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Abstract

We give a simple proof of the Prime Number Theorem (PNT), the main aims being to minimize
and isolate the input from number theory and to avoid the Euler factorization of the zeta function.
We will use some very basic complex and harmonic analysis, proving all we need of the latter.

1 The Prime Number Theorem

Part (ii) of the following lemma is the only place where the fundamental theorem of arithmetic and
related number theoretic reasoning play a réle. P denotes the set of primes.

1.1 LEMMA (i) There is a unique arithmetic function A : N — R satisfying

> A(d)=logn VneN. (1.1)
d|
(ii) This solution is given by the ‘von Mangoldt function’ defined by

_ [ logp ifn=pk peP keN
A(n){o i (1.2)

(iii) We have 0 < A(n) <logn for all n € N.
Proof. (i) For n =1 we have A(1) =, A(d) =log1 = 0. For n > 2 we are forced to inductively

define
A(n) =logn — Z A(d). (1.3)

dln
d<n

This shows that (1.1) has a unique solution. (ii) By the fundamental theorem of arithmetic, every
n € N has a unique prime factorization n = p’fl ---pkm - and the divisors of n are of the form
pit - plr where 0 < ¢; < k;. The only divisors d of n for which the A of (1.2) is non-zero are
{prli=1,...,m, k=1,... ky}. Thus

m k; m

ZA(n) = ZZlogpi = kilogp; = log prf = logn,
1

d‘n =1 k=1 i= =1

proving that (1.2) is a, thus the, solution of (1.1). Now (iii) is an obvious consequence of (ii). W

For use in the following proofs, we recall one fact from basic complex analysis: If f: Q — C is
meromorphic, then for every zo € Q there is a unique n(z) € Z such that f(z) = (z—29)"*0) g, (2),
where g, is holomorphic in some neighborhood of zy and g.,(29) # 0. Furthermore, the function

z J},((Zz)) is meromorphic on 2, has a pole of order one and residue n(z) whenever f has a zero or

pole at z, and is holomorphic elsewhere. Thus n(z) = lime_oe(f’/f)(z + €).
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1.2 PROPOSITION The series
1
C(2) = povs

n=1

(1.4)

defines a holomorphic function on the open halfplane Re z > 1. It there satisfies ((z) # 0 and

) = —Z“ji", (15)
B _ ¥
ER

Proof. In view of |n*| = n®°# and the convergence of > >~ , 1/n® for a > 1, it is clear that (1.4)
converges absolutely for Re z > 1 and uniformly for Re z > a > 1. It therefore defines a holomorphic
function on the open half plane Rez > 1. By basic complex analysis, we may differentiate under
the sum and obtain (1.5). Using the consequence |A(n)| < logn of Lemma 1.1(iii), we similarly

see that > 7, AM) defines a holomorphic function on Rez > 1. Since the series (1.4) and (1.6)

n
converge absolutely for Re z > 1, we may compute

(1.6)

C(Z) . 7;1 g - n;l E ' mzzl TE::L) - n,m=1
= Y YA )
n=1 d n=1

where we used (1.1) and (1.5). Since ¢ clearly does not vanish identically, it has only isolated zeros,
and for {(z) # 0 we have proven (1.6). But since ¢’/¢ has poles at all zeros of ¢, whereas the r.h.s.
of (1.6) is holomorphic on Rez > 1, we have proven that ((z) # 0 for Rez > 1. |

1.3 LEMMA There is a holomorphic function g : {z|Rez > 0} — C such that ((z) = g(z) + 715

when Re z > 1. Thus ¢ has a meromorphic extension, which we also denote (, to {z|Rez > 0}\{1}.

Proof. For Rez > 1 we have [~ ¢ *dt = . Thus
1 /1 ntlg e ST
9(z) = ((2) — —1Z<n2/n tzdt)Z/n (nztz>dt. (1.7)
n=1 n=1
Now,
n+1 dt B n+1 Py B ‘Z|
so that (1.7) converges, and thus defines g(z) as a holomorphic function on Rez > 0. [ |

1.4 PROPOSITION (i) We have (1 +it) # 0 for all 0 #¢ € R.

(ii) The function z — —%(z) -

7 extends continuously to Rez > 1.
Proof. (i) We have ((z) € R for real z > 1, implying ((z) = ((z), thus n(1 +it) = n(1 —it). By
Lemma 1.3 we have hma\O €% ( +¢)=n(l) = —1 and, assuming ¢ # 0,

! !

< ¢ o o
;%5<(1+sizt)—n(1izt)_.u, il\rj})sc(l+s:t21t)—n(1:t2zt)_



where p, v > 0 since ((z) is holomorphic at 1 + it for ¢ # 0. With (1.6) we have

o0

!
(52, ) Saareriny = 3 2oy 2

r=-—2 n=1

since A > 0 and n**/? 4+ n~%*/2 ¢ R. Multiplying by € and taking € \, 0 gives 6 — 8yt — 2v > 0. (The
5th row (f) of Pascal’s triangle is 1,4,6,4,1.) Thus n(1 + it) = p = 0, which means (1 + it) # 0.

(ii) By Lemma 1.3, ¢ is holomorphic on Rez > 0 with the exception of the simple pole at
z=1. By (i), ¢(1+14t) # 0 for t # 0. Thus —¢’/¢ is holomorphic at 1 + it for ¢ # 0 and has a
simple pole of residue 1 at z = 1. The latter is cancelled by the subtraction of the term (2 —1)"*. W

1.5 LEMMA Defining ¢(x) = >_,, -, A(n), we have

- e ** = 3 <(2) or e(z
Z/O U(e *E 30 for Re(z) > 1. (1.8)

Proof. In view of Lemma 1.1, we have ¢(z) = O(zlogz) = O(2'*¢), thus the integral converges
absolutely. Now

2/0 e *(e”)dx

Z/OOO e Z A(n) | dx = ziA(n) /OO e *dx

n<e® n=1 logn
o0 o0 oo
-1 Aln
= zZA(n) [e”] = (n)
— z 1 — n*
n=1 ogn n=1
proves the first identity of (1.8). The second identity was proven in Proposition 1.2. |

The following Tauberian theorem, due to Ikehara and not involving number theory, will be
proven in the Appendix:

1.6 THEOREM Let f: R, — R, be non-decreasing. If there are a,c > 0 such that the integral

= [ e

converges absolutely for Re(z) > a [thus automatically defines a continuous function there] and
F(z) (z) > a then

f(x) ~ce™ as x— +oo.

1.7 PROPOSITION () ~ x as & — 00.

Proof. By Lemma 1.5, the integral fooo e **)(e*)dx converges for Re(z) > 1 and equals 722((?)
¢'(2)

By Proposition 1.4(ii), the function z — — O has a continuous extension to Re(z) > 1,

z—1

thus also 75;((?) - L= %(,M — L —1). In view of A > 0, the function ¢(z) = > n<a A1)

is non-decreasing. Now Theorem 1.6 gives (e”) ~ e as © — 00, and therefore ¢(z) ~ . |

1.8 THEOREM (PRIME NUMBER THEOREM) Let 7(z) = #(PN[1,z]), and let p,, denote the n-th

prime. Then
x

m(x) ~

and pn ~ nlogn as r,n — oo.
log x



Proof. Using Lemma 1.1(ii), we compute

x) = An) Zlonglogp{ J > logz = m(x)log .

n<x pk<z p<z p<lzx

If 1 <y < a then

logp _ ¥(z)
(=) Z b= Z logy 10gy

y<p<lz y<p<lzx
Thus 7(x) <y +¥(x)/logy. Taking y = x/(log x)? this gives
P(x) < m(x)log < Y(x) log x 1
x = x — x log(z/(logz)?) logx’

In view of log(z/(logz)?) = logz — 2loglogx ~ logz and 1 (z) ~ z from Proposition 1.7 we have
m(x) ~ z/log x.

Taking logarithms of m(x) ~ z/logx, we have logm(z) ~ logz — loglogx ~ logx and thus
m(x)logm(x) ~ z. Taking x = p, and using 7(p,) = n gives nlogn ~ p,. [ |

1.9 REMARK o We avoided the Euler factorization of the zeta-function (which at any rate just
is an analytic restatement of the unique prime factorization) and the power series expansion
of the logarithm. Instead we directly arrived at the Dirichlet series (1.6) for the logarithmic
derivative ¢’/(, using the very basic theory of A and the relation between Dirichlet convolution
of arithmetic functions and pointwise multiplication of the associated Dirichlet series.

e Arithmetic (or number-theoretic) reasoning is confined to the proof of part (ii) of Lemma
1.1. That result is used only via its consequence (iii). More precisely, to prove ((z) # 0 for
Rez > 1 we only needed the slow growth of A. The positivity of A gave the monotonicity of
1, needed to apply Theorem 1.6, and went into the proof of {(1 + it) # 0.

e Actually, A(n) < logn Vn is clearly implied by the elementary identity (1.3) together with
A > 0. Thus the latter statement is the only arithmetic input needed for the proof.

e But eliminating the use of A > 0 or proving it without use of the fundamental theorem of
arithmetic seems impossible: Even the simplest ‘elementary’ (i.e. (-free) proof of the PNT
uses A > 0. Circumventing this by taking (1.2) as the definition of A is no solution, since then
one needs the fundamental theorem of arithmetic for proving that A satisfies A x 1 = log.

O

A  Proof of Ikehara’s Tauberian theorem

The proof of Theorem 1.6 will be given using the Fourier transform on R, concerning which we
only need the definition and an easy special case of the Riemann-Lebesgue Lemma:

A.1 LEMMA Let f: R — C be continuous with compact support. Then the Fourier transform
&= [ fla)eendo (A1)

(integrals without bounds always extend over R) satisfies f({) — 0 as [¢] — oo.

_/f(x)e*ié(a:f%)dq; = —/f(gH_ %)e—igzdx,

Proof. For £ # 0, we have



which leads to

D m —i€x

=3 [ (10~ s+ D)) e (A2
Being continuous with compact support, f is uniformly continuous, thus sup, |f(z)— f(z+¢)| = 0
as ¢ — 0. Inserting this in (A.2) and keeping in mind that supp(f) is bounded, the claim follows. B

Proof of Theorem 1.6. As a preparatory step, pick any continuous, compactly supported even
function g : R — R such that g(0) = 1 and g(§) > 0 V&, where g is as in (A.1). (A possible choice
is the tent function g(x) = max(1 — |z|,0). By an easy computation, g(£) = 2(1 — cos€) /&2 > 0,
so that all assumptions are satisfied.) Then the Fourier inversion theorem applies, thus g(x) =
(2m)~! [G(€)e**d¢, and in particular we have [g(€)d¢ = 2mg(0) = 2m. (This is our only use of
Fourier inversion, and it can be avoided at the expense of showing [ g(£)d¢ = 2r ‘by hand’, which
can be done for the above choice of g, if somewhat arduously.!)

Defining g, (z) = g(x/n), it is immediate that g, (&) = ng(n&) and [ g, = 27 for all n. For every
0 > 0 we have fl€|>5 gn (&) = f‘u|>n5 g(u)du, which tends to zero as n — 0 since g, is integrable and
non-negative. Thus the normalized functions h, = Jn/2m constitute an approximation of unity.
(Le. [ fhn, =5 £(0) for sufficiently nice f.)

Let G(z) be the continuous extension (clearly unique) of F(2) — % to Re(z) > a. Defining
¢(x) = e f(x), we have for all t € R, & > 0:

- z) —c)e” EFDTgy = - (x)e * dg .
JRCEEE do= [ @i, (a3)

Gla+e+it)=F(a+e+it) —

ct+it

where we abbreviate 1. (xz) = e **(¢(x) — ¢) to make the following computation readable. Multi-
plying (A.3) by e¥!g, (t) and integrating over ¢, we have

/eiytgn(t)G(a +e+it)dt = /eiytgn(t) </OOO ws(z)eimdz> dt

= [ ([t ) i

- [ vt - o
0

= / e P (x)gn(y — x)dx — c/ e gn(y — x)dx. (A.4)
0 0

(The second equality holds by Fubini’s theorem, since 1. and g, are integrable. The third identity
uses that g, is even.) We now consider the limit ¢ N\, 0 of (A.4). Since G by assumption is
continuous on Re(z) > a, we have G(a+e+it) — G(a+it), uniformly for ¢ in the compact support
of g,. Thus

lim [ g, (6Gia+ < + it)dt = / ¢y, ()G (a + it)dt.

g
Since ¢ and g, are non-negative, the monotone convergence theorem gives

lim e~ () gn(y — x)dx = / O(x)gn(y — z)dz,
eNO Jo 0
e} o Y
lim / e oy —x)de = / Iny —x)dx = / n(z)dx.
N0 Jo 0 -

Thus the € N\, 0 limit of (A.4) is

Y

[ erantatind = [~ o@miy - os e [ g (4.5)

— 00

Let a,b > 0. Twofold partial integration gives fooo e “cosbrdr = Applying fOC...db gives

a
Pl
JoT e T HheL gy = arctan €. Applying fOf -+ -de gives [° ef‘”l_;#;fm dr = farctanf — 2log (1+ (£)?). (The ex-
changes of integration order are justified by absolute convergence and Fubini.) Taking f = 1 and the limit a \, 0 we

. o0 —
obtain [° =522 dy = 7.



Since t — g, (t)G(a + it) is continuous and compactly supported, Lemma A.1 gives

lim [ e"'g,(t)G(a +it)dt = 0,

Yy—+00

with which the complex numbers leave the stage. Obviously,

y
lim In(z)dx = /ﬁ;(x)dz = 2.

y—+oo | o

Thus for y — 400, (A.5) becomes (in terms of h,, = g, /2)

lim /000 d(x)hp(y — x)dz = c. (A.6)

Yy—r+o00

It remains to show that this implies lim, o #(x) = ¢, using that {h,} is an approximate unit
and that f(z) = e®*¢(x) is non-decreasing. For § > 0 we have

/¢(x +0—yha(y)dy = /f(x +0 = y)e TR, (y)dy

Y

4
/ Fla 46 —y)e TV, (y)dy
-

v

/ 5 f(@)e T2 p, (y)dy

-
)

= p(a)e2 / ha(W)dy = $(x)e 2L, (5),
-

where we write I,,(§) = fis hn(y)dy. By (A.6), the Lh.s. tends to ¢ as y — oo, so that

limsup ¢(z) < ¢ vn e N,d > 0.

r—+00 o In((s)
Recalling that I,(6) "=3 1 for each § > 0, taking n — oo gives limsup,_, . #(z) < ce?*® for
every 6 > 0. Taking § ~\, 0 we obtain limsup,_, , . ¢(x) < c. This also implies that ¢ is bounded
above: ¢(z) < M for some M > 0.
On the other hand,

)
Jote=s=nhatids < [ o5 phaloray+ 21 )
) - )
- / f(x—é—y)e““Whn(y)de(l— / hn<y)dy)
-5 -4
< (@)L, (8) + M(1— 1,,(6)).

This gives

5> Jol@—38—y)hn(y)dy — M(1— 1a(9))

¢( 62(15[”(5)

With (A.6) we obtain

—M(1—1,(5
lanigfdw) > ¢ 6256]"(5)( )

We have thus proven ¢(x) — ¢ as © — +o0o, which is equivalent to f(x) ~ ce®”. |

Taking n — oo we find liminf, . ¢(z) > 25, and 0 N\ 0 gives liminf, o(z) > c.



