Kripke Models, Distributive Lattices, and Medvedev Degrees

Sebastiaan A. Terwijn^∗

September 25, 2006

Abstract

We define a variant of the standard Kripke semantics for intuitionistic logic, motivated by the connection between constructive logic and the Medvedev lattice. We show that while the new semantics is still complete, it gives a simple and direct correspondence between Kripke models and algebraic structures such as factors of the Medvedev lattice.

Keywords: Kripke semantics, Medvedev degrees, intuitionistic propositional logic.

1 Introduction

Immediately after Heyting had isolated the axioms of intuitionistic logic in [1] people began to wonder what the precise interpretation of these axioms was. In the course of history many (complete) interpretations have been given, one of the most famous being Kripke semantics [6]. Also several interpretations were suggested that later turned out to be incomplete. Among these are Kleene’s realizability [4] and the approach by Kolmogorov and Medvedev that will be discussed below. Early on certain complete algebraic interpretations were given, for example in Jaśkowski [3]. It is to be noted that these algebraic interpretations, as well as the later Kripke semantics, have little or nothing to do with the basic intuitions surrounding intuitionistic logic, namely those of effectivity, constructivity, or computability (cf. the informal Brouwer-Heyting-Kolmogorov interpretation [16]). Kolmogorov [5]

∗Institute for Discrete Mathematics and Geometry, Technical University of Vienna, Wiedner Hauptstrasse 8–10/E104, A-1040 Vienna, Austria, terwijn@logic.at. Supported by the Austrian Science Fund FWF (Projects P17503-N12 and P18713-N12).

suggested to interpret the propositional connectives constructively using a “calculus of problems”. This idea was later implemented in various ways by Medvedev [7, 8]. Although this approach initially failed to give a complete semantics for the intuitionistic propositional logic IPC, the structures introduced by Medvedev turned out to be interesting for different reasons as well. In particular, there are interesting connections with the Turing degrees and other structures from computability theory, cf. Sorbi [13]. Moreover, Skvortsova [10] showed that the main idea of the Kolmogorov/Medvedev approach could be used to give a complete computational semantics for IPC after all (see below). The results in this area are a particularly attractive blend of results and methods from computability theory (such as lattice embedding results) with proof-theoretic ones (coming from the study of intuitionistic and intermediate logics).

In this note we present a variant of Kripke semantics in which the interpretation of “or” is different from the usual one. We show that this alternative interpretation is sound and complete for “distributive” structures, where the notion of distributivity is a rather liberal one, applying to partial orders in general instead of just lattices. The new notion of forcing will be denoted by ⊩^∗, and the new kind of Kripke models under this forcing notion will be called Kripke^∗ models. The variation is motivated by the observation that every configuration in the Medvedev lattice can be interpreted as a Kripke^∗ model. This gives a direct relation between Kripke^∗ models on the one hand and the Medvedev lattice on the other.

We briefly recall the definition of the Medvedev lattice M. Let ω denote the natural numbers and let ω^ω be the set of all functions from ω to ω (Baire space). A mass problem is a subset of ω^ω. One can think of such subsets as a “problem”, namely the problem of producing an element of it, and so we can think of the elements of the mass problem as its set of solutions. A mass problem A Medvedev reduces to mass problem B if there is an effective procedure of transforming solutions to B into solutions to A: A ≤ B if there is a partial computable functional Ψ : ω^ω → ω^ω such that for all f ∈ B, Ψ(f) is defined and Ψ(f) ∈ A.^1 This can be seen as an implementation of Kolmogorov’s idea of a calculus of problems. The relation ≤ induces an

1Note that although Medvedev reducibility is designed especially for sets of functions, it is close in spirit to ordinary Turing reducibility ≤T for individual functions: g ≤T f if there is a partial computable functional Φ that is defined at least on f such that Φ(f) = g. One may also compare Medvedev reducibility to Wadge reducibility ≤W from descriptive set theory: For sets of reals (or mass problems) A and B, A ≤W B if there is a continuous functional Φ such that Φ^{−1}(B) = A. Note that this notion is quite different: the continuity is in the other direction, there is no ‘if and only if’, and no effectivity.

equivalence relation on the mass problems: A ≡ B if A ≤ B and B ≤ A. The equivalence class of A is denoted by [A] and is called the Medvedev degree of A. We denote Medvedev degrees by boldface symbols. Note that there is a smallest Medvedev degree, denoted by 0, namely the degree of any mass problem containing a computable function. There is also a largest degree 1, the degree of the empty mass problem, of which it is impossible to produce an element by whatever means. Finally, it is possible to define a meet operator × and a join operator + on mass problems: For functions f and g, as usual define the function f ⊕ g by f ⊕ g(2x) = f(x) and f ⊕ g(2x + 1) = g(x). Let n^A = {n^f : f ∈ A}, where ^ denotes concatenation. Define

A + B = � f ⊕ g : f ∈ A ∧ g ∈ B � and A × B = 0^A ∪ 1^B.

It is not hard to show that × and + indeed define a greatest lower bound and a least upper bound operator on the Medvedev degrees. For more information and discussion on M we refer to Sorbi [13], Terwijn [14, 15].

A distributive lattice L with 0, 1 is called a Brouwer algebra if for any elements a and b it holds that the element a → b defined by

a → b := least � c ∈ L : b ≤ a + c � always exists. L is called a Heyting algebra if its dual is a Brouwer algebra. Medvedev [7] showed that M is a Brouwer algebra, and Sorbi [11] showed that M is not a Heyting algebra.

Above we have already defined the operations ×, +, and → on M. We can also define a negation operator ¬ by defining ¬A = A → 1 for any Medvedev degree A.

Given any Brouwer algebra L (such as M) with join denoted by + and meet by ×, we can evaluate formulas as follows. An L-valuation is a function σ : Form → L from propositional formulas to L such that for all formulas A and B, σ(A ∨ B) = σ(A) × σ(B), σ(A ∧ B) = σ(A) + σ(B), σ(A → B) = σ(A) → σ(B), σ(¬A) = σ(A) → 1. (Note the upside-down reading of ∧ and ∨ when compared to the usual lattice theoretic interpretation. For more remarks regarding notation see [14].) Write L |= A if σ(A) = 0 for any L-valuation σ. Finally, define

Th(L) = � α : L |= α � . A B-homomorphism is a mapping between Brouwer algebras preserving +, ×, →, and 0 and 1. A B-embedding is an injective B-homomorphism.

Note that if L_1 is B-embeddable into L_2 then Th(L_2) ⊆ Th(L_1) because every L_1-valuation is also a L_2-valuation. If there is a (not necessarily injective) B-homomorphism from L_1 onto L_2 we obtain the converse Th(L_1) ⊆ Th(L_2). Note that the top element has to be preserved in order to fix the meaning of negation.

It follows from results of Medvedev [8] and Jankov [2] that Th(M) is the deductive closure of IPC and the weak law of the excluded middle ¬α ∨ ¬¬α (also known as De Morgan, or Jankov logic). Although this shows that the Kolmogorov/Medvedev approach for providing a semantics for IPC does not work directly, the ideas can still be used to interpret IPC. Namely, one can consider factors of M, i.e. study M modulo a filter or an ideal. Given a Brouwer algebra L and an ideal I in L, L/I is still a Brouwer algebra. If G is a filter in L then L/G is not necessarily a Brouwer algebra, but if G is principal then L/G is again a Brouwer algebra. In such a factorized lattice G plays the role of 1. E.g. if G is the principal filter in M generated by the degree D then negation in M/G can be defined by ¬A = A → D. The algebraic properties of M/G are directly related to the theories Th(M/G). For example, whether the weak law of the excluded middle holds in Th(M/G) is related to whether the element that generates G is joinreducible in M. (For more information see [13, 14].) Skvortsova [10] showed that there are indeed factors that capture IPC: There exists a principal filter G such that Th(M/G) = IPC.

2 A variant of Kripke semantics

The reader may observe that a configuration in the Medvedev degrees bears much resemblance to a Kripke model. We have already seen that negation in M causes problems, but this can be remedied by considering suitable factors M/G. Let us for the moment consider only formulas without negation, so that Medvedev’s theorem (that the positive fragments of Th(M) and IPC coincide [8]) applies. Consider for example the following formula φ:

(p → q ∨ r) → ((p → q) ∨ (p → r))

This formula is not derivable in IPC. The left hand side of the following figure shows a Kripke countermodel for φ, and the right hand side is a configuration of Medvedev degrees that shows that φ ∉ Th(M).

P p, q R Q p, r

If P, Q, and R are interpreted by Medvedev degrees as in the configuration on the right, where P = Q × R, then φ does not evaluate to 0 because P ≥ Q × R but neither P ≥ Q nor P ≥ R. This example shows that there is a difference in interpretation between ∨ in Kripke models and × in the Medvedev lattice: A ∨ B holds in a node k in a Kripke model only if A or B holds in k, but in the above configuration Q × R “holds” in P but neither Q nor R does. We now define a variant of the standard Kripke semantics, where the interpretation of ∨ is changed, and that will give a precise connection between Kripke models on the one hand and configurations in M on the other. Given a partial order M, let k = i ⊓ j denote that the greatest lower bound of i and j exists in M and is equal to k.

Let ⊩ denote the usual forcing relation in Kripke models, cf. [16]. We define a variant ⊩^∗ where ∨ has a somewhat different interpretation. Namely, for a propositional Kripke model M, a node k ∈ M, and propositional formulas A and B, we let k ⊩^∗ A ∨ B if any one of the following holds:

1. k ⊩^∗ A or k ⊩^∗ B,

2. (∃l ≤ k)[l ⊩^∗ A ∨ B]

3. There exist i, j ∈ M with k = i ⊓ j such that i ⊩^∗ A and j ⊩^∗ B.

We also postulate for any propositional formula A the following contraction property:

if k ⊩^∗ A ∨ A then k ⊩^∗ A. (1)

The clauses for ∧, →, and ¬ for ⊩^∗ are identical to those for ⊩. For example, k ⊩^∗ A → B if in every k^′ ≥ k with k^′ ⊩^∗ A it holds that k^′ ⊩^∗ B. Thus, in the new semantics, if a node k is the meet of a node where A holds and another node where B holds, then A ∨ B holds in k. In this way we allow the truth in Kripke models to “run ahead” in certain situations. We will call a Kripke model under this new semantics a Kripke^∗ model.^2 The above definition is to be understood as follows. Since the rule (1) contracts formulas, we have to clarify how it combines with the inductive character of the other clauses. We also have to take some care that the applications of the contraction property (1) are well-founded in order to exclude applications of it where any formula can be made true by relying on an infinite amount of successor nodes without a proper atomic foundation. We thus give a more formal definition as follows:

Definition 2.1 Let the logical complexity of a formula A be defined as usual.^3

1. For atomic A, let k ⊩^∗_0 A if A holds in k by the valuation of M.

2. Suppose that k ⊩^∗_0 A is defined for all A of complexity ≤ n. For every A of complexity ≤ n and every ordinal α let k ⊩^∗_{α+1} A if either

(i) k ⊩^∗_α A or if (ii) k = i ⊓ j for some i, j with i ⊩^∗_α A and j ⊩^∗_α A, or if (iii) l ⊩^∗_α A for some l ≤ k.

3. For all A of complexity ≤ n, define k ⊩^∗ A if k ⊩^∗_α A for some α.

4. Now define ⊩^∗_0 for formulas of complexity n + 1 as follows:

k ⊩^∗_0 B ∧ C if both k ⊩^∗ B and k ⊩^∗ C, k ⊩^∗_0 B → C if ∀l ≥ k (l ⊩^∗ B → l ⊩^∗ C), k ⊩^∗_0 B ∨ C if k ⊩^∗ B or k ⊩^∗ C or k = i ⊓ j and i ⊩^∗ B and j ⊩^∗ C.

This inductively defines k ⊩^∗ A for formulas A of every complexity.

Thus k ⊩^∗_0 A holds if A is forced using the rule for the main connective in A, and before defining the forcing relation for formulas of higher complexity we first complete the definition for formulas of the complexity of A by using repeated applications of the ∨-rule and the contraction rule (1). In fact, taken over the whole model M we need at most ω steps to complete this:

2As a remark on methodology we note that it is not possible to require the property (1) only for atomic A and derive the general form from that: It is possible to produce a distributive Kripke^∗ model in which (1) holds for the atoms but not in general.

3That is, atomic formulas have complexity 1, the complexity of ¬A is that of A plus 1, and the complexity of A ∨ B, A ∧ B, and A → B is the maximum of the complexities of A and B plus 1. Below we will treat ¬A as a special case of implication by defining ¬A = A → ⊥.

Lemma 2.2 For any given k and A, the definition of k ⊩^∗_α A stabilizes after finitely many steps. That is, k ⊩^∗ A if and only if k ⊩^∗_m A for some finite m.

Proof. The use of ordinals in item 2 of Definition 2.1 ensures that the applications of the contraction rule are well-founded, and hence define a well-founded binary tree. But every well-founded binary tree is finite by Königs lemma. □

The definition of ⊩^∗ has an impredicative feature, namely the contraction rule (1), that we clarified using the formal Definition 2.1. To shed some more light on it we introduce an auxiliary notion and prove a lemma that will be useful in what follows.^4

Definition 2.3 Given a partial order M, we inductively define a binary relation X ‖ k between finite subsets X ⊆ M and elements k ∈ M as follows:

• {k} ‖ k

• X ‖ i ∧ Y ‖ j ∧ k = i ⊓ j =⇒ X ∪ Y ‖ k.

Lemma 2.4 If k ⊩^∗ A ∨ B then ∃X ‖ k ∀l ∈ X � l ⊩^∗ A ∨ l ⊩^∗ B � . Proof. If k ⊩^∗ A ∨ B then by Lemma 2.2 we may assume that k ⊩^∗_m A ∨ B for some finite m. We prove the lemma by induction on m. If k ⊩^∗_0 A ∨ B this is clear by item 4 in Definition 2.1. If k ⊩^∗_{m+1} A ∨ B because (item 2) k = i ⊓ j, i ⊩^∗_m A ∨ B, and j ⊩^∗_m A ∨ B, then by induction hypothesis we have

∃X ‖ i ∀l ∈ X � l ⊩^∗ A ∨ l ⊩^∗ B � , ∃Y ‖ j ∀l ∈ Y � l ⊩^∗ A ∨ l ⊩^∗ B � , hence X ∪ Y ‖ k satisfies the induction step. □

After thus having defined Kripke^∗ semantics, we first note that it is sound only for distributive structures: Consider the nondistributive lattice N_5, interpreted as a Kripke^∗ model with the atoms p, q and r holding in the nodes as in the following figure:

4The notion X ‖ k we introduce here was suggested to us by the referee. Lemma 2.4 was suggested by the referee as an alternative to the definition of ⊩^∗. We have opted instead of keeping the original definition and proving the lemma as an auxiliary result. The referees definition is conceptually simpler than ours, but the treatment above shows in addition that our original definition (if interpreted in the right way) amounts to the same.

r p

q

Then for the distributive law A = (q ∨ p) ∧ (r ∨ p) → (q ∧ r) ∨ p it holds that in the “q-node” k we have that k ⊩ A but not k ⊩^∗ A: k ⊩^∗ (q ∨ p) ∧ (r ∨ p) because of the new interpretation of ∨, but still k ⊮^∗ (q ∧ r) ∨ p. Since A is of course intuitionistically valid, we see that the Kripke^∗ semantics is in general not sound for IPC. It is so, however, if we restrict it to distributive structures:

Definition 2.5 We call a partial order ⟨P, ≤⟩ distributive if for all k_0, k_1, l ∈ P , if k_0 and k_1 have a greatest lower bound k in P such that k ≤ l, then there are l_0 ≥ k_0 and l_1 ≥ k_1 in P such that l is the greatest lower bound of l_0 and l_1.

One can easily check that for lattices the “butterfly” property from Definition 2.5 is equivalent to distributivity. I.e. a lattice is distributive (satisfies the distributive laws) if and only if it is distributive as a partial order (in the sense of Definition 2.5). But note that the property from Definition 2.5 is more general since it may also hold on structures that are not lattices. Thus we will call a Kripke^∗ model that is distributive as a partial order a distributive Kripke^∗ model.

The definition of ⊩^∗ has upward persistency built into it (cf. item 2 (iii) in Definition 2.1). The next proposition shows that if we restrict ourselves to distributive structures then this is not really necessary:

Proposition 2.6 (Upward persistency) Let L be a distributive Kripke^∗ model, and suppose that item 2 (iii) in Definition 2.1 is dropped. Then for any formula A and nodes k and l of L, if k ⊩^∗ A and k ≤ l then also l ⊩^∗ A.

Proof. By Lemma 2.2, if k ⊩^∗ A then k ⊩^∗_m A for some m. We prove upward persistency by double induction on m and the complexity of A, following Definition 2.1.

If A is atomic and k ⊩^∗_0 A then the valuation of L makes A true in k. In this case l ⊩^∗_0 A for all l ≥ k because by definition valuations are upwards persistent.

Suppose that k ⊩^∗_{m+1} A because of item 2 (ii), i.e. because k = k_0 ⊓ k_1 with k_0 ⊩^∗_m A and k_1 ⊩^∗_m A, and suppose that l ≥ k. By distributivity there are l_0 ≥ k_0 and l_1 ≥ k_1 such that l = l_0 ⊓ l_1. By induction hypothesis we have l_0 ⊩^∗_m A and l_1 ⊩^∗_m A, hence l ⊩^∗_{m+1} A.

If k ⊩^∗_0 A and A = B ∨ C, and either k ⊩^∗ B or k ⊩^∗ C then by the induction hypothesis we are done. If k = k_0 ⊓ k_1 such that k_0 ⊩^∗ B and k_1 ⊩^∗ C then by distributivity there are l_0 ≥ k_0 and l_1 ≥ k_1 such that l = l_0 ⊓ l_1. By induction hypothesis we have l_0 ⊩^∗ B and l_1 ⊩^∗ C, and hence that l ⊩^∗_0 B ∨ C.

The cases for the other connectives are all straightforward and do not need distributivity. □

Proposition 2.7 (Meet-persistency) If X ‖ k and l ⊩^∗ A for every l ∈ X then k ⊩^∗ A.

Proof. By definition of ⊩^∗ we have that if k = i ⊓ j, i ⊩^∗ A, and j ⊩^∗ A, then k ⊩^∗ A. Now if X ‖ k, then X is generated by finitely many meets, so by applying the previous statement finitely many times we obtain the statement of the lemma. □

Proposition 2.8 (Soundness) For all propositional formulas A, ⊢ A (i.e. A is derivable in IPC) implies that L ⊩^∗ A for all distributive Kripke^∗ models L.

Proof. We prove that if Γ ⊢ A for a set of formulas Γ and l ⊩^∗ Γ for some l ∈ L, then l ⊩^∗ A. We prove this by induction on derivations in the natural deduction presentation of IPC, cf. [16]. Let L be a distributive Kripke^∗ model. Suppose that the last inference rule used in the derivation is the elimination rule ∨E:

Γ_1 ⊢ A ∨ B Γ_2, A ⊢ C Γ_3, B ⊢ C Γ_1, Γ_2, Γ_3 ⊢ C

The induction hypothesis is that for all l ∈ L, l ⊩^∗ Γ_1 ⇒ l ⊩^∗ A ∨ B, l ⊩^∗ Γ_2, A ⇒ l ⊩^∗ C, and l ⊩^∗ Γ_3, B ⇒ l ⊩^∗ C. Suppose that for k ∈ L we have k ⊩^∗ Γ_1, Γ_2, Γ_3. We have to prove that k ⊩^∗ C. By induction hypothesis we have k ⊩^∗ A∨B. If k ⊩^∗ A or k ⊩^∗ B we are done. Otherwise, by Lemma 2.4 we have ∃X ‖ k ∀l ∈ X � l ⊩^∗ A ∨ l ⊩^∗ B � . By upward persistency (Proposition 2.6) every l ∈ X has l ⊩^∗ Γ_2, Γ_3, hence by induction hypothesis l ⊩^∗ C for every l ∈ X. Now it follows from meet-persistency (Proposition 2.7) that k ⊩^∗ C.

The induction steps for the other IPC-rules are all straightforward, and do not need distributivity. □

The following correspondence between Kripke^∗ models and Brouwer algebras will be useful, both for the proof of completeness (Theorem 2.10) and in Section 3. Let L be any Brouwer algebra with largest element 1 and let K = L − {1}. Then we can interpret K as a Kripke^∗ model by stipulating that for every node P ∈ K, P (as a propositional atom) holds in every node Q ∈ K with Q ≥ P . So the elements of K play the role of the nodes as well as of the propositional atoms. Let A be a propositional formula, with atoms from K∪{⊥}. Then we can interpret A as a point of L as in Section 1, where ∨ is interpreted by × and ∧ by +, and ⊥ by 1. The reason that 1 is left out of the subalgebras that we consider is to guarantee that no node forces ⊥. We now have the following simple observation about such formulas A and the forcing relation ⊩^∗.

Proposition 2.9 Let K be as above. Then for any formula A and P ∈ K, P ⊩^∗ A (in the Kripke^∗ model K) if and only if P ≥ A (in the partial order K). In particular we have that K ⊩^∗ A if and only if K |= A.

Proof. We prove that P ⊩^∗ A ⇒ P ≥ A by induction on ⊩^∗, as in Proposition 2.6.

For Q ∈ K atomic we have P ⊩^∗_0 Q ⇔ P ≥ Q by definition of the interpretation of K as a Kripke^∗ model. For A = ⊥ we have P ⊮^∗ ⊥ by definition of ⊩^∗, and P ≱ 1 because 1 /∈ K.

If P ⊩^∗_{m+1} A because P = Q × R and Q ⊩^∗_m A, R ⊩^∗_m A, then by induction hypothesis Q ≥ A and R ≥ A, hence P = Q × R ≥ A × B.

If P ⊩^∗_0 A ∨ B because P ⊩^∗ A or P ⊩^∗ B then we immediately obtain P ≥ A × B. If P ⊩^∗_0 A ∨ B because P = Q × R such that Q ⊩^∗ A and R ⊩^∗ B then we have Q ≥ A and R ≥ B, and hence P ≥ A.

For A → B we have

P ⊩^∗_0 A → B ⇐⇒ (∀Q ≥ P )[Q ⊩^∗ A ⇒ Q ⊩^∗ B] ⇐⇒ (∀Q ≥ P )[Q ≥ A ⇒ Q ≥ B] ⇐⇒ (∀Q ≥ P )[Q + A ≥ B] ⇐⇒ P + A ≥ B ⇐⇒ P ≥ A → B.

The case ¬A is a special case of the previous case, and the case A ∧ B is straightforward.

We prove the converse P ≥ A ⇒ P ⊩^∗ A by formula induction on A. The atomic case holds by definition of the valuation in K. If P ≥ A × B, then by distributivity of L there are Q ≥ A and R ≥ B such that P = Q×R. Since in the Kripke^∗ model K it holds that Q ⊩^∗ A and R ⊩^∗ B, we have P ⊩^∗ A ∨ B by definition of ⊩^∗. If P ≥ A → B, then we can reverse all the implications in the first part of the proof to obtain P ⊩^∗ A → B. Finally, the case of negation is a special case of the one for implication, and the case of conjunction is again straightforward. □

The next theorem shows that under the restriction to distributive models we still have completeness for IPC, so we see that our variation does not change anything essential. In fact, we can apply an old result of Jaśkowski [3] to show completeness with respect to the smaller class of Kripke^∗ models whose frames are finite Brouwer algebras. Note that in such Kripke^∗ models, by definition of ⊩^∗, every atom occurs essentially only once. (Namely an atom P is forced in the meet of all nodes where P is forced, so that modulo upward persistency P occurs only once.) The name “completeness theorem” for the next result is of course justified by the classical completeness theorem of Kripke [6] saying that ⊩ A (A is valid on all Kripke models) if and only if ⊢ A (A is provable in IPC).

Theorem 2.10 (Completeness) For any propositional formula A the following are equivalent:

(i) ⊩ A (A is valid on all Kripke models)

(ii) L ⊩^∗ A for all distributive Kripke^∗ models L.

(iii) L ⊩^∗ A for all Kripke^∗ models L that are also distributive lattices.

(iv) L ⊩^∗ A for all finite Kripke^∗ models L that are also Brouwer algebras.

Proof. (i)=⇒(ii).^5 This is immediate from soundness for ⊩^∗ (Proposition 2.8) and the ordinary completeness theorem for ⊩ just quoted.

(ii)=⇒(iii) and (iii)=⇒(iv) are immediate.

(iv)=⇒(i). This follows from Proposition 2.9 together with the result of Jaśkowski [3] that IPC = � � Th(L) : L is a finite Brouwer algebra � . (A

5In a previous version of this paper it was falsely claimed that k ⊩ A ⇒ k ⊩^∗ A for every element k of a distributive Kripke^∗ model K, so that every Kripke^∗ countermodel would automatically be a Kripke countermodel. This is of course not true because ⊩^∗ sometimes really forces more in a node than ⊩, hence inevitably sometimes also less. Note that the argument via Proposition 2.8 filters through derivations in IPC and does not give a direct insight in the relation between Kripke countermodels and Kripke^∗ countermodels.

proof of this result is in Rose [9].^6) Namely, if L is a finite Brouwer algebra and L ⊩^∗ A, then L is valuated with the atoms p occurring in A, and for every such atom p there is a minimal node in the Brouwer algebra L that forces p. So A can be interpreted as a propositional combination of certain elements of L. By Proposition 2.9 we have that L |= A as a Brouwer algebra. □

Although less interesting for our purposes, we note that we also have the equivalence ⊩ A if and only if L ⊩ A for all distributive Kripke models L. That is, we also have completeness of the classical forcing ⊩ with respect to distributive Kripke models. To see this, note that the Lindenbaum-Tarski algebra L_{IPC} of IPC is distributive and that we have L_{IPC} ⊩ A if and only if ⊢ A.

We noted above that in a semantics for IPC we can restrict ourselves to finite Kripke^∗ models were every propositional atom occurs at most once, modulo upward persistency. (That is, for every atom p, the set of nodes where p holds is a principal cone in the poset.) This will enable us in the next section to obtain the desired correspondence between Kripke^∗ models and sets of Medvedev degrees.

We note that in infinite distributive Kripke^∗ models it is not necessarily the case that every propositional atom occurs at most once. (For a counterexample, consider a frame with an infinite descending chain of nodes without infimum, in each of which p is forced.) However, the property that every atom occurs essentially only once holds for all Kripke^∗ models that are also κ-complete lattices, where κ is the cardinality of the lattice.

3 Kripke semantics and the Medvedev lattice

After the groundwork from the previous section we can now finally give the correspondence between Kripke semantics and configurations in the Medvedev lattice.

Consider any Brouwer subalgebra K of M. Then we can interpret K−{1}, ordered by the Medvedev reducibility ≤, as a Kripke^∗ model as in Section 2. In particular, by Proposition 2.9 we have that for any P ∈ K, P ⊩^∗ A if and only if P ≥ A. This holds equally well for any factor M/G of the Medvedev degrees, where 1 is interpreted by a principal filter G.

6Instead of algebras, Jaśkowski and Rose use the more general notion of matrix in the proof of this result. It can be checked that the sequence of matrices Ji in [9] that give IPC is in fact a sequence of Brouwer algebras. The order can be defined by x ≤ y :≡ x ∨ y = x.

For a Kripke^∗ model K and a subalgebra K ⊆ M − {1} let us write K ∼= K if K is isomorphic to K as a Kripke^∗ model.

Theorem 3.1 For every Kripke^∗ model K that is also a finite Brouwer algebra there is a finite set of degrees K ⊆ M − {1} such that K ∼= K, and vice versa.

Proof. We have just seen that every K ⊆ M − {1} can be seen as a Kripke^∗ model. Conversely, if K is a Kripke^∗ model whose frame is a finite Brouwer algebra then by Sorbi [12], K is embeddable (as a Brouwer algebra) into M (maybe without preserving 1; If K has an irreducible 1 then the top can be preserved as well). □

Of course, Theorem 3.1 does not make it any easier to find examples of G with Th(M/G) = IPC. It merely points out the relation between Kripke semantics and validity in degree structures such as M.

Theorem 3.1 also holds for any of the factors Th(M/G) if G is generated by a degree different from 0 or 0^′:

Theorem 3.2 Let G be a principal filter generated by a degree D > 0^′. For every Kripke^∗ model K that is also a finite Brouwer algebra there is a finite set of degrees K ⊆ M/G − {D} such that K ∼= K, and vice versa.

Proof. As noted above, every K ⊆ M/G − {D} can be interpreted as a Kripke^∗ model. Conversely, if K is a Kripke^∗ model whose frame is a finite Brouwer algebra then by the proof of [12, Theorem 2.11], K is embeddable (as a Brouwer algebra, but maybe without preserving 1) into M/G. □

Acknowledgments. The author was supported by the Austrian Science Fund FWF (Projects P17503-N12 and P18713-N12). We are grateful to Rosalie Iemhoff for helpful remarks concerning intuitionistic logic and to Andrea Sorbi for discussions about the Medvedev lattice. We also thank Lev Beklemishev, George Metcalfe, and Yiannis Moschovakis for several interesting comments. The present version of our paper has benefitted also substantially from the extensive comments of an anonymous referee.

References

[1] A. Heyting, Die formalen Regeln der intuitionistischen Logik, Sitzungsberichte der Preussisischen Akademie von Wissenschaften, Physikalischmathematische Klasse (1930) 42–56.

[2] A. V. Jankov, Calculus of the weak law of the excluded middle, Izv.

Akad. Nauk SSSR Ser. Mat. 32 (1968) 1044–1051. (In Russian.)

[3] S. Jaśkowski, Recherches sur le système de la logique intuitioniste, Actes du Congrès International de Philosophie Scientifique VI, Philosophie des mathématiques, Actualités Scientifiques et Industrielles 393, Paris, Hermann (1936) 58–61.

[4] S. C. Kleene, On the interpretation of intuitionistic number theory, Journal of Symbolic Logic 10 (1945) 109–124.

[5] A. Kolmogorov, Zur Deutung der intuitionistischen Logik, Mathematische Zeitschrift 35(1) (1932) 58-65.

[6] S. Kripke, Semantical analysis of intuitionistic logic I, in: Formal systems and recursive functions, J. N. Crossley and M. A. Dummett (eds.), North-Holland (1965) 92–130.

[7] Y. T. Medvedev, Degrees of difficulty of the mass problems, Dokl. Akad.

Nauk. SSSR 104(4) (1955) 501–504.

[8] Y. T. Medvedev, Finite problems, Dokl. Akad. Nauk. SSSR (NS) 142(5) (1962) 1015–1018.

[9] G. F. Rose, Propositional calculus and realizability, Transactions of the American Mathematical Society 75 (1953) 1–19.

[10] E. Z. Skvortsova, A faithful interpretation of the intuitionistic propositional calculus by means of an initial segment of the Medvedev lattice, Sibirsk. Math. Zh. 29(1) (1988) 171–178. (In Russian.)

[11] A. Sorbi, Some remarks on the algebraic structure of the Medvedev lattice, Journal of Symbolic Logic 55(2) (1990) 831–853.

[12] A. Sorbi, Embedding Brouwer algebras in the Medvedev lattice, Notre Dame Journal of Formal Logic 32(2) (1991) 266–275.

[13] A. Sorbi, The Medvedev lattice of degrees of difficulty, In: S. B. Cooper, T. A. Slaman, and S. S. Wainer (eds.), Computability, Enumerability, Unsolvability: Directions in Recursion Theory, London Mathematical Society Lecture Notes 224, Cambridge University Press, 1996, 289–312.

[14] S. A. Terwijn, Constructive logic and the Medvedev lattice, Notre Dame Journal of Formal Logic 47(1) (2006) 73–82.

[15] S. A. Terwijn, The Medvedev lattice of computably closed sets, Archive for Mathematical Logic 45(2) (2006) 179–190.

[16] A. S. Troelstra and D. van Dalen, Constructivism in Mathematics, Vol. I, Studies in logic and the foundations of mathematics Vol. 121, North-Holland, 1988.