Computational randomness and lowness^∗

Sebastiaan A. Terwijn^†

University of Amsterdam

Domenico Zambella^‡

University of Torino

ABSTRACT. We prove that there are uncountably many sets that are low for the class of Schnorr random reals. We give a purely recursion theoretic characterization of these sets and show that they all have Turing degree incomparable to 0^′. This contrasts with a result of Kučera and Terwijn [5] on sets that are low for the class of Martin-Löf random reals.

The Cantor space 2^ω is the set of infinite binary sequences; these are called reals and are identified with subsets of ω. If σ ∈ 2^{<ω}, that is, σ is a finite binary sequence, we denote by [σ] the set of reals that extend σ. These form a basis of clopen sets for the usual discrete topology on 2^ω. Write |σ| for the length of σ ∈ 2^{<ω}. The Lebesgue measure μ on 2^ω is defined by stipulating that μ[σ] = 2^{−|σ|}. With every set U ⊆ 2^{<ω} we associate the open set ⋃ σ∈U [σ]. When it is convenient, we confuse U with the open set associated to it, in particular we write μU for the measure of the open set corresponding to U. We use the following abbreviation for the measure conditioned to σ:

∗Research supported by the Netherlands Foundation for Scientific Research (NWO) Project PGS 22-262.

†Department of Mathematics, Plantage Muidergracht 24, 1018 TV Amsterdam, the Netherlands, terwijn@wins.uva.nl.

‡Department of Mathematics, Via Carlo Alberto 10, 10123 Torino, Italy,

domenico@dm.unito.it.

μ_σU = μ(U ∩ [σ]) μ[σ] A Martin-Löf test [7] is a recursive set U ⊆ ω × 2^{<ω} such that μU_n ≤ 2^{−n}, where U_n denotes the n–th section of U. A Schnorr test [11] has in addition the property that μU_n = 2^{−n} or, alternatively, that there is a recursive enumeration of U such that μ(U_n − U_{n,s}) ≤ 2^{−s} for all n and s, where U_{n,s} are the elements enumerated into U_n before stage s. This latter is a more flexible notion of test but defines the same Schnorr null sets —these are what we are finally interested in. A set of reals is Martin-Löf null if it is contained in the G_δ set ⋂ n∈ω ⋃ σ∈U_n [σ],

for some Martin-Löf test U. We concisely write ⋂ U for the null set above.

Similarly, a set of reals is Schnorr null if it is contained in ⋂ U for some Schnorr test U.

Martin-Löf tests were introduced to give a consistent definition of the notion of “random sequence”. A real R ∈ 2^ω is Martin-Löf random if it does not belong to any Martin-Löf null set. R is Schnorr random if it does not belong to any Schnorr null set. We denote the set of Martin-Löf random reals by R and the set of Schnorr random reals by S. Martin-Löf tests give essentially only positive information and Schnorr tests give both positive and negative information. For this reason Martin-Löf randomness is sometimes called Σ_1-randomness and Schnorr randomness is sometimes called recursive randomness. Martin-Löf randomness has received the most attention in the past. Recently more restricted notions of null set like Schnorr’s have gained popularity because of applications to structural complexity theory (see [2] for a survey).

The definitions above naturally relativize to an arbitrary parameter. When U is recursive in A, we shall speak of tests and null sets relative to A. Relativized randomness has been first considered by Demuth and Kučera [3] and Kučera [4]. Some more details on effective null sets are given below as they are needed. For a more complete account we refer the reader to the literature (e.g. [6] and the recent survey [1]).

When a class of sets C ⊆ 2^ω has a natural relativized version C^A, it is often fruitful to ask for nontrivial examples of sets such that C = C^A. These sets are called low for C. For example, the ordinary low sets from recursion theory are just the sets that are low for the class of Turing–complete sets. A set A is low for R if every Martin-Löf null set relative to A is contained in a Martin-Löf null set. A set A is low for S if every Schnorr null set relative to A is contained in a Schnorr null set. Clearly every recursive set is low for R and S. The existence of nonrecursive sets that are low for R was proved in [5]. Here we want to prove the existence of nonrecursive sets that are low for S and study their complexity.

We introduce some recursion–theoretic notions that we use to characterize sets that are low for S. A set T ⊆ ω × ω is called a trace if all its sections T^{[k]} are finite. If the function mapping k to the canonical code of T^{[k]} is a recursive function, we call T a recursive trace. Let g : ω → ω be any function. We say that T traces or captures g if g(k) ∈ T^{[k]} for every k. A bound is a function h : ω → ω that is nondecreasing and has infinite range. We say that a trace T has bound h if ‖T^{[k]}‖ (the cardinality of T^{[k]}) is less than h(k) for all k. Trivially, every recursive trace has a recursive bound, but there is no uniform recursive bound for all recursive traces.

A set A is (recursively) traceable if there is a recursive bound h such that all (total) functions g ≤_T A have a recursive trace bounded by h. The following easy fact says that all recursive bounds are essentially equivalent. This has interesting consequences for traceable degrees.

FACT 1. Let h be a recursive bound. Suppose that every function recursive in A has a recursive trace T with bound h. Then every function recursive in A has a recursive trace T with arbitrary small recursive bound.

Proof sketch. Identify in a canonical way each sequence σ ∈ ω^{<ω} with a natural number. When k < |σ| we write σ(k) for the k-th digit of the sequence σ. Let g ≤_T A. Let f be an increasing recursive function to be specified below (roughly: an inverse of h). Let T be a recursive trace with bound h that captures the function i → g↾f(i) (the string that codes the first f(i) values of g). Let S be the set defined by

S^{[k]} = { σ(k) : σ ∈ T^{[ik]} } , where i_k is least i such that |σ| = f(i) > k. Clearly, S is a recursive trace. The cardinality of S^{[k]} is easily computed and is bounded by h(i_k). So, the faster f grows, the slower the cardinality of S^{[k]} grows. It is easy to design an f that makes S attain a given recursive bound. Q.E.D.

From the fact above it follows immediately that recursively traceable degrees are hyperimmune–free. Recall (see e.g. [9, Definition V.5.2]) that a set A has hyperimmune–free degree if every function recursive in A is dominated by some recursive function. Indeed, this is actually the case for traceable degrees: every function g is bounded by the recursive function max T^{[k]} where T is a recursive trace of g. (Incidentally, observe that being dominated by a recursive function is trivially equivalent to being captured by a recursive trace, but this does not make every hyperimmune–free degree recursively traceable because a uniform bound may not exist.) Miller and Martin’s construction of hyperimmune–free degrees [8] is easily adapted to yield traceable degrees —actually, a continuum of such degrees. The proof is postponed to the end of this paper. Finally, recall that nonrecursive hyperimmune–free degrees are incomparable to 0^′, so the same holds for nonrecursive traceable degrees. The next theorem gives a “measure–theoretic” characterization of traceable degrees that is inspired by the combinatorics used in a proof of

Raisonnier [10].

THEOREM 2. A set is recursively traceable iff it is low for S.

Proof. For the “only if” direction, let A be a recursively traceable set. Let U be a given Schnorr test recursive in A. We want to construct a Schnorr test V such that ⋂ V ⊇ ⋂ U. We can approximate the set U with an A-computable function that yields the finite sets U_{n,s}. By hypothesis, U_{n,s} (that is, the function mapping ⟨n, s⟩ to the canonical code of the finite set U_{n,s}) has a recursive trace T . This T we use to enumerate V . In order to enumerate not too much measure into V_n, we have to make sure that the bulk of U_n is approximated by U_{n,s} fast, that is, while T is still informative. After all, the longer we wait, the worse T gets. The following will suffice: we require μU_{n,s} > 2^{−n} − 2^{−s}. We also have to fix a bound h for T that is sharp enough.

Recapitulate. We fix a recursive trace T with bound h (for convenience this h will be specified below) and such that U_{n,s} ∈ T^{[⟨n,s⟩]} for all n, s. (Finite sets are identified with their code.) Now we prune T to eliminate elements that are not a candidate for U_{n,s}: define T̂ as follows. Let T̂^{[⟨n,s⟩]} be the set of those D ∈ T^{[⟨n,s⟩]} such that D is a finite subset of 2^{<ω} and 2^{−n} − 2^{−s} ≤ μD ≤ 2^{−n} and C ⊆ D for some C ∈ T̂^{[⟨n,s−1⟩]} (for s = 0, T̂^{[⟨n,s−1⟩]} is defined to be empty). Observe that T̂ is still a recursive trace that captures U_{n,s}. Finally, define V_{n,r} = ⋃ s<r T̂^{[⟨n,s⟩]} and V_n = ⋃ r∈ω V_{n,r}. Observe that μV_n ≤ 2^{−n} · ‖T̂^{[⟨n,0⟩]}‖ + ∑ s∈ω 2^{−s} · ‖T̂^{[⟨n,s⟩]}‖. So, we can make μV_n recursively converge to 0, by choosing the bound h of ‖T̂^{[⟨n,s⟩]}‖ small enough. To see that μV_{n,r} recursively converges to μV_n observe that μ ⋃ s>r T̂^{[⟨n,s⟩]} < ∑ s>r 2^{−s} · ‖T̂^{[⟨n,s⟩]}‖. Again it is just a question of choosing a bound h that is sufficiently small. ∗ ∗ ∗ Now we prove the “if” direction. For k, l ∈ ω define the clopen set B_{k,l} = { τ ∗ 1^k : τ ∈ 2^{<ω} & |τ| = l } , where 1^k is a string of 1’s of length k and ∗ denotes concatenation. Note that μB_{k,l} = 2^{−k} for all l. Now, given a function g ≤_T A, we define the test U^g by stipulating that

U^g_n := ⋃ k>n B_{k,g(k)}. It is easy to see that μU^g_n can be approximated recursively in A, so U^g is a Schnorr test relative to A. By lowness of A, we can find a Schnorr test that contains ⋂ U^g. A fortiori we can find a recursive set V ⊆ 2^{<ω} with V ⊇ ⋂ U^g and a recursive enumeration of V such that μV_s converges recursively to μV < 1/4, where V_s is the set of the elements of V enumerated before stage s. To simplify the proof below we also require that V satisfies a technical assumption. Namely that for every k and l,

(∗) μ(B_{k,l} − V ) ≠ 2^{−(l+3)}.

We leave to the reader to check that, if necessary, one can always enlarge V to some V^′ satisfying (∗). (Hint. If at stage s for some ⟨k, l⟩ < s the difference between the two numbers above appears to be “small”, add to V^′ a fraction of B_{k,l} that ensures that equality will never obtain. One can ensure that in the end μ(V^′ − V ) < ε for an arbitrarily small ε and that μV^′ can still be approximated recursively.)

The construction below is simpler if we assume that μ(U^g_n − V ) = 0 for some n. So, we make this provisional assumption, and we shall eliminate it later. We define a trace T for g (to be precise, a set T such that g(k) ∈ T^{[k]} for k > n, so a trace of g is obtained immediately from T ). First we define T and show that it is recursive. Then we show that there is a recursive upper bound on the largest element of T^{[k]}. This is enough to conclude that ‖T^{[k]}‖ is a recursive function of k. Define

(∗∗) T^{[k]} := { l : μ(B_{k,l} − V ) < 2^{−(l+3)} } By assumption μ(U^g_n − V ) = 0, so T traces g, with a possible exception of the first n values. It is evident that T is recursively enumerable. We show how to enumerate the complement of T . Let s_0 = 0 and define s_{i+1} and ε_i such that

ε_i := μ(B_{k,l} − V_{si} ) − 2^{−(l+3)} and μV_{si+1} > μV − ε_i 2 . Suppose l ∉ T^{[k]}. Then ε_i > 0 for all i. It is clear that ε_i converges to a limit ε and, by the assumption (∗) above we have that ε > 0. So, ε_i/2 < ε for some i. Therefore ε_i/2 < ε_{i+1} for some i. So, enumerating V up to stage s_{i+1} we know for sure that l ∉ T^{[k]}. To show that T is a recursive trace it remains to show that we can compute ‖T^{[k]}‖. It suffices to show that we can effectively find an l_k such that l ∉ T^{[k]} for all l > l_k. Find a stage s such that μV_s > μV − 2^{−(k+2)}. Let l_k be larger than k and larger than the length of all strings in V_s. From the definition of B_{k,l} it is clear that V_s and B_{k,l} are independent for every l > l_k. This implies immediately that μ(B_{k,l} − V_s) = 2^{−k}(1 − μV_s) > 2^{−k}(3/4). Consequently, we cannot have that μ(B_{k,l} − V ) < 2^{−(k+2)} and a fortiori that μ(B_{k,l} − V ) < 2^{−(l+3)}.

Now, note that l_k depends on the recursive enumeration of V and, indirectly, on g, so we still have to show that there is an uniform bound on ‖T^{[k]}‖. We claim that ‖T^{[k]}‖ < 2^kk for every k. Observe that (∗∗) above guarantees that ∑ l∈T^{[k]} μ(B_{k,l} − V ) < 1 4 so, μ ⋃ l∈T^{[k]} B_{k,l} − μV ≤ μ ⋃ l∈T^{[k]} (B_{k,l} − V ) ≤ 1 4 . We obtain that μ ⋃ l∈T^{[k]} B_{k,l} ≤ 1 2 . As observed above μB_{k,l} = 2^{−k} and, for k fixed, the B_{k,l}’s are mutually independent as soon as the l’s are taken sufficiently far apart. So, 1 − ( 1 − 2^{−k} )^{‖T [k]‖}_k ≤ μ 2^ω − ⋂ l∈T^{[k]} (2^ω − B_{k,l}) ≤ 1 2 .

From the inequality above we obtain ‖T^{[k]}‖ ≤ 2^kk. So, as required, we have a recursive bound independent of g.

To complete the proof we show that the hypothesis that μ(U^g_n − V ) = 0 for some n can be weakened to: μ_σ(U^g_n − V ) = 0 for some σ and some n such that μ_σV < 1/4. (Recall that μ_σ is the measure conditioned to [σ].) Then we show that this latter hypothesis is indeed true. So, suppose first that μ_σ(U^g_n − V ) = 0 and μ_σV < 1/4. For a set of strings W we use the notation W |σ = {τ ∈ 2^{<ω} : [σ ∗ τ] ⊆ W }. We may assume that g(k) > k for every k because a trace for g(k) + k immediately gives a trace for g. Clearly we can also assume that n > |σ|. We claim that μ(U^{g̃}_n −Ṽ ) = 0 where Ṽ = V |σ and g̃ is the translation of g defined by k → g(k) ·−|σ|. Namely, if l > |σ| then B_{k,l}|σ = B_{k,l−|σ|}. Since g(k) > k and n > |σ| we have that U^g_n |σ = U^{g̃}_n , so μ(U^{g̃}_n − Ṽ ) = μ_σ(U^g_n − V ) = 0. This proves the claim. Now, it is clear that μṼ < 1/4 has also a recursively approximable measure. So the proof given above is valid when Ṽ and g̃ are substituted for V and g and ensures the existence of a recursive trace for g̃. But from a trace of g̃ we immediately obtain a trace for g.

Now, suppose that no σ and n exist such that μ_σ(U^g_n −V ) = 0 and μ_σV < 1/4. We shall obtain a contradiction by constructing a real in ⋂ U^g −V . Let σ_0 be the empty string and assume we have defined σ_n such that μ_{σn} V < 1/4. By hypothesis μ_{σn} (U^g_n − V ) > 0, so there is a τ ∈ U^g_n such that μ_{σn} ([τ] − V ) > 0. In particular τ ⊇ σ_n and μ_τ V < 1. Apply the Lebesgue density theorem to find σ_{n+1} ⊇ τ such that μ_{σn+1} V < 1/4. Let R be the real that extends all σ_n’s constructed in this way. Since [σ_{n+1}] ⊆ U^g_n for all n we have that R ∈ ⋂ U^g. But [σ_n] ⊈ V for every n, so, since V is open, R ∉ V . This contradiction completes the proof of Theorem 2. Q.E.D.

The following corollary contrasts with the main result of [5] which asserts the existence of a nonrecursive recursively enumerable set that is low for R. It is worthwhile to note that it is is unknown whether there are low sets for R that are not below ∅^′.

COROLLARY 3. There are 2^{ℵ0} many sets that are low for S. Nonrecursive degrees that are low for S are incomparable with 0^′.

Proof. This follows immediately from the discussion below Fact 1, Theorem 2 above and Theorem 4 below. Q.E.D.

As promised above, we conclude this paper with a sketch of the proof of the existence of nonrecursive traceable degrees. We merely check that the construction of Miller and Martin [8] produces such degrees.

THEOREM 4. There are 2^{ℵ0} recursively traceable degrees.

Proof sketch. A binary tree T is a subset of 2^{<ω} in which every string has exactly two minimal extensions. We write T^τ for the full subtree of T above τ. The set of infinite branches of T is denoted by [T ]. We construct a chain of trees T_0 ⊇ . . . ⊇ T_s ⊇ . . . such that the set ⋂ s[T_s] is perfect and contains only traceable sets with bound h(k) = 2^kk.

Let T_0 = 2^{<ω}. For every minimal string ν of T_{2e}, if for some τ ⊇ ν all branches B of T^τ_{2e} are such that {e}^B is not total, replace T^ν_{2e} with T^τ_{2e} in T_{2e}. Otherwise, replace T^ν_{2e} with the tree S defined by the following recursive procedure: let S_0 = {ν}, then, for each maximal string in S_k enumerate in S_{k+1} two incomparable extensions σ_0, σ_1 ∈ T_{2e} such that {e}^{σi} (k)↓ for both i = 0, 1. Finally, to make ⋂ s[T_s] perfect, construct T_{2e+2} from T_{2e+1} by erasing from T_{2e+1} all minimal elements.

We check that all branches in ⋂ s[T_s] are recursively traceable. Let ν_1, . . . , ν_i be those minimal elements of T_{2e+1} for which {e}^B is total for all branches B that extend them. By construction, {e}^B (k) attains at most 2^{k+e} different values as B is one of the branches above (note there are 2^e minimal elements in T_{2e+1}). Branches that do not extend one of ν_1, . . . , ν_i, make {e}^B nontotal and may be considered “irrelevant”. Each T_{2e+1} is a recursive set, so all relevant values of {e}^B (k) are computable. Q.E.D.

We note that the traceable degrees do not coincide with the hyperimmune– free degrees. This can be shown using a chain of finitely branching trees in a fashion as in the proof above.

REFERENCES

[1] K. Ambos-Spies and A. Kučera, Randomness in computability theory, in:

Computability Theory and Its Applications: Current Trends and Open Problems, P. Cholak, S. Lempp, M. Lerman and R. A. Shore (eds.), Contemporary Mathematics, AMS, Providence RI, to appear.

[2] K. Ambos-Spies and E. Mayordomo, Resource-bounded measure and randomness, in: A. Sorbi (ed.), Complexity, Logic, and Recursion Theory, Lecture Notes in Pure and Applied Mathematics, 1–47, Marcel Dekker, New York, 1997.

[3] O. Demuth and A. Kučera, Remarks on constructive mathematical analysis, in; M. Boffe, D. van Dalen, and K. McAloon (eds.), Logic Colloquium ’78, 81–129, North-Holland, 1979.

[4] A. Kučera, Measure, Π^0_1-classes, and complete extensions of PA, in: H.- D. Ebbinghaus, G. H. Müller, and G. E. Sacks (eds), Recursion Theory Week 1984, Lecture Notes in Mathematics 1141, 245–259, Springer- Verlag, 1985.

[5] A. Kučera and S. A. Terwijn, Lowness for the class of random sets, J.

Symb. Logic 64(4) (1999) 1396–1402.

[6] M. van Lambalgen, Random sequences. PhD Thesis, University of Amsterdam, 1987.

[7] P. Martin-Löf, The definition of random sequences, Information and Control 9 (1966) 602–619.

[8] W. Miller and D. A. Martin, The degrees of hyperimmune sets. Z. Math.

Logik Grundlagen Math. 14 (1968) 159–166

[9] P. Odifreddi, Classical recursion theory. North-Holland, 1989.

[10] J. Raisonnier, A mathematical proof of S. Shelah’s theorem on the measure problem and related results. Israel J. Math. 48 (1984) 48–56

[11] C.-P. Schnorr, Zufälligkeit und Wahrscheinlichkeit. Lecture Notes in Mathematics 218, Springer-Verlag, 1971.