for some @, € (0, 1), and this differs from A, (D)%) by less than |h;]eln,
using (413, By (42), it follows that ¥

a !
f(x 4+ h) = f(x) = 3 hi{D;f)x) <= Y |hle<|hle
J=1

i=1

for all h such that |h| < r,

This says that f is differentiable at x and that (x) is the linear
function which assigns the number L4 (0, () x) to the vecior h - Ll'hej_
The matrix [f'(x)] consists of the row (D, f)x). ... (0, x); and since
Dy, D are continuous functions on £, the concluding remarks of
Sec. 9.9 show that fe ¥(E).

THE CONTRACTION PRINCIPLE

We now interrupt our discussion of differentiation 1o insert a fixed point
theorem that is valid in arbitrary complete metric spaces. It will be used in the
proof of the inverse function theorem.

9.22 Definition Let X be a metric space, with metric . If @ maps X into X
and if there 15 a number ¢ < 1 such that

(43) dlp(x), @) = cdix, ¥)

for all x, ye X, then ¢ is said to be a contraction of X into X.

9.23 Theorem [ X is a complete metric space, and if @ i a contraction of X
inte X, then rhere exists one and only one x € X such that p(x) = x.

In other words, ¢ has a unique fixed point. The unigqueness is a triviality.
for if p(x) = x and @()) = y, then (43) gives dix, 1) = ¢ d(x, ). which can only
happen when dix, y) =0,

The existence of a fixed point of @ is the essential pari of the theorem,
The prool actually furnishes a constructive method for locating the fixed point.

Proof Pick xy € X arbitrarily, and define {x_} recursively, by setting
(44} Xo41 = lx,) (r=01,2,...%
Choose ¢ < | so that (43) helds. For a = 1 we then have
x40, x,) = dlp(x,), wlx,_ ) = cdlx,, x,-,).
Hence induction gives

{45} 'd{.xn-i is 'xn:' i: cl'r "ﬂ;xil xl:l) (ﬂ el u- !:l 2- L ')'

If < m, it follows that

d(x,, x,) < i d(x;, x;_,)

P=n+l
(" + et g kT N dx,, X))
< [(1 = )7 " d(x;, x0))e".

Thus {x.} is a Cauchy sequence. Since X is complete, lim x, = x for some
xe X.

Since ¢ is a contraction, « is continuous {in fact, uniformly con-
tinwous) on X, Hence

plx) = lim g{x,) = limx,,; = x.

| b H—+ a0

THE INVERSE FUNCTION THEOREM

The inverse function theorem states, roughly speaking, that a continuously
differentiable mapping [ is invertible in a neighborhood of any point x at which
the lincar transformation £(x) is invertible:

9.24 Theorem Suppose [ is a @ -mapping of an open ser E = R into R, 1'(a)
iy invertible for some a e E. and b =f(a). Then

{a) there exist apen seis Uand Vin R® such that ae U be V. [ is one-to-
one on U, and T(U) = V'
{h)y il g is the inverse of € [which exists, by (@)]. defined in V by

gif(x)) =x (x e L)
then g e (V).

Writing the equation y = ix) in component form. we arrive at the follow-
ing interpretation of the conclusion of the theorem: The system of # equations

Yo = g, e X (l=sisn

can be solved for x,, ..., x, interms of . ..., ¥,. if we restrict x and y to small
enough neighborhoods of a and b; the solutions are unique and continuously
differentiable.

Proofl
(a) Put f'{a) = 4, and choose A so that

(46) 247 = 1.
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(47)

(48)

(4%

(30)

(31)

Since f° is continuous at a, there is an open ball U = E, with center at a,
such that

1) — Al <4 (xeU).

We associate to each y € R" a function ¢, defined by

X)) =x+ A"y =1(x)) (xeE)

Narte that T(xr=y i and enly {f x is a fixed point of .

Since @ (X)) =F— A7 '(x) = A4 = £(x)), (46) and (47) imply
that

lo'tx)ll <+ (xel))
Hence
[} — iz} = +lx; — %3] (x,,x; U

by Theorem 9.19. [t follows that ¢ has at most one fixed point in U, s0
that f(x) = y for at most one x e L,
Thusfis1 — 1 in U

Mext, put ¥ =1(L), and pick yoe V. Then y, = f(x;) for some
X, € U, Let B be an open ball with center at xg and radius r = 0, 50 small
that its closure B liesin 7. We will show that y & ¥ whenever |y — yq| < ir.
This proves, of course, that  is open,

Fix y, |¥ — ¥o| < ir. With g as in (48),
T r
[0tx0) = Xol = [ 47y = yo)l < 1471 = .
If x € B, it therefore follows from (50) that
| p(x) = xg| = |p(x) = @ixg)| + | (%) = %]
I r
<gslx—xo| +5=7;

hence @(x) € B Note that (50) holds if x| A, x; e B

Thus ¢ is a contraction of B into 8. Being a closed subset of RB",
B is complete. Theorem 9.23 implies therefore that ¢ has o fixed point
xe B, Forthisx. fix) =y. Thusyef(B)= (L) =¥

This proves part (@) of the theorem.

(" Pick ye V. y +ke V. Then there exist xe I, x + he [/, s0 that
y=1(x), ¥y + k =f(x + h). With ¢ as in (48),

x +h)—@x)=h+ A7[Hx)=f(x +h)] =h - 47 'k,
By (50}, |h— A 'k| = {|h|. Hence |4~ "k| = 1|h]|, and
|b|< 20474 |k| = 27" |k|.

By (46), (47), and Theorem 9.8, £(x) has an inverse, say T. Since
gy + k) — g(y) — Tk =h — Tk = —T[f(x + h) - £(x) — F(x)h],
(51) implies

gty + k) —g() = Tk| _ 71 |f(x+h) — () = £'(0h|
k] R |h]

Ask =0, (51) shows that h — 0. The right side of the last inequality
thus tends 1o 0. Hence the same is true of the lefi. We have thus proved
that g'{y) = T. But T was chosen 1o be the inverse of £ '(x) = f(g(¥)). Thus

(52) gy) ="y (yeV).

Finally, note that g is a continuous mapping of ¥ onto U (since g
is differentiable), that ' is a continuous mapping of {f into the set £ of
all invertible elements of L{R"). and that inversion 1s a continuous mapping
of {2 onto £2, by Theorem 9.8. If we combine these facts with (52}, we see
that g € (V).

This completes the proof.

Remark.  The full force of the assumption that fe %°(E) was only used
in the last paragraph of the preceding proof. Everything else, down o Eq. (52),
was derived from the existence of T'{x) for x € E, the invertibility of '(a), and
the continuity of £ at just the point a. In this connection, we refer to the article
by A. Nijenhuis in Amer. Math. Monthly, vol. 81, 1974, pp. 969-980.

The following is an immediate consequence of part (a) of the inverse
function theorem.

9.25 Theorem [ffis a % -mapping af an open set E<= R into R" and if T'(x)
is invertible for :*Jri'*r_r x & E, then f{W) is an open subset of R" for every open sei
WeE.

In other words, T is an open mapping of £ into R®

The hypotheses made in this theorem ensure that each point x &€ E has a
neighborhood in which f is 1-1. This may be expressed by saying that f is
locally one-to-one in £, But f need not be 1-1 in £ under these circumstances.
For an example, see Exercise 17.

THE IMPLICIT FUNCTION THEOREM

If fis a continuously differentiable real function in the plane. then the equation
f(x, ¥) =0 can be solved for p in terms of x in a neighborhood of any point
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{a, &) at which fla, b) = 0 and &f/7y # 0. Likewise, one can solve for x in terms
of y near {a, &) if Offdx # 0 at {a, b). For a simple example which illustrates
the need for assuming £f/dy # 0, consider fi{x, ) = x* + y* — 1.

The preceding very informal statement is the simplest case (the case
m=n =1 of Theorem 9.28) of the so-called “implicit function theorem.”™ Its
proof makesstrong use of the fact that continuously differentiable transformations
behave locally very much like their derivatives. Accordingly, we first prove
Theorem 9.27, the linear version of Theorem 9,28,

9.26 Motation Ifx =(x,,...,: e R and y =(y;...., ¥,) € 7, let us write
{x, ¥) for the point {or vector)

(x40 .. e e o oh i =11 -y
In what follows, the first entry in (x, ¥) or in a similar symbol will always be a
vector in R, the second will be a vector in B™.

Every A e L{R""™, R") can be split into two linear transformations A, and
A, ., defined by

(33 A.h = Alh, 0), Ak = A0, k)
forany he R". ke R™. Then A, € LIR"), A, L{R", R"), and
(54) A k) =A.h+ Ak

The linear version of the implicit function theorem is now almost obvious.

9.27 Theorem [ Ae LiR""™ R")and if A, is invertible, then there corresponds
to every k& B™ a unigue bhe B sueh thar Alh, k) = 0.
This h cen be conmputed from K by the formula

(55) h=—(4,)7"4,k
Proof By (54). A{h, k) = 0 if and only if
Ah+ A k=0,
which is the same as (55) when A, is invertible,
The conclusion of Theorem 9.27 is, in other words, that the equation
Aih. k) = 0 can be solved (uniguely) for h if k is given, and that the solution h

i a linear function of k. Those who have some acquaintance with linear algebra
will recognize this as a very familiar statement about systems of linear equations.

928 Theorem Lot § be a € -mapping of an open set Ec R*Y™ into R", such
that £(a, b) = 0 for some poinf (a, b) e E
Put A =1'(a, b) and assume that A, is invertible.

Then there exist open sets U= R"™™ and W o R, with (a. b)e U and

b e W, having the following properiy:
To every y € W corresponds a unigue X such that

(56) ix, y)e and  T(x,y) =0
If this X is defined to be gly). then g is a 't "-mapping of W into R, gib) =a,
(57) fey)y)=0 (ye W)
and
(58) gib)= —(A)7"A4,.

The function g is “implicitly” defined by (57). Hence the name of the

theorem, .
The equation Fix. y) =0 can be wrilten as a system of » equations 1n

n 4+ m variables:

f,:_\'l.....x“._}',, """ .I'Im'}-__u

[Sg} 1A= pem=cisidaaEranere=besarn .
T (L SRR e AT Pad =0,

The assumption that A, is invertible means that the » by i matrix
bfi *Mﬁ]
_'D1.Iru Y 'Du.-ﬂl

eviluated at (a. b) defines an imvertible linear operator in B in other words,
its column vectors should be independent, or, equivalently, its determinant
should be 0. (See Theorem 9.36.) If. furthermore, (59) holds when x = a and

y = b, then the conclusion of the theorem is that (593 can be solved [ e S X,
in terms of ¥,. .... V.. for every ¥ near b, and that these solutions are continu-
ously dilTerentiable functions of ¥,

Proof Deline F by
(60 Fix. ¥} = (F(x. ¥). ¥ fix.¥v1e £}

Then F is a % '-mapping of £ into R*"™. We claim that Fia. b} 1s an
invertible element of L{R""™):
Since f{a. b) =0, we have

fla+h b+ k)= Ath, k} + r(h, K}
where 1 is the remainder that occurs in the definition of {(a. b), Since

Fla+ hb+k)—Flab) =(f(a+hb+kLk}
= (Alh, k), k) + (r(h, Kk}, 0}
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(61)

(62)

(63)

(64)

(65)

it follows that F'{a. b) is the linear operator on 8™ that maps (h, k) 1o
{A{h, k), k). I this image vector is 0, then A(h, k) = 0 and k = 0, hence
Ath, 0) = 0, and Theorem 9.27 implies that h = 0. 1t follows that Fia, b)
is 1-1; hence it is invertible {Theorem 9.5).

The inverse function theorem can therefore be applied to Fo It shows
that there exist open sets Land Fin 87", with (a, b) € U, (0, b) = V, such
that F is a 1-1 mapping of L/ onto V.

We let W be the set of all ye B" such that (0, ¥)& V. Note that
bhe W,

It is clear that W is open since V is open.

Ify € W, then (0, y) = Fix, y) for some (x, y) e L. By (60).f(x, ¥} =0
for this x.

Suppose, with the same y, that (x", ¥)e U and f(x’. ¥) = 0. Then

Fix', y) = (f(x, ¥), ¥) = (f(x. ¥). ¥) = F(x. ¥).

Since F is 1-1 in U, it follows that x* = x,
This proves the first part of the theorem.

For the second part, define g(y). for y € W, so that (g{y). ¥v) e U and
(57) holds, Then

Figly) ) = (0, ¥)

If G is the mapping of ¥ onto U that inverts F, then G & %", by the inverse
function theorem, and (61) gives

(g(y). y) = G(0.y)

Since G & %", (62) shows that g € %",
Finally, to compute g'(b), put (g{y), ¥) = dy). Then

P'(y)k = (g(y)k, k) (ye W, ke B™).
By (57), f(®(y)) =0 in W. The chain rule shows therefore that
£ (R(y)d'(y) = 0.
When ¥ = b, then ®{y) = (a, b), and T {D(y)) = 4. Thus
Ad'(b) = 0.

(y e W)

(v e W),

1t now follows from (64), (63), and {54), that
A gk + A,k = A(g'(b)k, k) = AD'(b)k =0
for every k € R™. Thus

Ag(®) + A, =0,

o

This is equivalent to (58), and completes the proof.

Note. In terms of the components of T and g, (65) becomes

Y (D,f)(a, b)(Deg,)(b) = —(Dy44f)a. b)

£GIE)--G)

where l=isn 1l <k=<m
For each k, this s a system of n linear equations in which the derivatives
dg;/éy, (1 = j = n) are the unknowns.

or

9,29 Example Take n =2, m =3, and consider the mapping f = (f, f3) of
R?® into R* given by
Hlxn %, iy ya) =268 + x50 —4y: + 3
Fi(Xy, X3, ¥1 P2 ¥3) = Xp 08 Xy — 6x, +2p, = )3
Ifa = (0, 1)and b =(3, 2, 7), then f(a, b) = 0. _
With respect to the standard bases, the matrix of the transformation
A=1(a b)is

w=[5 1 2 7o -

25 ona bl e et

We see thal the column vectors of [4,] are independent. Hence A, is invertible

and the implicit function theorem asserts the existence of a @’-mapping g, defined

in a neighborhood of (3, 2, 7), such that g(3, 2, 7) =(0, 1) and f{g(y), y) =0.
We can usc (58) to compute g'(3, 2, 7): Since

Hence

= . 11 -3
(=" =55 7]

P L e e

(58) gives

3.2, =- % L[, —;] B

e o R




