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Known . . . we’re getting there! No idea!
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k field of char. zero, R a ring.

TAn(R) is a certain “understandable” subgroup of GAn(R).

(1942-53) Jung-van der Kulk theorem: TA2(k) = GA2(k).

(1972) Nagata: TA2(k[Z ]) 6= GA2(k[Z ]).

Does that imply TA3(k) 6= GA3(k)? No:

GA2(k[Z ])

& &
TA2(k[Z ]) GA3(k)

& ⊂
TA3(k)

(2004) Umirbaev-Shestakov: TA3(k) 6= GA3(k).

In fact: GA2(k[Z ]) 6⊆ TA3(k).
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In fact: algorithm to decide: F ∈ GA2(k[Z ]), when is

F ∈ TA3(k).

(2003) Berson: result improved in:

(2008) Berson-v/d Essen-Wright: F ∈ GA2(k[Z ]) then

F ∈ TA5(k[Z ]).
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k[f1, . . . , fn] = k[X1, . . . , Xn] (equivalent: (f1, . . . , fn) ∈ GAn)

then f1 is called a coordinate.

f coordinate =⇒ k[X1, . . . , Xn]/(f ) ∼= k[Y1, . . . , Yn−1]

Abhyankar-Sathaye conjecture:

f coordinate ⇐= k[X1, . . . , Xn]/(f ) ∼= k[Y1, . . . , Yn−1]

Known: n = 2: k[X , Y ]/(f ) ∼= k[T ] −→ f coordinate.

Unknown: n = 3: k[X , Y , Z ]/(f ) ∼= k[T1, T2] −→ f

coordinate.

Today: a special case of n = 3 is proven.
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Unknown: n = 3: k[X , Y , Z ]/(f ) ∼= k[T1, T2] −→ f

coordinate.

Today: assumptions

1. k[X , Y , Z ]/(f ) ∼= k[T1, T2]

2. f (X , Y , α) coordinate in k[X , Y ] for some α ∈ k .

Result: f coordinate

,

but more:

f (X , Y , Z ) is a k[Z ]-coordinate ( i.e. exists g(X , Y , Z ) such

that (f , g) ∈ GA2(k[Z ]). Or k[Z ][f , g ] = k[Z ][X , Y ].)

Proof is surprisingly simple! (Joint work with E.Edo)
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Assume (1) k[X , Y , Z ]/(f ) ∼= k[T1, T2], (2) f (X , Y , α)

coordinate .

(Write fx := ∂f
∂X

, ∂x := ∂
∂X

.) We need:

Theorem: Let R be a Q-algebra and f ∈ R[X , Y ]. Let D be

the derivation

Df := fy∂x − fx∂y .

on R[X , Y ]. Then equivalent are:

i) f is a coordinate in R[X , Y ].

ii) Df is locally nilpotent and

1 ∈ (fx , fy) = R[X , Y ]fx + R[X , Y ]fy .

Hence, to prove: 1 ∈ (fx , fy) and Df := fy∂x − fx∂y locally

nilpotent.
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We may assume k = k̄ (by some standard techniques).

Define A := k[X , Y , Z ]/(f ) ∼= k[T1, T2]. Now

A/(Z̄−α) = k[X , Y , Z ]/(f , Z−α) = k[X , Y ]/(f (X , Y , α)) ∼= k[T ]

Abhyankar-Sathaye conjecture true in dim. 2, so:

Z̄ − α coordinate in A. But then:

Z̄ − β coordinate in A for each β ∈ k .

Thus A/(Z̄ − β) ∼= k[T ] each β ∈ k .

k[X , Y ]/(f (X , Y , β)) ∼= k[T ] each β ∈ k?
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Intermezzo

In dimension two one can effectively check if a derivation is

locally nilpotent:

Theorem: let D = f (X , Y )∂x + g(X , Y )∂y . Let

d = max(deg(f ), deg(g)). Then D locally nilpotent

⇐⇒ Dd+2(X ) = Dd+2(Y ) = 0.

There is no equivalent of this theorem in higher dimensions!
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coordinate. To prove: (i) 1 ∈ (fx , fy) OK and (ii)

Df := fy∂x − fx∂y locally nilpotent OK. So f is a

k[Z ]-coordinate.



To solve Abhyankar-Sathaye conjecture:

Assume k[X , Y , Z ]/(f ) ∼= k[T1, T2] and prove that there

exists an automorphism ϕ of k[X , Y , Z ] such that

ϕ(f ) = X + Zg(X , Y , Z ).

With examples it seems like there might be a (heuristic)

algorithm for doing this. The difficulty will be to prove that

such an algorithm always works! The finding of such a ϕ is

equivalent to finding a (candidate) “mate” of f , i.e. a

coordinate p such that f mod p is a coordinate. . . still quite

difficult?
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Finally:

This conference: no talk by Arjeh Cohen!

But he talks at

Conference on

Automorphism of Affine Spaces

9 July (6-10 July)

Nijmegen

so if you like talks of Arjeh Cohen, please come ;-)

Thank you for your attention!
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