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Abstract. We present a linear-time algorithm that, given a planar graph with m edges and
maximum degree 3, finds an induced matching of size at least m /9. This is best possible.
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1. Introduction. For a graph G = (V, E), an induced matching is a set M C E
of edges such that the graph induced by the endpoints of M is a disjoint union of
edges. In other words, a shortest path in G between any two edges in M has length
at least 2. In this article, we prove that every planar graph with maximum degree
3 has an induced matching of size at least |E(G)|/9 (which is best possible), and we
give a linear-time algorithm that finds such an induced matching.

The problem of computing the size of a largest induced matching was introduced
in 1982 by Stockmeyer and Vazirani [15] as a variant of the maximum matching
problem. They proposed it as the “risk-free” marriage problem: find the maximum
number of married couples such that no married person is compatible with a married
person other than her/his spouse. Recently, the induced matching problem has been
used to model the capacity of packet transmission in wireless ad hoc networks, under
interference constraints [2].

In contrast to the maximum matching problem, as shown by Stockmeyer and
Vazirani, the maximum induced matching problem is NP-hard even for quite a re-
stricted class of graphs: bipartite graphs of maximum degree 4. Other classes in
which this problem is NP-hard include planar bipartite graphs and line graphs. De-
spite these discouraging negative findings, there is a large body of work showing that
the maximum induced matching number can be computed in polynomial time in other
classes of graphs, e.g., chordal graphs, cocomparability graphs, asteroidal-triple free
graphs, and graphs of bounded cliquewidth. Consult the survey article of Duckworth,
Manlove, and Zito [4] for references to these results.

Since our main focus in this paper is the class of planar graphs of maximum degree
3, we point out that Lozin [10] showed the maximum induced matching problem to
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be NP-hard for this class; on the other hand, the problem admits a polynomial-time
approximation scheme for this class [4].

There have been recent efforts to determine the parameterized complexity of the
maximum induced matching problem. In general, the problem of deciding whether
there is an induced matching of size k is W[1]-hard with respect to k [13]. It is even
W/1]-hard for the class of bipartite graphs, as shown by Moser and Sikdar [12]. There-
fore, the maximum induced matching problem is unlikely to be in the class of fixed-
parameter tractable problems (FPT). Consult the monograph of Niedermeier [14] for
a recent detailed account of fixed-parameter algorithms. On the positive side, Moser
and Sikdar showed that the problem is in FPT (and even has a linear kernel) for
the class of planar graphs as well as for the class of bounded degree graphs. No-
tably, by examining a greedy algorithm, they showed that for subcubic graphs (that
is, graphs of maximum degree at most 3), the maximum induced matching problem
has a problem kernel of size at most 26k [12]. Furthermore, Kanj et al. [9], using
combinatorial methods to bound the size of a largest induced matching in twinless
planar graphs, contributed an explicit bound of 40k on kernel size for the general
planar maximum induced matching problem; this was subsequently improved to 28k
by Erman et al. [5]. (A graph is twinless if it contains no pair of vertices both having
the same neighborhood.)

We provide a result similar in spirit to the last-mentioned results. In particular,
we promote the use of a structural approach to derive explicit kernel size bounds
for planar graph classes. Our main result relies on graph properties proved using
a discharging procedure. The discharging method was developed to establish the
famous Four Color Theorem.

THEOREM 1. There is a linear-time algorithm that, given as input a planar graph
of maximum degree 3 with m edges, outputs an induced matching of size at least m/9.

Let us note two direct corollaries before justifying a corollary concerning explicit
kernel size bounds.

COROLLARY 2. FEvery planar graph of maximum degree 3 with m edges has an
induced matching of size at least m/9.

COROLLARY 3. FEwvery 3-reqular planar graph with n vertices has an induced
matching of size at least n/6.

COROLLARY 4. The problem of determining whether a subcubic planar graph has
an induced matching of size at least k has a problem kernel of size at most 9k. The
problem of determining whether a 3-regular planar graph has an induced matching of
size at least k has a problem kernel of size at most 6k.

Proof. Here is the kernelization: take as input G = (V, E); if k < |E|/9, then
answer “yes” and produce an appropriate matching by way of the algorithm guaran-
teed by Theorem 1; otherwise, |E| < 9k, and we have obtained a problem kernel with
fewer than 9k edges. A similar argument demonstrates a problem kernel of size at
most 6k for 3-regular planar graphs. O

In Corollaries 2 and 3, our result gives lower bounds on the maximum induced
matching number for subcubic or 3-regular planar graphs that are best possible: con-
sider the disjoint union of multiple copies of the triangular prism. See Figure 1.

The condition on maximum degree in Corollary 2 cannot be weakened: the disjoint
union of multiple copies of the octahedron is a 4-regular planar graph with m edges
that has no induced matching with more than m/12 edges. See Figure 2. Also, the
condition on planarity cannot be dropped: the disjoint union of multiple copies of the
graph in Figure 3 is a subcubic graph with m edges that has no induced matching
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Fic. 1. A 3-regular planar graph with n vertices, m = 3n/2 edges, and no induced matching of
size more than n/6 = m/9.

Fi1G. 2. A 4-regular planar graph with m edges (and n = m/2 vertices) and no induced matching
of size more than m/12 (=n/6).

Fia. 3. A subcubic graph with no induced matching of size 2.

with more than m/10 edges.

There has been considerable interest in the induced matching problem due to its
connection with the strong chromatic index. A strong edge k-coloring of G is a proper
k-coloring of the edges such that no edge is adjacent to two edges of the same color,
i.e., a partition of the edge set into k induced matchings. If G has m edges and admits
a strong edge k-coloring, then a largest induced matching in G has size at least m/k.
Thus, Theorem 1 is related to problems surrounding the long-standing Erdés—Nesettil
conjecture, which concerns the extremal behavior of the strong chromatic index for
bounded degree graphs (cf. Faudree et al. [6, 7], Chung et al. [3]).

In particular, our work lends support to a conjecture of Faudree et al. [7] that every
planar graph of maximum degree 3 is strongly edge 9-colorable. This conjecture has an
earlier origin: it is implied by one case of a thirty-year-old conjecture of Wegner [16],
asserting that the square of a planar graph with maximum degree 4 can be 9-colored.
(Observe that the line graph of a planar graph with maximum degree 3 is a planar
graph with maximum degree 4.) Independently, Andersen [1] and Hordk, He, and
Trotter [8] demonstrated that every subcubic graph has a strong edge 10-coloring,
which implies that every subcubic graph with m edges has an induced matching of
size at least m/10.

For graphs with larger maximum degree, Faudree et al. [7, Theorem 10] observed
using the Four Color Theorem that every planar graph of maximum degree A with m
edges admits a strong edge (4A + 4)-coloring and thus contains an induced matching
of size at least m/(4A + 4). They also observed that the disjoint union of multiple
copies of the graph in Figure 4 is a planar graph of maximum degree A with m edges
that has no induced matching with more than m/(4A — 4) edges. Narrowing the gap
between these bounds for induced matchings in graphs of maximum degree A > 4 is
left for future work.

The remainder of this paper is organized as follows. We describe the linear-
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Fic. 4. A planar graph of mazimum degree A with no induced matching of size 2.

time algorithm in section 3. The main structural result on which this algorithm
relies is provided in section 4: the details of the discharging procedure are given
in subsection 4.1, and we analyze the structures guaranteed by this procedure in
subsection 4.2. Before continuing, we introduce some necessary terminology.

2. Notation and preliminaries. We remind the reader that a plane graph is
a planar graph for which an embedding in the plane is fixed. The algorithm that
we shall present in section 3 does not need any information about the embedding of
the input graph. However, later on, Lemmas 9 and 10 do make use of any particular
embedding of the graph under consideration. Throughout this paper, G will be a
subcubic planar graph with vertex set V' and edge set E, with |V| =n and |E| = m.
In cases when we have also fixed the embedding, we will denote the set of faces by F'.

We assume the standard convention that a vertex and face (respectively, cycle)
are called incident if the vertex lies on the face (respectively, cycle).

A vertex of degree d is called a d-vertex. A vertex is an (<d)-vertex if its degree
is at most d and an (=d)-vertex if its degree is at least d. The notions of d-face,
(<d)-face, (=d)-face, d-cycle, (<d)-cycle, and (=d)-cycle are defined analogously as
for the vertices, where the degree of a face or cycle is the number of edges along it,
with the exception that a cut-edge on a face is counted twice. Let deg(v), respectively,
deg(f), denote the degree of vertex v, respectively, face f.

Given u,v € V, the distance dist(u,v) between w and v in G is the length (in
edges) of a shortest path from u to v. Given two subgraphs G1, G2 C G, the distance
dist(G1, G2) between G7 and Gy is defined as the minimum distance dist(vq, v2) over
all vertex pairs (v1,v2) € V(G1) x V(G2).

Note that another way to say that M C F is an induced matching is that

dist(e, f) > 2 for all distinct e, f € M.
For a set E' C E of edges we will set
(1) U(E') :={e € E : dist(e, E') < 2}.

Given v € V, let N(v) denote the set of vertices adjacent to v, and for k € N let
N¥(v) denote the set of vertices at distance at most k from v. For a subgraph H C G,
we will set N*(H) := Uvevim NF(v).

For a subgraph H C G, we will also use the notation W, Ny, N¥ to refer to the
analogous sets restricted to H.

Two distinct cycles or faces are adjacent if they share at least one edge. Let
C1,...,Ck be a collection of cycles or faces. We say that C; and Cs are in sequence
(through eq) if there exists a path eseiep (e; are edges) along Cy such that only
ey is also part of Cs. We say that Ci,...,Cy are in sequence if there are vertices
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Fic. 5. Three faces in sequences and a double 4-face.

<P

F1G. 6. An edge subset (in bold) that is good, but not minimally good.

Vo, - - .,V and edges eq, ..., ex—1 such that vg--- vy is a path, v; is an endpoint of e;
fori e {1,...,k—1}, and C; and C;41 are in sequence through e; fori € {1,...,k—1}.
A double 4-face refers to two 4-faces in sequence. See Figure 5.

3. The algorithm. Our result will rely on building up the desired induced
matching by augmenting it iteratively each time by up to five edges. We say that
a set of edges £/ C E is good if E' is an induced matching, 1 < |E’| < 5, and
|U(E')| < 9|E’|, with ¥ as defined by (1). We will want E’ to be minimally good, i.e.,
so that it is good and no proper subset of E’ is good. See Figure 6.

THEOREM 5. Fvery subcubic planar graph with at least one edge contains a good
set of edges.

Theorem 5 follows immediately from Lemmas 9 and 10 in section 4 below, which
are proved using structural arguments. It will be illustrative to give the main approach
for the algorithm in a direct proof of Corollary 2, using Theorem 5, before justifying
the linear running time claimed in Theorem 1.

Proof of Corollary 2. Theorem 5 allows us to adopt a greedy approach for building
up the induced matching. We start from M = () and H = G. At each iteration, we
find a minimally good E’ in H and then augment M by E’ and delete ¥ (E') from
H. Removing Uy (F’) from H ensures that any edge moved from H to M at a
later iteration is compatible with the edges of E’, i.e., that M is maintained as an
induced matching. Since we delete only edges, H is subcubic and planar throughout
the process. The theorem then guarantees that we may iterate until H is the edgeless
graph. By the definition of a good set of edges—in particular, that ¥ is at most nine
times the number of edges in the set—the matching M at the end of the process must
have size at least |E|/9. O

The algorithm uses exactly the above approach; however, we need to be more
careful to ensure that the running time is linear. For this, we require the following
brief observation.

LEMMA 6. If E' C E is minimally good, then 2 < dist(e, f) < 15 for all distinct
e,fE€FE.

Proof. That dist(e, f) > 2 for all distinct e, f € E’ follows from the fact that E’ is
an induced matching. Let us now note that no E” C E’ can exist with dist(e, f) > 4
for all e € E”, f € E’'\ E”. This is because otherwise W(E") N U(E' \ E") = 0,
which implies that |U(E’)| = |U(E")| 4+ |T(E'\ E”)| and at least one of E” and
E’\ E” must be good, contradicting that E’ is minimally good. We can then write
E' = {e1,eq,€3,¢e4,e5} with dist(e;, {e1,...,e;-1}) < 3 for all . This shows that for
any e, f € E’ there is a path of length at most 15 between an endpoint of e and an
endpoint of f. (Note that the distance is not necessarily at most 12, because we may
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Initialize as follows.
Q :=V (in some arbitrary order), M := (), and H := G.
While @ is nonempty, iterate the following.

Letting vo denote the beginning element of @,
1. if vo is isolated, then remove it from Q;
2. else, check for a minimally good set of edges E’ such that vg is the endpoint
of some edge of E’, and
2a. if such an E’ does not exist, then move vg to the end of Q,

2b. else, remove the vertices of N7 (E’) from Q and replace them at the
beginning of Q in some arbitrary order, then set M := M U E’ and
H:=H\Vy(FE).

Fic. 7. An algorithm that, given a subcubic planar graph G = (V, E), generates an induced
matching M in G of size at least |E|/9.

need to use up to three of the edges e; in a shortest path between e and f.) d

We now present our algorithm formally and then argue that its time complexity
is linear. For convenience, we adopt the random access machine (RAM) model of
computation. (See, for instance, section 2.2 of [11] for a detailed description of the
RAM model.) We may assume that the algorithm takes as input an adjacency list
for G = (V, E), i.e., an array with an entry for each vertex v, each of which contains
a list of pointers to the (up to three) neighbors of v. If G is instead given as a list
of edges or in a |V| x |V| adjacency matrix (which is a rather inefficient means of
storing a bounded degree graph), then we can first perform a routine conversion to
an adjacency list in time that is linear in the size of the input, and thus the overall
time complexity to output the desired induced matching remains linear in the input
size.

The algorithm examines the vertices of H (i.e., of G) one at a time according to
a queue ). We store (Q by means of a doubly linked list each element of which is
doubly linked to its corresponding vertex in H. Each element of @) stores a pointer to
the corresponding vertex in H as well as pointers to the next and previous elements
in @, and we maintain two special pointers to the beginning and end elements of
Q; the graph H is stored in an adjacency list, except that each entry stores an extra
pointer to its corresponding element in (). This ensures that the operations of deleting
arbitrary elements of H or ) and inserting such elements at the beginning or the end
of @ all take constant time. Our algorithm is described in Figure 7 and uses a more
refined version of the greedy approach taken in the proof of Corollary 2. Theorem 1
follows immediately from the following.

THEOREM 7. Given as input a subcubic planar graph G = (V, E), the algorithm
described in Figure 7 outputs in M an induced matching of G of size at least |E|/9 in
linear time.

Proof. As shown in the proof of Corollary 2, Theorem 5 implies that the greedy
approach produces a matching of the promised size. And so the algorithm must
terminate. It remains only to show that the running time of the algorithm is linear.

Let us first show that each of steps 1, 2, 2a, and 2b of the algorithm can be
performed in constant time. (Steps 1 and 2a are obvious.)

The check for a suitable E’ at the beginning of step 2 can be done in constant
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time: by Lemma 6, we need only consider sets E’ of up to five edges such that each
edge e € F’ has at least one endpoint at distance at most 16 from vg. Hence, all
vertices incident to edges of ¥y (E’) will be within distance 18 from vg. Thus, to find
a minimally good E’ with at least one edge incident to vy, we need only examine the
subgraph H [N} (vo)]. Now, this subgraph has fewer than 3-2'® = O(1) vertices, and
it can be determined in constant time from the adjacency list data structure for H.
(We can read in constant time which are the neighbors of vg, then in constant time
which are the neighbors of the neighbors, and so on, until depth 18.) Since H[N}&(vo)]
has constant size, we can clearly search for a set E’ of the required form in constant
time.

For step 2b, since the set N2°(E’) has constant size, we can in constant time
determine the vertices of N7’ (E’) and move them to the beginning of Q. Similarly,
we can remove an edge uv from the adjacency list for H in constant time, since we
need only update the entries for v and v (and each entry contains a list of constant
size). Thus, removing U (E’) from H can also be done in constant time.

For the rest of the proof, it will be convenient to index the different iterations
of the while loop by a “time parameter” ¢t € {1,2,...}. Let H(t), respectively, Q(t),
denote the state of H, respectively, @, at the start of iteration t.

It suffices to show that there are only O(|V]) iterations. We do this by showing
that each vertex u may be the beginning element of ) a bounded number of times.
To this end, fix an arbitrary vertex u € V(G) and let t; < to < --- < tx be those iter-
ations in which u is at the beginning of the queue Q(t). (Observe that the algorithm
deletes u from H in iteration tx.) We assert that the following holds.

CLAIM 8. For each i € {1,...,N — 2}, there is an iteration t € {t;,...,t;i+1 — 1}
in which at least one edge of fol(t) (u) is deleted from H(t).

Proof of Claim 8. If in iteration ¢; a minimally good E’ is found (one of whose
edges is incident to u), then step 2b is taken and the statement is clearly satisfied.
So we may assume that in iteration ¢; no such minimally good E’ is found. Thus, in
iteration ¢; we move u to the end of @) by step 2a.

Next observe that, if in some iteration ¢t € {¢; +1,...,t;01 — 1} a minimally good
E’ is found with u € Nflo(t) (E'), then at least one edge of N?il(t) (u) is removed. So we
may assume that this is not the case so that, in particular, u is not replaced at the
beginning of @ by step 2b during any iteration ¢ € {¢;,...,t;41 — 1}.

Let us write Q(t;4+1) = (vo = u,v1,...,vx), and let us consider an arbitrary index
¢ e {l,...,k}. Since u was not replaced at the beginning of the queue during any
iteration in {¢;,...,t;11 — 1} and v, is behind « in iteration ¢;11, there must be at
least one iteration ¢ € {t;,...,t;41 — 1} in which v, was first in the queue and was
moved to the end by step 2a. Let s € {¢;,...,ti+1 — 1} be the last iteration before
t;+1 in which v, was moved to the end of the queue. Since vy remained behind u in
the queue during each iteration in {s + 1,...,¢;+1 — 1}, in none of these iterations
was a minimally good E’ found with v, € NIQJO(t) (E"). So, in particular, no edges of
N}{s(s) (ve) were deleted in the iterations t € {s,...,t;41 — 1}. This implies that

Nflfg(tm)(w) = Nllfg(s) (ve).-

As noted previously, we can determine from H [N} (v¢)] whether there is a min-
imally good E’ with one edge incident to vy. It thus follows that there is no such
minimally good E’ incident to vy in H (¢;11); otherwise, step 2a would not have been
taken in iteration s. Since £ € {1,...,k} was arbitrary, there is in fact no minimally
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good E’ in H(t;11) at all. But this contradicts Theorem 5! (Since i + 1 < N — 1,
there is at least one iteration after ¢;4; in which u occurs at the beginning of the
queue. Hence u is not isolated at time t;;—otherwise it would get deleted—and in
particular H(¢;11) has at least one edge.)

It follows that either step 2b was taken in iteration ¢;, or there was an iteration
te{t;+1,...,tix1 — 1} in which step 2b was taken and some edge of N? (t)( u) was
deleted from H (t). This concludes the proof of Claim 8. O

By Claim 8, the vertex u occurs as the first element of the queue @ in at most

N < |BE(NE(u)|+2<3-22 +2=0(1)

iterations of the while loop. Since u was arbitrary, the while loop is iterated at most
V|- (3-22' +2) = O(]V|) times, which concludes the proof of Theorem 7. [0

We comment here that our distance estimate in Lemma 6 is sufficient for arguing
that the time complexity is linear without knowing the full details of Theorem 5.
As we have just seen, the upper bound 15 in Lemma 6 leads to a bound on the
number of iterations of the while loop of at most (3 - 22! + 2) - |V|. However, a closer
examination of the proof of Theorem 5 (and the claims used to prove Lemma 9 in
particular) demonstrates that we are in fact guaranteed a good set such that no two
of its edges are at distance greater than 6. This implies that indeed the number of
iterations is at most (3 - 212 + 2) - |V|, an improvement of a factor approximately 2°.
Furthermore, if we consider only neighborhoods at smaller distances, we will obtain
a similar improvement on the number of computations within each iteration. This
suggests that our algorithm could reasonably be implemented.

4. The proof of Theorem 5. Theorem 5 is a direct consequence of the following
two lemmas. Recall that a plane graph is a planar graph with a fixed embedding in
the plane. Fixing an embedding has the advantage that we can speak unambiguously
of the faces of the graph. Although it was difficult to develop, we do not claim that
the following collection of twelve structures is optimal. As is often the case with
discharging methods, later improvements may be found. Roughly speaking, what is
most important about this collection for induced matchings is that the structures are
locally sparse.

LEMMA 9. Let G be a subcubic plane graph. If G contains one of the following
structures, then G contains a good set of edges:

(C1) a l-vertex;

C2) a 2-vertex incident to an (<6)-cycle or T-face;
) a 2-vertex at distance at most 2 from another 2-vertez;
) a 2-vertex at distance at most 2 from an (<5)-cycle;
) a 3-cycle adjacent to an (<7)-cycle;
) a 4- or 5-cycle in sequence with a 5- or 6-cycle;
) a 3-cycle at distance 1 from an (<5)-cycle;
) a double 4-face adjacent to an (<7)-cycle;
) a 4-cycle, (<8)-cycle, and 4-cycle in sequence;
(C10) a 4-cycle, T-cycle, and 5-cycle in sequence;

(C11) a 3-cycle or double 4-face at distance at most 2 from a 3-cycle

or double 4-face; and

(C12) a double 4-face at distance 1 from a 5-cycle.

LEMMA 10. PEwvery subcubic plane graph with at least one edge contains one of
the structures (C1)—(C12) listed in Lemma 9.

R i i N R L R

C3
C4
Ch
C6
C7
C8
C9

10

11
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The proof of Lemma 9 is a rather lengthy case analysis, which we postpone to
subsection 4.2. We now prove Lemma 10 by means of a discharging procedure.

4.1. The proof of Lemma 10. Suppose that G is a subcubic plane graph with
at least one edge, and that G does not contain any of the structures (C1)—(C12).
Without loss of generality, we may assume that G has no isolated vertices. (Note also
that the removal of isolated vertices does not affect whether a graph has a good set
or not.)

We will obtain a contradiction by using the discharging method, which is com-
monly used in graph coloring. The rough idea of this method is as follows: each
vertex and face of G is assigned an initial “charge.” Here the charges are chosen
such that their total sum is negative. We then apply certain redistribution rules (the
discharging procedure) for exchanging charge between the vertices and faces. These
redistribution rules are chosen such that the total sum of charges is invariant. How-
ever, we will prove by a case analysis that if G contains none of (C1)—(C12), then each
vertex and each face will have nonnegative charge after the discharging procedure has
finished. This contradicts that the total sum of the charges is negative. Hence, G
must have at least one of (C1)—(C12).

Initial charge. For every vertex v € V, we define the initial charge ch(v) to
be 2deg(v) — 6, while for every face f € F', we define the initial charge ch(f) to be
deg(f) — 6. We claim that this way the total sum of initial charges is negative. To
see this, note that by Euler’s formula 6|E| — 6|]V| — 6|F| = —12. It follows from

Z’UEV deg(v) = 2|Ej| = ZfEF deg(f) that

—12 = (4|E| — 6]V|) + (2|E| — 6|F|) = > _(2deg(v) — 6) + Y _(deg(f) — 6).
veV feFr

Discharging procedure. To describe a discharging procedure, it suffices to fix
how much each vertex or face sends to each of the other vertices and faces. In our
case, vertices and (<6)-faces do not send any charge. The (>7)-faces redistribute
their charge as follows:

Each (>7)-face f sends

(R1) 1 to each incident 2-vertex,

(R2) 1 to each adjacent 3-face,

(R3) 1 to each adjacent 4-face in a double 4-face if f and the two 4-faces are in

sequence,

(R4) 1/2 to each other adjacent 4-face, and

(R5) 1/5 to each adjacent 5-face.
When we say that an (>7)-face sends a charge to an adjacent face or incident vertex,
we mean that the charge is sent as many times as these elements are adjacent or
incident to each other. For v € V and f € F, we denote their final charges—that is,
the charges after the redistribution—by ch*(v) and ch*(f), respectively.

In the following analysis of the final charges of vertices and faces, we will often
say that something holds “by (Cz)” for some = € {1,...,12}. By this we of course
mean “by the absence of (Cx).”

Final charge of 2-vertices. The initial charge of a 2-vertex is —2. By (C2) it
is adjacent to two (>8)-faces. Hence, it receives 2 by (R1), so that its final charge is
0.

Final charge of (>3)-vertices. An (>3)-vertex has nonnegative initial charge.
Since it sends no charge, its final charge is nonnegative.
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Final charge of 3-faces. A 3-face has initial charge —3. By (C5) it is adjacent
only to (=8)-faces. Hence, it receives a charge of 3 by (R2), and its final charge is 0.

Final charge of 4-faces. Let f be a 4-face; then its initial charge is ch(f) = —2.
If f is not in a double 4-face, then by (C5) and (C6) f is adjacent only to (>7)-faces
and receives a charge of 1/2 from each by (R4); thus, ch*(f) = 0. Otherwise, if f is
in a double 4-face, then f is adjacent to exactly one 4-face and three (>8)-faces by
(C8). Thus, f receives a charge of 1 from an (>8)-face by (R3) and charges of 1/2
from the other two by (R4), and so ch*(f) = 0.

Final charge of 5-faces. Let f be a 5-face; then its initial charge is ch(f) = —1.
Since f is not adjacent to any (<6)-faces by (C5) and (C6), it receives a charge of
1/5 from each adjacent face by (R5), and so ch*(f) = 0.

Final charge of 6-faces. The initial charge of a 6-face is 0, and it sends no
charge, so its final charge is 0.

Final charge of 7-faces. Let f be a 7-face; then its initial charge is ch(f) = 1.
By (C5), (C8), (C9), and (C10), f is adjacent to no 3-faces, no double 4-faces, and
at most two 4- or 5-faces. Thus, f sends a charge of at most 2-1/2 by (R4) or (R5),
and so ch*(f) > 0.

Final charge of 8-faces. Let f be an 8-face; then its initial charge is ch(f) = 2.
We consider several cases.

First, suppose that f is incident to a 2-vertex. By (C3), f is incident to at most
two 2-vertices. However, if f is incident to exactly two 2-vertices (and hence by (R1)
sends a charge of 1 to each), then by (C2) and (C4) f is adjacent only to (>6)-faces;
thus, ch*(f) = 0. So assume that f is incident to exactly one 2-vertex v to which f
sends charge 1 by (R1). By (C4), faces that are adjacent to f but at distance at most
2 from v must be (>6)-faces. There remain two other faces adjacent to f, which are
adjacent to each other. If one of these is a 3-face (sent charge 1 by (R2)), then the
other is an (>8)-face by (C5) so that ch™(f) = 0. If both are 4-faces, then neither is
in sequence with f and some other 4-face by (C8), and so both receive 1/2 from f by
(R4) so that ch*(f) = 0. If one is a 4-face and the other is a 5-face, then by (C8) the
4-face is not in a double 4-face, and each is sent charge at most 1/2 by (R4) and (R5)
so that again ch*(f) > 0. If one is a 4-face (sent charge at most 1 by (R3) or (R4))
and the other is an (>6)-face, then ch™(f) > 0. Finally, if both are (>5)-faces, then
f sends to each a charge of at most 1/5 by (R5), and ch*(f) > 0. We may hereafter
assume that f is not incident to a 2-vertex.

Second, suppose that f is adjacent to a 3-face f'. By (C5) and (C7), faces that
are adjacent to f but at distance at most 1 from f’ must be (>6)-faces. There remain
three other faces adjacent to f, call them f1, fa, fs, in sequence. By (C7), (C8), (C9),
(C11), and (C12), if one of these is sent charge 1 by (R2) or (R3), then the others are
(>6)-faces so that ch*(f) > 0. Furthermore, if two of these are in the same double
4-face (each sent 1/2 by (R4)), say fi and fo, then f3 is an (>6)-face and ch*(f) > 0.
We can thus suppose that none of fi, fa, f3 is a 3-face or part of a double 4-face. By
(C9), at most one of f1, fa, f3 is a 4-face, and by (C6) at most two are 5-faces. Hence,
f sends total charge at most 1+ 1/2+2/5 < 2 by (R4) and (R5), and ch*(f) > 0.
We may hereafter assume that f is not adjacent to a 3-face.

Third, suppose that f is adjacent to a 4-face f’. Assume that f’ is part of a
double 4-face and f” is its 4-face partner. By (C6), (C8), (C9), (C11), and (C12),
all faces, with the possible exception of f”, that are adjacent to f but at distance at
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most 1 from f’ must be (>6)-faces. There remain at most three other faces adjacent
to f, and we can proceed as in the previous case. Thus f’ is not part of a double
4-face. It follows by (C9) that, of the faces that are adjacent to f but at distance
at most 1 from f’, none is a 4-face; furthermore, by (C6), at most two of these are
5-faces. Thus, by (R4) and (R5), in total at most 1/2 4+ 2/5 < 1 charge is sent to f’
and these four faces. Again, there remain at most three other faces adjacent to f,
and we proceed as in the previous paragraph. We may hereafter assume that f is not
adjacent to an (<4)-face.

Finally, by (C6), f is adjacent to at most four 5-faces, and so by (R5) f sends a
total charge of at most 4/5 < 2, and ch™(f) > 0.

Final charge of (>9)-faces. Let f be an (>9)-face, and let v1ejvaeqvsesvieqvs
be a path of four edges along f. Denote by f; the face adjacent to f via the edge e;.
We first show that the combined charge sent through these four edges (counting half
of the charge contributed to the end-vertices v1, vs) is at most 3/2.

First, suppose that at least one of the v; is a 2-vertex. By (C3), at most two are
2-vertices. If two are, then, without loss of generality, either v; and vy are 2-vertices,
or vy and vs are 2-vertices. In both cases, fi,..., f1 are all (>6)-faces by (C4) and
the total charge sent is at most 3/2 (by (R1), except that one contribution is halved).
If exactly one of the v; is a 2-vertex, then without loss of generality, either v; is a
2-vertex, or one of vg or vs is. In the former case, we have by (C4) that fi, fo, and f3
are (>6)-faces and the total charge sent is at most 3/2 (since the (R1) contribution to
vy is halved and f; is sent charge at most 1). In the latter case, we have by (C4) that
all four faces are (>6)-faces and the total charge sent is 1 by (R1). We may hereafter
assume that none of the v; is a 2-vertex.

Second, suppose that some f; is a 3-face. By symmetry, there are two cases to
consider: i = 1 or i = 2. In the former case, we have by (C5), (C7), and (C11) that f,
and f3 are both (>6)-faces and fy is forbidden from being a 3-face or part of a double
4-face, in which case the total charge sent is at most 3/2 (by (R2) and (R4) or (R5)).
In the latter case, we have by (C5) and (C7) that fi, f3, and f4 are (>6)-faces, in
which case the total charge sent is 1 (to fa by (R2)).

Third, suppose that some f; is part of a double 4-face. Without loss of generality,
there are four subcases to consider: (a) f; is part of a double 4-face, but f5 is not,
(b) f1 and fy are part of the same double 4-face, (¢) fs is part of a double 4-face, but
neither f1 nor fs is, and (d) f2 and f3 are part of the same double 4-face. In case
(a), f1 is sent charge 1 by (R3). By (C6), (C8), and (C11), at most one of fa, f3, fa
is a 4- or 5-face and none is part of a double 4-face, in which case, by (R4) or (R5),
the total charge sent is at most 3/2. In (b), we have by (C8) and (C11) that f3 is
an (=6)-face and f4 is not part of a double 4-face; thus, by (R4) and (R5), the total
charge sent is at most 3/2. In case (c), we have by (C8) that fi, f3 are (>6)-faces
and by (C11) that f, is not part of a double 4-face (and hence sent charge at most
1/2 by (R4) or (R5H)), so that the total charge sent is at most 3/2. In (d), we have by
(C8) that f1, fs are (>6)-faces, so that by (R4) the total charge sent is 1. In all four
subcases, the total charge sent is at most 3/2.

We now have that none of the v; is a 2-vertex, and none of the f; is a 3-face or
part of a double 4-face. By (C6), not every f; is a 4- or b-face. Thus, there is one
face sent no charge while each of the others is by (R4) or (R5) sent at most 1/2; the
total charge sent is at most 3/2, completing our proof of the claim.

It remains to complete the analysis of the final charge for f using this claim.
Let us denote the facial cycle by viejvsesvs - -vperv; and denote by f; the face



1394 ROSS J. KANG, MATTHIAS MNICH, AND TOBIAS MULLER

adjacent to f via the edge e;. By “rotating” the labelling, we may assume without
loss of generality that deg(vi) = deg(ve) = 3 and f; is an (=6)-face, so f; is sent
no charge. By the claim, halving the contribution to wvyig, the total charge sent to
fo,..., fo is at most 3. Every face f;, i > 9, receives a charge of at most 1 from f
(including half the charge sent to v; and v;11). Hence, f sends total charge at most
3+ deg(f) — 9 =deg(f) — 6 = ch(f), and so ch*(f) > 0.

We have seen that every vertex and every face of G have nonnegative final charge,
which gives the required contradiction and completes the proof.

4.2. The proof of Lemma 9. In this section, we prove Lemma 9 by analyzing
the structures in order, including some intermediate structures. The order of our
analysis is significant. The proofs for the presence of later structures rely in part on
the absence of earlier structures.

We give a figure for each structure. We employ a visual code: a square represents
an (<2)-vertex, a circle represents an (<3)-vertex, a thin solid line represents a present
edge, and a bold solid line indicates membership in a good set. In Table 1, we provide
for convenience a key for matching the claims and figures with the structures.

Throughout this section, we assume G to be a subcubic plane graph.

CrAM 11. If G has a l-vertex, then it contains a good set of edges.

u v $

Fic. 8. A l-vertex.

Proof. If u is a l-vertex with neighbor v, then F’ = {uv} is a good set as
|U(E")| < 7. See Figure 8. O
CramM 12. If G has two adjacent 2-vertices, then it contains a good set of edges.

SO e —0OZ
u v

Fic. 9. Adjacent 2-vertices.

Proof. If u, v are adjacent 2-vertices, then E' = {uv} is a good set as |U(E")| < 7.
See Figure 9. d
CrAM 13. If G has a 2-vertex on a 3-cycle, then it contains a good set of edges.

uw

VAN

w v
F1a. 10. A 2-vertex on a 3-cycle.

Proof. If u is a 2-vertex on 3-cycle wvw, then E' = {uw} is a good set as
|T(E")| < 7. See Figure 10. O

CrLAIM 14. If G has a 2-vertex on a 4-cycle, then it contains a good set of edges.

Proof. If w is a 2-vertex on 4-cycle uvwz, then E' = {uzx} is a good set as
|T(E")| <9. See Figure 11. O

CrAM 15. If G has two 2-vertices at distance 2, then it contains a good set of
edges.
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TABLE 1

A key to cross-referencing the claims and figures with the structures.

Claim 11
Claim 12
Claim 13
Claim 14
Claim 15
Claim 16
Claim 17
Claim 18
Claim 19
Claim 20
Claim 21
Claim 22
Claim 23
Claim 24
Claim 25
Claim 26
Claim 27

Claim 28

Claim 29
Claim 30
Claim 31

Claim 32

Claim 33

Claim 34

Claim 35
Claim 36
Claim 37

Claim 38
Claim 39
Claim 40
Claim 41
Claim 42
Claim 43
Claim 44
Claim 45
Claim 46
Claim 47
Claim 48
Claim 49

Claim 50
Claim 51
Claim 52
Claim 53

Figure 8

Figure 9

Figure 10
Figure 11
Figure 12
Figure 13
Figure 14
Figure 15
Figure 16
Figure 17
Figure 18
Figure 19
Figure 20
Figure 21
Figure 22
Figure 23
Figure 24

Figure 25

Figure 26
Figure 27
Figure 28

Figure 29
Figure 30
Figure 31

Figure 32
Figure 33
Figure 34

Figure 35
Figure 36
Figure 37
Figure 38
Figure 39
Figure 40
Figure 41
Figure 42
Figure 43
Figure 44
Figure 45
Figure 46

Figure 47
Figure 48
Figure 49
Figure 50

A 1-vertex.

Adjacent 2-vertices.

A 2-vertex on a 3-cycle.

A 2-vertex on a 4-cycle.

Two 2-vertices at distance 2.

A 2-vertex on a 5-cycle.

A 2-vertex on a 6-cycle.

A 2-vertex at distance 1 from a 3-cycle.

A 2-vertex at distance 1 from a 4-cycle.

A 2-vertex at distance 1 from a 5-cycle.

A 2-vertex on a 7-face.

Adjacent 3-cycles.

A 3-cycle adjacent to a 4-cycle.

A 3-cycle adjacent to a 5-cycle.

A 3-cycle adjacent to a 6-cycle.

A 3-cycle adjacent to a 7-cycle.

A pair of 4-cycles adjacent along two incident
edges.

A 5-cycle adjacent to a 4-cycle along two inci-
dent edges.

Three 4-cycles in sequence.

Three 4-cycles that are pairwise in sequence.
Two 4-cycles and a 5-cycle that are pairwise
in sequence.

Two 4-cycles and a 6-cycle that are pairwise
in sequence.

Two 4-cycles and a 7-cycle that are pairwise
in sequence.

Two 5-cycles and a 4-cycle that are pairwise
in sequence.

A 4-cycle adjacent to a 5-cycle.

Two adjacent 5-cycles.

A 4-cycle adjacent to a 6-cycle along two inci-
dent edges.

A 4-cycle in sequence with a 6-cycle.

A 5-cycle in sequence with a 6-cycle.

A 2-vertex at distance 2 from a 3-cycle.

A 2-vertex at distance 2 from a 4-cycle.

A 2-vertex at distance 2 from a 5-cycle.

Two 3-cycles at distance 1.

A 3-cycle at distance 1 from a 4-cycle.

A 3-cycle at distance 1 from a 5-cycle.

A 5-cycle at distance 1 from a double 4-face.
A pair of double 4-faces at distance 1.

A 4-cycle, (<8)-cycle, and 4-cycle in sequence.
A sequence of 4-cycles such that one of the 4-
cycles is adjacent to a 7-cycle.

A 4-cycle, 7-cycle, and 5-cycle in sequence.
Two 3-cycles at distance 2.

A 3-cycle at distance 2 from a double 4-face.
A pair of double 4-faces at distance 2.

(C11)
(C8), (C11)
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Proof. Let u,w be 2-vertices at distance 2. Let N(u) N N(w) = {v}, and let
N(u)\ {v} = {v'} and N(w) \ {v} = {w'}. Notice that by Claims 13 and 14, vertices
u,u’,w,w" are distinct. Since v is a 3-vertex by Claim 12, it has a neighbor v" ¢ {u, w}.
Because G has no 2-vertex on an (<4)-cycle by Claims 13 and 14, v’ is distinct from o’
and w’, and neither «/'v’ nor w'v’ is an edge. If v/’ is an edge, then F' = {v/w’,vv'}
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Fi1G. 12. Two 2-vertices at distance 2.

is a good set since |U(E')| < 18. Otherwise, ' = {uv/,ww'} is a good set since
|U(E")| < 17. See Figure 12. 0
CrLAaM 16. If G has a 2-vertex on a 5-cycle, then it contains a good set of edges.

Fic. 13. A 2-vertex on a 5-cycle.

Proof. Let u be a 2-vertex on a 5-cycle C' = uvyvavgvy. Observe that vy, ve, v3, vy
are 3-vertices, by Claims 12 and 15. By Claims 13 and 14, C has no chords. For
1=1,2,3,1let N(v;) \ {u,v1,...,04} = {v;’}. By Claim 14, v’ # vy’

(1) If v’ = vy and v/ = w3/, then ' = {viv1/,v4v4'} is a good set since

|T(E")| < 15.
(2) Suppose that vo’ # v4’. Then E' = {uvg, v2v2’} is a good set since |V (E')| <
17. The case that v1’ # v3’ is handled symmetrically.
See Figure 13. d
Cram 17. If G has a 2-vertex on a 6-cycle, then it contains a good set of edges.

Fic. 14. A 2-vertex on a 6-cycle.

Proof. Let u be a 2-vertex on a 6-cycle uvivov3v4vs. By Claims 14 and 16, neither
v1v3 nor v1v4 can be an edge. Then E' = {uvy,v3v4} is a good set since |U(E')| < 17.
See Figure 14. |
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Cram 18. If G has a 2-vertex at distance 1 from a 3-cycle, then it contains a
good set of edges.

F1a. 15. A 2-vertex at distance 1 from a 3-cycle.

Proof. Let u be a 2-vertex at distance 1 from a 3-cycle xyz, where ux is an edge.
Then E' = {ux} is a good set since |U(E’')| < 9. See Figure 15. O

Cram 19. If G has a 2-vertex at distance 1 from a 4-cycle, then it contains a
good set of edges.

F1a. 16. A 2-vertex at distance 1 from a 4-cycle.

Proof. Let u be a 2-vertex at distance 1 from a 4-cycle zgzizox3, where uxg is an
edge. By Claim 14, uzxs is not an edge and x5 is a 3-vertex. Let N(x2) \ {1,253} =
{z2'}. By Claim 16, uxs’ is not an edge. So E’' = {uwxo,z2x2’} is a good set as
|U(E")| < 17. See Figure 16. 0

CrAM 20. If G has a 2-vertex at distance 1 from a 5-cycle, then it contains a
good set of edges.

Fic. 17. A 2-vertex at distance 1 from a 5-cycle.

Proof. Let u be a 2-vertex at distance 1 from a 5-cycle zogx1z2x314, Where uzg is
an edge. By Claim 14, neither uzo nor uzs is an edge. Then E' = {uxg, z2x3} is a
good set since |U(E’)| < 17. See Figure 17. 0
CramM 21. If G has a 2-vertex on a 7-face, then it contains a good set of edges.
Proof. Let u be a 2-vertex on a 7-face C' = uvyvov3vavsv6. By Claims 12 and 15,
v1, V2, V5, Vg are 3-vertices. By Claims 13, 14, 16, and 17, C has no chords. For
i=1,2,5,6,let N(v;) \ {u,v1,...,06} = {vi'}.
(1) If vg or vy is a 2-vertex, say vg, by symmetry, then E' = {uvy, v4vs} is a good
set since |¥(E")| < 16.
For i = 3,4, let N(v;) \ {ve,...,vs} = {v;'}. By Claims 16 and 19, v;’ # v5’ and
v’ # w3’
(2) If vo'vy’ is an edge or vy’ = w4, then since C is a 7-face, it follows from
the Jordan Curve Theorem that vs’ # vs’ and wvs'vs’ is not an edge. Then
E’' = {uvi,vzvs’, vsv5'} is a good set since |¥(E’)| < 27. The case in which
v3'vs’ is an edge or v3’ = v’ is handled similarly.
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F1a. 18. A 2-vertex on a 7-face.

Otherwise, £/ = {uwv1,vsvs’,vsv5’'} is a good set since |¥(E’)| < 27. See Fig-
ure 18. O

CLAIM 22. If G has a pair of adjacent 3-cycles, then it contains a good set of
edges.

Fia. 19. Adjacent 3-cycles.

Proof. If xyz and xyz’ are adjacent 3-cycles, then E’ = {zy} is a good set as
|U(E")| < 7. See Figure 19. O

Cram 23. If G has a 3-cycle adjacent to a 4-cycle, then it contains a good set
of edges.

F1a. 20. A 3-cycle adjacent to a 4-cycle.

Proof. Let xyz be a 3-cycle sharing the edge xy with 4-cycle zuvy. Observe that
the two cycles have no other edges in common by Claim 22. Then E’ = {zy} is a
good set as |P(E’)| < 9. See Figure 20. O

CrAM 24. If G has a 3-cycle adjacent to a 5-cycle, then it contains a good set
of edges.

F1a. 21. A 3-cycle adjacent to a 5-cycle.

Proof. By Claim 23, the 3-cycle and 5-cycle share at most one edge. So let zyz be
the 3-cycle, and let zuvwy be the 5-cycle. Observe that v is a 3-vertex by Claim 16.
Let N(v) \ {u,w} = {v'}. Then E’ = {zy,vv'} is a good set since |U(E’)| < 17. See
Figure 21. a
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Cram 25. If G has a 3-cycle adjacent to a 6-cycle, then it contains a good set
of edges.

T
L]
z

[1:
7 Uy 3

F1a. 22. A 3-cycle adjacent to a 6-cycle.

Proof. By Claim 24, the 3-cycle and 6-cycle share at most one edge. So let xyz
be the 3-cycle, and let zv;v9v3v4y be the 6-cycle. Then E' = {zy, vovs} is a good set
since |U(E’)| < 17. See Figure 22. O

CrLamM 26. If G has a 3-cycle adjacent to a 7-cycle, then it contains a good set
of edges.

Fic. 23. A 3-cycle adjacent to a T-cycle.

Proof. By Claim 25, the 3-cycle and 7-cycle share at most one edge. So let xyz
be the 3-cycle, and let C' = zvyvavsvavsy be the 7-cycle. By Claims 23 and 24, C has
no chords.

(1) If vg or vy is a 2-vertex, say va, by symmetry, then E' = {zy, vavs} is a good

set as |U(E')| < 16.
For i = 2, 4, let N(UZ) \ {Ui—l, Ui—i—l} = {Ui/}.
(2) Suppose va'vy" is an edge. By Claim 25, v1v4 is not an edge. Then E' =
{yz,v1v2,v4v4"} is a good set since |V (E')| < 24.

(3) Suppose vo' =vy'. Then E' = {zy, v3v4} is a good set since |¥(E")| < 18.
Otherwise, B = {zy, v2v2’, v4v4’} is a good set since |¥(E")| < 27. See Figure 23. 0

Cram 27. If G has a pair of 4-cycles adjacent along two incident edges, then it
contains a good set of edges.

Proof. Let xoxizors and xgxix224 be the two 4-cycles. Furthermore, suppose
that in the embedding of the graph, the vertex x; is in the interior of the curve
formed by the cycle xgz3xax4. Observe that z1, x3, x4 are 3-vertices by Claim 14. For
=1, 3, 4, let N(ZIJZ) \ {$0, 332} = {$Z/}

(1) If 23" = x4, then E' = {121/, 2324} is a good set since |¥(E’')| < 14.

(2) Suppose x3’ = x4'. Since G is a plane graph, the embedding of z3zxs’ is

necessarily exterior to the curve formed by the cycle xgx4x224. By the Jordan
Curve Theorem, x1'x3" is not an edge. Then E’ = {x121’, z323'} is a good
set since |W(E")| < 18.
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Fic. 24. A pair of 4-cycles adjacent along two incident edges.

(3) Suppose x3'x4’ is an edge. Since G is a plane graph, the embedding of x3'x4’
is necessarily exterior to the curve formed by the cycle xozszozs. By the
Jordan Curve Theorem, z1’ # x3" and 21’ # z4’. Then E' = {zoz1, 23 24}
is a good set since |¥(E")| < 18.

All of the above cases may be repeated with the roles of z3 and x4 played instead by,
respectively, 1 and x3, or, respectively, 1 and x4. Then E' = {x121, z323’, x424"}
is a good set since |U(E")| < 27. See Figure 24. O

CrLAM 28. If G has a 5-cycle adjacent to a 4-cycle along two incident edges, then
it contains a good set of edges.

Proof. Let vivovsvavs be the 5-cycle, and let uvyvsv, be the 4-cycle. Furthermore,
suppose that in the embedding of the graph, the vertex vs is in the interior of the
curve formed by the cycle uvyvovsvy. By Claims 14 and 16, u, v, vs, vs are 3-vertices.
Let N(u)\ {v1,v4} = {«'} and, for i = 2,3,5, let N(v;) \ {v1,...,v5} = {vi’}. By
Claims 23 and 24, uvs, uvs, uvs, vovs, v3v5 are not edges. By Claim 27, u’ # vs'.

(1) Suppose u'vs’is an edge. By Claim 16, v’ is a 3-vertex, so let N (u')\{u,vs'} =
{u"}. Note that vs’, «/, u” must be in the interior of the curve formed
by the cycle uvqvsvy, whereas v3 and vs’ are exterior to this curve. By
the Jordan Curve Theorem, vsu’, vsu”, vs'u’, v3'u” are not edges. Then
E' = {vivs,v3v3’,u'u”"} is a good set since |U(E')| < 26.

(2) Suppose vs' = vs'.

(a) If vo’ and v3’ have a common neighbor p, then E' = {vsvs’,uvi} is a
good set since |U(E’)| < 16.

(b) If v’ = vy, then E' = {vsvs’, uv1} is a good set since |¥(E")| < 15.

(¢) Suppose we are in neither of the last two subcases. By Claim 14, v3’
is a 3-vertex. Let N(vs’) \ {vs,vs} = {vs”}. Note that vs’ and hence
v3” must be in the interior of the curve formed by the embedding of the
cycle v1v2v3v4v5, Whereas u is exterior to this curve; thus, by the Jordan
Curve Theorem, uvs” is not an edge. Then E' = {vava/, v3'v3" uvy} is
a good set since |U(E")| < 26.

The case for which vy’ = vs’ is handled similarly.

(3) Suppose v’ = v3’. Then it must be that u’ is exterior to the curve formed
by the cycle uvivavsvy, and in particular u'vs is not an edge by the Jordan
Curve Theorem. Then E' = {u'vs,vsvs'} is a good set since |¥(E’)| < 16.
The case for which v/ = v is handled similarly.

Otherwise, B = {uw’, vavs, v5v5'} is a good set since | (E’)| < 27. See Figure 25. 0
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F1a. 25. A 5-cycle adjacent to a 4-cycle along two incident edges.

CrLAIM 29. If G has three 4-cycles in sequence, then it contains a good set of
edges.

Uy Uz Us Uy

Uy Uy U Us
FiG. 26. Three 4-cycles in sequence.

Proof. Let ujugusuy, ususugy, usurugug be three 4-cycles that are in sequence.
Then E' = {ujug, usug} is a good set since |[¥(E’)| < 18. See Figure 26. O

CramM 30. If G has three 4-cycles that are pairwise in sequence, then it contains
a good set of edges.

Uu: Uz,
Uy Uy Ug
F1G. 27. Three 4-cycles that are pairwise in sequence.

Proof. Let ujususuyg, ususuguy, and viususus be the 4-cycles. By Claim 14, vy
is a 3-vertex, so let N(v1)\ {uz2, us} = v;’. By Claim 22, v1’ # u; and vy’ # ug. Then
E’' = {ugug,v1v1’} is a good set since |¥(E’)| < 18. See Figure 27. O

Cram 31. If G has two 4-cycles and a 5-cycle that are pairwise in sequence,
then it contains a good set of edges.

Proof. Let ujususuy, usususug be the 4-cycles, and let vyvaususus be the 5-cycle.
Then E' = {uguq,v1v2} is a good set since |W(E')| < 18. See Figure 28. O

Cram 32. If G has two 4-cycles and a 6-cycle that are pairwise in sequence,
then it contains a good set of edges.

Proof. Let ujususuy, ususuguyg be the 4-cycles, and let vyvovsususus be the 6-
cycle. By Claim 23, uwjv; is not an edge. By Claim 24, vjvs is not an edge. By
Claim 28, ujvs is not an edge. By Claim 16, v; is a 3-vertex, so let N(vq) \ {ug,v2} =
{v1'}. By Claim 29, ujv;’ is not an edge. If v1’v3 is an edge, then E' = {vius, v3us}
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Fic. 29. Two 4-cycles and a 6-cycle that are pairwise in sequence.

is a good set since |U(E')| < 17. Otherwise, E' = {ujuq,v1v1’,v3us} is a good set
since |U(E’)| < 26. See Figure 29. O

CrAaMm 33. If G has two 4-cycles and a T-cycle that are pairwise in sequence,
then it contains a good set of edges.

Fic. 30. Two 4-cycles and a T-cycle that are pairwise in sequence.

Proof. Let ujususuy, ususugug be the 4-cycles, and let vivovzvsususus be the
7-cycle. By Claim 23, ujv; is not an edge. By Claim 29, ujvy is not an edge. By
Claim 28, ujv4 is not an edge. By Claim 31, v;v4 is not an edge. By Claim 32, vouy
is not an edge. Then E' = {ujuq, v1v2,v4us} is a good set since |W(E')| < 26. See
Figure 30. a

CramM 34. If G has two 5-cycles and a 4-cycle that are pairwise in sequence,
then it contains a good set of edges.

Proof. Let viv9v3v405, v2v106v7vs be the 5-cycles, and let wsvavgvg be the 4-
cycle. Notice that vy, vs, vg, and vy are 3-vertices by Claim 16, and vg is a 3-vertex
by Claim 14. By Claim 23, v4vg and v7vg are not edges. By Claim 24, vsvg is not an
edge. By Claim 28, vyvg, v4v7, U507, Usv9, Vg9 are not edges. For i =4,5,6,7,9, let
N(Ui) \ {’Ul, .. .,Ug} = {Ui/}.

(1) Suppose vs' = vg’. By Claim 14, vs' is a 3-vertex, so let N(vs') \ {vs,v6} =
{vs"}. Then set E| = {v1v2, v9vy’,v5'vs"} and Ej) = {viva, v4v4’,v707'}, so
that both |U(E7)| < 27 and |U(E5)| < 27. By planarity and the Jordan
Curve Theorem, one of E} or F} is an induced matching and hence a good
set.

(2) Suppose vy’ = vg’. Observe that, by the Jordan Curve Theorem, vs" # vy’.
Then E' = {vovs, vsvs’, vgv7r} is a good set since |U(E')| < 25.
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Fic. 31. Two 5-cycles and a 4-cycle that are pairwise in sequence.

Otherwise, E' = {vavg,v4v5,v606"} is a good set since |U(E’)| < 26. See Fig-
ure 31. O

Cram 35. If G has a 4-cycle adjacent to a 5-cycle, then it contains a good set
of edges.

F1a. 32. A 4-cycle adjacent to a 5-cycle.

Proof. The 4-cycle and 5-cycle share at most one edge, due to Claims 23 and 28.
So let ujususug be the 4-cycle, and let uquszvivovs be the 5-cycle. By Claim 14, u,
is a 3-vertex, so let N(u1) \ {uz,usa} = {u1’}. By Claim 16, vz is a 3-vertex, so let
N(v3) \ {ug,v2} = {vs’}. By Claim 27, ujv; is not an edge. By Claim 28, u;'vy
is not an edge. By Claim 23, wjvs is not an edge. By Claim 31, u;’ # v3’. By
Claim 34, u1’v3’ is not an edge. By Claim 23, v1vs is not an edge. By Claim 28, vv3’
is not an edge. Then E' = {uju1’, uzv1,v3vs’'} is a good set since |[U(E')| < 27. See
Figure 32. a

CLAIM 36. If G has a pair of adjacent 5-cycles, then it contains a good set of
edges.

Proof. By Claim 28, the cycles have at most two edges in common. Suppose they
have two. Let vjvav3v405 and vsv4vsv7v1 be the two 5-cycles. (The case in which the
two common edges are not incident is excluded by Claim 23.) By Claim 35, vavg is
not an edge. Then E’ = {vjve,v4vs} is a good set since |U(E’)| < 17.

Otherwise, let vivav3v4vs and vsv4vgv7vs be the two 5-cycles. By Claim 16, vg
is a 3-vertex, so let N(vg) \ {vs,v7} = {vs’}. By Claim 28, vivg is not an edge. By
Claim 24, v; # vg’. By Claim 34, vivg’ is not an edge. By Claim 28, vovg is not
an edge. By Claim 28, vy # wvg’. If vouvg’ is an edge, then we may identify two 5-
cycles with exactly two common edges, handled in the paragraph above. By Claim 23,
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ve # vs'. By Claim 28, vgvg’ is not an edge. Then E' = {vjva, v4ve,vsvs’} is a good
set since |U(E")| < 27. See Figure 33. O

Fic. 33. Two adjacent 5-cycles.

CrAM 37. If G has a 4-cycle adjacent to a 6-cycle along two incident edges, then
it contains a good set of edges.

F1a. 34. A 4-cycle adjacent to a 6-cycle along two incident edges.

Proof. Let vivovsvqvsvg be the 6-cycle, and let vsvovivr be the 4-cycle. By
Claim 28, v4v6 is not an edge. Then E’ = {v1vs, v3v4} is a good set since |U(E')| < 17.
See Figure 34. d

CramM 38. If G has a 4-cycle in sequence with a 6-cycle, then it contains a good
set of edges.

Fic. 35. A 4-cycle in sequence with a 6-cycle.

Proof. Let ujugusuy be the 4-cycle, and let uqusvivevsvy be the 6-cycle. By
Claim 27, ujv; is not an edge. By Claim 37, ujv3 is not an edge. By Claim 23, ujvy
is not an edge. By Claim 28, u;’v; is not an edge. By Claim 35, u;’v3 is not an edge.
By Claim 32, u1’v4 is not an edge. By Claim 24, v1v3 is not an edge. By Claim 29,
v1v4 is not an edge. Then E' = {ujui’, uzvy, vsvs} is a good set since |V (E')| < 27.
See Figure 35. d

CramM 39. If G has a 5-cycle in sequence with a 6-cycle, then it contains a good
set of edges.

Proof. Let vivovgvavs be the 5-cycle, and let vsvqvgurvgvg be the 6-cycle. By
Claim 16, ve is a 3-vertex; let N(v2) \ {v1,v3} = {v2'}. Note that vy’ # wvg and
vy’ # vg by Claim 28.

(1) If vy’ = vy, then E' = {vov7,v4u5} is a good set as |U(E’)| < 16. The case

vo' = vg is handled similarly.

(2) Suppose vo'v7 is an edge. By Claim 28, vivg is not an edge. By Claim 35,

v1vg is not an edge. By Claim 24, vivg is not an edge. By Claim 24, vgvg is
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Fia. 36. A 5-cycle in sequence with a 6-cycle.

not an edge. By Claim 35, vguvg is not an edge. Then E’ = {v1v2, v4v6, Vg9 }
is a good set since |¥(E’)| < 26. The case that vs'vs is an edge is handled
similarly.
Otherwise, E' = {vavo,v4u5,v7v8} is a good set since |VU(E’)| < 27. See Fig-
ure 36. O
Cram 40. If G has a 2-vertex at distance 2 from a 3-cycle, then it contains a
good set of edges.

Fic. 37. A 2-vertex at distance 2 from a 3-cycle.

Proof. Let u be a 2-vertex at distance 2 from a 3-cycle zyz, where v and x have
a common neighbor ¢. By Claim 18, qy and ¢z are not edges. Then E’ = {uq,yz} is
a good set since |U(E’)| < 17. See Figure 37. O

CrAM 41. If G has a 2-vertex at distance 2 from a 4-cycle, then it contains a
good set of edges.

:!v:)

T
T g WOz Y

zu"

Fic. 38. A 2-vertex at distance 2 from a 4-cycle.

Proof. Let u be a 2-vertex at distance 2 from a 4-cycle wzyz, where u and w have
a common neighbor ¢q. By Claim 18, gx and ¢z are not edges. By Claim 22, xz is not
an edge. By Claim 14, ux and uz are not edges, and both z and z are 3-vertices. Let
N(z) \ {w,y} = {2/} and N(z) \ {w,y} = {#'}. By Claim 16, uz’ and uz’ are not
edges. By Claim 19, gz’ and gz’ are not edges. By Claim 27, 2’ # z’. By Claim 28,
2’2" is not an edge. Then E’' = {uq,za’, 22’} is a good set since |U(E')| < 27. See
Figure 38. a

CrLAM 42. If G has a 2-vertex at distance 2 from a 5-cycle, then it contains a
good set of edges.

Proof. Let u be a 2-vertex at distance 2 from a 5-cycle xox1x2x324, Wwhere u and
2o have a common neighbor ¢g. By Claim 16, x; is a 3-vertex, so let N(x1)\{zo, 22} =
{z1'}. By Claim 14, uz; and uz, are not edges. By Claim 16, ux;’ and uxzs are not
edges. By Claim 18, gz; and gz are not edges. By Claim 19, ¢z’ and gx3 are
not edges. By Claim 23, z1’ # z3 and 71’ # z4. By Claim 28, z1'z3 and z1'z4
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Fic. 39. A 2-vertex at distance 2 from a 5-cycle.

are not edges. Then E' = {uq,x121’, 2324} is a good set since |U(E')| < 27. See
Figure 39. d

CramM 43. If G has two 3-cycles at distance 1, then it contains a good set of
edges.

w

F1G. 40. Two 3-cycles at distance 1.

Proof. Let wvw and xyz be 3-cycles at distance 1, with uz being an edge. By
Claim 23, vy and wy are not edges. Then E’ = {vw, zy} is a good set since |¥(E")| <
17. See Figure 40. O

Cram 44. If G has a 3-cycle at distance 1 from a 4-cycle, then it contains a
good set of edges.

Fic. 41. A 3-cycle at distance 1 from a 4-cycle.

Proof. Let xyz be a 3-cycle at distance 1 to a 4-cycle vivov3vy, with zv; being
an edge. Observe that vg,v4 are 3-vertices by Claim 14. Let N(v;) \ {v1,vs} = {v;'}
for + = 2,4. By Claim 23, zvy and zv4 are not edges. By Claim 24, zvy’ and zv,' are
not edges. By Claim 22, vovy is not an edge. By Claim 27, vy’ # v4'. By Claim 28,
vo'vy’ is not an edge. Then E' = {xz,v9va’,v4v4’} is a good set since |V (E')| < 27.
See Figure 41. d

CrAM 45. If G has a 3-cycle at distance 1 from a 5-cycle, then it contains a
good set of edges.

Proof. Let xyz be a 3-cycle at distance 1 to a 5-cycle v1v2v3v4v5, with xv, being
an edge. Observe that vy is a 3-vertex by Claim 16, so let N(v3) \ {v1,v3} = {v2'}.
By Claim 23, zvs and zvs are not edges. By Claim 24, zvy’ and zv,4 are not edges. By
Claim 23, vov4 and v9vs are not edges. By Claim 28, vy'vy and vs'vs are not edges.
Then E' = {xz,v2v2’,v4v5} is a good set since |¥(E")| < 27. See Figure 42. O

CLAIM 46. If G has a 5-cycle at distance 1 from a double 4-face, then it contains
a good set of edges.

Proof. Let ujugusuqus be a 5-cycle at distance 1 from a double 4-face vyvavsvy,
v3V2V5V6, With uyv, being an edge. Observe that us is a 3-vertex by Claim 16, so let

N(us) \ {ur, us} = {us'}.
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F1a. 43. A 5-cycle at distance 1 from a double 4-face.

Suppose u4vg is an edge. By Claim 23, ug # us’ and us # us’. By Claim 28,
ugus’ and uzus’ are not edges. By Claim 27, v4vs is not an edge. By Claim 29, usvy
and ugvs are not edges. By Claim 35, ugvy, ugvs, us'vy are not edges, and us’ # vy,
us’ # vs. By Claim 38, us'vs is not an edge. Then E’ = {usus, usus’, v1v4, v506} is a
good set since |U(E’)| < 33. The case in which usvg is an edge is treated similarly.

Otherwise, B/ = {usua4,u1v1,v306} is a good set since |U(E’)| < 26. See Fig-
ure 43. O

Cram 47. If G has a pair of double 4-faces at distance 1, then it contains a good
set of edges.

Fic. 44. A pair of double 4-faces at distance 1.

Proof. Let ujususuyg, ugugusug and v1vav3vy, V430506 be double 4-faces at dis-
tance 1, with u;v; being an edge. By Claim 23, vsvs is not an edge. By Claim 27,
vavg is not an edge. Then E’' = {usus, viva,v506} is a good set since |U(E’')| < 27.
See Figure 44. |

CrLAM 48. If G has a 4-cycle, (<8)-cycle, and 4-cycle in sequence, then it con-
tains a good set of edges.

Proof. Let ujususuyg,viv2v3vy be 4-cycles at distance 1, with wjv; being an
edge, and C the adjacent (<8)-cycle. Suppose without loss of generality that C
contains both u4 and ve. By Claim 14, uo,us,us and vs,vs,vq are 3-vertices. By
Claims 22 and 29, there are no edges among us,u4,v2,v4. For i = 2,3,4, let
N(u;) \ {u1,us,us,ust = {u;'} and N(v;) \ {v1,v2,v3,v4} = {v;’}. By Claim 35,
[{ua',us’, vo’ 04"} = 4. Also, by Claim 38, there are no edges among us’, us’, vo’, v4'.
Note now that C' is either a 7- or an 8-cycle.

(1) Suppose uz'vs’ is an edge.

(a) If vo'vs’ is an edge, then E' = {ugusz,vivg, v2'vs'} is a good set as
|T(E")| < 25. The subcases in which vs'vy’, us'us’, or ug'us’ is an
edge are handled similarly.
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F1G. 45. A 4-cycle, (<8)-cycle, and 4-cycle in sequence.

(b) Otherwise, let E' = {ugua’, ugus’, vove’, v4vy’, uz'vy’}. By Claim 23,
ugus’, uguz’, vovs’, vavsy’ are not edges. By Claim 38, ugvs’, ugvs’,
u3've, uz'vy are not edges. By Claim 35, us’vs’, us'vs’, us've’, us'vy’
are not edges. Since C' is an (<8)-cycle, |U(E’)| < 45 and hence E’ is a
good set.

(2) If ug’ = vs’, then E' = {ujv1,usus’} is a good set as |[¥(E')| < 18.
Otherwise, E' = {ujv1,usus’,vsvs’} is a good set since |U(E')| < 27. See Fig-
ure 45. O

CrAM 49. If G has a 4-cycle, 4-cycle, and T-cycle in sequence, then it contains
a good set of edges.

Proof. Let ujususug, usususug, and ugusvivav3v4v5 be the sequence of cycles.
By Claim 14, w; and uy are 3-vertices, so let N(u;) \ {u1,us,us,us} = {u;’} for
1 = 1,2. By Claims 25 and 35, note that the 7-cycle does not have any chords. By
Claim 41, vy and vy are 3-vertices, so let N(v;) \ {v1,v3,v5} = {v;'} for ¢ = 2, 4.

(1) If vo' = wvy’, then E' = {ugug, v1v2, 0405} is a good set as |U(E')| < 25.

(2) If vo'vy’ is an edge, then E' = {uguyg, v1v2,v4v5} is a good set as | (E")| < 27.

(3) If ug’ = vy’, then E' = {uguq, v1v2,v4vs} is a good set as |U(E’)| < 27. The
case for which u;’ = vy’ is treated similarly.

Otherwise, note that, by Claim 35, u; # v4" and us # vy’. By Claim 38, u1’ # v4’ and
ug' # vy, and uyva, usvy are not edges. Then it follows that F' = {ujus, usug, vava’,
v4v4'} is a good set since |U(E’)| < 36. See Figure 46. 0

CramM 50. If G has a 4-cycle, T-cycle, and 5-cycle in sequence, then it contains
a good set of edges.

Proof. Let wujususuys be the 4-cycle, let vivovzvavs be the 5-cycle, and let
uiugwiwowsvevy be the 7-cycle. By Claim 14, us and ug are 3-vertices, so let
N(u;) \ {u1,u2,us,us} = {u;’} for i = 2,3. Also, vs,v4 are 3-vertices by Claim 16, so
let N(v;) \ {ve,v3,v4,v5} = {v;'} for i = 3,4.

(1) Suppose uz’ = vy’. Note that ugw; and us’w; are not edges by the Jor-
dan Curve Theorem. By Claim 23, usvs’ is not an edge. By Claim 49,
us’vy’ is not an edge. By Claim 33, v4/w; is not an edge. Then E' =
{ugus’, ugwy, v1v2,v4v4'} is a good set since |V (E’)| < 33.

(2) Suppose uz’ = v3’. By the Jordan Curve Theorem, wyus, wius’, and wyvs are
not edges. By Claim 23, usvs’ is not an edge. By Claim 35, usvs and wus'vs
are not edges. By Claim 33, us’vs’ is not an edge. By Claim 28, v3vs is not an
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Fic. 47. A 4-cycle, T-cycle, and 5-cycle in sequence.

edge. By Claim 33, vsw; is not an edge. Then E' = {ugus’, ugw1, v1vs, v303’}
is a good set since |V (E’)| < 35.
Otherwise, note that, by Claim 37, u3z’ # vs and u3’ # v4. It therefore follows that
E’ = {ugus’, u1v1,v3v4} is a good set since |U(E’)| < 27. See Figure 47. O
Cram 51. If G has a pair of 3-cycles at distance 2, then it contains a good set
of edges.

Fic. 48. Two 3-cycles at distance 2.

Proof. Let wvw and xyz be 3-cycles at distance 2, where u and = have a common
neighbor p. By Claim 24, vz is not an edge. Then E' = {uv,zz} is a good set since
|T(E")| < 17. See Figure 48. O

CrAaM 52. If G has a 3-cycle at distance 2 from a double 4-face, then it contains
a good set of edges.

Proof. Let zyz be a 3-cycle, and let vivsvsvy, v3v2v5v6 be a double 4-face at
distance 2, with  and v; having a common neighbor p. By Claim 22, yp and zp are
not edges. By Claim 26, yvg and zvg are not edges. By Claim 28, pvg is not an edge.
Then E' = {yz, pv1,v3vs} is a good set since |U(E’)| < 26. See Figure 49. 0

CrLAIM 53. If G has a pair of double 4-faces at distance 2, then it has a good set
of edges.
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F1a. 50. A pair of double 4-faces at distance 2.

Proof. Let ujususuyg, uqgususug and vyv2v3v4, V3U5V6V4 be two double 4-faces at
distance 2, such that u; and vy have a common neighbor p. Now, the following are not
edges by Claim 47: usvy, usvs, UgVg, UsV1, U5V5, UsVs, UgU1, UsVs, and ugvg. Then
E' = {ujuz, usug, v1v2, 506 } is a good set since |¥(E’)| < 35. See Figure 50. O

To wrap up the proof of Lemma 9, we list the specific claims which certify the
presence of a good set, given the presence of one of the structures (C1)—(C12).

(C1) Claim 11.
(C2) Claims 13, 14, 16, 17, and 21.
(C3) Claims 12 and 15.
(C4) Claims 18, 19, 20, 40, 41, and 42.
(C5) Claims 22, 23, 24, 25, and 26.
(C6) Claims 35, 38, 36, and 39.
(C7) Claims 43, 44, and 45.
(C8) Claims 23, 29, 30, 35, 38, 32, 33, and 49.
(C9) Claim 48.
(C10) Claim 50.
(C11) Claims 22, 23, 43, 44, 47, 51, 52, and 53.

(C12) Claim 46.
This concludes the proof of Lemma 9. O

Acknowledgments. We thank an anonymous referee for suggesting the im-
proved estimate on our algorithm’s running time outlined at the end of section 3.
We are grateful to all of the referees for suggestions that led to improvements in the
presentation of our work.

REFERENCES

[1] L. D. ANDERSEN, The strong chromatic index of a cubic graph is at most 10, Discrete Math.,
108 (1992), pp. 231-252.

[2] H. BALAKRISHNAN, C. L. BARRETT, V. S. A. KUMAR, M. V. MARATHE, AND S. THITE, The
distance-2 matching problem and its relationship to the MAC-layer capacity of ad hoc
wireless networks, IEEE J. Sel. Areas Commun., 22 (2004), pp. 1069-1079.

[3] F. R. K. CHUNG, A. GYARFAS, Z. TuzA, AND W. T. TROTTER, The mazimum number of edges
in 2Ka-free graphs of bounded degree, Discrete Math., 81 (1990), pp. 129-135.

[4] W. DuckwoRrTH, D. F. MANLOVE, AND M. ZiTO, On the approzimability of the mazimum
induced matching problem, J. Discrete Algorithms, 3 (2005), pp. 79-91.



INDUCED MATCHINGS IN SUBCUBIC PLANAR GRAPHS 1411

R. ErRMAN, L. KowaALIK, M. KRNC, AND T. WALEN, Improved induced matchings in sparse
graphs, Discrete Appl. Math., 158 (2010), pp. 1994-2003.

R. J. FAUDREE, A. GYARFAS, R. H. SCHELP, AND Z. TUZzA, Induced matchings in bipartite
graphs, Discrete Math., 78 (1989), pp. 83-87.

R. J. FAUDREE, R. H. SCHELP, A. GYARFAS, AND Z. TuzA, The strong chromatic index of
graphs, Ars Combin., 29 (1990), pp. 205-211.

P. HorRAK, Q. HE, AND W. T. TROTTER, Induced matchings in cubic graphs, J. Graph Theory,
17 (1993), pp. 151-160.

I. KanJ, M. J. PELSMAJER, M. SCHAEFER, AND G. XIA, On the induced matching problem, J.
Comput. System Sci., 77 (2011), pp. 1058-1070.

V. V. LoziN, On mazimum induced matchings in bipartite graphs, Inform. Process. Lett., 81
(2002), pp. 7-11.

K. MEHLHORN AND P. SANDERS, Algorithms and Data Structures. The Basic Toolbox, Springer-
Verlag, Berlin, 2008.

H. MOSER AND S. SIKDAR, The parameterized complexity of the induced matching problem,
Discrete Appl. Math., 157 (2009), pp. 715-727.

H. MoSER AND D. M. THILIKOS, Parameterized complexity of finding reqular induced subgraphs,
J. Discrete Algorithms, 7 (2009), pp. 181-190.

R. NIEDERMEIER, Invitation to Fized-Parameter Algorithms, Oxford Lecture Ser. Math.

Appl. 31, Oxford University Press, Oxford, UK, 2006.
. J. STOCKMEYER AND V. V. VAZIRANI, NP-completeness of some generalizations of the max-
imum matching problem, Inform. Process. Lett., 15 (1982), pp. 14-19.

G. WEGNER, Graphs with Given Diameter and a Coloring Problem, Technical report, Institut

fiir Mathematik, Universitdt Dortmund, Dortmund, Germany, 1977.

jul




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


