LIMIT COMPUTABILITY AND CONSTRUCTIVE MEASURE

DENIS R. HIRSCHFELDT AND SEBASTIAAN A. TERWIJN

Abstract. In this paper we study constructive measure and dimension in the class Δ^0_2 of limit computable sets. We prove that the lower cone of any Turingincomplete set in Δ^0_2 has Δ^0_2-dimension 0, and in contrast, that although the upper cone of a noncomputable set in Δ^0_2 always has Δ^0_2-measure 0, upper cones in Δ^0_2 have nonzero Δ^0_2-dimension. In particular the Δ^0_2-dimension of the Turing degree of ∅^′ (the Halting Problem) is 1. Finally, it is proven that the low sets do not have Δ^0_2-measure 0, which means that they do not form a small subset of Δ^0_2. This result has consequences for the existence of bi-immune sets.

1. Introduction

In his study of randomness [27], Schnorr introduced the notion of a Schnorr null set as a more constructive version of Martin-Löf’s [21] notion of null set. We briefly review the relevant definitions. For motivation and discussion of these notions we refer the reader to Schnorr’s book [27], the monograph by Li and Vitányi [17], and the recent surveys [5, 8, 31].

For σ ∈ 2^{<ω} and X ∈ 2^ω, we write σ ⊏ X to mean that σ is an initial segment of X. A class A ⊆ 2^ω is a Σ^0_1-class if there is a c.e. set A ⊆ 2^{<ω} such that A = � σ∈A[σ], where [σ] = {X ∈ 2^ω : σ ⊏ X}. Whenever we mention a Σ^0_1-class A, we assume we have fixed such a set of generators A, and identify A with A. Note that we can assume that A is prefix-free, that is, if σ ∈ A and σ ≺ τ then τ /∈ A.

Let μ be the usual Lebesgue measure on 2^ω. A set A ⊆ 2^ω is called Martin-Löf null (or Σ^0_1-null) if there is a uniformly c.e. sequence {U_i}_{i∈ω} of Σ^0_1-classes (called a test) such that μ(U_i) � 2^{−i} and A ⊆ � i U_i. The set A is Schnorr null if in addition the measures μ(U_i) are uniformly computable reals. A test with this extra property is called a total test or a Schnorr test. Equivalently, A is Schnorr null if there is a test {U_i}_{i∈ω} such that μ(U_i) = 2^{−i} and A ⊆ � i U_i.

The corresponding randomness notions are defined by saying that A ∈ 2^ω is Σ^0_1-random (or 1-random or Martin-Löf random) if {A} is not Σ^0_1-null, and A is Schnorr random if {A} is not Schnorr null.

A different treatment of measure is the one of Ville [32] using martingales. A martingale is a function d : 2^{<ω} → Q^+ that satisfies for every σ ∈ 2^{<ω} the averaging condition 2d(σ) = d(σ0) + d(σ1), and d is a supermartingale if merely 2d(σ) � d(σ0)+d(σ1). A (super)martingale d succeeds on a set A if lim sup_{n→∞} d(A ↾ n) = ∞. We say that d succeeds on, or covers, a class A ⊆ 2^ω if d succeeds on every A ∈ A. The success set S[d] of d is the class of all sets on which d succeeds. Ville proved that the class of null sets of the form S[d], with d of arbitrary complexity, coincides with the class of classical (Lebesgue) null sets.

The first author was supported by National Science Foundation Grants DMS-02-00465 and DMS-05-00590.

The second author was supported by the Austrian Research Fund FWF under grants P17503- N12 and P18713-N12. 1

Schnorr gave characterizations of the above notions of effectively null set in terms of martingales. In particular, he introduced null sets of the form

S_h[d] = � X : lim sup n→∞ d(X ↾ n) h(n) = ∞ � , where d is a martingale and h is a nondecreasing unbounded function (called an order), and proved the following theorem.

Theorem 1.1. (Schnorr [27], Sätze 9.4, 9.5) A set A ⊆ 2^ω is Schnorr null if and only if there are a computable martingale d and a computable order h such that A ⊆ S_h[d].

Schnorr also addressed null sets of exponential order, that is, of the form S_h[d] with h(n) = 2^{εn} and ε ∈ (0, 1]. Although he did not make an explicit reference to Hausdorff dimension, it turns out that the theory of Hausdorff dimension can be cast precisely in terms of such null sets of exponential order, so that Schnorr’s notion of effective measure in a natural way leads us into the theory of dimension.

Lutz [18] used effective martingales to develop his theory of resource bounded measure. He defined A ∈ 2^ω to be computably random if there is no computable martingale d such that A ∈ S[d].^1 This framework for studying measure and randomness at the level of complexity classes can be used to constructivize Hausdorff dimension along the same lines:

Definition 1.2. For a complexity class C, a set A ⊆ 2^ω has C-dimension α if

α = inf � s ∈ Q : ∃d ∈ C ( d is a supermartingale and A ⊆ S_2(1−s)n [d] ) � . Lutz [19, 20] used a variant of martingales called gales in his presentation. In this paper we stick to martingales and the null sets of the form S_h[d] used by Schnorr in our treatment of Hausdorff dimension. That this makes no difference was pointed out by several authors, including those of [2, 3, 31]. If C consists of all functions, then the notion of C-dimension is equivalent to classical Hausdorff dimension. We say that a function 2^{<ω} → Q^+ is in Σ^0_1 if it is approximable from below by a nondecreasing computable function. If C = Σ^0_1 then the notion of C-dimension is equivalent to Lutz’s definition [20] of constructive Σ^0_1-dimension.

In this paper we are interested in the quantitative structure of Δ^0_2. The appropriate measures to use in this context are those for which Δ^0_2 itself does not have measure 0, but for which every element of Δ^0_2 does have measure 0. Since there are Σ^0_1-random sets in Δ^0_2, Martin-Löf’s Σ^0_1-measure is too weak for our purposes. For Σ^0_2-measure, obtained by relativizing Σ^0_1-measure to the halting set ∅^′, the class Δ^0_2 has measure 0, so this measure is too strong. However, relativizing the notions of Schnorr null and computably null to ∅^′ gives measures that meet our requirements:

Definition 1.3. A set A ⊆ 2^ω has Δ^0_2-measure 0 (or is Δ^0_2-null) if there is a ∅^′-computable martingale that succeeds on A.

A set A ⊆ 2^ω has Schnorr Δ^0_2-measure 0 (or is Schnorr Δ^0_2-null) if there is a ∅^′-computable Schnorr test that covers A.

A first study of the quantitative structure of Δ^0_2 using these measures was made in Terwijn [29, 30].

1Schnorr also considered this definition in relativized form [27], p. 55.

Relativizing computable randomness yields Δ^0_2-randomness, and relativizing Schnorr randomness yields Schnorr Δ^0_2-randomness. The relations between the various notions are as follows:

Δ^0_2-random ⇓ Schnorr Δ^0_2-random =⇒ Δ^0_2-dimension 1 ⇓ ⇓ Σ^0_1-random =⇒ Σ^0_1-dimension 1 ⇓ computably random

=⇒

⇓ Schnorr random =⇒ computable dimension 1

No other implications hold than the ones indicated. That there are Schnorr random sets that are not computably random was proved by Wang [33]. (See Nies, Stephan, and Terwijn [22] for more information on the separation between the various randomness notions.) The strictness of the other implications in the first column follows from elementary observations and results in Schnorr [27], and is discussed in [8, 30]. That there are no more implications between the first and the second column follows from the next proposition. The strictness of the two implications in the second column follows by similar means.^2

Proposition 1.4. There are sets A such that A is not Schnorr random and A has Δ^0_2-dimension 1.

Proof. Let R be Δ^0_2-random, and let D = {2^x : x ∈ ω} be an exponentially sparse computable domain. Then A = R ∪ D is not Schnorr random, since no Schnorr random set contains an infinite computable subset, but no Δ^0_2-martingale can succeed on A exponentially fast.

Clearly, the “Δ^0_2-dimension 1” in Proposition 1.4 can be improved to “Δ^0_n-dimen-sion 1” by the same proof, if one is considering higher orders of randomness.

The rest of this paper is organized as follows. Ambos-Spies, Merkle, Reimann, and Stephan [2] investigated resource bounded dimension in the exponential time class E. Among other things, they proved that under polynomial time many-one reducibility the complete degree in E has dimension 1, and that the set of possible dimensions of p-m-degrees in E is dense in [0, 1]. In Section 2 we show that under Turing reducibility in Δ^0_2 the complete degree has Δ^0_2-dimension 1, and all other degrees have Δ^0_2-dimension 0. In Section 3 we present a proof that the low sets do not have Δ^0_2-measure 0 by showing that for every ∅^′-computable martingale there is a low set that is not covered by it. This means that the low sets do not form a small subset of Δ^0_2.

Our notation generally follows Odifreddi [23, 24] and Soare [28]. We write^{⩽T}A for the lower cone {B : B �_T A} and A^{⩽T} for the upper cone {B : A �_T B}.

2It is easy to see (cf. [20]) that the class of computable sets has Σ^0_1-dimension 0, but is not computably null, so in particular this class has computable dimension 1. Also, Lutz [20] has shown that there are sets in Δ^0_2 of any given rational Σ^0_1-dimension, but it is obvious that every set in Δ^0_2 has Δ^0_2-dimension 0.

2. Δ^0_2-dimension

The next theorem is a strengthening of Theorem 5.5 in [30], which states that the lower cone of every A <_T ∅^′ has Schnorr Δ^0_2-measure 0. We will make use of the following definition and lemma.

Definition 2.1. For functions f and g and rational q ∈ (0, 1], we say that f is q-dominated by g if

lim inf n→∞ |{i � n : g(i) � f(i)}| n � q. (1) Lemma 2.2. For every q ∈ (0, 1] there is a function f �_T ∅^′ such that f is not q-dominated by any function g <_T ∅^′.

Proof. Let h �_T ∅^′ be a function not dominated by any function g <_T ∅^′, for example, h(x) = μs(∅^′_s ↾ x = ∅^′ ↾ x) (the smallest s such that all the y ∈ ∅^′ smaller than x are enumerated into ∅^′ within s steps). Without loss of generality, q =^1_c for some c ∈ ω. Define f(x) = h(⌊log_c x⌋) (where log_c is the logarithm with base c). If g satisfies (1) then for almost every k there is a natural number x ∈ [c^k, c^{k+1}) such that g(x) � f(x). But then the function ^g defined by ^g(k) = max{g(x) : x ∈ [c^k, c^{k+1})} dominates h, a contradiction.

Theorem 2.3. Let A ∈ Δ^0_2 be any Turing-incomplete set. Then the Δ^0_2-dimension of the lower cone^{⩽T}A is 0.

Proof. Let q ∈ (0, 1] be rational and suppose that A <_T ∅^′. We define uniformly in ∅^′ for every e ∈ ω a martingale d_e such that

R_e : Φ^A_e total and {0, 1}-valued =⇒ Φ^A_e ∈ S_2(1−q)n [d_e].

By the usual sum trick this suffices to prove the theorem: The sum d(σ) = � e∈ω 2^{−e}d_e(σ) is again a ∅^′-computable martingale, and if X ∈ S_2(1−q)n [d_e] then for all q^′ > q we have X ∈ S_{2(1−q}′_{)n} [d], which shows that {B : B �_T A} has Δ^0_2-dimension � q. Since q > 0 was arbitrary the theorem follows.

By Lemma 2.2, let f �_T ∅^′ be a function that is not q-dominated by any function g <_T ∅^′.

We now define d_e in stages s. At stage s we define d_e on all strings σ ∈ 2^{<ω} of length s. The value d_e(σ) will depend only on |σ|. (Ambos-Spies, Mayordomo, Wang, and Zheng [1] called martingales with this property ‘oblivious’.)

Stage s = 0. Define d_e(λ) = 1, where λ is the empty string.

Stage s + 1. Given d_e(σ) with |σ| = s, use the oracle ∅^′ to search for a string τ ⊏ A with |τ| � f(s) such that Φ^τ_{e,|τ |}(s)↓. If such τ does not exist, or if Φ^τ_{e,|τ |}(s)↓/∈ {0, 1}, do not make a bet; that is, let d_e(σi) = d_e(σ) for i ∈ {0, 1}. If τ exists and Φ^τ_{e,|τ |}(s) ↓= i ∈ {0, 1}, define d_e(σi) = 2d_e(σ); that is, bet all our capital on Φ^A_e (|σ|) = i. This concludes the definition of d_e.

It is clear that d_e is defined on all strings for every e, uniformly in ∅^′. We check that R_e is satisfied. Suppose that Φ^A_e is total and computes a set. Then the function g_e(n) = μt � (∃τ ⊏ A) � |τ| = t ∧ Φ^τ_{e,t}(n)↓ � is A-computable. By the choice of f, there are infinitely many N such that for more than (1 − q)N many n < N we have f(n) � g_e(n). For these n, in the definition of d_e the string τ is found and a bet is placed successfully. (Note that we never make a wrong bet.) Hence Φ^A_e ∈ S_2(1−q)n [d_e].

Theorem 2.4. For every noncomputable A ∈ Δ^0_2, the upper cone A^{⩽T} has Schnorr Δ^0_2-measure 0.

Proof. This theorem is an effectivization of the well-known result of de Leeuw, Moore, Shannon and Shapiro [16] and Sacks [26] that the upper cone of a noncomputable set has Lebesgue measure 0.^3 Lutz and Terwijn [29] showed that there is a ∅^′-computable martingale that succeeds on A^{⩽T} when A ∈ Δ^0_2 is noncomputable. We give here a direct proof using total ∅^′-computable tests, which gives the stronger result of the theorem. Fix a noncomputable A ∈ Δ^0_2, and define for every i and n the open sets E_{i,n} = � B : A ↾ n = Φ^B_i ↾ n � . For every i we have {B : A = Φ^B_i } = � n E_{i,n}, so μ( � n E_{i,n}) = 0. Furthermore, the E_{i,n} are uniformly ∅^′-computable because A is ∅^′-computable, and the μ(E_{i,n}) are uniformly ∅^′-computable reals. So if we let f(k) be the least n such that μ(E_{i,n}) � 2^{−k} and define F_{i,k} = E_{i,f(n)}, then F_{i,0}, F_{i,1}, . . . is a total ∅^′-computable test, and we still have {B : A = Φ^B_i } = � k F_{i,k}.

Because the tests � k F_{i,k} are ∅^′-uniform in i, it follows from an easily proved effective union lemma that � i � k F_{i,k} = A^{⩽T} is also of Schnorr measure 0 relative to ∅^′.

The next theorem shows that for every A ∈ Δ^0_2 the Δ^0_2-dimension of the upper cone of A is maximal. In particular, although the Schnorr Δ^0_2-measure of deg_T(∅^′) is 0, there is no Δ^0_2-martingale that succeeds on this Turing degree exponentially fast.

Theorem 2.5. The Δ^0_2-dimension of deg_T(∅^′) is 1.

Proof.^4 Given a martingale d ∈ Δ^0_2 and a rational ε > 0, we build a B ≡_T ∅^′ such that B /∈ S_2εn [d]. The idea is simple: We code ∅^′ on an exponentially sparse computable domain D, and define B by ∅^′-effectively diagonalizing against d outside D and taking the coded version of ∅^′ on D. Since D is exponentially sparse, d cannot succeed fast on B, and we have B �_T ∅^′ �_T B ⊕ D �_T B since D is computable. Note that this idea works for every computably sparse domain D, so that in fact deg_T(∅^′) is not included in any null set of the form S_h[d] for a Δ^0_2-martingale d and a computable order h. Theorem 2.4 shows that the same is not true for all ∅^′-computable orders h. For the theorem as stated it suffices to take D = {2^m − 1 : m ∈ ω} and define

B(x) = � � � ∅^′(n) if x = 2^m − 1 0 if x /∈ D and d((B ↾ x)0) < d((B ↾ x)1) 1 otherwise.

Then d(B ↾ n − 1) � d(B ↾ n) except possibly when n = 2^m − 1 for some n, so

lim sup n→∞ d(B ↾ n) 2^{εn}

� lim sup m→∞ d(B ↾ 2^m) 2^{ε2m}

� lim sup m→∞ 2^m 2^{ε2m}

< 1,

3For another approach to effectivizing this result, see Hirschfeldt, Nies, and Stephan [10]. 4This proof is a few years old. Coding techniques similar to the one used in it have meanwhile been used in the context of Hausdorff dimension independently by several authors, cf. e.g. Reimann [25].

and hence B /∈ S_2εn [d].

It follows from Theorems 2.3 and 2.5 that the only possibilities for the Δ^0_2- dimension of a Turing degree are 0 or 1:

Corollary 2.6. For A ∈ Δ^0_2, the Δ^0_2-dimension of deg_T(A) is 1 if A is Turing complete, and 0 otherwise.

3. The measure of the low sets

It is known that the class of sets that are bounded by a 1-generic set has Σ^0_1- measure 0 (by effectivizing Theorem 4.2 in Kurtz [14], cf. [30], or by Demuth and Kučera [4]). In particular the subclass of the low sets consisting of the Δ^0_2 1-generic sets has Σ^0_1-measure 0. In this section we prove that the low sets do not form a small subset of Δ^0_2, that is, that they do not have Δ^0_2-measure 0. It is easily verified that the computable sets have Δ^0_2-measure 0, and that most sets in Δ^0_2 are bi-immune for the computable sets.^5 Although the low sets do not have Δ^0_2- measure 0, Downey, Hirschfeldt, Lempp, and Solomon [6] were able to construct a Δ^0_2 set A that is bi-immune for the low sets (i.e. there is no infinite low subset of either A or its complement). The set they constructed in fact truth-table reduces to ∅^′. It is not difficult to see that the sets that tt-reduce to ∅^′ have Schnorr Δ^0_2-measure 0, i.e. there is a total ∅^′-computable test covering them. So in this sense the set constructed in [6] does not exhibit the typical behavior of a Δ^0_2-set. Theorem 3.1 shows that indeed it is not the case that almost every set in Δ^0_2 is bi-immune for the low sets.

Theorem 3.1. The low sets do not have Δ^0_2-measure 0.

Proof. Let M be a universal Σ^0_1-martingale and let N be an arbitrary Δ^0_2-martingale. We will exhibit a low set B on which N does not succeed. Define a new martingale L by

L(∅) =^1_2 � M(∅) + N(∅) � , L(σ) =^1_2 � M(σ) + N(σ(0)σ(2) . . . σ(2n)) � if |σ| = 2n + 1 or 2n + 2.

So L is essentially a sum of the behaviour of M and the behaviour of N restricted to the even bits. We leave it to the reader to check that L is indeed a martingale.

Now let A ∈ Δ^0_2 be such that L does not succeed on A. (Such an A exists because Δ^0_2 does not have Δ^0_2-measure 0.) Then M is bounded on A, and hence A is Σ^0_1-random. Also, N is bounded on the set B defined by B(n) = A(2n) for every n. We claim that B is low, being half of a Σ^0_1-random set below ∅^′. Thus we have exhibited a low set on which the arbitrary Δ^0_2-martingale N does not succeed.

To prove the claim that B is low, suppose that C is the odd part of A, i.e. the unique set with A = B⊕C. Since A is Σ^0_1-random, by a result of van Lambalgen [15] the set C is Σ^0_1-random relative to B. Nies and Stephan (see Theorem 3.4 in [7]) showed that this implies that B is low. For completeness, we include a proof of this fact.

Let use(Φ^B_e (e)) be the partial function that for every e measures the number of computation steps of Φ^B_e (e), if this is defined. Since C is a Δ^0_2 set, it has a computable approximation C_s such that lim_s C_s(n) = C(n) for every n. Let the convergence modulus of this approximation be the function m(n) = μt(∀s �

5Indeed, this is even true for Σ^0_1-measure: The class of sets that are not bi-immune for the computable sets has Σ^0_1-measure 0.

t)[C_s(n) = C_t(n)]. Now if there were infinitely many e such that use(Φ^B_e (e)) � m(e) then B could compute infinitely many points of C, contradicting the fact that C is Σ^0_1-random relative to B. Hence, for almost all e, whenever Φ^B_e (e) is defined we have that use(Φ^B_e (e)) < m(e). Since m �_T ∅^′ we obtain that B^′ �_T ∅^′.

Corollary 3.2. The Δ^0_2-Hausdorff dimension of the low sets is 1.

Acknowledgments

The first author was supported by National Science Foundation Grants DMS- 02-00465 and DMS-05-00590. The second author was supported by the Austrian Research Fund FWF under grants P17503-N12 and P18713-N12. The second author thanks Bjørn Kjos-Hanssen for several discussions [12], and in particular for pointing out a mistake in [30].^6 The present paper has greatly benefitted from the comments and suggestions of an anonymous referee, who in particular shortened and improved the proof of Theorem 3.1.

References

[1] K. Ambos-Spies, E. Mayordomo, Y. Wang, and X. Zheng, Resource-bounded balanced genericity, stochasticity and weak randomness, Proc. 13th Symp. on Theoret. Aspects of Comp. Sci., Lect. Notes in Comp. Sci. 1046 (1996) 63–74, Springer-Verlag.

[2] K. Ambos-Spies, W. Merkle, J. Reimann, and F. Stephan, Hausdorff dimension in exponential time, Computational Complexity 2001, 210-217, IEEE Computer Society, 2001.

[3] C. S. Calude, L. Staiger, and S. A. Terwijn, On partial randomness, Ann. Pure Appl. Logic 138 (2006) 20–30.

[4] O. Demuth and A. Kučera, Remarks on 1-genericity, semigenericity and related concepts, Comment. Math. Univ. Carolinae, 28 (1987), 85–94.

[5] R. G. Downey, Some computability-theoretic aspects of reals and randomness, in The Notre Dame Lectures (P. Cholak, ed.), to appear in the Lect. Notes Log. 18, Assoc. for Symbol. Logic, Urbana, IL, 2005, 97–148.

[6] R. G. Downey, D. R. Hirschfeldt, S. Lempp, and R. Solomon, A Δ^0_2 set with no infinite low subset in either it or its complement, Journal of Symbolic Logic 66 (2001) 1371–1381.

[7] R. G. Downey, D. R. Hirschfeldt, J. S. Miller, and A. Nies, Relativizing Chaitin’s halting probability, to appear in the Journal of Mathematical Logic.

[8] R. G. Downey, D. R. Hirschfeldt, A. Nies, and S. A. Terwijn, Calibrating randomness, to appear in the Bulletin of Symbolic Logic.

[9] K. Falconer, Fractal Geometry, Mathematical Foundations & Applications, Wiley & Sons, 1992.

[10] D. R. Hirschfeldt, A. Nies, and F. Stephan, Using random sets as oracles, to appear. [11] J. M. Hitchcock, J. H. Lutz and S. A. Terwijn, The arithmetical complexity of dimension and randomness, ACM Trans. on Comput. Logic, in press.

[12] B. Kjos-Hanssen, personal communication, July 2003.

[13] A. Kučera, An alternative, priority-free solution to Post’s Problem, in: Lecture Notes in Computer Science 233, 493–500, Springer, 1986.

[14] S. A. Kurtz, Randomness and genericity in the degrees of unsolvability, PhD Thesis, University of Illinois, 1981.

[15] M. van Lambalgen, Random sequences, PhD Thesis, University of Amsterdam, 1987. [16] K. de Leeuw, E. F. Moore, C. F. Shannon, and N. Shapiro, Computability by probabilistic machines, in Automata Studies, Annals of Mathematics Studies 34, Princeton University Press, 1956, 183–212.

6In Theorem 4.1 in [30] it was proven that the lower cone of every incomplete c.e. set has Δ^0_2- measure 0. Also, the upper cone of every noncomputable set in Δ^0_2 has Δ^0_2-measure 0 (Theorem 2.3). Now in Corollary 4.2 it was falsely claimed that from the proofs of these theorems it follows that almost every set in Δ^0_2 is incomparable with every noncomputable and incomplete c.e. set. Kjos-Hanssen pointed out that this contradicts Kučera’s result that every 1-random set in Δ^0_2 bounds a noncomputable c.e. set, cf. [13].

[17] M. Li and P. Vitányi, An Introduction to Kolmogorov Complexity and its Applications, 2nd edition, Springer-Verlag, 1997.

[18] J. H. Lutz, Category and measure in complexity classes, SIAM J. Comput. 19 (1990) 1100– 1131.

[19] J. H. Lutz, Dimension in complexity classes, SIAM J. Comput. 32 (2003), 1236–1259 (extended abstract in 15th Annual IEEE Conference on Computational Complexity (Florence, 2000) (F. Titsworth, ed.), IEEE Computer Soc., Los Alamitos, CA, 2000, 158–169).

[20] J. H. Lutz, The dimensions of individual strings and sequences, Inform. and Comput. 187 (2003), 49–79 (preliminary version: Gales and the constructive dimension of individual sequences, in Proc. 27th International Colloquium on Automata, Languages, and Programming (U. Montanari, J. D. P. Rolim, E. Welzl, eds.), Springer-Verlag, 2000, 902–913).

[21] P. Martin-Löf, The definition of random sequences, Information and Control 9 (1966) 602– 619.

[22] A. Nies, F. Stephan, and S. A. Terwijn, Randomness, relativization and Turing Degrees, Journal of Symbolic Logic 70(2) (2005) 515–535.

[23] P. G. Odifreddi, Classical Recursion Theory, Vol. 1, Studies in logic and the foundations of mathematics Vol. 125, North-Holland, 1989.

[24] P. G. Odifreddi, Classical Recursion Theory, Vol. 2, Studies in logic and the foundations of mathematics Vol. 143, North-Holland, 1999.

[25] J. Reimann, Computability and fractal dimension, PhD Thesis, University of Heidelberg, 2004.

[26] G. E. Sacks, Degrees of Unsolvability, Annals of Mathematics Studies 55, Princeton University Press, 1963.

[27] C.-P. Schnorr, Zufälligkeit und Wahrscheinlichkeit, Lect. Notes in Math. 218, Springer-Verlag, 1971.

[28] R. Soare, Recursively Enumerable Sets and Degrees, Springer, 1987.

[29] S. A. Terwijn, Computability and Measure, PhD Thesis, University of Amsterdam/ILLC, 1998.

[30] S. A. Terwijn, On the quantitative structure of Δ^0_2, in: U. Berger, H. Osswald, and P. Schuster (eds.), Reuniting the Antipodes — Constructive and Nonstandard Views of the Continuum, Synthèse Library, Kluwer, 2000, 271–284.

[31] S. A. Terwijn, Complexity and Randomness, Rendiconti del Seminario Matematico di Torino 62 (2004) 1–38 (preliminary version: Research Report CDMTCS-212, University of Auckland, March 2003).

[32] J. Ville, Étude Critique de la Notion de Collectif, Gauthier-Villars, 1939. [33] Y. Wang, A separation of two randomness concepts, Information Processing Letters 69(3) (1999) 115–118.

Department of Mathematics, University of Chicago, Chicago, IL 60637, USA E-mail address: drh@math.uchicago.edu

Institute of Discrete Mathematics and Geometry, Technical University of Vienna, Wiedner Hauptstrasse 8-10/E104, 1040 Vienna, Austria

E-mail address: terwijn@logic.at