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Abstract

We give (i) an alternative proof to Theorem 6.16 in [4], (ii) a self-contained discussion
of triangularizability of linear maps (with a nice proof using dual spaces and transposes of
maps) and (iii) give a construction of the Jordan normal form that emphasizes the role of
nilpotence and assumes no non-trivial results from the algebra of polynomials. (Yet, in an
appendix, we give a version of the approach using polynomial algebra with efficient proofs
of the needed prerequisites.)
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1 Alternative proof of Theorem 6.16

Recall that a linear map T : V' — V on a finite dimensional vector space V is called
diagonalizable if there exists an ordered basis 3 for V' such that the matrix [T]s is diagonal.
This is equivalent to S consisting of eigenvectors of T'.

If the vector space is an inner product space, it is natural to want the basis 8 diago-
nalizing T" to be orthonormal. Whether this is possible turns out to have to do with the
adjoint T*. Recall that T is self-adjoint if T' = T* and normal if TT* = T*T.

THEOREM 1 Let T be a linear map on a finite-dimensional inner product space V. Then
the following are equivalent:

(i) V' admits an orthonormal basis consisting of eigenvectors of T.

(ii) T is normal (in case F = C) or self-adjoint (when F =R).

The proofs given in [4] for the implication (ii)=-(i) use Schur’s triangularization Theo-
rem 6.14. I find the proof given below much more natural since it only uses the easy results
of Theorem 6.15 (and straightforwardly extends to infinitely many dimensions, provided
one makes some additional assumptions). Also the treatment of triangularization in [4] is
unsatisfactory: In the 5th edition it is reduced to an exercise in Chapter 5 that was not
assigned in LinAlgA. In the 4th edition one finds a self-contained proof of Theorem 6.14,
but only for inner product spaces, while an analogous result holds in general. See Section
[ below.

Proof. (i)=-(ii) We restate the argument from the book: Let  be an orthonormal basis
such that the matrix A = [T]g is diagonal. Then also the adjoint matrix A* (defined by
(A*);; = Aj;) is diagonal and therefore commutes with A: AA* = A*A. Thus

[TT"|g = [T1p[T"]s = [T]s([T]p)" = AA" = A"A = ([T]p)"[T]s = [T"s[T]p = [T"T]s.

(The third and sixth equalities are from Theorem 6.10 in the book, which requires /5 to be
orthonormal.) Since linear maps with the same matrix representation are equal, we have
TT* =T*T, thus T is normal. If F = R, all eigenvalues of T are real, thus the diagonal
matrix A is real-valued, implying A* = A, so that T* = T, thus T is self-adjoint.

(ii)=(i) Case F = C. Let T be normal. Let {A1,..., A, } be the eigenvalues of T' without
repetition. (Thus A\; # \; if i # j.) Fori e {1,...,n} let

be the eigenspace corresponding to \;. Each E), is a linear subspace of V, thus an inner
product space. Thus we can find orthonormal bases (ONB) f; for all Ey,. If ¢ # j
and z € i, y € B; then normality of 7" and Theorem 6.15(d) imply (x,y) = 0. Thus
B8 =p1U---Up, is an orthonormal set, and it is an ONB for the linear subspace

Thus if we prove W = V, we have found an orthonormal basis S for V consisting of
eigenvectors of T'.



Assume W G V. If © € Ej, then Tz = Xz, so that [4, Theorem 6.15(c)] gives
T*x = \jx. Thus each subspace E), is T™*-invariant, and the same holds for the sum W of
these spaces, i.e. T"W C W.

Let now 2 € W+, y € W. Then

<T.%',y> = <$,T*y> =0, (1)

since € W and, as just proven, T*y € W. Since holds for all y € W, we have proven
Tz € W for all z € W, Thus W+ is T-invariant: TW+ C W,

Since we assume W ;Ct V, we have dim W < dim V, thus dim W+ = dim V —dim W > 1.
Since F = C, the restriction Ty has an eigenvector z € W\ {0} with eigenvalue . Thus
Tx = Ax. Since the set {\1,...,\,} contains all eigenvalues of T', we must have A = \;
for some i € {1,...,n}. This implies x € E), and therefore z € W. Since also z € W+,
we conclude 2 € W N W+, but we have seen that this intersection is {0}. Thus 2 = 0, but
this contradicts = € W+\{0}. This contradiction proves that W G V is impossible, so that
W = V. As explained above, this gives the diagonalizability of T

Case F =R. Let T : V — V be self-adjoint: T' = T*. Again, let {\1,...,A,} be the
eigenvalues of R, clearly contained in R since we are working over this field. By (b) of [4]
Lemma in Section 6.4], there really are real eigenvalues (which need not be true if 7" is not
self-adjoint), and the sum of their multiplicities equals dim V. Now exactly the same proof

as above proves Ey, +---+ E), =V, from which diagonalizability of V follows as above.
|

2 Beyond diagonalizability: Triangularizations

We know from [4, Theorem 5.1] that a linear map 7' : V' — V| where V' is finite-dimensional,
is diagonalizable if and only if V' has a basis consisting of eigenvectors of V. Since the
eigenspaces E\ = N(T — A1) are linearly independen‘cF_]7 this is equivalent to ), dim E) =
dim V. Since E) C V is a T-invariant subspace, and since T acts on E) by multiplication
by A, the characteristic polynomial of T, is just ¢ — (A — )3 Ex. By [4, Theorem 5.20],
the characteristic polynomial of T, divides the characteristic polynomial Pr of T' (in the
sense that Pp(t) = (A — )3 Ex . g where ¢ is a certain polynomial). Thus ) is a zero of
Pr of multiplicity at least dim E or, in other words dim E)\ < m(\), where m(\) is the
multiplicity of A as a zero of the characteristic polynomial of T', i.e. the largest m for which
(t — \)™ divides Pp. (Recall that dim F) and m(\) are called the geometric and algebraic,
respectively, multiplicities of the eigenvalue \).

On the other hand, we have the inequality >, m(\) < deg Pr = dim V. Thus in order
for T to be diagonalizable, it must satisfy >, m(\) = dim V" and dim E\ = m(\) for each
A. The first condition means that Pr has as many zeros, taking their multiplicities into
account, as permitted by its degree dim V. In other words, Pr splits into linear factors:

Pr(t) = (~1)%mV Tt = A", (2)
A
The simplest example where this fails is the matrix A = <_1 0), whose characteristic
!By this we mean that if {\1,...,\,} are mutually distinct eigenvalues and x1 +- - -+, = 0, where x; € Ej,

for each i, then all x; are zero. We don’t prove this here since it is a special case of Proposition [20| proven below.
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polynomial is t> + 1. Thus over the real field R, A has no eigenvalues. On the other hand
Pr always factors into linear factors if the field F is algebraically closed.

But even if Pr factorizes into linear factors, thus ), m(\) = dim V' holds, diagonaliz-
ability of T fails if dim F)\ < m(\) for some A. Again there is a standard example:

EXAMPLE 2 Consider the matrix A = (é D Then P4(t) = (1 —t)?, so that A has
eigenvalue A = 1 with multiplicity two. Now A — A1 = 8 é), whose kernel is the

one-dimensional space spanned by (1,0). Thus A is not diagonalizable.

EXERCISE 3 Consider the linear map defined by the matrix A = < > , where a, b, c are

a c
0 b
complex numbers. Determine precisely for which triples (a, b, d) the matrix A is diagonal-
izable.

Thus even over an algebraically closed field there are non-diagonalizable linear maps.
One way out is to try to prove that every linear map admits a weaker ‘normal form’,
generalizing the notion of diagonal matrix:

DEFINITION 4 Let V' be a finite-dimensional vector space and T : 'V — V a linear map.
We say T is triangularizable if there exists an ordered basis 5 of V such that the matrix
A = [T is upper triangular (i.e. A;j =0 whenever i > j).

The matrix from Example [2|is already upper triangular, thus it (or rather the linear
map L 4) is trivially triangularizable, taking 3 to be the standard basis of F2. This example
already shows that there are more triangularizable linear maps than diagonalizable ones.

LEMMA 5 Let V be a finite dimensional vector space and T : V — V' a linear map that is
triangularizable. Then the characteristic polynomial Pr of T splits into linear factors.

Proof. Exercise. u

We see that splitting of the characteristic polynomial Pr is a necessary condition also
for triangularizability. In Section 4| we will see that it also is sufficient. (In particular, if F
is an algebraically closed field, every linear map on a finite-dimensional vector space over
F is triangularizable.)

Before we prove this (and the more specific Jordan normal form) we need some facts
about polynomials, where we may limit ourselves to those that split into linear factors,
which is a big simplification.

3 Some facts about splitting polynomials

The constructions of a (Schur) triangularization and of the Jordan normal (or canonical)
form of a linear map require some facts about polynomials. We will adopt approaches
that limit the needed prerequisites to the absolute minimum, avoiding even division with
remainder of polynomials. This is possible since Lemma [5| tells us that we need to work
only with polynomials that split into linear factors. While the results below may seem
obvious or trivial at first sight this is not quite true, and proofs are necessary.



PROPOSITION 6 Let F be a field and all polynomials considered are over F.
(a) A polynomial p(x) is divisible by v — ¢ (i.e. p(x) = (x — ¢)q(x) for some polynomial
q) if and only if p(c) = 0.
(b) If x — ¢ divides a product p1--- py of polynomials, x — ¢ must divide p; for some ZE|

(c) If (x — )™ (n € N) divides a product gh of polynomials and x — ¢ does not divide h
then (x — ¢)™ divides g.

(d) If c1,...,c; € F are mutually distinct and m,my,...,mr € N = {1,2,...} then
(x — )™ divides p(x) = Hle(x —¢;)™ if and only if ¢ = ¢; for some i and m < m;.

(e) Assume p splits, i.e. p(x) = a][;(x — ¢;)™, where a # 0 and we may assume the c;

to be mutually distinct. Then a and the pairs (¢;, m;) are uniquely determined up to
permutation.

(f) Assume p splits as in (e). Let p = gh for polynomials g, h. Then g and h split
g@) =b[[(x—c), ) =c]](=— )", (3)

where bc = a and 14, s; € Ng = {0,1,2,...} with r; + s; = n; for each i.

Proof. (a) For ¢ = 0 this equivalence is quite clear since p(0) = 0 is equivalent to the vanish-
ing of the constant term of p, which in turn is equivalent to p = xq for some polynomial ¢q. If
¢ # 0, define g(x) = p(x+c). By the ¢ = 0 case, p(c) =0 < ¢(0) =0 < ¢ is divisible by z,
thus ¢(x) = xr(z). Replacing x by x—c, this is equivalent to p(z) = g(z—c) = (zv—c)r(z—c).
Since = +— r(z — ¢) is a polynomial, the last statement is equivalent to = — ¢ dividing p.

(b) If z — ¢ divides p; - - - p,, then (a) gives pi(c) -+ pp(c) = (p1---pn)(c) = 0. Since F is
a field, this implies p;(c) = 0 for some 7. Using (a) again, this gives that = — ¢ divides p;.

(c) For n =1 this is immediate by (b). If n = 2, in particular x — ¢ divides gh, thus g.
Thus g(z) = (z — ¢)§(z). Now (x — ¢)? divides (z — ¢)§(z), thus 2 — ¢ divides §, which in
turn means that (z —c)? divides g. This is easily turned into an inductive argument for all
n, which we leave as an exercise.

(d) It is quite obvious that x — ¢ does not divide x — d if ¢ # d. Thus if (x — ¢)™ divides
the given p then by (b), c must equal one of the ¢;. Then p(x) = (z —¢;)™ [, 4 (z —¢;)™.
Since z — ¢ does not divide [, .;(z — ¢;)™, (c) gives that (z — )™ divides (z — ¢;)™,
implying m < m,.

(e) Let

p=al[@-c)™ =s][@-d)" @

be factorizations of p into linear factors, where the ¢; are mutually distinct and the m; >
0, and similarly for the d;,n;. Since the products without the factors a,b give monic
polynomials (i.e. the coefficients of the highest power is one), we must have a = b, so that
we assume this from now on. Since z — ¢ divides p if and only if p(c) = 0, it follows that the
sets {c1,...,c;} and {d1,...,d s} both equal p~1(0). In particular I = J, so that permuting
the d; if necessary, we can assume d; = ¢; for each i. Then Hle(:v —¢)™ = Hle(x —c)".
Applying (d) gives m; < n; and n; < m;, thus m; = n;, for all i.

(f) Since p splits, by (c) it has a representation p(x) = aHZ-Izl(x — ¢;)™, unique up to
permutation. This means that p is divisible by = — ¢; exactly m;-times. Applying (c) to

2In the language of algebra: Polynomials of the form x — ¢ are prime (among the polynomials).
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p = gh shows that if x — ¢; divides g 7; times and h s; times, we must have r; + s; > m;.
Since this holds for all ¢ and ), m; = degp = degg + degh = > ,(r; + s;), we see that
actually r; +s; = m; for all ¢, and g, h have no other polynomial factors. Thus g is a scalar
multiple of [ [,(x—¢;)™ and h is a scalar multiple of [ [,(z—¢;)®. The claim follows readily. W

4 Triangularizability of linear maps

THEOREM 7 Let V be a finite-dimensional vector space of dimension d andT :V —V a
linear map. Then the following are equivalent:

(i) The characteristic polynomial Pr splits into linear factors.
(i) There exist T-invariant linear subspaces W1 C Wy C +-+ C Wy_1 C V with dim W; =i
for alli € {1,...,d—1}E|
(iii) T is triangularizable.
If V is an inner product space over R or C, we can add:

() There exists an orthonormal basis B for V such that [Tz is upper triangular.

The proof of the theorem will use the following Proposition, whose proof we postpone.

PRrROPOSITION 8 Let V' be a finite dimensional vector space and T :' V — V a linear map
with splitting Pr. Then there exists a T'-invariant subspace W C V withdim W = dim V —1.

Proof of Theorem[7. (iv)=>(iii) is trivial.

(iii)=(i) was proven in Lemma [f]

(iii)=-(ii) Let 8 = {e1,...,eq} be a basis for V such that A = [T is diagonal. Define
W; = span(ey,...,e;) for all i € {1,...,d — 1}. Since (3 is a basis, the e; are linearly
independent, implying dim W; =i for all i. Now,

d J
Tej = ZAijei = ZAijei € Wj
=1 =1

where the first equality holds by definition of A = [T']g, the second by upper triangularity
of A and the “€” by definition of W;. Thus all W; are T-invariant.

(ii)=-(iii)+(iv) Choose a non-zero e; € Wj. Since dim Wy = 2 > 1 = dim Wj, we can
choose es € Wy such that {e;,es} is a basis for Ws. Next, choose es € W3 such that
{e1, e2,e3} is a basis for W3, and so on including ¢ = d. Now 8 = {ey,...,eq} is a basis for
V. Since all W; are T-invariant, each Te; is a linear combination of eq, ..., e, implying for
A = [T)g that A;; =0if i > j. Thus 3 ‘triangularizes’ T'.

If V is an inner product space, we can choose each e; in the one-dimensional space
W; N Wf_l (e.g. by Gram-Schmidt). Doing this, each e; is orthogonal to ej,...,e;—1, and
this clearly implies that 5 = {e1,...,eq} is an orthogonal set. We may as well normalize
all e;, obtaining an ONB. This proves (iv).

It remains to prove (i)=-(ii). Given Proposition (8| this is immediate: Apply the propo-
sition to V' and call the resulting T-invariant subspace Wy_1. It has the desired dimension
d — 1. By [, Theorem 5.20] the characteristic polynomial Pr,, ~ of Ty, , divides that

3Such a sequence of subspaces is sometimes called a flag or fan for T, e.g. in [6].
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of T. Since Pr splits by assumption, Proposition |§|(f) gives that also P, splits. Thus
we can apply the proposition to T : Wy_1 — Wy_1 and call Wy_5 the resulting (d — 2)-
dimensional subspace of W;_1. Iterate this until we have obtained Wj. It is evident that
we have obtained T-invariant Wy C --- C Wy_1 C V with dim W; = 4, as required in (ii). B

Proof of Proposition [§ How would we find a T-invariant subspace W C V of dimension
dimV — 1?7 The most natural approach is to take a linear map ¢ : V — F that is not
the zero map. Then its image R(¢) has dimension one, and the null space N(¢) C V has
the wanted dimension dim V' — 1 by the rank-nullity theorem (or dimension theorem, see
[4, Theorem 2.3]). Putting W = N(¢), we want W to be T-invariant. This means that
¢(v) = 0 must imply ¢(Tv) = 0. This is clearly the case if there exists A € F such that
#(Tv) = Ap(v) for all v. We have thus reduced the problem to finding a non-zero linear
map ¢ : V — I satisfying ¢(Tv) = A¢(v) for all v (where the value of A does not matter).
This vaguely looks like an eigenvalue problem — and indeed it is!

To make this precise we need a few facts on dual spaces from the optional Section 2.6
of [4], where more facts and examples can be found. If V is a finite-dimensional vector
space over the field IF, we call V* the space L(V,F) of linear maps from V to F (which we
encountered in [4, Theorem 6.8]). It is a vector space of the same dimension as V' (since
dim L(V,W) =dimV - dim W and dimF = 1).

IfT:V — V is alinear map and ¢ € V*, the composition ¢ oT is again in V*. We call
Tt : V* — V* (the transpose of T') the map defined by T%¢ = ¢ o T. It is easy to see that
T! is a linear map and that (1y)! = 1y+. Now the desired identity ¢poT = \¢ is equivalent
to T'¢ = A\¢, which is just the statement that ¢ € V* is an eigenvector of T%. If the field
F is algebraically closed, we know that every linear map has (non-zero) eigenvectors, thus
a ¢ : V — IF with the desired properties exists, and we are done.

If F is not algebraically closed, we claim that T has the same characteristic polynomial
as T. Since Pr is assumed to split, so does Pp:. Thus it has zeros, and 7" has eigenvectors,
so that again we are done. It remains to prove Pr = Py:. This requires a little bit of effort.

If B ={e1,...,eq} is a basis for V, every v € V can be written as aje; + - - - + ageq for
unique ay,...,aq. The maps ¢; sending v € V to the coefficient a; of e; are linear, thus
elements of V*. One sees that ¢;(e;) = d0;; for all 4, j. The set {¢1,..., ¢4} C V* is linearly
independent, thus a basis for V*. It is called the (unique) basis of V* dual to f.

If 8={e1,...,eq} and v = {¢1,...,dq}, the linear maps T" and T? have matrix repre-
sentations A = [T]g and B = [T"],, defined by

d d
Tej =Y Apjer,  T'¢i=) Bridy-
k=1 k=1

Applying ¢; to the first identity and applying both sides of the second identity (which are
in V*) to e; and using ¢;(e;) = d;; and the definition of T* gives

d
Aij = ZAkasi(ek) = ¢i(T€]) T (bz e] Z Bk1¢k 6] jl?
k=1

thus B = A, or [T"], = ([T]g)t. Now also the matrices [T — s1ly+], and [T — sly]g are
transposes of each other and therefore have the same determinant. This implies

Pri(s) = det(T* — sly+) = det[T" — sly+], = det[T — sly]g = det(T — sly) = Pp(s).
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This finishes the proof of Proposition [§] and thereby of Theorem [7] [

In view of Lemma [5] nothing can be done about the condition of splitting characteristic
polynomial, but over an algebraically closed field every linear map can be triangularizedﬁ

The triangularization result (usually attributed to I. Schur) has some applications, like
for the proof of Theorem 6.16 given in [4] and Exercise [)] below. There also are applications
to the numerical algorithms in linear algebra. But for many purposes, the upper triangular
form is too unspecific. This will be fixed by the Jordan normal (or canonical) form studied
next.

EXERCISE 9 Let V be a finite-dimensional vector space and T : V' — V a linear map whose
characteristic polynomial splits. Let {A1,..., A, } be the eigenvalues of T' with multiplicities
{mi,...,my}. Let p be a polynomial of degree > 1. Use Theorem (7| to prove that the
eigenvalues of p(T') are {p(\1),...,p(A\n)} with multiplicities {my,...,mp}.

5 Nilpotent linear maps
With an eye to our later needs, we introduce two related notions:

DEFINITION 10 An n x n matriz A is called strictly upper triangular if A;; = 0 whenever
i > j. (This is equivalent to A being upper triangular and having all diagonal elements
equal to zero.)

DEFINITION 11 A linear map T : V — V or a matriz A is called nilpotent if there isn € N
such that T™ = 0. The smallest such n is called the order of nilpotency of A.

EXERCISE 12 Prove:

(i) If A is strictly upper triangular n x n matrix, prove A™ = 0. (Thus A is nilpotent of
order of nilpotency at most n.)

(ii) Let A, B be m X n matrices that are upper triangular. Prove that AB is upper
triangular and that the diagonal elements are (AB);; = A;; Bi;.

(iii) An upper triangular matrix is nilpotent if and only if it is strictly upper triangular.

(iv) Give an example of a non-zero nilpotent 2 x 2 matrix that not strictly upper or lower
triangular.

EXERCISE 13 Let V be a finite-dimensional vector space and 1" : V' — V a nilpotent linear
map. Prove directly, using only the definitions of nilpotency and eigenvalues/vectors:

(i) N(T) is non-trivial, thus 0 is an eigenvalue of T'.
(ii) T has no non-zero eigenvalues.
(iii) If T'is diagonalizable and nilpotent then 7" = 0.
This shows that (non-zero) nilpotent linear maps are very far from being diagonalizable.

The connection between nilpotency and strict upper triangularity is even stronger than
suggested by Exercise

4And conversely: If F is not algebraically closed, there exists a polynomial P that does not split over F. Since
every polynomial is a scalar multiple of the characteristic polynomial of a matrix (check the matrix appearing in
the proof of 4l Theorem 5.21]), we have a matrix that is not triangularizable.
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THEOREM 14 Let V' be a finite-dimensional vector space over the field F and T : V — V
a linear map. Consider the following statements:

(i) T is nilpotent, i.e. T™ =0 for some n € N.

(ii) T is nilpotent.

(1it) There is a basis § for V such that A = [T is strictly upper triangular, i.e. A;; =0

ifi> 7.

(iv) Pr(t) = (—t)¢, where d = dim V.

(v) Pr'(0) = {0}.
Then (i)& (1)< (1ii)< (iv)= (v). If Pr splits (as when F is algebraically closed) then also
(v) implies the other statements.
Proof. (i)=(ii) This is immediate once we prove that (T%)"¢ = ¢ o T". For n = 1
this is true by definition of 7%. Assuming the claim to be true for n, the computation
(TH g = TH(TH"p) = TH(p o T") = ¢ o T™H! is the inductive step.

(ii)=(iii) Since T" is nilpotent, it has non-trivial null space by the above Exercise. We
can thus find ¢ € V*\{0} such that T'¢ = 0, meaning ¢oT = 0. Reconsidering the proof of
Proposition [§ we find for every v € V' that ¢(Tv) = 0, thus Tv € N(¢) = W. We therefore
have the conclusion that T'(V) C W, which is stronger than just T-invariance of W, i.e.
T(W) C W. Now in the proof of (ii)=>(iii) in Theorem [7] this means that 7" maps each W;
into W;_1. In particular T'e; is a linear combination of ey, ..., e;_1, and this translates into
strict upper triangularity of the matrix [17.

(iii)=(iv) Since [T']g is strictly upper triangular, the matrix [T'—t1y |z = [T]s —t1 has
all diagonal elements equal to —t, thus

Pr(t) = det(T — t1y) = det[T — 11y] = (—t)¢, with d = dim V.

(iv)=(i) By Cayley-Hamilton, Pr(T) = 0, thus T¢ = 0. (The actual order of nilpotency
of T may be lower than d.)

(iv)=-(v) is trivial. And if (v) holds and Py splits then the multiplicity of the zero 0 of
Pr must be d, implying (iv). |

EXERCISE 15 Give an example of a n x n matrix A with n < 3 such that P;'(0) = {0},
but A is not nilpotent.

LEMMA 16 Let V' be a non-zero vector space andT : V — V a linear map. Then
(i) N(T) C N(T?) C N(T3) C---. Thus the sequence of null-spaces is non-decreasing.

(ii) If N(T™) = N(T™) for some n then N(T*) = N(T™) for all k > n, implying
Uren N (T*) = N(T™).

(i5i) If V is finite-dimensional, an n as in (ii) always exists. It satisfies n < dim V.
(iv) If V is finite-dimensional, the following are equivalent:

(a) There exists n € N such that T" = 0.

(B) For each v € V there exists n € N such that T"v = 0.



Proof. (i) v € N(T*) is equivalent to T*v = 0. If now [ > k then T'v = T+FY(T*y) =
TF10 = 0, thus v € N(T").

(i) Assume N(T") = N(T"!) for some n. If x € N(T"2) then Tz € N(T") =
N(T"™), where we used the hypothesis. Thus z € N(T™!), so that we have proven
N(T™*2) C N(T™1). Since (i) gives the converse inclusion, we have N (T"2) = N(T"+1).
Now the claim follows from an obvious iteration of the argument.

(iii) If T is injective then N(T*) = {0} for all k, so that the claim is true. If T" is not
injective and there was no such n, (ii) would imply {0} & N(T) & N(T?) & ---, thus
dim N(T*) > k for all k, which is impossible. Thus N(T") = N(T"*!) must happen for
n<dimV.

(iv) (@) = (B) This is quite obvious since T"v = 0v = 0 for each v € V. (8) = («) By
(iii) there exists a smallest n such that |J;>, N(T*) = N(T"). Since the assumption (3) is
equivalent to V = (J;2; N(T*) this implies V = N(T™), thus 7" = 0. [ |

REMARK 17 «x If V is infinite-dimensional, the implication () = (8) still holds, but (i)
and (8) = («) can be false. Example: Let V be the vector space of infinite sequences
a = (a1, as,as,...)in R or C such that aj is non-zero for only finitely many k. Now define
a linear map T : V. — V by (Ta)r = a4y for all £ € N. Equivalently, T'(a1,as,...) =
(ag,as, ...). This implies that N(T*) consists of the sequences (a1, az, . ..) satisfying a; = 0
for all [ > k. Since every a € V has only finitely many non-zero coordinates qy, it is clear
that T™a = 0 for n large enough. On the other hand for each n € N one can find a € V
such that T"a # 0 (for example a € V' defined by a = 0y 5+1). This implies 7" # 0 for all
n € N. 0

6 Generalized eigenspaces

All vector spaces called V' are assumed to be non-zero!

DEFINITION 18 LetV be a finite-dimensional vector space over a field F, andletT : V — V
be a linear map. For each A € F we define

Ey = {veV |Tv=XM}=N(T-A1),
Ky, = {veV | (T'—\1)"v=0 for some n € N} = UN((T—)\l)").
neN

Now E)y is the eigenspace of V' for eigenvalue X\, and K) is called the generalized eigenspace
of V' for eigenvalue A.

e This definition is motivated by Example [2| where F; has dimension one, while K
has dimension two.

e Clearly E)\ C V is a linear subspace. Its dimension dim F) is called the geometric
multiplicity of A € F.

e As we know, E) # {0} if and only if 7' — A1 has non-trivial null-space, which is
equivalent (only for finite-dimensional V'!) to T' not being invertible, which in turn is
equivalent to Pr(\) = 0, where Pr(\) = det(T — A1y ) is the characteristic polynomial
of V.
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e Clearly E) C K, so that E) # {0} = K, # {0}. On the other hand, E) = {0}
means that 7' — A1l is invertible. Then (7" — A1)"™ is invertible for all n, so that
K)\ = {0} Thus PT(/\) =0 < E>\ 75 {0} = KA 75 {0}

LEMMA 19 Let V be a finite-dimensional vector space and T : V. — V linear. Then
(i) Kx CV is a linear subspace for each .
(ii) Ky is T-invariant.
(iii) If p # X then the restriction of T—pul to Ky is invertible. In particular K,NKy = {0}.

Proof. (i) If z € K and ¢ € FF, then (T — A1)"z = 0 for some n € N, and it is obvious
that this implies (7" — A1)"(cx) = 0, thus cx € K). Now let z,y € K. This means that
there are n,m € N such that (T'— A1)"z = 0 and (T — A1)y = 0. Since (T — A\1)¥z =0
implies (T — A1)‘z = 0 for all £ > k, it follows that 2,y € N((T — A1)™#(™)) thus also
z+y e N(T — \1)™x(m) implying = 4y € K.

(ii) If v € Ky, thus (T'— A\1)"v = 0 for some n, we have

(T — A\1)"Tv = T(T — A\1)"v = T0 = 0,

thus Twv € K, proving the T-invariance of K.

(iii) Since K is T-invariant, it is also invariant under 7" — p1, so that the statement
makes sense. Since V is finite-dimensional, invertibility of (7" — p1)g, is equivalent to
injectivity, thus triviality of the null-space. Since N(T' — pl) = E,, the first claim is
equivalent to K N E, = {0}. Let thus v € K\ N E,. Since T acts on v by multiplication
with p, we have (T'— A\1)"x = (1 — A)"x for all n € N. On the other hand, there is an n
such that (T"— A1)"x = 0. Thus (¢ — A)"x = 0, and since p # A, we conclude that z = 0,
proving the first claim.

Since T' — pl acts invertibly on K, the same holds for (T' — p1)™ for all n. Thus no
non-zero element of K can be in K. This proves the second claim K, N Ky = {0}. W

If a vector space V has two linear subspaces Wy, Wy such that W, N Wy = {0} and
W1+ Ws = V then every v € V can be written in a unique way as w = w; + wsg with
Wi € Wi. (See the exercises in [4, Section 1.3].) But given more than two subspaces
Wi,..., W with Zle W; =V, the condition W; N W; = {0} whenever i # j is too weak
to imply that every = € V can be written uniquely as z = Z?Zl w; with w; € Wj. (See
the (unfortunately) optional section on direct sums in [4, Section 5.2].)

PROPOSITION 20 Let {\1,...,\,} be the distinct zeros of Pr and x; € K, for each i €
{1,...,n}. Ifz1 + 22+ -+ - + x5, =0 then x; = 0 for each i.

Proof. Let z; € Ky, for each ¢ such that 1 +x9+---+z, = 0. For each ¢ pick n; such that
(T — X\i1)™x; = 0. Thus applying the product []5=1 (T — X\;j1)" to 21 + 22+ -+ + 2, =0
i

sends x; to zero for all j # 4, so that

0= (ﬁ(T—)\jl)”j>(a:1+a:2+---+xn = (ﬁ T— A1) )

Jj=1 J
JF#i J#i

By Lemma [19[(iii), each (T'— A;1)" with j # i acts invertibly on Ky,. Since z; € K),, the
above equation implies x; = 0. Since 7 was arbitrary, we have proven x; =0 for all 7. W
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REMARK 21 The above result implies that every element of W = """ | K, can be written
as y_; x; with z; € Ky, in only one way: If 21 + -+ 2, = 2} + - + x;, with z;, 2} € K,
then ) . (z; — ) = 0. Since z; — z, € K),, the above proposition gives x; = « for each i.
For this reason one calls W a direct sum and denotes it by W = @' ; Kj,. O

LEMMA 22 Let V be a finite-dimensional vector space and T : V — V a linear map. Then
dim K < m(\) (5)

for each A\. (Recall that m(\) is the multiplicity of X\ as a zero of Pr.)

Proof. As we have seen, K C V is a T-invariant subspace for each A. Thus by [4, Theorem
5.20], the characteristic polynomial PTKA of Tk, divides the characteristic polynomial Pr

of T. Now by definition of K and Lemma ( i), TKA = Tk, — Al is nilpotent, so that by
Theorem l there is a basis § for K such that [TKA] is strictly upper triangular. Then
Tk, —tl]g = [TKA (A—t)1]3 is upper triangular with all diagonal elements equal to A —t,
implying Pr, (t) = (A— £)Im Ky Thus (t — )3 KX divides Pp, implying dim Ky < m(\).
|

Now the question arises whether ), K equals the total space V. Since the sum is a
direct sum by Proposition this is equivalent to ), dim K = dim V. Since we know
from Lemma 22| that dim Ky < m(A) for each A and already knew that ), m(\) < dimV/,
it follows that the sum of the K equals V if and only if ), m(\) = dim V, i.e. Pp splits
into linear factors, and dim K = m(\) for each A\. The methods used so far are insufficient
for proving dim K = m(\), the main problem being that we know nothing about the
action of T" on vectors of V' that are not in ), K (if they exist).

There are at least two different ways to attack this problem, one being given in [4]
Chapter 7] (also included in the appendices with a more self-contained exposition). But
this proof requires the results from [4, Appendix E] on polynomials that go well beyond
what we proved in Section [3] and typically are taught not before the second year. For this
reason we follow an alternative approach (from [5]) that replaces the theory of polynomials
by a clever result on linear maps, Theorem below. We also put more emphasis than
[4] on the notion of nilpotent linear maps, without which the Jordan normal cannot be
understood properly.

7 Proofof V=@, K,

For every finite-dimensional vector space V' and linear map T : V' — V, the spaces N(T')
and R(T) are T-invariant, the restriction T'n(r) clearly being the zero map. But despite
the fact that dim N(7') + dim R(T") = dim V" always holds, N(T") and R(T") do not have to
be in a simple relative position. It is not hard to prove that the following statements are
equivalent: (i) N(T) N R(T) = {0}, (ii) N(T) + R(T) =V, (iii) Tr(r) is invertible.

We now prove a decomposition that always holds (in finite dimensions):

THEOREM 23 Let V' be a finite-dimensional vector space and T : V — V linear. Letn € N
be the smallest for which N(T™) = N(T™*') (compare Lemma (z'ii)). Then U = N(T™)
and W = R(T™) are T-invariant subspaces such that Ty is nilpotent of order n, Ty is
invertible, and UNW = {0}, U+ W =V (thus V=U& W ).
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Proof. Let n be the smallest element of N such that N(T") = N(T"*!) = ... as obtained
in Lemma [16{i). We put U = N(T™) and W = R(T™), both of which are T-invariant. (If
T"v = 0 then T"(Tv) = TT"v = 0, thus Tv € N(T™). And if z € R(T"), there exists
y € V such that z = T"y. Now Tx = TT"y = T"(Ty), thus Tx € R(T").)

Since every u € U satisfies T™u = 0, and since by the choice of n there exists u € U
with 77ty # 0, the restriction Ty of T to U is nilpotent of index n. Now assume Tw = 0
for some w € W. By the definition of W there exists y € Y such that w = T™y. Inserting
this into Tw = 0 gives T !y = 0, thus y € N(T™*!) = N(T™) by our choice of n. Thus
w = T"y = 0, proving that Ty has trivial null-space. Now the finite-dimensionality of W
implies that Ty is invertible.

Now assume z € UNW = N(T") N R(T"). Then x € U := N(T™) implies T"z = 0.
On the other hand, Ty is injective, thus the same holds for (Ty)" for all n, so that
Tiyx =T"x = 0 implies = 0. Thus U NW = {0}. Finally, by the rank-nullity theorem
(or dimension theorem, see [4, Theorem 2.3]) we have

dimU +dim W = dim N(T") + dim R(T") = dim V,

which implies V = U@®W. Thus every v € V can be written as v = u4+w withu € U, w € W
in a unique way. |

REMARK 24 Decompositions of algebraic objects involving the splitting off a nilpotent
part play an important role in many areas of algebra, like commutative as well as non-
commutative ring theory and in the theory of Lie-algebras. O

THEOREM 25 Let V' be a finite dimensional vector space of dimension d = dimV > 1
and T :'V — V a linear map whose characteristic polynomial Pr factorizes into d linear
factors, i.e. (@ holds. (Then of course Y ,m; =d.) Then V = ;| K»,, i.e. everyx € V
can uniquely be written as x = x1 + - - - + xp, where x; € K, for each i.

Proof. Let A1 be one of the eigenvalues of T' (which exist since Pp splits). Apply Theorem
toT =T — A1l. We obtain T-invariant subspaces U, W such that T, v is nilpotent and
Tyw is invertible. According to Theorem 23, U = |J;—, N(T*), thus U = K, .

Clearly, W, U are also invariant under T = T + A1. If U = V, equivalently W = {0},
we are done. If not, we notice that dimW < dimV since U = K), D E), has dimen-
sion at least one. And P, divides Pr and therefore splits by Proposition @(f) Thus
we can apply the above reasoning to the linear map Ty : W — W. Thus Ty has an
eigenvalue A9 (distinct from A; since (T — A1)y is invertible) and Tyy-invariant sub-
spaces U' = K 2, © W oand W' C W. Iterating this construction until we have remainder
W = {0}, we obtain a direct sum decomposition V' = @' ; K, for mutually distinct eigen-
values A;. Since all these spaces are T-invariant, the characteristic polynomial factorizes
as Pr(t) = [[[2 P, (¢) = [IiZ1 (N — )M & Tt is now clear that the \; exhaust the

eigenvalues of 7' and that dim K, = m(\;) for each i. [ |

REMARK 26 The proofs of the Theorems (known as Fitting’s lemma) and are adapted
from Halmos’ book [5]. Another good reference is [3]. 0

8 Normal form for nilpotent linear maps

In this section, there will be no assumption of characteristic polynomials splitting into
linear factors!
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DEFINITION 27 Let V be a vector space over F and W a linear subspace. Then vectors
{v1,...,um} CV are called linearly independent over W if ajvy + -+ + amvy, € W, where
ai,...,am €F, impliesa; = -+ = a,, = 0.

This condition is somewhat more restrictive than ordinary linear independence (which
corresponds to W = {0}). For example {v1,..., v} is never linearily independent over W
if any one of the vectors is in W.

LEMMA 28 LetV be a finite-dimensional vector space and W C V a linear subspace. Then
vectors {v1,...,vm} CV are linearily independent over W if and only

dim (W + span(vi, ..., v)) = dim W + m. (6)

Proof. We pick and fix a basis {wy,...,wg} for W, where d = dim W'.

= Assume that {vi,...,v,} C V is linearily independent over W. If bjw; + -+ +
bqwg + ajv1 + - - - + apmvy = 0 then the linear independence of {vy, ..., v, } over W implies
ap =+ = ay =0, thus byw; +- - -+bgwyg = 0. Now the linear independence of {wy, ..., wq}
implies by = -+ = by = 0. Thus the set {wy,..., w4, v1,...,vy} is linearly independent,
implying dim (W + span(vy, .. . ,vm)) =d+m =dimW + m, thus @

< If @ holds, the set {wi,...,wq,v1,...,v,} is linearly independent (since otherwise
its span would have dimension < d+m). If now ajv1+- - -4a,, vy, = w € W, there are unique
b1,...,bg such that w = —(bjwi +- - - bgwg), implying bywi +- - - +bgwg+ajvi+- - -+ amvy, =
0. Now the linear independence of {w1,...,wq,v1,..., vy} implies that all a;,b; are zero.
Thus {v1,..., vy} is linearly independent over W. |

EXERCISE 29 Let V be finite-dimensional vector space over F, W C V a linear subspace

and n : V. — V/W the quotient map. Prove that a subset {v1,...,v,} C V is linearly

independent over W if and only if {n(v1),...,n(v,)} C V/W is linearly independent.
(Using this one can give a somewhat simpler proof of the preceding lemma.)

LEMMA 30 Let V' be a finite-dimensional vector space and T : V — V nilpotent of order
n. Then

(i) N(T)C N(T?)C---C N(T"H) CN(T") =V.
(ii) For k € N,v € V, we have v € N(T*) & Tv e N(T*1). (N(T°) = N(1y) = {0}.)
(i4i) If {x1,...,2m} C N(T*) is linearily independent over N(T*~1) then {Tx1,...,Txm} C
N(T*=1YY is linearily independent over N(T*=2) C N(Tk1).

Proof. (i) We’ve proven this already in Lemma [L6{i).

(ii) v € N(T*) & TFv =0 & TFYTv) =0 & Tv € N(TF ).

(iii) Assume that {Tx1,...,Tz,} C N(T*1) are linearily dependent over N(T*~2) C
N(T*1), thus a1Tz1 + - - - am Ty € N(T*2) for ay, ..., a, € F not all of which are zero.
Then T'(a121+- - -+ amTm) € N(T*2), which is equivalent to ajxy +- - -+ amzm € N(TF 1)
by (ii). Thus {z1,..., 2} are linearily dependent over N(T*~1). |

REMARK 31 Using Lemma 28 one sees that that (iii) implies
dim N(T%) — dim N(T*1) < dim N(T*"1) — dim N(T*"%)  V&.

This strengthens the result {0} & N(T) S N(T?) & --- S N(IT™ 1) S N(T™) = V, known
from Lemma [16[ii). O
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PROPOSITION 32 Let V be a finite-dimensional vector space and T : V. — V a linear
map that is nilpotent of order n. Then there are natural numbers r,fy,..., ¢, satisfying
n=~¥ > ¥y >--- and non-zero vectors {x1,...,x,} CV such that

Tlw; =0#T 1oy Vie{l,...,r}

and the set (of T-orbits of the x;)
{T’“mﬂz’é{l,...,r},ke{(),l,...,&;—l}} (7)

is a basis for V.. (Thus 1 +---+ ¢, =dimV.)
The numbers v, {1, ... ¢, depend only on the dimensions dim N(T*) fork=1,...,n.

Proof. If n =1, thus T =0, just put r =dimV, ¢; =--- = ¢, = 1 and let {z1,...,2,} be
a basis for V. One checks easily that this satisfies the requirements.

Thus assume n > 2. We know that N(T") = V. If N(T" ') = N(T) was true, we
would conclude N(T" 1) = V, thus 7"~ = 0, contradicting the minimality of n. Thus
N(T"1) S N(T™) = V. Now put 71 = dim V—dim N(T"!) > 0 and let {yn1,. .-, Ynr } €
V be vectorsd] such that

N(T™ 1Y) +span(yn1, - - s Yna) = N(T™) =V,

which by Lemma is equivalent to {y,.1,...,Ynr } CV = N(T™) being linearly indepen-
dent over N(T™1). Thus by Lemma the set {Tyn1,...,Tynr + C N(T™71) is linearly
independent over N (77~ 2). Thus the subspace

N(T"2) +span(Tyn,1s- - s TYnry) C N(T")

has dimension dim N (7™~ 2) 4 71, again by Lemma This subspace may or may not be
all of N(T™1). The difference of dimensions is

ro = dim N(T" 1) — (dim N(T"2) + ). (8)
If 79 > 0, we pick 72 vectors {yn—11,. . Yn—1,m in N(T™71) such that
N(T”_Q) +span(TyYn1s-- s TYnris Yn—1.15- - - Yn—1,r0) = N(T"_l).
Now, by construction the set
{TYn1s- s TYnris Yn—1,15 - Yn-1.n} C N(T"7T)

is linearly independent over N(T"~2). (Notice that is equivalent to dim N(T""1) —
dim N(T""2) = r; + r2.) And the subset

{ynts - Unes, TYns - TYnrss Yn—1,15 - - - Yn—1,m0 }
is linearly independent over N (7"2) with which it spans V. By Lemma [30] the set
{T*Yn, -, T, TUn-11, - - - TYn—1.0, } C N(T"?)
is linearly independent over N(7™~3), so that the subspace

N(Tn_?)) + Span(T2yn,17 e 7T2yn,7'1 ) Tynfl,la e Tl/n—l,rz) C N(Tn_2)

®Here and in what follows, yj ; is in N(T*), but not in N(T*~1).
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has dimension dim N (77"73) + 71 + ro. Put
r3 = dim N(T""?%) — (dim N(T"3) + 71 + r2),

equivalent to
dim N(T"2) — dim N (T"73) = ry + ro + r3.

If r3 > 0, pick r3 vectors {yn—21,...,Yn—2,4} i N(T"2) that are linearly independent
over N(T™73). This implies

N(Tnig) + span(TQyn,l, - ,T2yn,r1 s TYn—1,15 - TYn—1,r9, Yn—2,15 -+, Yn—2,r3) = N(Tn72)'
Furthermore,

{yn,lv v 7y’rl,7"1} U {Tyn,lv v 7Tyn,7“1’yn—l,1a cee yn—l,'r'g}
U {szn,la o 7T2yn,r1’Tyn—1,17 v Tyn—l,ryyn—?,lv s 7yn—2,7“3}

is linearly independent over N (7™~3) with which it spans V.
Hopefully it will be intelligible that we can iterate this construction, producing further
r’s and vectors y such that

N(T"*) = N(T"7F1) - span{T*Jy, ;; | 0<j <k, 1<I<rj}
and
V= NI N fspan{Tly, ;j; |0<j <k, 0<i<k—j, 1<I<rj}

for all k < n—1. For k = n — 1, observing N(T°) = N(1) = {0}, the second formula
becomes

V =span{T"y_jy |0<j<n-1,0<i<n—j—1, 1<I<rj}. (9)
Defining
ro= ri4+--+rn, (10)
{:Ela"’vxr} = {yn,la"wyn,rpynfl,l"'7yn71,7'2)'"7y1,17"'7y1,1”n}7 (11)
l,... L = {n,....n,n—1,...,n—1,...,1,...,1}, 12
{1 r} { } (12)
r1 times ro times Ty times
one finds that r,¢1,...,4, € N and z1,...,z, € V have the properties claimed in the

proposition. In particular
n
dimV:Zn(n—i—l—i) =l 4+ L.
i=1

It is clear from the construction that, while there is freedom in the choice of the vectors
Yn.i, the numbers 71, ..., 7, depend only on the dimensions dim N(T*) for k € {1,...,n},
since they are determined by

A4 4oy = dim N(TVFY) —dim N(T7F) Ve e {1,...,n}.

Thus the same holds for the numbers r, ¢, ..., £, as defined in and . |
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THEOREM 33 Let V' be a finite-dimensional vector space andT' : V — V' a nilpotent linear
map. Then there is a basis  of V' such that A = [V]g is of the block-diagonal form

B 0 O 0
0 By O 0
A=]10 O B3 --- O (13)
o 0 O B,
where B1, B, ..., B, are square matrices of possibly different sizes. All consist entirely of

zeros except that the elements just above the main diagonal are ones. Ie. (B;j)k = Op41,,
which for the size 4 x 4 looks like

(14)

o o o o
o O O =
o O = O
o= O O

(Notice that this implies that A is strictly upper triangular (i.e. upper triangular with only
zeros on the diagonal).) The number r of blocks is uniquely determined, and the B; up
to permutation. If we require that the sizes ¢; of the blocks are decreasing from top left to
bottom right, A is uniquely determined.

Proof. Let r,4q,...,0, € Nand z1,...,2, € V as provided by Proposition [32] By Propo-
sition for each i € {1,...,r} the subspace W; = span(z;, Tx;, T?x;,..., T 1a;) is
T-invariant and admits 3; = {T% 'a;, T%2x;,...,Tx;, x;} as ordered basis. Now T sends
the first element of 3; to zero, the second to the first, and so on. Thus the ¢; x ¢; matrix
B; = [Tw;,], is precisely of the form considered above. Define an ordered basis 5 for V by
collecting the bases (1, ..., 3, of the subspaces Wi,..., W, together (in this order), i.e.

l1—1 lo—1 lr—1
{yl)y27"')ydimV}:{T1 $17...,I‘1,T2 x?u"'vaw")TT 1‘7‘)"'71‘7‘}'

Then [T is precisely of the form , each block B; having size ¢;.
The uniqueness statement is a direct consequence of the last sentence in the proof of
Proposition [32] [ |

REMARK 34 1. It is not hard to see that the statement of Theorem not only follows
from Proposition but is equivalent to it. Namely, given T : V — V, the existence of a
basis 8 for V such that [T]g has the form given in Theorem [33| with decreasing sizes ¢; of
the 7 blocks, there are vectors {x1,...,x,} satisfying the conditions in Proposition (If
B =A{z1,...,2dimv}, these are x1 = 2y, , T2 = 2¢,4¢,, etc.

2. The above proof is essentially the one in Appendix 15 of the excellent book [7],
except that we replaced the use of quotient spaces by the notion of linear (in)dependence
over a subspace, the connection being given by Exercise O

9 The Jordan normal form

We are finally in a position to state and easily prove the main result of Sections
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THEOREM 35 Let V' be a finite-dimensional vector space and T :'V — V a linear map
whose characteristic polynomial Pr splits into linear factors @ Let {\1,...,\n} be the
zeros of Pr (without repetition). Then there are my,...,my, € N and a basis 8 of V' such
that A = [V]g is block-diagonal with square matrices

J1,17 J1,27 ceey Jl,m17 J2,17 sy J2,m27 J3,17 ceey Jn,mn (15)

on its diagonal and zeros elsewhere. Here each ‘Jordan block’ J; ; (withl1<i<n, 1<j<
m;) has only zero elements except for \; on the diagonal (which may of course be zero, but
for at most one i) and 1’s above the main diagonal, i.e. (J; )k = N0kt + Opq1,4. For the
size 4 X 4 this looks like

A1 0 0
0 N 1 0
0 0 N 1 (16)
0 0 0 X\
(The sizes of all Jordan blocks must clearly sum up to dimV'.)

Proof. As proven in Section (7| (and also Appendix , V' is the direct sum of the gen-
eralized eigenspaces K, ,...,K),. Since (T' — A\;1)k, is nilpotent, the results of Section
apply and there is a basis f; of K, such that the matrix [(T" = Mil)k, s, is a block
diagonal matrix having finitely many, at least one, matrices B; ; of of the form encountered
in Theorem (33| on its diagonal. Thus [TKM] 3, has the same form, except that it has all
diagonal elements equal to A; instead of zero. Now the (ordered) union 8 = g1 U---U f,

is a basis for V' with respect to which [T]g has the claimed form. [ |
REMARK 36 1. If T has a Jordan normal form (which is the case if Pr splits), for each
generalized eigenspace K, where X is an eigenvalue of T', there are numbers r, /¢y, ..., ¢,
and vectors x1,...,x, (we suppress the dependence on \) such that

(T — M1)%z; = 0 # (T — A1) e

and
{(T =)z |ief{l,....,r}, ke{0,...,6; —1}}

is a basis of K. This should be clear from the fact that we applied Theorem to the
nilpotent linear map (7' — A1)k, . In the book [], the sets {x;, (T'— Az, ..., (T — )% 1z}
are called cycles. (Perhaps ‘orbits’ would be better since there is no cyclicity involved.)
2. Sections [6] and [8] did not require the splitting of Pr, but in Section [7]it is essential.
It had to be used somewhere since it is implied by existence of the Jordan normal form.
3. When the characteristic polynomial of T" does not split into linear factors, as for

A= < 0 1 over the reals, T" does not have a Jordan normal form. But there still exists

-1 0
a sort of normal form, the ‘rational canonical form’. We won’t discuss it and refer instead
to [4, Section 7.4]. (It also has more prerequisites from the algebra of polynomials.) O

EXERCISE 37 Let V be finite-dimensional and T : V' — V a linear map with splitting Pr.
Prove:

(i) The number of Jordan blocks corresponding to the eigenvalue A equals dim FE)y.
(ii) The size of the largest Jordan block corresponding to the eigenvalue A coincides with

the order of nilpotency of (T' — A1), .
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10 Conjugacy of linear maps

DEFINITION 38 Let V,W be finite-dimensional vector spaces over the same field F and
T:V -V andS: W — W linear maps. ThenT' and S are called conjugate if there is an
invertible linear map U : V. — W such that S =U oT o U™,

THEOREM 39 Let V,W, T S as in the definition, and assume that the characteristic poly-
nomials Pr, Pg split. Then T and S are conjugate if and only if both

(i) T and S have the same set of eigenvalues {1, ..., AN}.
(i) dim N((T — X\)¥) = dim N((S — X)) for alli € {1,...,N} and k € N,
Proof. (=) Let U : V — W be such that S = U oT oU~!. Then
Ps(t) = det(S — tly) = det (U o (T —tly) o U ') = det (T — tly) = Pp(t).

This clearly implies that 7" and S have the same eigenvalues (and multiplicities), thus (i)
holds. Now (omitting the o’s)

(S — M\ly)* = (UTU Y = \w)* = (U(T - M1y)UHF = U(T — M1y)u—L.
Using this and the invertibility of U, we have

ye N(S—\1p)h) & UT - \1)'Uly=0< (T-\N1)'Uly=0
e Ulye N(T - 1)) e y e UINIT — M1v)h)],

implying dim N ((S — A\i1w)¥) = dim N ((T' — A\i1y)*).

(+) Pick and fix (for now) A; an eigenvalue (of S and 7). Let K, C V and K C W be
the corresponding generalized eigenspaces of T' and S, respectively. For k, k' large enough,
N((T-Nlv)k,,) = Ky, and N((S—)\ilw)K;i) = K, thus (ii) implies dim K, = dim K .
(Thus also dim V' = dim W, which is needed if T, S are to be conjugate.)

Now the linear maps (7" — )\ilv)lﬁi and (S — /\ilw)K/X are nilpotent of the same order

n = min{m | dim N((T — A\1y)™) = dim N((T — A\1y)"*1)}
= min{m | dim N((S — Aly)™) = dim N((S — A\w)" 1)},

where the second equality follows from assumption (ii).

Now the numbers r,¢1 > ¢ > --- > £, obtained by application of Proposition to
(T —A\ilv)k,, depend only on the dimensions dim N ((T — )\ilv)k)KAi. By assumption, the
latter coincide with dim N ((S—\;1y)¥) K. - Thus the nilpotent linear maps (7—X;1y)") Ky,
and (S — \1y)F) K, have the same normal forms, compare Theorem consisting of r
Jordan blocks (with zeros on the diagonal) of sizes {1 > f5 > ---. Thus with d; = dim K, =
dim K7} , there are ordered bases 8; of K, and 3} of Ky, such that [Tk, ]z, = [Sk; |g/-

Since the above holds for each eigenvalue Aq,...,A,, putting 8 = g1 U--- U Zﬁn and
p = pU---Up,,, we find [T)g = [S]p. It is an easy exercise to deduce from this that T
and S are conjugate, thus there exists an invertible U : V' — W such that S = UoToU~!. B

EXERCISE 40 Prove the statement in the last sentence of the preceding proof.
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11 Computations using the JNF

A more practical application of the Jordan normal form is the computation of functions
f(T) of a linear map T (or of a matrix f(A)). We begin with f = p, a polynomial. Of
course, for a polynomial, p(A) is not difficult to compute in principle, but the result will
easily be generalized to power series, for which the naive computation of f(A) would require
an infinite amount of computation.

Let V be a finite-dimensional vector space and T': V — V a linear map. By Theorem
there is a basis 3 = {e1,...,eq} for V such that the matrix A = [Tz is block diagonal
with blocks of the form , where each eigenvalue A appears in at least one of these block.
For the purpose of this section, this is all we need. Once we have made sense of the matrix
f(A) = [f(T)]g, it is clear how to obtain f(T') as linear map V' — V by having it send
2?21 ajej € V to szzl a;(f(A))ije.

It is clear enough that a polynomial acts by sending the Jordan blocks on the diagonal
of A= [T]3 to

p(J1,1),0(J12), - s P(J1m1 ), P(J2,1)s - -, P(J2.m0), P(J31), - - s D(Tnymn )-

It remains to compute a convenient expression for p(J) for a Jordan block J = A1 + N,
where N;j = 6;41,; as in (14)). We need two easy facts:

EXERCISE 41 For k € Ny define D x D matrices Nj, by (Nk)ij = 0i4,;. Prove
(i) (N1)* = Ny, for each k.
(i) Ny =0if k> D.
EXERCISE 42 Let V be finite-dimensional vectorspace and T,S : V — V linear maps.
Prove that the following are quivalent:
(i) TS = ST.
(i) (S+T)% = S?+2ST +T? (i.e. (iii) for n = 2).
(iii) (S+1)" =3F_o (})S*T" " holds for all n € N.
M

Given a polynomial p(x) = ag+ar1x+---+ayz
we compute

and using the above, noting Ny = N,

M M m
PAL+N) = D amML+N)" =D apm <”,§> AR

m];() -~ m=0 ]\Ii[:O o
= Z Am Z < > )\mika = ZNk Z Am <7Z> )‘miku
m=0 k=0 m=k

where we used that the summations run over the (m, k) satisfying 0 < k < m < M to swap

(m 1)(m—2)---(m—k+1)
k!

II/‘\

m!
m—k)!

the order of summations. With (Z‘) = m
computation

, we continue the

M N, M
= Z—f Z amm(m—1)(m —2)-- (m—k—i—l))\m_k.

k=0 m=k
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Noticing that SM_, aym(m —1)(m —2) -+~ (m — k+ 1)z is the k-th derivative p®) of
p(r) =ap+arr+---+ ayrr™, we have proven

M

p(AL + Ny) (17)

k=
which is the upper triangular matrix whose matrix elements with 7 < j are given by
P ()
(G —1)!
Now it is easy to generalize the computation to the case where f is given by a power

series Y, amx™. We must of course assume that the series converges for « being any of
the eigenvalues \; of T'. One can prove (typically in complex analysis) that

[P(AL 4 Np)]ij =

Z amm(m— 1)(m — 2) ... (m_ k4 1)xm—k
m=k

converges to the k-th derivative of f. Thus continues to hold with p replaced by f
and M replaced D — 1, where D is the size of the Jordan block under consideration since
N = 0 for £ > D. Note that this sum is finite even though f is defined by an infinite
series!

An interesting special case is f = exp : z — ¥ = >
induction gives exp®) = exp, so that simplifies to

o0

™ : A
m—0 T+ Since exp’ = exp,

b

N,
exp(Al + N) = ¢* ~ i

' )
0

i

where again the sum is finite since Ny = 0 for £ > D. (Interestingly, this can also be proven

using et B = e4ef which holds whenever AB = BA. But this property only holds for

the exponential function.)

In the context of solving differential equations, we are more interested in the function
, which satisfies the differential equation %g(t) = Ag(t). For each Jordan block

g(t) =
of T (of size D x D) it is given by

2 3 D—-1
Lt g g =y
1 t t2 D—2
D— 2! (D—2)!
A 1 tk A 1 ¢t b3
t—e Z HNk =e (D=3)!
k=0 N 1 e

12 The minimal polynomial

My ideas concerning the minimal polynomial don’t deviate much from the treatment of
Friedberg/Insel/Spence. For this reason I just enumerate the most important points, in-
cluding proofs. For examples, see the book.

e In order to avoid pathologies, we assume dim V' > 1 thoughout.
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e Let V be a finite-dimensional vector space and T : V' — V a linear map. Since the
space L(V, V) of linear maps V — V is finite-dimensional of dimension (dim V)2, we
clearly have

dimspan{1y,T,T%,73,...} < (dim V)2

Thus there exists a lowest n such that T is a linear combination of 1,7T,...,7" 1,
which we can write as P(T) = 0 with P(t) = t" + ap_1t" "' + -+ + a1t + ag. The
polynomial P satisfying P(7T") = 0, having the lowest possible degree n and having 1
as coefﬁciemﬁ of the highest power t" is uniquely determined and is called the minimal
polynomial P of T'.

e By the above considerations we know that the degree of P cannot be higher than
(dim V)2. But by the Cayley-Hamilton theorem we already know that Pr(T) = 0,
where Pr is the characteristic polynomial of 7', having degree exactly dim V. Thus
clearly deg P7* < deg Pr = dim V.

e The degree of P} clearly cannot be zero. And deg Pj* = 1if and only if PJ*(t) =t—c
for some constant ¢, which is equivalent to T' = ¢1y. (Recall that for such T we have
Pr(t) = (¢ — tyim V)

e Now assume deg P" is maximal, thus equals dim V. Then (—=1)4mV P and P both
are monic polynomials vanishing on 7', thus the polynomial Q = (—1)dimVPT - P
satisfies Q(T") = 0 and has lower degree than Pp*. Since this is impossible for @ # 0
by definition of P7, in this case we have P = (—1)dmV pp,

e Every eigenvalue of T' (=zero of Pr) is also a zero of P}

Proof. If X\ is an eigenvalue of T, there is a non-zero vector x such that Tx = Az.
This implies 7%z = A\¥z for all k € Ng and therefore P(T)z = P(\)x for each poly-
nomial P. For P = Pp', we have P'(\)x = Pp*(T)x = 0. Since x # 0, this implies
P7*(X\) =0, as claimed. [

e If T has d = dimV distinct eigenvalues {Aj,...,Aq}, the minimal polynomial is
uniquely determined by having the A; as zeros, being monic and of degree < d:

P(t) = (t— M) (t— Ag) = (—1)"Pr(t).

o In general the degree of P/ can be lower than that of Pr. In fact, P;* divides Pr.
Proof. The division algorithm for polynomials (see Proposition gives unique poly-
nomials (), R such that Pr = QP7"'+ R and deg R < deg P;*. Evaluating this identity
at T gives Pp(T) = Q(T) P (T) + R(T). With P7*(T) = 0 (by definition of P}") and
Pr(T) = 0 (by the Cayley-Hamilton theorem) this reduces to R(T) = 0. If now R
was non-zero, it would be a polynomial satisfying R(7") = 0 having lower degree than
P7?, contradicting the definition of Pf*. Thus R = 0, so that Pr = QP7, which is
just the statement that P7* divides Pr. |

e Every zero of P/ also is a zero of Pr. Thus Pr and Pp' have the same zeros.

Proof. The first statement follows from the fact that Pr = QP for some polynomial
Q. Now the second statement is immediate since we already know that every zero of
Pr is a zero of Pr'. |

5A polynomial in which the highest power of the variable has coefficient one is called monic.
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e Now assume that Pp splits and that {A1,..., Ay} are the distinct zeros of Pr with
multiplicities m;. Then Pj* splits (by Proposition [6](f)) and (again using that Pj? is

monic)
N

PR =T =)™, (18)
i=1

with 1 < n; < m;. It remains to determine the numbers n;. It turns out that
they have a natural description in terms of the Jordan normal form of T: For every
i €{l,...,N}, the exponent n; equals the order of nilpotency of (T'—\;1) g, . (Recall
that the latter coincides with the size of the largest Jordan block correspg)nding to
the eigenvalue \;.)
Proof. Since we already know the general form of P, it only remains to find the
lowest numbers n; > 1 such that P™(T) = [[X,(T—A1y)™ = 0. Since V = @Y | K,
and T'— A1y acts invertibly on each K, with j # i (see Lemma (iii)), we want
the lowest n;’s such that (" — A\;1y)™ is zero on K),. These n;’s are precisely the
orders of nilpotency of (1" — )\i]-V)K,\i- [ |

e In view of the preceding result we have n; = 1 if and only if (T'— A1)k, = 0, which
is equivalent to K, = E),. Since T is diagonalizable if and only if K ,{l = E,, for
each i, we find that diagonalizability is equivalent to Pj(t) = [, (t — \;) (the \;
still being mutually distinct).

e We have n; < m; precisely if the generalized eigenspace K, contains more than one
cycle, which is equivalent to the JNF having more than one Jordan block correspond-
ing to A;.

e The above results show that the polynomials Pr and Pp' contain different information
about the Jordan normal form: Both encode the eigenvalues {A1,...,An} of T. But
the exponent m; of t — \; in Pr is the dimension of the generalized eigenspace K},
while the exponent n; of t — A\; in PJ* is the order of nilpotency of (T — A1)k, .
There are other pieces of information like the exact number of cycles in K, that can
in general not be obtained from Pr or Pr'.

e There are authors, like [2], who for aesthetic/pedagogical/ideological reasons prefer
to introduce the minimal polynomial before (or even instead of) the characteristic
polynomial.

A Alternative approach to proving V =@, K

A.1 Some further results on polynomials

We begin with two results proven in Appendix E of [4]. I don’t like the complicated
inductive proofs given there (in particular for the Lemma preceding Theorem E.2), so here
are alternative ones.

You should have seen the following result already in Calculus and/or Analysis 1[]

PROPOSITION 43 (POLYNOMIAL DIVISION) Let F be any field and f,g polynomials with
coefficients in F and deg g > 1. Then there are unique polynomials q,r such that f = qg+1
and degr < degg.

It appears in [I, Section P.6], though not very clearly. A better treatment can be found in [, Stelling 3.1].
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Proof. We begin by proving the uniqueness. If q,¢’, 7,7’ are polynomials such that f =
qg+1r=¢g+r" and degr < degg, degr’ < degg then (¢ —¢')g =1 —r. The r.hs. is a
polynomial of degree less than deg g, whereas the 1.h.s. has degree at least deg g whenever
q — ¢ # 0. Since this is absurd, we have ¢ = ¢/, which in turn implies r = 7.

We now prove existence. If deg f < degg we put ¢ = 0,7 = f and are done. Now assume
deg f > degg. Let az™ and bx™ be the highest order monomials in f and g, respectively.
Then n = deg f > degg = m. Now f; = f — £2" g is a polynomial of degree at most
(deg f) — 1 since the powers z™ cancel. If deg f; < degg, we are done. If not, iterate this
construction by defining fo as f; minus a suitable scalar multiple of g - 48 /17489 5o that
again the highest power of x cancels. After finitely many steps we reach f, = f — qg with
deg f,, < degg. Putting r = f,,, we are done. (The proof of [4, Theorem E.1] is essentially
the same, except that it is stated more formally as an inductive argument.) |

PROPOSITION 44 Let f,g be polynomials over the field F that are relatively prime. (Le.
there is no polynomial h of degree > 1 that divides f and g without remainder.) Then there
are polynomials a,b such that af + bg = 1.

Proof. Let S = {af + bg | a,b polynomials}, which is a linear subspace of the space of all
polynomials over F. Let D be the smallest degree of the non-zero elements of S, and pick
h € S with degh = D. By Proposition [43| there exist polynomials ¢, r with f = gh +r and
degr < degh. Since f and h are in S, sois r = f — ¢gh. If r # 0, we have a contradiction
with the definition of D since degr < degh. Thus r = 0, so that h divides f.

In the same way one shows that h divides g. Since f and g are relatively prime, the
polynomial h must have degree zero, i.e. is a non-zero constant. Since S is closed under
multiplication by scalars, it contains the constant one function, and this is equivalent to
the claim. |

REMARK 45 This proof is very efficient, but utterly non-constructive in that it does not
explicitly give us a, b. Yet, there also is an algorithmic proof that allows to find polynomials
a,b as claimed. It amounts to a polynomial version of Euclid’s algorithm for computing
the GCD of two integers. (As you might learn in Rings and Fields, behind this is the fact
that the ring of integers Z and the polynomial rings F[z] over fields share the property of

being ‘Euclidean rings’. See e.g. [§].) O
THEOREM 46 Let n > 2 and let f1,..., fn be polynomials that are relatively prime. Then
there are polynomials a1, . ..,a, such that a1 f1 + -+ apfn = 1.

Proof. The proof given in [4], where it is Theorem E.2 in Appendix 2, is hard to improve
upon, but we include it for the sake of self-containedness of this note. It proceeds by
induction over n, starting with Proposition [44] giving the case n = 2.

Assume the claim holds for some n and let f1,..., fn,i1 be relatively prime polynomials.
In the case where f1, ..., f, are relatively prime, we can apply the induction hypothesis and
get ay,...,ay such that ay fi+- - -+a, fr, = 1. Putting a, 1 = 0, also a1 f1+- - -+ ant1fn+1 =
1 holds, and we are done.

In the case where fi,..., f, are not relatively prime, let A be a polynomial dividing
J1s--., fn of maximal degree. Then there are polynomials g1, ..., g, such that f; = hg; for
i=1,...,n. Now the g; are relatively prime. [Otherwise there would be a polynomial h of

degree > 1 dividing all of them, but then hh would divide all fi and have degree larger than
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h, contradicting the choice of h.] Thus by the induction hypothesis there are polynomials
ai,-.-.,ay such that a;1g1 + - -+ + angn = 1. Multiplying this identity by h we get

arfi+ -+ anfa = arthgr + - - + anhgn, = h. (19)

Now, h and f,,11 are relatively prime, since a common divisor would divide all f1,..., fo+1,
contradicting the assumption of relative primality. Thus by the case n = 2 (Proposition
there are polynomials b, ¢ such that bh+cf,,+1 = 1. Plugging into this the formula (19)
for h, we obtain

b(aifr+ - anfn) +cfns1 =1,

so that with a; = ba; for ¢ < n and a,y1 = ¢, we have E?:Jrll a; f; = 1, as desired. [ |

A.2 Alternative proof of >, K, =V

THEOREM 47 Let V be a finite dimensional vector space of dimension d = dimV and

T :V — V a linear map whose characteristic polynomial Pr factorizes into d linear
Jfactors, i.e. () holds. (Then of course Y-, m; =d.) Then V =@@i_, Ky,, i.c. everyxz € V

can uniquely be written as x = x1 + - - - + xp, where x; € K, for each 1.

Proof. For each j € {1,...,n} deﬁneﬂ

fit) =[]t = x)™.

(R
=

N

We claim that the polynomials f1, fo, ..., f, are relatively prime in the sense that there is no
polynomial of degree > 1 dividing all the f;. Since all f; split, also a polynomial g dividing
all of them would split by Proposition @(f), and every t — ¢ appearing in the factorization
of g would divide all f;. But by construction, \; € f;*(0) Vi, implying (), f; *(0) = 0.
Thus ¢g must be constant, proving the claim. Thus by Theorem [46] there are polynomials
ai,...,ay such that

afi+-+anfan=1

This implies the identity

ar(T)fi(T) + -+ an(T) fn(T) = 1v
of linear maps on V, thus for every v € V', we have

a1 (T)fi(T)v+ -+ an(T) fu(T)v = v.

Now for each i we have (t — \;)™ fi(t) = [[}_;(t — \))™ = (—1)?Pp(t). Since Pr(T) =0

by the Cayley-Hamilton theorem [4, Theorem 5.22], we have (T'— X\;1)™i f;(T) = 0, so that
(T — X1)™ay(T) fy(T)v = (=1)a;(T) Pr(T)v = 0.

Thus v; := a;(T) fi(T)v is in K, for each i. This shows that every v € V can be written as
a sum of elements of the K,. We already know from Proposition [20] that such a decom-
position is unique, thus V' = @;" | K),. [

8Note that f;(T) equals the linear map [[7=1 (T — \;)™ appearing in the proof of Proposition
i
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REMARK 48 Defining P; = a;(T") fi(T) for each i € {1,...,n}, it follows that P, acts on
K, as the identity map and as the zero map on K}, with j # ¢. From this it is not hard
to deduce that the P; (which all commute), satisfy ) . P; = 1y and Pf = 1y for each ¢
and P;P; = 0 whenever i # j.

2. Our second proof of the completeness Theorem is longer than the first, but
it is not as unnatural as it may look. After all, every linear map 7' : V — V on a finite-
dimensional vector space gives rise to a ring homomorphism p — p(T) from the ring k[X]
of polynomials to the ring End V' of linear maps from V to V. (You're not expected to
understand all the terms.) So it is only natural to use some of the theory of polynomials,
exploiting the nice properties of k[X]. And the proof of Theorem [25| also involved a (very
elementary) bit of divisibility theory of k[X]. (The full theory uses Propositions [43| and

i) 0
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