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Notations:
Linear Polynomial

All MLn(C) MAn(C)

Invertible GLn(C) GAn(C)
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BIG STUPID CLAIM:

Polynomial Automorphisms Can Be Used Whenever Linear

Maps Are Used.

Why this bold claim?Polynomial maps seem to have similar

properties as linear maps (much more so than holomorphic

maps for example). Well. . . to be honest, most are

conjectures. . . Let’s look at a few of these conjectures!
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Jacobian Conjecture in dimension n (JC(n)):

Let F ∈ MAn(C). Then

det(Jac(F )) ∈ C
∗ ⇒ F is invertible.
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Cancelation Problem:

Let V be a variety. Then

V × C ∼= C
n+1 =⇒ V ∼= C

n.
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invertible with inverse

(X1 − f (X2, . . . , Xn), X2, . . . , Xn).

Triangular map: (X + f (Y , Z ), Y + g(Z ), Z + c)

= (X , Y , Z + c)(X , Y + g(Z ), Z )(X + f (X , Y ), Y , Z )

Jn(C):= set of triangular maps.

Affn(C):= set of compositions of invertible linear maps and

translations.

TAn(C) :=< Jn(C), Affn(C) >
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n = 2 : (Jung-v/d Kulk, 1942)

TAn(C) = GAn(C)

Nagata’s map:

F =







X − 2(XZ + Y 2)Y − (XZ + Y 2)2Z ,

Y + (XZ + Y 2)Z ,

Z







n = 3:(Shestakov-Umirbaev, 2004)

Nagata’s map not tame, i.e. GA3(C) 6= TA3(C)
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For all g ∈ C[X1, . . . , Xn], the vector space

Cg + CD(g) + CD2(g) + . . . is finite dimensional.

EXAMPLE: D = X1
∂

∂X1
.

Locally nilpotent ⇒ Locally finite



Exponents of derivations



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.

Inverse is exp(−D).



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.

Inverse is exp(−D).

EXAMPLE: D = Y 2 ∂
∂X

+ Z ∂
∂Y

on C[X , Y , Z ]:



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.

Inverse is exp(−D).

EXAMPLE: D = Y 2 ∂
∂X

+ Z ∂
∂Y

on C[X , Y , Z ]:

exp(D) =



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.

Inverse is exp(−D).

EXAMPLE: D = Y 2 ∂
∂X

+ Z ∂
∂Y

on C[X , Y , Z ]:

exp(D) = (exp(D)(X ), exp(D)(Y ), exp(D)(Z ))



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.

Inverse is exp(−D).

EXAMPLE: D = Y 2 ∂
∂X

+ Z ∂
∂Y

on C[X , Y , Z ]:

exp(D) = (exp(D)(X ), exp(D)(Y ), exp(D)(Z ))

=



Exponents of derivations

D locally finite derivation, then

exp(D)(g) := g + D(g) + 1
2!

D2(g) + 1
3!

D3(g) + . . . is

well-defined.

Inverse is exp(−D).

EXAMPLE: D = Y 2 ∂
∂X

+ Z ∂
∂Y

on C[X , Y , Z ]:

exp(D) = (exp(D)(X ), exp(D)(Y ), exp(D)(Z ))

= (X + Y 2 + YZ + 1
6
Z 2, Y + Z , Z )
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A a ring, AD := {a ∈ A | D(a) = 0} is called the kernel of the

derivation D.

Example: ∂X on C[X , Y , Z ].

Then C[X , Y , Z ]∂X = C[Y , Z ].

Example: Y ∂X on C[X , Y , Z ].

Then C[X , Y , Z ]∂X = C[2XZ − Y 2, Z ].

In general: if trdeg(A) = n, then trdeg(AD) = n − 1. (AD

can be quite complicated, though.) But:

If D has a slice, an element s such that D(s) = 1, (think of

∂X ) then A = AD [s]. (C[X , Y , Z ]∂X [X ] = C[X , Y , Z ].
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Using LNDs

How to recognize if a variety V is not C
n?

How to recognize if a ring A is not a polynomial ring?

A polynomial ring has MANY different kernels. Idea of

Makar-Limanov: study

ML(A) :=
⋂

D∈LND(A)

AD .

Notice:

ML(C[X , Y , Z ]) ⊆ C[X , Y , Z ]∂X ∩ C[X , Y , Z ]∂Y ∩ C[X , Y , Z ]∂Z

C[Y , Z ] ∩ C[X , Z ] ∩ C[X , Y ] = C.
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Example: A := C[X , Y , Z ]/(X 2Y − P(Z )). ML(A) = C[X ],

hence A is not a polynomial ring.

Hence X 2Y − P(Z ) = 0 is not isomorphic to C
3.
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Simplest example: V := X 2Y + X + Z 2 + T 3. Breakthrough

by Makar-Limanov:

ML(O(V )) = C[X ].

Proof is quite elaborate - using smart gradings, filtrations, etc.

etc.

Strength of ML invariant comes through these

“ML-techniques”. Sometimes they work, sometimes they

don’t. But - ML technique is not omnipotent!
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Non-omnipotency of ML invariant

Example: Let

A := C[x , y , z , t] := C[X , Y , Z , T ]/(XY − ZT − 1). Then

several LNDs: z∂x + y∂t etc. have kernel C[y , z ] etc. so

ML(A) = C.
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Most rings have no locally nilpotent derivations.

A polynomial ring has many lnd’s.

A polynomial ring has many commuting lnd’s.

proposition: Let A is k-algebra, trdeg(A) = n + 1. Let

D1, . . . , Dn+1 be commuting lnd’s on A which are linearly

independent over A. Then

(i). A = k[s1, . . . , sn+1] a polynomial ring in n + 1 variables

over k .

(ii). Di = ∂
∂si

.
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◮ commuting,

◮ linearly independent over A.

Then AD1,...,Dn = k[f ] and f is a coordinate.

Proven for n = 3. n = 4 seems very far away. . .

Equivalent to the

Weak Abhyankar-Sataye Conjecture: Let

A := k[X1, . . . , Xn+1], and let f ∈ A be such that

k(f )[X1, . . . , Xn] ∼=k(f ) k(f )[Y1, . . . , Yn−1]. Then f is a

coordinate in A.
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2. . D1 mod (f − α), . . . , Dn mod (f − α) independent
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Ai := ∩j 6=iA
Dj ,Pi = {pi ∈ Ai | Di(pi) ∈ k[f ]}.

Lemma:

(2) Di(Pi) = qi(f )k[f ] for some nonzero polynomial qi .

Taking pi such that Di(pi) is of lowest possible degree yields

Di(pi) ∈ kqi(f ).

(3) The Di are linearly dependent mod (f − α) if and only if

qi(α) = 0 for some i .

Proof.
(3) Elegant, but too long for a presentation.
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modulo Z − α as long as α 6= 0.

But linearly dependent modulo Z − 0.

But we can improve D1, D2:

Take E1 = ∂X , E2 = ∂Y . They commute, their C[Z ]-span

contains D1, D2 and the Ei are linearly independent for more

fibers f − α.

All the properties that D1, D2 have, + linearly independent

modulo Z − 0!

Can we construct such Ei , given Di , which are optimal in some

way?
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Or, if this equality does not hold always, what type of rings A

do have equality?
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Commuting derivations may be the key to

distinguish polynomial rings from UFDs.



and of course. . .
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(for watching at 174 slides!)


