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Thus
>3

(8} u(z,t) = Z Ay cosmt sinmaz,
m=1

and note that this series converges absolutely. The solution can also be
expressed in terms of traveling waves. In fact

(9) - flz +1t) :IE- fle—1)

Here f(z) is defined for all z as follows: first, f is extended to [—m, 7] by

making it odd, and then f is extended to the whole real line by making

it periodic of period 2m, that is, f(z + 2rk) = f(x) for all integers k.
Observe that (8) implies (9) in view of the trigonometric identity

. 1
cosvsinu = 5 [sin(u + v) + sin(u — v)].

As a final remark, we should note an unsatisfactory aspect of the so-
lution to this problem, which however is in the nature of things. Since
the initial data f(z) for the plucked string is not twice continuously dif-
ferentiable, neither is the function u (given by (9)). Hence u is not truly
a solution of the wave equation: while u(x, ) does represent the position
of the plucked string, it does not satisfy the partial differential equation
we set out to solve! This state of affairs may be understood properly
only if we realize that u does solve the equation, but in an appropriate
generalized sense. A better understanding of this phenomenon requires
ideas relevant to the study of “weak solutions” and the theory of “dis-
tributions.” These topics we consider only later, in Books III and IV.

2 The heat equation

We now discuss the problem of heat diffusion by following the same
framework as for the wave equation. First, we derive the time-dependent
heat equation, and then study the steady-state heat equation in the disc,
which leads us back to the basic question (7).

2.1 Derivation of the heat equation

Clonsider an infinite metal plate which we model as the plane R*, and
suppose we are given an initial heat distribution at time ¢t = 0. Let the
temperature at the point (z,y) at time ¢ be denoted by u(x, v, t).

2. The heat equation 19
Consider a small square centered at (zp, yo) with sides parallel to the

axis and of side length h, as shown in Figure 9. The amount of heat
energy in S at time ¢ is given by

H(t) =afLu[m,y,t]d$dy,

where o > 0 is a constant called the specific heat of the material. There-
fore, the heat flow into § is

o H i
H —Jf[gadmdy,

which is approximately equal to

5 O
ﬂ'hz E(;EU:- Wi, t},

since the area of S is h?. Now we apply Newton’s law of cooling, which
states that heat flows from the higher to lower temperature at a rate
proportional to the difference, that is, the gradient.

ke
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(0, 7o) (o0 + h/2,10)

Figure 9. Heat flow through a small square

The heat flow through the vertical side on the right is therefore
du
—lt — +h/2 i
ﬁ" ax {:I:u Jl'l 1 yﬂ? } 1

where # = (0 is the conductivity of the material. A similar argument for
the other sides shows that the total heat flow through the square 5 is
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given by

th
H-h E

(zo + h/2, Yo, t) — %{fﬂu —h{2,30.%)

& i :
+ oy (zo, 30 + 1/2,t) — Siﬁfﬂuryﬂ —hf2,t)] .

Applying the mean value theorem and letting h tend to zero, we find
that

o du @ 5 P u

K OE O By
this is called the time-dependent heat equation, often abbreviated
to the heat equation.

2.2 Steady-state heat equation in the disc

After a long period of time, there is no more heat exchange, so that
the system reaches thermal equilibrium and du/dt =0. In this case,
the time-dependent heat equation reduces to the steady-state heat
equation

Fu  Pu

E'x—?-l'@:&

(10)

The operator 8% /dx2 + 8* /8y” is of such importance in mathematics and
physics that it is often abbreviated as & and given a name: the Laplace
operator or Laplacian. So the steady-state heat equation is written as

Hu =10,

and solutions to this equation are called harmonic functions.

Consider the unit disc in the plane
D={(zy) R :s® +y’ <1},

whose boundary is the unit circle €. In polar coordinates (r, @), with
0 < rand 0 < 6 < 27, we have

D={(r8):0=r<1} and C={(rd):r=1}

The problem, often called the Dirichlet problem (for the Laplacian
on the unit disc), is to solve the steady-state heat equation in the unit
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disc subject to the boundary condition u = f on €. This corresponds to
fixing a predetermined temperature distribution on the circle, waiting a

long time, and then looking at the temperature distribution inside the
disc.

u(l,8) = f(#)

Hu=10

Figure 10. The Dirichlet problem for the dise

While the method of separation of variables will turn out to be useful
for equation (10), a difficulty comes from the fact that the boundary
condition is not easily expressed in terms of rectangular coordinates.
Since this boundary condition is best described by the coordinates (r, #),
namely u(1,8) = f(#), we rewrite the Laplacian in polar coordinates. An
application of the chain rule gives (Exercise 10):

Fu 18u 18u

e St O IO
5 5?‘2—' Tﬂv‘+r2t}|‘?2'

We now multiply both sides by r#, and since /u = 0, we get

0% Bu u
e e g o
ar? ar ag?

Separating these variables, and locking for a solution of the form

u(r,8) = F(r)G(#), we find

cr B e g (GE0)

Fir) Go)
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Since the two sides depend on different variables, they must both be
constant, say equal to A. We therefore get the following equations:

G"(6) + AG(0) =0,
{ r2F"(r) + rEF'(r) — AF(r) = 0,

Since G must be periodic of period 2w, this implies that A = 0 and (as
we have seen before) that A = m? where m is an integer; hence

G(8) = Acosmb + Bsinm.

An application of Euler's identity, e = cosx + isinz, allows one to
rewrite (¢ in terms of complex exponentials,

(;{9} =iy AE““H-I-BE_““E.

With A = m? and m # 0, two simple solutions of the equation in F' are
F(r) =+r™ and F(r) = r—™ (Exercise 11 gives further information about
these solutions). If m = 0, then F(r) = 1 and F(r) = log r are two solu-
tions. If m > 0, we note that +—™ grows unboundedly large as r tends
to zero, so F'(r)G(#) is unbounded at the origin; the same occurs when
m =0 and F(r) =logr. We reject these solutions as contrary to our
intuition. Therefore, we are left with the following special functions:

U (r,0) = ri™le™  meZ,

We now make the important observation that (10) is linear, and so as
in the case of the vibrating string, we may superpose the above special
solutions to obtain the presumed general solution:

L= o
ulr,8) = Z Q™ et

m=—0o0

If this expression gave all the solutions to the steady-state heat equation,
then for a reasonable [ we should have

u(1,0) = i ame™® = £(0).

T ==00

We therefore ask apain in this context: given any reasonable function f
on [0, 27| with f(0) = f(2x), can we find coeflicients a,, so that

fO)= 3 ame™

m=—00
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Historical Note: D'Alembert (in 1747) first solved the equation of the
vibrating string using the method of traveling waves. This solution was
elaborated by Euler a year later. In 1753, D. Bernoulli proposed the
solution which for all intents and purposes is the Fourier series given
by (4), but Euler was not entirely convinced of its full generality, since
this could hold only if an “arbitrary” function could be expanded in
Fbt_lricr series. [’Alembert and other mathematicians also had doubts.
This viewpoint was changed by Fourier (in 1807) in his study of the
heat equation, where his conviction and work eventually led others to a

mryplel;t: proof that a general function could be represented as a Fourier
series,

3 Exercises
1. If 2 = x + iy is a complex number with x,y € R, we define
|2] = (2® + y*)'/2
and call this quantity the modulus or absolute value of .
(a) What is the geometric interpretation of |z|?
(b) Show that if |z| = 0, then z = 0.

(c) Show that if A € R, then |Az| = |A|z|, where |A] denotes the standard
absolute value of & real number,

(d) If z; and 2, are two complex numbers, prove that

lz122] = |z1]|z2]  and |2 + 2 < |21] + |2a].

(e) Show that if z # 0, then |1/z| = 1/]=|.
2. If z=r+iy is a complex number with z,y € R, we define the complex
conjugate of z by
=T — iy.
(a) What is the geometric interpretation of 77
(b) Show that |z|* = zz.

(c) Prove that if = belongs to the unit circle, then 1 lz=7%
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Corollary 5.3 If f is integrable on the cirele and f (n) =0 for all n,
then f =0 at all points of continuity of f.

The proof is immediate since all the partial sums are (0, hence all the
Cesiro means are 0.

Corollary 5.4 Continuous functions on the circle can be uniformly ap-
prozimated by trigonometric polynomials,

This means that if f is continuous on [—m, 7] with f(—x) = f(7) and
¢ = (1, then there exists a trigonometric polynomial P such that

|f(x) - P(z)|<e forall-w<z<m.

This follows immediately from the theorem since the partial sums, hence
the Cesiro means, are trigonometric polynomials. Corollary 5.4 is the
periodic analogue of the Weierstrass approximation theorem for polyno-
mials which can be found in Exercise 16.

5.3 Abel means and summation

Another method of summation was first considered by Abel and actually
predates the Cesiro method.
A series of complex numbers %7 ¢ is said to be Abel summable

to s if for every 0 < r < 1, the series
o0
Alr) = Z cpr®
k=0

converges, and

]im1 Alr) = s.

The quantities A(r) are called the Abel means of the series. One can
prove that if the series converges to s, then it is Abel summable to s.
Moreover, the method of Abel summability is even more powerful than
the Cesaro method: when the series is Cesaro summable, it is always
Abel summable to the same sum. However, if we consider the series

1-24+3-4+5—-=) (-1)*(k+1),
k=0

then one can show that it is Abel summable to 1/4 since
(= 4] 1
v = — k = e
Alr) = E (—1)%(k + 1)r® Tk

k=0
but this series iz not Cesiro summable; see Exercise 13.

5. Cesaro and Abel summability: applications to Fourier series ah

5.4 The Poisson kernel and Dirichlet’s problem in the unit disc

To adapt Abel summability to the context of Fourier series, we define
the Abel means of the function f(8) ~ 2°° g, e by

TR= =00

A (f)(8) = i Tl“'ﬂne“'ﬂ.

n=-—gxd

Since the index n takes positive and negative values, it is natural to write
o = 6o, and ¢, = ane™® +a_,e™ for n > 0, so that the Abel means
of the Fourier series correspond to the definition given in the previous
section for numerical series.

We note that since f is integrable, |a,,| is uniformly bounded in n, so
that A,(f) converges absolutely and uniformly for each 0 < r < 1, Just
as in the case of Cesiro means, the key fact is that these Abel means can
be written as convolutions

A(f)B) = (f = P)(9),
where F,.(0) is th_u Poisson kernel given by

() PO)= 3 rinlgine

=—00

In fact,

A4(DO = 3 gy

==
(= ]

= (% i flp)eime cer,a) g

n=—a0

=5 _:f{sa}(z rlnie—fnw—m) W

n=-—oo

wh}:ﬂ: the interchange of the integral and infinite sum is justified by the
uniform convergence of the series,

Lemma 5.5 If0 < r < 1, then

Bl
TN 1 —2rcos@ 12

*—m
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The Poisson kernel is a good kernel® as v tends to 1 from below.

Proof. The identity P.(f) = t’-ﬁ has already been derived in
Section 1.1. Note that

1-2reosf+r2 = (1—r)? +2r(1 — cosf).
Hence if 1/2 < r <1 and § < |#] <7, then
1—2rcosf+12>cs>0.

Thus Pr(8) < (1 —r?)/cs when & < |6] < m, and the third property of
pood kernels is verified. Clearly P,(#) = 0, and integrating the expres-
sion (4) term by term (which is justified by the absclute convergence of
the series) yields

1 m

el P.(0)d8 =1,

thereby concluding the proof that P, is a good kernel.
Clombining this lemma with Theorem 4.1, we obtain our next result.

Theorem 5.6 The Fourier series of an integrable function on the circle
is Abel summable to f at every point of continuity. Moreover, if f is
continuous on the circle, then the Fourier series of [ is uniformly Abel
sumnmable to f.

We now return to a problem discussed in Chapter 1, where we sketched
the solution of the steady-state heat equation Au =0 in the unit disc
with boundary condition u = f on the circle. We expressed the Laplacian
in terms of polar coordinates, separated variables, and expected that a
solution was given by

{5) H[T’? 3} = Z ﬂmrlrul E‘i::m,

= —00

where a,,, was the m'" Fourier coefficient of f. In other words, we were
led to take

u(r0)= AN = o [ )P0~ 9)dp.

o — 7

We are now in a position to show that this is indeed the case.

8n this case, the family of kernels is indexed by a continmous parameter (0 <+ < 1,
rather than the discrete n considered previously. In the definition of good kernels, we
simply replace n by + and take the limit in property (c) appropriately, for example ¥ — 1
in this case.
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Theorem 5.7 Let f be an infegrable function defined on the unit circle.
Then the function u defined in the unit disc by the Poisson integral

(6) u(r,8) = ( + P,)(0)
has the follounng properties:

(i) u has two continuous derivatives in the unit dise and satisfies
D = 1.

(ii) If @ is any point of continuity of f, then
llim1 u(r,8) = f(9).

If [ is continuous everywhere, then this fmit is uniform.

(i) If f is continuous, then u(r,#) is the unique solulion to the steady-
state heat equation in the disc which satisfies conditions (1) and (ii).

Proof. For (i), we recall that the function u is given by the series (5).
Fix p < 1; inside each disc of radius r < p < 1 centered at the origin, the
series for u can be differentiated term by term, and the differentiated se-
ries is uniformly and absolutely convergent. Thus u can be differentiated
twice (in fact infinitely many times), and since this holds for all p < 1,
we conclude that u is twice differentiable inside the unit dise. Moreover,
in polar coordinates,

) __ﬁ_i_lﬁu_l_lﬂzu
YT e T aer

so term by term differentiation shows that D = (.

The proof of (ii) is a simple application of the previous theorem. To
prove (iii) we argue as follows. Suppose v solves the steady-state heat
equation in the disc and converges to f uniformly as r tends to 1 from
below. For each fixed r with 0 < r < 1, the function v(r, #) has a Fourier
series

= =) T

z m;_l[f']ef"‘" where Ll (T} = % f ‘UI::'F', H}c—inlﬁ‘ dia.

fr=—ma -

Taking into account that v(r, #) solves the equation

iy 18w 1 3w
(7) a2 trer e T

0,
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we find that
1 n?
" f
ES} ﬂ-” {T} + ;ﬂﬂ Ef} g T_ﬂa" {r} - [I-

Indeed, we may first multiply (7) by e and integrate in 8. Then,
since v is periodic, two integrations by parts give

Y

= I gﬁ[r,a)c"*""dh —nla,(r).

Finally, we may interchange the order of differentiation and integra-
tion, which is permissible since v has two continuous derivatives; this
yields (8).

Therefore, we must have a,(r) = A,r" + B,r " for some constants
A, and B,,, when n # 0 (see Exercise 11 in Chapter 1). To evaluate the
constants, we first observe that each term a,,(r) is bounded because v is
bounded, therefore B,, = 0. To find A4, we let ¥+ — 1. Since v converges
uniformly to f as r — 1 we find that

[ 1 i —in#
Anwﬁgﬁmnme do.

By a similar argument, this formula also holds when n = 0. Our con-
clusion is that for each 0 < » < 1, the Fourier series of v is given by the
series of u(r, @), so by the uniqueness of Fourier series for continuous
functions, we must have u = v.

Remark. By part (iii) of the theorem, we may conclude that if u
solves A = 0 in the dise, and converges to 0 uniformly as r — 1, then
t must be identically 0. However, if uniform convergence is replaced by
pointwise convergence, this conclusion may fail; see Exercise 18.

6 Exercises

1. Suppose f is 2x-periodic and integrable on any finite interval. Prove that if
a6 € R, then

& b2 bh—2r
fﬂﬂm: f@ae= [ fa)de
i a—2mr

a+2r

Also prove that

=4

jmwah=ﬂfmm= f(z) da

el

o S
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2. In this exercise we show how the symmetries of a function imply certain
properties of its Fourier coefficients. Let f be a 2r-periodic Riemann integrable
function defined on K.

{a) Show that the Fourier series of the function f can be written as

F(0) ~ £(0) + > _"[f(n) + f(~n)) cosnb + i[ f(n) — f(~n)]sinnd.

n=1

(b) Prove that if f is even, then f(n) = S(=n), and we get a cosine series.

(¢} Prove that if f is u-dd; then f(n) = —f(—n), and we get a sine series.

(d) Suppose that f(f +m) = f(#) for all # € R. Show that f(n) =0 for all
odd .

(e) Show that f is real-valued if and only if f(n) = f(—n) for all n.

3. We return to the problem of the plucked string discussed in Chapter 1. Show
that the initial condition f is egual to its Fourier sine series

oo

; : 2L sinmyp

flz) = Apgnme with A4, =——"-L
E 2 ™ m? p(m —p)

[Hint: Note that |A,,| < C/m* ]

4. Consider the 2m-periodic odd function defined on [0, 7] by f(8) = 6(r — 8).
(a} Draw the graph of f.
{(b) Compute the Fourier coefficients of f, and show that

koodd =1

5. On the interval [—w, 7] consider the function

Sl if 0] > 4,
J16) = {1—h9|f§ if 0] < 6.

Thus the graph of f has the shape of a triangular tent, Show that

& — 1 — cosnéd
Jild) = = +2§_—n2w§ cos né.

6. Let f be the function defined on [—m, n] by f(8) = |6].

E——— R R R RRRREEEEERERREm—=,
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This function is complex-valued as opposed to the Exanllples Rand W
above, and so the nowhere differentiability of f, does not imply tlheisa.me
property for its real and imaginary parts. However, a small modification
of our proof shows that, in fact, the real part of fi,

27 opg 2,

gk

n=A}

as well as its imaginary part, are both nowhere differentiable. To see
this, observe first that by the same proof, Lemma 3.2 has r,hf: following
generalization: if g is a continuous function which is differentiable at x,

then
An(g) (o + h) = O(log N} whenever |h| < ¢/N.

We then proceed with F(z) = 301,27 " cos2™x, noting as E,'!Tll‘:)‘l-'e rtha,t
Moy (F) — An(F) =27 cos 2" as a result, assuming that I is ditfer-

entiable at xg, we get that
|27(1=) sin(2™(zq + h))| = Ollog N)

when 2V = 2", and |h| < ¢/N. To get a contradiction, we need opl}r
choose h so that |sin(2"(zo + h))| = 1; this is accomplished by uﬁt.tmg
& equal to the distance from 2%zq to the nearest I;l'l.:lth‘I‘ of the form
(k+1/2)m, kel (s0d < 7/2), and taking h = £4,/2".

Clearly, when @ > 1 the function f, is continuously differentiable $in-I:c
the series can be differentiated term by term. Finally, the nowhere dif-
ferentiability we have proved for a <1 actually extegds toao=1hya
suitable refinement of the argument (see Problem 8 in Chapter 5). In
fact, using these more elaborate methods one can also show that the
Weierstrass function W is nowhere differentiable if ab = 1.

4 The heat equation on the circle

As a final illustration, we return to the original problem of heat diffusion
considered by Fourier.

Suppose we are given an initial temperature distribution a.t_f, =0ona
ring and that we are asked to describe the temperature at points on the
ring at times t = (). _ iy _

The ring is modeled by the unit circle. A point on this circle is de-
scribed by its angle 8 = 2wz, where the variable x lies betwe.en 0 and 1.
If ulx, t) "denotes the temperature at time t of a point described by the

4. The heat equation on the circle 119

angle @, then considerations similar to the ones given in Chapter 1 show
that w satisfies the dilferential equation

du P
& 5

The constant ¢ is a positive physical constant which depends on the
material of which the ring is made (see Section 2.1 in Chapter 1). After
rescaling the time variable, we may assume that ¢ = 1. If f is our initial
data, we impose the condition

w(x, 0) = f(x).

To solve the problem, we separate variables and look for special solutions
of the form

ulz,t) = A(z)B(t).
Then inserting this expression for u into the heat equation we get

B'rlit} 3 A”(:L‘}
BlH) _ Al

Both sides are therefore constant, say equal to A, Since 4 must be
periodic of period 1, we see that the only possibility is A = —4m?n?,
where n € Z. Then A is a linear combination of the exponentials e?™"=
and e ™" and B(t) is a multiple of g=imn’t By superposing these
solutions, we are led to

L= =]
(8) ulz,t) = Z anﬁ—dﬂ‘*w‘*rﬂmm

n=—00

1

where, setting £ = 0, we see that {a,} are the Fourier coefficients of f.

Note that when f is Riemann integrable, the coefficients a, are
bounded, and since the factor e =47 "t tends to zero extremely fast, the
series defining u converges. In fact, in this case, u is twice differentiable
and solves equation (7).

The natural question with regard to the boundary condition is the
following: do we have u(x,t) — f(z) as t tends to 0, and in what sense?
A simple application of the Parseval identity shows that this limit holds

in the mean square sense (Exercise 11). For a better understanding of
the properties of our solution (8), we write it as

ulz, t) = (f » Hy)(z),




|
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where H,; is the heat kernel for the circle, given by

e ]

{9} Ht{J:}: Z ﬂ--lrrznztei?rina:T

n==00

and where the convolution for functions with period 1 is defined by

1
(f +9)(z) = fﬂ f(z - o) dy.

An analogy between the heat kernel and the Poisson kernel (of Chapter 2)
is given in Exercise 12. However, unlike in the case of the Poisson kernel,
there is no elementary formula for the heat kernel. Nevertheless, it turns
out that it is a good kernel (in the sense of Chapter 2). The proof is
not obvious and requires the use of the celebrated Poisson summation
formula, which will be taken up in Chapter 5. As a corollary, we will
also find that H; is everywhere positive, a fact that is also not obvious
from its defining expression (9). We can, however, give the following
heuristic argument for the positivity of H;. Suppose that we begin with
an initial temperature distribution f which is everywhere < 0. Then it
is physically reasonable to expect u(x,t) < 0 for all ¢ since heat travels
from hot to cold. Now

1
u(z, ) = f‘D fe ~ W H () dy.

If H; is negative for some xg, then we may choose f < 0 supported near
xp, and this would imply u(xg,t) > 0, which is a contradiction.

5 Exercises

1. Let v : [a,b] — R? be a parametrization for the closed curve I,

(a) Prove that « is a parametrization by arc-length if and only if the length
of the curve from ~(a) to v(s) is precisely s — a, that is,

f /()] dt = s — a.

(b) Prove that any curve I’ admits a parametrization by arc-length. [Hint: If
1 is any parametrization, let h(s) = [” |/(t)| d¢ and consider y = po h™')]

2. Suppose 7: [a,b] — R? is a parametrization for a closed curve I', with

Y(t) = (z(t), y(t)).
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(a) Show that

I b b
E_[ [r{a}y’{s}-y[.g};l:’{s}}ds=j; m[s}y'[s}d5=—f y(s)x'(s) ds.

(b) Define the reverse parametrization of v by v :[a,b] — B2 with
7 () =v(b+a—1t). The image of 4~ is precisely T, except that the
points ¥~ (t) and 5(t) travel in opposite directions. Thus v~ “reverses”
the orientation of the curve. Prove that

f{rdy~ﬂ¢c} = —f (zdy — ydr).
¥ S i
In particular, we may assume (after a possible change in orientation) that

] b
A= [ @66 - vls)e'(s)ds = [ wtows)as

3. Suppose I' is a curve in the plane, and that there exists a set of coordinates
« and y so that the z-axis divides the curve into the union of the graph of
two continuous functions y = f(x) and y = g(x) for 0 < z < 1, and with flx) =
g(z) (see Figure 6). Let 0 denote the region between the graphs of these two
functions:

1={(z,y): 0<z<1 and g(z) <y < f(z)).

y = f(x)

v=g(x)

Figure 6. Simple version of the area formula

With the familiar interpretation that the integral [ h(x)de gives the area
under the graph of the function h, we see that the area of 0 is ful flz) dz —

W



