7 Finite Fourier Analysis

This past year has seen the birth, or rather the re-
birth, of an exciting revolution in computing Fourier
transforms. A class of algorithms known as the fast
Fourier transform or FFT, is forcing a complete re-
asgessment of many computational paths, not only in
frequency analysis, but in any fields where problems
can be reduced to Fourier transforms and /or convolu-
tions...

O, Bingham and J. W. Tukey, 1966

In the previous chapters we studied the Fourier series of functions on
the circle and the Fourier transform of functions defined on the Euclidean
space R?. The goal here is to introduce another version of Fourier analy-
sis, now for functions defined on finite sets, and more precisely, on finite
abelian groups. This theory is particularly elegant and simple since infi-
nite sums and integrals are replaced by finite sums, and thus questions
of convergence disappear.

In turning our attention to finite Fourier analysis, we begin with the
simplest example, Z(N), where the underlying space is the (multiplica-
tive) group of N'' roots of unity on the circle. This group can also be
realized in additive form, as Z/NZ, the equivalence classes of integers
modulo N. The group Z(N) arises as the natural approximation to the
circle (as N tends to infinity) since in the first picture the points of Z(N)
correspond to NV points on the circle which are uniformly distributed. For
this reason, in practical applications, the group &{N) becomes a natural
candidate for the storage of information of a function on the circle, and
for the resulting numerical computations involving Fourier series. The
situation is particularly nice when N is large and of the form N = 2",
The computations of the Fourier coeflicients now lead to the “fast Fourier
transform,” which exploits the fact that an induction in n requires only
about log NV steps to go from N = 1 to N = 2", This yields a substantial
saving in time in practical applications.

In the second part of the chapter we undertake the more general the-
ory of Fourier analysis on finite abelian groups. Here the fundamental
example is the multiplicative group Z*(g). The Fourier inversion formula
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for Z*(q) will be seen to be a key step in the proof of Dirichlet's theorem
on primes in arithmetic progression, which we will take up in the next
chapter.

1 Fourier analysis on Z(N)

We turn to the group of N*! roots of unity. This group arises naturally as
the simplest finite abelian group. It also gives a uniform partition of the
circle, and is therefore a good choice if one wishes to sample appropriate
functions on the circle. Moreover, this partition gets finer as N tends to
infinity, and one might expect that the discrete Fourier theory that we
discuss here tends to the continuous theory of Fourier series on the circle.
In a broad sense, this is the case, although this aspect of the problem is
not one that we develop.

1.1 The group Z(N)
Let N be a positive integer. A complex number z is an N'' root of

unity if 2 = 1. The set of N** roots of unity is precisely

{11 chrt'_,l"N’ Ezmgml ye e2ﬂifh’—lJ£N} ,

Indeed, suppose that 2 = 1 with z = re'®. Then we must have rVeiN? —
1, and taking absolute values yields r = 1. Therefore ¢!V = 1, and this
means that N0 = 2nk where k € Z. So if ( = ™'V we find that ¢*
exhausts all the N*" roots of unity. However, notice that ¢V =1 so if
n and m differ by an integer multiple of N, then ¢" = ™. In fact, it is
clear that

¢"=¢" ifand only if n —m is divisible by N.

We denote the set of all N* roots of unity by Z(N). The fact that
this set gives a uniform partition of the circle is clear from its definition.
Note that the set Z(N) satisfies the following properties:

(i) If z,w € Z(N), then zw € Z(N) and 2w = wz.
(i) 1€ Z(N).
(iil) If z € Z(N), then 2= = 1/z € Z(N) and of course zz~1 = 1,

As a result we can conclude that Z(N') is an abelian group under complex
multiplication. The appropriate definitions are set out in detail later in
Section 2.1.
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Figure 1. The group of N*! roots of unity when N =9 and N = i
fid

There is another way to visualize the group E(N). This consists of
choosing the integer power of  that determines each root of unity. We
observed above that this integer is not unique since " = (™ whenever n
and m differ by an integer multiple of N. Naturally, we might select the
integer which satisfies 0 < n < N — 1. Although this choice is perfectly
reasonable in terms of “sets,” we ask what happens when we multiply
roots of unity. Clearly, we must add the corresponding integers since
(™ = ("™ but nothing guarantees that 0 < n+m < N — 1. In fact,
if (™ = ¢* with0 < k < N — 1, then n + m and k differ by an integer
multiple of N. So, to find the integer in [0, N — 1] corresponding to the
root of unity {"(™, we see that after adding the integers n and m we
must reduce modulo N, that is, find the unique integer 0 < k< N -1
so that (n + m) — k is an integer multiple of N.

An equivalent approach is to associate to each root of unity w the
class of integers n so that (" =w. Doing so for each root of unity we
obtain a partition of the integers in N disjoint infinite classes. To add
two of these classes, choose any integer in each one of them, say n and
m, respectively, and define the sum of the classes to be the class which
contains the integer n + m.

We formalize the above notions. Two integers @ and y are congru-
ent modulo N if the difference @ — y is divisible by N, and we write
z=y mod N. In other words, this means that x and y differ by an
integer multiple of N. It is an easy exercise to check the following three
properties:

T T——
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o =1 mod N for all integers =.
e lfxr=y mod N, then y =z mod N.
elfz=y mod Nand y=z mod N, then x =z mod .

The above defines an equivalence relation on Z. Let R(r) denote the
equivalence class, or residue class, of the integer x. Any integer of the
form = + kN with k € Z is an element (or “representative”) of R(x).
In fact, there are precisely N equivalence classes, and each class has a
unique representative between 0 and N — 1. We may now add equiva-
lence classes by defining

R(z) + R{y) = R(z +y).

This definition is of course independent of the representatives x and y
because if ' € R(z) and 3’ € R(y), then one checks easily that 2’ + 3 €
R{z + y). This turns the set of equivalence classes into an abelian group
called the group of integers modulo N, which is sometimes denoted
by Z/NZ. The association

R{k} i B?ﬂik;".ﬁ"

gives a correspondence between the two abelian groups, Z/NZ and Z(N).
Since the operations are respected, in the sense that addition of inte-
gers modulo N becomes multiplication of complex numbers, we shall
also denote the group of integers modulo N by Z(N). Observe that
0 € Z/NZ corresponds to 1 on the unit circle.

Let V and W denote the vector spaces of complex-valued functions on
the group of integers modulo N and the N'" roots of unity, respectively.
Then, the identification given above carries over to V' and W as follows:

fr'r{k} o f{ﬁzﬂikfh‘r},

where F is a function on the integers modulo N and [ is a function on
the N'*® roots of unity.

From now on, we write Z(N) but think of either the group of integers
modulo N or the group of N* roots of unity.

1.2 Fourier inversion theorem and Plancherel identity on Z({N)

The first and most crucial step in developing Fourier analysis on Z(V) is
to find the functions which correspond to the exponentials e, (z) = ™"
in the case of the circle, Some important properties of these exponentials

are:
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(i) {€n}nez is an orthonormal set for the inner product (1) (in Chap-
ter 3) on the space of Riemann integrable functions on the circle.

(ii) Finite linear combinations of the e,'s (the trigonometric polyno-
mials) are dense in the space of continuous functions on the circle.

(iii) en(z + y) = ealz)en(y).

On Z(N), the appropriate analogues are the N functions eg,...,en_1
defined by

ee(k) = ¢t = 2™K/N  for ¢=0,...,N—1and k=0,...,N —1,

where ¢ = e?™/", To understand the parallel with (i) and (i), we can
think of the complex-valued functions on Z(N) as a vector space V',
endowed with the Hermitian inner product

N-1
(F,G)=>_ F(k)G(k)
k=0
and associated norm
N=1
IFI? =" |F(k)P.
k=0

Lemma 1.1 The family {ep,...,en—1} is orthogonal. In fact,

N ifm=§
{f:rruﬁ-ﬁ} = { 0 ifmstd

Proaf. We have

N-=1 N=1
(em,€r) = Z cmk{:—ﬂr = Z {:{m_tj}k'
k=0 k=0

If m = {, each term in the sum is equal to 1, and the sum equals N, If
m # ¢, then g = (™~ is not equal to 1, and the usnal formula

Ny 1“:’”

l+g+¢ 4+ +gq 1=q

shows that (e, e¢) = 0, because ¢" = 1.

Since the N functions eg,...,ey-; are orthogonal, they must be lin-
early independent, and since the vector space V is N-dimensional, we

e

el
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canclufi.e that {eg,...,ex_1} is an orthogonal basis for V. Clearly, prop-
erty (iii) also holds, that is, er(k +m) = es(k)eg(m) for all £, and all
k,m € Z(N).

By the lemma each vector e; has norm VN, so if we define

i
£ V"’-N‘_ 1
then {ef,... e} _,} is an orthonormal basis for V. Hence for any FeV
we have :
MN-=1 N=1
() F=) (Fee, aswellas |F|2= Y |(F,el).
n=l] n=0

If we define the n'" Fourier coefficient of F by

N-1

1 :
palts z =2mwikn /N
s N k=0 F(k)e== i :

the above observations give the following fundamental theorem which is

the Z(N) version of the Fourier inversion and the Parseval-Plancherel
formulas.

Theorem 1.2 If F is a function on E(N), then

N-—-1
F[k‘} 2 z aner"'“'*'"*"w,

n=i

Moreover,

=

N=1 1
lan* = = N7 |F(R)2.
il =5 L IF®)

The proof follows directly from (1) once we observe that

1
0

I

1 e
any = "N_{Fsen] = "_?—ﬁr-(ﬂﬂn:l.

Raama:rk. It is possible to recover the Fourier inversion on the circle
for sufficiently smooth functions (say C'?) by letting N — oo in the finite
model Z(N) (see Exercise 3).

—“
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1.3 The fast Fourier transform

The fast Fourier transform is a method that was developed as a means
of calculating efficiently the Fourier coefficients of a function F on Z(N).

The problem, which arises naturally in numerical analysis, is to deter-
mine an algorithm that minimizes the amount of time it takes a computer
to caleulate the Fourler coefficients of a given function on Z(N). Since
this amount of time is roughly proportional to the number of operations
the computer must perform, our problem becomes that of minimizing
the number of operations necessary to obtain all the Fourier coefficients
{a.} given the values of F on Z(N). By operations we mean either an
addition or a multiplication of complex numbers,

We begin with a naive approach to the problem. Fix N, and suppose
that we are given F(0),..., F(N — 1) and wy = e 2™V If we denote
by aj’ (F) the k*" Fourier coefficient of F' on Z(N), then h}r definition

N-1

k‘ N _z F{lr l"“lﬁ{ﬁ

and crude estimates show that the number of operations needed to cal-
culate all Fourier coefficients is < 2N? + N. Indeed, it takes at most
N — 2 multiplications to determine wi.—, ? wﬁ 1 and each coefficient

afl requires N + 1 multiplications and N — 1 additions,

We now present the fast Fourier transform, an algorithm that im-
proves the bound O(N?) obtained above. Such an improvement is possi-
ble if, for example, we restrict ourselves to the case where the partition
of the circle is dyadic, that is, N = 2". (See also Exercise 9.)

Theorem 1.3 Given wy = e 2™/N with N = 2", it is possible to calcu-
late the Fourier coefficients of a function on Z(N) with at most

4-2"n = 4N logy(N) = O(N log V)

aperations.

The proof of the theorem consists of using the calculations for M
division points, to obtain the Fourier coefficients for 2M division points.
Since we choose NV = 27, we obtain the desired formula as a consequence
of a recurrence which involves n = Olog N) steps.

Let #(M) denote the minimum number of operations needed to cal-
culate all the Fourier coefficients of any function on Z(M). The key to
the proof of the theorem is contained in the following recursion step.

1. Fourier analysis on Z(N) 225

Lemma 1.4 If we are given wepy = e 2"/ 2M) | then

F(2M) < 24(M) + BM.

Proof.  The calculation of waag,. .. .u:z‘” requires no more tlmn 20

operations. Note that in particular we get wy = e 2*/M = o2, . The
main idea is that for any given function F' on Z(2M), we ::t-mulm two
funetions Fy and Fy on Z{M) defined by

Fo(ry=F(2r) and F(r)=F2r+1).

We assume that it is possible to calculate the Fourier coefficients of Fy
and Fy in no more than #( M) operations each. If we denote the Fourier
coefficients corresponding to the groups Z(2M) and Z(M) by ai¥ and

e::j:"' , respectively, then we have

1 ; :
“iMfF:' =3 (GEI(FU} i ﬂ.ﬂf[‘vl}“-’ém) -

To prove this, we sum over odd and even integers in the definition of the
Fourier coefficient a3 (F); and find

M =1
zm
g, ZM Z F(r 2M
1 bl k(2¢ = K@m1)
m
= (M Z F(20)wk2D 4 Z F(2m + L)wy )
=0
] M=l 5
F F. km &k :
(M z b(O)whi + 7= i ?Eﬂ L (mJuwyg wzu)

which establishes our assertion.
As a result, knowing a}(Fy), o} (F1), and wh,,, we see that each
aiM(F) can be computed using no more than three operations (one ad-
dition and two multiplications). So

#(2M) < 2M + 24(M) + 3 x 2M = 2#(M) + 8M,
and the proof of the lemma is complete.

An induction on n, where N = 27, will conclude the proof of the the-
orem. The initial step n = 1 is easy, since N = 2 and the two Fourier
coefficients are

o/ (F) = 3 (FO)+ F(-1)  and a(F)= £ (F(1) + (~)F(-1)).
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Calculating these Fourier coefficients requires no more than five opera-
tions, which is less than 4 x 2 = 8. Suppose the theorem is true up to
N = 2"~1 g0 that #(N) < 4-2""}(n — 1). By the lemma we must have

#(2N)<2-4.2" 1 (n—-1)+8-2""1 =4.2"n,

which concludes the inductive step and the proof of the theorem.

2 Fourier analysis on finite abelian groups

The main goal in the rest of this chapter is to generalize the results about
Fourier series expansions obtained in the special case of Z(N).

After a brief introduction to some notions related to finite abelian
groups, we turn to the important concept of a character. In our set-
ting, we find that characters play the same role as the exponentials
€0, - ..,en—1 on the group Z(N), and thus provide the key ingredient
in the development of the theory on arbitrary finite abelian groups. In
fact, it suffices to prove that a finite abelian group has “enough” charac-
ters, and this leads automatically to the desired Fourier theory.

2.1 Abelian groups

An abelian group (or commutative group) is a set G together with a
binary operation on pairs of elements of G, (a,b) = a - b, that satisfies
the following conditions:

(i) Assoctativity: a-(b-¢) = (a-b)-cfor all a,b,c € G.

(ii) Identity: There exists an element u € G (often written as either 1
or 0) such that a-u=w-a=aforalla e G.

(iii) Inverses: For every a € G, there exists an element a~! € G such
that - '=a1-a=1u

(iv) Commutativity: For a,b € G, we have a-b=1b-a.

We leave as simple verifications the facts that the identity element and
inverses are unique.

Warning. In the definition of an abelian group, we used the “multi-
plicative” notation for the operation in G. Sometimes, one uses the “ad-
ditive” notation a + b and —a, instead of a - b and a~'. There are times
when one notation may be more appropriate than the other, and the
examples below illustrate this point. The same group may have different
interpretations, one where the multiplicative notation is more suggestive,
and another where it is natural to view the group with addition, as the
operation,
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Examples of abelian groups

# The set of real numbers B with the usual addition. The identity is
0 and the inverse of = is —x.

Also, R — {0} and R* = {z € R : z > 0} equipped, with the stan-
dard multiplication, are abelian groups. In both cases the unit is 1
and the inverse of 7 is 1/xz.

e With the usual addition, the set of integers & is an abelian group.
However, Z — {0} is not an abelian group with the standard mul-
tiplication, since, for example, 2 does not have a multiplicative
inverse in Z. In contrast, @ — {0} is an abelian group with the
standard multiplication.

o The unit circle 5* in the complex plane. If we view the circle as
the set of points {¢? : # € R}, the group operation is the standard
multiplication of complex numbers. However, if we identify points
on 5! with their angle 8, then 5! becomes B modulo 27, where the
operation is addition modulo 2,

e Z(N) is an abelian group. Viewed as the N'*! roots of unity on the
circle, Z(N) is a group under multiplication of complex numbers.
However, if Z(N) is interpreted as £/NZ, the integers modulo IV,
then it is an abelian group where the operation is addition modulo
N.

e The last example consists of Z*(g). This group is defined as the set
of all integers modulo ¢ that have multiplicative inverses, with the
group operation being multiplication modulo g. This important
example is discussed in more detail below.

A homomorphism between two abelian groups & and H is a map
f + G — H which satisfies the property

fla-b) = fla)- f(b),

where the dot on the left-hand side is the operation in &, and the dot
on the right-hand side the operation in H.

We say that two groups G and H are isomorphie, and write G = H,
if there 18 a bijective homomorphism from & to H. Equivalently, & and
H are isomorphic if there exists another homomorphism f t H — (5, 80
that foralla € G and b H

(fof)@)=a and (fof)(b)="b.
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Roughly speaking, isomorphic groups describe the “same” ohject because
they have the same underlying group structure (which is really all that
matters); however, their particular notational representations might be
different.

EXAMPLE 1. A pair of isomorphic abelian groups arose already when
we considered the group Z(N). In one representation it was given as
the multiplicative group of N'™® roots of unity in C. In a second repre-
sentation it was the additive group Z/NZ of residue classes of integers
modulo V. The mapping n — R(n), which associates to a root of unity
z = e2min/N — ¢ n the residue class in Z/NZ determined by n, provides
an isomorphism between the two different representations,

ExAMPLE 2. In parallel with the previous example, we see that the circle
(with multiplication) is isomorphic to the real numbers modulo 27 (with
addition).

ExaMmpPLE 3. The properties of the exponential and logarithm guarantee
that

exp:BR—RY and log:R'"—R

are two homomorphisms that are inverses of each other. Thus B (with
addition) and Bt (with multiplication) are isomorphic.

In what follows, we are primarily interested in abelian groups that are
finite. In this case, we denote by |G| the number of elements in ¢, and
call |G| the order of the group. For example, the order of Z(N) is N.

A few additional remarks are in order:

o If G and G2 are two finite abelian groups, their direct product
(71 % (33 is the group whose elements are pairs (g1, g2) with gy € Gy
and gz € (3. The operation in ; x G is then defined by

(91,92) - (91, 92) = (g1 - 91, 92 - g2 ).

Clearly, if Gy and (G are finite abelian groups, then so is &) x G,
The definition of direct product generalizes immediately to the case
of finitely many factors Gy x (3 % - -+ % Gh,.

e The structure theorem for finite abelian groups states that such a
group is isomorphic to a direct product of groups of the type Z(N);
see Problem 2. This is a nice result which gives us an overview of
the class of all finite abelian groups. However, since we shall not
use this theorem below, we omit its proof.
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We now discuss briefly the examples of abelian groups that play a
central role in the proof of Dirichlet's theorem in the next chapter.

The group £%(q)

Let g be a positive integer. We see that multiplication in Z(g) can be
unambiguously defined, because if n is congruent to n' and m is congruent
to m' (both modulo g), then nm is congruent to n'm’ modulo gq. An
integer n € &(g) is a unit if there exists an integer m € Z(g) so that

nm=1 modg.

The set of all units in Z(q) is denoted by Z*(g), and it is clear from our
definition that Z*(g) is an abelian group under multiplication modulo g.
Thus within the additive group Z(qg) lies a set £*(g) that is a group under
multiplication. An alternative characterization of Z*(g) will be given in
the next chapter, as those elements in Z(g) that are relatively prime to q.

EXAMPLE 4. The group of units in Z(4) = {0,1,2,3} is
Z*(4) = {1,3}.

This reflects the fact that odd integers are divided into two classes de-
pending on whether they are of the form 4k + 1 or 4k + 3. In fact, Z*(4)
is isomorphic to #(2). Indeed, we can make the following association:

Z*(4) Z(2)
1 —
3 — 1

and then notice that multiplication in Z*(4) corresponds to addition in
Z(2).

ExXAMPLE 5. The units in Z(5) are
2:(5) = {1,2,3,4}.

Moreover, Z*(5) is isomorphic to Z(4) with the following identification:

Z*(5) Z(4)
1 f— 0
2 — 1
3 — 3
4 — 2
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ExXAMPLE 6. The units in Z(8) = {0,1,2,3,4,5,6, 7} are given by
Z*(8) ={1,3,5,7}.

In fact, Z*(8) is isomorphic to the direct product Z(2) = Z(2). In this
case, an isomorphism between the groups is given by the identification

Z*(8) 7(2) % B(2)
1 TR IID,[]:J
3 e “!D)
e (0,1)
T ot {11 1)

2.2 Characters

Let (7 be a finite abelian group (with the multiplicative notation) and
§! the unit circle in the complex plane. A character on G is a complex-
valued function e : G — §' which satisfies the following condition:

(2) ela-b) = e(a)e(b) foralla,be G.

In other words, a character is a homomorphism from G to the circle
group. The trivial or unit character is defined by e(a) =1 for all
a € G.

Characters play an important role in the context of finite Fourier se-
ries, primarily because the multiplicative property (2) generalizes the
analogous identity for the exponential functions on the circle and the
law

ee(k + m) = ep(k)ee(m),

which held for the exponentials eg, ..., ex_1 used in the Fourier theory
on Z(N). There we had e;(k) = ¢ = /Y with 0 </ < N — 1 and
k € Z(N), and in fact, the functions ep,...,en-1 are precisely all the
characters of the group Z(N).

If 7 is a finite abelian group, we denote by G the set of all characters
of &, and observe next that this set inherits the structure of an abelian
group.

B
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Lemma 2.1 The set G is an abelian group under multiplication defined
by

(e1-ez)la) =ep(a)es(a) foralla € G,

The proof of this assertion is straightforward if one observes that the

trivial character plays the role of the unit. We call G the dual group
of G.

In light of the above analogy between characters for a general abelian
group and the exponentials on Z(N), we gather several more examples
of groups and their duals. This provides further evidence of the central
role played by characters. (See Exercises 4, 5, and 6.)

ExaMPLE 1. If G = Z(N), all characters of G take the form e;(k) = (** =
2" HkIN for some 0 < £ < N — 1, and it is easy to check that e; — £ gives
an isomorphism from Z(N) to Z(N).

EXAMPLE 2. The dual group of the circle! is precisely {e,}.ez (where
enl(x) = ") Moreover, e, — n gives an isomorphism between §!
and the integers .

ExampLe 3. Characters on [ are described by
ec(z) = e*™*  where £ € R.

Thus e¢ — £ is an isomorphism from R to R.

EXAMPLE 4. Since exp : B — R7 is an isomorphism, we deduce from the
previous example that the characters on Bt are given by

ec(x) = 2T = FMklET  ghere £ € R,

and B+ is isomorphic to B (or B1),

The following lemma says that a nowhere vanishing multiplicative
function is a character, a result that will be useful later.

Lemma 2.2 Let G be a finite abelian group, and e : G — C — {0} a mul-
tiplicative function, namely e(a - b) = e(a)e(b) for alla,b e G. Then e is
a character.

Un addition to (2}, the definition of a character on an infinite abelian group requires
continuity. When & is the circle, B, or Et, the meaning of “continuous” refers to the
standard notion of limit.
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Proof. The group G being finite, the absolute value of e(a) is bounded
above and below as a ranges over (7. Since |e(b")| = |e(b)|™, we conclude
that |e(b)| =1 for all b € .

The next step is to verify that the characters form an orthonormal
basis of the vector space V' of functions over the group G. This fact
was obtained directly in the special case 7 = E(N) from the explicit
description of the characters ep,...,en_1.

In the general case, we begin with the orthogonality relations; then we
prove that there are “enough” characters by showing that there are as
many as the order of the group.

2.3 The orthogonality relations

Let V' denote the vector space of complex-valued functions defined on the
finite abelian group . Note that the dimension of V is |G|, the order of
G. We define a Hermitian inner product on V by

1 e ;

3) (f,9)= g7 2 f@3fa),  whenever f,g € V.
asly

Here the sum is taken over the group and is therefore finite.

Theorem 2.3 The characters of G form an orthonormal family with
respect to the tnner product defined above.

Since |e(a)| = 1 for any character, we find that
(e,0) = 2 3 e@)el@) = = 3 le(@) = 1.
|G| aels |G| acls

If e # ¢ and both are characters, we must prove that (e,e’) = 0; we
isolate the key step in a lemma.

Lemma 2.4 If ¢ is a non-trivial character of the group G, then
Y ecc ela) =0.

Proaf. Choose b € G such that e(b) #£ 1. Then we have

e(b) Y e(a) = Y e(ble(a) = Y efab) = Y e(a).

aedd fit=tes aedd acls

The last equality follows because as a ranges over the group, ab ranges
over G as well. Therefore >~ - e(a) = 0.
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We can now conclude the proof of the theorem. Suppose €' is a char-
acter distinct from e. Because e(e')”! is non-trivial, the lemma implies
that

3" ela)(e'(a) ™ = 0.
nEG
Since (e'(a))~! = e'(a), the theorem is proved.

As a consequence of the theorem, we see that distinet characters are
linearly independent. Since the dimension of V over C is |G|, we conclude
that the order of (¢ is finite and < |G|. The main result to which we now
turn is that, in fact, |G| = |G].

2.4 Characters as a total family

The following completes the analogy between characters and the complex
exponentials.

Theorem 2.5 The characters of a finite abelion group G form o basis
for the vector space of functions on .

There are several proofs of this theorem. One consists of using the
structure theorem for finite abelian groups we have mentioned earlier,
which states that any such group is the direct product of cyelic groups,
that is, groups of the type Z(N). Since cyclic groups are self-dual, using
this fact we would conclude that |G| = |G|, and therefore the characters
form a basis for G. (See Problem 3.)

Here we shall prove the theorem directly without these considerations.

Suppose V is a vector space of dimension d with inner product (-, ).
A linear transformation T : V' — V is unitary if it preserves the inner
product, (Tv, Tw) = (v,w) for all v,w € V. The spectral theorem from
linear algebra asserts that any unitary transformation is diagonalizable.
In other words, there exists a basis {v1,...,vq} (eigenvectors) of V such
that T(v;) = Av;, where A; € C is the eigenvalue attached to v;.

The proof of Theorem 2.5 is based on the following extension of the
spectral theorem.

Lemma 2.6 Suppose {Ty,...,T}} is a commuting family of unitary trans-
formations on the finite-dimensional inner product space V; that is,

T;T; = T30 for alld,j.

Then 11, ..., Tk are simullaneously dingonalizable. I'n other words, there
erists a basis for V which consists of eigenvectors for every
Teot=1 ook

|| T SRS
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Proof. We use induction on k. The case k =1 is simply the spec-
tral theorem. Suppose that the lemma is true for any family of k — 1
comnmuting unitary transformations. The spectral theorem applied to Ty,
says that V is the direct sum of its eigenspaces

V=V, & @b,

where Vi, denotes the subspace of all eigenvectors with eigenvalue A;.
We claim that each one of the T7,...,Tip—; maps each eigenspace V3, to
itself. Indeed, if v € V), and 1 < j < k — 1, then

TiTi(v) = T;Th(v) = T; (Aav) = AT (v)

so T;(v) € V,, and the claim is proved.

Since the restrictions to Vi, of T3,...,Ty—1 form a family of commut-
ing unitary linear transformations, the induction hypothesis guarantees
that these are simultaneously diagonalizable on each subspace V. This
diagonalization provides us with the desired basis for each V,,, and thus
for V.

We can now prove Theorem 2.5, Recall that the vector space V of
complex-valued functions defined on G has dimension |7|. For each
a € ¢ we define a linear transformation T, : V — V hy

(Tof)(z) = f(e-x) forzed.

Since G is abelian it is clear that T, T, = T,T, for all a,b € G, and one
checks easily that T, is unitary for the Hermitian inner product (3) de-
fined on V. By Lemma 2.6 the family {T,}.cc is simultaneously di-
agonalizable. This means there is a basis {u,(x) e for V osuch that
each u(x) is an eigenfunction for T),, for every a. Let v be one of these
basis elements and 1 the unit element in (. We must have v(1) # 0 for
otherwise

via) = v(a-1) = (TLu)(l) = Au(l) =

where A, is the eigenvalue of v for T,,. Hence v = 0, and this is a contra-
diction. We claim that the function defined by w(z) = A; = v(x)/v(1)
is a character of . Arguing as above we find that w(x) # 0 for every =z,
and

v(a-b) r Aqu(b) £ (1)
u(l) ol Aade ey (1) = AaAp = wla)w(b).

We now invoke Lemma 2.2 to conclude the proof.

wia-b) =
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2.5 Fourier inversion and Plancherel formula

We now put together the results obtained in the previous sections to
discuss the Fourier expansion of a function on a finite abelian group G.
Given a function f on G and character e of &, we define the Fourier
coefficient of f with respect to e, by

: ) 1 Tt
fle) = (f,0)= i > Fla)e(a),
| acl
and the Fourier series of f as
f~ S Fee
eE(;'
Since the characters form a basis, we know that
= Z CoE
JEEI‘.;;‘

for some set of constants e.. By the orthogonality relations satisfied by
the characters, we find that

{f:- E] = Cea,
so f is indeed equal to its Fourier series, namely,
£ =30 f(e)e
.ﬁ.E(E
We summarize our results.

Theorem 2.7 Let GG be a finite abelian group. The characters of G' form
an orthonormal basis for the vector space V of functions on G equipped
with the inner product

(f.9) E fla)g(a).
uEl.'_'
In particular, any function [ on G is equal to its Fourier series

1=3 fle)e

ety

Finally, we have the Parseval-Plancherel formula for finite abelian
groups.
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2

Theorem 2.8 If [ is a function on G, then || f||* = ZH(F]
el

Proof. Since the characters of G form an orthonormal basis for the
vector space V', and (f, e) = f(e), we have that

A2 = (F, ) = S (fe)fle) = 3 1F e

ﬁEl;‘r el

The apparent difference of this statement with that of Theorem 1.2
is due to the different normalizations of the Fourier coefficients that are
used.

3 Exercises

1. Let f be a function on the circle. For each N = 1 the discrete Fourier
coefficients of f are defined by

il
1 TR
e [ﬂ.} ol ﬁ E :f{ﬂﬂw‘:kﬁ'.ﬁ. :]E_—Jmk'rl.,u"N1 for n e Z.
k=1

We also let

1
ﬂ-(ﬂ} =1 f I{EEHEI}{?—‘ZRf:w dx
[i]

denote the ordinary Fourier coefficients of f.
{a) Show that ay(n) = an(n+ N).

(b) Prove that if f is continuous, then ay(n) — a{n) as N — co.

2, If fis a C! function on the circle, prove that |ax(n)| € ¢/|n| whenever
0 < |n| = N2
[Hint: Write

N
HN{HJEI - EZ:'FE:UN] - %Z[f[ezmk;'hr] e f[eﬂ:ri{k+f],|'N }]ﬁ—ﬂﬂ'iknl.l'h"l
k=1

and choose £ 5o that fn/N is nearly 1/2]

3. By a similar method, show that if f is a C* function on the circle, then

lay(n)| < ¢f[n|®,  whenever 0 < [n| = N/2.
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As a result, prove the inversion formula for f € C2,

o

f@®*)= )" afn)eirine

= =000

from its finite version.
[Hint: For the first part, use the second symmetric difference

F(2TIRADINY o p(e2ilk=E)/NY _ o p(2mikiNy

For the second part, if N is odd (say), write the inversion formula as

f{_ﬂzm k,-"N:I = Z aw {ﬂ-j Bﬂﬂ'ikiy N .]

[n|<zhvf2

4. Let e be a character on ¢ = Z{N}, the additive group of integers modulo N.
Show that there exists a unique 0 = £ < N — 1 so that

e(k) = eg(k) = 2™ /N for all k € Z(N).

Conversely, every function of this type is a character on Z(N). Deduce that
ep — £ defines an isomorphism from & to G.

[Hint: Show that e(1) is an N'™" root of unity.]

5. Show that all characters on ' are given by

en(z) = e*™*  withn € &,

and check that e, — n defines an isomorphizm from 51 to Z,

[Hint: If F is continuous and Fz 4+ y) = () F(y), then F is differentiable. To
see this, note that if F(0) # 0, then for appropriate §, ¢ = f: Fly)dy # 0, and
cFiz) = I[:'HI F(y) dy. Differentiate to conclude that F(z) = e'* for some A

6. Prove that all characters on B take the form
ec(r) = ™ with £ € R,

and that eg — £ defines an isomorphism from EtoR. The argument in Exereise 5
applies here as well.

7. Let {:gzﬂf”. Define the N = N matrix M = (aj)i<je=n by ajn =
N—lf?{jk_ :

{a) Show that M is unitary.




