Proceedings of the Steklov Institute of Mathematics, Vol. 218, 1997, pp. 69–71. Translated from Trudy Matematicheskogo Instituta imeni V. A. Steklova, Vol. 218, 1997, pp. 74–76. Original Russian Text Copyright © 1997 by Bochkarev.

English Translation Copyright © by � �/Interperiodica Publishing (Russia).

On One Method of Estimation of the L_1-Norm of an Exponential Sum

S. V. Bochkarev

Received February, 1997

In this work a method is proposed for finding the lower estimate of the L_1-norm of an exponential sum. The method is based on new multiplicative inequalities which are derived from the characterization, established by the author, of the space of functions of a bounded mean oscillation (BMO) via the La Vallée–Poussin expansion.

Let {V_n(x)}^∞_{n=1} be the Vallée–Poussin kernels, i.e. (see [1, p. 190]),

V_n(x) = 2K_{2n−1}(x) − K_{n−1}(x), (1)

where K_n(x) are Fejér’s kernels,

K_n(x) = 2 n + 1 ( sin^1_2 (n + 1)x 2 sin^1_2 x

)_2 , n = 0, 1, 2, . . . . We denote Q_0(x) = V_1(x), and if n ≥ 1, then

Q_n(x) = V_2n (x) − V_2n−1 (x). (2)

Any periodic function f ∈ L(0, 2π) can be expanded in a convergent almost everywhere Vallée– Poussin series f(x) = 1 π ∞∑ n=0 2π∫ 0 f(t)Q_n(x − t) dt ≡ ∞∑ n=0 Δ_n(f, x). (3)

The norm of the function f ∈ L(0, 2π) in BMO is defined as follows (see [2, pp. 224–234]):

‖f‖_{BMO} = ‖f‖_1 + sup_I ( 1 |I| ∫ I | | |f(x) − 1 |I| ∫ I f(t) dt | | | p dx )_{1/p} , (4)

where 1 ≤ p < ∞, and I is an interval [0, 2π] on the circle, and, according to the John–Nirenberg theorem, for all 1 ≤ p < ∞ expression (4) defines equivalent norms.

Using expansion (3), we can introduce, in the space of BMO, a new equivalent norm which does not vary when the signs of the terms of series (3) are arranged arbitrarily.

We set (see (1)–(3))

‖f‖_∗ = sup_I ( 1 |I| ∫ I ∑ 2^n|I|≥1 Δ^2_n(f, x) dx )_{1/2} . (5)

The following theorem is valid (see [3]). 69

70 BOCHKAREV

Theorem 1. Let f ∈ L(0, 2π). 1. If f ∈ BMO, then ‖f‖_∗ ≪ ‖f‖_{BMO}. (6) 2. If ‖f‖_∗ < ∞, then f ∈ BMO and ‖f‖_{BMO} ≪ ‖f‖_∗. (7) By virtue of Theorem 1, series (3) unconditionally converges in BMO (see (5)–(7)), and since BMO is a conjugate of Hardy’s real space H^1_{Re}(T ), T is a unit circle, and Hardy’s real space is isomorphic to Hardy’s complex space H^1(D), where D is a unit circle, with the norm

‖F ‖_H1_{(D)} = sup_{0<r<1} 2π∫ 0 |F (re^{it})| dt,

it follows that the Vallée–Poussin series unconditionally converges in the space H^1(D) as well.

Therefore the Littlewood–Paley function of the Vallée–Poussin series in the space H^1(D) satisfies the following relation (proved in [3]).

Theorem 2. For any function F (z) ∈ H^1(D) we have ‖ ‖ ‖ (_∞∑ n=0 |Δ_n(F )|^2 )_{1/2}‖ ‖ L_1(T )

∼ ‖F ‖_H1_{(D)}. (8)

Note that Theorems 1 and 2 are also valid for a polydisc.

The characterization of the space H^1(D) (see (8)) served for finding the multiplicative lower estimate of the L_1-norm of the general exponential sum.

We denote δ_0(x) = c_1e^{ix}, and for n ≥ 1 we have

δ_n(x) =

2^n∑

k=2^{n−1}+1 c_ke^{ikx}, where c_k are arbitrary complex coefficients.

Theorem 3. Let the positive multiplicator {μ_n} satisfy, for a certain A ≥ 1, the relation μ_{n+1} ≤ μ_n ≤ Aμ_{n+1}, n = 0, 1, 2, . . . . Then, for any N = 1, 2, . . . , the inequality

max_{n≤N} ( μ_n n∑ m=0 μ_m‖δ_m‖^2_∞ )_{1/2}^{2π}∫ 0 | | | 2^N∑

k=1 c_ke^{ikx} | | | dx ≫ 2π∫ 0 N∑ n=0 μ_n|δ_n(x)|^2 dx

holds true.

Theorem 3 makes it possible to find the lower estimate of the L_1-norm of an exponential sum with an arbitrary spectrum expressed via quantities which characterize the arrangement of the points of the spectrum in binary intervals.

Let the sequence {d_k} assume three values, namely, d_k = 0, ±1. We denote

λ_n = | {k : 2^{n−1} < k ≤ 2^n, |d_k| = 1} | , Λ_n = | {k : 1 < k ≤ 2^n, |d_k| = 1} | . (9)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON ONE METHOD OF ESTIMATION OF THE L_1-NORM OF AN EXPONENTIAL SUM 71

Theorem 4. If the ratios Λ_n/λ_n do not decrease for 1 ≤ n ≤ N and the relation λ_n ≤ λ_{n+1} ≤ Aλ_n, n = 1, . . . , N − 1, (10) is satisfied for a certain A ≥ 1, then we have the inequality 2π∫ 0 | | | 2^N∑

k=1 d_ke^{ikx} | | | dx ≫ N ( λ_n Λ_n )_{1/2} . (11)

This estimate is exact both for a gapless spectrum and for a lacunary spectrum. For spectra that are intermediate between a gapless spectrum and a lacunary one estimate (11) gives the best result if the points of the spectrum are arranged uniformly within every binary interval (2^n, 2^{n+1}), n = 0, 1, 2, . . . . As an example of the application of inequality (11) we give the estimate (see (9)–(11)) of an exponential sum, where φ(n) = [2^{(log n)β} ], β ≥ 1, [ · ] is the integral part.

Theorem 5. The inequality 2π∫ 0 | | | N∑ n=1 α_n exp ( i[2^{(log n)β} ]x ) | | | dx ≫ (log N)^{(β+1)/2} (12)

holds for any coefficients α_n = ±1 and any β ≥ 1.

For β = 1 estimate (12) can be obtained from Hardy’s inequality (see [1, p. 454]). If β > 1, then this estimate does not follow from the generalized Hardy inequality obtained by Konyagin [4] and Mc Gehee, Pigno, and Smith [5]. Note that estimate (12) is preserved for an arbitrary redistribution of the points of the spectrum within every binary interval. In this case the methods which use the arithmetic properties of the sequence φ(n) cannot be applied either.

ACKNOWLEDGMENTS

The work was supported by the Russian Foundation for Fundamental Research (project no. 96- 01-00212).

REFERENCES

1. Zygmund, A., Trigonometric Series, vol. 1, Cambridge, 1959. 2. Garnett, J., Bounded Analytic Functions, New York: Academic, 1981.

3. Bochkarev, S. V., The Vallée–Poussin Series on the Spaces of BMO, L_1, and H^1(D), and Multiplicative Inequalities, Tr. Mat. Inst. Akad. Nauk, 1995, vol. 210, pp. 41–64.

4. Konyagin, S. V., On the Problem of Littlewood, Izv. Akad. Nauk SSSR, Ser. Mat., 1981, vol. 45, no. 2, pp. 243–265. 5. Mc Gehee, O., Pigno, L., and Smith, B., Hardy Inequality and the L_1 Norm of Exponential Sums, Ann. Math., 1981, vol. 113, no. 3, pp. 613–618.

Translated by I. Aleksandrova

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997