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Consider an infinite rod, which we model by the real line, and suppose
that we are given an initial temperature distribution f(z) on the rod
at time £ =0. We wish now to determine the temperature u(z,t) at
a point x at time ¢ > 0. Considerations similar to the ones given in
Chapter 1 show that when u is appropriately normalized, it solves the
following partial differential equation:

(8) du _ o%u
at oz’
called the heat equation. The initial condition we impose is
u(x,0) = f(=z).
Just as in the case of the circle, the solution is given in terms of a
convolution. Indeed, define the heat kernel of the line by

Helz) = Ks(z), with § = 4w,
g0 that
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Taking the Fourier transform of equation (8) in the & variable (for-
mally) leads to

O (€1) = ~anE%a(6, ).

Fixing £, this is an ordinary differential equation in the variable ¢ (with
unknown (€, -)), so there exists a constant A(£) so that

g, 1) = A(E)e~ ™.

We may also take the Fourier transform of the initial condition and obtain

W&, 0) = f(£), hence A(£) = f(£). This leads to the following theorem.
Theorem 2.1 Given f € S(R), let
u(z,t) = (f+He)(x) fort=>0

where M, is the heat kernel. Then:

(i) The function u is C? when z € R and t = 0, and u solves the heat
equation.
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(i) w(z,t) — f(x) uniformly in 2 ast — 0. Hence if we set u(x,0) =
flx), then u is continuous on the closure of the upper half-plane
RZ = {(z,t): z R, t>0}.
(iii) [7, lu(z,t) — flz)]*dxr — 0 ast — 0.
Proof. Because u = f % H;, taking the Fourier transform in the z-

variable gives it = fH,, and so @i(€,t) = f(£)e=4""¢". The Fourier inver-
sion formula gives

ulx, t) = fm f(f}e—-1W2!E2€2waz de.

By differentiating under the integral sign, one verifies (i). In fact, one
observes that w is indefinitely differentiable. Note that (ii) is an imme-
diate consequence of Corollary 1.7. Finally, by Plancherel’s formula, we
have

[ @ - s@rdz= [ : e, 8) — Fe) de

=0

f_ IR e — 1) de.

To see that this last integral goes to 0 as t — 0, we argue as follows:
since |e“"3"5'g —1| <2 and f € S(R), we can find N so that

-Lw.u IFE)Ple""€ —1]de < ¢,

and for all small t we have sup¢ <y |F(€)2le~4m"t" — 1] < ¢/2N since f
is bounded. Thus

f |f{£}|2 |B_+"21‘ﬁj —1|df < € for all small £.
[El=N

This completes the proof of the theorem.

The above theorem puarantees the existence of a solution to the heat
equation with initial data f. This solution is also unique, if uniqueness
is formulated appropriately. In this regard, we note that w = f+H,,
f € S(R), satisfies the following additional property.

Corollary 2.2 u(-, 1) belongs to S(R) uniformly in t, in the sense thot
for any T =0

4

%ﬂ(m,t} < oo foreach k£ =0,

(9) sup "
= £ R
0=t T
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Proof. 'This result is a consequence of the following estimate:

weol< [ fe-nted [ (=)
|a] = e f2 lal= || 2

O o Gl
e | SRR o Nl U
ST+ A

Indeed, since f is rapidly decreasing, we have | f(z — y)| < Cn /(1 + 2]}V

when |y| < |z|/2. Also, if |y| = |z|/2 then H;(y) < Ca‘.'l”ﬁ_“:"zﬁ, and we
obtain the above inequality. Consequently, we see that u(x, ) is rapidly
decreasing uniformly for 0 < ¢ < T

The same argument can be applied to the derivatives of w in the =
variable since we may differentiate under the integral sign and apply the
above estimate with f replaced by f', and so on.

This leads to the following uniqueness theorem.

Theorem 2.3 Suppose u{x,t) satisfies the following conditions:
(i) u is continuous on the closure of the upper half-plane. -
(i1) w satisfies the heat equation for t = 0.

(iii) u satisfies the boundary condition u(xz,0) = 0.
(iv) ul-,t) € S{R) uniformly in t, as in {9).
Then, we conclude thet uw= 0.

Below we use the abbreviations @iu and dyu to denote 8'u/dz" and
dhu/Ot, respectively.

Proof. We define the energy at time t of the solution u(z,t) by

E(t) = fmm{x,tn?dw.

Clearly E(t) = 0. Since E(0) =0 it suffices to show that E is a de-
creasing function, and this is achieved by proving that dE/dt < 0. The
assumptions on u allow us to differentiate F(f) under the integral sign

dE

e ﬁfmlam(m, (2, 1) + u(@, t)dea(e, )] da.

But u satisfies the heat equation, therefore 8;u = 82u and 8,4 = 827, so
that after an integration by parts, where we use the fact that u and its
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x derivatives decrease rapidly as |x| — oo, we find

% == fn [Bou(z, thu(z, t) + u(x, )2%(x, t)] dx
= —f [Beus(z, t)0:T(x, t) + Dpulz, t)0,0(x, t)] dzx
A
ety TR 2
- ;efim,:? (2, 8)? dz
<0

¥

as claimed. Thus E(t) = 0 for all ¢, hence u = 0.

Another uniqueness theorem for the heat equation, with a less restric-
tive assumption than (9), can be found in Problem 6. Fxamples when
unigueness fails are given in Exercise 12 and Problem 4.

2.2 The steady-state heat equation in the upper half-plane

The equation we are now concerned with is

&y P
(10) D = a2 + O 0
in the upper half-plane B2 = {{x,y) : z € R, y > 0}. The boundary con-
dition we require is u(z,0) = f(z). The operator 2 is the Laplacian and
the above partial differential equation describes the steady-state heat dis-
tribution in B% subject to w = f on the boundary. The kernel that solves
this problem is called the Poisson kernel for the upper half-plane, and
is given by

L here z € R and y > 0
y{x]—;m where ¢ € B and y = 0.
This is the analogue of the Poisson kernel for the disc discussed in Sec-
tion 5.4 of Chapter 2.

Note that for each fixed y the kernel P, is only of moderate decrease
as a function of x, so we will use the theory of the Fourier transform
appropriate for these types of functions (see Section 1.7).

We proceed as in the case of the time-dependent heat equation, by
taking the Fourier transform of equation (10) (formally) in the = variable,
thereby obtaining

21\.
4T i€, 1) + 53 (6:9) =0
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with the boundary condition u(€,0) = 1 (£). The general solution of this
ordinary differential equation in y (with £ fixed) takes the form

(€, y) = A(&)e~ ¥l 4 B(g)e*IElY,

If we disregard the second term because of its rapid exponential increase
we find, after setting y = 0, that

i(€,y) = f(g)e 2wl
Therefore u is given in terms of the convolution of f with a kernel whose

Fourier transform is e~ 27€1¥, This is precisely the Poisson kernel given
above, as we prove next.

Lemma 2.4 The following two identities hold:
o ¥ 1 .
f 7 .JTr'-,E|yE‘2nEu-. JE__PH{:E}:
—
s ]
f P, (x)e 27 dg = e=27Mély,
—

Proof. The first formula is fairly straightforward since we can split
the integral from —oc to 00 and 0 to oo, Then, since y > 0 we have

Il

oo o0
f E—Zfrf'ye‘.%m{:r Cf(f e f 6‘31:{[:.:+~iy}f d{ i |:
L] L]

E‘Em'(.c+ in)g ] =

2ri(x + iy) .
1
2mi(x + 1y)’
and similarly,
Y Beiynts 1 i
plmiy 2mifs e ek [
f_m & 2mi(x —iy)
Therefore
1 1 u

20
=2r|Ely _').‘?riE:l: df = o - = —
f_w‘g ¢ = i) Imtiw) @+

The second formula is now a consequence of the Fourier inversion theorem
applied in the case when f and f are of moderate decrease.

Lemma 2.5 The Poisson kernel is a good kernel on | as y — 0.
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Proof. Setting £ = 0 in the second formula of the lemma shows that
ffm Py(xr)dr =1, and clearly Py(x) = 0, so it remains to check the last
property of good kernels. Given a fixed & > 0, we may change variables
u = x/y so that

T . = du ‘ = 3 .
; PrE sy 1+w larctan ], = /2 — arctan(3/y),

and this quantity goes to 0 as y — 0. Since Py (x) is an even function,

the proof is complete.

The following theorem establishes the existence of a solution to our
problem.

Theorem 2.6 Given f € S(R), let u{z,y) = (f * Py)(x). Then:
(i) w(z,y) is C* in BL and Hu=0.
(i) uw(x,¥) — f(z) uniformly asy — 0.

(i) S, fu(z,y) — F@)*dz — 0 as y — 0.

(iv) If wlz, ) = flzx), then u is continuous on the closure ﬂ af the
upper half-plane, and vanishes at infintty in the sense that
u(z,y) =0 as|z|+y— co.
Proof. The proofs of parts (i), (ii), and (iii) are similar to the case of

the heat equation, and so are left to the reader. Part (iv) is a consequence
of two easy estimates whenever f is of moderate decrease. First, we have

|(f*'Py}{T]| 8 8 ({1_::52} 7F a_.zf_yQ)

which is proved (as in the case of the heat equation) by splitting the
integral j_mm flx — t)P,(t) dt into the part where |t| < |z|/2 and the part
where |t] = |x|/2. Also, we have |(f * P, )(z)| < C/y, since sup, Py(z) <
C," .

Using the first estimate when |z| = |y| and the second when |z| < |y|
gives the desired decrease at infinity.

We next show that the solution is essentially unique.

Theorem 2.7 Suppose u is continuous on the closure of the upper half-
plane B2, satisfies Au =0 for (x,y) € B2, u(z,0) = 0, and u(z,y) van-
ishes af infinity. Then v =0,
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A simple example shows that a condition concerning the decay of u at
infinity is needed: take u(z,y) =y. Clearly u satisfies the steady-state
heat equation and vanishes on the real line, yet u is not identically zero.

The proof of the theorem relies on a basic fact about harmonic fune-
tions, which are functions satisfying Su = 0. The fact is that the value
of a harmonic function at a point equals its average value around any
cirele centered at that point, '

Lemma 2.8 (Mean-value property) Suppose £ is an open set in R*
and let u be a function of class C* with Au =0 in . If the closure of
the disc centered at (x,y) and of radius R is contained in (2, then

2%
wiz,y) = %A u(x + reosfl,y + rsinfd) df

Jorall0<r < R,

FProof. Let U(r,8) = u(x + rcos,y + rsinf). Expressing the Lapla-
clan in polar coordinates, the equation Auw = 0 then implies

A E(ﬁ)
~a0r "o \"or )

If we define F(r) = 5& [27 U(r, 8) df, the above gives

a [ aF s PO s o
o (o L RS
" or (* ﬂr) zwfﬂ gz ?)

The integral of *U/88% over the circle vanishes since 9U /96 is peri-
odic, hence rf?r; {r%—*’r] =), and consequently r8F/8r must be constant.
Evaluating this expression at v = 0 we find that 8F/dr = 0. Thus F is
constant, but since F'(0) = u(z, y), we finally find that F(r) = u(x, y) for
all 0 < r < R, which is the mean-value property.

Finally, note that the argument above is implicit in the proof of The-
orem 5.7, Chapter 2.

To prove Theorem 2.7 we argue by contradiction. Considering sepa-
rately the real and imaginary parts of u, we may suppose that u itself
is real-valued, and is somewhere strictly positive, say u(zg, yo) = 0 for
some xg € R and gy > 0. We shall see that this leads to a contradiction.
First, since u vanishes at infinity, we can find a large semi-disc of ra-
dius R, D}, = {(z,4) : 2* +¥* < R, y = 0} outside of which u(z,y) =
%T.I{ﬂlﬂ,yn}. MNext, since u is continuous in DE, it attains its maximum
M there, so there exists a point (x1,y) € PE with w(zy,3n) = M, while

3. The Poisson summation formula 153

w(z,y) < M in the semi-disc; also, since u(x,y) < %u{wu, yo) < M/2 out-
side of the semi-dise, we have uw(z,y) = M throughout the entire upper
half-plane. Now the mean-value property for harmonic functions implies

Fio
(i) = lf a2 con gy ¢ patiut) d
2ar 0

whenever the circle of integration lies in the upper half-plane. In par-
ticular, this equation holds if 0 < p < 3. Since u({z,31) equals the
maximum value M, and u{x; + pcosf y; + psind) < M, it follows by
continuity that u(xz, + pcos#,y, + psin#) = M on the whole circle. For
otherwise u(z,y) < M — ¢, on an arc of length § > 0 on the circle, and
this would give

L. 2" )

o ), Uz +peostyy + psind)dd < M — ;—ﬂ <M,
contradicting the fact that u(zy, 3 ) = M. Now letting p — y1, and using
the continuity of u again, we see that this implies w(z,,0) =M = 0,
which contradicts the fact that u(z,0) = 0 for all z.

3 The Poisson summation formula

The definition of the Fourier transform was motivated by the desire for
a continuous version of Fourier series, applicable to functions defined
on the real line. We now show that there exists a further remarkable
comnection between the analysis of functions on the circle and related
functions on B.

Given a function f € S(IR) on the real line, we can construct a new
function on the circle by the recipe

Fi(z) = i fle+n).

=—00

Since f is rapidly decreasing, the series converges absolutely and uni-
formly on every compact subset of |, so Fj is continuous. Note that
Fy(z + 1) = Fi(z) because passage from n to n+ 1 in the above sum
merely shifts the terms on the series defining Fy(z). Hence Fy is periodic
with period 1. The function F; iz called the periodization of f.

There is another way to arrive at a “periodic version” of f, this time
by Fourier analysis. Start with the identity

il Z F(&)emies de,
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and consider its discrete analogue, where the integral is replaced by a
B

Falz) = Z f(n)e¥™ e,

n=—oo

Once again, the sum converges absolutely and uniformly since _,F belongs
to the Schwartz space, hence Fy is continuous. Moreover, F, is also
periodic of period 1 since this is the case for each one of the exponentials
Eﬂrina'_

The fundamental fact is that these two approaches, which produce Fy
and Fa, actually lead to the same function.

=

Theorem 3.1 (Poisson summation formula) If f €8 (), then

Y fein= 3 fmem

N=—=00 TI=—00

In particular, sefting x = 0 we have

Z_j’ﬂ ifn,

=0

In other words, the Fourier coefficients of the periodization of f are
given precisely by the values of the Fourier transform of f on the integers.

Proof. To check the first formula it suffices, by Theorem 2.1 in
Chapter 2, to show that both sides (which are continuous) have the
same Fourier coefficients (viewed as functions on the circle). Clearly, the
m™ Fourier coefficient of the right-hand side is f(m). For the left-hand

side we have

[ (Z f$+n)€2mm'nd~"‘:= Z ff’c+n ima

T=—>00 n=—0r

n+1
= Lf Sy)e 2™ dy

==

= f (w)e Y ey

—00

= f(m),

where the interchange of the sum and integral is permissible since f is
rapidly decreasing. This completes the proof of the theorem.
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We observe that the theorem extends to the case when we merely
assume that both f and f are of moderate decrease; the proof is in fact
unchanged.

It turns out that the operation of periodization is important in a
number of questions, even when the Poisson summation formula does
not apply. We give an example by considering the elementary function
flz) =1/z, z # 0. The result is that 3> .- __ 1/(z + n), when summed
symmetrically, gives the partial fraction decomposition of the cotangent
function. In fa-::t f.hi~; sum equals wcot wx, when x is not an integer.
Similarly with f(z) = 1/2%, we get zﬂ__m 1/(x +n)? = 72/(sinmz)?,
whenever z ¢ E [see F‘xer:,l:sw“ 15).

3.1 Theta and zeta functions

We define the theta function ¥(s) for s > 0 by

o

gy,

n=—o

The condition on 5 ensures the absolute convergence of the series. A
crucial fact about this special function is that it satisfies the following
functional equation.

Theorem 3.2 s '/29(1/5) = ¥(s) whenever 5 > 0.

The proof of this identity consists of a simple application of the Poisson
summation formula to the pair

fl@)=eT™" and f(g) =513,

The theta function ¥(s) also extends to complex values of s when
Re(s) = 0, and the functional equation is still valid then. The theta
function is intimately connected with an important function in number
theory, the zeta function {(s) defined for Re(s) > 1 by

=3 L.

Later we will see that this function carries essential information about
the prime numbers (see Chapter 8).

It also turns out that ¢, v, and another important function I’ are
related by the following identity:

n=t/2r(e/2)(0) = 5 [ g2 9 (s) — 1)
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which is valid for s > 1 (Exercises 17 and 18).
Returning to the function #, define the generalization ©(z|7) given by

o0
ozl =Y. G

n=—30

whenever Im(7) > 0 and z € C. Taking z = 0 and 7 = is we get O(z|r) =
7(s).

3.2 Heat kernels

Another application related to the Poisson summation formula and the
theta function is the time-dependent heat equation on the circle. A
solution to the equation

du 8

ar - dz?
subject to u(z,0) = f(x), where f is periodic of period 1, was given in
the previous chapter by

u(x, t) = (f « Hy)(x)

where H,(z) is the heat kernel on the circle, that is,

o0
2.2 .
E : —dT 2
Hr{.l} — & 4T n tl_‘! wm:cl

n=—a

Note in particular that with our definition of the generalized theta func-
tion in the previous section, we have ©(x|4wit) = Hi(z). Also, recall that
the heat equation on B gave rise to the heat kernel

1

H* [;1:] - WIEE—:n“fit

where H,(€) = e~#"'¢"t. The fundamental relation between these two

objects is an immediate consequence of the Poisson summation formula:

Theorem 3.3 The heat kernel on the circle is the periodization of the
heat kernel on the real line:

Hy(z) = i Hilx + n).

n=-—o0
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Although the proof that H; is a good kernel on R was fairly straightfor-
ward, we left open the harder problem that H; is a good kernel on the
circle. The ahove results allow us to resolve this matter.

Corollary 3.4 The kernel Hy(z) s a good kernel for t — 0.

Proof.  We already observed that [ sj<1/2 He(z)dz = 1. Now note
that H, = (), which is immediate from tlhe_a, ove formula since H; = 0.
Finally, we claim that when |z| < 1/2,

Hy(z) = Hi(z) + Eilx),

where the error satisfies |£,(z)| < cre™/t with e,¢2 > 0and 0 < ¢ < 1.
To see this, note again that the formula in the theorem gives

Hi(z) = Hi(x) + D Helz +n);

[n]z1
therefore, since |z| = 1/2,
E;[:ﬂ“:] - 1 Z E,_—'::I+:I:|.:]'!_,|"4t i: Ot -1/2 Ze_cn'zﬂ-
dart In[o1 =<

Note that n?/t > n? and n?/t = 1/t whenever 0 <t <1, so e—cn'ft <
E_ﬁﬂze_’i%. Hence

|£¢{-b:|| = Gt_l’llzﬂ_"f% Z E_—:'_}ﬂ? < (:lg"':'E-'"t_
=1

The proof of the claim is complete, and as a result || ., 1, |€¢(z)| dz — 0
as t — 0. It is now clear that H, satisfies i

f |Hy(z)|de — 0 ast— 0,
w152

because H; does.

3.3 Poisson kernels

In a similar manner to the discussion above about the heat kernels, we
state the relation between the Poisson kernels for the disc and the upper
half-plane where

e 1 y
— 2rcosf + r? and p%"[””—;ymrxr

P(0)= 1




