Syllabus on Homology Theory

Michael Müger Korteweg-de Vries Institute, Amsterdam, Netherlands email: mmueger@science.uva.nl

November 25, 2002

1 Preliminaries

1.1 Direct products and direct sums of groups, Free abelian groups

1.1 Definition Let {G_α, α ∈ S} be a family of groups. Then the (direct) product G = ×_{α∈S} G_α is defined as the product of the sets G_α, α ∈ S. (Thus an element g ∈ G is a map, which to every α ∈ S assigns g_α ∈ G_α.) We endow G with componentwise multiplication ((gh)_α = g_αh_α) and unit (e_α = e_{Gα} ).

1.2 Definition Let {G_α, α ∈ S} be a family of groups. Then the restricted direct product ×^{res}_{α∈S} G_αis the subset of ×_{α∈S} G_α of those (g_α)_{α∈S} , which satisfy g_α = e_{Gα} for all but finitely many α ∈ S. It is obvious that this is a subgroup of ×_{α∈S} G_α.

It is clear that ×_{α∈S} G_α and ×^{res}_{α∈S} G_α are abelian if and only if every G_α is abelian. The restricted direct product of a family of abelian groups is usually called the direct sum ⊕_{α∈S} G_α.

1.3 Definition For a set S, the free abelian group F (S) generated by S is defined by F (S) = ⊕_{α∈S} Z. Thus an element g ∈ F (S) is a map S → Z such that g_α = 0 for all but finitely many α ∈ S. Again, the unit (zero) and the group operation are defined componentwise.

To every α ∈ S we assign the map ι_α : S → Z as follows:

ι_α(β) = { 1 β = α 0 otherwise

Clearly, ι_α ∈ F (S). The map S → F (S), α → ι_α is injective, thus defines an embedding ι_S : S → F (S). Thus every element g = (g_α) ∈ F (S) can be written as g = ∑ α∈S g_α ι_S (α).

Here, ι_S (α) = δ_α ∈ F (S), and g_α ι_S (α) is given by the action of Z on F (S) (as on any abelian group). Finally, the sum over α makes sense since g_α ≠ 0 for finitely many α ∈ S. We usually suppress ι_S , writing g = ∑ α∈S g_α α.

1.4 Lemma Every map f : S → T induces a homomorphism f̂ : F (S) → F (T ) of abelian groups, which can be defined as follows: f̂ : ∑ α∈S g_αι_S (α) → ∑ α∈S g_αι_T (f(α)).

Usually we will write f instead of f̂.

Proof. This is well defined precisely because the ι_S (α) are a set of free generators of F (S). The above notation is very convenient and will be used below, but the following may be helpful: An element g ∈ F (S) is, by definition, a map S → Z, α → g_α where g_α = 0 for all but finitely many α ∈ S. Now f̂(g) ∈ F (T ) is the map T → Z given by β → ∑ α∈S f (α)=β g_α.

This defines an element of F (T ) since (1) the g_α are elements of Z, thus can be added, (2) the sum over α is finite since only finitely many g_α are non-zero, and (3) the resulting map T → Z is non-zero only for finitely many β ∈ T . ■ 1.2 Standard Simplices 1.5 Definition For n ≥ 0 we define the standard n-simplex Δ_n = {(t_0, . . . , t_n) ∈ R^{n+1} | t_i ≥ 0 ∀i, ∑ i t_i = 1}. Is is easy to see that Δ_0 is a one-point set, Δ_1 ∼= I etc.

1.6 Definition We define inclusion maps δ^n_i : Δ_{n−1} → Δ_n for n ≥ 1 and 0 ≤ i ≤ n by δ^n_i : (t_0, . . . , t_{n−1}) → (t_0, . . . , t_{i−1}, 0, t_i, . . . , t_{n−1}). Thus δ^n_i inserts a zero at the i-th position, counting from zero. (If i = 0 omit the sequence t_0, . . . , t_{i−1} on the r.h.s., if i = n omit t_i, . . . , t_{n−1}.)

For n ≥ 2 and i ≥ j we compute (t_0, . . . , t_{n−2})^δ n−1 i−→ (t_0, . . . , t_{i−1}, 0, t_i, . . . , t_{n−2})^δ n j−→ (t_0, . . . , t_{j−1}, 0, t_j , . . . , t_{i−1}, 0, t_i, . . . t_{n−2}) and (t_0, . . . , t_{n−2})^δ n−1 j−→ (t_0, . . . , t_{j−1}, 0, t_j , . . . , t_{n−2})^δ n i+1−→ (t_0, . . . , t_{j−1}, 0, t_j , . . . , t_{i−1}, 0, t_i, . . . t_{n−2}). (If i = j then the sequence t_j, . . . , t_{i−1} disappears.) We have proven 1.7 Lemma For n ≥ 2 and i ≥ j we have the identity δ^n_j ∘ δ^{n−1}_i = δ^n_{i+1} ∘ δ^{n−1}_j of maps from Δ_{n−2} to Δ_n.

2 Singular Homology

2.1 Definition of H_n(X) 2.1 Definition Let X be a space. Then S_n(X), n ≥ 0 is the set of continuous maps Δ_n → X and C_n(X) = F (S_n(X)) is the free abelian group generated by S_n(X).

2.2 Remark The elements σ : Δ_n → X of S_n(X) are called ‘singular n-simplices in X’. The motivation is that σ must be continuous, but it is not required to be a homeomorphism between Δ_n and σ(Δ_n). The image σ(Δ_n) can be self-intersecting or even a one-point set. □ 2.3 Definition For n ≥ 1 we define a homomorphism d_n : C_n(X) → C_{n−1}(X) by d_n : ∑ σ∈S_n(X) a_σ σ → ∑ σ∈S_n(X) a_σ n∑ i=0 (−1)^i σ ∘ δ^n_i .

Note that σ ∘ δ^n_i ∈ S_{n−1}(X).

2.4 Remark Equivalently, the element a ∈ C_n(X) (which is a map S_n(X) → Z) is mapped to d_n(a) : S_{n−1} → Z, σ → n∑ i=0 (−1)^i ∑ σ′∈Sn(X) δni (σ)=σ′ a_σ′ .

□ Thus we have a semi-infinite chain of abelian groups and homomorphisms: · · · C_{n+1}(X) d_{n+1} C_n(X) d_n C_{n−1}(X) . . . C_1(X) d_1 C_0(X). (2.1) 2.5 Lemma For every n ≥ 2 we have d_{n−1} ∘ d_n : C_n(X) → C_{n−2} is the zero homomorphism. Proof. Let η ∈ C_n(X). Then d_{n−1} ∘ d_n(η) = d_{n−1} n∑ j=0 (−1)^j η ∘ δ^n_j

= n−1∑ i=0 (−1)^i n∑ j=0 (−1)^j η ∘ δ^n_j ∘ δ^{n−1}_i = ∑ 0≤i<j≤n (−1)^{i+j} η ∘ δ^n_j ∘ δ^{n−1}_i + ∑ 0≤j≤i<n (−1)^{i+j} η ∘ δ^n_j ∘ δ^{n−1}_i = ∑ 0≤i<j≤n (−1)^{i+j} η ∘ δ^n_j ∘ δ^{n−1}_i + ∑ 0≤j≤i<n (−1)^{i+j} η ∘ δ^n_{i+1} ∘ δ^{n−1}_j = ∑ 0≤i<j≤n (−1)^{i+j} η ∘ δ^n_j ∘ δ^{n−1}_i + ∑ 0≤j<i≤n (−1)^{i+j+1} η ∘ δ^n_i ∘ δ^{n−1}_j = ∑ 0≤i<j≤n (−1)^{i+j} η ∘ δ^n_j ∘ δ^{n−1}_i − ∑ 0≤i<j≤n (−1)^{i+j} η ∘ δ^n_j ∘ δ^{n−1}_i = 0.

Explanation: To obtain the third equality we have split the summation over i, j into two sums: one where i < j and one where j ≤ i. (One has to pay attention to the upper summation bounds!) The next manipulations concern only the j ≤ i-term: The fourth equality follows by application of Lemma 1.7. The fifth equality is obtained by replacing i + 1 by i and correcting the summation bounds. The sixth follows by interchanging i and j. Now the second term is the negative of the first, thus we are done. ■ We have thus shown that the composition of any two adjacent maps d_n, d_{n−1} in the diagram (2.1) is the zero map. The general situation is the following 2.6 Definition Let A_n, n ≥ 0 be abelian groups and d_n : A_n → A_{n−1}, n ≥ 1 homomorphisms: · · · A_{n+1}(X) d_{n+1} A_n d_n A_{n−1} . . . A_1 d_1 A_0 If d_{n−1} ∘d_n = 0 for all n ≥ 2 then (A_n, d_n) is called a non-negative chain complex, or simply a complex.

With Z_n = ker d_n ⊂ A_n, B_n = im d_{n+1} ⊂ A_n we have an inclusion B_n ⊂ Z_n ⊂ A_n of abelian groups for all n ≥ 1. 2.7 Definition The homology groups H_n(A) of the complex A are defined by H_n(A) = Z_n/B_n, n ≥ 1, H_0(A) = A_n/B_n.

(If we declare d_0 : A_n → 0 to be the zero homomorphism then we also have H_0(A) = Z_0/B_0.)

Having shown that (C_n(X), d_n) is a complex we can define:

2.8 Definition Let X be a space. Then the homology groups H_n(X) are defined as the homology groups of the complex (C_n(X), d_n).

2.2 Some First Computations 2.9 Lemma Let X = {x} be a one-point space. Then H_0(X) ∼= Z and H_n(X) = 0, n ≥ 1. Proof. For every n ≥ 0 there exists precisely one singular n-simplex: the constant map σ_n from Δ_n to x ∈ X. Thus all C_n(X) ∼= Z. Clearly, σ_n ∘ δ^n_i = σ_{n−1} for all i. The map d_n : C_n(X) → C_{n−1}(X) maps the generator σ_n of C_n(X) to n∑ i=0 (−i)^iσ_n ∘ δ^n_i = n∑ i=0 (−i)^iσ_{n−1} ∈ C_{n−1}(X). We thus have d_n = { 0 n odd id_Z n even Now, the complex · · ·C_3 = Z 0 C_2 = Z id C_1 = Z 0 C_0 = Z has n odd : Z_n = B_n = Z, n even, n > 0 : Z_n = B_n = 0 and thus H_n = 0 ∀n ≥ 1. Since A_0 = Z, B_0 = 0 we have H_0 = Z. ■

2.10 Remark This lemma amounts to the statement that singular homology theory satisfies the ‘dimension axiom’. The latter requires H_n({x}) = 0 ∀n ≥ 1. □

2.11 Proposition If X is non-empty and path-connected then H_0(X) ∼= Z. Proof. Since Δ_0 = {1}, we may and will identify the set S_0(X) of singular 0-simplices with X. We define a map ε̃ : C_0(X) → Z by ε̃ : ∑ x∈X a_x x → ∑ x∈X a_x. Since X is non-empty, ε̃ is surjective. Let a ∈ C_1(X), thus a = ∑ σ∈S_1 (X) aσσ. Then

d_1 a = ∑ σ∈S_1(X) a_σ(σ(0, 1) − σ(1, 0)) ∈ C_0(X).

Obviously, ε̃ ∘ d_1 = 0. Thus there is a unique map ε : H_0(X) → Z such that C_0(X) H_0(X) = C_0(X)/im d_1

ε̃ Z ε

commutes. Again, ε is surjective, and in order to establish the isomorphism H_0(X) ∼= Z it remains to prove that ε is injective. This is the case iff ker ε̃ ⊂ C_0(X) coincides with im d_1. We already know im d_1 ⊂ ker ε̃, thus it remains to prove ker ε̃ ⊂ im d_1.

To this purpose fix some point x_0 ∈ X. Since X is path connected we may choose, for every x ∈ X, a path l_x : I → X from x_0 to x. (Thus l_x(0) = x_0 and l_x(1) = x.) Let λ_x be the associated singular 1-simplex: λ_x(t_0, t_1) = l_x(t_1).

Let now σ = ∑ x∈X a_x x ∈ C_0(X) and assume σ ∈ ker ε̃. The latter just means ∑ x∈X a_x = 0. Put σ^′ = ∑ x∈X a_x λ_x ∈ C_1(X). We compute

d_1 σ^′ = ∑ x∈X a_x (λ_x(0, 1) − λ_x(1, 0)) = ∑ x∈X a_x (l_x(1) − l_x(0)) = ∑ x∈X a_x (x − x_0) = ∑ x∈X a_xx − ( ∑ x∈X a_x) x_0 = ∑ x∈X a_xx = σ. (In the third-last equality we have used ∑ x∈X a_x = 0.) Thus ker ε̃ ⊂ im d_1 as desired. ■ The next result will follow from the functoriality properties of H_n, proved in the next section.

2.12 Proposition H_0(X) is the free abelian group generated by π_0(X), the set of path-components.

In the remainder of this subsection we state without proof two further relations between homology and homotopy groups. (The first of them will be one of the homework problems!)

2.13 Proposition Let X be path-connected and x ∈ X. Then there exists an isomorphism ϕ : π_1(X, x)_{ab} → H_1(X).

Here, π_1(X, x)_{ab} is the abelianization of π_1(X, x). For any group G, the abelianization G_{ab} is defined as the quotient group G/[G, G], where [G, G] ⊂ G is the smallest normal subgroup containing [g, h] := ghg^{−1}h^{−1} for all g, h ∈ G. One easily proves the following facts:

1. G_{ab} is abelian.

2. Let α : G → H be a homomorphism, where H is abelian. Then there exists a unique homomorphism α^′ : G_{ab} → H such that α = α^′ ∘ φ_G, where φ_G : G → G_{ab} = G/[G, G] is the quotient map.

3. If α : G → H is a homomorphism, there exists a unique homomorphism α_{ab} : G_{ab} → H_{ab} such that α_{ab} ∘ φ_G = φ_H ∘ α.

4. F (G) = G_{ab}, F (α) = α_{ab} defines a functor F from the category of groups to the category of abelian groups.

Note: It can happen that H_1(X) = 0 even though π_1(X) is non-trivial. This is the case precisely when G = π_1(X) satisfies [G, G] = G. Such groups are called perfect. For example, every non-abelian simple group like A_n, n ≥ 5 is perfect.

2.14 Theorem Let X be simply connected (i.e. path-connected and π_1(X) = 0). Then min{n ∈ N | H_n(X) ≠ 0} = min{n ∈ N | π_n(X, x) ≠ 0}. (Here the choice of x ∈ X does not matter since X is path-connected.) If this expression is finite, we denote it by m and there exists an isomorphism π_m(X, x) ∼= H_m(X).

Thus for a simply connected space X the first non-vanishing homology and homotopy groups appear for the same m ∈ N and they coincide. However, there is no simple relation between the homology and homotopy groups for m^′ > m.

2.3 Functoriality, Additivity and Homotopy Invariance

2.15 Definition Let (C_n, d_n) and (C^′_n, d^′_n) be chain complexes. A family of homomorphisms f_n : C_n → C^′_n, n ≥ 0 is called a chain map iff the diagram C_{n+1} d_{n+1} C_n

C^′_{n+1} f_{n+1}

d^′_{n+1} C^′_n f_n

commutes for all n ≥ 0.

2.16 Lemma A chain map (f_n) : (C_n, d_n) → (C^′_n, d^′_n) induces homomorphisms H_n(f) : H_n → H^′_n, for all n ≥ 0, such that H_n(f)([a]) = [f_n(a)] where a ∈ Z_n is a representer of the class [a] ∈ H_n.

Usually we will write f_∗ rather than H_n(f).

Proof. Let (f_n) : (C_n, d_n) → (C^′_n, d^′_n) be a chain map. Let a ∈ Z_n, thus d_n(a) = 0. Then d^′_n(f_n(a)) = f_{n−1}(d_n(a)) = f_{n−1}(0) = 0, thus f_n(a) ∈ Z^′_n. Let a ∈ B_n, thus there exists a^′ ∈ C_{n+1} such that a = d_{n+1}(a^′). Thus f_n(a) = f_n(d_{n+1}(a^′)) = d_{n+1}(f_{n+1}(a^′)), thus f_n(a) ∈ B^′_{n+1}.

If a ∈ Z_n then f_n(a) ∈ Z^′_n. Let [a] be the image of a in H_n = Z_n/B_n. We define H_n(f)([a]) = [f_n(a)]. This is well defined since changing a by an element a^′ ∈ B_n(A) changes f_n(a) by an element of B^′_n, which does not affect [f_n(a)] ∈ H^′_n. ■

We now apply this to singular homology:

2.17 Proposition A map f : X → Y gives rise to a chain map (f_n) : (C_n(X), d_n) → (C_n(Y ), d_n) and thus to induced homomorphisms H_n(f) : H_n(X) → H_n(Y ). We have H_n(g ∘ f) = H_n(g) ∘ H_n(f) and H_n(id_X ) = id_{Hn(X)}, thus H_n, n ≥ 0 is a functor Top → Ab.

Usually we will write f_∗ rather than H_n(f).

Proof. If σ ∈ S_n(X) is a singular n-simplex in X, thus σ : Δ_n → X, and f : X → Y then f ∘σ : Δ_n → Y is an element of S_n(Y ). Thus f gives rise to maps f_∗ : S_n(X) → S_n(Y ) for all n ≥ 0. By Lemma 1.4 this induces homomorphisms f_∗ : C_n(X) → C_n(Y ) for all n ≥ 0. Let now a = ∑ σ∈S_n(X) aσσ ∈ Cn(X). Then

f_∗(d_n(σ)) = f_∗ ∑ σ∈S_n(X) a_σ n∑ i=0 (−1)^iσ ∘ δ^n_i

= ∑ σ∈S_n(X) a_σ n∑ i=0 (−1)^if ∘ σ ∘ δ^n_i , whereas

d_n(f_∗(σ)) = d_n ∑ σ∈S_n(X) a_σ f ∘ σ

= ∑ σ∈S_n(X) a_σ n∑ i=0 (−1)^if ∘ σ ∘ δ^n_i . Thus the family of homomorphisms C_n(X) → C_n(Y ) is a chain map, and we can apply Lemma 2.16.

The proof of functoriality is obvious and therefore omitted. ■

For spaces that are not path-connected we can now state:

2.18 Proposition Let X be a space and X_α, α ∈ π_0(X) its path-components. Then the inclusion maps ι_α : X_α → X induce isomorphisms H_n(X) ∼= ⨁ α∈π_0(X) H_n(X_α) ∀n ≥ 0.

Proof. Let σ ∈ S_n(X) be a singular n-simplex in X. Since σ : Δ_n → X is continuous, the image σ(Δ_n) is contained in one path-component X_α of X. Thus S_n(X) ∼= ∐ α∈π_0(X) S_n(X_α), C_n(X) ∼= ⨁ α∈π_0(X) C_n(X_α), w.r.t. the obvious maps C_n(X_α) → C_n(X). Now, if σ ∈ S_n(X) maps into X_α then the same is true for all σ ∘ δ^n_i ∈ S_{n−1}(X), 0 ≤ i ≤ n. Thus d_n maps C_n(X_α) into C_{n−1}(X_α). We conclude that

H_n(X) = Z_n(X)/B_n(X) ∼= ⨁ α∈π_0(X) Z_n(X_α)/B_n(X_α) = ⨁ α∈π_0(X) H_n(X_α).

■ The following property of singular homology is called the ‘additivity axiom’:

2.19 Corollary Let X = ∐ i∈S X_i be a disjoint union of spaces. Then the inclusions ι_i : X_i → X induce isomorphisms H_n(X) ∼= ⨁ i∈S H_n(X_i) ∀n ≥ 0. Proof. This is an immediate consequence of the preceding result, since every path-component X_α of X is contained in one of the subspaces X_i. ■

Since all functors in algebraic topology are supposed to be homotopy invariant, the following is very important:

2.20 Theorem Let f, g : X → Y be homotopic. Then the induced maps on all homology groups coincide: f_∗ = g_∗ : H_n(X) → H_n(Y ) ∀n ≥ 0.

Recall that the proof of homotopy invariance of the functors π_1 : T op_∗ → Grp and π_n : T op_∗ → Ab, n ≥ 2 was immediate since π_n was defined in terms of homotopy classes. For homology, the proof is considerable more involved, since the definition of the homology functors H_n does not appeal to homotopy classes. We don’t have the time to prove this important result. You can find it, e.g., in [1, Sect. IV.16] or [2, Sect. 2.1].

We have seen that the one-point space has the homology groups H_0({x}) = Z and H_n({x}) = 0, n ≥ 1. Then the preceding theorem implies the following, which we will soon prove directly.

2.21 Proposition If X is contractible then H_0(X) ∼= Z and H_n(X) = 0, n ≥ 1.

As an algebraic preliminary we need the following (which is also used in the proof of Theorem 2.20).

2.22 Definition Let (C_n, d_n), (C^′_n, d^′_n) be chain complexes and (f_n : C_n → C^′_n), (g_n : C_n → C^′_n) chain maps. f and g are chain homotopic, denoted f ≃ g, if there exist maps D_n : C_n → C^′_{n+1}, n ≥ 0 · · · C_{n+1} d_{n+1} C_n d_n C_{n−1} · · · D_n D_{n−1}

· · · C^′_{n+1} f_{n+1}, g_{n+1} d^′_{n+1} C^′_n f_n, g_n d^′_n C^′_{n−1} f_{n−1}, g_{n−1} · · · such that f_n − g_n = d^′_{n+1} ∘ D_n + D_n ∘ d_n : C_n → C^′_n ∀n ≥ 0.

(Here d_0 = 0.) The family (D_n) is called a chain homotopy.

2.23 Lemma Let (D_n) be a chain homotopy between chain maps (f_n), (g_n) from (C_n, d_n) to (C^′_n → d^′_n). Then H_n(f) = H_n(g) for all n ≥ 0, or just f_∗ = g_∗.

Proof. Let a ∈ Z_n be a representer of the class [a] ∈ H_n = Z_n/B_n. Then

f_n(a) − g_n(a) = d^′_{n+1} ∘ D_n(a) + D_n ∘ d_n(a) = d^′_{n+1} ∘ D_n(a).

Here the first equality holds by existence of the chain homotopy D and the second since a ∈ Z_n = ker d_n. We conclude f_∗(a) − g_∗(a) ∈ B^′_n, and therefore (f_∗ − g_∗)([a]) = 0 in H^′_n = Z^′_n/B^′_n. ■

2.24 Remark The part of algebra dealing with complexes and their homology, chain maps, chain homotopies etc. is called homological algebra. It has many applications, not only in algebraic topology, but also in number theory, algebraic geometry and algebra itself! □

Proof of Proposition 2.21. Contractibility is equivalent to the existence of a map F : X × I → X such that F (x, 0) = x, F (x, 1) = x_0 for all x ∈ X, where x_0 is some fixed point of X. In particular, X is path-connected, thus H_0(X) = Z by Proposition 2.11.

For σ ∈ S_n(X) we define σ̃ ∈ S_{n+1}(X) as follows: σ̃(t_0, . . . , t_{n+1}) = F (σ(t_1/λ, . . . , t_n/λ), t_0), λ = 1 − t_0. As long as t_0 ≠ 1, we have (t_1/λ, . . . , t_n/λ) ∈ Δ_n and σ̃ is clearly a continuous map from Δ_{n+1} to X. As t = (t_0, . . . , t_{n+1}) tends to (1, 0, . . . , 0), F (σ(t_1/λ, . . . , t_n/λ), t_0) converges to x_0, thus σ̃ : Δ_{n+1} → X is continuous everywhere and thus is an element of S_{n+1}(X). With Definition 1.6 it is trivial to compute σ̃ ∘ δ^{n+1}_i ∈ S_n(X):

σ̃ ∘ δ^{n+1}_0 = σ, σ̃ ∘ δ^{n+1}_i = ~σ ∘ δ^n_{i−1}, 1 ≤ i ≤ n. Now, σ → σ̃ defines a map S_n(X) → S_{n+1}(X) which, by Lemma 1.4, extends to a homomorphism D_n : C_n(X) → C_{n+1}(X). Let σ ∈ S_n(X), considered as a basis element of C_n(X). Using the preceding computatation we find, for n ≥ 1,

d_{n+1} ∘ D_n(σ) = n+1∑ i=0 (−1)^i σ̃ ∘ δ^{n+1}_i = σ + n+1∑ i=1 (−1)^i ~ σ ∘ δ^n_{i−1} = σ − n∑ i=0 (−1)^i ~ σ ∘ δ^n_i ,

D_{n−1} ∘ d_n(σ) = D_{n−1} (_n ∑ i=0 (−1)^i σ ∘ δ^n_i ) = n∑ i=0 (−1)^i ~ σ ∘ δ^n_i , and thus (d_{n+1} ∘ D_n + D_{n−1} ∘ d_n)(σ) = σ ∀n ≥ 1.

Since the σ ∈ S_n(X) generate C_n(X), we see by comparison with Definition 2.22 that (D_n, n ≥ 1) is a chain homotopy between the chain maps f_n = id and g_n ≡ 0 from (C_n(X), d_n) to itself, restricted to n ≥ 1. Now Lemma 2.23 implies that the identity map and the zero map on H_n(X) coincide, thus H_n(X) = 0 for all n ≥ 1. ■

3 Exact Sequences, short and long

3.1 Some Homological Algebra

3.1 Definition Let (C_n, d_n) be a complex, possibly two-sided, i.e. n ∈ Z: · · · C_{n+1} d_{n+1} C_n d_n C_{n−1} · · · Recall that d_n ∘ d_{n+1} = 0 for all n, thus im d_{n+1} ⊂ ker d_n. The complex is called acyclic iff all these inclusions are equalities, thus im d_{n+1} = ker d_n for all n.

Clearly, a complex C is acyclic iff all homology groups H_n(C) = ker d_n/im d_{n+1} vanish, thus the latter are a measure of the complex’ deviation from being exact. An acyclic complex is usually called an exact sequence.

An exact sequence does not need to be ‘long’, i.e. infinite. For example, exactness of the sequence A f B g C is equivalent to ker g = im f. Consider the special cases 0 A f B, C g D 0. (The maps 0 → A and D → 0 are not labelled since there is only one possibility: the zero map.) Exactness of these diagrams amounts to ker f = im 0 = 0 and im g = ker 0 = B, respectively. In other words, f is injective and g is surjective. Putting this together, we consider the short exact sequence 0 A f B g C 0. (3.1)

Again, g : B → C is surjective, implying C ∼= B/ker g. But ker g = im f, thus C ∼= B/f(A). Since f is injective, we have f(A) ∼= A, thus the exact sequence just means that C is the quotient of B by a subgroup f(A) isomorphic to A. (The language of exact sequences is often also applied to non-abelian groups, algebras or other structures.) It is clear that an exact sequence 0 A f B can always be extended to one of the form (3.1) by putting C = B/f(A) and taking g : B → C to be the quotient map.

3.2 Definition A short exact sequence 0 → C^f→ C^{′ g}→ C^{′′} → 0 of complexes consists of two chain maps of complexes (f_n) : (C_n, d_n) → (C^′_n, d^′_n), (g_n) : (C^′_n, d^′_n) → (C^{′′}_n, d^{′′}_n) (in the sense of Definition 2.15) such that 0 C_n f_n C^′_n g_n C^{′′}_n 0 (3.2)

is exact for all n.

Thus a short exact sequence of complexes is a commutative diagram where the horizontals are complexes and the verticals are short exact sequences, cf. Figure 1.

3.3 Lemma Let 0 → C^f→ C^{′ g}→ C^{′′} → 0 be a short exact sequence of complexes. Then H_n f_∗ H^′_n g_∗ H^{′′}_n is exact (i.e. ker g_∗ = im f_∗ ⊂ H^′_n) for all n.

Proof. As a consequence of g_n ∘ f_n = 0 we have g_∗ ∘ f_∗ = (g ∘ f)_∗ = 0 for all n. Thus it remains to show that ker g_∗ ⊂ im f_∗. Let thus x ∈ H^′_n = Z^′_n/B^′_n such that f_∗(x) = 0. If a ∈ Z^′_n is a representer of x, then g_∗(x) = 0 amounts to g_n(a) ∈ B^{′′}_n = im d^{′′}_{n+1}. Thus there exists b ∈ C^{′′}_{n+1} such that d^{′′}_{n+1} = g_n(a). Since g_{n+1} is surjective, there exists c ∈ C^′_{n+1} such that g_{n+1}(c) = b. Now, g_n(a) = d^{′′}_{n+1} ∘ g_{n+1}(c) = g_n ∘ d^′_{n+1}(c), or equivalently g_n(a − d^′_{n+1}(c)) = 0. Since ker g_n = im f_n, this means that there exists d ∈ C_n such that f_n(d) = a − d^′_{n+1}(c). Thus a = f_n(d) + d^′_{n+1}(c). But in H^′_n = Z^′_n/B^′_n = Z^′_n/im d^′_{n+1} we have x = [a] = [f_n(d) + d^′_{n+1}(c)] = [f_n(d)]. Thus x = f_∗([d]) ∈ im f_∗, as desired. ■

0 0 0

· · · C_{n+1} d_{n+1} C_n d_n C_{n−1} · · ·

· · · C^′_{n+1} f_{n+1} d′_{n+1} C^′_n f_n d_{′n} C^′_{n−1} f_{n−1} · · ·

· · · C^{′′}_{n+1} g_{n+1} d′′_{n+1} C^{′′}_n g_n d_{′′n} C^{′′}_{n−1} g_{n−1} · · ·

0 0 0 Figure 1: Short exact sequence of complexes

3.4 Remark Let 0 → C^f→ C^{′ g}→ C^{′′} → 0 be a short exact sequence of complexes. Here the unlabeled maps can be considered as chain maps from the zero complex (where all C_n = 0) to f and from g to the zero complex, respectively. One might expect that the induced maps on the homology groups give rise to short exact sequences 0 → H_n^{f∗}→ H^′_n^{g∗}→ H^{′′}_n → 0 on the homology groups. We have just proven exactness at H^′_n, i.e. ker g_∗ = im f_∗ ⊂ H^′_n. In general, however, f_∗ : H_n → H^′_n need not be injective: If x ∈ H_n and a ∈ Z_n is a representer, then f_∗(x) = [f_n(a)]. Even if x ≠ 0, equivalent to a ∉ B_n, we cannot exclude f_n(a) ∈ B^′_n, i.e. f_∗(x) = 0. Similarly, if x ∈ H^{′′}_n and a ∈ Z_n is a representer, then surjectivity of g_n implies the existence of b ∈ C^′_n such that g_n(b) = a, but there is no guarantee that such b can be found in Z^′_n, as is needed to conclude surjectivity of g_∗. □

It thus remains to understand ker f_∗ ⊂ H_n and im g_∗ ⊂ H^{′′}_n. This is achieved by the following

3.5 Theorem Let 0 → C^f→ C^{′ g}→ C^{′′} → 0 be a short exact sequence of complexes. Then there exist ‘connecting’ homomorphisms ∂_n : H^{′′}_n → H_{n−1} for all n ≥ 1 such that the sequence · · · g_∗ H^{′′}_{n+1} ∂_{n+1} H_n f_∗ H^′_n g_∗ H^{′′}_n ∂_n H_{n−1} f_∗ · · · is exact.

Proof. To define ∂_n : H^{′′}_n → H_{n−1}, let x ∈ H^{′′}_n = Z^{′′}_n/B^{′′}_n and a ∈ Z^{′′}_n a representer. Since g_n is surjective, there is b ∈ C^′_n such that g_n(b) = a. Since a ∈ Z^{′′}_n = ker d^{′′}_n, we have 0 = d^{′′}_n(a) = d^{′′}_n ∘ g_n(b) = g_{n−1} ∘ d^′_n(b). By exactness, d^′_n(b) ∈ ker g_{n−1} = im f_{n−1}. Thus there exists c ∈ C_{n−1} such that f_{n−1}(c) = d^′_n(b). We have f_{n−2} ∘ d_{n−1}(c) = d^′_{n−1} ∘ f_{n−1}(c) = d^′_{n−1} ∘ d^′_n(b) = 0. Since f_{n−2} is injective this implies d_{n−1}(c) = 0, thus c ∈ Z_{n−1}, and we can define ∂(x) = [c] ∈ H_{n−1} = Z_{n−1}/B_{n−1}.

We now have to check that this is well defined, i.e. independent of the a, b chosen in the construction, and that ∂_n is homomorphism. We note first that, once b is chosen, the rest of the construction is unique, since f_{n−1} is injective. If we replace a by a^′ ∈ Z^{′′}_n then a−a^′ ∈ B^{′′}_n = im d^{′′}_{n+1}. By surjectivity of g_{n+1} there thus exists e ∈ C^′_{+1}n such that a−a^′ = d^{′′}_{n+1} ∘g_{n+1}(e) = g_n ∘d^′_{n+1}(e). Thus the replacement a → a^′ amounts to replacing b by b − d^′_{n+1}(e). But d^′_n ∘ d^′_{n+1}(e) = 0, thus c is unaffected. On the other hand, b is determined by g_n(b) = a only up to addition of something in ker g_n = im f_n. But adding f_n(k) (with k ∈ C_n) to b affects c = f^{−1}_{n−1} ∘ d by addition of d_n(k). But this is in im d_n = B_{n−1} and therefore [c^′] = [c] in H_{n−1}. Next, ∂_n(0) = 0 is obvious, since we may choose a = b = 0 in the above construction. Additivity ∂_n(x + x̃) = ∂_n(x) + ∂_n(x̃) is shown in the same way by adding the b’s and c’s used in the definition of ∂_n(x) and ∂_n(x̃), respectively.

By Lemma 3.3 we already know that the sequence is exact at H^′_n, i.e. ker g_∗ = im f_∗. Verifying f_∗ ∘ ∂_n is easy: We defined ∂_n(x) = [c], where c = f^{−1}_{n−1}(d^′_n(b)). Thus f_∗ ∘ ∂_{n−1}([c]) = [d^′_n(b)], but this is zero in H^′_{n−1} since d^′_n(b) ∈ B^′_{n−1}. Also ∂_n ∘ g_n = 0 is easy: Let y ∈ H^′_n and u ∈ Z^′_n a representer of y. Then g_n(u) is a representer of g_∗(y), thus we may take a = g_n(u) and b = u in the construction of ∂_n(x). But u ∈ Z^′_n implies d^′_n(u) = 0 and thus c = f^{−1}_{n−1} ∘ d^′_n(u) = 0.

We still have to prove exactness at H^{′′}_n and H_{n−1}, i.e. ker ∂_n ⊂ im g_∗ ⊂ H^{′′}_n and ker f_∗ ⊂ im ∂_n ⊂ H_{n−1}. To begin with the latter, let y ∈ H_{n−1} such that f_∗(y) = 0, and let r ∈ Z_{n−1} be a representer of y. f_∗(y) = 0 is equivalent to f_{n−1}(r) ∈ B^′_{n−1}, thus there exists s ∈ C^′_n such that d^′_n(s) = f_{n−1}(r). Then d^{′′}_n ∘ g_n(s) = g_{n−1} ∘ d^′_n(s) = g_{n−1} ∘ f_{n−1}(r) = 0 in view of g_n ∘ f_n = 0. Thus g_n(s) ∈ Z^{′′}_n. If we now consider x = [g_n(s)] ∈ H^{′′}_n and apply our construction of ∂_n to it, we can choose a = g_n(s) and b = s. This implies ∂_n(x) = y, thus ker f_∗ ⊂ im ∂_n.

To prove ker ∂_n ⊂ im g_∗ ⊂ H^{′′}_n, let x ∈ H^{′′}_n be such that ∂_n(x) = 0, and let a, b, c as earlier. ∂_n(x) = 0 means that the c ∈ Z_{n−1} representing ∂_n(x) is in B_{n−1}. But this means that there is p ∈ C_n such that c = d_n(p). Then f_{n−1} ∘ d_n(p) = d^′_n ∘ f_n(p) = d^′_n(b), which implies d^′_n(b − f_n(p)) = 0. Thus b − f_n(p) ∈ Z^′_n. The computation [g_n(b − f_n(p))] = [g_n(b) − g_n ∘ f_n(b)] = [g_n(b)] = [a] = x, where we used g_n ∘ f_n = 0, shows that x = g_∗([b − f_n(p)]). Since b − f_n(p) ∈ Z^′_n this means x ∈ g_∗(H^′_n) as desired. ■

3.6 Remark The above is a typical case of proof by ‘diagram chase’. The theorem can be derived in a fancier way using other standard facts from homological algebra, but ultimately all these proofs boil down to the above computations. □

3.7 Proposition Consider the commutative diagram 0 C f C^′ g C^{′′} 0

0 C a h C^′ b k C^{′′} c 0 where C, C^′, C^{′′}, C, C^′, C^{′′} are chain complexes, f, g, h, k, a, b, c are chain maps, and the horizontals are exact sequences of complexes. Then · · · H_n f_∗ H^′_n g_∗ H^{′′}_n ∂_n H_{n−1} · · ·

· · · H_n a_∗ h_∗ H^′_n b_∗ k_∗ H^{′′}_n c_∗ ∂_n H_{n−1} a_∗ · · · commutes for all n ≥ 1.

Proof. The two left squares commute because of the identity h∘a = b∘f of chain maps. Commutativity of the last square is left as an exercise. ■

3.2 Mayer-Vietoris sequence

There are many applications of Theorem 3.5, not only in algebraic topology. As the first of them we consider the theorem of Mayer and Vietoris, which allows to reduce the computation of H_n(X) to that of H_n(U), H_n(V ) and H_n(U ∩ V ) when X = U ∪ V . (This is somewhat analogous to the van Kampen theorem for the fundamental group.)

Let U, V ⊂ X be such that X = U ∪ V . Considering U, V, U ∩ V with the subspace topologies, we have four complexes: C_n(U ∩ V ), C_n(U), C_n(V ), C_n(X). By Proposition 2.17, the canonical inclusion maps i_1 : U ∩ V → U, i_2 : U ∩ V → V and j_1 : U → X, j_2 : V → X give rise to chain maps, and we consider 0 C_n(U ∩ V ) i_{1∗} ⊕ i_{2∗} C_n(U) ⊕ C_n(V ) j_{1∗} − j_{2∗} C_n(X). (Here (i_{1∗} ⊕i_{2∗})(a) ≡ (i_{1∗}(a), i_{2∗}(a)) and (j_{1∗} −j_{2∗})(a, b) = j_{1∗}(a)−j_{2∗}(a).) This sequence is exact: (1) Injectivity of i_{1∗} ⊕ i_{2∗} follows from injectivity of i_{1∗} (or i_{2∗}). (2) We have (j_{1∗} − j_{2∗}) ∘ (i_{1∗} ⊕ i_{2∗})(a) = j_{1∗} ∘ i_{1∗}(a) − j_{2∗} ∘ i_{2∗}(a) = 0 since j_1 ∘ i_1 = j_2 ∘ i_2. (3) If (a, b) ∈ ker j_{1∗} − j_{2∗} then j_{1∗}(a) = j_{2∗}(b), but this is possible only if a, b are linear combinations of singular simplices in U ∩ V . Then there exists c ∈ C_n(U ∩ V ) such that a = i_{1∗}(c), b = i_{2∗}(c), thus ker(j_{1∗} − j_{2∗}) = im(i_{1∗} ⊕ i_{2∗}).

Unfortunately, the last morphism of the sequence is not surjective. It is easy to see that the image (j_{1∗} − j_{2∗})(C_n(U) ⊕ C_n(V )) ⊂ C_n(X) consists precisely of the subgroup generated by the singular simplices σ ∈ C_n(X) whose image σ(Δ_n) is completely contained in U or in V . This leads us to the following

3.8 Definition Let X be a space and U = (U_α ⊂ X, α ∈ S) such that ∪_αU_α = X. Let S^U_n (X) ⊂ S_n(X) be the set of those singular n-simplices in X which are contained in one of the sets U_α, more precisely:

S^U_n (X) = {σ ∈ S_n(X) | ∃α ∈ S such that σ(Δ_n) ⊂ U_α}.

Let C^U_n (X) ⊂ C_n(X) be the subgroup generated by S^U_n (X).

With this definition one has the following

3.9 Lemma We have d_n(C^U_n (X)) ⊂ C^U_{n−1}(X). Thus (C^U_n , d_n) is a complex and the inclusions ι_n : C^U_n (X) → C_n(X) form a chain map. The homology of (C^U_n , d_n) is denoted by H^U_n (X).

Proof. If σ ∈ S^U_n (X), thus σ(Δ_n) ⊂ U_α then σ ∘ δ^n_i (Δ_{n−1}) ⊂ U_α, thus σ ∘ δ^n_i ∈ S^U_{n−1}(X). This implies d_n(C^U_n (X)) ⊂ C^U_{n−1}(X), and it is obvious that (ι_n) is a chain map. ■

3.10 Lemma Let X, U, V be as in the preceding paragraph. Then the following is an exact sequence

0 C_n(U ∩ V ) i_{1∗} ⊕ i_{2∗} C_n(U) ⊕ C_n(V ) j_{1∗} − j_{2∗} C^U_n (X) 0

for every n ≥ 0. Furthermore, these exact sequences combine to an exact sequence of chain complexes 0 → C(U ∩ V ) → C(U) ⊕ C(V ) → C(X) → 0. Proof. We only need to show surjectivity of j_{1∗} − j_{2∗}. But this is obvious since, by the very definition, C^U_n (X) is generated by the singular simplices with image in U or V . Clearly all of them are contained in the union of j_{1∗}(C_n(U)) and j_{2∗}(C_n(V )). ■

Now we can apply Theorem 3.5 and obtain:

3.11 Corollary Let U, V ⊂ X such that X = U ∪ V . Then there is a long exact sequence · · · H_{n+1}(X) ∂_{n+1} H_n(U ∩ V ) i_{1∗} ⊕ i_{2∗} H_n(U) ⊕ H_n(V ) j_{1∗} − j_{2∗} H^U_n (X) ∂_n H_{n−1}(U ∩ V ). . . , where the maps ∂_n are as in Theorem 3.5.

This result is not yet very useful since we don’t know how the groups H^U_n (X) are related to H_n(X). The answer is given by the following technical result, which has other applications in singular homology theory. Its proof is quite long (4-5 pages) and therefore omitted. See [1, 2]. Recall that the interior A^0 of a subset A ⊂ X is the union of all subsets of A that are open.

3.12 Theorem Let X be a space and U = (U_α ⊂ X, α ∈ S) such that ∪_αU^0_α = X. Then the homomorphisms ι_∗ : H^U_n (X) → H_n(X) of homology groups induced by the chain map ι : (C^U_n (X), d_n) → (C_n(X), d_n) are isomorphisms.

We now apply this to coverings of X by just two subsets U, V , subject to the condition that U^0 ∪ V^0 = X. Thus U = {U, V }. Let i_1, i_2, j_1, j_2 be as before.

3.13 Theorem (Mayer-Vietoris) Let X be a space and U, V ⊂ X subspaces such that U^0 ∪ V^0 = X. Then there exists a long exact sequence · · · H_{n+1}(X) ∂_{n+1} H_n(U ∩ V ) i_{1∗} ⊕ i_{2∗} H_n(U) ⊕ H_n(V ) j_{1∗} − j_{2∗} H_n(X) ∂_n H_{n−1}(U ∩ V ). . . , where i_1 : U ∩ V → U, i_2 : U ∩ V → V and j_1 : U → X, j_2 : V → X are the obvious inclusion maps.

Proof. Use Theorem 3.12 to replace H^U_n (X) by H_n(X) in Corollary 3.11. ■

3.14 Remark In most applications of Theorem 3.13 one actually does not need to know how the connecting morphisms ∂_n are defined. This will become clear in the computation of H_n(S^m) in Section 4. □

If f : X → X satisfies f(U) ⊂ U, f(V ) ⊂ V , then Proposition 3.7 immediately implies:

3.15 Corollary Let f : X → X be such that f(U) ⊂ U, f(V ) ⊂ V . Then the following diagram commutes: · · ·H_n(U ∩ V ) i_{1∗} ⊕ i_{2∗} H_n(U) ⊕ H_n(V ) j_{1∗} − j_{2∗} H_n(X) ∂_n H_{n−1}(U ∩ V ). . .

· · ·H_n(U ∩ V ) f_∗ i_{1∗} ⊕ i_{2∗} H_n(U) ⊕ H_n(V ) f_∗ ⊕ f_∗ j_{1∗} − j_{2∗} H_n(X) f_∗ ∂_n H_{n−1}(U ∩ V ) f_∗ . . . 4 Computation of H_n(S^m)

The aim of this section is to prove the following

4.1 Theorem 1. For m ≥ 1 we have

H_n(S^m) = { Z n = 0, m 0 otherwise

2. For m ≥ 1 and f : S^m → S^m define deg f ∈ Z by f_∗(a) = (deg f)a for all a ∈ H_m(S^m) ∼= Z.

Then the map f_m : S^m → S^m, (x_0, . . . , x_m) → (−x_0, . . . , x_m) has degree −1.

We are going to prove this result using the Mayer-Vietoris theorem. In fact, the theorem can be proven using only the standard axioms satisfied by singular homology, among which the Mayer-Vietoris theorem is not counted. Since Mayer-Vietoris can be derived from the other axioms, our proof is just as good, but it is more intuitive.

1. Since S^m, m ≥ 1 is connected, Proposition 2.11 implies H_0(S^m) ∼= Z.

2. We consider S^1 = {(x_0, x_1) ∈ R^2 | x^2_0 + x^2_1 = 1}. Let 0 < ε < 1 and consider the subsets

U = {(x_0, x_1) ∈ S^1 | x_1 ≥ −ε}, V = {(x_0, x_1) ∈ S^1 | x_1 ≤ +ε}.

Since X, U, V are path-connected we have H_0(X) ∼= H_0(U) ∼= H_0(V ) ∼= Z. Furthermore, U and V are contractible, thus H_1(U) = H_1(V ) = 0. Clearly, U^0 ∪ V^0 = X and U ∩ V = A ∪ B, with A, B non-empty and path-connected. Thus H_0(U ∩ V ) ∼= Z ⊕ Z. Considering the end of the Mayer-Vietoris sequence, we therefore find:

H_1(U) ⊕ H_1(V ) H_1(X)

∂_1

H_0(U ∩ V ) i_{1∗} ⊕ i_{2∗}

H_0(U) ⊕ H_0(V ) j_{1∗} − j_{2∗}

H_0(X)

0 ⊕ 0

H_1(X)

∂_1 Z ⊕ Z i_{1∗} ⊕ i_{2∗} Z ⊕ Z j_{1∗} − j_{2∗} Z Since the lower left horizontal arrow is zero, exactness implies ker ∂_1 = im 0 = 0, thus ∂_1 is injective, and therefore H_1(X) ∼= im ∂_1 ∼= ker(i_{1∗} ⊕ i_{2∗}). In view of the construction of the Mayer-Vietoris sequence we have i_{1∗} ⊕ i_{2∗} : Z ⊕ Z → Z ⊕ Z, (a, b) → (a + b, a + b), j_{1∗} − j_{2∗} : Z ⊕ Z → Z, (a, b) → a − b. Thus ker(i_{1∗} ⊕ i_{2∗}) = {(a, −a) ∈ Z ⊕ Z | a ∈ Z} ∼= Z, and we conclude

H_1(S^1) ∼= Z.

(Of course, this also follows from π_1(X) ∼= Z and Proposition 2.13, but we didn’t prove the latter.)

3. Next, we compute deg f for f_1 : S^1 → S^1, (x_0, x_1) → (−x_0, x_1). We have f_1(U) ⊂ U, f_1(V ) ⊂ V . In general, if X is path connected and f : X → X is arbitrary then f_∗ : H_0(X) → H_0(X) is the identity, since f maps the only path component of X into itself. Thus the induced endomorphisms of H_0(X), H_0(U), H_0(V ) are all given by f_{1∗} = id. Now Corollary 3.15 gives us

0 ⊕ 0 H_1(X)

∂_1 Z ⊕ Z i_{1∗} ⊕ i_{2∗} Z ⊕ Z j_{1∗} − j_{2∗} Z

0 ⊕ 0 H_1(X) f_{1∗} ∂_1 Z ⊕ Z f_{1∗} i_{1∗} ⊕ i_{2∗} Z ⊕ Z id ⊕ id j_{1∗} − j_{2∗} Z id

Now we notice that f_1 : S^1 → S^1 exchanges the two components A, B of U ∩ V . Thus f_{1∗} : H_1(U ∩ V ) → H_1(U ∩ V ), (a, b) → (b, a).

On ker(i_{1∗} ⊕ i_{2∗}) = {(a, −a), a ∈ Z}, which is isomorphic to H_1(X), this is the multiplication by −1, thus deg f_1 = −1, as desired.

4. Since U, V are contractible, by Proposition 2.21 we have H_n(U) = H_n(V ) = 0 for all n ≥ 1. Furthermore, U ∩V = A∪B with A, B contractible. Thus by Corollary 2.19 we also have H_n(U ∩V ) = 0 for all n ≥ 1. Consider now the following part of the Mayer-Vietoris sequence: · · ·H_n(U ∩ V ) i_{1∗} ⊕ i_{2∗}

H_n(U) ⊕ H_n(V ) j_{1∗} − j_{2∗}

H_n(S^1) ∂_n H_{n−1}(U ∩ V ). . . In view of the mentioned facts, for n ≥ 2 this becomes · · · 0 i_{1∗} ⊕ i_{2∗}

0 ⊕ 0 j_{1∗} − j_{2∗} H_n(S^1)

∂_n 0 · · · and exactness implies H_n(S^1) = 0 for n ≥ 2. (If 0 → 0 → A → 0 is exact then A = 0.)

5. Consider X = S^m, m ≥ 2 and the subsets U = {(x_0, . . . , x_m) ∈ S^1 | x_m ≥ −ε}, V = {(x_0, . . . , x_m) ∈ S^1 | x_m ≤ +ε} for 0 < ε < 1. We claim (proof as exercise!) that U and V are contractible and that U ∩V is homotopy equivalent to S^{m−1}. (U ∩ V deformation retracts to the equator of S^m which is {(x_0, . . . , x_m) ∈ S^m | x_m = 0}.) Thus H_0(U) ∼= H_0(V ) ∼= H_0(U ∩ V ) ∼= Z and H_n(U) = H_n(V ) = 0 for n ≥ 1. Now the end of the Mayer-Vietoris sequence looks like

H_1(U) ⊕ H_1(V ) H_1(S^m) H_0(U ∩ V ) H_0(U) ⊕ H_0(V ) H_0(S^m)

0 ⊕ 0

H_1(S^m)

∂_1 Z i_{1∗} ⊕ i_{2∗} Z ⊕ Z j_{1∗} − j_{2∗} Z Now i_{1∗} ⊕ i_{2∗} : a → (a, a) is injective, thus im ∂_1 = ker(i_{1∗} ⊕ i_{2∗}) = 0. On the other hand, ker ∂_1 = im 0 = 0. Thus ∂_1 is injective, but since im ∂_1 = 0 this means H_1(S^m) = 0 for all m ≥ 2.

6. We summarize what we have proven so far:

H_0(S^m) = Z, m ≥ 1, H_1(S^1) = Z, H_n(S^1) = 0, n ≥ 2, H_1(S^m) = 0, m ≥ 2.

(4.1)

It thus remains to compute H_n(S^m) for n, m ≥ 2. Assume n, m ≥ 2 and consider

H_n(U) ⊕ H_n(V ) H_n(S^m) H_{n−1}(U ∩ V ) H_{n−1}(U) ⊕ H_{n−1}(V )

In view of what we said about U and V , this reduces to

0 H_n(S^m) H_{n−1}(U ∩ V ) 0

But exactness of 0 → A^f→ B → 0 is equivalent to f : A → B being an isomorphism. With U ∩ V ≃ S^{m−1} (homotopy equivalence) we conclude H_n(S^m) ∼= H_{n−1}(S^{m−1}) ∀n, m ≥ 2.

Using this to reduce n and m until we arrive one of the situations in (4.1), we obtain the proof of the first half of the theorem.

7. To prove the second half of the theorem, apply naturality of the Mayer-Vietoris sequence, cf. Corollary 3.15:

0 H_n(S^n) H_{n−1}(S^{n−1}) 0

0 H_n(S^n) f_{m∗} H_{n−1}(S^{n−1}) (f_{m−1})_∗ 0 Namely, this implies that the map f_m : S^m → S^m : (x_0, . . . , x_m) → (−x_0, x_1, . . . , x_m) has the same degree as f_{m−1}. Together with what we proved in 3., this completes the proof.

References

[1] G. E. Bredon: Topology and Geometry. Springer GTM 139, 1993. [2] A. Hatcher: Algebraic Topology. Cambridge University Press, 2002. [3] P. May: A concise course in algebraic topology. Chicago University Press, 1999.