is a commutative
unital C*-algebra. As such it has (lots of) characters, i.e. unital *-homomorphisms into C. (Cf. e.g. Theorem
2.30 below.) Such a character restricts to A(E1, E2) and corresponds, by Propositions 2.27 and 2.28, to a
unitary monoidal natural transformation o € Nat(E1, E2). [ |

2.29 REMARK 1. The discussion of the algebra A(E;, F») is inspired by the one in the preprint [3] that didn’t
make it into the published version [2]. The above proof of Theorem 2.2 first appeared in [4].

2. Lemma 2.25 implies that the category consisting of fiber functors and monoidal natural transformations is
a groupoid, i.e. every morphism is invertible. Theorem 2.2 then means that the category consisting of symmetric
x-preserving fiber functors and unitary monoidal natural transformations is a transitive groupoid, i.e. all objects
are isomorphic. That this groupoid is non-trivial is the statement of Theorem 2.11, whose proof will occupy
the bulk of this section, beginning in Subsection 2.6. a

2.5 The concrete Tannaka theorem. Part II

In order to prove Proposition 2.4 we need the formalism of the preceding subsections. We write A(FE) for the
commutative unital C*-algebra A(E, FE) defined earlier. In order to study this algebra we need some results
concerning commutative unital C*-algebras that can be gathered, e.g., from [19)].

2.30 THEOREM Let A be a commutative unital C*-algebra. Let A* be its Banach space dual and let
PA) = {oc A" [o(1) =1, |¢] <1},
X(A) = {oe A" [o(1) =1, ¢(ab) = ¢(a)p(b), ¢(a”) = d(a) Va,be A}.
P(A) and X (A) are equipped with the w*-topology on A according to which ¢, — ¢ iff ¢,(a) — ¢(a) for all
a € A. Then:
(i) X(A) C P(A). (Le., x-characters have norm < 1.)
(ii) X(A) is compact w.r.t. the w*-topology on P(A).
(iii) The map A — C(X(A)) given by a — (¢ — ¢(a)) is an isomorphism of C*-algebras.
(iv) The convex hull
N
{Zci¢i 5 N € Na c; € R+7 Zci - ]-7 ¢i S X(A)}
i=1 i
of X(A) is w*-dense in P(A).
Proof. (i) Any unital *-homomorphism « of Banach algebras satisfies ||a(a)|| < | a]l.
(ii) By Alaoglu’s theorem [19, Theorem 2.5.2], the unit ball of A* is compact w.r.t. the w*-topology, and so
are the closed subsets X (A) C P(A) C A*.

(iii) This is Gelfand’s theorem, cf. [19, Theorem 4.3.13].
(iv) This is the Krein-Milman theorem, cf. Theorem 2.5.4 together with Proposition 2.5.7 in [19]. ]

Theorem 2.30, (ii) implies that the set X = X (A(FE)) of x-characters of A(E) is a compact Hausdorff space
w.r.t. the w*-topology. By (iii) and Proposition 2.28, the elements of X are in bijective correspondence with
the set Gg of unitary monoidal transformations of the functor E.

2.31 LEMMA The bijection X = G is a homeomorphism w.r.t. the topologies defined above.

Proof. By definition of the product topology on [[y . U(E(X)), a net (g,) in Gg converges iff the net (g, x)
in U(E(X)) converges for every X € C. On the other hand, a net (¢,) in X converges iff (¢,(a)) converges in
C for every a € A(E). In view of the form of the correspondence ¢ < ¢ established in Proposition 2.27, these
two notions of convergence coincide. |

The homeomorphism X = Gy allows to transfer the topological group structure that Gg automatically has
to the compact space X. Now we are in a position to complete the proof of our second outstanding claim.
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Proof of Proposition 2.4. Since C is semisimple and essentially small, there exist a set I and a family {X;,7 € I}
of irreducible objects such that every object is (isomorphic to) a finite direct sum of objects from this set. If
Nat(E) = Nat(E, E) is the space of natural transformations from E to itself, with every a € Nat(E) we can
associate the family (o; = ax; )ier, which is an element of [],.; End E(X;). Semisimplicity of C and naturality
of a imply that every such element arises from exactly one natural transformation of E. (In case it is not
obvious, a proof can be found in [17, Proposition 5.4].) In this way we obtain an isomorphism

v:Nat(E) - [[End B(X,), aw (ax,)ies
il
of vector spaces. Now consider the linear map

§: PEdE(X;) — AE), (a;) — > [Xi,ai].

el 7

Since every a € A(E) can be written as [X, s] (proof of Proposition 2.22) and every [X, s] is a sum of elements
[X, s;] with X irreducible, ¢ is surjective. When understood as a map to Ag(E), ¢ obviously is injective. As a
consequence of Hom(X;, X;) = {0} for ¢ # j , the image in Ay(E) of of § has trivial intersection with the ideal
I(E), which is the kernel of the quotient map Ay(E) — A(F), thus 0 is injective and therefore an isomorphism
(of vector spaces, not algebras). If the C*-norm on A(E) is pulled back via § we obtain the norm

l(@i)ier|l = sup ||aillgna £(x))
el

on @, ; End E(X;). Thus we have an isomorphism ¢ : @, ; End E(X )".” — A(FE) of the norm closures. W.r.t.

the isomorphisms 7, §, the pairing (-, -) : Nat(F) x A(E) — C of Proposition 2.27 becomes

HEndE @EndE i C (O[Xi) X (ai) = ZTTE(X,;)(aiai)~
iel iel iel
(More precisely: (-,0(-)) = (y(-),-)~ as maps Nat(E) x P,.; End E(X;) — C.) Thus if a € Nat(E) is such
that v(a) € [],c; End E(X;) has only finitely many non-zero components (i.e. v(a) € @ierEnd E(X;)), then
(a,-) € A(E)* extends to an element of A(E)*.
Now (iv) of Theorem 2.30 implies that every ¢ € A(E)* is the w*-limit of a net (¢,) in the C-span of the

*-characters X (A(E)) of A(E). Thus for every (a;) € @,.; End E(X;) there is a such a net (¢,) for which

w' —lime, = (v ((e)), ) € A(E)".
Restricting the ¢, to A(E) and using the isomorphism Nat E = A(E)*, we obtain a net in Nat E that converges
to v~ 1((ay)). By Propositions 2.27, 2.28, the isomorphism A(E)* — Nat E maps the elements of X (A(E)) to

the unitary natural monoidal transformations of F, i.e. to elements of Gg. Thus, in particular for every finite
S C I we have

SpanC{ﬂ—ﬁ (g@®--a s g (9), g€ Gr} = @EndE(XS)7
seS

all seS
which clearly is a good deal more than claimed in Proposition 2.4. |

This concludes the proof of all ingredients that went into the proof of Theorem 2.6. From the proof it is
obvious that the commutative C*-algebra A(F) is just the algebra of continuous functions on the compact group
GE, whereas A(FE) is the linear span of the matrix elements of the finite dimensional representations of Gg.

2.6 Making a symmetric fiber functor *preserving

The aim of his subsection is to prove the following result, which seems to be new:

2.32 THEOREM An even STC* C that admits a symmetric fiber functor C — Vectc also admits a symmetric
x-preserving fiber functor C — H.

2.33 LEMMA Let C be an STC* and E : C — Vectc a symmetric fiber functor. Choose arbitrary positive
definite inner products (-,-)% (i.e. Hilbert space structures) on all of the spaces F(X),X € C. Then the maps
X — E(X) and s — E(s*), where E(s*)! is the adjoint of F(s*) w.r.t. the inner products {-,-)%, define a
faithful functor E : C — Vectc. With d)E(7Y = ((dﬂ”ﬂgy)f)*1 and e = ((eF)")™1, this is a symmetric fiber functor.
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Proof. First note that s — E(s) is C-linear and really defines a functor, since E(idx) = id 5y and

E(sot) = B(so 1)) = B(t* 0 s) = (E(t") 0 B(s")) = B(s") o B(t")! = E(s) o E().

Faithfulness of E clearly implies faithfulness of E. With dZ Ry = ((dXy)") ' and ef = ((e®)1) =L, commutativity
of the diagrams (1.1) and (1.2) is obvious. Since E is a tensor functor, we have

E(s®t) o d%Y = d%,y, o E(s) ® E(t)
forall s: X — X', t:Y — Y’, which is equivalent to

(BE(s@t) o (% y) ™) = ((dRy)™ ) o (BE(s) ® B()".

Since this holds for all s,¢, we have proven naturality of the family (dg_y), thus E is a tensor functor. The
computation

E(ex,y) = B(cky)' = Blevx)' = Shiy) px) = Smx),m0):
where we have used ZL 1+ = 2H,H, shows that E is also symmetric. Thus Eis a symmetric fiber functor. W

Now the discussion of Subsection 2.3 applies and provides us with a commutative unital C- algebra A(E, E)
However, we cannot appeal to Proposition 2.22 to conclude that A(F, E) is a *-algebra, since F, E are not *-
preserving. In fact, for arbitrary symmetric fiber functors Ep, E5 there is no reason for the existence of a positive
-operation on A(Ej, F,), but in the present case, where the two functors are related by Fa(s) = E(s*)T, this
is true:

2.34 PrROPOSITION Let C be an STC*, E : C — Vectc a symmetric fiber functor and E as defined above. Then
[Xa 8]* = [X7 ST]

is well defined and is a positive x-operation on A(E, E). With respect to this x-operation, the norm || - || from
Proposition 2.23 is a C*-norm, i.e. ||a*a|| = ||a||* for all a € A(E, E).

Proof. For [X,s] € Ay(E, E) we define [X, s]* = [X, s1], where s' is the adjoint of s € EndE(X) w.r.t. the inner
product on E(X). Clearly,  is involutive and antilinear. Now, if s : X — Y, a € Hom(E»(Y), E1 (X)), then

([X,a0 Ey(s)] — [V, Er(s) 0 a])* = [X,a0 E(s*)1]* — [V, E(s) o a]*
— [X, B(s") oal] - [Y,al 0 E(s)1] = [X, Ex(s%) 0 af] — [¥, af o En(s")].
Since s* € Hom(Y, X) and a' € Hom(E(X), E(Y)), the right hand side of this expression is again in I(E, E).
Thus I(E, E) is stable under *, and * descends to an antilinear involution on A(E, E). In Ay(E, E) we have
(X8 V.t = [XeV,dyosoto(hy) " =[X0V, (k) T osato(dfy) )"

X®Y,([dE,y )T ost@tio(@l,y) = [X®Y,dEyost @t o(d%y)™]
[Xa S]* ! [Yv t]*'

Together with commutativity of A(E,E) this implies that % is antimultiplicative. Recall that there is an
isomorphism ¢ : @, ; End E(X;) — A(E, E) such that ||6((a;)ier)|| = sup; ||ai||, where || - || is the norm defined
in Subsection 2.3. By definition of « we have §((a;))* = 6((a))), implying ||a*a| = ||a]|2. Thus (A(E, E),, | -|)
is a pre-C*-algebra.

(Note that the involution x has nothing at all to do with the one defined in Subsection 2.3!)
2.35 PROPOSITION Let C be an STC* and E : C — Vectc a symmetric fiber functor. With E as defined above,

there exists a natural monoidal isomorphism « : E — E, whose components ax are positive, i.e. (u,axu) > 0
for all nonzero u € E(X).
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Proof. As in Subsection 2.4, the norm-completion A(E, E) of A(E, E) is a commutative unital C*-algebra and
therefore admits a x-character ¢ : A(E, E) — C. Restricting to A(E, E), Proposition 2.27 provides a monoidal

natural isomorphism « : F — E. But we know more: The character ¢ is positive, i.e. ¢(a*a) > 0 for all a # 0.
With a = [X, s] and taking (2.2) into account, we have

pla*a) = ¢([X,s's]) = Trpx) (sTsax) = Trex (saxs’) = Z(ei, saxs'e)y = Z(sTei,aXsTei>g(,
where {e;} is any basis of E(X) that is orthonormal w.r.t. (-,-)%. This is positive for all a = [X, s] € A(E, E)
iff (u, axu)$ > 0 for all nonzero u € F(X). [ ]
Now we are in a position to prove the main result of this subsection, which is a more specific version of

Theorem 2.32.

2.36 THEOREM Let C be an even STC* and E : C — Vectc a symmetric fiber functor. Then there exist
Hilbert space structures (i.e. positive definite inner products (-,-)x) on the spaces E(X),X € C such that
X — (BE(X),(:,)x) is a x-preserving symmetric fiber functor C — H.

Proof. Pick non-degenerate inner products (-, )% on the spaces E(X),X € C. Since F(1) is one-dimensional
and spanned by ef1, where 1 € C = 1vect., we can define (-,-)) by (aef1,bef1){ = @b, as will be assumed in
the sequel. Let F and « € Natg (FE, E) as above. Defining new inner products (-,-)x on the spaces E(X) by

(v,u)x = (v, axu>())(,

the naturality _
ayoE(s)=F(s)oax = E(s*) oax Vs: X =Y

of (ax) implies
(v, B(s)u)y = (v, ay B(s)u)y = <v,E(s*)Taxu>gz = (E(s")v, axu)% = (E(s*)v,u)x

forall s : X — Y, ue E(X), ve E(Y). This is the same as E(s*) = E(s)*, where now E(s)* denotes the
adjoint of E(s) w.r.t. the inner products (-,-). Thus the functor X — (E(X), (-,-)x) is *-preserving. The new
inner products (-, -) x are non-degenerate since the a.y are invertible, and the positivity property (u, axu)% >0
for u # 0 implies that (E(X), (-,-)x) is a Hilbert space. The monoidality

axgy © d;EQY = d%Y oax @y = ((d;’%Y)T)’1 ocax ®ay VXY
of the natural isomorphism o : £ — E is equivalent to
ax Qay = (d)E(7y)T o dxgy © d)E(7y. (23)
Using this we have
<d§,y(ul ®v'), d?{,y(u ®v))xey = <d§,y(ul ®v'), axey © d?{,y(u 20) ey
= (' ®v"),([d%y)" 0 axey 0 dX y (W@ 0)key = (W @ V'), (ax @ ay)(u®v))key
= <U/, OéXU>g( <U/7 OéYU>())/ = <U'l7 U’>X<Ula U>Ya

thus the isomorphisms d)EQY :E(X)®E(Y) — E(X ®Y) are unitary w.r.t. the inner products (-, -).
Now, the compatibility (1.2
choice of the inner product (-, -)

) of d¥ and e¥ implies that dfl oef1 ®eP1 = eF1 and therefore, using our
0
1

(dﬁl(aeEl ® beP1), dfl(ceEl ® deP1)){51 = (abe”1, cde®1)] = abed = (ae”1, ce?1)](be”1,de”1)].

This means that dfl : E(1) ® E(1) — E(1) is unitary w.r.t. the inner product (-,-). Taking X =Y =1
in (2.3) and using oy = Aidp(y), we get A2 = \. Since ay is invertible, we have A = 1, thus a; = idg(1) and
therefore (-,-)1 = (-,)}. Now,

(eF1,eP1)1 = (P11, anePu)d = (eF1,eP1)) =1 = (1, 1)c,
B(

thus (ef)*e” = idc. By one-dimensionality of the spaces involved, we also have ef(ef)* = idp(1), thus

ef 11 — E(1) is unitary w.r.t. the inner new products (-, -). [ |
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2.7 Reduction to finitely generated categories

2.37 DEFINITION An additive tensor category C is finitely generated if there exists an object Z € C such that
every object X € C is a direct summand of some tensor power Z®" =7Z®---® Z, n €N, of Z.
—_———

n factors

2.38 LEMMA Let C be a TC*. Then the finitely generated tensor subcategories of C form a directed system,
and C is the inductive limit of the latter:

el
Proof. Consider all full tensor subcategories of C. Since C is essentially small, the equivalence classes of such
subcategories form a set, partially ordered by inclusion. If C1,Cs C C are finitely generated, say by the objects
X1, Xo, then then the smallest tensor subcategory containing C; and Cs is generated by X; @ X, thus we have
a directed system. Clearly there is a full and faithful tensor functor lim;& C; — C. Since every object X is

contained in a finitely generated tensor subcategory (e.g., the one generated by X), this functor is essentially
surjective and thus an equivalence of categories, cf. [15], in fact of tensor categories, cf. [21]. |

2.39 REMARK 1. The reason for considering finitely generated categories is that the existence problem of fiber
functors for such categories can be approached using powerful purely algebraic methods. The general case can
then be reduced to the finitely generated one using Lemma 2.38.

2. Note that we don’t require the generator Z to be irreducible. Thus if we a priori only know that C is
generated by a finite set Z, ..., Z,. of objects, the direct sum Z = @®;Z; will be a (reducible) generator of C.
This is why only a single generating object appears in the definition.

3. If G is a compact group, the category Rep,G is finitely generated iff G is a Lie group. (Proof: <« is a
consequence of the well known representation theory of compact Lie groups. =: It is well known that the finite
dimensional representations of G separate the elements of G. Therefore, if (H, ) is a generator of Rep;G, it is
clear that 7 must be faithful. Thus G is isomorphic to a closed subgroup of the compact Lie group U(H ), and
as such it is a Lie group.)

4. The index set I in Lemma 2.38 can be taken countable iff C has countably many isomorphism classes
of irreducible objects. The category Rep;G, where G is a compact group, has this property iff G is second
countable, equivalently metrizable. O

In Subsections 2.8-2.11 we will prove the following result, which we take for granted for the moment:

2.40 THEOREM A finitely generated even STC* admits a symmetric fiber functor E : C — Vectc.

Proof of Theorem 2.11: By Lemma 2.38, we can represent C as an inductive limit lim = C; of finitely generated
L

categories. Now Theorem 2.40 provides us with symmetric fiber functors F; : C; — Vecte, i € I, and Theorem
2.36 turns the latter into *-preserving symmetric fiber functors F; : C; — H. By Theorem 2.6, we obtain
compact groups G; = NatgF; (in fact compact Lie groups by Remark 2.39.3) with representations m; x on
the spaces F;(X),X € C; such that the functors F; : C; — Rep;G;, X — (E;i(X),m, x are equivalences.
Let now ¢ < j, implying that C; is a full subcategory of C;. Then E; | C; is a fiber functor for C; and thus
Theorem 2.2 implies the existence of a unitary natural isomorphism o™ : Fy — Fy | C;. (Note that o is not
unique!) Now, by definition every g € G2 is a family of unitaries (gx € U(E2(X)))xec, defining a monoidal
natural automorphism of Fs. Defining, for every X € Ci, hx = a¥/ o gx o (a¥/)* we see that the family
(hx € U(E1(X)))xec, is a unitary monoidal natural automorphism of E4, to wit an element of G;. In this way
we obtain a map 3%/ : G; — G, that clearly is a group homomorphism and continuous. By Schur’s lemma, the
unitary ag’(j is unique up to a phase for irreducible X. Thus for such X, 5;"{ is independent of the chosen o7,
and thus 37 is uniquely determined. It is also surjective in view of the Galois correspondence between the full
tensor subcategories of Rep,;G and the quotients G /N, where N C G is a closed normal subgroup. Now the
inverse limit
G = 1LI£1G7 = {(97 S Gi)ie] | 6l’J(gj) = g; whenever 7 < ]}
iel

is a compact group with obvious surjective homomorphisms v; : G — G; for all i € I. Now we define a
functor £ : C — Rep;G as follows: For every X € C pick an i € I such that X € C; and define F(X) =
(Ei(X),mi(X)o0;). Clearly this is an object in Rep G, and its isomorphism class is independent of the chosen
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i € I. In this way we obtain a functor from C = lim_, C; to Rep;G = lim_, Rep;G; that restricts to equivalences
Ci — RepyG;. Thus E is full and faithful. Finally, F is essentially surjective since every finite dimensional
representation of G = lim_ G; factors through one of the groups G;. ]

2.41 REMARK In view of Remark 2.39.3, the preceding proof also shows that every compact group is an inverse
limit of compact Lie groups. O

2.8 Fiber functors from monoids

Our strategy to proving Theorem 2.40 will be essentially the one of Deligne [5], replacing however the algebraic
geometry in a symmetric abelian category by fairly elementary commutative categorical algebra. There are
already several expositions of this proof [2, 20, 10], of which we find [2] the most useful, see also [3]. However,
we will give more details than any of these references, and we provide some further simplifications.

The following result clearly shows the relevance of the notions introduced in Subsection 1.6 to our aim of
proving Theorem 2.40:

2.42 PROPOSITION Let C be a TC* and CAAbe a C-linear strict tensor category containing C as a full tensor
subcategory. Let (Q, m,n) be a monoid in C satisfying

(i) dimHomgz(1,Q) = 1. (Le., Homs(1,Q) = Cn.)

(ii) For every X € C, there is n(X) € Zy such that n(X) # 0 whenever X 22 0 and an isomorphism

ax (@@ X, m®idx) — n(X) - (Q,m) of @Q-modules.
Then the functor E : C — Vectc defined by
E:C—H, X~ Homs1,Q®X),
together with
E(s)p=1dg®so ¢, s:X—Y, ¢ €Hom(l,Q®X) (2.4)

is a faithful (strong) tensor functor and satisfies dim¢ F(X) = n(X).
If C has a symmetry ¢ w.r.t. which (Q,m,n) is commutative then F is symmetric monoidal w.r.t. the
symmetry % of Vectc, i.e. E(cxy) = Yg(x),B(v)-

Proof. We have E(X) = Hom(1,Q ® X) = Hom(1,n(X)Q) = d(X)Hom(1,Q) = C*X), thus E(X) is a vector
space of dimension n(X). Since E(X) # 0 for every non-zero X € C, the functor E is faithful.

To see that E is monoidal first observe that by (ii) we have E(1) = Hom(1,Q) = Cn. Thus there is a
canonical isomorphism e : C = 1vyect. — F(1) = Hom(1, Q) defined by ¢ — ¢n. Next we define morphisms

d¥y :E(X)@E(Y) - E(X®Y), ¢®¢ - meidxgy oidg®¢®idy o 1.

By definition (2.4) of the map E(s) : E(X) — E(Y) it is obvious that the family (d¥ ) is natural w.r.t. both
arguments. The equation

E E : E : E
dX1®X2,X3 °© dX1,X2 ® ldE(XS) = dX1,X2®X3 °© ldEl ® dXz,XS VX1, X, X3€C

required from a tensor functor is a straightforward consequence of the associativity of m. The verification is
left as an exercise.
That (E, (dx,v ), e) satisfies the unit axioms is almost obvious. The first condition follows by

dx1(dpx)®e)p=dx1(¢®n) =m®idx 0idg® ¢ o n =9,

and the second is shown analogously.

So far, we have shown that E is a weak tensor functor for which e : 15y — E(1¢) is an isomorphism. In order
to conclude that E is a (strong) tensor functor it remains to show that the morphisms dg,Y are isomorphisms.
Let X,Y € C. We consider the bilinear map

VXY Homg(Q,Q ® X) KHomg(Q,Q®Y) —» Homg(Q,Q® X ®Y),
sXt— s®idy o t.
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(We write X rather than ®¢ for the tensor product of Vectc in order to avoid confusion with the tensor product
in @ — Mod.) By 2., we have Q-module morphisms s; : @ — @ ® X,s, : Q® X — Q fori =1,...,n(X)

satisfying s o s; = d;;idg, and Y, s; o s} = idggx, and similar morphisms ¢;,t;, i =1,...,n(Y") for X replaced
by Y. Then the v;; = vx,v(s; ® t;) are linearly independent, since they satisfy 'y{,j, 0 i = 0305 ;idg with
i i = t;- o s, ® idy. Bijectivity of vx,y follows now from the fact that both domain and codomain of vx y

have dimension n(X)n(Y). Appealing to the isomorphisms dx : Homg(Q, Q ® X) — Hom(1, Q ® X) one easily
shows
d)E(7Y = (5X®y © YX,y © 5)_(1 &5;1,

which implies that d)EQY is an isomorphism for every X,Y € C.

We now assume that C has a symmetry ¢ and that (Q, m,n) is commutative. In order to show that E is a
symmetric tensor functor we must show that

E(CX,Y) © d)E(,Y = EE(X),E(Y) © dlb;,X

for all X,Y € C. Let ¢ € E(X),? € E(Y).
By definition of E we have

(E(cx,y) o diy) (¢ ®¢) =idg ® cx,y o m®@idxgy o idg ® ¢ ®idy o ¢
O Y X

On the other hand,

(dy x © cpx),em))(@®V) = (dY x © Spix),ea) (@ ®Y) =dy x (¥ ® ¢) =

If m is commutative, i.e. m = m o cq, @, these two expressions coincide, and we are done. |

2.43 REMARK 1. The property (ii) in the proposition is called the ‘absorbing property’.

2. The conditions in Proposition 2.42 are in fact necessary for the existence of a fiber functor! Assume
that a tensor #-category C admits a *-preserving fiber functor F : C — H. By [17], which reviews and extends
work of Woronowicz, Yamagami and others, there is a discrete algebraic quantum group (A4,A) such that
C ~ Repy(A4,A). In [18] it is shown that taking C ~ Rep(A4, A) (i.e. representations of any dimension) and
Q = m, there is a monoid (Q, m,n) satisfying the conditions of Proposition 2.42. Namely, one can take Q = 7,
the left regular representation. In [18] it shown that (i) dim Hom(mg,m;) = 1, i.e. there exists a non-zero
morphism 7 : mp — 7, unique up to normalization; (ii) m; has the required absorbing property; (iii) there exists
a morphism m : m; ® m; — m; such that (Q = 7, m,n) is a monoid.

3. In the previous situation, the left regular representation 7 lives in Rep;(A, A) iff A is finite dimensional.
This already suggests that the category C in general is too small to contain a monoid of the desired properties.
In fact, assume we can take C = C. Then for every irreducible X € C we have dim Hom(X, Q) = dim Hom(1, Q®

X) =n(X) > 0. Thus Q contains all irreducible objects as direct summands. Since every object in C is a finite
direct sum of simple objects, C = C is possible only if C has only finitely many isomorphism classes of simple
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objects. In fact, even in this case, our construction of (@, m,n) will require the use of a bigger category C. It is
here that the category Ind C of Subsection 1.7 comes into play. O

Since we have already reduced the problem of constructing a fiber functor to the case of finitely generated
tensor categories, we want a version of the preceding result adapted to that situation:

2.44 COROLLARY Let C be a T'C* with monoidal generator Z € C and let C be a C-linear strict tensor category
containing C as a full tensor subcategory. If (Q,m,n) is a monoid in C satisfying

(i) dimHomgs(1,Q) = 1.

(ii) There is d € N and an isomorphism oz : (Q ® Z,m ®idyz) — d - (Q,m) of Q-modules.
Then the hypothesis (ii) in Proposition 2.42 follows. Thus E : X — Homg(1,Q ® X) is a fiber functor.

Proof. If X € C, there exists n € N such that X < Z%®". Concretely, there are morphisms u : X — Z®"
and v : Z®" — X such that v ou = idx. Then the morphisms ¢ = idg ®u : Q ® X — Q ® Z®" and
0=1dg®v: Q®Z%" — Q ® X are morphisms of Q-modules. Thus the @-module (Q ® X,m ®idx) is a direct
summand of (Q ® Z%", m ® iden). By assumption, the latter is isomorphic to a direct sum of d™ copies of
(@, m). By Lemma 1.59 and assumption (i), Endg((Q,m)) = C, thus (Q,m) € Q@ —Mod is irreducible. Thus
the direct summand (Q ® X, m®idx) of d" - (Q, m) is a direct sum of r copies of (Q,m) with r < d™ and r # 0
whenever X # 0. Thus hypothesis (ii) in Proposition 2.42 holds. [ ]

In view of Corollary 2.44, proving Theorem 2.40 amounts to finding a symmetric tensor category C containing
C as a full subcategory and a commutative monoid (@, m,n) in C such that dim Hom(1,Q) = 1 and Q® 7 = d®Q
as @-modules for a suitable monoidal generator Z of C. This will be achieved in Subsection 2.11, based on
thorough analysis of the permutation symmetry of the category C.

2.9 Symmetric group action, determinants and integrality of dimensions

We now turn to a discussion of certain representations of the symmetric groups P,,,n € N, present in tensor
x-categories with a unitary symmetry. It is well known that the symmetric group P, on n labels has the
presentation

P, = (0’1,...,0'77,_1 | |Z —j| >2= 0i0j = 004, 0;0;410; = 0i4+10;0;41 Vi € {1,...,71— 1}, 0’? =1 VZ)

Since C is strict we may define the tensor powers X®", n € N, in the obvious way for any X € C. We posit
X®0 =1 for every X €C.

2.45 LEMMA Let C be an STC*. Let X € C and n € N. Then
Hf DO idX@'i—l K cx,x ®idx®n7'i71
uniquely determines a homomorphism IIX from the group P, into the unitary group of End X ®".

Proof. 1t is clear that IL;Y (0;) and 1LY (o) commute if |i — j| > 2. That II; (0;)? = idxen is equally obvious.
Finally,
Iy (03) o I (041) o T (03) = Ty (0ig1) © Ty (03) o TIy (041)

follows from the Yang-Baxter equation satisfied by the symmetry c. |

2.46 REMARK Dropping the relations o? = 1 the same formulae as above define homomorphisms of the Artin
braid groups B, into End X®". However, none of the following considerations has known analogues in the
braided case. O

Recall that there is a homomorphism sgn : P, — {1, —1}, the signature map.
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2.47 LEMMA Let C be an STC*. For any X € C we define orthogonal projections in End X®° = End1 by
S = Af =1idy. For any n € N, the morphisms

1
ceP,
1
A= Y e
oeby,

satisfy
I (0) o S =8y o I (o) = S5,

I (0) o Ay = Ay o IL{ (0) = sgn(o) A
for all o € P, and are thus orthogonal projections in the *-algebra End X®",
Proof. Straightforward computations. |
2.48 DEFINITION The subobjects (defined up to isomorphism) of X®" corresponding to the idempotents S:X
and AX are denoted by S,(X) and A, (X), respectively.

The following was proven both in [8] and [5]:

2.49 PROPOSITION Let C be an even STC*. For any X € C we have

A(X)(A(X) — D((X) = 2)- - (@d(X) —n+1)
n!

Tryxen AX = Vn € N. (2.5)

Proof. (Sketch) Making crucial use of the fact that C is even, i.e. ©(X) = idx for all X € C, one can prove
Trxen IIX (0) = d(X)#° VX €C,0 € Py,

where #o is the number of cycles into which the permutation o decomposes. (The reader familiar with tangle
diagrams will find this formula almost obvious: Triviality of the twist ©(X) implies invariance under the first
Reidemeister move. Thus the closure of the permutation o is equivalent to #o circles, each of which contributes
a factor d(X).) Now the result follows at once from the definition of AX and the formula

Z sgn(o) 277 = 2(z—1)(z —2) - (z —n + 1),
cePy,

which holds for all n € N and z € C, as one can prove by induction over n. |

2.50 COROLLARY In an STC* we have d(X) € N for every non-zero X € C.

Proof. Assume first that C is even, and let X € C. Since C has subobjects there exist an object 4, (X) € C
and a morphism s : A,(X) — X®" such that s* o s =id4,(x) and s 0 s* = AX. Then by part 1 and 2 in
Proposition 1.40, we get

Trxen AY = Tryxen(s 0 s%) =Tra, (x)(s* 0 8) =Tra, (x)ida, (x) = d(An(X)).

Since the dimension of any object in a *-category is non-negative we thus conclude that Trxen AX > 0 for all
n € N. From the right-hand side in the formula (2.5) for Trxe» AX we see that Trxen AX will become negative
for some n € N unless d(X) € N.

If C is odd, the above argument gives integrality of the dimensions in the bosonized category C. Since the
categorical dimension is independent of the braiding, we have dc(X) = d5(X) and are done. |

Let C be an STC* and X € C non-zero and set d = d(X) € N. Consider the subobject A4(X) of X®¢,
introduced in the proof of Corollary 2.50, which corresponds to the orthogonal projection Af € End X®¢

defined in Lemma 2.47. Then y
d(Ag(X)) = Tryes AY = —=1,

we see that A4(X) is an irreducible and invertible object of C (with inverse A4(X)).
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2.51 DEFINITION The isomorphism class of A%X)(X) is called the determinant det X of X.

2.52 LEMMA Let C be an STC* and X,Y € C. Then
(i) det X = det X.
(ii)) det(X @Y) = det X @ det Y.
(iii) det(X & X) & 1.

Proof. (i) Let (X,r,7) be a standard left inverse of X. By inductive use of Lemma 1.39 one obtains standard
left inverses (7®n, Tn,Tn) of X®" for any n € N. If now o = 0y, - -0y, € Py, one can verify that

ILX (o) = r} @ idgen © idgen @IL) (0) ®idgen o idgon @ Th,

n

1 1 . . .
where ¢’ =0, -0, _; - In particular, sgn o’ = sgno, implying

— i n—

AY =71} ®idgon o idgen ® A @ idgen o idgen @ Tn,

for any n € N. Now the claim follows from Lemma 1.38.

(ii) For any X € C we abbreviate dx = d(X) and A¥ = AY € End X®¥x, Letu: X — Zv:Y — Z
be isometries implementing Z = X @Y. Then X®9X is a subobject of Z®x and similarly for Y® . By
definition, det Z is the subobject of Z®%# corresponding to the projector A € End Z®9#. On the other hand,

det X ® detY is the subobject of X®4x @ Y®dv corresponding to the projector AX ® AY, and therefore it is
isomorphic to the subobject of Z®% corresponding to the projector

UQ - QUAVE---Quo AXRAY o' ® - QU RV ®---®v* € EndZ®,

where there are dx factors u and u* and dy factors v and v*. This equals

1
a0 Z sgn(o)sgn(o)u®@ - @ueve---®@vollf (o) (¢)ou" ®  @u v ® - ®v*
X4y cEPy
a’eljdf,

By naturality of the braiding, this equals

1
dxdy! zpd: sgn(o)sgn(c’) 117 (0) @117 (0') o px @+ @ px @ py @ -+ @ py,
a’ePd):,

where px = wou*,py = vov*. With the juxtaposition o x ¢’ € Py, +dy = Pa, of o and ¢’ this becomes

1

/ Z /
dxldn] ﬂezpd: sgn(oc x o' )15, (0 x0o') o px ® - @px W py @+ @ py. (2.6)
U’EP:;
On the other hand,
1
A7 = d,l Z Sgn(U)Hfz(U) = Z Sgﬂ(U)HdZZ(U) o (px +py)®@--- @ (px +py)-
0€Pq, 0€EPq,

Of the 2%% terms into which this can be decomposed, only those with dy factors px and dy factors py are
nonzero since Af =0 forn > dx and A}: =0 for n > dy. We are thus left with a sum of dz!/dx!dy! terms,
and working out the signs we see that they all equal to dx!dy!/dz! times (2.6), thus the sum equals (2.6). This
proves the isomorphism det Z =2 det X ® det Y.

Finally, (iii) follows from

det(X ® X) 2 det X @ det X = det X @ det X = det X @ (det X)™' 1,
where we have used (i) and (ii) of this lemma, d(det X) = 1 and (iii) of Lemma 1.42. |

For later use we state a computational result:
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2.53 LEMMA Let X satisfy det X = 1 and write d = d(X). If s : 1 — X®% is an isometry for which sos* = AX
then
5" ®idx o idx ®s = (—1)7"1d tidy. (2.7)

Proof. We abbreviate r = s* ® idx o idx ® s and observe that by non-degeneracy of the trace it is sufficient to
show that Trx(ax) = (—1)4"'d"'Trx(a) for all a € End X. In order to show this, let (X,r,7) be a standard
solution of the conjugate equations and compute

Trx(ax) =

We have in turn used the total antisymmetry of s (Lemma 2.47), the naturality properties of the braiding and
the triviality of the twist © x. Now,

s*oa® idx®d—1 08§ = TTl(S* oca® idx®d—1 o S) = T’I“X@Jd(a X idX®d—1 [} Ne} 8*) = T7”X®d(a ® idX®d—1 o AdX)

In order to complete the proof we need to show that this equals d =T xa, which is done by suitably modifying
the proof of Proposition 2.49. By the same argument as given there, it suffices to prove Trxga(a ® idxga-1 ©
Hé( (o)) = d#°~'Trxa. Again, the permutation o decomposes into a set of cyclic permutations, of which now
precisely one involves the index 1. It is therefore sufficient to prove Trxen(a ® idxen—1 o ILX (0)) = Trxa
for every cyclic permutation ¢ of all n indices. Inserting a at the appropriate place, the calculation essentially
proceeds as before. The only difference is that instead of Trxidx = d(X) one is left with Trxa, giving rise to
the desired result. |

2.54 REMARK Objects with determinant 1 were called special in [8], where also all results of this subsection
can be found. O

This concludes our discussion of antisymmetrization and determinants, and we turn to symmetrization and
the symmetric algebra. It is here that we need the Ind-category that was introduced in Subsection 1.7.

2.10 The symmetric algebra

In “ordinary” algebra one defines the symmetric algebra S(V') over a vector space V. Unless V = {0}, this is an
infinite direct sum of non-trivial vector spaces. We will need a generalization of this construction to symmetric
tensor categories other than Vect. While infinite direct sums of objects make sense in the setting of C*-tensor
categories (Definition 1.46), a more convenient setting for the following considerations is given by the theory of
abelian categories.

2.55 LEMMA Let C be an STC* and X € C. For every n € N choose an object S, (X) and an isometry

Up  Sp(X) — X®" such that u, o u}, = SX. Also, let ug = idy, interpreted as a morphism from So(X) =1 to
X% =1. The the morphisms m; ; : S;(X) ® Sj(X) — Si1;(X) defined by

mij s Si(X) ® G (X) ———4 X @ X® = x00H) g (X)

satisfy
Mitjk ©Mij @ idg, (x) = Mijk ©ids,(x) © My k
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for all i, j,k € Zy. Furthermore,
Mij = Mj;0Cs,(X),5;(X) ViJ

and mio = Mo, = idSi(X)'
Proof. As a consequence of SX o IIX (¢) = SX (o) for all o € P, cf. Lemma 2.47, we have
Si)-(q-j-i-k o Sfij ®idyer 0 S @ SJX ®idyer = Sﬁ.j.ﬁ,.k ° Si)ij ®idyer = Si)ij-ykv

Si+j+k o ldx®k ®S]+k o ldx®k ®Sj ®Sk = Si+j+k ] ldx®z ®S]+k = Si+j+k'

Multiplying all this with uj,;,, on the left and with u; ® u; ® uy on the right and using u; o S¥X = u’ and

SlX o u; = u; this implies

X . . X
Uiyivk © Sip; ®@ldxer 0 U @ uj @ uk = Uiy j1p © Ui ®Uj @ up = Uiy 0 idxer ® S5, 0w ®uj @ uy.
Using again that Sﬁj = Ui4j © u;, ;, we have the first identity we wanted to prove. Furthermore,

* *

My O €8,(X),8;(X) = Uit; OUj @ Ui O C5,(X),8;(X) = Uiyj O Cx®i x®i O Ui @ Uj
ok X . L% X X . ok X . .
=uj ;o HiJrj(a) o u; @uj =u;y; o Si+j o Hi+j(0') 0 Ui @uj =uj; o Si+j o u; @ uy

J— * . e P
= Ujpy O U QO Uj =My g,

where o € P, is the permutation exchanging the first ¢ with the remaining j strands. The last claim is obvious
in view of Sp(X) = 1. [ |

In view of Lemma 1.54, C (with a zero object thrown in) is an abelian category, thus there exists an abelian
C-linear strict symmetric tensor category Ind C containing C as a full subcategory and complete w.r.t. filtered
inductive limits. Therefore, for any object X in the STC* C, there exists an object

S(X) = lim ésn(X)

together with monomorphisms vy, : Sp(X) — S(X).

2.56 PROPOSITION Let C be an STC* and X € C. Then there exists a morphism mgxy : S(X)®S(X) — S(X)
such that
Mg(x) 0 Vi @vj = vijomij: Si(X) ©S5;(X) — S(X)

and (S(X), mg(x),Ns(x) = Vo) is a commutative monoid in IndC.

Proof. This amounts to using

Hompna c(S(X) ® S(X), S(X)) = limlim Home | € 8i(X) & S;(X), P Sk(X)

i,5=0 k=0

to assemble the morphisms m; ; : S;(X) ® S;(X) — Siy;(X) into one big morphism S(X) ® S(X) — S(X).
We omit the tedious but straightforward details. Associativity (mg(x) o mgx) ® idg(x) = mg(x) © idgx) @
mg(x)) and commutativity (mgx) = mg(x) © €s(x),5(x)) then follow from the respective properties of the
m;,j established in Lemma 2.55. The unit property mg(x) o ids(x) ® vo = idg(x) ® vo = idg(x) follows from
mio = mo,; = idg,(x)- u

We now study the interaction between the operations of symmetrization and antisymmetrization, i.e. between
determinants and symmetric algebras, that lies at the core of the embedding theorem. We begin by noting
that given two commutative monoids (Q;, m;,n;), ¢ = 1,2 in a strict symmetric tensor category, the triple

(Ql ® Qa2, le@szU@h@Qz)v where NQ19Q2 = N1 @ N2 and
MmQeQ. = M1 @ma o idg, ®cQ,q, ®idg,,

defines a commutative monoid, the direct product (Q1,m1,m) X (Q2,ma,7m2). The direct product x is strictly
associative, thus multiple direct products are unambiguously defined by induction.
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2.57 LEMMA Let C be a STC and assume Z € C satisfies det Z = 1. We write d = d(Z) and pick s : 1 —
Z%®d ¢ 74 — 1 such that s’ o s =1idy and so s’ = AZ. Let S(Z) be the symmetric tensor algebra over Z
with the canonical embeddings vy : 1 — S(Z),v1 : Z — S(Z). Consider the commutative monoid structure on
Q = S(2)®? given by
(@, mq, nQ) = (5(2), ms(z), 77S(Z))><d'
Define morphisms f:1 — Q andu; : Z — Q, t;: Z®¢=1) 5 Q, i=1,...,d by
f=1®...0u os,
—_———
d factors
U = V90X ...0 V) U1 Q® Vg & ... K1 ,
——— ———
i — 1 factors d — i factors
=D 0.0 QU 1 ® ... ;.
S——— ———
i — 1 factors d — i factors

Then s, f,u;,t; satisfy
mqQ ot Qu; 0 8s=20;f Vi,j e {1,...,d}. (2.8)

Proof. First note that s : 1 — Z®% as required exists since det Z =2 1 and that f is a composition of monics,
thus non-zero. We compute

mgoti@uios = (—1)" idg(zyi-1» ® cg(zyoa—i gz) © VIOVI® - ®v1 © 8
= (D) R e--®u o idyec-n ® Cze-i),z © 8
= U1®Ul®"'®1}108
= f

In the first equality we used the definition of (Q,mq,n¢q) as d-fold direct product of (S(Z), mg(z),ns(z)) and
the fact that vo = ng(z) is the unit, naturality of the braiding in the second and Lemma 2.47 in the third. To
see that mg o t; ® u; o s =01if i # j consider j =d —1,i =d. Then mg o t; ® u; o s is the composite

d—2 factors

id ®@m
S Z®d 11 R QU ®'U(] X v @ U1 S(Z)®(d+1) S(Z)@(d*l) S(Z) S(Z)®d = Q

Now,

idg(zye@-1 @Mgz)y © V1@ - @V QU V1 V1 © 8
= ids(z>®(d—1> ® (ms(Z) © CS(Z),S(Z)) 0V R QU PV R®U1 QU1 © 8
= ids(z)®(d—1) ®mg(z) © ids(z)®(d—1) ®Cs(2),8(z) © VM1V QU VAV WV © 8
=idgze@-1n @mg(z) © V1 ® - ®VI QU ®v1 ®u1 © idgzewu-—2 ®czz ©
= —ldgz)ew-1) ®Mgz) © V1@ - V1 VRV ®V1 © 8,
where we used the commutativity of mg(z) in the first step and the total antisymmetry of s in the last. Thus

mgQ o ug @tg—1 © 8§ = —mg o ug @tq—1 o s = 0. For general i # j the argument is exactly the same, but
becomes rather tedious to write up in detail. [ |

2.58 REMARK Lemma 2.57 and Proposition 2.59 below, both taken from [2], are the crucial ingredients in our
approach to the reconstruction theorem. O

2.11 Construction of an absorbing commutative monoid

Throughout this subsection, let C be an even STC* with monoidal generator Z. Consider the commutative
monoid (Q,m,n) = (S(Z),ms(z),ns(z))”(z) in IndC and the morphisms s, s’, f,u;,t; as defined in Lemma
2.57. Then mg € End @ defined by

mg =mgq ©° idQ@(f—nQ)ZmQ o idQ@f - idQ

is a @Q-module map, thus mg € Endg((Q, mq)). Then its image j = immyg : (J, ) — (Q, mg) (in the abelian
category @ — Mod) defines an ideal j : (J,us) — (Q,m) in (Q,m,n). This ideal is proper iff j is not an
isomorphism iff mg is not an isomorphism. Postponing this issue for a minute, we have:
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2.59 PROPOSITION Let C be an even symmetric STC* and let Z € C be such that det Z = 1. Let (Q, m,n) and
s,s', f,u;,t; be as defined in Lemma 2.57 and myq as above. Let j' : (J', ') — (Q, m) be any proper ideal in
(Q,m,n) containing the ideal j : (J,u) — (Q, m), where j = immy. Let (B, mp,ng) be the quotient monoid.

Then there is an isomorphism
(B®Zm®idz)=d(Z)- (B,mp)

of B-modules.
Proof. Since the ideal is proper, the quotient (B, mp,ng) is nontrivial and we have an epi p : QQ — B satisfying
pomg = mpopRp, (2.9)
pof = pong = ns. (2.10)

In order prove the claimed isomorphism B®Z = d B of B-modules we define morphisms ¢; € Hom(1, B®Z), p; €
Hom(Z,B), i =1,...,d as the following compositions:

s t; ®idyg p®idy

704 —= z®d-1) o 7 20 = 74 Q7
p

Gi: 1 B®Z,

U;

Di Z — Q

Using, first (2.9), then (2.8) and (2.10) we compute

- B.

Defining, fori =1,...,d,

we find

bi ©4; = mp

where in the next to last step we used (2.11). It is obvious from their definitions that p;, g; are morphisms of
B-modules. We have thus shown that the B-module (B ® Z, mp ® idz) has d direct summands (B, mpg), and
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therefore
(B@Z,m3®idz) & (B,mB)@...@(B,mB) (&) (N,,LLN).

d summands

It remains to be shown that N = 0 or, equivalently, Ejzl g; o p; = idpgz. A short argument to this effect is
given in [5, 2], but since it is somewhat abstract we give a pedestrian computational proof. We calculate

In view of the definition of (Q, mg,ng), the left hand side of (2.12) equals

d
Z(—l)dii (p ° Cg(z),5(z)2G-1 ®ldgzye@-—n 0 vI ® - ® 'U1) ®idz o idz®s (2.13)
i=1
d
= (p oV ®---® 'Ul) ®idz o <Z(—1)d_z Cz,z86-1) ®Ridge@—n ®idz o idz ® S) .
i=1
Writing K; = ¢z zea-1) ®idgew-i+1) o idz ® s, where i € {1,...,d}, one easily verifies

Kz'—l . j =¢—1
HdZJrl(Uj) o Kz = Ki+1 : j =1
—K; : otherwise

for all j € {1,...,i—1}. This implies that the morphism Z — Z®(@+1) in the large brackets of (2.13) is totally
antisymmetric w.r.t. the first d legs, i.e. changes its sign upon multiplication with Hfﬂ(aj), j=1,....d—1
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from the left. We can thus insert Af = so s’ at the appropriate place and see that (2.13) equals

= (p o 1}1®-"®U1)®idz o (sosl)®idz o <Z(—l)di Cz, z06-1) ®idge@-n ®idz o idz®8>

i=1

d

= (p oV Q- QU © 5) ®idz o <Z(—1)di s ®idy o Cz z®6-1) ®Ridge@e-—on ®idz o idz ® S)
i=1

Now, povy®---®wv; os =po f =mng. On the other hand, by the total antisymmetry of s we have

s' 0 ¢z zei-1 ®idge@-o = (—1)*~ts’ and thus

d

Z(—l)d_i s ® idy o Cz. z®G-1) ® idZ®(d71‘) ®idy o idz ® s
=1

d
:2:(—1)‘1_1'(—1)7:_1 s ®@idy o idyz®s = d(-1)T1s' ®@idy o idy ®@s = idy,

where the last equality is provided by Lemma 2.53. Thus (2.12) is true, implying Ele g; o p; = idpgz and
therefore the claimed isomorphism B ® Z = d(Z) B of B-modules. |

2.60 LEMMA Let C, Z and the monoid (Q,m,n) be as in Lemma 2.57. Then the commutative algebra I'g =
Hom(1, Q) is Z-graded and has at most countable dimension.

Proof. By construction of () we have

I'g = Hom(1,Q) = lim @ Hom(1 @ Hom(1, 5;(Z2)).

n =0 >0

Each of the direct summands on the right hand side lives in C and thus has finite dimension. It follows that
I'g has at most countable dimension. That I'g is a Z_-graded algebra is evident from the definition of m¢ in
terms of the morphisms m; ; : S;(X) ® S;(X) — Si1;(X) of Lemma 2.55. |

2.61 THEOREM Let Z € C be such that det Z = 1. Then there exists a commutative monoid (B, mp,ng) in
Ind C such that dim Homynqc(1, B) = 1 and there is an isomorphism B ® Z = d(Z)B of B-modules.

Proof. Let (Q,m,n) and the ideal j = immyg : (J,u) — (Q, m) as before. Assume that j is an isomorphism,
thus epi. Then mg is epi and thus an isomorphism by Lemma 1.67. In particular, the map I'g — I'g given by
s+ se(f—mn)is an isomorphism, thus f—n € I'g is invertible. This, however, is impossible since I'¢ is Z-graded
and f UAS I'g is not in the degree-zero part. Thus the ideal j is proper. By Lemma 1.63 there exists a maximal
ideal j : ( i) — (Q, m) containing j : (J, u) — (Q, m). If the monoid (B, mp,np) is the quotient of (Q,m,ng)
by j: (J ,ﬁ) — (@, m), Proposition 2.59 implies the isomorphism B ® Z = d(Z) - B of B-modules. By Lemma
1.65, the quotient module (B, mp,np) has no proper non-zero ideals, thus by Lemma 1.66, the commutative
C-algebra Endg((B,mp)) is a field extending k. By Lemma 1.59, Endg((B,m)) = Hom(1,B) =: I'p as a
C-algebra. By Lemma 1.72, the unit 1 € IndC is projective, thus Lemma 1.64 implies that I'p is a quotient of
I'g, and by Lemma 2.60 it has at most countable dimension. Now Lemma 2.62 below applies and gives I'p = C
and therefore dim Hom(1, B) = 1 as desired. [ |

2.62 LEMMA Let K D C a field extension of C. If [K : C] = dim¢ K is at most countable then K = C.

Proof. Assume that z € K is tranbcendental over C. We claim that the set {1 | a € C} C K is linearly

independent over C: Assume that Z = 0, where the a; are pairwise different and b, € C. Multiplying

i=1 ’I‘-I—(l
with H (a: + a;) (which is non-zero in K) we obtain the polynomial equation Efvzl billju(z +a;) =0 =
Zk o cpx® for x. Since x is transcendental, we have ¢, = 0 for all k = ,IN — 1. This gives us NV
linear equations Zi:l Myib; =0, k=1,...,N, where My; = > sci LN ngs as. This matrix can be

transformed into the matrix (Vi; = af_l) by elementary row transformatlons. By Vandermonde’s formula,
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det V =[], (a; —a;) # 0, thus the only solution of Mb = 0is by = --- = by = 0, proving linear independence.
Since C is uncountable this contradicts the assumption that K has countable dimension over C. Thus K/C is
algebraic and therefore K = C since C is algebraically closed. |

Finally we have:

Proof of Theorem 2.40. 1f C is an even ST'C* with monoidal generator Z, Lemma 2.52 allows us to assume
det Z = 1 (replacing Z by Z @ Z). Now Theorem 2.61 provides a monoid (B, m,n) in IndC satisfying the
assumptions of Corollary 2.44, which gives rise to a symmetric fiber functor £ : C — Vectc. |

2.63 REMARK It seems instructive to point out the main difference of our proof of Theorem 2.40 w.r.t. the
approaches of [5, 2]. In [5], a commutative monoid (@, m,n) for which there is an isomorphism Q ® Z = d(Z)Q
of -modules is constructed by a somewhat complicated inductive procedure. The explicit construction of the
monoid that we gave is due to [2]. Deligne proceeds by observing that, for every X € C, the k-vector space
Hom(1,Q ® X) is a module over the commutative ring I'g := Endg((Q, m)) = Hom(1,Q), and the functor
E: X ~ Hom(1,Q ® X) is monoidal w.r.t. the tensor product of T'g — Mod (rather than that of Vectc). Now,
a quotienting procedure w.r.t. a maximal ideal J in I'g is used to obtain a tensor functor £/ : C — K — Vect,
where K =T'¢/J is a field extension of the ground field k. If Hom(1, Q) is of at most countable dimension then
[K : k] < Vg, and if k is uncountable and algebraically closed it follows that K = k.

Our approach differs in two respects. Less importantly, our insistence on det Z 22 1 makes the construction
of the monoid (@, m, n) slightly more transparent than in [2]. More importantly, we perform the quotienting by
a maximal ideal inside the category of Q-modules in Ind C rather than in the category of I'g-modules, yielding
a monoid (Q',m’,n’) in Ind C with ' = C. Besides giving rise to a symmetric fiber functor E : C — Vectc in a
more direct fashion, this has the added benefit, as we will show in the final subsection, of allowing to recover the
group Natg E without any reference to the fiber functor and its natural transformations! The ultimate reason
for this is that, due to uniqueness of the embedding functor, the monoid (Q’,m’,7’) in IndC is nothing but the
monoid (7, 7,7) in Rep G that arises from the left regular representation of G, cf. [18]. O

2.12 Addendum

In the previous subsection we have concluded the proof of the existence of a fiber functor and, by the concrete
Tannaka theorem, of the equivalence C ~ Repf(G, k), where (G, k) is a compact supergroup. However, we
would like to show how the group Natg F, and in some cases also G, can be read off directly from the monoid
(Q,m,n), bypassing fiber functors, natural transformations etc.

2.64 DEFINITION The automorphism group of a monoid (Q,m,n) in a strict tensor category C is
Aut(Q,m,n) ={g € AutQ | gom=mog®g, gon=rn}.
2.65 PROPOSITION Let C be an STC* and (Q, m,n) a monoid in Ind C satisfying
(i) dimHomypqc(1,Q) = 1.

(ii) For every X € C, there is n(X) € Z4 such that n(X) # 0 whenever X % 0 and an isomorphism
ax: (Q®X,m®idx) — n(X) - (Q,m) of @-modules.

Then the group Natg E of monoidal natural automorphisms of the functor constructed in Proposition 2.42 is
canonically isomorphic to the group Aut(Q,m,n).

Proof. Let g € Aut(Q, m,n). For every X € C define gx € End E(X) by
gx v =¢gQidx oy V¢ € E(X)=Hom(1,Q ® X).

From the definition of (gx)xec and of the functor E it is immediate that (gx)xec is a natural transformation
from F to itself. We must show this natural transformation is monoidal, i.e.



commutes. To this end consider ¢ € E(X) = Hom(1,Q® X),v € E(X) = Hom(1,Q®Y) and g € Aut(Q,m,n)
with (gx)xec as just defined. Then the image of ¢ K ¢p € E(X) ® E(Y) under gxgy o dx,y is

g®idxgy 0 m®idxgy o idg ® ¢ ®idy o ¥,
whereas its image under dxy o gx ® gy is
m®idX®y o g®g®idx®y o idQ®¢®idy o w

In view of gom = mog®g, these two expressions coincide, thus (gx) € Natg E. It is very easy to see that the
map o : Aut(Q,m,n) — Natg E thus obtained is a group homomorphism.

We claim that ¢ is an isomorphism. Here it is important that we work in Ind C rather than any category 5,
since this implies that @ is an inductive limit of objects in C. The assumptions (i),(ii) then give Hom(X, Q) =

Hom(1,Q ® X) = C™X) for all X € C and thus (using n(X) = n(X) = dim B(X))

Q=lim @Pn(X,)X; and  EndQ=][[End E(X)), (2.14)

Scl jes iel

where S runs though the finite subsets of I. Assume now that o(g) is the identity natural transformation, i.e.
g®idx o ¢ = ¢ for all X € C and ¢ € Hom(1,Q ® X). Be the existence of conjugates in C, this is equivalent to
gos=sforalY € C and s € Hom(Y, Q). Since @ is an inductive limit of objects in C, this implies g = idg.
If now o € Natg E, we first observe that a is a natural isomorphism by 2.25. By the isomorphisms Nat F =2
[I;c; End E(X;) (cf. the proof of Proposition 2.4) and (2.14), we have a map NatgFE — Aut Q. Reversing the
preceding computations shows that every a € Natg E gives rise to an element of Aut(Q,m,n). ]

2.66 REMARK This result shows that the group Natg E can be recovered directly from the absorbing monoid
(Q,m,n) in IndC. In general the compact group G as defined in Subsection 2.1 is a true subgroup of Natg E,
the latter being the pro-algebraic envelope of G. (In the cases of G = U(1),SU(2),U(2), e.g., that would be
C*,SL(2,C),GL(2,C), respectively.) But if C is finite (i.e. has finitely many isomorphism classes of simple
objects) then Natg E is finite and G = NatgE. Interestingly, even in the case of finite C, where the monoid
(Q,m,n) actually lives in C, there seems to be no way to recover G without using IndC at an intermediate
stage. O
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